arXiv:hep-th/0106100 v5 22 Jan 2003 �

Completely localized gravity with higher curvature terms

Ishwaree P Neupane

The Abdus Salam ICTP, Strada Costiera, 11-34014, Trieste, Italy and School of Physics, Seoul National University, 151-747, Seoul, Korea

Abstract

In the intersecting braneworld models, higher curvature corrections to the Einstein action are necessary to provide a non-trivial geometry (brane tension) at the brane junctions. By introducing such terms in a Gauss-Bonnet form, we give an effective description of localized gravity on the singular delta-function branes. There exists a non-vanishing brane tension at the four-dimensional brane intersection of two 4-branes. Importantly, we give explicit expressions of the graviton propagator and show that the Randall-Sundrum single-brane model with a Gauss-Bonnet term in the bulk correctly gives a massless graviton on the brane as for the RS model. We explore some crucial features of completely localized gravity in the solitonic braneworld solutions obtained with a choice (ξ = 1) of solutions. The no-go theorem known for Einstein’s theory may not apply to the ξ = 1 solution. As complementary discussions, we provide an effective description of the power-law corrections to Newtonian gravity on the branes or at the common intersection thereof.

PACS numbers: 04.50.+h, 11.10.Kk, 11.25.Mj

1 Introduction

In recent years, it has been understood that the brane-world models of non-compact extra dimensions [1] reproduce the usual Einstein gravity. This idea was quickly generalized to a discrete patch of AdS_{4+N} space accommodating N intersecting (N + 2) branes [2]. Later, the RS singular 3-brane model with perturbations of bulk geometry was fully investigated in [3, 4, 5], and interesting discussion of the ’crystal’ multi-braneworld solutions appeared in [6]. A class of solitonic brane solutions arising from a special fine tuning between the bulk cosmological term and the Gauss-Bonnet coupling was given in [7]. The behavior of gravity localized on branes or string-like defects in N ≥ 1 dimensions was studied in [8]. These constructions have been useful in providing some realizations of trapped fourdimensional gravity to a brane embedded in an AdS space. It could be possible to localize ordinary matter and gauge fields to this (3 + 1) dimensional manifold if the RS brane is a D3-brane-like object of string/M theory. Since a D3-brane in the string theory background is necessarily a solitonic object, and only the higher curvature corrections can provide a non-trivial background at the brane junction, we find it interesting to study intersecting brane-world configurations by including a Gauss-Bonnet term.

In the intersecting brane configurations of [2, 6, 9, 5], a 3-brane given by the four-dimensional intersection of (2 + N)-branes (N ≥ 2) with larger co-dimensions has been viewed as our universe. In this picture, though each extra dimension has an infinite extension, the effective size of N noncompact extra dimensions is supposed to be finite, which could be as large as 1μm (for N ≥ 2) or much larger than their natural scale ℓ >> M^{−1}_{P l} (∼ 10^{−33}cm) [10, 2]. While taking a Gauss-Bonnet coupling into account, the effective four-dimensional Planck mass reads M^2_{ef f} = M^{2+N}_∗ V_N , where the effective volume of N extra dimensions is

V_N = ( 2 k )_N (1 + ξ) (N + 1)!

. (1)

Here ξ is a coupling constant arising from a GB term, and the constant k has dimension of inverse AdS length. One of the motivations here to include a GB coupling is that the low energy version of certain string theories (such as type I heterotic strings) admits the quadratic curvature corrections as a GB invariant in their effective actions [11]. It is remarkable that the inclusion of a GB term can consistently explain the basic features of the Randall-Sundrum type brane-world models in D = 5 [12, 13, 14]. Some other aspects of Randall-Sundrum brane models supplemented with higher curvature terms were studied in recent papers, including [15, 16, 17, 18, 19, 20, 21]. Here we construct brane-world solutions for N ≥ 1 with a Gauss-Bonnet term. Indeed, the inclusion of a GB term in the bulk might shed more light towards the understanding of the RS models in the AdS_{4+N} spaces. One of the interesting observations is that a GB term does allow a non-trivial four-dimensional brane tension when there are two extra transverse directions. Also a Gauss-Bonnet term could be useful to circumvent some of the arguments given for the no-go theorem [22, 23] applicable to the braneworld models based on the Einstein action.

The rest of paper is organized as follows. In section 2, we give a general set-up of the effective braneworld action, and present a framework for intersecting braneworld configurations with a GB term. Section 3 explains the basic features of the linear perturbation equations in (4 + N) dimensions. In section 4, we derive a relation between the effective four-dimensional Planck mass and (4 + N) dimensional fundamental mass scale. In section 5, we give the expressions for graviton propagators in AdS_{4+N} space, and discuss some salient features of gravity localized on the branes. In section 6, we elucidate upon the braneworld solutions in five dimensions, which exhibit that ξ = 1 is indeed a physical choice. We then give in section 7 a complementary description of Newton potential corrections for solitonic branes. In section 8, we briefly comment upon the scalar and vector modes of the metric fluctuations. Section 9 contains conclusion.

2 Intersecting branes setup

In the low energy effective action of the Horova-Witten type I heterotic string theory [24], there arise additional interactions of the gauge fields and higher powers of the curvatures. In particular, there is

R^2 interaction in the Gauss-Bonnet combination [25]. In many cases a contribution of higher curvature terms is neglected as it is higher order in derivatives, but in the warped braneworld scenario in D ≥ 5, we see the relevance of these terms if they are expressed in a Gauss-Bonnet form. We will not stick here to the physical origin of a Gauss-Bonnet term. Rather, we will try to explore the physical importance of this term in warped backgrounds. We shall start with the following braneworld effective action in D(= (3+N)+1)-dimensional space-time (B), where ∂B represents the (3+N)-dimensional boundary, S = ∫ B d^{4+N} x √ −g_{4+N} ( R κ − 2Λ + α ( R^2 − 4R_{P Q}R^{P Q} + R_{M N P Q}R^{M N P Q} ))

+ N∑ i=1 ∫_i′_{th brane} ∂B d^{3+N} x √ −g_{3+N} (−Λ_i)

+ N∑ i≠j ∫_{i,j}′_{th brane} d^{2+N} x √ −g_{2+N} (−Λ_{i,j} ) + ∫ d^4x √ −g^{z1 =0,···,zn =0} (−λ) . (2) Here P, Q, · · · = 0, 1, · · ·, 3 + N, x^μ(μ = 0, ..., 3) parametrize brane coordinates with Lorentzian signatures and z^i(i = 1, ..., N) parametrize extra non-compact dimensions. The action (2) characterizes an array of N orthogonal (N +2)-spatial dimensional branes in (4+N) dimensions. Λ is the D-dimensional bulk cosmological term, Λ_i are the brane tensions of the N intersecting (N +2)-branes, Λ_{i,j} are (N +1)- brane tensions, and λ is the four-dimensional brane tension at the common intersection of higher dimensional branes. The coupling α has the mass dimension of M^N_∗ , and κ = 16πG_{4+N} ≡ M^{2+N}_∗ .

