arXiv:hep-th/0106195 v2 25 Jun 2001

IFT-UAM/CSIC-01-21 hep-th/0106195

Topics in String Tachyon Dynamics^1

César Gómez^2 and Pedro Resco^3

Instituto de Física Teórica, C-XVI, Universidad Autónoma de Madrid E-28049-Madrid, Spain^4

Abstract We review some aspects of string tachyon dynamics with special emphasis on effective actions and K-theory interpretation.

1Lectures at the IV SIGRAV School and 2001 School of Algebraic Geometry and Physics

2E-mail: cesar.gomez@uam.es
3E-mail: juanpedro.resco@uam.es

4Unidad de Investigación Asociada al Centro de Física Miguel Catalán (C.S.I.C.) 1

Contents

1 Introduction 2

2 Why tachyons? 4

3 Tachyons in AdS: The c = 1 barrier 6

4 Tachyon σ-model beta functions 8

5 Open strings and cosmological constant: The Fischler-Susskind mechanism 10 5.1 Fischler-Susskind mechanism: Closed string case . . . . . . . . . . . . . . . 10 5.2 Open string contribution to the cosmological constant: The filling brane . . 13

6 The effective action 16 6.1 A warming up exercise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 6.2 The effective action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 6.3 Non-critical dimension and tachyon condensation . . . . . . . . . . . . . . 23

7 D-branes, tachyon condensation and K-theory 24 7.1 Extended objects and topological stability . . . . . . . . . . . . . . . . . . 25 7.2 A gauge theory analog for D-branes in type II strings . . . . . . . . . . . . 25 7.2.1 Sen’s conjecture for type IIB . . . . . . . . . . . . . . . . . . . . . . 26 7.3 K-theory version of Sen’s conjecture . . . . . . . . . . . . . . . . . . . . . . 28 7.4 Type IIA strings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 7.4.1 ’tHooft’s abelian projection . . . . . . . . . . . . . . . . . . . . . . 31 7.4.2 The D_6-brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 7.4.3 K-theory description . . . . . . . . . . . . . . . . . . . . . . . . . . 35

8 Some final comments on gauge theories 37

1 Introduction

In the last few years a new understanding of the dynamical role of tachyons in string theory has started to emerge ([1] to [17]). For the simplest open bosonic string there exist already a lot of evidence on tachyon condensation [1, 6, 7, 8, 11, 12]. The tachyon vacuum expectation value characterizing this condensate exactly cancel the open string one loop contribution to the cosmological constant, what we now understand as the D_{25} filling brane tension. The vacuum defined by this condensate is naturally identified with the closed string vacua. Precise computations of the tachyon potential supporting this picture has been carried out both in open string field theory [7, 8, 9, 10, 12, 13, 14, 15] and in background independent open string field theory [18, 19, 20, 21, 22, 23]. At this level of understanding two main problems remain open. First of all we have the problem of the closed tachyon that survives as an unstability of the closed string vacua defined by the open string tachyon condensate. Secondly we lack a precise understanding of the dynamical mechanism by which the U(1) gauge open degrees of freedom are decoupled from the closed string spectrum.

Concerning the problem of the closed string tachyon, the σ-model beta functions [24, 25] indicate that closed tachyon condensation creates a contribution to the cosmological constant of the same type generated by working with non critical dimensions. The well known result about the c = 1 barrier in the context of linear dilaton backgrounds [26] could indicate a sort of unstability that reduces drastically the space time dimensions until reaching the safe D = 2.

With respect to the problem of the fate of U(1) gauge degrees of freedom after open tachyon condensation - a short of confinement of open degrees of freedom into closed spectrum - there are two formal hints. One is the suggestion of a trivial nilpotent BRST charge of type ac_0, for c the ghost field, around the background defined by the tachyon condensate [27]. The other hint comes from observing that the open string effective Born-

Infeld lagrangian, is multiplied by a factor e^{−T} with T = ∞ defining the open tachyon condensate [28, 29, 30, 23].

In the context of more healthy superstrings without tachyons, the phenomena of tachyon condensation shed some new light on the solitonic interpretation of the D-branes. We have two main examples corresponding to pairs D_p − D_{p̄} brane-antibrane which will support an open tachyon on the world volume spectrum and the case of configurations of unstable non BPS D-branes. In both cases tachyon condensation will allow us to interpret stable BPS D-branes as topologically stable extended objects, solitons, of the auxiliary gauge theory defined on the world volume of the original configuration of unstable D-branes.

