arXiv:hep-th/0106151 18 Jun 2001

Weyl Cohomology and the Effective Action for Conformal Anomalies

Pawel O. Mazur Department of Physics and Astronomy, University of South Carolina, Columbia SC 29208 mazur@mail.psc.sc.edu and Emil Mottola T-8, Theoretical Division, MS B285 Los Alamos National Laboratory, Los Alamos, NM 87545 emil@lanl.gov LA-UR-01-3121

We present a general method of deriving the effective action for conformal anomalies in any even dimension, which satisfies the Wess-Zumino consistency condition by construction. The method relies on defining the coboundary operator of the local Weyl group, gab ! exp(2σ)gab, and giving a cohomological interpretation to counterterms in the effective action in dimensional regularization with respect to this group. Non-trivial cocycles of the Weyl group arise from local functionals that are Weyl invariant in and only in the physical even integer dimension d = 2k. In the physical dimension the non-trivial cocycles generate covariant non-local action functionals characterized by sensitivity to global Weyl rescalings. The non-local action so obtained is unique up to the addition of trivial cocycles and Weyl invariant terms, both of which are insensitive to global Weyl rescalings. These distinct behaviors under rigid dilations can be used to distinguish between infrared relevant and irrelevant operators in a generally covariant manner. Variation of the d = 4 non-local effective action yields two new conserved geometric stress tensors with local traces equal to the square of the Weyl tensor and the Gauss-Bonnet-Euler density respectively. The second of these conserved tensors becomes^{(3)}Hab in conformally flat spaces, exposing the previously unsuspected origin of this tensor. The method may be extended to any even dimension by making use of the general construction of conformal invariants given by Fefferman and Graham. As a corollary, conformal field theory behavior of correlators at the asymptotic infinity of either anti-de Sitter or de Sitter spacetimes follows, i.e. AdSd+1 or deSd+1 /CFTd correspondence. The same construction naturally selects all infrared relevant terms (and only those terms) in the low energy effective action of gravity in any even integer dimension. The infrared relevant terms arising from the known anomalies in d = 4 imply that the classical Einstein theory is modified at large distances.

I. INTRODUCTION

The existence of conformal or trace anomalies in quantum field theories has been known for several decades [1–4]. Nevertheless, their full mathematical structure as well as their physical implications have remained a subject of discussion [5]. Accordingly, our purpose in this paper will be twofold. First, we wish to clarify the mathematical structure of conformal anomalies as non-trivial cocycles of the cohomology of the Weyl group, by defining the Weyl coboundary operator acting on functionals of the spacetime metric, and its corresponding cochain. This definition of the cohomology of the Weyl group will enable us to show that the trace anomaly terms are in one-to-one correspondence to local counterterms in the dimensionally regulated effective action in d dimensions, which become Weyl invariant in and only in the physical even dimension d = 2k. The limit, d → 2k gives rise to a well defined non-local action for each non-trivial cocycle in the physical dimension, which is unique up to Weyl invariant and cohomologically trivial terms. In addition to supplying a well-defined and efficient algorithm for calculating the effective action of trace anomalies in any even dimension (provided that the local Weyl invariants in that dimension are known), the use of dimensional regularization will serve our second purpose, which is to expose the physical implications of the resulting anomalous effective action. In fact, exactly the same property of the effective action that identifies it as a non-trivial cocycle of the Weyl group, its multi-valuedness, also implies that it is sensitive to global Weyl rescalings, and therefore infrared relevant in the Wilson renormalization group sense. That is, the elements of the non-trivial cohomology of the Weyl group necessarily give rise to terms in the low energy effective action of gravity which do not decouple in limit of low energies or large spacetime volumes. Specializing to d = 4 spacetime dimensions, this means that the known trace anomalies necessarily imply modifications of classical general relativity in the effective low energy, long distance theory of gravity.

The relationship of anomalies to conformal invariants in even integer spacetime dimensions allows for a broader connection between pure mathematics and the physics of the renormalization group and low energy effective actions, implicit in the recent literature on AdS/CFT correspondence [6]. Fefferman and Graham (hereafter referred to as FG) provided an algorithm for constructing conformal invariants in d dimensions by embedding the physical space of interest in a d + 2 dimensional Ricci flat ambient space, in such as way that coordinate invariant scalars in the embedding space (which are easy to construct) give rise to conformal Weyl invariants (which are generally more difficult to find) in the physical space [7]. The construction makes use of the conformal properties of the light cone in the d + 2 dimensional ambient space and the foliation of this space by d + 1 dimensional surfaces of asymptotically constant Ricci curvature which approach this light cone in a specific coordinatization. The FG algorithm is exactly what is needed to generate local conformal invariants and hence non-trivial cocycles of the Weyl group in any even dimension in accordance with our general dimensional regularization method.

Furthermore, because the physical space of interest lies at a conformal boundary of the d + 1 dimensional bulk or embedding space, conformal transformations of the boundary form a special class of coordinate transformations in the bulk space of asymptotically constant curvature. The geometric radial coordinate of the bulk space geometry ρ corresponds to the length scale of the finite size rescalings in the effective theory on the boundary in a precise way. The set of local diffeomorphism invariants in the bulk action which diverge as the conformal boundary is approached generate exactly the infrared relevant operators of the Wilson effective action on the boundary, local or not, and a shift in the ρ coordinate of the bulk geometry is precisely a finite size scale transformation in the d dimensional boundary theory. The infrared divergent terms as ρ → 0 may also be regularized by dimensional continuation. Thus the FG embedding together with dimensional regularization provide just the mathematical tools necessary to define the infrared relevant operators of the Wilson effective action in a theory with general coordinate invariance in a precise way.

A by-product of this study of conformal infinity in the FG coordinates is the conclusion that the structure of conformal field theories in the AdS/CFT correspondence is actually representative of a more general feature of the FG embedding, which requires neither AdS (since it works equally well for asymptotically de Sitter spaces), nor a supersymmetric CFT on the conformal boundary. The conformal behavior at infinity (as opposed to specific values of coefficients in the effective action or correlation functions) and the generation of infrared relevant terms in the effective gravitational theory asymptotically as ρ → 0 is a purely kinematic property of the FG embedding of physical spacetime in a space of one higher dimension with constant positive or negative scalar curvature. Hence, there is a deS/CFT correspondence as well as an AdS/CFT correspondence, although the former has no evident connection with string theory backgrounds, as in the AdS/CFT case [6,8].

Before presenting the general method and exploring these relationships in detail, let us review some well known features of conformal anomalies and previous treatments of their cohomology. The standard route to exhibiting the algebraic structure of the trace anomaly is to treat the parameters of infinitesimal local conformal transformations as anti-commuting Grassmann variables [9,10]. This guarantees nilpotence of the generator of the infinitesimal Weyl transformations, and distinguishes trivial from non-trivial cocycles in a clear manner. However, an important aspect of the anomaly is left unexplored in this abstract algebraic approach. Non-trivial cohomology implies that although the conformal anomaly itself is local, it cannot be written as the Weyl variation of some local coordinate invariant action. Instead the action whose Weyl variation is the local anomaly must itself be non-local in any even integer dimension. The Wess-Zumino (WZ) consistency condition is just the integrability condition that this coordinate invariant nonlocal action exists [11,12]. Consistency is automatically satisfied in the algebraic approach by the nilpotence of two successive anti-commuting Weyl transformations, but the algebraic method furnishes no means of constructing the WZ consistent effective actions associated with the non-trivial cocycles, and sheds little light on their physical meaning.

A complementary approach to conformal anomalies is to construct the WZ effective action directly by ‘integrating the trace anomaly’ with respect to the local conformal factor variation δσ(x). In two dimensions this procedure is almost immediate and can be performed by inspection [13], while in four and higher even integer dimensions it requires adding a admixture of the trivial cocycles (i.e. those terms which can be written as the Weyl variation of a local coordinate invariant action) in order to bring the anomaly into a form linear in σ(x), which can be integrated easily [14]. Although this approach certainly produces an action satisfying WZ consistency [12], it leaves the deeper cohomological aspects of conformal anomalies unexamined. Moreover, since it produces a WZ action that involves an d^{th} order differential operator on σ in d = 2k even dimensions, it seems to imply strong ultraviolet (UV) behavior, and raises concerns about ghosts similar to local higher derivative theories of gravity in dimensions greater than two. Conversely and perhaps paradoxically, the non-local form of the WZ action obtained in this approach seems to imply more severe IR behavior than expected with unphysical p^{−4} poles in anomalous Ward identities [15]. Yet the anomaly is the effect of integrating out massless fields in all the standard one-loop calculations and the fully covariant non-local form of the WZ anomalous action should be associated with long distance or low energy physics, in which there can be neither unphysical UV ghosts nor higher order IR poles. Hence this approach raises a number of questions which should be resolved before it can be deemed completely satisfactory.

In this paper we present a general, unified treatment of conformal anomalies in any even dimension by using the same method both to define the non-trivial cohomology of the Weyl group and to derive the local WZ effective action, as well as its fully covariant non-local form. The key observation which will make this possible is that the non-trivial cocycles of the Weyl cohomology in any even integer dimensions are in one-to-one correspondence with those local counterterms in the dimensionally regulated effective action which become Weyl invariant in and only in exactly the physical dimension d = 2k.

The technical reason for this one-to-one correspondence is that such local invariants have Weyl variations which are proportional to d − 2k near the physical dimension and hence cancel the (d − 2k)^{−1} pole of dimensional regularization, yielding a finite action Γ_{W Z} for d = 2k, which is local in terms of σ, and which automatically satisfies the WZ consistency condition. This becomes clear when σ is eliminated from the action by solving for the unique conformal factor that Weyl translates between two different metrics ḡ_{ab} and g_{ab} ≡ e^{2σ}ḡ_{ab} in the same conformal equivalency class. Then the local WZ action becomes the difference of two fully covariant but non-local actions,

Γ_{W Z} [ḡ; σ] = S_{anom}[ḡe^{2σ} ] − S_{anom}[ḡ] . (1.1)

This difference may be viewed as a finite Weyl coboundary operation, Δ_σ ∘ S_{anom}[ḡ], which produces a one-form from a scalar functional S [16]. The anti-symmetrized coboundary operator on k-forms may be defined by a straightforward generalization from standard Riemannian geometry, and the nilpotency condition of Δ_σ on the cochain easily checked (cf. Sec. 2). Hence the WZ consistency of Γ_{W Z} follows immediately. Its cohomology is nevertheless non-trivial since S_{anom}[g] is a non-local functional of g_{ab} when written entirely in the physical dimension d = 2k, and Γ_{W Z} [ḡ; σ] is not a single-valued functional of the original metric, ḡ_{ab}. This multi-valuedness of the configuration space of metrics is due to the exclusion of the singular metrics g_{ab} = 0 and its inverse, g^{ab} = 0, corresponding to vanishing or diverging conformal factor Ω = e^σ. These singular metrics correspond to punctures that allow the topological Euler number of the manifold to change. Because of this topological obstruction in the configuration space of smooth metrics, Γ_{W Z} [ḡ; σ] is not invariant under the shift σ(x) → σ(x) + iπq, corresponding to integer q winding around the obstruction, and for the same reason Γ_{W Z} [ḡ; σ] is necessarily non-invariant under the constant global scale transformation, σ(x) → σ(x) + σ_0. It is this sensitivity to finite volume scaling of the effective WZ action which reveals its physical interpretation in terms of standard Wilson renormalization group principles [17].

The use of dimensional regularization to define the cohomology of the Weyl group has a number of advantages. From a purely mathematical point of view, it reduces the general classification of the non-trivial cocycles, usually associated with quantum anomalies, to the construction of conformal invariants, a problem of classical differential geometry that has been (nearly) rigorously solved in any even dimension by Fefferman and Graham [7]. Since the non-trivial cocycles and the corresponding non-local effective action S_{anom} are unique up to addition of trivial cocycles and completely Weyl invariant terms, the explicit construction of the WZ effective action eliminates doubts about the correctness of the procedure of integrating the anomaly. As a consequence, in d = 4 we can conclude definitively there are no non-local terms in the effective action, of the form C_{abcd} log(− )C^{abcd}, generated by the anomaly, as has long been conjectured [2,15,18]. Moreover, dimensional regularization is the natural way to regularize the solutions of the Einstein equations on embedding spaces of asymptotically constant curvature, as required by the FG algorithm for constructing conformal invariants. Hence continuation in the number of dimensions removes the ‘FG ambiguity,’ regulates the infrared divergences at large volumes in the FG construction, and also illuminates why the trace anomaly of conformal field theories is given by the AdS/CFT correspondence conjecture [6,19].

From a more physical point of view, dimensional regularization is closely connected to renormalization and the renormalization group (RG) flow of a quantum theory, and allows a treatment of UV and IR renormalization effects in a unified way. It is well known in statistical physics and renormalization theory that UV behavior is enhanced by increasing the number of spacetime dimensions in loop integrations while conversely, the IR behavior is enhanced by decreasing d in a given graph. Since d is not required a priori to be greater than or less than the physical dimension 2k in the dimensional regularization procedure, the limit d → 2k of counterterms in the quantum effective action can (and does) contain both UV and IR logarithmic effects in the physical dimension, treated on an equal footing. In the quantum effective action poles replace the UV cutoff and IR effects appear as finite terms, with no singular behavior as d approaches the physical dimension. Conversely, from the Wilson infrared effective action point of view, the UV cutoff is fixed and terms in the effective action are classified according to their behavior under rigid scale transformations with a sliding IR cutoff, which we may take to be the total d-volume of the system. Dimensional continuation may be used again, this time to regulate the IR behavior, preserving generally coordinate invariance as the volume is taken to infinity. In this case, poles signal large volume divergences or IR relevant operators in the Wilson RG approach, while terms which remain finite as the volume goes to infinity are IR irrelevant and contain no poles at the physical dimension.

These considerations and the non-single valuedness of Γ_{W Z} under global scale transformations imply that the nontrivial Weyl cocycles are best understood as infrared marginally relevant operators of the Wilson effective action of low energy gravity under the RG, which control the critical exponents and scaling behavior of the theory near its IR conformal fixed point(s). These fixed point(s) are Gaussian because of the quadratic form of Γ_{W Z} , provided that the coefficients of the trivial cocycles (i.e. the UV relevant counterterms) flow to zero in the extreme infrared [20,21].

This physical RG interpretation of conformal anomalies is considerably more general than existing anomaly calculations in classically conformally invariant free field theories, and implies that the appearance of S_{anom} in the effective action of low energy gravity with some coefficient is quite generic within the standard framework of low energy effective field theories. The RG scaling interpretation is completely consistent with the scaling behavior of d = 2 CFT’s coupled to gravity both in the continuum and in lattice simulations, where the KPZ critical exponents are determined by the Polyakov action [22,23]. In d = 4 it is consistent with the IR stability of the Gaussian fixed point [20], with the recent consideration of the scaling behavior of the effective action of a massless, but not conformally coupled scalar field in de Sitter space [24], and with the fact there are no higher order poles or unphysical propagating ghost states in the d = 4 effective quantum theory determined by Γ_{W Z} [25].

A final bonus of the complete classification of the Weyl cohomology by dimensional regularization in any even dimension is that it automatically yields the conserved energy-momentum tensor corresponding to the non-local action S_{anom}[g]. Although these tensors are also non-local in general, in four dimensions one of them becomes the local geometric tensor^{(3)}H_{ab}, defined by (5.11) in d = 4 conformally flat spacetimes, which had been found some time ago [26]. Thus the existence of the covariant non-local action functional S_{anom} turns out to be the underlying reason for the existence of this local tensor, which has been called ‘accidentally conserved’ [4]. Its non-local generalization to non-conformally flat spacetimes agrees with the direct calculation from Γ_{W Z} given in ref. [25], and its trace is proportional to the Gauss-Bonnet-Euler density in d = 4.

The paper is organized as follows. In the next section we define the anti-symmetric coboundary operator of finite Weyl shifts, generalizing the ideas of differential forms and de Rham cohomology to the functional space of metrics, without the use of infinitesimal anticommuting Grassmann numbers. In Section 3 we illustrate our general technique for constructing Γ_{W Z} in d = 2 dimensions, recovering both the Polyakov action and the energy-momentum tensor corresponding to it. In Section 4 we follow the same procedure in d = 4 dimensions, deriving the form of Γ_{W Z} previously found by integrating the anomaly, as well as its fully covariant non-local form, S_{anom}. The conserved geometrical stress tensors corresponding to this action are derived in Section 5, where the connection to the tensor^{(3)}H_{ab} is also demonstrated. Section 6 contains a brief mathematical interlude, recapitulating the FG embedding in spaces of asymptotically constant curvature, the conformal infinity of both AdS and de Sitter space in suitable coordinates, and the subset of diffeomorphisms in the bulk or embedding space which become local Weyl transformations on the conformal boundary. In Section 7 the FG construction is applied to finite volume scale transformations, which serves to select exactly the infrared relevant operators of the effective Wilson gravitational boundary action. Section 8 summarizes our conclusions and contains the main results of the paper in a concise form.

Wherever feasible detailed formulae used in the main text are relegated to the three Appendices. The first catalogs the conformal variations of various tensors needed in the text, the second contains a proof of an interesting identity of the Weyl tensor in four dimensions, and the third is a computation of the new non-local tensor C_{ab} that appears in the variation of the d = 4 effective action in the general case.