The graviton equations of motion derived by varying the action (2) with respect to g^{M N} take the following form √ −g_{4+N} (G_{M N} + κ H_{M N} + κ Λg_{M N} ) = − κ 2 N∑ i=1 Λ_i √ −g^{(zi=0)} 3+N δ(z_i) δ^p_M δ^q_N g^{(zi=0)}_{pq}

− κ 2 N∑ i≠j Λ_{i,j} √ −g^{(zi,zj =0)} 2+N δ(z_i)δ(z_j ) δ^r_M δ^s_N g^{(zi,zj =0)}_{rs} − κ λ 2 √ −g_4^{(z1,z2 ,···,zN =0)} δ(z_1)δ(z_2) · · ·δ(z_N )δ^μ_M δ^ν_N g^{z1,z2,···,zN =0}_{μν} , (3) where H_{M N} , an analogue of the Einstein tensor stemmed from the GB term, reads H_{M N} = − α 2 g_{M N} ( R^2 − 4R_{P Q}R^{P Q} + R_{P QRS} R^{P QRS} ) +2α [ RR_{M N} − 2R_{M P N Q}R^{P Q} + R_{M P QR}R_N^{P QR} − 2R_M^P R_{N P} ] . (4)

In equation (3), the indices (p, q) take (3 + N) possible values, while (r, s) take only (2 + N) possible values, and μ, ν = 0, 1, 2, 3. The (2+N)-brane tensions Λ_i multiply only δ(z_i) (i.e. the terms involving only one delta function), Λ_{i,j} multiply two delta functions, and the brane tension at the common intersection (λ) multiplies a product of delta functions δ(z_1), · · ·, δ(z_N ). In D = 7, for example, λ multiplies δ(z_1)δ(z_2)δ(z_3). One observes that when N = 2, Λ_{1,2} is replaced by λ, so that λ can have a non-zero value at the intersection of two 4-branes as we exhibit below.

We write a (3 + N) + 1-dimensional metric as

ds^2 = e^{−2A(z)} ( g_{μν} (x^λ)dx^μdx^ν + g_{ij} (z)dz^idz^j ) . (5)

We assume that the four-dimensional spacetime is Minkowski. Then we may express the metric (5) in the following form, which represents the Poincaré half parametrization of AdS_{4+N} space [2],

ds^2_{4+N} = ℓ^2 z̄^2

(η_{μν} dx^μdx^ν + dz̄^2 + dΩ^2_{N −1}) . (6)

The length scale ℓ is fixed by the (4 + N)-dimensional bulk cosmological term Λ. From the exact non-linear analysis in (4 + N)-dimensions we can find the most general solution to modified Einstein field equations, admitting a normalisable 4d graviton. This solution is A(z) = log (k_i|z_i| + 1), where z_i = z_1, z_2, · · · count extra spaces and k_i = k_1, k_2, · · · are the inverse of AdS curvature radii. The choice k_1 = k_2 = · · · = k further keeps the metric (6) manifestly symmetric under permutations of all extra N dimensions, and the length scale L (≡ (V_N )^{1/N} ) can be interpreted as the compactification size of N extra dimensions [2]. The metric solution then becomes

ds^2_{4+N} = 1 (k ∑_N i=1 |z_i| + 1)^2 ( η_{μν} dx^μdx^ν + N∑ j=1 (dz^j )^2 ) . (7)

Here k ≡ ( √ n ℓ)^{−1}. Since the coordinates z^j parametrize the extra dimensions, the full bulk space (z^j ≠ 0) comprises 2^N identical patches of the AdS_{4+N} space, which are glued together along the branes (z^j = 0). Here we have taken AdS space as the simplest choice of the bulk spacetime. And branes are characterized by the delta-function-like singularities, which arise from the second derivative of the warp factor A(z). However, there might exist other possibilities of an AdS bulk, such as the AdS Schwarzschild black-hole spacetime considered in [26]. It is also plausible that within the AdS/CFT correspondence gravity can be trapped on the brane in a manner similar to that in the original RS scenario [1], when the brane is embedded into the AdS Schwarzschild bulk [27]. It would be interesting to study the gravitational perturbations in such a black-hole background.

We have assumed that the warp factor A(z) is a function of all transverse coordinates, that is, z^i

A(z) = log (_N ∑ i=1 k |z_i| + 1 ) . (8)

Then a straightforward calculation yields

A^{′2} = e^{−2A(z)} k^2 N∑ i (∂_{zi} |z|)^2 = e^{−2A(z)} k^2 N , (9)

A^{′′} = −e^{−2A(z)} k^2 N + e^{−A(z)} 2k N∑ i δ(z_i) , (10) where primes represent differentiation with respect to z. The metric solution, in terms of the warp factor A(z), therefore satisfies a relation A^{′′} + A^{′2} = e^{−A(z)} 2k δ(z) ≥ 0. Here, we simply note that this condition is equivalent to the weak energy condition one derives from G^t − G^z = κ ( T^t_t − T^z_z ) = (N + 2) ( A^{′′} + A^{′2} ) ≥ 0.

In order to exhibit localized behavior of gravity to the brane intersections, one may look at the linear perturbations about the background given by (7). For this purpose, we perform a conformal transformation g_{M N} = e^{−2A(z)}g̃_{M N} , where A(z) = log(k ∑ i |z_i| + 1). Then, we adopt a background subtraction technique as in [9]. Being specific, we use the linear equation δĜ_{M N} + κ δĤ_{M N} = 0, where δĜ_{M N} = δG_{M N} − Ḡ_{M P} h_N^P , δĤ_{M N} = δH_{M N} − H̄_{M P} h_N^P . Note that Ḡ_{M N} = κ T̄_{M N} gives the background Einstein equations. What we are equating here with Ḡ_{M N} are only the vacuum energy contributions to the energy-momentum tensor. In our approach, the Randall-Sundrum-type fine tunings will only be implicit. If we wish, we can see them by considering the difference between (δG_{μν} + κ δH_{μν} ) and (δĜ_{μν} + κ δĤ_{μν} ). This gives after some simplifications, − 1 2 [ R̄ h_{μν} − 2R̄_μ^λ h_{νλ} ] − ακ 2 [ ( R̄^2 − 4R̄^2_{M N} + R̄^2_{M N P Q}) h_{μν} − 4 ( R̄R̄_μ^λ − 2R̄_μ^{P λQ}R̄_{P Q} − 2R̄_{μS}R̄^{λS} + R̄_{μP QR} R̄^{λP QR} ) h_{νλ} ] . (11)

