arXiv:hep-th/0106162 19 Jun 2001

DAMTP-2001-56 CTP TAMU-22/01 UPR-946-T MCTP-01-28 June 2001 hep-th/0106162

A New Fractional D2-brane, G_2 Holonomy and T-duality M. Cvetič^†, G.W. Gibbons^♯, James T. Liu^⋆, H. Lü^⋆ and C.N. Pope^‡ †Department of Physics and Astronomy, University of Pennsylvania Philadelphia, PA 19104, USA ♯DAMTP, Centre for Mathematical Sciences, Cambridge University Wilberforce Road, Cambridge CB3 OWA, UK ⋆Michigan Center for Theoretical Physics, University of Michigan Ann Arbor, MI 48109, USA ‡Center for Theoretical Physics, Texas A&M University, College Station, TX 77843, USA ABSTRACT

Recently, a new example of a complete non-compact Ricci-flat metric of G_2 holonomy was constructed, which has an asymptotically locally conical structure at infinity with a circular direction whose radius stabilises. In this paper we find a regular harmonic 3-form in this metric, which we then use in order to obtain an explicit solution for a fractional D2- brane configuration. By performing a T-duality transformation on the stabilised circle, we obtain the type IIB description of the fractional brane, which now corresponds to D3-brane with one of its world-volume directions wrapped around the circle.

1 Introduction

The T-duality that relates the type IIA and type IIB strings allows one to establish a mapping between a Dp-brane in one theory and a D(p + 1)-brane in the other. Recently, more general classes of Dp-brane solution have been constructed, in which further fluxes for form fields are present, in addition to the one that carries the standard Dp-brane charge. An example of this type is the fractional D3-brane of Klebanov and Strassler [1]. Subsequently, a number of other fractional or resolved brane solutions have been constructed, including fractional D2-branes in which the usual flat transverse 7-metric is replaced by a smooth Ricci-flat metric of G_2 holonomy [2, 3]. It therefore becomes of interest to study the possibility of relating fractional branes, such as these D2-branes of type IIA, to branes in the T-dual type IIB description.

New families of complete eight-dimensional manifolds of Spin(7) holonomy have recently been constructed, which are asymptotically locally conical (ALC) [4]. In these, the geometry at large distance locally approaches the product of a circle of fixed radius, and an asymptotically conical (AC) 7-manifold. Deformed M2-branes using these Spin(7) manifolds were constructed in [4], and it was shown that dimensional reduction on the circle gives D2-brane solutions in D = 10 that are similar to those that can be built using G_2 manifolds.

This Spin(7) construction motivated an analogous construction of asymptotically locally conical seven-dimensional manifolds of G_2 holonomy, and an explicit isolated example has been obtained [5]. It has the same property as the Spin(7) example, of locally approaching the product of a circle of fixed radius, and an asymptotically conical manifold (of dimension 6 in this case), at large distance.

In this paper, we shall construct a new fractional D2-brane solution, using the new ALC metric of G_2 holonomy obtained in [5]. In order to obtain the fractional D2-brane using this metric, we first need to construct a suitable well-behaved harmonic 3-form G_{(3)}, which is regular at short distance and which falls off at infinity. The integral of |G_{(3)}|^2 diverges logarithmically with proper distance. (This is reminiscent of the behaviour of the harmonic 3-form used in the construction of the fractional D3-brane [1].)

Having obtained the harmonic 3-form, we then use it in order to construct the associated fractional D2-brane solution, which is supersymmetric. Remarkably, it turns out that the equations can be exactly integrated, and so we are able to give the result explicitly in closed form.

The fact that the new G_2 metric of [5] is asymptotically locally conical means that the circle whose radius tends to a constant at infinity is a natural candidate on which to perform a T-duality transformation. We carry out this transformation, and show how the fractional D2-brane is mapped into a supersymmetric wrapped D3-brane in the type IIB theory. In order to set the scene for this duality mapping, we first carry it out for the simpler situation of a “vacuum” (Minkowski)_3 × M_7, where M_7 denotes the Ricci-flat G_2 manifold.

The paper is organised as the following. In section 2, we review the non-compact cohomogeneity one G_2 manifolds and previously known fractional D2-branes. In section 3, we review the recently constructed new G_2 manifolds. In section 4, we obtain the regular harmonic 3-form for the new G_2 manifold and construct new fractional D2-branes. We perform T-duality and obtain the S^1 wrapped fractional D3-brane in section 5. Finally, we conclude the paper in section 6.

