arXiv:hep-th/0106191 v2 9 Jul 2001

June 2001

Conformal anomaly from dS/CFT correspondence

Shin’ichi NOJIRI^1, and Sergei D. ODINTSOV^{♠2}

Department of Applied Physics National Defence Academy, Hashirimizu Yokosuka 239-8686, JAPAN

♠ Tomsk State Pedagogical University, 634041 Tomsk, RUSSIA and Instituto de Fisica de la Universidad de Guanajuato, Lomas del Bosque 103, Apdo. Postal E-143, 37150 Leon,Gto., MEXICO

ABSTRACT

In frames of dS/CFT correspondence suggested by Strominger we calculate holographic conformal anomaly for dual euclidean CFT. The holographic renormalization group method is used for this purpose. It is explicitly demonstrated that two-dimensional and four-dimensional conformal anomalies (or corresponding central charges) have the same form as those obtained in AdS/CFT duality.

1nojiri@cc.nda.ac.jp 2 odintsov@ifug5.ugto.mx, odintsov@mail.tomsknet.ru

AdS/CFT duality (for a review, see [1]) relates quantum gravity on AdS D-dimensional space with boundary CFT in one dimension less. It has been proven to be very useful in modern string/quantum gravity/conformal theories. It is suspected that AdS/CFT correspondence is manifestation of some more deep fundamental principle somehow related with holography.

In the recent paper by Strominger [2](for related discussion, see [3]) it has been suggested dS/CFT correspondence in the similar sense as above AdS/CFT correspondence. The fact that quantum gravity in de Sitter space may have some holographic dual has been already mentioned in several papers [4, 5, 6, 7, 8]. The following simple arguments may be suggested. The reason why AdS/CFT can be expected is the isometry of d + 1-dimensional anti-de Sitter space, which is SO(d, 2) symmetry. It is identical with the conformal symmetry of d-dimensional Minkowski space. We should note, however, the d + 1-dimensional de Sitter space has the isometry of SO(d + 1, 1) symmetry, which can be a conformal symmetry of d-dimensional Euclidean space. Then it might be natural to expect the correspondence between d + 1- dimensional de Sitter space and d-dimensional euclidean conformal symmetry (dS/CFT correspondence[2]). In fact, the metric of D = d + 1-dimensional anti de Sitter space (AdS) is given by

ds^2_{AdS} = dr^2 + e^{2r} ( −dt^2 + d−1∑ i=1 ( dx^i )_2)

. (1)

In the above expression, the boundary of AdS lies at r = ∞. If one exchanges the radial coordinate r and the time coordinate t, we obtain the metric of the de Sitter space (dS):

ds^2_{dS} = −dt^2 + e^{2t} d∑ i=1 ( dx^i )_2

. (2)

Here x^d = r. Then there is a boundary at t = ∞, where the Euclidean conformal field theory (CFT) can live and one expects dS/CFT correspondence. The purpose of the present note is to get holographic conformal anomaly within dS/CFT correspondence in the same style as it was done in AdS/CFT correspondence (see refs. [12] for calculation of holographic conformal anomaly in AdS/CFT duality). It is shown that obtained central charge of dual CFT in two and four-dimensions is the same as in the correspondent calculation in AdS/CFT.

In the present discussion one can use the analogy with the holographic renormalization group formulation developed in [10, 11]. One can start from D = d + 1 dimensional dS-like metric in the following form ds^2 = G_{MN} dX^M dX^N = −dt^2 + Ĝ_{μν} (x, t)dx^μdx^ν . (3) where X^M = (x^μ, t) with μ, ν = 1, 2, · · · , d. The gravitational action on a (d + 1) dimensional manifold M_{d+1} with the boundary Σ_d = ∂M_{d+1} is given by S_{d+1} = ∫ Md+1 d^{d+1}x √ −G(R − Λ) + 2 ∫ Σd d^dx √ ĜK = ∫ Σd d^dx ∫ dr √ −G ( R − Λ − K_{μν} K^{μν} + K^2 )

≡ ∫ d^dxdr √ −GL_{d+1}. (4) where R and K_{μν} are the scalar curvature and the extrinsic curvature on Σ_d respectively. We should note that we are considering the action in the Minkowski signature. Since we are considering the de Sitter background instead of the AdS background, the cosmological constant Λ is positive and parametrized by the parameter l, which is the radius of the asymptotic dS_{d+1} Λ = d(d − 1) l^2