The mechanism of decay into a closed string vacua by tachyon condensation can be used to define a new algebraic structure to characterize D-brane stability and D-brane charges, namely K-theory ([31] to [35]). The main ingredient in order to go to K-theory is the use of stability equivalence with respect to creation-annihilation of branes. In type IIB D_pbranes of space codimension 2k are related to K(B^{2k}, S^{2k−1}) and for type IIA D_p-branes of space codimension 2k + 1 are related to K^{−1}(B^{2k+1}, S^{2k}). The characterization of K(X, Y ) in terms of triplets [36] (E, F, α) with E, F vector bundles on X and α an isomorphism α : E |_Y → F |_Y makes specially clear the mathematical meaning of the open tachyon field as defining the isomorphism α. A similar construction in terms of pairs (E, α) with α an automorphism of E can be carried out for the definition of the higher K^{−1}-group [32].

Finally we would like to point out to some striking similarities between the topological characterization of stable D_p-branes in type IIA string and gauge fixing singularities for unitary gauges [37] of the type of ’tHooft’s abelian projection [40]. Can we learn something of dynamical relevance from this analogy?. After the discovery of asymptotic freedom, the Holy Grial of high energy physics is the solution of the confinement problem. The abelian projection gauge was originally suggested in [40] as a first step towards a quantitative approach to confinement i.e. to the computation of the magnetic monopole condensate. The analogy between stable D_p-branes (p ≤ 6) in type IIA and the magnetic monopoles associated with the abelian projection gauge singularities seems to indicate, as the stringy analog of confinement, the decay of the gauge vacua associated with a configuration of unstable D_9-filling branes into a closed string vacua populated of stable D_p-branes. Another interesting lesson we learn from the analogy is that as it is the case with magnetic monopoles in the abelian projection, that should be considered as physical degrees of freedom independently of what is the phase, confinement, Higgs or Coulomb of the underlying gauge theory, the same should be true concerning D_p-branes in type IIA, independently of the concrete form of the open tachyon potential. What is relevant to characterize the “confinement” closed string phase is the “dualization” of the original open gauge string degrees of freedom into RR closed string fields whose sources are stable D_p-branes. Finally and from a different point of view another hint suggested by this analogy is the potential relevance of the higher K-group K^{−1} to describe gauge fixing singularities in ordinary gauge theories. Maybe the answer to the natural question why the higher K-group K^{−1} is pointing out to some hidden “M-theoretical” meaning of the gauge θ-parameter.

The present review is not intended to be complete in any sense. Simply covers the material presented by one of us (C.G.) during the 4^{th} SIGRAV School on Contemporary Relativity and Gravitational Physics and 2001 School on Algebraic Geometry and Physics. Como May 2001^2.

2 Why tachyons?

In quantizing string theory in flat Minkowski space-time there are two constants that should be fixed by consistency, namely the normal ordering constant appearing in the

2Some parts of these lectures were also presented in: II Workshop on Non-commutative Geometry, String Theory, and Particle Physics. Rabat May 2001 and in the Workshop New Interfaces between Geometry and Physics. Miraflores June 2001.

mass formula: M^2 = 4 α^′ (N − a) (1) and the dimension D of the space-time. These two constants determines the Virasoro anomaly [L_m, L_n] = (m − n)L_{m+n} + A(D, a, m)δ_{m+n} (2) with A(D, a, m) = D 12 (m^3 − m) + 1 6 (m − 13m^3) + 2am (3) and L_m = L^{(matter)} m + L^{(ghosts)}_m − aδ_m (4) Impossing A(D, a, m) = 0 implies the standard constraints on the bosonic string, namely D = 26 and a = 1.

The first consequence of the non vanishing normal ordering constant a is that the (mass)^2 of the ground state (N = 0) is negative i.e. it is a tachyon. In spite of that there is a good consequence of this normal ordering value, namely, the existence at the first level of a massless vector boson in the open case and the massless graviton in closed case.

A priori the only consistency requirement we should imposse is absence of negative norm ghost states in the physical Hilbert space. This allow us to relax the condition on D and a to D ≤ 26 and a ≤ 1.

Although in these conditions the open string theory is perfectly healthy at tree level we will find unitarity problems for higher order corrections, more precisely singularity cuts for one loop non planar diagrams. In the closed string case the problems at one loop will show up as lack of modular invariance. Thus we will reduce ourselves to critical dimension D = 26 and a = 1.