II. COHOMOLOGY OF THE WEYL GROUP AND DIMENSIONAL REGULARIZATION

We consider the abelian Weyl group of local conformal transformations on the metric,

ḡ_{ab}(x) → g_{ab}(x) ≡ e^{2σ(x)} ḡ_{ab}(x) , (2.1)

where σ(x) is any smooth function of the coordinates. Let S[g] denote any scalar functional (local or not) of the metric g_{ab}. The action of the Weyl group (2.1) suggests that a finite difference or coboundary operator Δ_σ on scalar functionals S[g] be defined by

Δ_σ ∘ S[ḡ] ≡ (ΔS)_σ ≡ S[e^{2σ}ḡ] − S[ḡ] . (2.2)

By definition, functionals S_{inv} which are invariant under the Weyl transformation (2.1) satisfy Δ_σ ∘ S_{inv} = 0.

In general, Δ_σ ∘ S ≠ 0, and this quantity depends on both the initial or fiducial metric, ḡ_{ab}(x) and the finite Weyl shift σ(x). It may be regarded as a one-form, Γ^{(1)}[ḡ; σ] with respect to the finite shift Weyl group [16]. This is a natural generalization of the concept of a one-form from the differential geometry of finite dimensional Riemannian manifolds to the present case of the infinite dimensional functional space of metrics. The definition of the coboundary operator Δ_σ above acting on scalar functionals can be generalized to Δ_{σk+1} acting on k-forms Γ^{(k)}[ḡ; σ_1, . . . , σ_k] by the anti-symmetrized chain rule,

Δ_{σk+1} ∘ Γ^{(k)}[ḡ; σ_1, . . . , σ_k] ≡ k+1∑ i=1 (−)^{i+1}(ΔΓ^{(k)})_{σi} [ḡ; σ_1, . . . , σ_{i−1}, σ_{i+1}, . . . , σ_{k+1}] , (2.3)

where

(ΔΓ^{(k)})_{σi} [ḡ; σ_1, . . . , σ_{i−1}, σ_{i+1}, . . . , σ_{k+1}] ≡ Γ^{(k)}[ḡe^{2σi} ; σ_1, . . ., σ_{i−1}, σ_{i+1}, . . . , σ_{k+1}]

−Γ^{(k)}[ḡ; σ_1, . . ., σ_{i−1}, σ_{i+1}, . . . , σ_{k+1}] , (2.4)

is the Weyl finite difference operator on the functional, Γ^{(k)}[ḡ; σ_1, . . ., σ_{i−1}, σ_{i+1}, . . . , σ_{k+1}] with σ_i omitted, treated as a scalar functional of the metric ḡ with all the other σ dependences unaffected. This anti-symmetrized coboundary operation (2.3) produces a (k + 1)-form from a k-form, which is totally anti-symmetric under interchange of any two of its arguments, σ_i and σ_j , and defines a finite derivation operation in the space of metrics with the same algebraic properties as the exterior derivative in Riemannian geometry. If the Weyl transformation by σ, (2.1) is replaced by an infinitesimal anticommuting Grassmann variable, then the definition (2.3) becomes equivalent to the standard definition [9,10]. The anti-commuting Grassmann variables are simply a device to keep track of anti-symmetrization, and are not essential, provided the coboundary operator Δ_σ is defined in an explicitly anti-symmetric manner for a finite σ Weyl shift, as in (2.3). The previous definition (2.2) is a special case of the general definition (2.3) with k = 0, or in other words, zero-forms Γ^{(0)}[ḡ] are just coordinate invariant scalar functionals of the metric. The Einstein- Hilbert action of classical general relativity or the general coordinate invariant effective action of a quantum field theory S_{eff} [ḡ] in a general curved background metric ḡ are examples of such coordinate invariant scalar functionals of the metric.

The definition of the cochain (2.3) allows us to give a precise meaning to the cohomology and WZ consistency for the Weyl group. Applying the general definition for k = 1, the operation of the coboundary operator Δ_σ on one-forms produces the two-form,

Γ^{(2)}[ḡ; σ_1, σ_2] = Δ_{σ2} ∘ Γ^{(1)}[ḡ; σ_1] = (ΔΓ^{(1)})_{σ1} [ḡ; σ_2] − (ΔΓ^{(1)})_{σ2} [ḡ; σ_1]

= Γ^{(1)}[ḡe^{2σ1} ; σ_2] − Γ^{(1)}[ḡ; σ_2] − Γ^{(1)}[ḡe^{2σ2} ; σ_1] + Γ^{(1)}[ḡ; σ_1] . (2.5)

If Γ^{(1)}[ḡ; σ_1] is the one-form (2.2), i.e. if we apply (2.5) to the case, Γ^{(1)}[ḡ; σ_1] = Δ_{σ1} ∘ S[ḡ], then we obtain the algebraic identity,

(Δ_{σ2} ∘ Δ_{σ1} ) ∘ S[ḡ] ≡ Δ_{σ2} ∘ (Δ_{σ1} ∘ S[g]) = 0 . (2.6)

This nilpotency property of Δ_σ is easily seen to be generally true on any k−form, owing to the anti-symmetry of the general definition (2.3). That is, quite generally we have the nilpotency property,

(Δ^2)_{σ1,σ2} ≡ Δ_{σ1} ∘ Δ_{σ2} = 0 , (2.7)

an essential property of a coboundary operator, which justifies the use of this term from ordinary differential geometry. To define the cohomology, let us call any one-form Γ^{(1)}[ḡ; σ_1] which satisfies

Δ_{σ2} ∘ Γ^{(1)}[ḡ; σ_1] = 0 closed, (2.8)

and any one-form Γ^{(1)}[ḡ; σ_1] that can be written,

Γ^{(1)}[ḡ; σ_1] = Δ_{σ1} ∘ S_{local} [ḡ] exact, (2.9)

if S_{local} [g] is some local, single-valued scalar functional of the metric. Eq. (2.6) shows that all exact one-forms are closed, because of the nilpotency property (2.7) of the coboundary shift operator Δ_σ. This is the trivial cohomology of the Weyl group. However, all closed forms are not necessarily exact, and the non-trivial cohomology of the Weyl group is defined precisely as the set of these closed but non-exact one-forms. That is, elements of the non-trivial cohomology of the Weyl group are one-forms obeying (2.8) that cannot be written as Weyl transforms of any local, single-valued functional of the metric, as in (2.9).

The insistence on local single-valued functionals of the metric, S_{local} [g] for the exactness property (2.9) is essential. The underlying reason is that the measure of integration over the space of metrics is single-valued and local, so that any S_{local} [g] can be absorbed into the definition of the functional measure, whereas non-local functionals in the effective action cannot be so absorbed, and constitute the genuine anomalies. The Weyl group involves the exponential map (2.1), which is certainly single-valued and local. However, the inverse of the exponential map is a logarithm, which is not single-valued, and as we shall see, non-locality results from solving for σ in terms of the original metric ḡ_{ab} and its

Weyl translate g_{ab}, which involves inverting a differential operator, a non-local operation. Hence, arbitrary functionals Γ^{(1)}[ḡ; σ_1] of ḡ and σ separately (even if restricted to purely local ones) need not be single-valued, local functions of the full Weyl transformed metric g = e^{2σ}ḡ. These are the closed but non-exact functionals which determine the non-trivial cohomology of the Weyl group, and for which we seek an algorithm to compute explicitly.

As the non-exactness of one-forms defines the non-trivial cohomology of the Weyl group and corresponds to genuine conformal anomalies, the condition of closure (2.8) corresponds precisely to the WZ consistency condition on the anomalous effective action. Indeed let Γ_{W Z} [ḡ; σ] be the one-form effective action whose variation generates the Weyl anomaly A in the full (Weyl-transformed) metric g_{ab} = ḡ_{ab}e^{2σ}, i.e. δ δσ Γ_{W Z} [ḡ; σ] = A[ḡe^{2σ}] . (2.10)

Then the statement that Γ_{W Z} [ḡ; σ] is closed,

Δ_{σ2} ∘ Γ_{W Z} [ḡ; σ_1] = Γ_{W Z} [ḡe^{2σ1} ; σ_2] − Γ_{W Z} [ḡ; σ_2] − Γ_{W Z} [ḡe^{2σ2} ; σ_1] + Γ_{W Z} [ḡ; σ_1] = 0 , (2.11)

is precisely the statement that Γ_{W Z} [ḡ; σ] satisfies the WZ consistent anomaly condition [11,12]. It is the finite shift generalization of the infinitesimal form of WZ integrability condition for the abelian Weyl group, i.e.

δ^2S δσ_2δσ_1 = δ^2S δσ_1δσ_2 . (2.12)

Although this is guaranteed algebraically by the use of anti-commuting infinitesimal Weyl parameters, it is important to recognize that the physical content of the condition (2.12) is that some scalar effective action functional S[ḡ] must exist, whose first variation is the anomaly, and whose second variation is necessarily hermitian with respect to interchange of the order of successive infinitesimal Weyl variations [11,12].

With these preliminaries we come now to the essential observation which will enable us to give a general technique for constructing the WZ consistent anomalous effective actions in any even d = 2k spacetime dimension, by using well-known properties of dimensional regularization. In dimensional regularization we are instructed to write down all the local curvature invariants in d dimensions near the physical d = 2k dimension, multiplied by simple poles in d − 2k, as allowed counterterms for the effective gravitational action of a quantum theory. These local d dimensional counterterms are not Weyl invariant in general. If they are not Weyl invariant then their Weyl derivation by Δ_σ will still contain a pole at d = 2k, indicating sensitivity to the UV cutoff procedure and they will generate one-forms that are both closed and exact, i.e. elements of the trivial cohomology of the Weyl group. Genuine anomalies are clearly not in this class, since if they could be changed or removed by adjustment of the UV counterterms then they would in no way be ‘anomalous.’ However, at the physical dimension it may happen that some combination(s) of the local curvature invariants become Weyl invariant. This means that the Weyl derivation by Δ_σ of the d dimensional counterterm S_d[g] must contain at least one factor of d − 2k, so that the finite limit,

Γ[ḡ; σ] = lim_{d→2k}

S_d[ḡe^{2σ}] − S_d[ḡ] d − 2k = lim_{d→2k}

Δ_σ ∘ S_d[ḡ] d − 2k , (2.13)

exists in the physical dimension d = 2k. Whenever this limit exists the resulting functional automatically satisfies the WZ consistency condition (2.11), since it is constructed explicitly as an exact one-form of the Weyl group in d dimensions, and the nilpotency property (2.7) is purely algebraic, independent of d, commuting with the limit in (2.13). However, as we shall see, after the indicated limit has been taken, the effective action Γ[ḡ; σ] can no longer be written as the Weyl variation of a local action in the physical dimension, and hence each non-zero counterterm S_d for which the limit (2.13) exists will generate an element of the WZ consistent non-trivial cohomology of the Weyl group in precisely d = 2k dimensions. Conversely, since the anomaly A, is generated by taking the infinitesimal Weyl variation of the effective action Γ[ḡ; σ] via (2.10), and it is composed of local dimension 2k scalar invariants with finite coefficients, by taking the full set of these invariants near the physical dimension and finding all conformal invariant combinations, all non-trivial cocycles of the Weyl group must be generated in dimensional regularization by counterterms in the effective action whose UV pole singularity at the physical dimension is cancelled by a d−2k factor in the numerator. Only in this way can a local anomaly in the trace of the renormalized energy-momentum tensor with a finite UV cutoff independent coefficient be generated. Hence dimensional regularization naturally classifies the dimension 2k scalar invariants into those corresponding to non-trivial and trivial first cocycles of the Weyl group, depending on whether their Weyl variations do or do not vanish linearly as d → 2k. There do not appear to be invariants which vanish faster than linearly as d → 2k, which would correspond to higher non-trivial cohomological structures in the space of metrics.

These general observations reduce the problem of finding all the non-trivial elements of the cohomology of the Weyl group in 2k even dimensions to finding all the local Weyl invariants in that dimension. This latter problem of classical differential geometry has been solved by the construction of Fefferman and Graham which we review in Section 6. Since the counterterms in dimensional regularization are integrals over local invariants, we must allow also for the possibility of non-trivial cocycles arising from local densities that are Weyl invariant only up to total derivatives. Such counterterms correspond to topological invariants, of which there is exactly one, the Gauss-Bonnet-Euler invariant E_{2k} in any even dimension [27]. This one topological invariant gives rise to the type A anomalies while the FG local Weyl invariants give rise to the type B anomalies [18]. Both have Weyl variations that vanish linearly as d → 2k and hence the continuation of each of these two kinds of invariants away from d = 2k determines a finite WZ action Γ[ḡ; σ] independent of the UV regulator pole for which the limit in (2.13) exists.

In this way the explicit construction of the non-trivial cohomology of the Weyl group can be carried out, determining the general form of the conformal anomaly and the non-local WZ consistent effective action corresponding to it in any even dimension. In the following two sections we show that for d = 2 and d = 4 dimensions this construction generates precisely the Polyakov action and the four dimensional anomalous action analogous to it discussed in previous work [13,14,20]. Generalizations to higher even dimensions are also straightforward. Odd dimensional spacetimes have no conformal anomalies and must be treated differently, e.g. as boundaries of spacetimes of one higher dimension.

III. WZ ACTION AND ENERGY-MOMENTUM IN TWO DIMENSIONS

Let us illustrate our general approach first in d = 2 dimensions. The unique dimension-two local scalar function of the metric is the Ricci scalar, and hence its spacetime integral is the only possible counterterm near d = 2 dimensions. Thus we consider

Γ[ḡ; σ] = lim_{d→2} ∫ d^d x √ −g R − ∫ d^d x √ −ḡ R d − 2 , (3.1)

where R = R[g] is the Ricci scalar in d dimensions evaluated on the d-dimensional metric g_{ab} = e^{2σ}ḡ_{ab}, and R = R[ḡ], evaluated on the d-dimensional fiducial metric ḡ_{ab}. Now in d dimensions, √ −g R = √ −ḡ e^{(d−2)σ} [ R − 2(d − 1) σ − (d − 1)(d − 2)σ^aσ_a ] , (3.2)

where all covariant derivatives and contractions are performed with the metric ḡ_{ab} and we have introduced the shorthand notations, ∇_aσ ≡ σ_a, σ ≡ ∇_a∇^a ≡ σ^a_{;a}. Expanding (3.2) to first order in d − 2, subtracting √ −ḡ R and taking the limit indicated in (3.1), we obtain

Γ[ḡ; σ] = ∫ d^2 x √ −ḡ [ −σ σ + σ R ] , (3.3)

after an integration by parts and ignoring total derivatives which give possible surface contributions. Up to a multiplicative normalization this is exactly the Polyakov action found by functionally integrating with respect to σ the form of the trace anomaly for the metric g_{ab} = ḡ_{ab}e^{2σ} directly in d = 2 dimensions [13], i.e. δΓ[ḡ; σ] δσ = √ −ḡ (R − 2 σ) = √ −gR . (3.4) When the conformal property of the self-adjoint hermitian differential operator, in two dimensions, √ −g = √ ḡ , (d = 2) (3.5)

is used, together with (3.2) for d = 2, it is easily checked that the effective action Γ[ḡ; σ] in (3.3) obeys the WZ consistency condition (2.11). Indeed, this is automatic from its construction (3.1) as an exact one-form in d ≠ 2 dimensions, followed by a limiting process which commutes with the algebraic nilpotency property of Δ_σ.

However, since (3.3) is a simple polynomial in σ it cannot be written as a single-valued local functional of the full metric ḡe^{2σ}. This is clear from the fact that the complex transformation, σ → σ + iπq (3.6) for any integer q leaves the full metric g = ḡe^{2σ} invariant but under this transformation,

Γ[ḡ; σ] → Γ[ḡ; σ] + iqπ ∫ d^2 x √ −ḡ R = Γ[ḡ; σ] + 4π^2iq χ̄_E (3.7)

where χ̄_E is the Euler number of the metric ḡ. Hence the action Γ[ḡ; σ] is not a single-valued local functional of g = ḡe^{2σ}, but rather an explicit representation of the non-trivial cohomology of the Weyl group in d = 2 physical dimensions. Evidently, the expansion of the exponential conformal σ dependence of (3.2) required by the limit (3.1) is responsible for Γ being a simple polynomial in σ without the periodicity under (3.6), and this is associated in turn with the fact that the integral of the Ricci scalar is invariant under the Weyl group only in exactly two dimensions. Since the integral of R is proportional to the Euler number in two dimensions, the existence of a single element of the non-trivial cohomology and a single anomaly coefficient is a consequence of the existence of one and only one (type A) topological invariant. There are no (type B) local Weyl invariants in two dimensions.

Notice also that if instead of q being an integer we take iπq to be a real constant σ_0, then the transformation (3.6) is a global rescaling of the metric,

g_{ab} → g_{ab}e^{2σ0} . (3.8)

Then (3.7) informs us that the multi-valuedness of the action Γ[ḡ; σ] necessarily implies that it transforms nontrivially under such a global rescaling. Hence, non-trivial behavior under global rescaling is a necessary feature of a representative of the non-trivial cohomology of the Weyl group.

