arXiv:hep-th/0106138 v4 29 Jul 2001

Two phases of the noncommutative quantum mechanics

Stefano Bellucci^1, Armen Nersessian^{1,2,3} and Corneliu Sochichiu^{2,4} 1INFN, Laboratori Nazionali di Frascati, P.O. Box 13, I-00044, Frascati, Italy 2JINR, Bogoliubov Laboratory of Theoretical Physics, 141980 Dubna, Russia 3 Yerevan State University, A. Manoogian St., 3, Yerevan, 375025 Armenia 4 Institutul de Fizică Aplicată AŞ, str. Academiei, nr. 5, Chişinău, MD2028 Moldova (July 29, 2001)

We consider quantum mechanics on the noncommutative plane in the presence of magnetic field B. We show, that the model has two essentially different phases separated by the point Bθ = ch̄^2/e, where θ is a parameter of noncommutativity. In this point the system reduces to exactly-solvable one-dimensional system. When κ = 1�eBθ/ch̄^2 < 0 there is a finite number of states corresponding to the given value of the angular momentum. In another phase, i.e. when κ > 0 the number of states is infinite. The perturbative spectrum near the critical point κ = 0 is computed.

PACS number(s) 11.15.-q, 11.30.Er, 11.25.Sq, 03.65-w

Introduction

Recently some interest to quantum mechanics on noncommutative space (noncommutative quantum mechanics) arose, inspired by the development of string theory [1]. Beyond the string theory meaning such model models also appear in various systems describing spinning particles. They serve for the study of one-particle sectors of noncommutative field theories arising from string considerations, Quantum Hall effect, and general phenomenological impacts of the noncommutativity [2]– [9]. In particular in refs. [6,9] noncommutative Landau problem on plane, sphere and torus have been considered. A “critical point” was observed in these models when the density of states becomes infinite (see also [10]). From the algebraic point of view it corresponds to the degeneracy of the representation of the Heisenberg algebra [11].

The noncommutativity of coordinates is implemented by the relation,

[x^i, x^j] = iθ^{ij} , (1)

where θ^{ij} are c-numbers with the dimensionality (length)�^2.

In the case when [p_i, p_j] = 0, the noncommutative quantum mechanics reduces to the usual one described by Schrödinger equation [12]

H(p, x̃)Ψ(x̃) = EΨ(x̃), where x̃^i = x^i − 1 2 θ^{ij} p_j. (2)

Hence, the difference between noncommutative and ordinary quantum mechanics consists in the choice of polarisation only.

In this note we consider a two-dimensional noncommutative quantum mechanical system with arbitrary central potential in the presence of constant magnetic field B. It is given by the Hamiltonian,

Ĥ = p^2 2μ + V (|x|^2), (3)

where the operators p, x obey the commutation relations

[x^1, x^2] = iθ, [x^i, p_j] = ih̄δ^i_j , [p_1, p_2] = i e c B, (4) we assume θ > 0.

In the absence of magnetic field, B = 0, the leading part of Hamiltonian for large noncommutativity parameter θ is given by the potential term, while the remaining part can be considered as a perturbation [13].

In what follows we show, that in the presence of magnetic field one has a parameter

κ = 1 − eB ch̄^2 θ. (5) which can be made small for arbitrary θ, by choosing a proper value of B. At the critical point,

κ = 0, (6)

the model becomes exactly solvable. This allows to develop the perturbative analysis for the small κ (and arbitrary θ).

Surprisingly, it appears that the global properties of the model are qualitatively different for either κ is positive or negative. Although the perturbative analysis is applicable for both cases, for negative κ we can find some energy levels exactly.

The model

Let us consider the system (3,4) in more details. For this purpose let us split the algebra (4) in two independent subalgebras and pass to the operators π_i and x^i satisfying the following relations

π_i = p_i − h̄ε_{ij} x^j θ : [π_i, x^j] = 0, [π_1, π_2] = −i h̄^2 θ κ. (7) The [x, x]-commutator is given by Eq. (1).