2 Review of G_2 manifolds and fractional D2-branes

Three explicit metrics of cohomogeneity one for seven-dimensional manifolds with G_2 holonomy have been known for some time [6, 7]. The first two have principal orbits that are CP^3 or SU(3)/(U(1) × U(1)), viewed as an S^2 bundle over S^4 or CP^2 respectively. The associated 7-manifolds have the topology of an R^{(3)} bundle over S^4 or CP^2. The third manifold has principal orbits that are topologically S^3 × S^3, viewed as an S^3 bundle over S^3, and the 7-manifold is topologically R^4 × S^3. Recently, there has been a considerable interest in studying D = 4, N = 1 theory from the compactification of M-theory on G_2 holonomy spaces [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 5, 18, 19]. This provides a geometric description of M-theory on G_2 manifolds for the strongly coupled D = 4, N = 1 dual field theory arising from the wrapped D6-brane on conifolds.

Supersymmetric M3-branes, arising as deformations of (Minkowski)_4 times (G_2 holonomy) backgrounds, with non-vanishing 4-form field in eleven-dimensional supergravity, were constructed in [20, 21].

Another natural application for the spaces of G_2 holonomy is in the construction of fractional D2-branes, since they have non-vanishing Betti numbers b_3 and b_4. The fractional D2-brane solutions of type IIA supergravity using the three above-mentioned spaces of G_2 holonomy are given by [2, 3]

ds^2_{10} = H^{−5/8} dx^μ dx^ν η_{μν} + H^{3/8} ds^2_7 , F_{(4)} = d^3x ∧ dH^{−1} + m G_{(4)} , F_{(3)} = m G_{(3)} , ϕ =^1_4 log H , (1)

where G_{(3)} is an harmonic 3-form in the Ricci-flat 7-metric ds^2_7, and G_{(4)} = ∗G_{(3)}, with ∗ the Hodge dual with respect to ds^2_7. The function H satisfies

H = −^1_6 m^2 G^2_{(3)} , (2)

where denotes the scalar Laplacian in the transverse 7-metric ds^2_7.

The fractional D2-brane for the R^4 bundle over S^3 was constructed in [2], and its supersymmetry was demonstrated in [3]. The harmonic 3-form is square integrable at small distance, but linearly non-normalisable at large distance. Correspondingly, the solution is regular everywhere, with the small distance structure (Minkowski)_3 × R^4 × S^3, whilst at large distance, the function H behaves like [2]

H ∼ 1 + m^2 4r^4 − 4m^2 15r^5

. (3)

Note that this leading-order 1/r^4 behaviour is more like that for a standard D3-brane, which has a six-dimensional transverse space, rather than usual 1/r^5 behaviour for the seven-dimensional transverse space that we have here.

The fractional D2-branes in which the transverse space is the R^3 bundle over S^4 or

CP^2 were constructed in [3]. In these cases, the harmonic 4-form is L^2-normalisable, and

consequently, the solution is regular everywhere. Its large-distance asymptotic behaviour is

H ∼ 1 + c m^2 r^5 − m^2 4r^6

, (4)

where c is a certain numerical constant.

3 Review of the new G_2 manifolds

Recently, more general metrics with the structure of an R^4 bundle over S^3 have been considered [5, 21], with a view to obtaining further examples of metrics of G_2 holonomy. This would be analogous to the recent construction of more general eight-dimensional metrics of Spin(7) holonomy in [4]. One can consider the following ansatz for seven-dimensional metrics:

ds^2_7 = h^2 dr^2 + a^2_i h̃^2_i + b^2_i h^2_i , (5) where h_i ≡ σ_i + Σ_i , h̃_i = σ_i − Σ_i . (6) Here σ_i and Σ_i are the left-invariant 1-forms on two SU(2) group manifolds, S^3_σ and S^3_Σ, and a_i, b_i and h are functions of the radial coordinate r. The principal orbits are therefore S^3 bundles over S^3, and since the bundle is topologically trivial, they have the topology

S^3 × S^3. The ansatz is a generalisation of the one in [6, 7] that was used for obtaining the original complete metric of G_2 holonomy on the R^4 bundle over S^3.