One could fine-tune the contributions coming from these terms to the vacuum energy contributions on the branes, that is, the source terms on the right-hand side of equation (3). For this purpose, we parameterize h_{μν} = e^{(N +2)A(z)/2} h̃_{μν} and obtain [ N(N + 2)(N + 3) k^2 e^{−2A} (1 − ξ/2) − 8(N + 2)k e^{−A} (1 − ξ/3) N∑ i=1 δ(z_i) −16(N + 1)(N + 2) α κ k^2 ∑ i≠j δ(z_i)δ(z_j ) ] h̃_{μν} (x, z) =

−2κ e^{−2A(z)}Λ + e^{−A(z)} N∑ i=1 Λ_i δ(z_i) + ∑ i≠j Λ_{i,j} δ(z_i)δ(z_j ) h̃_{μν} (x, z) , (12)

where ξ = 2N^2(N + 1)α^′κ M^{−2}_∗ k^2 and we have replaced α by M^N_∗ α^′, so that α^′ is a dimensionless Gauss-Bonnet coupling. Here, it might be relevant to note that in the full non-linear analysis the fine-tuned relations emerge as boundary conditions to be satisfied on the brane(s), while the bulk part amounts to express Λ in terms of k^2; see [17] for the N = 2 case. For arbitrary N, we obtain

Λ = −

N(N + 2)(N + 3)k^2 (1 − ξ/2) 2 κ , (13)

Λ_i =

4(N + 2) k (1 − ξ/3) κ , (14) Λ_{i,j} = 8(N + 1)(N + 2)α^′ M^2_∗ k^2 . (15)

For N = 2, one may replace the brane tension Λ_{1,2} by λ, because there is only one four-dimensional brane intersection for two 4-branes that mutually intersect. A clear message is that the brane tension Λ_{1,2} is non-vanishing for α^′ > 0, but it vanishes for the Einstein gravity (α = 0).

We may perturb the background metric as

ds^2_{4+N} = 1 (k ∑_N i=1 |z_i| + 1)^2 (η_{μν} + h_{μν} ) dx^μdx^ν + N∑ j=1 (dz_j )^2 . (16)

In this gauge, however, there may be some additional gravitational degrees of freedom coming from off-diagonal components (h_{μm}) and diagonal components (h_{mm}) of the perturbed equations for h_{M N} , where m could run from z_1 to z_N . We will comment upon these modes in the section 8. One may also use the approximation where the tensor modes either decouple from the perturbed equations for h_{μm} and h_{mm}, or only the non-vanishing components of the fluctuations are h_{μν} [2, 5]. In fact, in the ordinary two-derivative gravity supplemented by a GB term there are no extra degrees of freedom than that of Einstein’s theory.

We find reasonable to study first the linear tensor fluctuations, h_{μν} in the gauge h_μ^μ = 0, ∂^λh_{λμ} = 0. The linearized equations for h_{μν} then take the following form 1 κ [ − □_4 − □_z + (N + 2) k e^{−A(z)} N∑ i=1 sgn(z_i)∂_{zi} ] h_{μν}

+2α N [ N(N + 1)k^2 (□_4 + □_z) − 4k e^{A(z)} n∑ i=1 δ(z_i)□_4 − 4k e^{A(z)} N∑ i≠j δ(z_i)∂^2_{zj}

+(N + 1) k^2 ( 4 N∑ i=1 δ(z_i) − N(N + 2)k e^{−A(z)} )^N∑ j=1 sgn(z_j )∂_{zj} ] h_{μν} = 0 (17)

where □_z = ∂^2_{z1} + ∂^2_{z2} + · · · ∂^2_{zN} . When α = 0, our results will reproduce the results appeared in [2]. But here we find more interesting new features which are unavailable if the gravity action does not contain higher curvature corrections.

3 Localized gravity in (4 + N)-dimensions

One can remove from equation (17) the single (linear in) derivative term from first square bracket by re-scaling the metric: h_{μν} = e^{(N +2)A(zi)/2} h̃_{μν} . We should note, however, that single derivatives of h̃_{μν} , and terms like δ(z) sgn(z)∂_z still survive from the second square bracket in (17). Fortunately, suitable combinations of these terms satisfy the necessary jump condition(s) on the brane(s). In fact, such terms do not appear if one has started only with the Einstein action, i.e. α = 0. We can make a change of variables h̃_{μν} (x, z) ≡ ĥ_{μν} (x)ψ(z) = ϵ_{μν} e^{ip·x}ψ(z), where ϵ_{μν} is the constant polarization tensor of the graviton wave function, and p^2 = −q^2 ≡ m^2. Then, to the leading order, S ∼ ∫ d^N z |ψ(z)|^2 ∫ d^4x ∂^λĥ_{μν} (x) ∂_λĥ^{μν} (x) + · · · . (18)

This actually implies that (i) ψ(z) is the conventional quantum-mechanical wavefunction, and (ii) if we had not chosen the coordinates in a conformally flat form, the kinetic terms in the x and z directions would have had different conformal factors, but the redefinition of the metric h_{μν} = e^{(N +2)A(zi)/2} h̃_{μν} puts the action in the canonical form by absorbing the conformal factors. This is similar to what happens in a model without the Gauss-Bonnet interaction term [5].

The metric fluctuations in terms of h̃_{μν} take the following form 1 κ [ −□_4 − □_z − (N + 2)k e^{−A(z)} ∑ δ(z_i) +

N(N + 2)(N + 4)k^2 4 e^{−2A(z)} ] h̃_{μν}

+N αe^{2A(z)} [ 2N(N − 1)k^2e^{−2A(z)} (□_4 + □_z) − 8ke^{−A(z)} ∑ i δ(z_i) □_4

+8 k^2e^{−2A(z)} ( (N + 1) ∑ i sgn(z_i)δ(z_i)∂_{zi} − ∑ i≠j δ(z_j )sgn(z_i)∂_{zi} )

−8ke^{−A(z)} ∑ i≠j δ(z_i)∂^2_{zj} − 4(N + 2) k^2e^{−2A(z)} ( N^2(N + 1)(N + 4) 8 k^2e^{−2A(z)}

+2 ∑ i≠j δ(z_i) δ(z_j) − ( N^2 + 2 ) e^{A(z)} ∑ i δ(z_i) )] h̃_{μν} = 0 . (19)

Here we have defined □_4h̃_{μν} = m^2 h̃_{μν} . In terms of ψ(z), we may express the above equation in the form

(1 − ξ) [ − m^2 − □_z − (N + 2) k e^{−A(z)} N∑ i=1 δ(z_i) +

N(N + 2)(N + 4) k^2 4 (k ∑ i |z_i| + 1)^2 ] ψ(z)

+8N α κ k e^{A(z)} [ − n∑ i=1 δ(z_i) m^2 − n∑ i≠j δ(z_i) ∂^2_{zj} − e^{A(z)} k ( ∑ i≠j δ(z_j )sgn(z_i)∂_{zi}

−(N + 1) N∑ i=1 δ(z_i)sgn(z_i)∂z_i ) + e^{2A(z)}

(N + 2)(N^2 − N + 4) k^2 4 n∑ i=1 δ(z_i) ] ψ(z)