One important place where the normal ordering constant appears in string theory is in the definition of the BRST operator: Q = ∑ m (L_mc_{−m} − 1 2 ∑ n (m − n)c_{−m}c_{−n}b_{m+n}) (5) with b, c the usual ghost system for the bosonic string. The charge Q can be written in a more compact way as: Q = ∑ m (L^{(matter)} m + 1 2 L^{(ghosts)} m − aδ_m)c_{−m} (6) Notice that the contribution of the normal ordering constant to Q is simply ac_0. This quantity defines by itself a BRST charge -since it is trivially nilpotent c^2_0 = 0- with trivial cohomology^3

In standard quantum fiel theory a tachyon is not such an unfamiliar object. A good example is for instance the Higgs field if we perturb around the wrong vacua ⟨ϕ⟩ = 0. In this sense the presence of a tachyon usually means that we are perturbing around an unstable vacua. In a physically sensible situation we expect the system roll down to some stable vacua where automatically the tachyon will disappears. In the bosonic string it is not clear at all if this is the case since we still lack a powerful tool to study the string theory off shell. The only real procedure to address this issue is of course string field theory.

In superstring theories with space-time supersymmetry i.e. type I, type II or heterotic, the tachyons are proyected out by impossing GSO. However even in these cases open string tachyons can appear if we consider non-BPS Dirichlet D-branes. In those cases the open tachyon is associated with unstabilities of these non-BPS D-branes.

3 Tachyons in AdS: The c = 1 barrier

A simple way to see the unstabilities induced by tachyonic fields with negative (mass)^2, is to compute their contribution to the energy in flat Minkowski space-time. Generically the energy is defined by E = ∫ d^{n−1}xdr √ g[g^{μν}∂_μϕ^∗∂_νϕ + m^2ϕ^∗ϕ] (7)

3This is the BRST operator recently suggested in [27] to describe the cohomology around the open tachyon condensate.

where n is the space-time dimension. The condition of finite energy requires an exponential falloff ϕ ∼ e^{−λr} at infinity with λ > 0. The energy of a field fluctuation with this falloff at infinity goes like E ∼ (λ^2 + m^2). Thus if m^2 < 0 this energy can becomes negative for small enough λ , which means unstability. This is not necessarily the case if we consider curved space time.

For AdS_n the metric can be written as :

ds^2 = e^{2ky}dx^2_{n−1} + dy^2 (8)

with the curvature radius being: R = 1 k (9) For simplicity let us consider fluctuations of the field depending only of the y coordinate. The condition of finite energy requieres now an exponential falloff ϕ ∼ e^{−λy} for y → ∞ with λ > k(n − 1) 2 (10) As before the contribution to the energy will go as E ∼ (λ^2 + m^2) and therefore we get positive energy for tachyon fields with m^2 = −a if a ≤ (n − 1)^2 4R^2

(11)

This bound on the tachyon mass in AdS_n is known as Breitenlohner- Freedmann bound [41].

In the case of string theory the contribution to the energy of closed string tachyons goes like: E = ∫ d^{d−1}xdr √ ge^{−2Φ}[g^{μν} ∂_μT ∂_νT + m^2T^2] (12) with m^2 = −^4_α0 . The field Φ in (12) is the dilaton field. We will be interested in working in flat Minkowski space-time of dimendion n. The dilaton σ-model beta function equation n − 26 6α^′ + (∇Φ)^2 − 1 2 (∇^2Φ) = 0 (13) implies a lineal dilaton behavior of type:

Φ = y √ n − 26 6α^′ (14)

for some arbitrary coordinate y. Let us now consider tachyon fluctuations on this background depending only on coordinate y. Using the same argument that with AdS_n we get the bound on the tachyon mass m^2 = −a : a ≤ n − 26 6α^′ (15)

Thus in order to saturate this bound for the closed string tachyon a =^4_α0 we need n = 2. This is the famous c = 1 barrier, namely only for space time dimension equal two or smaller the closed string tachyon is not inducing any unstability.

Notice that from the point of view of the tachyon mass bound, linear dilaton for dimension n behaves as AdS_n with curvature radius given by^4:

R^2 =

3(n − 1)^2α^′ 2(n − 26)

(16)

4 Tachyon œ-model beta functions

The partition function for the bosonic string in a closed tachyon background is given by:

Z(T ) = ∫ Dxe �1_{2πα}0^R_d2_σ^√_{h(h}αβ_{∂αx}μ_{∂βx}ν_{ημν +T (x))} (17)

The first thing we notice is that the tachyon term ∫ √ hT (x) is clearly non invariant with respect to Weyl rescalings of the world-sheet metric. The strategy we will follow would be to fix h_{αβ} = e^{2ϕ}η_{αβ} in (17) and to imposse invariance with respect to changes of ϕ for the quantum corrected σ -model. We will use a background field x^μ_0 with x^μ = x^μ_0 +ξ^μ and such that ∂_μT (x_0) = 0. In these conditions we get at one loop in the σ-model:

4For solutions to the bosonic beta function interpolating between AdS and linear dilaton see references [38, 39]

Figure 1: One loop contribution to the tachyon beta function.