It was shown in [21, 5] that the conditions for Ricci flatness for the ansatz (5) admit as first integrals a system of first-order equations that can be derived from a superpotential. In [21] it was shown that these first-order equations are the integrability conditions for the existence of a covariantly-constant spinor, and hence for G_2 holonomy. An equivalent demonstration of G_2 holonomy was given in [5], by showing that the first-order equations follow by requiring the covariant constancy of a 3-form. The general explicit solution is not known. If one specialises to a_i = a and b_i = b, then the general solution becomes the previously known G_2 manifold.

In [5] a less restrictive specialisation was made, involving setting a_1 = a_2 and b_1 = b_2. Writing the ansatz now as

ds^2_7 = h^2 dr^2 + a^2 (h̃^2_1 + h̃^2) + c^2 h̃^2_3 + b^2 (h^2_1 + h^2) + f^2 h^2_3 , (7)

one again obtains first-order equations, which have not been solved in general. However, a special solution was found in [5], which may be written as a = 1 √ 8ℓ √ (r − ℓ)(r + 3ℓ) , b = 1 √ 8ℓ √ (r + ℓ)(r − 3ℓ) c = − r √ 6ℓ , f = √ 2ℓ 3 √ r^2 − 9ℓ^2 √ r^2 − ℓ^2

, (8)

with h = 1/f. (Note that the minus sign in the expression for c is purely conventional.) The radial coordinate runs from r = 3ℓ to infinity. The metric (7) is then complete on a manifold with the same R^4 × S^3 topology as the original metric in [6, 7]. However, an important difference is that in the new metric the radius in the S^1 direction associated with h_3 becomes a constant asymptotically at large r. Thus the metric is no longer asymptotically conical, but instead it locally approaches the product of a circle and an asymptotically-conical sixmetric at infinity. This is analogous to the new Spin(7) manifolds obtained in [4]. Arguments were also given in [5] for the existence of more general solutions of the first-order equations for the G_2 metrics (7), which would be analogous to the more general Spin(7) solutions in [4].

4 New fractional D2-brane

4.1 Harmonic 3-form As was discussed in section 2, the construction of a fractional D2-brane requires a wellbehaved harmonic 3-form in the G_2 holonomy space. In this subsection, we construct a harmonic 3-form G_{(3)} in the new G_2 metric. We begin by choosing the natural vielbein

e^0 = h dr , e^1 = a h̃_1 , e^2 = a h̃_2 , e^3 = c h̃_3 , e^4 = b h_1 , e^5 = b h_2 , e^6 = f h_3 (9)

for the metric (7). Motivated by the ansatz for the harmonic form in the original G_2 metric

on R^4 × S^3 [2, 3, 21], we make the following ansatz for the 4-form G(4) = ∗G(3) dual to G(3):

G_{(4)} = u_1 e^1 ∧ e^2 ∧ e^4 ∧ e^5 + u_2 e^2 ∧ e^3 ∧ e^5 ∧ e^6 + u_2 e^3 ∧ e^1 ∧ e^6 ∧ e^4 +u_3 e^0 ∧ e^4 ∧ e^5 ∧ e^6 + u_4 e^0 ∧ e^1 ∧ e^2 ∧ e^6 +u_5 e^0 ∧ e^2 ∧ e^3 ∧ e^4 + u_5 e^0 ∧ e^3 ∧ e^1 ∧ e^5 . (10)

(The ansatz for the original G_2 metric is like this, with u_2 = u_1, and u_5 = u_4.) Its Hodge dual is given by

G_{(3)} = −u_1 e^0 ∧ e^3 ∧ e^6 − u_2 e^0 ∧ e^1 ∧ e^4 − u_2 e^0 ∧ e^2 ∧ e^5 + u_3 e^1 ∧ e^2 ∧ e^3 +u_4 e^3 ∧ e^4 ∧ e^5 + u_5 e^1 ∧ e^5 ∧ e^6 − u_5 e^2 ∧ e^4 ∧ e^6 . (11)

After straightforward manipulations, we can obtain the first-order equations that follow from imposing dG_{(4)} = 0 and d∗G_{(4)} = 0. In order to simplify the task of solving these, it is useful to note that in previous examples, the harmonic forms that could give rise to supersymmetric fractional branes all had the feature that some constant linear combination of the functions u_i in the ansatz for the harmonic form vanished [1, 2, 22, 3, 23]. We find that in this case too, the system of first-order equations following from dG_{(4)} = 0 and d∗G_{(4)} = 0 imply that a certain linear combination of the u_i functions in (10) is a constant, which we can choose to be zero. Thus we are led to impose

u_1 − 2u_2 − u_3 + u_4 − 2u_5 = 0 . (12)