− 8N(N + 2) α κ k^2 N∑ i≠j δ(z_i)δ(z_j) ψ(z) = 0 , (20)

where ξ = 2N^2(N +1)α κ k^2. The modified Einstein equations in the bulk amount to giving a solution for k^2: 1 − ξ = ∓ √ 1 + 8N(N + 1) α κ^2 Λ (N + 2)(N + 3)

. (21)

An interesting special case arises for k = M_∗/ √ 2N^2(N + 1)ακ (and hence ξ = 1), where the two branches of the bulk solution (21) coincide. Of course, one require α > 0 to ensure k > 0. Moreover, a fine tuning condition between the bulk cosmological term and the GB coupling α,

Λ = −

(N + 2)(N + 3) 8N(N + 1) α κ^2

(22) is useful to study the localization of gravity to a solitonic 3-brane [7]. For N = 2, the choice ξ = 1 allows one to study a solitonic 3-brane solution with the supersymmetric interpretation [7]. The readers will note that (1 − ξ) = 0 implies trivial corrections to the graviton propagator in (4 + N) dimensions, since all sub-leading-order corrections involve this factor. But one still recovers the RStype braneworld solutions in one lower dimensions (i.e., in 3+N dimensions). In fact, the choice ξ = 1 helps us to study gravity confined to a solitonic brane. It is interesting that the solutions with ξ = 1 have structures which are similar to the original Randall-Sundrum braneworld solutions.

4 Finiteness of Newton’s constant

A finite four-dimensional gravitational coupling (or the Planck mass) ensures that the ordinary fourdimensional graviton is present as a massless and normalizable zero-mode solution of the theory. In the RS three-brane model of co-dimension one, the four dimensional Newton constant is determined to be 1 G^{(4)}_N

∼ M^2_{P l} ≃ M^3_∗ ∫_{zc} 0 dz e^{−3A(z)} [ 1 + ξ − 8ακ_5 e^{2A(z)} ( A^{′2} − A^{′′} )] (23)

where ξ = 4ακ_5 e^{2A}A^{′2}. The last term [ e^{−A(z)} A^′ ]_∞ 0 has to be finite for G^{(4)}_N to be finite. This is finite for a solution of the type A(z) = log(|z|/L + 1), since A^′(0_+) = 1/L and the background is invariant under z → −z symmetry.

Next consider the general case where N is arbitrary. In this case, one can find the four-dimensional Planck mass by reading off the coefficients of −m^2 in the linearized expression, equation (19) or equation (20), and then integrating over the extra dimensions. The result is

M^2_{P l} = M^{2+N}_∗ ∫_{+∞} −∞ d^N z e^{−(N +2)A(z)} [ (1 − ξ) + 8Nακ k e^{A(z)} N∑ i=1 δ(z_i) ]

= M^{2+N}_∗

2^N (1 + ξ) (N + 1)!

k^{−N} . (24)

We will shortly justify this result by integrating the 4d part of the metric, as in the original RS model. For this purpose, one may replace η_{μν} in equation (7) by ĝ^{(4)}_{μν} (x), insert the metric into the action (2), and finally integrate over the z_i coordinates. The net result is that

S_{ef f} = M̂^2_{P l} ∫ d^4x √ −ĝ^{(4)} [ R̂ + α̂(R̂^2 − 4R̂^2_{μν} + R̂^2_{μνλρ}) ] + fine-tuned terms , (25)

where the effective 4d Planck mass M̂_{P l} and α̂, the 4d analog of the D-dimensional GB coupling α, are defined by

M̂^2_{P l} = M^{2+N}_∗ ∫_{+∞} −∞ d^N z e^{−(N +2)A(z)} [ 1 − 2N(N + 1)(N + 2)ακ k^2

+8(N + 1)α κ k e^{A(z)} N∑ i δ(z_i) ]

= M^{2+N}_∗

2^N (N + 1)!

(1 + ξ) k^{−N} , (26) and, α̂ = α M^{2+N}_∗ M̂ 2_{P l} ∫_{+∞} −∞ d^N z e^{−N A(z)} . (27)

Observe that to ensure a positivity of the four-dimensional graviton coupling (i.e. G_4 > 0) and to preserve unitarity (i.e. a definite positive-norm state) condition a with GB term, one must take (1 + ξ) > 0 and α > 0.

The four-dimensional massless graviton corresponding to a bound state with the wavefunction, up to a normalization factor, is ψ_{bound} ∼ e^{−(N +2) A(z)/2} . (28) For the massless graviton mode m^2 = 0, the second square bracket in equation (20) then gives a non-trivial term 8N(N + 2) α κ k^2 ∑ i≠j δ(z_i)δ(z_j ) ψ(z) . (29)

This exactly cancels with the last term in equation (20). Thus, the massless mode of the graviton fluctuation is unaffected by a Gauss-Bonnet action. And for |z| >> 1/k one always recovers the N-dimensional Randall-Sundrum-type volcano potential. This, in turn, implies that the gravity in the bulk is not delocalized by a Gauss-Bonnet term even if N > 1.

5 Graviton propagator in (4 + N) dimensions

In order to study the graviton propagator, let us set N = 1 in (19) and momentarily change the bulk coordinate to z = e^{k|y|}/k. Then, in terms of A(y)(= k|y|), the Fourier modes e^{ip·x}ψ(x, y) of the tensor fluctuation h_{μν} in five dimensions satisfy [ (1 − 4ακ_5Ȧ^2) ( e^{2k|y|} m^2 + ∂^2_y − 4Ȧ^2 + 2Ä )

+4ακ_5Ä e^{2k|y|} m^2 − 8ακ_5ȦÄ(∂_y + 2Ȧ) ] ψ(y) = 0 . (30) Here dot represents differentiation with respect to y. To study graviton propagator for the matterlocalized brane, one may place a test mass 2π m_∗ on the brane z = 1/k (or on the intersection of (N + 2)-branes) and ask for the corresponding Newtonian potential at a distant point on the brane. This may be done by inserting a source term G_{4+N} (2πm_∗)δ^3(x)δ(z) on the rhs of equation (30). The five-dimensional graviton propagator G_5(x, z; x^′, z^′) is obtained by integrating over the Fourier modes

G_5(x, z; x^′, z^′) = ∫ d^4p (2π)^4 e^{ip·(x−x′)} ψ(z, z^′) . (31) We also need appropriate Neumann-type boundary conditions on the brane(s) to proceed further. For this purpose, we need to regularize the δ-function^1. Also note that ∂_y ψ(0_+) = −∂_y ψ(0_−), while

1This issue has also been explained in Ref. [20], where a similar analysis is carried out by considering arbitrary order of curvature correction terms.

∂_y ψ(|0|) = 0. Then the last term of equation (30)) gives − 16ακ_5k^2 3 δ(y) (∂_y + 2k) ψ(0_+) .