Associated with the one-form Γ, which is local in σ, obeying WZ consistency there is a non-local zero form, i.e. a non-local quantum effective action of the full metric g = ḡe^{2σ}. Since the action (3.3) is quadratic in σ this nonlocal action is easily constructed by adding to Γ a σ independent piece which ‘completes the square’ and leaves the variation (3.4) and the WZ condition unaffected. To find this σ independent term explicitly, we need only solve the linear differential equation (3.4) for σ by introducing the Green’s function inverse of the second order Weyl covariant differential operator (3.5), namely − √ −g D_2(x, x^′) = δ^2(x, x^′) , (3.9)

where δ^2(x, x^′) is a density of weight two, i.e. its integral ∫ d^2x^′ δ^2(x, x^′) = 1. If the metric has a Lorentzian signature then the boundary conditions needed to specify the particular Green’s function solution of (3.9) will depend on the application. If has normalizable zero modes, such as on the Euclidean two sphere S^2, then D_2(x, x^′) will have to be defined by the inverse of on the orthogonal complement to its kernel, the δ^2 function on the right side of (3.9) being appropriately modified. Using the Green’s function, D_2 we obtain from (3.4), σ(x) = 1 2 ∫ d^2 x^′ D_2(x, x^′) (√ −g R − √ −ḡ R ) x0 (d = 2) . (3.10)

This is a formal solution of the Poincare uniformization problem in two dimensions, since the metric ḡ_{ab} may be chosen as that of constant scalar curvature R, and then (3.10) specifies the conformal factor needed to bring an arbitrary metric g_{ab} (with the same fixed Euler number as ḡ_{ab}) to the metric with uniform scalar curvature [28].

Substituting the solution for σ (3.10) into (3.3) and using the fact that D_2(x, x^′) = D_2(x, x^′) is Weyl invariant (owing to the Weyl invariance of √ −g ) gives

Γ[ḡ; σ] = 1 4 ∫ d^2 x √ −g ∫ d^2 x^′ √ −g^′ R(x) D_2(x, x^′) R(x^′) − 1 4 ∫ d^2 x √ −ḡ ∫ d^2 x^′ √ −ḡ^′ R(x) D_2(x, x^′) R(x^′) .

(3.11)

This difference form shows again that Γ[ḡ; σ] is the Weyl variation Δ_σ of a scalar action functional (although now non-local) in the physical dimension d = 2, which accounts for it automatically satisfying the WZ condition. Clearly, the multi-valuedness of this functional (3.7) is related to its non-locality by the fact that it depends on σ directly (rather than e^{2σ}) and eliminating σ by (3.10) introduces the non-local Green’s function D_2(x, x^′). This example illustrates how the non-trivial cohomology of the Weyl group is associated with non-local action functionals in the physical dimension, despite the fact that we began with a local functional in (3.1) defined in d dimensions.

The last term in (3.11) is precisely the σ independent term required to bring Γ into the fully covariant but non-local form. Defining Γ_{W Z} by multiplying Γ by the correct normalization factor of −Q^2/4π ≡ c/24π, corresponding to the standard two-dimensional trace anomaly coefficient c_m = N_s + N_f for N_s(N_f ) free massless scalar (fermion) matter fields, we obtain

Γ_{W Z} [ḡ; σ] = Δ_σ ∘ S_{anom}[ḡ] = S_{anom}[g] − S_{anom}[ḡ] , (3.12) with S_{anom}[g] = − Q^2 16π ∫ d^2 x √ −g ∫ d^2 x^′ √ −g^′ R(x) D_2(x, x^′) R(x^′) , (3.13)

which is the fully covariant non-local form of the Polyakov action in two dimensions [13]. The total central charge is c = c_m − 26 + 1 when the effects of ghosts and the σ field itself are included in the trace anomaly coefficient and Q^2 = (25 − c_m)/6.

In this way the non-local WZ consistent effective action (3.13) corresponding to the trace anomaly in two dimensional spacetime can be constructed from the counterterm in dimensional regularization near d = 2 dimensions. Since ∫ d^2 x √ −g R = 4πχ_E is the unique integral Weyl invariant in two dimensions, there are no local UV counterterms of dimension two which can be added to the effective action and (3.13) cannot be removed or altered by any UV counterterm. On the contrary, the anomaly calculation shows that its coefficient is determined by the number of massless excitations in the far infrared, which is a genuine feature of the low energy theory of 2D gravity, independent of any UV regulator. This physical meaning of the non-trivial cohomology of the Weyl group in two dimensions through the non-local IR effective action (3.13) and its properties under global rescalings has been verified by simplicial lattice simulations [23,29].

Corresponding to the covariant non-local effective action (3.13) there is a conserved energy-momentum tensor. The most rapid route to deriving this tensor is to vary the local form of the WZ action with respect to the background metric ḡ. In this way we obtain T^{W Z}_{ab} [ḡ; σ] ≡ − 2 √ −ḡ δΓ_{W Z} [ḡ; σ] δḡ^{ab} = − Q^2 4π [ 2σ_{;ab} − 2ḡ_{ab} σ − 2σ_aσ_b + ḡ_{ab} σ_cσ^c ] , (3.14)

where the shorthand notation σ_{;ab} ≡ ∇_b∇_aσ = ∇_a∇_bσ has been employed.

It is easily checked that the same result is obtained from varying the d-dimensional local counterterm in (3.1). This variation is proportional to the difference of Einstein tensors: G_{ab} − G_{ab} which vanishes identically at d = 2. However, in d ≠ 2 dimensions,

G_{ab} = G_{ab} + (d − 2) [ −σ_{;ab} + ḡ_{ab} σ + σ_aσ_b + ( d − 3 2 ) ḡ_{ab} σ_cσ^c ] . (3.15)

Inserting this into the variation of (3.1), taking account of the factor of −2 in the definition of the stress tensor in (3.14) and taking the limit to the physical dimension d = 2 gives (3.14) again. This calculation shows that the conserved stress tensor of the Polyakov action is related in fact to the conformal variation of the Einstein tensor away from d = 2 dimensions, a result that was anticipated in earlier considerations of the renormalized stress tensor in dimensional regularization [30].

Finally we note that since the solution for σ, (3.10) can be written as the difference of two terms evaluated on the metrics g_{ab} and ḡ_{ab} respectively, we can introduce this solution into (3.14). Using the identities of Appendix A relating the covariant derivatives with respect to the two metrics, we find that the mixed terms cancel and the stress tensor may be written as the difference of two tensors, T^{W Z}_{ab} = T^{(anom)}_{ab} [g] − T^{(anom)}_{ab} [ḡ], each of which is a non-local function of a single metric. Indeed, T^{(anom)} ab [g] ≡ − 2 √ −g δS_{anom}[g] δg^{ab} = Q^2 4π [ −∇_a∇_bφ + g_{ab} φ − 1 2 (∇_aφ)(∇_bφ) + 1 4 g_{ab} (∇_cφ)(∇^cφ) ] , (3.16)

where φ(x) ≡ ∫ d^2 x^′ D_2(x, x^′) √ −g^′ R^′ (d = 2) . (3.17)

It is easily checked that the non-local tensor T^{anom}_{ab} [g] is conserved by virtue of the vanishing of the Einstein tensor in d = 2 dimensions, and that it has the trace, g^{ab} T^{(anom)} ab = Q^2 4π φ = − Q^2 4π R = c 24π R , (3.18)

which is the local trace anomaly in two dimensions.

IV. THE WZ ACTION IN FOUR DIMENSIONS

In d = 4 spacetime dimensions there are four local scalar functions of the metric with dimension four, viz. R^2, R_{ab}R^{ab}, R_{abcd}R^{abcd}, and R. The last of these is a total derivative in any number of dimensions, so it gives no volume contribution when integrated. Thus there are just three possible counterterms for the dimensionally continued effective action for gravity near four dimensions. However, the existence of the total derivative R indicates a new feature absent in d = 2, since R can appear in the trace anomaly but disappears from the volume effective action. This is associated with the existence of a trivial cocycle in four dimensions and leads to one constraint between the four possible terms in the trace anomaly [3,9].

Let us define the two linear combinations in d near equal to four dimensions, E_d ≡ R_{abcd}R^{abcd} − 4R_{ab}R^{ab} + R^2 + (d − 4) 18 R^2 ; and (4.1a) F_d ≡ [C_{abcd}C^{abcd}]_d = R_{abcd}R^{abcd} − 4 d − 2 R_{ab}R^{ab} + 2 (d − 1)(d − 2)

R^2

= F_4 +

(d − 4) 18 R^2 + (d − 4) ( R_{ab}R^{ab} − 1 3 R^2 ) + O(d − 4)^2 , (4.1b)

which together with R^2 form a basis for the three remaining independent scalar invariants in the effective action. At d = 4, E_4 is the integrand of the Gauss-Bonnet-Euler topological invariant, analogous to R at d = 2, while F_4 is the Weyl tensor squared, a local Weyl invariant. Each of these is Weyl invariant in d = 4 when integrated over all space. Thus, each of these two terms will generate a non-trivial cocycle of the Weyl group in d = 4. The addition of the R^2 term with the particular coefficient (d − 4)/18 in (4.1a) adds a particular admixture of the trivial cocycle in defining the E_d invariant away from d = 4, chosen with a view ahead to simplify the d → 4 limit. We do not add any such term to F_d since it already transforms as a local density of weight 4 under the Weyl group, and √ −gF_d = √ −ḡ e^{(d−4)σ}F_d = √ −ḡ F_d + (d − 4)σ √ −ḡ F_d + O(d − 4)^2 . (4.2)

becomes a local Weyl invariant in exactly d = 4 dimensions.

Our general algorithm for the construction of the WZ consistent effective action over the two non-trivial cocycles now requires that we evaluate

Γ_{W Z} [ḡ; σ] = b lim_{d→4} ∫ d^d x √ −g F_d − ∫ d^d x √ −ḡ F_d d − 4 + b^′ lim_{d→4} ∫ d^d x √ −gE_d − ∫ d^d x √ −ḡ E_d d − 4 , (4.3)

with arbitrary coefficients b and b^′. Expanding the simple transformation law (4.2) to linear order in d−4 immediately gives the form of the first non-trivial cocycle, namely

b lim_{d→4} { ∫ d^d x √ −g F_d − ∫ d^d x √ −ḡ F_d d − 4 } = b ∫ d^4x √ −ḡ F_4 σ , (4.4)

which is linear in σ.

The algebra required to compute the second cocycle in (4.3) is somewhat more tedious. The necessary relations are cataloged in Appendix A. To simplify the task one may note first that

E_d = F_d − [2 + (d − 4)] ( R_{ab}R^{ab} − 1 3 R^2 ) + O(d − 4)^2 , (4.5)

so that the only non-trivial quantity whose σ dependence we need near four dimensions is R_{ab}R^{ab} −^1_3 R^2. Using

R_{ab} = R_{ab} − (d − 2)(σ_{;ab} − σ_aσ_b + ḡ_{ab} σ_cσ^c) − ḡ_{ab} σ^c_{;c} , (4.6)

and (3.2) we show in Appendix A that ∫ d^d x √ −g ( R_{ab}R^{ab} − 1 3 R^2 ) = ∫ d^d x √ −ḡ ( R_{ab}R^{ab} − 1 3 R^2 )

+(d − 4) ∫ d^d x √ −ḡ σ ( R_{ab}R^{ab} − 1 3 R^2 + 1 3 R ) − (d − 4) ∫ d^d x √ −ḡ σ Δ̄_4 σ + O(d − 4)^2 , (4.7) up to surface terms which we systematically neglect. In this expression

Δ_4 ≡^2 + 2R^{ab}∇_a∇_b + 1 3 (∇^aR)∇_a − 2 3 R (4.8)

is the fourth order scalar operator satisfying the Weyl invariance property in four dimensions, √ −gΔ_4 = √ −ḡΔ̄_4 (d = 4) , (4.9)

analogous to (3.5) in two dimensions. The cancellation of all terms cubic and quartic in σ which a priori could appear in the last line of (4.7) is noteworthy. Using (4.7) we have ∫ d^d x √ −g E_d = ∫ d^d x √ −g F_d − [2 + (d − 4)] ∫ d^d x √ −g ( R_{ab}R^{ab} − 1 3 R^2 ) + O(d − 4)^2 = ∫ d^d x √ −ḡ F_d + (d − 4) ∫ d^d x √ −ḡ F_d σ − [2 + (d − 4)] ∫ d^d x √ −ḡ ( R_{ab}R^{ab} − 1 3 R^2 )

−2(d − 4) ∫ d^d x √ −ḡ ( R_{ab}R^{ab} − 1 3 R^2 + 1 3 R ) σ + 2(d − 4) ∫ d^d x √ −ḡ σ Δ̄_4 σ + O(d − 4)^2 = ∫ d^d x √ −ḡ E_d + (d − 4) ∫ d^d x √ −ḡ {( E_d − 2 3 R ) σ + 2σ Δ̄_4 σ } + O(d − 4)^2 . (4.10)

Therefore, neglecting possible surface terms we find that the second term in (4.3) becomes

b^′ lim_{d→4} { ∫ d^d x √ −g E_d − ∫ d^d x √ −ḡ E_d d − 4 } = b^′ ∫ d^4x √ −ḡ {( E_4 − 2 3 R ) σ + 2 σΔ̄_4σ } , (4.11)

and the general element of the non-trivial cohomology of the Weyl group in four dimensions is given by

Γ_{W Z} [ḡ; σ] = b ∫ d^4x √ −ḡ F_4 σ + b^′ ∫ d^4x √ −ḡ {( E_4 − 2 3 R ) σ + 2 σΔ̄_4σ } . (4.12)

Notice that this construction of Γ_{W Z} contains only terms up to quadratic order in σ, which was arranged by the addition of the local R^2 term with the particular coefficient (d − 4)/18 in (4.1a).

In exactly d = 4 dimensions by using the invariance property (4.9) of the self-adjoint hermitian differential operator Δ_4, it is easily checked that the Weyl one-form Γ_{W Z} [ḡ; σ] satisfies the WZ consistency condition, as was first shown in ref. [12]. In the present treatment this follows immediately from the construction of (4.3) as the limit of a d dimensional exact form. The σ variation of Γ_{W Z} [ḡ; σ],

δΓ_{W Z} [ḡ; σ] δσ = b √ −ḡ F_4 + b^′ √ −ḡ {( E_4 − 2 3 R ) σ + 4 σ Δ̄_4 σ }

= b √ −g F_4 + b^′ √ −g ( E_4 − 2 3 R ) , (4.13)

is the non-trivial conformal trace anomaly of massless quantum matter fields in the full metric, g_{ab} = ḡ_{ab} exp(2σ), as is also easily checked using the conformal variation formulae derived in Appendix A, since √ −g ( E_4 − 2 3 R ) = √ −ḡ ( E_4 − 2 3 R ) + 4 √ −ḡ Δ̄_4 σ . (4.14)

Using this relation for g_{ab} and ḡ_{ab} interchanged and σ → −σ is the most immediate way of proving the invariance property (4.9). The independent construction of Γ_{W Z} [ḡ; σ] by the dimensional continuation limiting process (4.3) explains why the action obtained by integration of the trace anomaly by undoing the variation (4.13) gives a WZ consistent effective action for the local conformal factor of the metric in four dimensions [12].

As in two dimensions, the fact that Γ_{W Z} [ḡ; σ] is a simple second order polynomial in σ means that it cannot be written as a single-valued local functional of the full metric g_{ab}, although its σ variation can be through (4.13). One can again consider the complex transformation (3.6) and observe that

Γ_{W Z} [ḡ; σ] → Γ_{W Z} [ḡ; σ] + iπqb ∫ d^4x √ −ḡ F_4 + 32π^3iqb^′χ̄_E , (4.15) so that neither term is single valued. Replacing iπq by a constant real shift σ_0 shows that this multi-valuedness of the action Γ_{W Z} [ḡ; σ] associated with its non-trivial cohomology necessarily implies its sensitivity to global Weyl rescalings of the metric. Neither term of the non-trivial cocycle is invariant under global dilations, contrary to what is claimed in ref. [18] for the type A anomaly, and both terms in the WZ consistent effective action arise from the same mechanism through a cancellation of the pole in dimensional regularization. It is also noteworthy that the admixture of the R term in the second cocycle drops out of the global dilation (4.15), since it is a total derivative. The sensitivity to finite volume scaling comes only from the Weyl invariants F_4 and E_4 in four dimensions.

Further, we can exhibit the non-local but fully covariant form of the WZ effective action by introducing the Green’s function of the fourth order Weyl covariant differential operator (4.8). Defining this Green’s function, D_4 by √ −gΔ_4D_4(x, x^′) = δ^4(x, x) , (4.16)

with the same qualifying remarks as follow (3.9), allows us formally to invert the relation (4.14) for σ to obtain σ(x) = 1 4 ∫ d^4x^′ D_4(x, x^′) [ √ −g ( E_4 − 2 3 R ) − √ −ḡ ( E_4 − 2 3 R )] x0 . (4.17)

This is a formal solution to the four dimensional uniformization problem of bringing an arbitrary metric to one with constant E_4 −^2_3 R by a local Weyl conformal transformation. We remark that although the Poincare-Yamabe conjecture has been proven in two dimensions [28], this four dimensional uniformization conjecture (namely, that the σ of our formal inversion of Δ_4 exists and is unique) has not been proven. However, the conformal property of Δ_4 suggests that it should be possible to generalize the two dimensional case in this way.