This linear relation ensures that the fractional D2-brane is supersymmetric. We are left with four first-order equations for the remaining undetermined functions, and so the general solution has four constants of integration. Requiring that the 4-form be well-behaved at the origin r = 3ℓ, and that it fall off at large r, fixes these integration constants completely, up to an overall scale. We then find that the functions u_i are given by

u_1 =

4[1053 − 441r^2 + 27r^4 + r^6 − 36(−9 − r^2 + 2r^4) log(^r_3 )] (r^2 − 9)^3 (r^2 − 1)^2 , u_2 =

3(r^2 + 3) [r^4 − 81 − 36r^2 log(^r_3)]

r^2 (r^2 − 9)^3 (r^2 − 1) , u_3 =

−(r^2 − 9)(−9 + 15r + 17r^2 + 15r^3 + 2r^4) + 36r^2 (3r + 1) log(^r_3) (r + 3)^3 (r + 1) r^2 (r − 1)^2(r − 3) , u_4 =

(r^2 − 9)(9 + 15r − 17r^2 + 15r^3 − 2r^4) − 36r^2 (3r − 1) log(^r_3) (r − 3)^3 (r − 1) r^2 (r + 1)^2(r + 3) , u_5 =

4[r^4 − 81 − 36r^2 log(^r_3 )]

(r^2 − 9)^3 (r^2 − 1)

. (13)

Note that without losing generality, we have set the scale parameter ℓ in the metric functions in (8) to ℓ = 1 here, to simplify the writing somewhat. It should be remarked that despite appearances, the functions u_i in (13) are actually non-singular at the minimum radius r = 3, and they have regular Taylor expansions there. Note that the harmonic 3-form we have constructed here, which is localised near the origin, is quite distinct from the covariantlyconstant calibrating 3-form discussed in [5].

The magnitude of G_{(3)} is given by

|G_{(3)}|^2 = 6(u^2_1 + 2u^2 + u^2_3 + u^2_4 + 2u^2_5) . (14)

Substituting the above expressions for the u_i into this, we find that at short distance, near to r = 3, we have

|G_{(3)}|^2 = 7 81 − 49(r − 3) 1243 + 4973(r − 3)^2 17496

+ · · · . (15)

At large distance, we have

|G_{(3)}|^2 = 48 r^6 + 120 r^8 + 96[241 − 252 log(^r_3)] r^{10}

+ · · · . (16)

It follows from this, and the fact that √ g ∼ r^5 at large r, that ∫ √ g |G_{(4)}|^2 diverges logarithmically at large r. The harmonic 4-form is therefore not L^2 normalisable, and the rather slow logarithmic divergence in the integral of |G_{(4)}|^2 is very similar to that encountered in the fractional D3-brane construction of Klebanov and Strassler [1].

4.2 New fractional D2-brane In this section we show that the metric function H in the deformed D2-brane solution (1),(2) using this harmonic form can be obtained explicitly. First we note that ∫_r 3 √ g|G_{(3)}|^2 = √ 6 (2r^8 − 49r^6 + 729r^4 + 1161r^2 − 243)

32 r^2 (r^2 − 3) (r^2 + 3)^2 (r^2 − 1)^2 − √ 6 8(r^2 − 9)^4 (r^2 − 1)^2 ( − 324r^2 (11r^4 + 2r^2 − 45) (log(^r_3))^2 (17)

+(r^2 − 9) (r^{10} − 29r^8 + 424r^6 + 1944r^4 − 5913r^2 − 2187) log(^r_3) ) .

From this, we find that H is given by

H = c_0 + m^2 (22r^8 − 589r^6 + 5247r^4 − 19035r^2 − 3645) 30r^2 (r^2 − 9)^3 (r^2 − 1) + 2m^2 (11r^8 − 335r^6 + 3645r^4 − 14661r^2 + 43740) 15(r^2 − 9)^4 (r^2 − 1) log(^r_3) − 1944m^2 (11r^2 + 9) 5(r^2 − 9)^5 (r^2 − 1)

(log(^r_3))^2 + 22m^2 135 [ψ(−^r_3) − ψ(1 −^r_3 ) + log(^r_3) log(1 +^r_3 ) − (log(^r_3))^2] , (18) where c_0 is a constant and ψ(x) ≡ − ∫_x 0 y^{−1} log(1 − y) dy is the dilogarithm.