. (5)

K_{μν} is given as K_{μν} = 1 2 ∂Ĝ_{μν} ∂t , K = Ĝ^{μν} K_{μν} (6)

In the canonical formalism, L_{d+1} is rewritten by using the canonical momenta Π_{μν} and Hamiltonian density H as

L_{d+1} = Π^{μν} ∂Ĝ_{μν} ∂t + H , H ≡ 1 d − 1 (Π^μ)^2 − Π^2_{μν} + R − Λ . (7)

The equation of motion for Π^{μν} leads to

Π^{μν} = K^{μν} − Ĝ^{μν} K. (8)

The Hamilton constraint H = 0 leads to the Hamilton-Jacobi equation (flow equation) {S, S}(x) = √ ĜL_d(x) (9) {S, S}(x) ≡ 1 √ Ĝ − 1 d − 1 ( Ĝ_{μν} δS δĜ_{μν} )_2 + ( δS δĜ_{μν} )_2 , (10) L_d(x) ≡ R[Ĝ] − Λ. (11)

One can decompose the action S into a local and non-local part as discussed in ref.[10] as follows

S[Ĝ(x)] = S_{loc}[Ĝ(x)] + Γ[Ĝ(x)], (12)

Here S_{loc}[Ĝ(x)] is tree level action and Γ contains the higher-derivative and non-local terms. In the following discussion, we take the systematic method of ref.[11], which is weight calculation. The S_{loc}[Ĝ] can be expressed as a sum of local terms S_{loc}[Ĝ(x)] = ∫ d^dx √ ĜL_{loc}(x) = ∫ d^dx √ Ĝ ∑ w=0,2,4,··· [L_{loc}(x)]_w (13)

The weight w is defined by following rules;

Ĝ_{μν} , Γ : weight 0 , ∂_μ : weight 1 , R, R_{μν} : weight 2 , δΓ δĜ_{μν} : weight d .

Using these rules and (9), one obtains the equations, which depend on the weight as √ ĜL_d = [{S_{loc}, S_{loc}}]_0 + [{S_{loc}, S_{loc}}]_2 (14) 0 = [{S_{loc}, S_{loc}}]_w (w = 4, 6, · · · d − 2), (15) 0 = 2 [{S_{loc}, Γ}]_d + [{S_{loc}, S_{loc}}]_d (16)

The above equations which determine [L_{loc}]_w. [L_{loc}]_0 and [L_{loc}]_2 are parametrized by [L_{loc}]_0 = W , [L_{loc}]_2 = −ΦR . (17)

Thus one can solve (14) as Λ = d 4(d − 1)

W^2 , 1 = d − 2 2(d − 1)

W Φ . (18)

The case of d = 2 is special and instead of Eqs.(14,15,16), we obtain √ ĜL_2 = 2 [{S_{loc}, Γ}]_2 + [{S_{loc}, S_{loc}}]_0 + [{S_{loc}, S_{loc}}]_2 . (19)

When d = 2, the second equation in (18) is irrelevant but by using (5), we obtain W_2 = − 2 l . (20)

When d > 2, by using (5), one obtains W and Φ as W = − 2(d − 1) l , Φ = − l d − 2 . (21)

Note that there is an ambiguity in the choice of the sign but the relative sign of W and Φ is different from AdS case. When [L_{loc}]_4 = 0, one gets 1 √ Ĝ [{S_{loc}, S_{loc}}]_4

= dl^2 4(d − 1)(d − 2)^2

R^2 − l^2 (d − 2)^2 R_{μν}R^{μν} . (22) The weight d flow equation (16), which is related with the conformal anomaly in d dimensions [10, 11], is written by W 2(d − 1) 1 √ Ĝ Ĝ_{μν} δΓ δĜ_{μν} = 2 [{S_{loc}, Γ}]_d = − [{S_{loc}, S_{loc}}]_d . (23)

This Ĝ_{μν}^{δΓ}_{δĜμν} can be regarded as the sum of conformal anomaly W_d and the total derivative term ∇_μJ^μ_d in d dimensions. Thus we rewrite (23) as following

κ^2W_d + ∇_μJ^μ_d = − d − 1 W √ Ĝ [{S_{loc}, S_{loc}}]_d . (24)

Here κ^2 is d+1 dimensional gravitational coupling. Using the above relation, one can get the holographic conformal anomaly in 2 dimensions