Similarly, two other non-trivial terms arising from the first two brackets in equation (30), namely −4ακ_5Ȧ^2 ∂^2_y ψ(y) and −8ακ_5Ȧ^2Äψ(y), give − 8 3 ακ_5k^2δ(y) (∂_y + 2k) ψ(0_+) .

The total non-trivial contribution at y = 0, from equation (30), is therefore

2 (∂_y + 2k) ψ(0_+) − 8ακ_5k^2 (∂_y + 2k) ψ(0_+) + 8ακ_5 k m^2 ψ(0_+) . (32)

This gives the correct Neumann-type boundary condition on the brane after integrating from just below to the just above the brane (i.e., in the neighborhood of y = 0). Hence a Neumann type boundary condition that one must impose on the brane at z = 1/k is ( z∂_z + 2 + ξ 1 − ξ q^2z^2 ) ψ(z, z^′)|_{z=1/k} = 0 , (33)

where ξ = 4α^′ M^{−2}_∗ k^2, and m^2 = q^2 = −p^2. By the same token, one can derive (N + 4) dimensional Neumann boundary condition at z = 1/k. As the calculation is much involved, we avoid here the technical details and simply give the final expression ( z∂_z + N + 3 2 + 2 (N + 1) ξ q^2z^2 (1 − ξ) ) ψ|_{z=1/k} = 0 , (34)

This boundary condition was first introduced in Ref. [4], but for ξ = 0 case. One should also satisfy the following matching conditions at z = z^′: ψ_<|_{z=z}′ = ψ̂_>|_{z=z}′ , ∂_z ( ψ̂_> − ψ̂_< ) |_{z=z}′ = (1 − ξ)^{−1} 1 kz^′ . (35)

By satisfying (35) and (34) we can find the Neumann propagator in (4 + N) dimensions. To this end, we follow the derivations given in the Ref. [4, 14]. The formula for the Green function in five dimensions (N = 1), for both the arguments of the propagator on the brane, was given, for example, in [14], so here we give the expression valid for arbitrary N. The general expression for the Green function in (4 + N) dimensions for both the arguments on the brane is G_{4+N} (x, 1 k ; x^′, 1 k ) ≃ (1 − ξ)^{−1} ∫ d^{3+N} p (2π)^{3+N} e^{ip(x−x′)} 1 q [ 1 − ξ 1 + ξ

N + 1 w + (N + (N − 2) ξ) (1 − ξ) 2(N − 1)(1 + ξ)^2 w + O(w^3) + · · · +

(1 − ξ)^2 (1 + ξ)^2 w^N c_1 ln (w 2 )] , (36) where q/k ≡ w, c_1 is a dimensional constant (c_1 = 1, 4, 64, · · ·, for N = 1, 3, 5, · · ·), but the last expression involving a logarithmic term will be absent for even numbers of extra dimensions (N = 2, 4, 6, · · ·). We should mention that the second expression above will appear only for N > 1, though we have written it for arbitrary N. Note that only the first two terms do not vanish for ξ = 1.

We may split equation (36) into zero mode and KK mode G_{4+N} (x, 1 k ; x^′, 1 k ) = (N + 1)k 1 + ξ ∫ d^{3+N} p (2π)^{3+N} e^{ip(x−x′)} q^2

+ G_{KK} (x, x^′) , (37)

where

G_{KK} (x, x^′) = − (1+ξ)^{−1} ∫ d^{3+N} p (2π)^{3+N} e^{ip(x−x′)} [ N + (N − 2) ξ 2(N − 1) 1 1 + ξ 1 k + 1 − ξ 1 + ξ (q/k)^N q c_1 ln ( q 2k ) +· · · ] . (38) Equation (37) reflects a useful relation

G_{N +3} =

(N + 1) k

1 + ξ

G_{N +4} (39)

One observes from equation (37) that in the low-energy scale q/k (≡ w) << 1 and for N > 1 the contribution to the Newton potential from the continuum KK modes is almost negligible compared to the contribution of zero mode. One finds N = 1 as the simplest example. The limiting behavior of the Newtonian potential due to a point source of mass 2π m_∗ on the brane is therefore [14]

V (r) = 2πm_∗ M^3_{(5)} ∫ dt G_5 ( r, 1 k ; 0, 1 k )

≃ − G_4 m_∗ r [ 1 + (1 − ξ) (1 + ξ) 1 2 k^2 r^2 + · · · ] . (40)

For ξ = 0, this expression agrees with the result found in [3]. A difference of factor 1/2 to the leadingorder potential correction from that of the original RS work [1] (which is the case of ξ = 0) arises from the convention in a relation between four- and five- dimensional Newton constants. If one defines [1]

G_4 = k (1 + ξ)

G_5

M^2_{(4)} =

1 + ξ k M^3_{(5)} (41)

instead of relation (39) the factor of 1/2 would be absent. To reconcile the result with an exact graviton propagator analysis, however, one may have to relate G_{N +3} and G_{N +4} according to relation (39). For ξ = 1, there is no correction from the continuum KK modes. Moreover, to avoid anti-gravity effect (G_4 < 0), one requires ξ > −1, and another limit ξ ≤ 1 arises from the propagator analysis; this is consistent with the previous observation. Thus, for ξ = 1 solution, there are no bulk propagation of graviton in AdS_{4+N} space. By taking ξ = 0, from (41), one recovers the relation M^2_{pl} = M^3_{(5)} k^{−1} and also recovers the Newtonian potential in a form identical to that obtained by Randall and Sundrum [1].

For r >> 1/k, the continuum KK modes with m >> k, which are normally suppressed on the brane, would only sub-dominantly contribute to the potential generated by the 4d graviton bound state. For distances r << 1/k or at the origin, the continuum modes with m >> k have unsuppressed wavefunction, thus as anticipated we get the (4 + N)-dimensional potential even if ξ > 0.

A remark is in order. For ξ = 1 and N > 1, only the first term in (38) can survive, but this is negligible as compared to the zero-mode contribution. One, therefore, always recovers a localized gravity on the brane which precisely follows the Newton’s law, and there may almost be trivial correction to the gravitational potential. We will show in next section that ξ = 1 is indeed a viable solution of the RS-type braneworld models.

6 Effective solutions with ξ = 1

It is not difficult to show that ξ = 1 explains the RS warped braneworld compactification. It looks reasonable first to solve the modified Einstein equations in five dimensions. To this end, we shall introduce a brane action corresponding to a RS singular 3-brane with a positive brane tension λ > 0. Thus the low-energy effective action in five dimensions can be taken to be S = ∫ d^5x √ −g_5 ( R κ_5

− Λ + α ( R^2 − 4R_{pq}R^{pq} + R_{pqrs}R^{pqrs} )) + ∫ d^4x √ |g_4| (−λ) . (42)

The RS single brane action is recovered for α = 0. The modified Einstein field equations following from (42) would simplify to give ( A^{′2} + A^{′′} ) (1 − ξ) = λ 6 κ_5 δ(z) (43) A^{′2} − ξ 2 A^{′2} = − κ_5 12 Λ e^{−2A(z)} (44)

where ξ ≡ 2ϵ e^{2A(z)}A^{′2}, and ϵ ≡ 2ακ_5. One might have already noted that appealing to ξ = 0 in the bulk essentially implies A^{′′} + A^{′2} = 0. In fact, ξ = 0 kills another possible solution, i.e. ξ = 1, which indeed gives a physical solution. As is known, any braneworld compactification with ξ = 0 suffers from the so-called c-theorem [22, 23] based on Einstein theory. We should mention that the c-theorem may not be available to ξ = 1 solution. We will explain this below only briefly, and detail discussions on this issue will appear elsewhere.