The function H becomes a constant at small distance r → 3, and at large distance it has the asymptotic form H = c_0 +

3m^2 (4 log(^r_3) − 1) 4r^4 + 3m^2 (24 log(^r_3 ) − 3) 2r^6 + m^2 (8856 log(^r_3) − 2229)

16r^8

+ · · · . (19) The solution is supersymmetric, and regular everywhere, with no horizon. It does not give a well-defined ADM mass per unit 3-volume; we have M ∼ r^5 H^′ in the limit r −→ ∞, and this diverges logarithmically. The situation is directly analogous to that in the fractional D3-brane [1].

The NS-NS 3-form carries a non-vanishing magnetic charge. The integral of F_{(3)} over the non-trivial 3-cycle can conveniently be evaluated by restricting it to the S^3 bolt at r = 3ℓ (which means r = 3 since we have set ℓ = 1). From (11) we have F_{(3)} | | r=3 = m G_{(3)} | | r=3 = m 2 √ 6 h̃_1 ∧ h̃_2 ∧ h̃_3 , (20)

and hence we find ∫ S3 F_{(3)} = 64m π^2/ √ 6. The “standard” 4-form electric flux is given by integrating the quantity d(e^12^ϕ ∗F_{(4)}) over a 7-volume bounded by a 6-surface M_6. Since d(e^12^ϕ ∗F_{(4)}) = F_{(3)} ∧ F_{(4)}, the electric flux can be written as ∫ F_{(3)} ∧ F_{(4)}. From (1), this gives m^2 ∫ G_{(3)} ∧ G_{(4)}, which is nothing but 12m^2 ∫ |G_{(3)}|^2. As noted above, G_{(3)} is not L^2 normalisable, and so if the 7-volume is taken to be the interior of the level set r = constant, the integral diverges logarithmically with proper distance. This is precisely what one expects, since the solution is supersymmetric and, as we saw above, the ADM mass per unit 3-volume diverges logarithmically too.

5 T-duality

The new G_2 metric (7) has a circle whose radius is stabilised at infinity. To see this explicitly, let us first write the SU(2) left-invariant 1-forms σ_i and Σ_i in terms of Euler angles σ_1 = cos ψ_1 dθ_1 + sin ψ_1 sin θ_1 dϕ_1 , Σ_1 = cos ψ_2 dθ_2 + sin ψ_2 sin θ_2 dϕ_2 , σ_2 = − sin ψ_1 dθ_1 + cos ψ_1 sin θ_1 dϕ_1 , Σ_2 = − sin ψ_2 dθ_2 + cos ψ_2 sin θ_2 dϕ_2 , σ_3 = dψ_1 + cos θ_1 dϕ_1 , Σ_3 = dψ_2 + cos θ_2 dϕ_2 . (21)

Then the combination of (ψ_1 + ψ_2) appears in the metric (7) only in h_3, as d(ψ_1 + ψ_2). Specifically, after making the following redefinition,

ψ = ψ_1 + ψ_2 , ψ̃ = ψ_1 − ψ_2 , (22)

we have

ds^2_7 ≡ ds^2_6 + f^2 h^2_3

= h^2 dr^2 + (a^2 + b^2) ( dθ^2_1 + dθ^2 + sin^2 θ_1 dϕ^2_1 + sin^2 θ_2 dϕ^2 )

+2(a^2 − b^2) ( sin ψ̃ (sin θ_1 dθ_2 dϕ_1 − sin θ_2 dθ_1 dϕ_2) + cos ψ̃ (dθ_1 dθ_2 + sin θ_1 sin θ_2 dϕ_1 dϕ_2) ) +c^2 (dψ̃ + cos θ_1 dϕ_1 − cos θ_2 dϕ_2)^2 + f^2(dψ + cos θ_1 dϕ_1 + cos θ_2 dϕ_2)^2 . (23)

From this, it can be seen that there are three commuting U(1) Killing vector fields of the metric, namely ∂/∂ϕ_1, ∂/∂ϕ_2 and ∂/∂ψ. The Killing vectors ∂/∂ϕ_1 and ∂/∂ϕ_2 generate U(1) subgroups U(1)^σ_L and U(1)^Σ_L of the left-acting SU(2)^σ_L and SU(2)^Σ_L groups in the two 3- spheres. The Killing vector ∂/∂ψ generates the subgroup U(1)_D of the diagonal right-acting SU(2)^D_R.