Substituting (4.17) into (4.12) and using D_4(x, x^′) = D_4(x, x^′) shows that Γ_{W Z} [ḡ; σ] can be written explicitly as a difference of non-local actions,

Γ_{W Z} [ḡ; σ] = Δ_σ ∘ S_{anom}[ḡ] = S_{anom}[g] − S_{anom}[ḡ] , (4.18)

with S_{anom}[g] = b 4 ∫ d^4x √ −g ∫ d^4x^′ √ −g^′ F_4 D_4(x, x^′) ( E_4 − 2 3 R )_′

+ b^′ 8 ∫ d^4x √ −g ∫ d^4x^′ √ −g^′ ( E_4 − 2 3 R ) D_4(x, x^′) ( E_4 − 2 3 R )_′ . (4.19)

If we introduce the auxiliary field φ defined in d = 4 by φ(x) ≡ 1 2 ∫ d^4x^′ D_4(x, x^′) √ −g^′ ( E_4 − 2 3 R )_′ (d = 4) , (4.20)

then the non-local action may be written in the form, S_{anom}[g] = b 2 ∫ d^4x √ −g F_4 φ − b^′ 2 ∫ d^4x √ −g [ φ Δ_4 φ − ( E_4 − 2 3 R ) φ ] ≡ S^{(F )}_{anom} + S^{(E)}_{anom} (4.21)

The result (4.19) corrects a misprint in eq. (2.14) of ref. [20].

In this way the non-local WZ consistent covariant effective action corresponding to the non-trivial cohomology of the Weyl group in four dimensions may be constructed directly from Weyl invariant counterterms in dimensional regularization. The trivial cocycle corresponds to the Weyl non-invariant local action, S^{(4)}_{local} [g] = − (2b + 2b^′ + 3b^{′′}) 18 ∫ d^4x √ −g R^2 , (4.22)

to conform to Duff’s parameterization of the three independent trace anomaly coefficients [3], namely

T^a_a = A_4 = 1 √ −g δ δσ (S_{anom} + S^{(4)}_{local} ) = b ( F_4 + 2 3 R ) + b^′E_4 + b^{′′} R . (4.23)

Whereas the coefficients b and b^′ are determined by the number of massless fields of each spin, the b^{′′} coefficient is scheme dependent, as we expect for the true UV counterterm ∫ d^d x √ −g R^2 that has non-vanishing local Weyl variation in the physical dimension d = 4 and no cancellation of the (d − 4)^{−1} pole multiplying it.

The local R^2 invariant which is a trivial cocycle of the Weyl group differs from the non-trivial F and E cocycles in another way. As we have seen, these are sensitive to global Weyl rescalings σ → σ + σ_0 in the physical dimension, due to their multi-valuedness under the complex periodic transformation of the metric σ → σ + iπq. This means that the non-trivial cocycles scale non-trivially as the finite volume of the system is scaled. However, the trivial R^2 cocycle is single valued under the same global transformation. Indeed, √ −g R^2 = √ −ḡ ( R − 6 σ − 6 σ_aσ^a )_2

(d = 4) , (4.24)

so its σ dependence enters purely through derivatives, and its integral is invariant under rigid global rescalings in the physical dimension. Hence it is insensitive to finite volume rescalings, as one would expect for a term relevant in the UV but irrelevant in the IR. The rigid dilation invariance has associated with it a Noether current J^a, whose divergence ∇_aJ^a is proportional to the total derivative R in the anomaly. Since the integral of the anomaly ∫ d^4x √ −g A_4 is nothing but the global Weyl variation of the WZ effective action, in order to have vanishing contribution to this global anomaly and therefore insensitivity to global Weyl rescalings, trivial cocycles must yield total divergences in A_4, in distinction to both the non-trivial F and E cocycles. This clear separation of behavior under global dilations shows that the trivial and non-trivial cocycles of the Weyl group are associated with UV and IR physics respectively.

We can proceed further to deduce a general property of the effective action for gravity by classifying the behavior under the Weyl group. Since Γ_{W Z} satisfying WZ consistency is unique up to an arbitrary admixture of local trivial cocycles Δ_σ ∘ S_{local} , and Γ_{W Z} itself can be written as a finite Weyl shift on an anomalous action, as in (4.18), the only possible additions to S_{anom} are local terms or arbitrary (generally non-local) but Weyl invariant terms, S_{inv} which drop out of difference (4.18). That is, the full effective action of any covariant theory must be of the form, S_{eff} [g] = S_{local} [g] + S_{inv}[g] + S_{anom}[g] , (4.25) where

Δ_σ ∘ S_{inv} = 0 . (4.26)

In addition to (4.22) the S_{local} in this expression can contain local terms of both higher and lower dimension than four, multiplied by coefficients with negative or positive mass dimensions, respectively. The higher dimension terms are strictly irrelevant in the IR, since they scale to zero with negative powers of e^{σ0} and may be neglected for physics far below the Planck scale, while the lower dimension local terms are nothing but the terms of the usual Einstein-Hilbert classical action, i.e. S_{local} [g] = 1 16πG ∫ d^4 x √ −g (R − 2Λ) + S^{(4)}_{local} + ∞∑ n=3 S^{(2n)}_{local} . (4.27)

The classical terms grow as positive powers of e^{σ0} under global dilations and are clearly IR relevant terms. The term (4.22) is the only allowed dimension four, Weyl non-invariant local term. The local dimension four term involving the Weyl tensor squared is Weyl invariant and among the many terms that can appear in S_{inv}. Because both of these are neutral under global dilations we expect them to be marginally irrelevant in the IR (conversely, marginally relevant in the UV). All the higher dimension local terms in the sum in (4.27) for n ≥ 3 scale to zero as σ_0 → ∞ and are clearly strictly IR irrelevant. Any non-local, Weyl non-invariant terms generate non-trivial cocycles of the Weyl group. If there are only two non-trivial cocycles in d = 4, then the most general non-local, Weyl non-invariant action is given by (4.19). These scale linearly with σ_0 or equivalently, logarithmically with length or volume rescalings. Although the precise matter content of the massless fields which are integrated out to obtain the effective gravitational action influence the values of the b and b^′ coefficients, the form of S_{anom} is the completely general solution to the non-trivial cocycle action in four dimensions and its response under global scale transformations cannot be changed by local terms or Weyl invariant terms.

Since the complete classification of terms in the effective action according to their response under the Weyl group allows only local or completely Weyl invariant terms to be added to S_{anom}, according to (4.25), we can conclude definitively that there is no non-local term in S_{eff} of the form, ∫ d^4 x √ −g C_{abcd} log ( μ^2 ) C^{abcd} , (4.28) as has long been conjectured [2,15,18]. Indeed, such a term has no simple transformation properties under the local Weyl group and its local Weyl variation does not generate either the b or b^′ term in the local anomaly (4.23). Although a plethora of complicated non-local terms are generated in the full effective action of a quantum field theory in curved spacetime, their Weyl non-invariant contributions which are not either absorbable into redefinitions of the coupling constants in the relevant parts of S_{local} , n = 0, 1 or strictly irrelevant, (n ≥ 3) in the expansion (4.27) are completely determined by the trace anomaly of the renormalized energy-momentum tensor [31]. Therefore the effective action must always contain as one piece, S_{anom}[g], if its variation is to yield the correct local F_4 and E_4 trace anomalies in its conformal limit, and these non-trivial Weyl cocycle terms cannot be removed or altered by the addition of local terms. Since the term (4.28) is neither local nor Weyl invariant, and it does not reduce to the terms in the non-trivial cocycle that produce the correct local Weyl anomaly (by construction), it cannot appear in the effective action in a general background metric (although it may mimic some effects of the correct S_{anom} in the weak field expansion around flat space). Although this conclusion and the decomposition of the general form of the full low energy effective action of gravity in four dimensions (4.25) has been reached after lengthy calculations from the form of the heat kernel expansion of the quantum effective action [31], in fact (4.25) follows only from general covariance and the classification of terms in the effective action according to their behavior under the Weyl group (2.1).

As in d = 2 the appearance of a locally Weyl covariant scalar differential operator Δ_4 is a necessary feature of the non-trivial cohomology. It cannot be removed by the addition of local terms. The propagator of a conformal differential operator D_2 or D_4 is a logarithm in coordinate space in any number of dimensions. Its IR properties in position space do not become any worse in higher dimensions than in d = 2. In momentum space there is nothing unphysical about either Γ_{W Z} or S_{anom}, despite the appearance of the fourth order differential operator. Although the apparent p^{−4} pole produced some premature concern [15], more careful attention to all the powers of momentum in the numerator of flat space amplitudes shows that this concern is baseless and that S_{anom} is fully consistent with conformal Ward identities in flat space [32]. This certainly has to be the case without detailed calculation, since the WZ consistent effective action is nothing but the generating functional of precisely these conformal Ward identities. Any new non-local terms of the kind suggested recently in [32] are both not needed and inconsistent with the general form (4.25).

To conclude this section we remark also that canonical quantization of the quadratic WZ action Γ_{W Z} on the cylindrical background Einstein space, R × S^3 shows that there are no propagating ghost states which survive imposition of the constraints of diffeomorphism invariance. Instead the physical Hilbert space of the pure WZ theory (i.e. with the local terms S_{local} set to zero) consists of a particular global mode of the S^3 with a discrete spectrum labelled by a single integer [25]. This is exactly what one would expect of a theory with a single IR degree of freedom, but no local UV degrees of freedom (ghost or otherwise) such as occur in local higher derivative gravity theories with C_{abcd}C^{abcd} or R^2 actions. Those local higher derivative actions certainly give rise corrections to Einstein gravity at the Planck scale, where the entire low energy effective action approach breaks down. The non-trivial cocycle action behave very differently, showing its IR character which is quite distinguishable from ultra-short distance behavior in the canonical quantization approach. Finally, in the far IR the WZ effective theory is stable to marginal deformations by the local R^2 term, i.e. the a priori arbitrary coefficient,

[b^{′′} + 2 3 (b + b^′)]_{IR} = 0 , (4.29)

is a stable IR fixed point under RG flow induced by the non-trivial Δ_4 operator in the Gaussian effective action Γ_{W Z} [20]. Hence, the coefficient of S^{(4)}_{local} in (4.22) flows to zero logarithmically at large distances, again just as one would expect for a UV marginally relevant but IR marginally irrelevant operator at a Gaussian fixed point.

V. THE ENERGY-MOMENTUM TENSOR OF ΓW Z IN FOUR DIMENSIONS

We consider next the conserved energy-momentum tensors corresponding to the non-local effective actions of the two non-trivial cocycles in d = 4. Using the identities in Appendix A, the tensor obtained by varying to the first (b term) in Γ_{W Z} is 1 √ −g δ δḡ^{ab} ∫ d^4x √ −ḡ F_4 σ = 2 C^{c d}_{a b} R_{cd} σ + 4 ∇_c∇_d ( C^{c d}_{(a b)} σ ) . (5.1)

It can be verified that the same stress tensor is obtained by first varying the b term in the d dimensional anomalous action and then taking the limit d → 4. Indeed, 1 √ −g δ δg^{ab} ∫ d^d x √ −g F_d ≡ F_{ab} = H_{ab} − 4 d − 2 (2)H_{ab} + 2 (d − 1)(d − 2) (1)H_{ab} = 2C_{acde}C^{cde}_b − g_{ab} 2 C_{cdef} C^{cdef} + 4 d − 2 C^{c d}_{a b} R_{cd} + 4∇_c∇_dC^{c d}_{(a b)} , (5.2) where the three tensors H_{ab},^{(1)}H_{ab} and^{(2)}H_{ab} are defined in (A11) of Appendix A. The first two terms in the last expression vanish in d = 4 dimensions (cf. Appendix B). However, in d ≠ 4 dimensions this tensor is non-zero. Let us define C_{ab} ≡ lim_{d→4} { g_{ab} C_{cdef} C^{cdef} − 4 C_{acde}C^{cde}_b d − 4 } . (5.3)

Evidently this tensor is non-trivial since its trace, g^{ab} C_{ab} = C_{cdef} C^{cdef} (5.4) is non-vanishing. Its σ dependence in any dimension is very simple, due to the conformal transformation property of the Weyl tensor, C^a_{bcd} = C^a_{bcd} . (5.5) Using (A18) of the Appendix for the σ dependence of the remaining terms in (5.2), we find e^{(d−2)σ} F_{ab} − F_{ab} = 4(d − 4) [ C^{c d}_{a b} σ_{;cd} + 2σ_d∇_cC^{c d}_{a b} + (d − 4)C^{c d}_{a b} σ_cσ_d + 1 2 σC^{c d}_{a b} R_{cd} + σ∇_c∇_dC^{c d}_{(a b)} ] + O(d − 4)^2 . (5.6)

The factor of e^{(d−2)σ} in the first term is a consequence of the fact that √ −g δg^{ab} = e^{(d−2)σ} √ −ḡ δḡ^{ab} in the variation holding σ fixed, and the variation of the C_{ab} term vanishes to linear order in d − 4. Dividing the difference of tensors (5.6) by d − 4 and taking the limit d → 4 reproduces (5.1).

Since (5.1) is linear in σ, substituting the solution for σ (4.17), σ = 1 2 (φ − φ̄) , (5.7)

with the previous definition of the auxiliary field φ, (4.20) and φ̄ defined similarly with all terms evaluated at the metric ḡ_{ab} into (5.1) yields the difference, [ C^{c d}_{a b} R_{cd} φ + 2 ∇_c∇_d ( C^{c d}_{(a b)} φ )] − [ C^{c d}_{a b} R_{cd}φ̄ + 2 ∇_c∇_d ( C^{c d}_{(a b)}φ̄ )] . (5.8)

Taking into account the σ-independent contribution from the first two terms in (5.2) we see that the energy-momentum tensor obtained by varying the first cocycle (b term) in the non-local anomalous action (4.19) is (F )T ab[g] = − 2 √ −g δ δg^{ab} S^{(F )}_{anom}[g] = b C_{ab} − 2b [ C^{c d}_{a b} R_{cd} φ + 2 ∇_c∇_d ( C^{c d}_{(a b)} φ )] , (5.9)

in d = 4 dimensions, where now all indices are raised and lowered with the single metric g_{ab}, and the correct normalization has been restored. An explicit form for the non-local tensor C_{ab} appearing in this expression and defined by (5.3) cannot be obtained from the σ dependence of the WZ action, but requires varying the non-local action S^{(F )}_{anom}[g] directly. Comparison of (5.9) with (4.21) shows that C_{ab} comes from the variation of the auxiliary φ field itself. Since the second term in (5.9) is traceless, the trace g^{ab (F )}T_{ab}[g] = bC_{cdef} C^{cdef} comes from the C_{ab} term alone. An explicit form for C_{ab} is given in Appendix C.

For the second cocycle the direct variation of the four dimensional WZ action was calculated in ref. [25]. To check this result we may evaluate 1 √ −g δ δg^{ab} ∫ d^d x √ −g E_d ≡ E_{ab} = H_{ab} − 4^{(2)}H_{ab} +^{(1)} H_{ab} = 2C_{acde}C^{cde}_b − g_{ab} 2 C_{cdef} C^{cdef} + (d − 4) [ (3)H_{ab} + 1 18 (1)H_{ab} ] , (5.10)

where (3)H_{ab} ≡ − 4 d − 2 C_{acbd}R^{cd} + 2(d − 3) (d − 2)^2 R_{cd}R^{cd}g_{ab} − 4(d − 3) (d − 2)^2 R^c_a R_{bc} + 2d(d − 3) (d − 1)(d − 2)^2 RR_{ab} − (d + 2)(d − 3) 2(d − 1)(d − 2)^2

R^2g_{ab} (5.11) is a generalization of the tensor^{(3)}H_{ab} in four dimensional conformally flat spacetimes [30]. Because E_4 is the Euler density, the tensor E_{ab} vanishes identically in d = 4, just as the Einstein tensor G_{ab} does in d = 2.

The same combination of Weyl squared tensors appears in (5.10) as in (5.2), with its simple e^{−2σ} dependence on σ. Considering the explicit factor of d − 4 in the remaining terms of (5.10), the stress tensor corresponding to the second cocycle of the WZ action in d = 4 dimensions is (E)T_{ab}[g] = − 2 √ −g δ δg^{ab} S^{(E)}_{anom}[g] = b^′C_{ab} − 2b^′ [_{(3)} H_{ab} + 1 18 (1)H_{ab} ] d=4 = b^′ [ C_{ab} + 4C_{acbd}R^{cd} + 2 9 (∇_a∇_bR − g_{ab} R − 7RR_{ab}) + 5 9 g_{ab}R^2 + 2R^c_a R_{bc} − g_{ab}R^{cd}R_{cd} ] . (5.12)

The conformal variation of this tensor is obtained by computing e^{2σ} [_{(3)} H_{ab} + 1 18 (1)H_{ab} ] − [_{(3)} H̄_{ab} + 1 18 (1)H̄_{ab} ] = 4C̄^{c d}_{a b} (σ_{;cd} − σ_cσ_d) + 4R^c_{(a}σ_{;b)c} − 4R^c_{(a}σ_{b)}σ_c − 8 3 R_{ab} σ − 2 3 R_{ab}σ_cσ^c + 2 3 R_{;(a}σ_{b)} − 4 3 Rσ_{;ab} + 2 3 Rσ_aσ_b − 4σ^c_{;a} σ_{;bc} + 4σ_{;ab} σ + 2 3 ( σ)_{;ab} + 2 3 (σ_cσ^c)_{;ab} − 4σ_{(a}( σ)_{;b)} +ḡ_{ab} [ −2R^{cd}σ_{;cd} + 2 3 R^{cd}σ_cσ_d − 1 3 R_{;c}σ^c + 4 3 R σ − 2 3 2σ + 2 3 σ_{;cd}σ^{;cd} − ( σ)^2 + 2 3 ( σ)_{;c}σ^c ] (5.13)

A straightforward exercise in commuting covariant derivatives and use of the Bianchi identities shows that this tensor is precisely equal to the negative of that given by the right hand side of eq. (2.9) of ref. [25] (where the notation for the background metric ḡ_{ab} omitted the overbar). In ref. [25] this energy-momentum tensor was use to study the physical state Hilbert space of the quantized σ field in the Einstein space background, R × S^3.