One clearly sees from (43) that ξ ≡ 2ϵA^{′2}e^{2A(z)} = 1 is a bulk solution of the field equations. From this we find

e^{A(z)} = ∫_z 0 1 √ 2ϵ dz e^{−A(z)} = √ 2ϵ |z| + √ 2ϵ ≡ l |z| + l , (45)

where we have normalized the solution so that A(0) = 0. Since we have a non-trivial brane tension λ > 0 at the brane z = 0, equation (43) implies that we must satisfy the following relation on the brane z = 0: 12δ(z) l + |z| ( 1 − 2ϵ L^2 sgn(z)^2 ) = λ κ_5 δ(z) . (46)

This, after regularizing the δ-function, uniquely determines the 3-brane tension, λ = 1 2πG_5 l

. (47)

Next, equation (44) can be used to fix the bulk cosmological constant

Λ = − 3 8πG_5 l^2

. (48)

The readers can easily check that ξ = 1 consistently gives a physical solution even if the number of extra dimensions N > 1. It is interesting that e^{−A(z)} will converge as z → ∞, this is what we need for the solution to be physical. If one interprets the singularity at A^{′′} + A^{′2} as the infrared cut-off (or the RS singular brane), then we may interpret the z → ∞, ξ = 1 as the ultraviolet cutoff or anti-de Sitter boundary where gravity is strong. Changing to y-coordinate dy = e^{−A(z)} dz, the weak energy condition reads A^{′′}(y) ≥ 0, and the warp factor reads A(y) = ±|y|/l. Since A^′(y) takes a positive (negative) value for y → +∞ (−∞), the no-go theorem [22] may not apply to the α > 0 case.

7 Completely localised gravity with ξ = 1

As we already emphasized by considering ξ = 1, we can obtain equivalent N copies of the RS-type non-relativistic Schrödinger equations, but in one lower spacetime dimensions. We shall express the metric fluctuations again in a canonical form by changing the variables in equation (17) as h_{μν} = e^{(N +1)A(zi)/2} ψ̂(z_i)e^{ip·x} ϵ_{μν} . Then the non-trivial part of linearized equations takes the following form 8Nα κ k N∑ i=1 δ(z_i) [( − m^2 − N∑ i≠j ∂^2_{zj} − (N + 1)ke^{−A(z)} n∑ i≠j δ(z_j )

+ (N − 1)(N + 1)(N + 3) k^2 4(k ∑ i≠j |zj | + 1) 2 ) ψ̂(z) + (N + 1) sgn(z_i) ( ∂_{zi} + (N + 1) 2 A^′(z) ) ψ̂(z) ] = 0 .

(49)

Equation (49) clearly implies that the so called ’solitonic’ solutions defined for ξ = 1 have the structure which is formally the same as the “normal” or RS-type brane solutions, other than the last term. Some of the clear differences here are that (i) there is no bulk propagation of the graviton in (4 + N)- dimension, (ii) the solitonic brane is δ-function like, which is also seen from the overall coefficient in (49). The last term in equation (49) implies an appropriate jump condition(s) to be satisfied across the branes at z_i = 0, but does not contribute for z > 0. Thus, for ξ = 1, the (N − 1)-dimensional Schrödinger equation can also be written in the form 4ξ δ(z_i) N(N + 1)k [ −∂^2_{zj} +

(N + 1)^2 4 A^{′2} − N + 1 2 A^{′′} ] ψ̂ = m^2ψ̂ , (50) where A = log (k ∑ p |z_p|+1) and i, j = 1, 2 · · ·, N, i ≠ j. Thus, the bulk equations along z_j -directions are 4ξ δ(z_i) N(N + 1)k [ −∂^2_{zj} +

(N − 1)(N + 1)(N + 3)

4 (|z_j| + 1/k)^2 ] ψ̂ = m^2ψ̂ . (51)

The simplest choice is N = 2. Then (51) gives two five dimensional bulk equations of graviton, for each i, j = 1, 2 but i ≠ j. For the continuum of KK modes propagating along the solitonic 4-branes located at the z_1 and z_2 axes, the continuum mode solutions are given by a linear combination

ψ̂^{(j)}_m (z_j ) ∼ N^{(j)}_m √ (|z_j | + 1/k) [ J_2(m(|z_j | + 1/k)) + B^{(j)}_m Y_2(m(|z_j | + 1/k)) ] , (52)

where j = 1, 2. The coefficients B^{(j)}_m and N^{(j)}_m are determined from the boundary conditions and δ-function normalization condition. These are readily evaluated to be

B^{(j)}_m = − Y_1(m/k) J_1(m/k) , N^{(j)}_m = √ m 4(1 + B^{(j) 2}m )

. (53)

We consider the contribution of KK graviton exchange to the non-relativistic gravitational potential between two point masses m_1, m_2 placed on the intersection of two orthogonal solitonic 4-branes with a separation of r. A total contribution of the Newtonian potential is therefore − V (r) m_1 m_2 = [ G_4 r + 3k 2 M^{−4}_∗ ∫_∞ m_0

dm |ψ̂^{(j)}_m (0)|^2 e^{−mr} r ]

V (r) = −G_4 m_1 m_2 r [ 1 + 1 k^2 r^2 ] . (54)

where G_4 = (3/4) × k^2M^{−4}_∗ is used. In arriving at the second line it was important to use |ψ̂_m(0)|^2 ∼ m/(4k), which one can easily find from plane wave normalization conditions of the Bessel functions as in [5].