If the G_2 manifold M_7 is taken as a factor in an M-theory vacuum (Minkowski)_4 × M_7, then we can reduce on any of the three circles U(1)^σ_L, U(1)^Σ_L or U(1)_D to give D6-branes in type IIA theory. In particular, the circle U(1)_D with stablised radius gives a distanceindependent R-R vector potential

A_{(1)} = cos θ_1 dϕ_1 + cos θ_2 dϕ_2 , (24)

implying that F_{(2)} = dA_1 = J_{(2)} ≡ Ω^1_{(2)} + Ω^2_{(2)} . (25) (This reduction of the metric (7) with the solution (8) was discussed in [5].)

If the G_2 manifold M_7 is instead taken as a factor in a D = 10 vacuum (Minkowski)_3 × M_7, we can then perform a T-duality on the ψ circle, and the corresponding dual solution becomes

ds^2_{10} = e^{− 1}2^ϕ ( dx^μ dx_μ + h^2 dr^2 + a^2 (h̃^2_1 + h̃^2) + b^2 (h^2_1 + h^2) + c^2h̃^2_3 + f^{−2}dψ^2 ) , e^ϕ = f^{−1} , F^{NS}_{(3)} = J_2 ∧ dψ . (26)

The 3-form F^{NS}_{(3)} carries a magnetic 5-brane charge. As is typical with T-duals of regular configurations, this one is singular. Away from the singularity, the principal orbits have the geometry of those in the deformed conifold [24], and share with it the property that the S^2 fibres are shrinking relative to the S^3 base as the radius decreases. In other words the ratio b^2/a^2 decreases. Previously, a non-singular configuration using the 3-form field strength was considered in [25, 26], where the regular 6-metric was taken to be the small resolution of the cone over T^{1,1}. This has a smoothly embedded minimal S^2 at short distance (see [24, 28]). In this case it is the S^3 base, rather than the S^2 fibres, that shrinks as the radius decreases. Regularity requires turning on the SU(2) Yang-Mills fields in the metric [27, 25].

To perform the analogous T -duality transformation on the fractional D2-brane, we first write the harmonic forms G_{(4)} and G_{(3)} as

G_{(4)} = L_{(4)} + ~L_{(3)} ∧ h_3 , G_{(3)} = L_{(3)} + L_{(2)} ∧ h_3 , (27)

where the forms L_{(4)}, ~L_{(3)}, L_{(3)} and L_{(2)} lying in the in the 6-dimensional base manifold orthogonal to the h_3 fibres can be read off directly from the expressions (10) and (11). They are therefore given by

L_{(4)} = u_1 a^2 b^2 h̃_1 ∧ h̃_2 ∧ h_1 ∧ h_2 + 2u_5 h a b c dr ∧ h̃_3 ∧ (σ_1 ∧ σ_2 − Σ_1 ∧ Σ_2) , ~L_{(3)} = −u_2 f a b c h̃_3 ∧ (h̃_1 ∧ h_1 + h̃_2 ∧ h_2) + u_3 b^2 dr ∧ h_1 ∧ h_2 + u_4 a^2 dr ∧ h̃_1 ∧ h̃_2 , L_{(3)} = −u_2 h a b dr ∧ (h̃_1 ∧ h_1 + h̃_2 ∧ h_2) + u_3 a^2 c h̃_1 ∧ h̃_2 ∧ h̃_3 + u_4 b^2 c h_1 ∧ h_2 ∧ h̃_3 , L_{(2)} = −u_1 c dr ∧ (σ_3 − Σ_3) + 2u_5 f a b (σ_1 ∧ σ_2 − Σ_1 ∧ Σ_2) . (28)

Then we can apply the T-duality map between type IIA and type IIB as given in [29, 30], thereby obtaining the following type IIB solution:

ds^2 = H^{−1/2} ( dx^μ dx_μ + f^{−2} (dψ + m B_{(1)})^2 ) + H^{1/2} ds^2_6 , e^ϕ = f^{−1} , F^{NS}_{(3)} = m (L_{(3)} + L_{(2)} ∧ A_{(1)}) + J_{(2)} ∧ dψ , (29) F^{RR}_{(3)} = m ~L_{(3)} , F_{(5)} = (d^3x ∧ dH^{−1} + m L_{(4)}) ∧ (dψ + m B_{(1)}) + Hodge dual ,

where ds^2_6 can be read off from (23). Note that we have written the metric in the string frame, and that B_{(1)} is such that dB_1 = L_{(2)}. It is straightforward to see from (28) that B_{(1)} can be taken to be B_{(1)} = −2u_5 f a b (σ_3 − Σ_3) . (30) Note B_{(1)} falls off as 1/r^2 at large distance. As well as the usual electric and magnetic D3-brane charge carried by F_{(5)}, there is also magnetic 5-brane charge, since both J_{(2)} ∧ dψ and L_{(3)} give non-vanishing flux integrals. Like the fractional D2-brane itself, the T-dual solution is supersymmetric, since the Killing spinor is independent of the coordinate ψ on the circle.