Because of (4.5) and (5.4) the trace of the tensor^{(E)}T_{ab}[g] is g^{ab (E)}T_{ab}[g] = b^′ [ C_{cdef} C^{cdef} − 2R_{cd}R^{cd} + 2 3 R^2 − 2 3 R ] = b^′ ( E_4 − 2 3 R ) (5.14)

in d = 4 dimensions.

Both the tensors^{(F )}T_{ab}[g] and^{(E)}T_{ab}[g] obtained by varying the non-local anomalous action in 4 dimensions are themselves non-local in general. However, if the spacetime is conformally flat then the Weyl tensor, C_{ab} and^{(F )}T_{ab}[g] both vanish, while^{(E)}T_{ab}[g] becomes proportional to the local tensor^{(3)}H_{ab} +^1_{18}^{(1)}H_{ab}. Since^{(1)}H_{ab} is the variation of the local R^2 action, it is conserved on its own, and we conclude that^{(3)}H_{ab} with C_{abcd} = 0 must be conserved in d = 4 conformally flat spacetimes. The conservation of this tensor in this case had been noted some time ago, [4,26] and it has been calledaccidentally conserved.’ Evidently this local tensor which is conserved in conformally flat spacetimes owes its existence to the non-local anomalous action corresponding to the second cocycle of the Weyl group in four dimensions. The necessary appearance of^{(3)}H_{ab} in the renormalized stress tensor of a matter field in curved space after renormalization is explained by the contribution of S_{anom} to the effective action with a finite coefficient, which as we have seen appears automatically in dimensional regularization [30]. Because the action S_{anom} is non-invariant under global Weyl rescalings,^{(3)}H_{ab} carries information about the global scaling behavior of a quantum theory in a state having this geometrical term as the expectation value of its energy-momentum tensor. This fact has been used to extract the IR b^′ coefficient of a massless scalar field for any curvature coupling ξ by examining the attractor behavior of its energy-momentum tensor at late times in de Sitter space, showing that S_{anom} appears also in the effective action of theories which are not classically Weyl invariant [24].

VI. CONFORMAL INFINITY IN THE FG CONSTRUCTION

Since conformal invariants are central to obtaining the WZ effective action of the non-trivial cocycles of the Weyl group by the dimensional continuation method, we review in this section the FG procedure for constructing such conformal invariants in any dimension. Dimensional continuation is also the natural technique to handle a certain obstruction in the FG expansion at even integer dimensions [7]. As discussed in the introduction, the FG embedding may be used to classify all the IR relevant terms in the effective action on the physical boundary space as well. Thus the treatment and applications of the FG construction in this paper will be somewhat different than that in the recent literature [6,33,34].

The FG approach is based upon generalization of the following elementary example of embedding of the round sphere S^d in a flat Minkowski space of two dimensions higher. In this example the d + 2 dimensional space (called the ambient space) has signature (d + 1, 1) and flat metric η_{AB} , i.e. its line element is

ds̃^2 = η_{AB} dX^A dX^B = −(dX^0)^2 + (dX^1)^2 + . . . + (dX^{d+1})^2 ≡ −(dX^0)^2 + d ⃗X · d ⃗X , (6.1)

with the proper Lorentz isometry group SO(d + 1, 1),

X^{′A} = Λ^A_B X^B . (6.2)

This group has three classes of orbits in the ambient space, namely

1. Degenerate: The future (or past) light cone, η_{AB} X^A X^B = 0, with X^0 > 0 (or X^0 < 0);

2. Łobachewski (Euclidean AdS): The upper (or lower) sheet of the two-sheeted hyperboloid, η_{AB} X^A X^B = −ℓ^2, with X^0 > 0 (or X^0 < 0) and negative intrinsic scalar curvature, R = −d(d + 1)/ℓ^2;

3. de Sitter: The single sheeted hyperboloid, η_{AB} X^A X^B = +ℓ^2, with positive intrinsic scalar curvature, R = d(d + 1)/ℓ^2.

In the first class of orbits the Lorentz group acts projectively, and the space of null directions on the future light cone is isomorphic to the sphere S^d. Indeed let N^A ≡ X^A X^0

= (1, n^i) , i = 1, . . . d + 1 . (6.3)

Then η_{AB} N^A N^B = 0 = −1 + n^in^i implies the vector ⃗n lies on the unit sphere S^d. Under the Lorentz transformation (6.2), n^i → n^{′i} = X^{′i} X^{′0} = Λ^i_0 + Λ^i_j n^j Λ^0_0 + Λ^0_k n^k

. (6.4)

Using dX^i = X^0dn^i + n^idX^0, the ambient metric (6.1) restricted to the light cone is

ds^2_0 = (X^0)^2 d⃗n · d⃗n . (6.5)

Since the light cone is invariant under SO(d + 1, 1) proper Lorentz transformations in the ambient spacetime, the projective transformation (6.4) may be viewed as a local conformal transformation,

X^0 → X^{′ 0} = Ω(⃗n)X^0 , Ω = e^σ = Λ^0_0 + Λ^0_i n^i (6.6)

of S^d . Hence the conformal structure on the sphere S^d may be investigated by studying the simpler Lorentz group in the ambient space.

On the second class of orbits, Łobachewski space, one may introduce the standard hyperbolic projective coordinates,

X^0 = ℓ [ 1 + y^2 1 − y^2 ] , X^i = ℓ 2y^i 1 − y^2 , y^2 ≡ ⃗y · ⃗y , (6.7) so that the metric takes the standard Łobachewski form, ds^2 Ł = 4ℓ^2d⃗y · d⃗y (1 − y^2)^2

, (6.8)

with the boundary at y^2 = 1. Alternately, one can introduce the coordinates ρ = 4 ℓ^2

(1 − y)^2 (1 + y)^2 , ⃗n = ⃗y y (6.9)

to bring the Łobachewski line element into the FG form,

ds^2Ł = ℓ^2 4 ( dρ ρ )_2 + 1 ρ [( 1 − ℓ^2ρ 4 )_2 d⃗n · d⃗n ] = ℓ^2 4 dρ^2 ρ^2 + 1 ρ g_{ab}(x, ρ) dx^adx^b , (6.10) with g_{ab}(x, 0) the round sphere metric on S^d, and x^a, a = 1, . . . d coordinates on S^d. Thus the boundary of Łobachewski space at ρ = 0 is isomorphic to the light cone of the first orbit which it approaches asymptotically. This is the conformal boundary of d + 1 dimensional Łobachewski space, and in this elementary example of embedding the conformally flat S^d, the Łobachewski metric (called the bulk metric) g_{ab}(x, ρ) possesses a regular Taylor expansion in ρ which terminates at the second order, after the factor of ρ^{−1} has been extracted as in (6.10). The usefulness of this coordinatization is that the conformal group of the boundary S^d metric, SO(d + 1, 1) at ρ = 0 has been represented as the isometry group of the bulk (and ambient) space, which makes possible the study of the conformal structure on the boundary by ordinary geometric properties both in the d + 1 bulk Łobachewski space, as well as the d + 2 ambient flat space. The Lorentzian signature AdS metric with isometry group SO(d, 2) is obtained by changing the signature of one of the X^i in the ambient Minkowski space metric (6.1).

The analogous construction works equally well in the case of the third class of orbits, namely de Sitter space. Indeed introducing the change of variables, ρ = 4 ℓ^2 exp ( − 2τ ℓ ) (6.11)

into a standard form of the de Sitter line element,

ds^2_{deS} = −dτ^2 + ℓ^2cosh^2 ( τ ℓ ) d⃗n · d⃗n , (6.12) with closed S^d spatial sections brings it into the FG form, ds^2_{deS} = − ℓ^2 4 ( dρ ρ )_2 + 1 ρ [( 1 + ℓ^2ρ 4 )_2 d⃗n · d⃗n ] = − ℓ^2 4 dρ^2 ρ^2 + 1 ρ g_{ab}(x, ρ) dx^adx^b , (6.13) which is exactly the same as the Euclidean AdS case (6.10) with ℓ^2 → −ℓ^2. The conformal infinity at ρ = 0, τ = ∞ is also asymptotic to the same future light cone in the d + 2 dimensional ambient space and therefore it enjoys all the same conformal properties as the ρ = 0 boundary of Euclidean AdS. Thus, the FG method of extracting conformal invariants and conformal field theory behavior will work equally well in asymptotically de Sitter spacetime at its spacelike future infinity at ρ = 0, and there is CFT behavior at the conformal infinity of bulk de Sitter space as well.

To show the conformal behavior in de Sitter space arises more explicitly, let us use the flat spatial sections of de Sitter space,

ds^2_{deS} = −dt^2 + ℓ^2 exp ( 2t ℓ ) d⃗x · d⃗x (6.14) and make the change of variables ρ = ℓ^{−2} exp ( −^{2t}_ℓ ) to bring the de Sitter line element into the alternative form, ds^2_{deS} = − ℓ^2 4 ( dρ ρ )_2 + 1 ρ d⃗x · d⃗x = − ℓ^2 4 dρ^2 ρ^2 + 1 ρ δ_{ab}dx^adx^b . (6.15) In this case the metric takes the FG form with g_{ab}(x, ρ) = g_{ab}(x, 0) = δ_{ab} independent of ρ. Then consider the behavior of the two-point function of a scalar field with mass m in d + 1 dimensional de Sitter spacetime, viz. [36] ⟨T Φ(t, ⃗x)Φ(t^′, ⃗x^′)⟩ = ℓ^{1−d} (4π)^{d+1}2

Γ(^d_2 − ν)Γ(^d_2 + ν) Γ(^{d+1}_2 )^2

F_1 ( d 2 − ν, d 2 + ν;

d + 1 2 ; 1 − s^2(t, ⃗x; t^′, ⃗x^′) ) , (6.16)

where ν ≡ √ d^2 4 − m^2ℓ^2 and s^2(t, ⃗x; t^′⃗x^′) = 1 4 exp ( t + t^′ ℓ ) [ − ( e^{− tℓ} − e^{− t} 0_ℓ )2

+ (⃗x − ⃗x^′)^2 ] (6.17)

depends only on the invariant distance between the two points (t, ⃗x) and (t^′, ⃗x^′). Going to the conformal boundary at t ∼ t^′ → ∞, ρ ∼ ρ^′ → 0, s^2 becomes proportional to the flat section invariant distance (⃗x − ⃗x^′)^2, and the asymptotic behavior of the hypergeometric function_2F_1 implies that the two-point function of the scalar field behaves as [37]

⟨T Φ(t, ⃗x)Φ(t^′, ⃗x^′)⟩ → C_−s^{−2Δ}� + C_+s^{−2Δ+} , (6.18)

characteristic of a conformal theory in flat space with conformal weights,

Δ_± = d 2 ± ν = d 2 ± √ d^2 4 − m^2ℓ^2 . (6.19)

We note that the de Sitter case propagator comes from a massive unitary field theory and gives complementary information about the conformal representation corresponding to Δ_− which cannot be obtained in the AdS case without going to tachyonic m^2 → −m^2. General de Sitter correlation functions which depend on the invariant distance between two points in the de Sitter bulk will have conformal behavior as ρ → 0 as well, for purely geometric reasons of the embedding. The asymptotic behavior of quantum field theory on de Sitter spacetime, deS_{d+1} induces conformal field theory behavior, CF T_d on its asymptotic conformal infinity. This is so because of the pure kinematic fact of group isomorphism: the de Sitter isometry group SO(d + 1, 1) is the same as the conformal group C(S^d) of the asymptotic conformal infinity, which consists of the asymptotic past and the asymptotic future S^d of deS_{d+1}. In other words, there exists deS_{d+1}/CF T_d correspondence [37,38]. There is another aspect of the deS_{d+1}/CF T_d correspondence, namely, for even integer d = 2k, conformal anomalies can be computed from the bulk gravitational theory on a spacetime of constant positive curvature of one higher dimension. This connection with conformal anomalies is described in the next section.

To proceed now consider the FG generalization of the above simple example of embedding S^d to an arbitrary d dimensional metric. FG showed that any d dimensional metric (with the appropriate signature) may be embedded at the conformal boundary of a space of asymptotically constant curvature, with g_{ab}(x, 0) = g^{(0)}_{ab} the boundary metric and the bulk metric in the vicinity of the boundary given by expanding g_{ab}(x, ρ) in a Taylor series in integer power of ρ, i.e. g_{ab}(x, ρ) = ∑ n g^{(n)}_{ab} (x)ρ^n . (6.20)

The coefficients g^{(n)}_{ab} are determined order by order in ρ by solving Einstein’s equations for the d + 1 dimensional bulk metric. However as noted by FG themselves [7] if d = 2k is an even integer this Taylor series breaks down at order n = k, and logarithmic terms appear for the general embedded metric. In that case only the trace and the covariant divergence of g^{(k)}_{ab} is determined by Einstein’s equations in the bulk. The remaining part of g^{(k)}_{ab} cannot be determined and has been called ‘the FG ambiguity’ [33].

The breakdown in the expansion (6.20) at n = k for even integer dimensions d = 2k has to do with the existence of certain traceless conformal tensors on the boundary metric [7]. However, as is already apparent from the power series solution of Einstein’s equations for general d in ref. [19], the series (6.20) is well-defined for all n if d ≠ 2k and there are no logarithmic terms, their place being taken instead by simple poles at d = 2n in the coefficients, g^{(n)}_{ab} . Thus dimensional regularization supplies just the means of realizing the FG idea of obtaining a unique d + 1 dimensional bulk metric corresponding to an arbitrary d dimensional boundary metric by solving the Einstein equations order by order in a power series in ρ, with the general g_{ab}(x, ρ) given by (6.20), replacing the simple terminating series we found in the exact Łobachewski or de Sitter cases. This is the first point of contact between the FG construction and dimensional regularization.

Furthermore, the residues of the poles in g^{(n)}_{ab} at d = 2n are linear combinations of precisely the conserved tensors G_{ab} and F_{ab}, E_{ab} encountered in the previous sections for n = 1 and n = 2 respectively, showing the close connection of these terms in the dimensionally continued FG expansion with the non-trivial cocycles in two and four dimensions. Indeed, the explicit form of the first few expansion coefficients in arbitrary dimension d was reported in ref. [35], which after taking account of the different conventions for the Riemann tensor reads

g^{(1)}_{ab} = ∓ℓ^2 d − 2 ( R_{ab} − 1 2(d − 1) Rg^{(0)}_{ab} ) , (6.21a)

g^{(2)}_{ab} = ℓ^4 d − 4 ( − 1 8(d − 1) ∇_a∇_bR + 1 4(d − 2) R_{ab} − 1 8(d − 1)(d − 2) Rg^{(0)}_{ab} − 1 2(d − 2) R^{cd}R_{acbd} + d − 4 2(d − 2)^2 R^c_aR_{bc} + 1 (d − 1)(d − 2)^2 R R_{ab} + 1 4(d − 2)^2 R_{cd}R^{cd} g^{(0)}_{ab} − 3d 16(d − 1)^2(d − 2)^2

R^2 g^{(0)}_{ab} ) . (6.21b)

The expansion coefficients are completely well-defined and there is no FG ambiguity in the dimensionally continued coefficients of the expansion (6.20). The coefficients of the conformal anomaly determined by this construction are the same on the de Sitter side as on the AdS side modulo the ℓ^2 → −ℓ^2 changes in the basic formulae. The residue of the pole at d = 2 in g^{(1)}_{ab} is proportional to the Einstein tensor, G_{ab}, while the residue of the pole at d = 4 in g^{(2)}_{ab} is easily verified by means of the identities in Appendix A to be proportional to a linear combination of E_{ab} and F_{ab}. In fact, G_{ab} and E_{ab} vanish in two and four dimensions respectively, and do not contribute to the pole terms, while F_{ab} is the traceless Bach tensor which is the explicit obstruction to the ρ expansion in four dimensions [7]. The reason for this connection is that the residues of the pole terms, which correspond to the logarithms in even integer dimensions are necessarily conserved due to the Einstein equations in the bulk geometry, and they transform with a definite conformal weight 2(1 − n) under conformal transformations of the boundary metric. It follows from this that the residue of g^{(n)}_{ab} at d = 2n must be a linear combination of the conserved traceless tensors obtained by varying the 2n dimensional action composed of conformal invariants in that dimension. This is the second point of contact between the dimensionally continued FG expansion and the development of the previous sections.