For N = 3, equation (51) would rise to give the following three six-dimensional bulk equations of the graviton, each bulk mode propagating along the solitonic 5-branes located at u(= z_p − z_q) and v(= z_p + z_q) axes. Hence 2 δ(z_i) 3k [ −∂^2_u − ∂^2_v + 6 (|v| + 1/k)^2 ] ψ̂(u, v) = 1 2 m^2ψ̂(u, v) , (55)

where i = 1, 2, 3, and i ≠ p ≠ q. In order to satisfy the appropriate boundary condition(s) implied by the δ-function potential at z_i = 0, we must choose the linear combinations

φ_m(u) ∼ N_1(m) √ u [ sin(m_uu) + A_m cos(m_uu)] (56)

φ_m(v) ∼ N_2(m) √ (|v| + 1/k) [ J_{5/2}(m_v (|v| + 1/k)) + B_m Y_{5/2}(m_v(|v| + 1/k)) ] . (57)

These solutions must satisfy the Neumann type boundary conditions at the brane junction u = 0, v = 0: ( u ∂_v − ∂_u 2 + 5 2 ) ψ̂ = 0 , ( v ∂_v + ∂_u 2 + 5 2 ) ψ̂ = 0 . (58)

For m^2_u, m^2_v > 0, satisfying the boundary conditions, the coefficients A_m and B_m are determined to be A_{mu} = cot(m_uu) , B_{mv} = − Y_{3/2}(m_v/k) J_{3/2}(m_v/k) . (59)

The continuum wavefunction therefore reads

ψ̂_{m (j)} = φ_m(u_j ) × φ_m(v_j ) . (60)

By considering the contribution of KK graviton exchange between two unit point masses m_1, m_2, placed on the intersection of three intersecting 5-branes with a separation of r, one may find the total contribution of the Newtonian potential. This is given by − V (r) m_1 m_2 ≃ G_4 r + 3k^2 2 M^{−5}_∗ ∫_∞ m_0 dm_u dm_v e^{− ^mr} r |ψ̂^{(j)}_m (0)|^2 V (r) ≃ −G_4 m_1 m_2 r [ 1 + c_1 (k r)^3 ] . (61)

where √ m^2_u + m^2_v ≡ ^m, G_4 = (3/2) × k^3M^{−5}_∗ and c_1 is some constant of order 1. Again in arriving at this result, we have used the value |ψ̂_m(0)|^2 ∼ m^2_v/(6k^2) determined from the plane wave normalization conditions of the Bessel functions, and specialized to the case where m_u would extend down to m_u = 0, and ψ_{mu} (0) = 1.

8 Comments on scalar and vector modes

So far we have analysed the tensor mode h_{μν} of the metric perturbations, leading to graviton propagators and corrections to Newton potential. This analysis was important because a high-dimensional graviton may represent a continuum of four-dimensional states and the gravitational potential on the brane is mediated by an effective four-dimensional graviton. It may be relevant to know whether the scalar/vector modes of the metric perturbations have any significant roles in the higher dimensional brane background. One of the motivation to look after these modes is that in the conventional Kaluza-Klein theory of compact extra spaces, because of the isometries of a factorizable geometry, scalar (vector) modes correspond to the physical gravi-scalar (gravi-photon) modes [28]. But this does not seem to be the case for a non-factorizable geometry.

The scalar and vector modes of the metric fluctuations, without any gauge choice, satisfy

(1 − ξ) [ ∂^μ∂^ν (h_{μν} − η_{μν} h) + (N + 2) ∂_zA ( ∂_z h − 2∂^λh_{λz} + (N + 3) ∂_zA h_{zz} ) ] = 0 . (62) (1 − ξ) [ ∂_z ( ∂^λh_{μλ} − ∂_μh ) − (N + 2)∂_zA ∂_μh_{zz} + ∂^λ∂_{[μ}h_{λ]z} ] = 0 . (63)

Here h ≡ h^λ, ∂_z A = A^′ ∂_z |z| = k (2Θ(z) − 1) = k ∑_N i=1 sgn(z_i), and ∂_z = ∂_{z1} , · · ·, ∂_{zN} . (These equations were reported in [12, 14] but for N = 1 and in the axial gauge, i.e., h_{zz} = 0 = h_{μz} ). Equations (62, 63) are trivially satisfied for ξ = 1 solution. There are no terms having second derivatives of the warp factor A(z), and hence there are no delta-function sources for scalar/vector modes. This is not the case for the tensor mode h_{μν} (see, for example, equation (20)), even after the setting ξ = 1. Thus the scalar and vector modes of the metric fluctuations alone do not appear as dynamical fields of the theory [1, 7, 12], and hence may not be localized on the brane. This result is consistent with the observations made in [7, 21].

Since a massless graviton on the brane is assumed to be transverse and tracefree, it is reasonable to impose the gauge h^μ = 0 = ∇^ν h_{μν} to simplify the expressions (62), (63). For N = 1, since Z_2 symmetry on the brane already fixes h_{λz} = 0, one finds h_{zz} = 0, thus the graviscalar and graviphoton components are pure gauge degrees of freedom. If the brane gravity is coupled to brane matter, one may still gauge them away using the brane-bending formalism discussed in [3, 4, 14]^2.

One can, of course, couple the scalar modes of the metric fluctuations to the scalar fluctuation of a non-trivial bulk scalar field. But the effective theory will be of scalar-tensor nature rather than conventional tensor gravity. Unlike the tensor modes, the scalar/vector modes of the metric perturbations are not automatically invariant in a gauge invariant manner. Indeed, for N > 1, one may not set all the scalar/vector modes to zero or gauge them away, and in principle one can analyse them using some gauge-invariant formalism. The analysis is relatively simpler in a RS-type warped brane background with one extra dimension (i.e. N = 1) [21, 31], but the diagonalisation of linearized fluctuations of all metric fields for N > 1 is too hard, if not impossible. Some progress can be made by taking the simplest choice, N = 2, and using the gauge invariant formalism developed in [30]. We take the viewpoint that consideration of scalar and vector components would not change the results, at least the momentum structures of the graviton propagators, of this paper.

9 Conclusion

We have studied gravity localization to the RS branes for a more general class of N intersecting (2+N) brane configurations by including higher order curvature terms in a Gauss-Bonnet combination. For N = 2, a GB term can support a feasible singularity at the brane junction, thereby allowing a non-trivial brane tension at the four-dimensional brane intersection. But this would not have been possible if the braneworld action had a contribution only from the Einstein term and the cosmological constant term [2]. The effective four-dimensional Planck scale M_{P l} has been derived, and also the explicit expressions for the graviton propagator in (4 + N) spacetime dimensions are obtained. We have explained in some detail interesting features of localized gravity with a Gauss-Bonnet term for ’normal’ or RS-type branes supported by δ-function-like sources, and also so-called solitonic branes defined for the class of solution ξ = 1.

2See, for example, [29] for related comments about the cancellation of the scalar mode by the ’brane-bending’ mode in the framework of a five dimensional 3-brane model. These comments may not be directly applicable to the 3-brane defined as the common four dimensional intersection of higher dimensional branes.

The present analysis might reveal some important features of the localized RS type braneworld solutions or solitonic braneworld gravity created by non-dynamical sources (i.e. in the absence of fields other than gravity). We have shown that the RS single brane model with a Gauss-Bonnet term in the bulk correctly gives a massless graviton on the brane as for the RS model. We provided a complementary description of the Newton potential corrections to the long-range interaction due to continuum modes living in the AdS space. Basically, our work extends the previous work in the literature [2, 4, 14] to the general (4+N) dimensional anti-de Sitter spacetimes, but the results reported here also include the contribution of the Gauss-Bonnet interaction term. The latter is the only viable combination of higher curvature corrections that one can introduce in the RS braneworld scenario of warped extra dimensions.