It is worth mentioning that the fractional D3-brane solution (29) can be applied more generally than just for the metric (7) with the explicitly-constructed solution (8). In particular, another solution of the first-order equations obtained in [5] for the metric (7) is in a limit where the vector potential A_{(1)} is effectively set to zero. In this limit the 1-form h_3 becomes simply dψ, its coefficient becomes constant, and the metric ansatz (7) reduces to an ansatz on the product of S^1 and six-dimensional metrics of the Stenzel type, as discussed in [22, 21]. The first-order equations for (7) then reduce to those for the Stenzel metrics, as obtained in [22]. In this case, which will in addition have B_{(1)} = 0, the solution becomes precisely the previously-known fractional D3-brane on the deformed conifold [1]. In our new solution, by contrast, one direction in the world-volume space is twisted, and F^{NS}_{(3)} has an additional charge. However the introduction of these charges does not affect the qualitative asymptotic behaviour of H at large distance.

6 Conclusions

In this paper, we have obtained the explicit solution for the fractional D2-brane whose transverse 7-dimensional space is the new Ricci-flat metric of G_2 holonomy that was constructed in [5]. (This metric is asymptotically locally conical, rather than asymptotically conical, and is analogous to one of the new ALC metrics of Spin(7) holonomy constructed [4].) In order to obtain the fractional D2-brane, we first constructed the appropriate harmonic 3-form G_{(3)} in the Ricci-flat metric. It is regular at short distance, and the integral of |G_{(3)}|^2 diverges logarithmically in proper distance at infinity. The equations determining the fractional D2-brane turn out to be exactly integrable, allowing us to obtain a fully explicit result for this solution. It describes D2-branes together with 5-branes wrapped over 3-cycles.

Since the Ricci-flat G_2 metric obtained in [5] is locally asymptotic to the product of a circle of stabilised radius and an asymptotically-conical 6-metric, one can perform a dimensional reduction on the circle and thereby obtain a D2-brane solution in nine dimensions with an asymptotically conical six-dimensional transverse space. Having first studied this reduction for the simpler examples of vacuum solutions (Minkowski)_4×M_7 or (Minkowski)_3×M_7, we then repeated the dimensional reduction for the new fractional D2-brane solution. After doing so, by mapping into type IIB variables and then lifting back to D = 10, we obtained the T-dual description of the fractional D2-brane. This has an interpretation as a D3-brane in which one of the world-volume directions is wrapped around the circle.

Acknowledgement

We are grateful to Sergei Gukov and Steve Gubser for useful discussions and communications. M.C. would like to thank the organizers of the M-theory workshop at the Institute of Theoretical Physics at the University of California in Santa Barbara, Caltech theory group and CERN for hospitality during the completion of this work. C.N.P. is grateful to the high energy theory group at the University of Pennsylvania, the Michigan Center for Theoretical Physics, DAMTP, and St. John’s College Cambridge for hospitality during different stages of this work. Research is supported in part by DOE grant DE-FG02-95ER40893, NSF grant No. PHY99-07949, Class of 1965 Endowed Term Chair and NATO grant 976951 (M.C.), in part by DOE grant DE-FG02-95ER40899 (J.T.L., H.L.) and in part by DOE grant DE-FG03-95ER40917 (C.P.).

References

[1] I. R. Klebanov and M. J. Strassler, “Supergravity and a confining gauge theory: Duality cascades and (chi)SB-resolution of naked singularities,” JHEP 0008, 052 (2000) [hepth/0007191].

[2] M. Cvetič, H. Lü and C. N. Pope, “Brane resolution through transgression,” Nucl.

Phys. B 600, 103 (2001) [hep-th/0011023].