To demonstrate the transformation properties of the coefficients g^{(n)}_{ab} in detail requires the form of the coordinate transformation of the bulk metric which leaves the FG form,

ds^2 = ± ℓ^2 4 dρ^2 ρ^2 + 1 ρ g_{ab}(x, ρ) dx^adx^b , (6.22) invariant [39–41]. These special (PBH) transformations take the infinitesimal form, ρ = ρ^′e^{−2σ(x} 0_)

≃ ρ^′ (1 − 2σ(x^′)) , x^a = x^{′ a} + ξ^a(x^′, ρ^′) . (6.23)

Requiring the FG bulk line element have no mixed dx^{′a}dρ^′ terms gives ξ^a(x, ρ) = ± ℓ^2 2 ∫_ρ 0 dρ^′g^{ab}(x, ρ^′)∂_bσ(x) + ξ^{a (0)}(x) . (6.24)

Then ξ^a may be developed as a power series in ρ, i.e. ξ^a(x, ρ) = ∑ n=0 ξ^{a (n)}(x)ρ^n , (6.25)

which is completely determined by the expansion (6.20) when we impose the Einstein equations in the bulk geometry. The diffeomorphism (6.23) generates the transformation,

δg_{ab}(x, ρ) = 2σ(x)(1 − ρ∂_ρ)g_{ab}(x, ρ) + ∇_aξ_b(x, ρ) + ∇_bξ_a(x, ρ) or (6.26)

δg^{(n)}_{ab} (x) = 2(1 − n)σ(x)g^{(n)}_{ab} (x) + ∇_aξ^{(n)}_b (x) + ∇_bξ^{(n)}_a (x) (6.27)

on the metric, where ∇_a is the covariant derivative with respect to the zeroth order boundary metric g^{(0)}. At ρ = 0, or for n = 0 this transformation reduces to an infinitesimal Weyl transformation (2.1) of the boundary metric g_{ab}(x, ρ = 0), up to the diffeomorphism ξ^{(0)}_a (x). The transformation of the coefficient g^{(n)}_{ab} under global Weyl transformations, σ(x) = σ_0 = const. is that of a tensor of weight 2(1 − n), as required. Hence a similar relationship of the higher order terms in the expansion, possessing poles at larger even integer dimensions, with the variations of the Weyl invariant terms that give rise to traceless conserved tensors in those dimensions is to be expected. Particular linear combinations of these tensors enter the expansion (6.20) because the solution of the bulk metric is determined by the second order Einstein equations on the d + 1 dimensional embedding space, and this solution contains no arbitrary coefficients in non-integer dimensions.

It is important to recognize that the use of the Einstein equations to determine the coefficients of the power series in (6.20) for the bulk metric is the simplest route to generalizing the example of the embedding of the sphere in Łobachewsky or de Sitter space. The Einstein equations have no dynamical content as equations of motion following from some variational principle in this purely mathematical construction of the bulk embedding geometry. Rather, once the bulk metric embedding has been determined by solving the Einstein equations for fixed constant Ricci scalar as a power series in ρ, we are free to evaluate any coordinate invariant scalar action functional on this bulk metric, and indeed this was the method FG proposed to construct conformal Weyl invariants of the boundary metric. Since a particular subset of bulk coordinate transformations, the PBH transformations (6.23) are local conformal transformations on the boundary, coordinate invariant scalars in the bulk give rise to conformal invariant scalars on the boundary. In the original paper [7] the construction of conformal invariants was proposed by considering coordinate invariant scalars in the d + 2 dimensional (now non-flat) ambient space, of dimension less than 2n to avoid the logarithmic obstruction to the series expansion (6.20). However, as the considerations of this section show, dimensional continuation allows one to lift this restriction, and to use invariant scalars in the d + 1 dimensional bulk embedding space, which contain the same geometric information as the ambient space embedding. Thus, dimensional continuation furnishes exactly the missing ingredient in the FG construction, which repays the favor by furnishing the Weyl invariants needed to construct the non-trivial cocycles in the general procedure of the previous sections.

Moreover, as we have seen, for the general embedded geometry the region near ρ = 0 is similar to the light cone of the simple prototype example of embedding S^d, and the expansion in powers of ρ works equally well for the metric of the d + 1 dimensional asymptotic AdS or deS space in the vicinity of ρ = 0, since both spaces of positive or negative scalar curvature asymptotically approach the same light cone, which is the conformal infinity of the d + 2 dimensional ambient spacetime.

VII. FINITE VOLUME SCALING AND THE IR EFFECTIVE ACTION FOR GRAVITY

The discussion in the previous section of the embedding procedure and dimensional regularization to realize the original FG idea for constructing the conformal invariants of the boundary metric is essentially mathematical and kinematic in nature. The FG construction of Weyl invariants is just what is needed to generalize the method of obtaining the anomalous WZ effective action corresponding to non-trivial cocycles of the Weyl group in any even dimension, as proposed in Section 2. In the physics literature to date the FG embedding has been used almost entirely to check features of the AdS/CFT correspondence, which specifies that the classical supergravity bulk action be used [6]. However, the embedding of an arbitrary metric in a space of one dimension higher, in such a way that conformal transformations on the boundary become coordinate transformations in the bulk has broader consequences for anomalies and infrared scaling behavior than perhaps is evident at first. It is this physical application of the FG embedding to the construction of the low energy effective action for gravity that we explore in this section.

Let us consider an arbitrary coordinate invariant local action in the d + 1 dimensional bulk, S_{bulk} = ∫ dρ d^d x ρ^{− d2 −1} √ g B(x, ρ) ≡ ∫ dρ d^d x ρ^{− d2 −1} √ g^{(0)} b(x, ρ) , (7.1)

where we have chosen to place the ρ dependence of the volume element of the metric g_{ab}(x, ρ) into the density b(x, ρ). From the fact that B = √ g^{(0)}b/ √ g in (7.1) transforms as a scalar under the PBH diffeomorphisms (6.23), one can find the transformation rule for b, namely [41] δb(x, ρ) = −2σ(x) ρ∂_ρb(x, ρ) + ∇_a (b(x, ρ)ξ^a(x, ρ)) , (7.2) From this the transformation for the coefficients in the ρ expansion, b(x, ρ) = ∑ n=0 b_nρ^n (7.3)

may be found, i.e.

δb_n = −2nσb_n + ∇_a n−1∑ j=0 b_jξ^{a (n−j)} . (7.4)

where the ξ^{a (j)} are the expansion coefficients of ξ^a determined by (6.20) and (6.24). The form of the transformation (7.4) shows that ∫ √ g^{(0)} d^{2k}x b_{2k}(x) (7.5)

is invariant under local Weyl transformations in d = 2k dimensions, for any diffeomorphism invariant action function S_{bulk} in the bulk. Hence substituting explicit forms for scalar functions in the bulk and carrying out the expansion of b in ρ to order n = k in dimensionally continued d dimensions by solving the Einstein equations (with either positive or negative cosmological constant) generates precisely the conformally invariant scalars one needs to construct the non-trivial cocycles in d = 2k even dimensions. This is the explicit proof of the construction of conformal invariants in the coordinates (6.22). Notice also that both the strictly local Weyl invariants (type B) for which the inhomogeneous total derivative term in (7.4) is absent, and the topological invariants (type A) for which this term is present are both contained in the solutions of (7.4).

It is instructive to write down the infinitesimal PBH conditions which the first few b_n must satisfy:

δb_0 = 0 ,

δb_1 = −2σb_1 ± ℓ^2 2 b_0 σ ,

δb_2 = −4σb_2 ∓ b_0ℓ^2 4(d − 2) [ R^{ab}∇_a∇_bσ − 1 2 R σ ] , (7.6)

which are solved by [41] b_0 = const. , b_1 = ±b_0 ℓ^2 4(d − 1) R , b_2 = b_0 ℓ^4 32(d − 2)(d − 3)

E_4 + c_2 ℓ^4 C_{abcd}C^{abcd} . (7.7)

The de Sitter case is again recovered from the AdS case by a simple change of l^2 → −l^2 in all AdS formulae. The coefficients b_n are the Euler (type A) and Weyl (type B) invariants which we have used in our previous construction of the non-trivial cocycles in 2 and 4 dimensions. Note that the Euler invariant in (7.7) is associated with the inhomogeneous solution to (7.4) induced from the lower order b_n in the second total derivative term of (7.4) or (7.6), corresponding to the fact that the Euler density is Weyl invariant only up to a total derivative. On the other hand the local Weyl invariant C_{abcd}C^{abcd} is a solution to the homogeneous eq. δb_2 = −4σb_2. Notice also that only the non-trivial cocycles are generated by this procedure. The trivial R^2 cocycle is not a solution of the PBH equations (7.6). Clearly this is because the trivial cocycles are not locally Weyl invariant, and only local Weyl invariants (up to surface terms) can be generated by bulk coordinate invariants due to the PBH symmetry. Certainly no term like (4.28) is generated.

Because of the PBH symmetry b necessarily satisfies the infinitesimal form of the WZ consistency condition, ∫ d^{2k}x √ g^{(0)}(σ_1δ_{σ2} b − σ_2δ_{σ1} b) = 0 , (7.8)

since this is just a subset of diffeomorphisms of the bulk action. Since the b_n coefficients appear both in the action and in the trace anomaly after variation with respect to σ, this excludes R from b_2 in (7.7) as well. Indeed comparison of the third variation in (7.6) with eq. (A17) of Appendix A shows that R does not satisfy this condition. Thus the FG construction is precisely what is required to construct the Weyl invariants (and only those invariants) which give rise to the non-trivial cocycles in any even dimension. Taking arbitrary linear combinations of coordinate invariant scalars in the bulk action will give rise to arbitrary linear combinations of the conformal invariants on the boundary, in contrast to the AdS/CFT conjecture which applies to a specific bulk action and specific set of anomaly coefficients in the boundary theory.

The pole term in the expansion of the metric (6.20) at order n = k is cancelled and does not appear in the expansion of the action density b(x, ρ). However when the expansion (7.3) is substituted in (7.1) the ρ integral diverges at small ρ in even integer dimensions, or equivalently the n^{th} order term in the expansion of the classical bulk action possesses a pole at d = 2n, similar to the dimensional regularization counterterms in a quantum field theory at the boundary. However, unlike the UV regulator of quantum theory, dimensional regularization now appears as an IR regulator of the large volume divergences of the classical bulk action.

The fact that the limit ρ → 0 is an infrared limit is clear also from the PBH transformation (6.23), which shows that ρ → 0 if σ = σ_0 → +∞, with ρ^′ fixed. The explicit form of the change of variables (6.11) to bring the de Sitter metric into the FG form also shows conformal infinity is reached by stretching all length scales to the extreme IR limit, where the conformal behavior of the de Sitter correlation functions becomes apparent, as in (6.18). This stretching of physical length scales (with some UV cutoff imposed if necessary to regulate short distance behavior) is precisely what is contemplated in the Wilson description of the renormalization group [17]. Rescaling of ρ in the bulk metric is completely equivalent to a finite volume scaling in the conformal boundary metric, and the expansion of the general bulk action in powers of ρ is just an expansion of the general boundary action in scale dimensions of the volume.

From the general PBH transformation and the explicit examples we see that ρ scales like λ^{−2} if λ is a physical length scale in the boundary metric. Substituting the expansion (7.3) in (7.1) and cutting off the lower limit of the ρ integral at ρ = λ^{−2} shows that the dimensionally regulated series is of the form,

∞∑ n=0 λ^{d−2n} d − 2n ∫ d^d x √ −g^{(0)} b_{2n}(x) (7.9)

where we neglect the λ independent terms coming from the (fixed) upper limit of the ρ integral. In the d dimensional boundary theory the λ dependent terms in this series have precisely the form of terms in the effective action with mass dimension 2n, b_{2n}(λx) = λ^{−2n}b_{2n}(x), the power of λ classifying their behavior under global Weyl transformations, i.e. finite volume scaling. The terms with n <^d_2 are strictly relevant terms at large volumes. Conversely those with n >^d_2 are strictly irrelevant in the infrared limit of large volumes. The marginally relevant terms at d = 2n are obtained by taking the logarithmic variation, λ^∂_{∂λ} which cancels the pole when d → 2k, yielding the finite result (7.5), which are the non-trivial cocycles of Weyl anomaly in 2k even dimensions. As we have seen explicitly in d = 4 the trivial R^2 cocycle is not included in b_4. Thus the FG construction selects precisely the infrared relevant terms and only those terms in the limit ρ → 0 (or λ → ∞).

The absence of the trivial cocycle terms which are required for UV renormalization is a manifestation of the fact that the poles in the expansion of the dimensionally regulated bulk action (7.9) are infrared poles, their formal similarity to the UV counterterms of dimensionally regulated quantum theories notwithstanding. Taking the logarithmic variation of (7.9), the physical limit d → 2k and integrating again with respect to dλ/λ gives

Γ^{IR}_{eff} [g^{(0)}; λ] = k−1∑ n=0 λ^{2k−2n} 2k − 2n ∫ d^{2k}x √ g^{(0)} b_n(x) + log λ ∫ d^{2k}x √ g^{(0)} b_{2k}(x) + O(λ^0) (7.10)

which are all the infrared relevant terms in the boundary effective action which grow with either a positive power of λ or log λ as λ grows. We see that the non-trivial cocycles of the Weyl anomaly are the latter which are marginally relevant under finite volume rescaling. If λ is replaced by e^{σ0} then (7.10) is exactly of the form of the WZ consistent effective action Γ_{W Z} [g^{(0)}; σ_0], augmented by the relevant local terms for n < k in (4.27) to give the total effective action of (4.25). The Weyl invariant terms S_{inv} are order λ^0 and cannot be calculated by either method, but neither are they relevant in the low energy, long distance limit compared to the terms kept in (7.10) or (4.25).

Thus the FG embedding does much more than generate just the local Weyl invariants, which was its original purpose, and which are needed to construct the non-trivial cocycles of the anomaly in any even integer dimension. The terms explicitly displayed in (7.10) which diverge as λ and the physical volume are taken to infinity are just the IR relevant terms of the Wilson effective action of the generally covariant boundary theory. This provides an unambiguous definition and extension of the Wilson RG scale transformation to low energy effective theories of gravity. From this Wilson effective action point of view the integral of R^2 is absent in four dimensions because it is a marginally irrelevant operator in the IR which is independent of global Weyl rescalings, remaining volume independent in the infinite volume λ → ∞ limit. Arbitrary λ independent non-local terms in (7.10), corresponding to S_{inv} in (4.25) are also neutral under finite volume scale transformations and therefore are marginally irrelevant operators in the infrared as well. Thus, we arrive at a precise formulation of low energy effective field theory for gravity in d dimensions from the classical FG construction in d+1 dimensions. Its direct proof in a full quantum field theory setting is more difficult than this simple classical construction and would require that one systematically integrate out all the fluctuations between two scales, say λ and 2λ, to show that the new effective action is of the same form as the previous one, (7.10) with renormalized coefficients, provided that this effective action is used to calculate only soft processes with momenta p ≪ λ. In principle, this Wilson-Kadanoff exact renormalization group blocking procedure can be applied either in the continuum or on a lattice. Although this direct analysis would be welcome, as it would give detailed information about the RG flow for different matter or gravitational field representations and couplings, the general classification of terms in the effective action according to their properties under Weyl rescaling and the FG implementation of this rescaling as a coordinate transformation in one dimension higher is sufficient to fix the general form of the IR effective action (4.25) or (7.10).

The low energy effective action for physical four dimensional spacetime includes in addition to the familiar cosmological term b_0 which scales as the volume, λ^4 and the Einstein-Hilbert term b_1 which scales as λ^2, also the non-local S_{anom} corresponding to the two non-trivial cocycles in d = 4 which scale as log λ. Hence these anomalous terms from the non-trivial cocycles are not irrelevant in the infrared, and in principle modify the Einstein theory even at low energies and large distances. This conclusion is perhaps less surprising if one recalls the origin of the anomaly as the effect of massless excitations which do not decouple at arbitrarily large distances. As in the example of the U (1) chiral anomaly, the most general low energy effective Lagrangian consistent with symmetry contains a marginally relevant WZ term which dominates the decay, π^0 → 2γ in the low energy limit of QCD [42].

VIII. CONCLUSIONS

Since several different aspects of conformal anomalies have been presented in this paper, and some parts of these overlap with earlier work, we summarize here the main conclusions for the benefit of the reader:

• The finite shift coboundary operator of the Weyl group may be defined without the use of anti-commuting Grassmann variables by Eqs. (2.3) and (2.4).

• The first cohomology of the Weyl group is defined as one-forms of the cochain which are closed but non-exact in the sense of Eqs. (2.8) and (2.9), and are represented by non-local functionals of the metric in the physical even dimension d = 2k.

• The non-local cocycles of the Weyl group may be constructed in dimensional regularization by considering all the local counterterms of dimension 2k near d = 2k, and selecting those which are conformal invariant in and only in the physical dimension.

• The non-trivial cocycles are of two kinds, corresponding to two kinds of conformal invariants, those invariant up to surface terms, of which there is only one (type A, Euler density) and those which are locally conformal invariant (type B), of which there are an increasing number in higher even dimensions [18].

• Both kinds of non-trivial cocycles have integrals whose local Weyl variation vanishes linearly as d → 2k, and lead to UV finite effective actions, local in terms of σ, which automatically satisfy the WZ consistency condition. The action obtained this way is identical to that obtained by integrating the local anomaly with respect to σ.

• The effective actions constructed by this method are nevertheless non-trivial due to the multi-valuedness under the global shift (3.6), which signal sensitivity to winding about the obstruction in the space of metrics at the singular metrics g_{ab} = 0 and g^{ab} = 0.

• Exactly this same multi-valuedness property indicates sensitivity of the non-trivial cocycle actions to global Weyl rescalings (3.8), which imply that they correspond to marginally relevant operators in the IR.

• The non-local but fully covariant action corresponding to each non-trivial cocycle may be constructed explicitly by solving a linear differential equation for the conformal transformation σ between two members of the conformal equivalency class g_{ab} and ḡ_{ab}.

• The conformal differential operator appearing in this equation for σ is in d = 2 dimensions and Δ_4 defined in (4.8) in d = 4 dimensions. In the latter case a new uniformization conjecture analogous to the Poincare-Yamabe conjecture for two dimensional Riemannian manifolds suggests itself.