For the class of solution ξ = 1, the scalar and vector fields do not appear as the propagating degrees of freedom in the transverse z direction, though the zero mode of the tensor fluctuation is localised on the brane. This reveals that the physical brane could be a solitonic 3-brane living in six-dimensional spacetimes, rather than in five-dimensional AdS space. The number of non-compact extra dimensions, N = 2, is itself more interesting in the scenario of [2, 10].

In nutshell, the physical relevance of our analysis is two-fold – it is a meaningful extension of the RS model with an extra non-compact dimension to an arbitrary N, and – a natural generalization of the ADDK [2] scenario of infinite large new dimensions including the contribution of a Gauss-Bonnet term into the effective braneworld (gravitational) action. The present analysis also provides hints for a possible creation of solitonic 3-brane in a six dimensional warped bulk background, which would not be possible without the higher curvature terms. It is plausible that the solitonic braneworld solution defined with ξ = 1 in N ≥ 1 has a structure which is formally the same as for ’normal’ or RS-type solutions.

Acknowledgments

I would like to thank M. Blau, Gregory Gabadadze, N. Kaloper and Carlos Nunez for fruitful discussions and correspondences. This work was supported in part by Seoam Foundation, Korea, and by the BK21 Project of the Ministry of Education. I would like to acknowledge a kind hospitality of Abdus Salam ICTP, where the manuscript was revised.

References

[1] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999), hep-th/9906064.

[2] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, N. Kaloper, Phys. Rev. Lett. 84, 586 (2000),

hep-th/9907209.

[3] G. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000), hep-th/9911055.

[4] S. B. Giddings, E. Katz and L. Randall, J. High Energy Physics 0003 (2000) 023,

hep-th/0002091.

[5] C. Csaki, J. Erlich, T. J. Hollowood and Y. Shirman, Nucl. Phys. B581, 309 (2000),

hep-th/0001033.

[6] N. Kaloper, Phys. Lett. B474, 269 (2000), hep-th/9912125.

[7] A. Iglesias and Z. Kakushadze, Int. J. Mod. Phys. 16A, 3603 (2001), hep-th/0011111.

O. Corradini and Z. Kakushadze, Phys. Lett. B506, 167 (2001), hep-th/0108055. [8] T. Gherghetta and M. Shaposhnikov, Phys. Rev. Lett. 85, 240 (2000), hep-th/0004014.

T. Gherghetta, E. Roessl and M. Shaposhnikov, Phys. Lett. B491, 353 (2000), hep-th/0006251. E. Ponton and E. Poppitz, J. High Energy Physics 0102, 042 (2001), hep-th/0012033. I. Oda, Phys. Rev. D64, 26002 (2001), hep-th/0102147.

N. Sakai and S. Tomizawa, Nucl. Phys. B602, 413 (2001), hep-th/0101042. [9] C. Csaki and Y. Shirman, Phys. Rev. D61, 024008 (2000), hep-th/9908186. [10] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B429, 263 (1998), hep-ph/9803315. [11] R. R. Metsaev and A. A. Tseytlin, Nucl. Phys. B293, 385 (1987). [12] I. P. Neupane, Phys. Lett. B512, 137 (2001), hep-th/0104226.

[13] J. E. Kim, B. Kyae, and H. M. Lee, Nucl. Phys. B582, 296 (2000), hep-th/0004005; Erratum– ibid B591, 587 (2000); J. E. Kim and H. E. Lee, Nucl. Phys. B602 (2001) 346, Erratum–ibid B619, 763 (2001), hep-th/0010093; Y. M. Cho and I. P. Neupane, hep-th/0112227.

[14] Y. M. Cho, I. P. Neupane and P. S. Wesson, Nucl. Phys. B621, 388 (2002), hep-th/0104227; [15] I. Low and A. Zee, Nucl. Phys. B 585, 395 (2000), hep-th/0004124. [16] N. E. Mavromatos and J. Rizos, Phys. Rev. D62, 124004 (2000), hep-th/0008074.

I. P. Neupane, J. High Energy Physics 0009, 040 (2000), hep-th/0008190. M. Giovannini, Phys. Rev. D63, 085005 (2001), hep-th/0009172. S. Nojiri and S. D. Odintsov, JHEP 0007, 049 (2000), hep-th/0006232.

[17] Jihn E. Kim, B. Kyae and H. M. Lee, Phys. Rev. D64, 065011 (2001), hep-th/0104150. [18] Z. Kakushadze, Nucl. Phys. B589, 75 (2000), hep-th/0005217.

O. Corradini and Z. Kakushadze, Phys. Lett. B494, 302 (2000), hep-th/0009022.

[19] K. A. Meissner and Marek Olechowski, Phys. Rev. Lett. 86, 3708 (2001), hep-th/0009122. [20] K. A. Meissner and M. Olechowski, Phys. Rev. D65, 064017 (2002), hep-th/0106203. [21] M. Giovannini, Phys. Rev. D 64 124004 (2001), hep-th/0107233.

[22] D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, Adv. Theor. Math. Phys. 3, 363 (1999),

hep-th/9904017.

[23] J. Maldacena and Carlos Nunez, Int. J. Mod. Phys. A 16, 822 (2001), hep-th/0007018. [24] P. Horava and E. Witten, Nucl. Phys. B460, 506 (1996), hep-th/9510209. [25] A. Lukas, B. A. Ovrut and D. Waldram, Nucl. Phys. B 532, 43 (1998), hep-th/9710208; K.

Kashima, Prog. Theor. Phys. 105, 301 (2001), hep-th/0010286.

[26] S. Nojiri and S. Odintsov, Phys. Lett. B 493, 153 (2000), hep-th/0007205; J. E. Lidsey, S. Nojiri and S. Odintsov, JHEP 0206, 026 (2002), hep-th/0202198.

[27] M. Cvetic, S. Nojiri and S. D. Odintsov, Nucl. Phys. 628, 295 (2002), hep-th/0112045. [28] A. Salam and J. Strathdee, On Kaluza-Klein Theory, Ann. Phys., NY 141, 316 (1982). [29] R. Gregory, V. A. Rubakov and S. M. Sibiryakov, Phys. Rev. Lett. 84, 5928 (2000); ibid, arXiv:hep-th/0003045; C. Csaki, J. Erlich and T. J. Hollowood, Phys. Lett. B481, 107 (2000); Z. Kakushadze, Phys. Lett. B497, 125 (2000).

[30] C. van de Bruck, M. Dorca, R. Brandenberger and A. Lukas, Phys. Rev. D 62, 123515 (2000),

hep-th/0005032.

[31] V. Bozza, M. Gasperini and G. Veneziano, Nucl. Phys. B619, 191 (2001), hep-th/0106019