κ^2W_2 = − l √ Ĝ_2

[{S_{loc}, Γ}]_2 = l 2 R̂ . (25)

Actually, the corresponding result (via calculation of central charge for corresponding 2d CFT) has been already obtained by Strominger[2] using method similar to the one developed in three-dimensional AdS space [9]. It has been also proposed in ref.[2] that holographic conformal anomaly evaluation may be applied as well. The result for 4d holographic conformal anomaly is obtained from (22):

κ^2W_4 = l 2 √ Ĝ [{S_{loc}, S_{loc}}]_4 = l^3 ( 1 24 R̂^2 − 1 8 R̂_{μν}R̂^{μν} ) . (26)

This agrees with the result for holographic conformal anomaly calculated by various methods using AdS/CFT duality[12]. It indicates that all results about holographic conformal anomaly [12] in AdS/CFT may be easily used in dS/CFT.

We should note that holographic conformal anomaly obtained from dS/CFT duality seems to be identical with that from AdS/CFT one. This shows that obtained central charge from dS/CFT duality itself is the same with that from AdS/CFT. Nevertheless, it does not mean that boundary CFTs should be necessarily the same because there may exist several different theories with the same central charge. Finally, let us note that the fact that holographic conformal anomaly from AdS/CFT or dS/CFT duality is the same suggests that both these dualities are the consequence of some underlying fundamental principle. Even more, one can speculate on existance of more dualities of such sort, also for other spaces.

References

[1] J.M. Maldacena, Adv.Theor.Math.Phys. 2 (1998) 231; E. Witten, Adv.Theor.Math.Phys. 2 (1998) 253; S. Gubser, I. Klebanov and A. Polyakov, Phys.Lett. B428 (1998) 105, O. Aharony, S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 323 183, (2000), hepth/9905111.

[2] A. Strominger, hep-th/0106113.

[3] P. Mazur and E. Mottola, hep-th/0106151.

[4] C.M. Hull, JHEP 9807 (1998) 021, hep-th/9806146.

[5] I. Antoniadis, P. Mazur and E. Mottola, astro-ph/9705200.

[6] E. Witten, hep-th/0106109.

[7] A. Volovich, hep-th/0101176.

[8] V. Balasubramanian, P. Horava and D. Minic, hep-th/0103171.

[9] J.D. Brown and M. Henneaux, Comm. Math.Phys. 104 (1986) 207.

[10] J. de Boer, E. Verlinde and H. Verlinde,JHEP 08 (2000) 003, hepth/9912012; E. Verlinde and H. Verlinde, JHEP 05 (2000) 034, hepth/9912018.

[11] M. Fukuma, S. Matsuura, T. Sakai, hep-th/0007062; S.Nojiri, S.D.

Odintsov and S. Ogushi, Phys. Lett. B500 (2001) 199, hep-th/0011182.

[12] M. Henningson and K. Skenderis, JHEP 9807 (1998) 023; S. Nojiri and S. D. Odintsov, Phys.Lett. B444 (1998) 92, hep-th/9810008; M. Nishimura and Y. Tanii, Int.J.Mod.Phys. A14 (1999) 3731; V. Balasubramanian and P. Kraus, Commun.Math.Phys. 208 (1999) 3731; S. Nojiri and S.D. Odintsov, Int.J.Mod.Phys. A15 (2000) 413, hep-th/9903033; Mod.Phys.Lett. A15 (2000) 1043, hep-th/9910113; M. Blau,K. Narain and E. Gava, JHEP 9909 (1999) 018; A. Bilal and C.-S. Chu, Nucl.Phys. B562 (1999) 181, hep-th/9907106; W. Muck and K.S. Wiswanathan, hep-th/9905046; P. Mansfield and D. Nolland, JHEP 9907 (1999) 028; hep-th/0005224; J. Ho, hep-th/9910124; C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, hep-th/9910267; F. Bastianelli, S. Frolov and A. Tseytlin, hep-th/0001041; S. Nojiri,S.D. Odintsov and S. Ogushi, Phys.Rev. D62 (2000) 124002, hep-th/0001122; Phys.Lett. B494 (2000) 318, hep-th/0009015; J. Kalkkinen and D. Martelli, hep-th/0007234; M. Fukuma, S. Matsuura and T. Sakai, hep-th/0103187; J. Kalkkinen, D. Martelli and W. Muck, hep-th/0103111; G. Naculich, H.J. Schnitzer and N. Wyllard, hep-th/0106020.