• There are analogous d^{th} order conformal differential operators on scalar functions in higher even dimensions, and although this has not been proven in all generality, it appears to be possible by simple counting of invariants to bring the anomalous action in higher even dimensions to a Gaussian form in σ by a suitable admixture of the trivial cocycle terms. This has been verified explicitly in d = 2, 4, 6 dimensions, with the d = 6 case treated first in ref. [10] and also in [43]. In all even dimensions the propagator of the conformal invariant differential operator is logarithmic.

• Corresponding to each non-trivial cocycle there is a conserved energy momentum tensor which is generally nonlocal also in its fully covariant form. One of these tensors becomes the local geometric tensor^{(3)}H_{ab} in d = 4 conformally flat spacetimes, showing the true origin of this tensor.

• In d = 2 there are no local Weyl invariants and the non-local effective action found by Polyakov is the single infrared relevant term in the effective action for 2D gravity in addition to the volume cosmological term, all other possible terms in S_{eff} being strictly irrelevant in the IR.

• In higher dimensions the non-trivial cocycles determine the effective action up to local terms and strictly Weyl invariant terms, as in (4.25). Although this is considerably less information than in two dimensions, it already determines all the IR relevant terms in the effective action in d = 4 and is sufficient to preclude any term of the form (4.28) for the Weyl squared anomaly.

• The Fefferman-Graham embedding of an arbitrary space at the conformal infinity of a higher dimensional space is exactly the construction needed to generate the local conformal invariants, and therefore non-trivial cocycles and WZ effective actions in all higher even dimensions by the dimensional regularization method.

• Conversely, dimensional regularization of the FG series (6.20) eliminates the obstruction or ambiguity in the original FG construction, providing a well-defined bulk metric of either positive or negative scalar curvature (deS or AdS) in the form (6.22).

• Although it makes use of the classical Einstein equations in the bulk, the FG construction is essentially kinematic, embedding the local Weyl group of the boundary metric in the diffeomorphisms of the embedding space, and the asymptotically de Sitter embedding space has the same conformal behavior at infinity in the coordinates (6.15) as the asymptotically AdS embedding. Both give rise to CFT behavior at conformal infinity ρ → 0. In other words, there is deS_{d+1}/CF T_d correspondence as well.

• By cataloging all scalar invariants in the d + 1 dimensional bulk geometry of the dimensionally continued FG construction, whose volume integrals diverge as the conformal limit ρ → 0 is approached, all IR relevant terms (and only those terms) in the low energy effective action of gravity in any integer dimension may be obtained. In this case dimensional regularization may be used as well, with poles appearing to regulate now the IR (instead of UV) divergences at infinite volume.

• Hence, the FG embedding of the local Weyl group into diffeomorphisms of one higher dimension gives a precise meaning to finite volume rescaling in the Wilson RG sense to theories possessing low energy general coordinate invariance.

• The non-trivial cocycles of the Weyl group and the non-local effective actions they generate are marginally relevant in the IR, while the trivial cocycles and Weyl invariant terms in (4.25) or (7.10) are either marginally or strictly irrelevant (λ^p, p ≤ 0) and may be neglected in the low energy effective action of gravity.

• The known anomalies in d = 4 lead to effective actions which are marginally relevant, implying modification of the classical Einstein theory at low energies or large distances.

Finally the higher order differential operator in d = 4 leads to no problems with ghosts or unphysical poles [25], and indicates instead an additional global scalar degree of freedom in the low energy effective theory of d = 4 gravity over and above the Einstein theory. Since the conformal mode is completely frozen in the classical Einstein theory, the new mode can lead to qualitatively new effects in the modified theory. In fact, the fluctuations of this new degree of freedom in the quadratic action (4.21) generate an infrared stable Gaussian fixed point characterized by restoration of conformal symmetry and anomalous scaling of both the Einstein-Hilbert and cosmological terms [20]. At this fixed point the scaling dimensions of the Einstein and cosmological terms are different from their classical dimension in the classification of relevant, marginal and irrelevant terms in the low energy effective action of the previous section. These refer to the perturbative (therefore also Gaussian) fixed point of flat spacetime where scaling dimensions of terms under the RG are given by their canonical dimensions. The new non-perturbative fixed point found in ref. [20] describes a conformal invariant phase of strong gravity in d = 4 where the effective cosmological Λ and inverse Newtonian G^{−1} terms flow to zero and it is the S^{(E)}_{anom} term of (4.21) which controls the physics [44]. Possible consequences of this conformal invariant phase of gravity for the Cosmic Microwave Background have been investigated in [45].

Acknowledgments

One of the authors (P. O. M.) gratefully acknowledges the financial support of Los Alamos Laboratory, T-8, where this work was initiated and C. N. R. S. during his sabbatical leave of absence from the Univ. of S. Carolina. Both authors wish to thank C. N. R. S., the Ecolè Polytechnique, Palaiseau, France, and I. Antoniadis in particular for his hospitality and for stimulating conversations at the outset of this work. The research of P. O. M. was supported also by the NSF grant 9971005 to the University of South Carolina.

REFERENCES

[1] D. Capper and M. Duff, Nuovo Cimento 23A, 173 (1974); Phys. Lett. 53A, 361 (1975). [2] S. Deser, M. Duff, and C. J. Isham, Nucl. Phys. B111, 45 (1976). [3] M. Duff, Nucl. Phys. B125, 334 (1977), B234, 269 (1984).

[4] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space, Cambridge Univ. Press (Cambridge) 1982. [5] See eg. M. Duff, Class. Quant. Grav. 11, 1387 (1994). [6] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998);

L. Susskind and E. Witten, e-print archive: hep-th/9805114; E. T. Akhmedov, Phys. Lett. 442B, 152 (1998); E. Alvarez and C. Gómez, Nucl. Phys. B541, 441 (1999); V. Balasubramanian and P. Kraus, Phys. Rev. Lett. 83, 3605 (1999); L. Girardello, M. Petrini, M. Porrati, and A. Zaffaroni, Nucl. Phys. B569, 451 (2000); J. de Boer, E. Verlinde and H. Verlinde, JHEP 0008, 003 (2000); E. Verlinde, Class. Quant. Grav. 17, 1277 (2000); A. Dhar and S. Wadia, Nucl. Phys. B590, 261 (2000).

[7] C. Fefferman and R. Graham, Astèrisque, hors série, 95 (1995).

[8] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998); Int. J. Theor. Phys. 38, 1113 (1999). [9] L. Bonora and P. Cotta-Ramusino, Phys. Lett. 126B, 305 (1983). [10] L. Bonora, P. Pasti, and M. Bregola, Class. Quant. Grav. 3, 635 (1986). [11] J. Wess and B. Zumino, Phys. Lett. 37B, 95 (1971);

W. A. Bardeen and B. Zumino, Nucl. Phys. B244, 421 (1984). [12] I. Antoniadis, P.O. Mazur, and E. Mottola, Nucl. Phys. B388, 627 (1992). [13] A. M. Polyakov, Phys. Lett. 103B, 207 (1981); Mod. Phys. Lett. A2, 893 (1987). [14] R. J. Riegert, Phys. Lett. 134B, 56 (1984);

E. S. Fradkin and A. A. Tseytlin, Phys. Lett. 134B, 187 (1984); S. D. Odintsov and I. L. Shapiro, Class. Quant. Grav. 8, L57 (1991).

[15] S. Deser, Helv. Phys. Acta 69, 570 (1996);

J. Erdmenger and H. Osborn, Nucl. Phys. B483, 431 (1997). [16] L. Faddeev and S. Shatashvili, Teor. Mat. Fiz. 60, 206 (1984);

D. R. Karakhanyan, R. P. Manvelyan, and R. L. Mkrtchyan, Mod. Phys. Lett. A11, 409 (1996). [17] K. G. Wilson, Phys. Rev. B4, 3174, 3184 (1971);

K. G. Wilson and J. G. Kogut, Phys. Rep. 12, 75 (1974). [18] S. Deser and A. Schwimmer, Phys. Lett. 309B, 279 (1993). [19] M. Henningson and K. Skenderis, JHEP 9807, 023 (1998). [20] I. Antoniadis and E. Mottola, Phys. Rev. D 45, 2013 (1992). [21] S. D. Odintsov, Z. Phys. C54, 531 (1992);

I. Antoniadis and S. D. Odintsov, Phys. Lett. 343B, 76 (1995).

[22] V. G. Knizhnik, A. M. Polyakov, and A. B. Zamolodchikov, Mod. Phys. Lett. 3A (1988) 819. [23] J. Ambjørn, B. Durhuus, J. Frohlich and P. Orland, Nucl. Phys. B270 (1986) 457;

A. Billoire and F. David, Nucl. Phys. B275 (1986) 617;

D. V. Boulatov, V. A. Kazakov, I. K. Kostov and A. A. Migdal, Nucl. Phys. B275 (1986) 641; For more recent reviews see J. Ambjørn, Nucl. Phys. Proc. Suppl. 42 (1995) 3; and S. Catterall Nucl. Phys. Proc. Suppl. 47 (1996) 59.

[24] P. R. Anderson, W. Eaker, S. Habib, C. Molina-Paris, and E. Mottola, Phys. Rev. D62, 124019 (2000). [25] I. Antoniadis, P. O. Mazur, and E. Mottola, Phys. Rev. D 55, 4770 (1997).

[26] V. L. Ginzburg, D. A. Kirzhnits, and A. A. Lyubushin, Sov. Phys. JETP 33, 242 [Zh. Eksp. Teor. Fiz. 60, 451] (1971) . [27] See e.g. S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Interscience (New York) 1969, Chap. XII. [28] H. Yamabe, Osaka Math. J. 12 (1960) 21;

T. Aubin, Jour. Diff. Geom. 4 (1970) 383; Jour. Math. Pure and Appl. 55 (1976) 269; Nonlinear Analysis on Manifolds: Monge-Ampère Equations, Springer (New York) 1982; M. S. Berger, Jour. Diff. Geom. 5 (1971) 325; R. Schoen, Jour. Diff. Geom. 20 (1984) 479.

[29] S. Catterall and E. Mottola, Phys. Lett. 467B, 29 (1999); Nucl. Phys. Proc. Suppl. 83, 748 (2000). [30] T. S. Bunch, J. Phys. A12, 517 (1979).

[31] A. O. Barvinsky, A. G. Mirzabekian, and V. V. Zhytnikov, e-print archive: gr-qc/9510037;

A. G. Mirzabekian, G. A. Vilkovisky, and V. V. Zhytnikov, Phys. Lett. 369B, 215 (1996). [32] S. Deser, Phys. Lett. 479B, 315 (2000).

[33] A. Schwimmer and S. Theisen, JHEP 0008, 032 (2000).

[34] R. Manvelyan, R. Mkrtchyan, and H. J. W. Mueller-Kirsten, e-print archive hep-th/0103082. [35] S. de Haro, K. Skenderis, and S. N. Solodukhin, Comm. Math. Phys. 217, 595 (2001).

[36] N. A. Chernikov and V. A. Tagirov, Ann. Inst. H. Poincaré, 9, 109 (1968);

P. Candelas and D. J. Raine, Phys. Rev. D12, 965 (1975); J. S. Dowker and R. Critchley, Phys. Rev. D13, 3224 (1976).

[37] I. Antoniadis, P. O. Mazur, and E. Mottola, e-print archive: astro-ph/9705200.

[38] As this paper was being submitted, the authors learned that a similar conclusion has been reached by A. Strominger in hep-th/0106113.

[39] R. Penrose and W. Rindler, Spinors and Spacetime, Cambridge Univ. Press (Cambridge) 1986. [40] J. D. Brown and M. Henneaux, Comm. Math. Phys., 104, 207 (1986).

[41] C. Imbimbo, A. Schwimmer, S. Theisen, and S. Yankielowicz, Class. Quant. Grav. 17, 1129 (2000). [42] E. Witten, Nucl. Phys. B223, 422 (1983).

[43] T. Arakelyan, D. R. Karakhanyan, R. P. Manvelyan, and R. L. Mkrtchyan, Phys. Lett. 353B, 52 (1995);

F. Bastianelli, G. Cuoghi and L. Nocetti, Class. Quant. Grav. 18, 793 (2001). [44] I. Antoniadis, P. O. Mazur, and E. Mottola, Phys. Lett. 394B, 49 (1997); 444B, 284 (1998). [45] I. Antoniadis, P. O. Mazur, and E. Mottola, Phys. Rev. Lett. 79, 14 (1997).

APPENDIX A: CONFORMAL VARIATIONS

For the reader’s convenience we catalog in this Appendix the various tensors and their conformal variations needed to derive the detailed formulae of the text. The conformal variations may be derived from the relation between the covariant derivative with respect to the metric ḡ_{ab} and g_{ab} = e^{2σ}ḡ_{ab}. (A1) By definition, ∇_aV^b_c ≡ ∂_aV^b_c + Γ^b_{ad}V^d_c − Γ^d_{ac}V^b_d ; (A2a) ∇_aV^b_c ≡ ∂_aV^b_c + Γ^b_{ad}V^d_c − Γ^d_{ac}V^b_d . (A2b) where the Christoffel connections are related by Γ^b_{ac} ≡ g^{bd} 2 (−∂_dg_{ac} + ∂_ag_{cd} + ∂_cg_{ad}) = ḡ^{bd} 2 (−∂_dḡ_{ac} + ∂_aḡ_{cd} + ∂_cḡ_{ad}) + ḡ^{bd} (−ḡ_{ac}∂_dσ + ḡ_{cd}∂_aσ + ḡ_{ad}∂_cσ) = Γ^b_{ac} + ΔΓ^b_{ac} , (A3) with ΔΓ^b_{ac} ≡ −ḡ_{ac}σ^b + δ^b_cσ_a + δ^b_aσ_c . (A4) This is the basic relation from which all the needed conformal variations may be derived. From these relations and the definition of the Riemann tensor, [∇_c, ∇_d] v^a = R^a_{bcd} v^b (A5) we obtain its conformal variation, R^a_{bcd} = R^a_{bcd} + 2δ^a_{[d}σ_{;c]b} + 2ḡ_{b[c}σ_{;d]}a + 2ḡ_{b[d}σ_{c]}σ^a + 2δ^a_{[c}σ_{d]}σ_b + 2δ^a_{[d}ḡ_{c]b}σ_eσ^e , (A6)

where σ_a ≡ ∇_aσ and σ_{;ab} ≡ ∇_b∇_aσ = ∇_a∇_bσ, all barred covariant derivatives taken with respect to the metric ḡ_{ab}, and 2V_{[ab]} ≡ V_{ab} − V_{ba} denotes anti-symmetrization of the bracketed indices. The contractions of this formula in d dimensions, R_{cd} = R_{cd} − (d − 2) (σ_{;cd} − σ_cσ_d) − ḡ_{cd} [ σ + (d − 2)σ_aσ^a ] ; (A7a) R = e^{−2σ} { R − 2(d − 1) σ − (d − 1)(d − 2)σ_aσ^a } , (A7b) follow immediately.

The conformal factor dependence of various tensors quadratic in the curvature may be worked out next: R^c_a R_{bc} = e^{−2σ} { R^c_a R_{bc} − 2(d − 2)R^c_{(a}σ_{;b)c} + 2(d − 2)R^c_{(a}σ_{b)}σ_c − 2R_{ab} [ σ + (d − 2)σ_cσ^c ] +(d − 2)^2 (σ_{;a}c − σ_aσ^c) (σ_{;bc} − σ_bσ_c) + (d − 2) (σ_{;ab} − σ_aσ_b) [ σ + (d − 2)σ_cσ^c ] +ḡ_{ab} [ ( σ)^2 + 2(d − 2)( σ) σ_cσ^c + (d − 2)^2(σ_cσ^c)^2 ]} ; (A8a) R^{cd}R_{cd} = e^{−4σ} { R^{cd}R_{cd} − 2(d − 2)R^{cd} (σ_{;cd} − σ_cσ_d) − 2(d − 2)Rσ_cσ^c − 2R σ + (3n − 4)( σ)^2 +(d − 2)^2 (σ_{;cd} − σ_cσ_d) ( σ^{;cd} − σ^cσ^d ) + 2(d − 2)(2d − 3)( σ)σ^cσ^c + (d − 2)^3(σ^cσ^c)^2 } ; (A8b) RR_{ab} = e^{−2σ} { R R_{ab} − 2(d − 1)R_{ab} σ − (d − 1)(d − 2)R_{ab}σ^cσ^c − (d − 2)R (σ_{;ab} − σ_aσ_b) −ḡ_{ab}R [ σ + (d − 2)σ_cσ^c ] + (d − 1)(d − 2) (σ_{;ab} − σ_aσ_b) [ 2 σ + (d − 2)σ_cσ^c ] +(d − 1)ḡ_{ab} [ 2( σ)^2 + 3(d − 2)( σ) σ_cσ^c + (d − 2)^2(σ_cσ^c)^2 ]} ; (A8c) R^2 = e^{−4σ} { R^2 − 4(d − 1)R σ − 2(d − 1)(d − 2)Rσ_cσ^c + 4(d − 1)^2( σ)^2 +(d − 1)^2(d − 2)( σ) σ_cσ^c + (d − 1)^2(d − 2)^2(σ_cσ^c)^2 } . (A8d)

From these conformal dependences we derive √ −g ( R_{ab}R^{ab} − 1 3 R^2 ) = √ −ḡ ( R_{ab}R^{ab} − 1 3 R^2 )

+ √ −ḡ { −4R^{ab}(σ_{;ab} − σ_aσ_b) + 2Rσ^a_{;a} − 4(σ^a_{;a})^2 − 4σ^a_{;a}σ_bσ^b + 4σ_{;ab}(σ^{;ab} − 2σ^aσ^b) }

+(d − 4)σ { R_{ab}R^{ab} − 1 3 R^2 − 4R^{ab}(σ_{;ab} − σ_aσ_b) + 2Rσ^a_{;a} − 4(σ^a_{;a})^2 − 4σ^a_{;a}σ_bσ^b + 4σ_{;ab}(σ^{;ab} − 2σ^aσ^b) }

+(d − 4) { − 2R^{ab}(σ_{;ab} − σ_aσ_b) + 4 3 Rσ^a_{;a} + 4 3 Rσ_aσ^a − 5(σ^a_{;a})^2 + 4σ_{;ab}(σ^{;ab} − 2σ^aσ^b) −10σ^a_{;a}σ_bσ^b − 4σ_aσ^aσ_bσ^b } + O(d − 4)^2 . (A9)

The terms involving σ but no factor of d − 4 in the second line of this expression can be written as a total derivative, and hence give only a surface term when integrated. Ignoring any such surface contributions we have then ∫ √ −g d^d x ( R_{ab}R^{ab} − 1 3 R^2 ) − ∫ √ −ḡ d^d x ( R_{ab}R^{ab} − 1 3 R^2 ) = (d − 4) ∫ √ −ḡ σ ( R_{ab}R^{ab} − 1 3 R^2 )

−4(d − 4) ∫ √ −ḡ d^d x σ { −(R^{ab} − 1 2 ḡ^{ab}R)σ_bσ^{;ab}σ_b − σ^a σ − σ^aσ_bσ^b } ;a +(d − 4) ∫ d^d x √ −ḡ { − 2R^{ab}(σ_{;ab} − σ_aσ_b) + 4 3 Rσ^a_{;a} + 4 3 Rσ_aσ^a − 5(σ^a_{;a})^2 + 4σ_{;ab}(σ^{;ab} − 2σ^aσ^b) −10σ^a_{;a}σ_bσ^b − 4σ_aσ^aσ_bσ^b } + O(d − 4)^2

= (d − 4) ∫ √ −ḡ σ ( R_{ab}R^{ab} − 1 3 R^2 + 1 3 R ) − (d − 4) ∫ d^d x √ −ḡ σΔ̄_4σ + O(d − 4)^2 , (A10)

up to terms of linear order in d − 4 in the expansion around d = 4. This is the formula used in (4.7) of the text.