In terms of these operators the Hamiltonian (3) reads

H = ß^2 2μ + h̄ π_1x^2 − π_2x^1 μθ + h̄^2 |x|^2 2μθ^2 + V (|x|^2). (8)

As one can see, there is a “critical point” for

κ = 0 ⇔ B = ch̄^2/eθ. (9)

At this point operators π_i belong to the center of quantum algebra, and consequently, are constant ones. Thus, the system becomes effectively one-dimensional. Also, from the requirement of rotational invariance it follows that

π_i = 0 ⇒ H = h̄^2|x|^2 2μθ^2 + V (|x|^2). (10)

For this Hamiltonian it is easy to find the exact energy spectrum,

E^{(0)}_n = h̄^2(n + 1/2) μθ + V (θ(2n + 1)), n = 0, 1, . . . (11)

Consider now the case of nonzero κ. In this case it is convenient to introduce the creation and annihilation operators

a� = x^1 ∓ ix^2√ 2θ , b� = √ θ h̄ π_1 ∓ iπ_2 √ 2|κ| , (12)

with the following non-zero commutators

[a�, a+] = 1, [b�, b+] = − sgn κ . (13)

In terms of these operators the Hamiltonian (8) is of the form H = |κ|h̄^2 2μθ (b^+b� + b�b^+) − − i √ |κ|h̄^2 μθ (b^+ a� − a^+b�) + (14) + h̄^2(a^+ a� + a�a^+) 2μθ + V (θ(a^+ a� + a�a^+)).

The rotational symmetry of the system corresponds to the conserved angular momentum given by the operator,

2J = a^+a� − sgn κ b^+b�, [H, J] = 0. (15)

As it can be seen, when κ < 0, the system is naturally formulated in terms of representations of the algebra G = su(2). For κ > 0, one has instead representations of G = su(1, 1). The generators of theses algebras are given by following operators, L� = b�a�, L3 = 1 2 (a^+a� + sgn κ b^+b�). (16)

It is worthwhile to note, that the angular momentum of the system given by (15), define the Casimir operator of the algebra G

J(J + sgn κ ) = L^2_3 + sgn κ 2 (L_+ L� + L�L_+ ). (17)

According to above, the Hilbert space splits in the irreducible representations (irreps) of the algebra G which are parameterized by the eigenvalues of J. Inside an irrep one can introduce the basis labelled by the eigenvalue of L_3. As a result we have the orthonormal basis in the Hilbert space consisting of states |j, l⟩ = (a^+ )^{j+l}(b^+ )^j�^l √ (j + l)!(j − l)!

|0, 0⟩ , (18)

where j and l are eigenvalues of J and L_3 respectively. Let us note that the system of states is equivalent to one of a pair of coupled oscillators. The angular momentum corresponds to the total occupation number

2j = n_a − sgn κ n_b. (19)

One can see that the spectrum has different structure depending on the sign of κ. Indeed, for κ < 0 (or equivalently, B > ch̄^2/eθ), the angular momentum 2j and the occupation number n_a corresponding to the operator

|x|^2/2θ, take the values n_a = 0, 1, . . ., 2j = n_a, n_a + 1, . . . . (20)

For κ > 0 (B < ch̄^2/eθ) corresponding to the noncompact case G = su(1, 1), the eigenvalues of the angular momentum 2j and of the operator |x|^2/2θ, respectively take the values n_a = 0, 1, . . ., 2j = −∞, . . . , −1, 0, 1, . . ., n_a. (21) Thus, the character of the spectrum essentially depends on the value of magnetic field: for Bθ < ch̄^2/e the angular momentum has the upper bound, equal to the eigenvalue of the operator |x|^2/2θ, while for Bθ > ch̄^2/e the eigenvalue of |x|^2/2θ becomes the lower bound for the angular momentum.

The spectrum

In the basis (18) the Hamiltonian (14) splits in the diagonal part given by first and third lines and nondiagonal part given by the second line. Let us consider the diagonal part given by the third line of (14) as the bare Hamiltonian. The remaining part can be considered as a perturbation of the order |κ|^{1/2}. Then perturbation expansion around the critical point κ = 0 applies when √ |κ|j ≪ 1 + μθV (n)/h̄^2. (22) The energy spectrum of the non-perturbed Hamiltonian is given by the expression (11).