[3] M. Cvetič, G. W. Gibbons, H. Lü and C. N. Pope, “Supersymmetric non-singular fractional D2-branes and NS-NS 2-branes,” hep-th/0101096, to appear in Nucl. Phys. B. [4] M. Cvetič, G. W. Gibbons, H. Lü and C. N. Pope, “New complete non-compact Spin(7) manifolds,” hep-th/0103155; “New cohomogeneity one metrics with Spin(7) holonomy,” math.DG/0105119.

[5] A. Brandhuber, J. Gomis, S. S. Gubser and S. Gukov, “Gauge theory at large N and new G_2 holonomy metrics,” hep-th/0106034.

[6] R.L. Bryant and S. Salamon, “On the construction of some complete metrics with exceptional holonomy,” Duke Math. J. 58, 829 (1989).

[7] G.W. Gibbons, D.N. Page and C.N. Pope, “Einstein metrics on S^3, R^3 and R^4 bundles,” Commun. Math. Phys. 127, 529 (1990).

[8] B. S. Acharya, “On realising N = 1 super Yang-Mills in M theory,” hep-th/0011089. [9] M. Atiyah, J. Maldacena and C. Vafa, “An M-theory flop as a large n duality,” hepth/0011256.

[10] E. Witten, talk presented at the Santa Barbara “David Fest”.

[11] M.F. Atiyah and E. Witten, “M-theory Dynamics on a Manifold of G_2 Holonomy,” to appear.

[12] J. Gomis, “D-branes, holonomy and M-theory,” hep-th/0103115. [13] J. D. Edelstein and C. Nuñez, “D6-branes and M-theory geometrical transitions from gauged supergravity”, JHEP 0104, 028 (2001) [hep-th/0103167].

[14] S. Kachru and J. McGreevy, “M-theory on manifolds of G_2 holonomy and type IIA orientifolds,” hep-th/0103223.

[15] J. Gutowski and G. Papadopoulos, “Moduli spaces and brane solitons for M theory compactifications on holonomy G_2 manifolds”, hep-th/0104105.

[16] P. Kaste, A. Kehagias and H. Partouche, “Phases of supersymmetric gauge theories from M-theory on G_2 manifolds,” hep-th/0104124.

[17] M. Aganagic and C. Vafa, “Mirror symmetry and a G_2 flop”, hep-th/0105225. [18] R. Hernandez, “Branes wrapped on coassociative cycles,” hep-th/0106055. [19] K. Dasgupta, K. Oh and R. Tatar, “Open/closed string dualities and Seiberg duality from geometric transitions in M-theory,” hep-th/0106040.

[20] M. Cvetič, H. Lü and C. N. Pope, “Massless 3-branes in M-theory,” hep-th/0105096. [21] M. Cvetič, G. W. Gibbons, H. Lü and C. N. Pope, “Supersymmetric M3-branes and G_2 manifolds,” hep-th/0106026.

[22] M. Cvetič, G. W. Gibbons, H. Lü and C. N. Pope, “Ricci-flat metrics, harmonic forms and brane resolutions,” hep-th/0012011.

[23] M. Cvetič, G. W. Gibbons, H. Lü and C. N. Pope, “Hyper-Kähler Calabi metrics, L^2 harmonic forms, resolved M2-branes, and AdS_4/CFT_3 correspondence,” hepth/0102185.

[24] P. Candelas and X.C. de la Ossa, Comments on conifolds, Nucl. Phys. B342, 246 (1990).

[25] J. M. Maldacena and C. Nunez, “Towards the large N limit of pure N = 1 super Yang Mills,” Phys. Rev. Lett. 86, 588 (2001) [hep-th/0008001].

[26] A. Buchel and A. Frey, “Comments on supergravity dual of pure N=1 super Yang Mills theory with unbroken chiral symmetry,” hep-th/0103022.

[27] A. H. Chamseddine and M. S. Volkov, “Non-Abelian BPS monopoles in N = 4 gauged supergravity,” Phys. Rev. Lett. 79, 3343 (1997) [hep-th/9707176].

[28] L. A. Pando Zayas and A. A. Tseytlin, “3-branes on resolved conifold,” JHEP 0011, 028 (2000) [hep-th/0010088].

[29] E. Bergshoeff, C. Hull and T. Ortin, “Duality in the type II superstring effective action,” Nucl. Phys. B 451, 547 (1995) [hep-th/9504081].

[30] M. Cvetič, H. Lü, C. N. Pope and K. S. Stelle, “T-duality in the Green-Schwarz formalism, and the massless/massive IIA duality map,” Nucl. Phys. B 573, 149 (2000) [hep-th/9907202].