Following standard notation we define the three tensors, H_{ab}≡ 1 √ −g δ δg^{ab} ∫ d^d x √ −gR_{cdef} R^{cdef} = 2R^{cde}_a R_{bcde} − g_{ab} 2 R^{cdef} R_{cdef} + 4 R_{ab} (A11a) −2∇_a∇_bR − 4R^c_a R_{bc} + 4R^{cd}R_{acbd} ; (A11b) (2)H_{ab}≡ 1 √ −g δ δg^{ab} ∫ d^d x √ −gR_{cd}R^{cd} = 2R^{cd}R_{acbd} − g_{ab} 2 R^{cd}R_{cd} − ∇_a∇_bR + 2 R_{ab} + g_{ab} 2 R ; (A11c) (1)H_{ab}≡ 1 √ −g δ δg^{ab} ∫ d^d x √ −gR^2 = 2g_{ab} R − 2∇_a∇_bR + 2RR_{ab} − g_{ab} 2 R^2 . (A11d)

These differ from ref. [30] by an overall minus sign due to neglect of the sign change between δg_{ab} and δg^{ab} = −g^{ac}g^{bd}δg_{bd} in ref. [30]. The definition of the Weyl tensor in d dimensions is C^a_{bcd} ≡ R^a_{bcd} + 2 d − 2 ( δ^a_{[d}R_{c]b} + g_{b[c}R^a_{d]} ) + 2 (d − 1)(d − 2) δ^a_{[c}g_{d]b}R , (A12)

which is conformally invariant in d dimensions, i.e. C^a_{bcd} = C̄^a_{bcd} . (A13) The quadratic contractions, C^{cde}_a C_{bcde} = R^{cde}_a R_{bcde} − 4 d − 2 R^{c d}_{a b} R_{cd} + 2 (d − 2)^2 (2RR_{ab} − nR^c_aR_{bc}) + 2 (d − 2)^2 g_{ab}R_{cd}R^{cd} − 2 (d − 1)(d − 2)^2 g_{ab}R^2 , (A14) and

C_{cdef} C^{cdef} = R_{cdef} R^{cdef} − 4 d − 2 R_{cd}R^{cd} + 2 (d − 1)(d − 2)

R^2 , (A15)

also have simple transformation properties under the local Weyl group.

From the transformation rule for covariant derivatives (A3) and A4) one may derive also ∇_a∇_bR = e^{−2σ} { R_{;ab} − 6R_{;(a}σ_{b)} − 2Rσ_{;ab} + 8R σ_aσ_b − 2(d − 1)( σ)_{;ab} − (d − 1)(d − 2)(σ_cσ^c)_{;ab} +4(d − 1)( σ)σ_{;ab} + 12(d − 1)( σ)_{;(a}σ_{b)} + 2(d − 1)(d − 2)σ_{;ab}σ_cσ^c +12(d − 1)(d − 2)σ_{(a}σ_{;b)c}σ^c − 16(d − 1)σ_aσ_b σ − 8(d − 1)(d − 2)σ_aσ_bσ_cσ^c +ḡ_{ab} [ R_{;c}σ^c − −2R σ_cσ^c − 2(d − 1)( σ)_{;c}σ^c − 2(d − 1)(d − 2)σ_{;cd}σ^{;cd} +4(d − 1)( σ) σ_cσ^c + 2(d − 1)(d − 2)(σ_cσ^c)^2 ]} , (A16) and R = e^{−4σ} { R + (d − 6)R_{;c}σ^c − 2(d − 1)(d − 2)R_{cd}σ^cσ^d − 2R σ − 2(d − 4)Rσ_cσ^c − 2(d − 1)^2σ −2(d − 1)(d − 2)σ_{;cd}σ^{;cd} − 4(d − 1)(d − 4)( σ)_{;c}σ^c − 2(d − 1)(d − 2)(d − 6)σ_{;cd}σ^cσ^d +4(d − 1)( σ)^2 + 2(d − 1)(3d − 10)( σ) σ_cσ^c + 2(d − 1)(d − 2)(d − 4)(σ_cσ^c)^2 } , (A17)

and finally,

∇_c∇_dC^{c d}_{(a b)} = e^{−2σ} { ∇_c∇_dC^{c d}_{(a b)} + (d − 3)C^{c d}_{(a b)}σ_{;cd} + 2(d − 4)σ_d∇_cC^{c d}_{(a b)} + (d − 3)(d − 5)C^{c d}_{(a b)} σ_cσ_d } . (A18)

APPENDIX B: AN IDENTITY OF THE WEYL TENSOR IN FOUR DIMENSIONS

Using the van der Waerden method the Weyl tensor may be decomposed into its irreducible components, (2, 0) and (0, 2) of SL(2, C) ⊗ SL(2, C) corresponding to the self-dual and the anti-self-dual parts C_{abcd} = C^{(+)}_{abcd} + C^{(−)}_{abcd} [39]. The Weyl tensor itself corresponds to the representation (2, 0) ⊕ (0, 2). The finite-dimensional irreducible representations of SL(2, C) are given by the space of complex completely symmetric spinors with the number of indices equal to the twice the total spin, 2s. The completely symmetric spinor with N (s) indices has N (s) = 2s + 1 independent components, which is exactly the dimension of the angular momentum s representation of SU (2) ⊂ SL(2, C). The explicit mapping between d = 4 spacetime or tangent space indices and two-component spinorial indices is given by the Pauli-van der Waerden matrices σ^a_A ._B. The decomposition of the Weyl tensor into its self-dual and anti-self-dual components correspond in the spinorial description to

C_{abcd} = C^{(+)}_{abcd} + C^{(−)}_{abcd} ⇔ Ψ_{ABCD} ϵ^._A^._B ϵ^._C^._D + Ψ^._A^._B^._C^._D ϵ_{AB} ϵ_{CD} . (B1)

The anti-symmetric spinors ϵ_{AB} and ϵ^._A^._B correspond to the ‘metric’ on the space of spinors; they are used to lower upper spinor indices and their ‘contravariant’ form raises spinor indices. Care must be taken as far as the order of spinor indices is concerned because of the anti-symmetric nature of ϵ’s. Each of these representations in (B1) have a definite helicity and in physical terms the linearized Weyl tensor decomposition may be identified with the spin-2 helicity ±2 wave functions of the graviton field.

With this short introduction to SL(2, C) spinors, we are ready to demonstrate that the symmetric tensor, C^{acde}C_{bcde} − 1 4 δ^a_b C^{cdef} C_{cdef} ≡ 0 , (B2) vanishes identically in d = 4 dimensions. Let us compute the first term in the above identity using the spinorial notation, (B1) C^{acde}C_{bcde} ⇔ ( Ψ^{ACDE} ϵ . A^.C ϵ^.D^.E + Ψ . A^.C^.D^.E ϵAC ϵDE ) ( Ψ_{BCDE} ϵ^._B^._C ϵ^._D^._E + Ψ^._B^._C^._D^._E ϵ_{BC} ϵ_{DE} )

= Ψ^{ACDE} Ψ_{BCDE} ϵ . A^.C ϵ^.D^.E ϵ_. B^.Cϵ^.D^.E + c.c = 2Ψ ACDE Ψ BCDE δ . A_. B + c.c = Ψ^{CDEF} Ψ_{CDEF} δ^A_Bδ . A_. B + c.c. = ( Ψ^{CDEF} Ψ_{CDEF} + Ψ . C^.D^.E^.F Ψ_. C^.D^.E^.F ) δ^A_B δ . A_. B , (B3) where we have used the fact that the contraction over three indices of the product of two Ψ’s is simply given by the formula following from the symmetry of Ψ and the antisymmetry of ϵ, namely Ψ^{ACDE} Ψ_{BCDE} = 1 2 Ψ^{CDEF} Ψ_{CDEF} δ^A_B . (B4) On the other hand the square of the Weyl tensor is given by the contraction over A, B and^.A,^.B of (B3), i.e. C^{bcde}C_{bcde} = 4 ( Ψ^{BCDE} Ψ_{BCDE} + Ψ . B^.C^.D^.E Ψ_. B^.C^.D^.E ) . (B5)

Converting δ^A_B δ . A_. B back to spacetime indices by multiplying (B3) by the Pauli matrices σ^a_A ._B and taking account of (B5) then yields (B2).

APPENDIX C: THE TENSOR CAB

In this Appendix we compute the nonlocal tensor C_{ab} defined by (5.9) of the text. If we use the definition of the auxiliary field φ given by (4.20) and vary the action corresponding to the F cocycle of the d = 4 anomaly given by the first term of (4.21) we obtain δS^{(F )}_{anom}[g] = b 2 ∫ d^4x ( δ( √ −g F_4)φ + √ −g F_4δφ ) . (C1)

The first term in the variation of S^{(F )}_{anom} is already known and it is presented in the text. The second term leads to C_{ab}, which will be computed below. We need to compute the variation of φ which is δφ(x) = 1 2 ∫ d^4x^′ [ δ (√ −g^′(E_4 − 2 3 R)^′ ) D_4(x, x^′) + √ −g^′ (E_4 − 2 3 R)^′δD_4(x, x^′) ] . (C2)

The variation of the Green’s function D_4(x, x^′) is

δD_4(x, x^′) = − ∫ d^4x^{′′}D_4(x, x^{′′})δ (√ −g Δ_4 )_{′′} D_4(x^{′′}, x^′) . (C3)

Defining a new non-local scalar ψ by the formula, ψ(x) ≡ 1 2 ∫ d^4x^{′′} (F_4)^{′′}D_4(x^{′′}, x) , (C4)

we obtain the following formula for the total variation of S^{(F )}_{anom}: δS^{(F )}_{anom}[g] = b 2 ∫ d^4x [ δ( √ −g F_4)φ + √ −g ψδ ( E_4 − 2 3 R ) − 2 √ −g ψδ(Δ_4)φ ] , (C5)

after taking advantage of the cancellation of terms obtained by varying the two √ −g factors in (C2) and (C3). Using the relation (4.5) for d = 4, we can rewrite the variation of S^{(F )}anom in the form, δS^{(F )}_{anom}[g] = b 2 ∫ d^4x [ δ( √ −g F_4)φ + √ −g ψδF_4 − 2ψδ(Δ_4)φ − 2ψδ ( R^{ab}R_{ab} − 1 3 R^2 + 1 3 R )] . (C6)

We shall evaluate all four terms in the variation δS^{(F )}_{anom} = δS^{(F )}_1 + δS^{(F )}_2 + δS^{(F )}_3 + δS^{(F )}_4 , where

δS^{(F )}_1 = b 2 ∫ d^4x δ( √ −g F_4)φ , (C7) δS^{(F )}_2 = b 2 ∫ d^4x √ −g ψ δF_4 , (C8)

δS^{(F )}_3 = −b ∫ d^4x √ −g ψ δΔ_4 φ (C9)

δS^{(F )}_4 = −b ∫ d^4x √ −g ψ δ ( R^{ab}R_{ab} − 1 3 R^2 + 1 3 R ) . (C10)

Let δg^{ab} = h^{ab}, then we have

δS^{(F )}_1 = b 2 ∫ d^4x √ −g h^{ab} ( 2R^{cd}C_{acbd}φ + 4∇^c∇^d(C_{acbd}φ) ) , (C11)

δS^{(F )}_2 = b 2 ∫ d^4x √ −g h^{ab} ( 2R^{cd}C_{acbd}ψ + 4∇^c∇^d(C_{acbd}ψ) + 1 2 g_{ab}F_4ψ ) , (C12)

δS^{(F )}_3 = b 2 ∫ d^4x √ −g h^{ab} [ −g_{ab} ( ψ^2φ − ψ φ + 1 3 (∇^cψ∇_cφ) − 2 3 ψR φ − 2 3 R∇^cψ∇_cφ + 1 3 ψ∇^cR∇_cφ +2R^{cd}∇_cψ∇_dφ + 2ψR^{cd}∇_c∇_dφ ) + 2∇_a ψ∇_bφ + 2∇_a φ∇_bψ − 2∇^cψ∇_c∇_a∇_bφ − 2∇^cφ∇_c∇_a∇_bψ (C13) + 4 3 ∇_a∇_b(∇^cψ∇_cφ) − 2 ψ∇_a∇_bφ − 2 φ∇_a∇_bψ + 4R^c_a (∇_cψ∇_bφ + ∇_cφ∇_bψ) − 4 3 R_{ab}∇^cψ∇_cφ − 4 3 R∇_aψ∇_bφ ] ,

δS^{(F )}_4 = b 2 ∫ d^4x √ −g h^{ab} { −2g_{ab} [ 1 3 2ψ + R^{cd}∇_c∇_dψ − 2 3 R ψ − 1 6 ∇^cR∇_cψ ]

−2 [ ψ ( 2R^{cd}R_{acbd} − 2 3 RR_{ab} + R_{ab} − 1 3 ∇_a∇_bR ) + 4 3 R_{ab} ψ + 2 3 R∇_a∇_bψ −2R^c_a ∇_b∇_cψ + 2∇^cψ(∇_cR_{ab} − ∇_aR_{bc}) − 1 3 ∇_a∇_b ψ ]} . (C14)

From the last three equations one can read off the formula for the C_{ab} tensor, i.e. C_{ab} = −2R^{cd}C_{acbd}ψ + 4∇^c∇^d(C_{c(ab)d}ψ) − 1 2 g_{ab}F_4ψ + 2g_{ab} ( 1 3 2ψ + R^{cd}∇_c∇_dψ − 2 3 R ψ − 1 6 ∇^cR∇_cψ )

+ψ ( 4R^{cd}R_{acbd} − 4 3 RR_{ab} + 2 R_{ab} − 2 3 ∇_a∇_bR ) − 2 3 ∇_a∇_b ψ + 8 3 R_{ab} ψ + 4 3 R∇_a∇_bψ − 4R^c_{(a}∇_{b)}∇_cψ +4∇^cψ(∇_cR_{ab} − ∇_{(a}R_{b)c}) + g_{ab} ( ψ^2φ − ψ φ + 1 3 (∇^cψ∇_cφ) − 2 3 ψR φ − 2 3 R∇^cψ∇_cφ + 1 3 ψ∇^cR∇_cφ +2R^{cd}∇_cψ∇_dφ + 2ψR^{cd}∇_c∇_dφ ) − 2∇_{(a} ψ∇_{b)}φ − 2∇_{(a} φ∇_{b)}ψ + 2∇^cψ∇_c∇_a∇_bφ + 2∇^cφ∇_c∇_a∇_bψ (C15) +2 ψ∇_a∇_bφ + 2 φ∇_a∇_bψ − 4 3 ∇_a∇_b(∇^cψ∇_cφ) − 4R^c_{(a}(∇_cψ∇_{b)}φ + ∇_cφ∇_{b)}ψ) + 4 3 R_{ab}∇^cψ∇_cφ + 4 3 R∇_{(a}ψ∇_{b)}φ . Using the definitions of φ and ψ one can verify that the trace of the C_{ab} tensor as given above is local and equal to g^{ab}C_{ab} = C^{abcd}C_{abcd} = F_4 , (C16) in agreement with (5.4) of the text.