The first order correction to the n−th energy level vanishes, while the computation of the second order correction yields the result

E^{pert}_{(j,n)}= κh̄^2(2j − n) μθ ( 1 + n + 1 Ω_{n+1} − n Ω_n ) − − |κ|h̄^2(n + 1/2) μθΩ_n + (23) + h̄^2(n + 1/2) μθ + V (2θn + θ), where

Ω_n = μθ h̄^2 ( V (2θn + θ) − V (2θn − θ) + h̄^2 μθ ) . Beyond this, in the compact case (G = su(2), κ < 0), one can compute exactly some energy levels in the “lower” (i.e. corresponding to small j) part of the spectrum. In the mentioned case, the half-integer eigenvalues j and l span the range j = 0, 1/2, 1, . . . and −j ≤ l ≤ j. This happens due to finite dimensionality of the irreps of G. The Hamiltonian acts invariantly in each irrep because it commutes with the Casimir operator J. Therefore, the problem of diagonalisation of the Hamiltonian in the whole Hilbert space reduces to “smaller” problems of diagonalisation in each finite-dimensional irrep.

Thus, the eigenvectors of H can be represented as linear combination of basis elements with the same number j, |j, s⟩ = j∑ l=�j C^{(j,s)}_l |j, l⟩ , H |j, s⟩ = E_{(j,s)} |j, s⟩ , (24)

where C^{(j,s)}_l = ⟨j, l |j, s⟩, and half-integer number s enumerates energy levels inside irrep.

The second equation in (24) can be rewritten as a set of 2j +1 linear equations for C_l (we drop the superscripts (j, s)): (|κ|(j − l) + v(j + l) − ε)C_l +i|κ|^{12} (√ (j − l + 1)(j + l)C_l�_1 − √ (j − l)(j + l + 1)C_{l+1} ) = 0,

(25)

where we introduced shorthand notations for ε and v(j + l) implicitly defined by the equations E = h̄^2 μθ ( ε + 1 2 (1 + |κ|) ) + V (θ) and v(j + l) = j + l + μθ h̄^2 ( V (θ(j + l + 1)) − V (θ) ) . This defines a 2j + 1 dimensional eigenvalue problem which can be solved by standard linear algebra methods for not very large j, as well as numerically if j is large. In particular, for j = 0 and j = 1/2 the corresponding energy levels are given by,

E_{(0,0)} = V (θ) (26) and E_( 1_{2 ,}� 1_{2 )} = V (3θ) + h̄^2(1 + |κ|) μθ ± (27)

± [ 4|κ| ( h̄^2 μθ )2 + ( (1 − |κ|) h̄^2 μθ + (V (3θ) − V (θ)) )2]^{1/2}

respectively.

Let us note, however, that the lowest j states do not necessarily correspond to the lowest energy levels. Depending on the form of the potential, the higher j states may have eigenvalues of the Hamiltonian located in the lower part of the spectrum.

Unfortunately, in the case when κ > 0 we cannot perform the same analysis since in this case the representations of su(1, 1) are infinite dimensional.

Example: Harmonic Oscillator

Consider the particular case of harmonic oscillator, V = μω^2|x|^2 2 . (28)

In this case one can solve the spectrum exactly for any value of κ [6] (see also [14]). Our results agree with mentioned ones. Let us diagonalize the Hamiltonian, performing the appropriate (pseudo)unitary transformation: ( a b ) → U · ( a b ) , (29)

where the matrix U belong to SU(1,1) for κ > 0 and to SU(2) for κ < 0. Explicitly,

U = ( cosh χe^{iπ/4} sinh χe^{iπ/4} sinh χe�^{iπ/4} cosh χe�^{iπ/4} ) , for κ > 0 ( cos χe^{iπ/4} sin χe^{iπ/4} − sin χe�^{iπ/4} cos χe�^{iπ/4} ) , for κ < 0, (30)

where “angle” χ is given by the following relations,

2χ = { tanh�^1(2 √ κ/(E + κ)), for κ > 0 tan�1(2√−κ/(E + κ)), for κ < 0 . (31)

We have used here the notation E = 1 + (μωθ/h̄)^2.

The diagonalized Hamiltonian reads,

H_{osc} = 1 2 h̄ω_+ (b^+b� + b�b^+) + 1 2 h̄ω�(a^+a� + a�a^+),

(32)

where

2μθω� h̄ = { ±^1_2 (E − κ) +^1_2 √ (E + κ)^2 − 4κ 1 2 (E − κ) ±^1_2 √ (E + κ)^2 − 4κ.

. (33)

Hence, the spectrum is of the form

E^{osc}_{n1,n2} = h̄ω_+ ( n_1 + 1 2 ) + h̄ω� ( n_2 + 1 2 ) . (34)

Let us recall that the transformation (30) belongs to the symmetry group of the rotational momentum J. Therefore in new variables its eigenvalues are given by the following equation,

j = n_1 − sgn κ n_2, (35)

where n_1, n_2 = 0, 1, 2, . . . .

In particular, the vacuum energy corresponding to different signs of κ looks as follows,

h_0 = h̄ μθ √ (E − κ)^2 + 4κ(E − 1), for κ > 0, and h_0 = h̄ μθ (E − κ) , for κ < 0.

Concluding Remarks

In this paper we considered a two-dimensional central symmetric noncommutative mechanical model in the presence of magnetic field. We have shown that in the case when magnetic field is smaller than some critical value the spectrum of the model is organized according to representations of algebra su(1,1) while for the magnetic field beyond this value it “reorganizes” according to representations of su(2). This algebras are symmetry algebras of the rotational momentum operator in these two cases. These cases are physically different. In particular in the first one the possible values of rotational momentum span both positive and negative half-integer numbers while in the second case only positive orbital numbers are allowed. This may lead to the conclusion that in the presence of a strong magnetic field properly oriented with respect to inverse noncommutativity parameter θ�^1 the spinning properties of the noncommutative particle are gravely affected.

As an example we considered the particular case of the harmonic oscillator. Our results appear to be in agreement with the ones previously known in the literature.

Acknowledgments.

We thank Ph. Pouliot for criticism leading, hopefully, to the improving of the manuscript and useful discussions on the oscillator example. A.N. thanks INFN for the financial support and hospitality during his stay in Frascati, where this work was started. A.N. and C.S. were partially supported under the INTAS project 00-00262. C.S. was also supported by RFBR grants: #99-01-00190 and young scientists support grant, Scientific School support grant # 00-15-96046.

[1] N. Seiberg and E. Witten, “String theory and noncommutative geometry”, JHEP 09 032, (1999) [hepth/9908142] [2] G. V. Dunne, R. Jackiw and C. A. Trugenberger, “’Topological’ (Chern-Simons) Quantum Mechanics,” Phys. Rev. D 41, 661 (1990).

[3] A. P. Polychronakos, “Quantum Hall states as matrix Chern-Simons theory,” JHEP 0104, 011 (2001) [hepth/0103013].

[4] Z. Guralnik, R. Jackiw, S. Y. Pi and A. P. Polychronakos, “Testing non-commutative QED, constructing noncommutative MHD,” hep-th/0106044.

[5] M. Chaichian, M. M. Sheikh-Jabbari and A. Tureanu, “Hydrogen atom spectrum and the Lamb shift in noncommutative QED,” Phys. Rev. Lett. 86, 2716 (2001) [hep-th/0010175].

[6] V. P. Nair and A. P. Polychronakos, “Quantum mechanics on the noncommutative plane and sphere,” Phys. Lett. B 505, 267 (2001) [hep-th/0011172].

[7] M. Chaichian, A. Demichev, P.Presajder, M. M. Sheikh- Jabbari and A.Tureanu, “Aharonov-Bohm effect in noncommutative spaces”, hep-th/0012175 [8] A. Mazumdar and M. M. Sheikh-Jabbari, “Noncommutativity in space and primordial magnetic field,” Phys. Rev. Lett. 87, 011301 (2001) [hep-ph/0012363].

[9] B. Morariu and A. P. Polychronakos, “Quantum mechanics on the noncommutative torus”, hep-th/0102157 [10] C. Duval and P. A. Horvathy, “The ”Peierls substitution” and the exotic Galilei group,” Phys. Lett. B 479, 284 (2000) [hep-th/0002233].

[11] C. Sochichiu, “A note on noncommutative and false noncommutative spaces”, Applied Sciences 3 1, 48 (2001) [hep-th/0010149].

[12] L. Mezincescu, “Star Operation in Quantum Mechanics,”

hep-th/0007046

[13] J. Gamboa, M. Loewe and J. S. Rojas, “Noncommutative quantum mechanics”, hep-th/0010220 [14] A. Hatzinikitas and I. Smyrnakis, “The noncommutative harmonic oscillator in more than one dimensions,”

hep-th/0103074.