1 2πα^′ ∫ d^2σe^{2ϕ}(T (x_0) + α^′ 2 ∂_μ∂_νT (x_0) < ξ^μξ^ν > +...) (18) = 1 2πα^′ ∫ d^2σe^{2ϕ}(T (x_0) + α^′ 2 ∂_μ∂_νT (x_0)η^{μν} log Λ + ...) (19)

where by < ξ^μξ^ν > we indicate the one loop of quantum fluctuations (see figure 1) and where Λ is the ultraviolet cutoff for the one loop integration.

Next we need to relate the Weyl factor ϕ with the cutoff Λ. A dilatation of the worldsheet metric induces a change Λ → λΛ and e^ϕ → λe^ϕ, thus we can identify e^ϕ with Λ. Doing this we get from (18):

Λ^2[T (x_0) + α^′ 2 ∂_μ∂_ν T (x_0)η^{μν} log Λ] (20)

Expanding (20) in powers of log Λ we get, at first order in log Λ, that independence of Weyl rescalings requires β_T ≡ 2T (x_0) + α^′ 2 ∂_μ∂_ν T (x_0)η^{μν} = 0 (21) which is the definition of the closed string tachyon beta function.

Repeating exactly the same steps for the open string tachyon we get instead of (21):

β^o_T ≡ T (x_0) + α^′∂_μ∂_νT (x_0)η^{μν} = 0 (22) If we iterpret (21) and (22) as equations of motion they correspond to tachyonic space time fields of (mass)^2 respectively −^4_α0 and −^1_α0 .

Figure 2: Relevant topology to describe the limit where the insertion points coalesce.

What we learn from this simple exercise is that the tachyonic nature of background T introduced in (17) is tied to the simple fact that ∫ Σ √ hT is not Weyl invariant. Notice that although the usual dilaton term ∫ Σ √ hΦR^{(2)} is not Weyl invariant it depends on ϕ only through (∂ϕ)^2 terms.

5 Open strings and cosmological constant: The Fischler- Susskind mechanism

5.1 Fischler-Susskind mechanism: Closed string case

Let us start considering one loop divergences in the critical D = 26 closed bosonic string. For simplicity we will reduce ourselves to amplitudes with M external tachyons. Divergences for this amplitude will arise in the limit where all the M external tachyon insertions coalesce (see figure 2).

The amplitude is given by: A(1, 2, ..., M) = ∫ d^2τ (Imτ )^2 C(τ )F (τ ) (23)

where C(τ ) = ( Imτ 2 )^{−12}e^{4πImτ} |f(e^{2iπτ} )|^{−48} (24) and F (τ ) = κ^M Imτ ∫ M −1∏ d^2ν_r ∏ r<s (χ_{rs})^{kr ks2} (25)

Expresion (23) is invariant under SL(2, Z) modular transformations τ → aτ + b cτ + d ad − bc = 1 (26)

Integration in (23) is reduced to the fundamental domain F . Using the conformal Killing vector on the torus we have fixed the position ν_M of one external tachyon. It is convenient to define the new variables: εη_r ≡ ν_r − ν_M r = 1, ..., M − 2 (27) η_{M −1} ≡ ν_{M −1} − ν_M = εe^{iϕ} (28) with ε and ϕ real variables. The jacobian of the transformation is: M −1∏ d^2ν_r = iε^{2M −3}dεdϕ M −2∏ d^2η_r (29)

In the limit where ν_{rs} = ν_r − ν_s ∼ 0 the Green function χ_{rs} in (25) behaves like: χ_{rs} ∼ 2π|ν_{rs}| (30) Expanding in this limit the integrand in (25) in powers of ε the leading divergence is: κ^M ∫_1 0 dε ε^3 dϕ M −2∏ d^2η_r ∏ 1≤r≤s≤M −1 |η_r − η_s|^{krks2} ∫ d^2τ (Imτ ) C(τ ) (31)

Figure 3: Dilaton tadpole graph.

where we have used the on shell condition for the closed tachyon ∑ 1≤r≤s≤M −1 k_rk_s = −4M (32)

The amplitude (31) correspond to the propagation of a closed tachyon along the neck. The next subleading term in the expansion goes like^1_ε and correspond to the propagation along the neck of a massless dilaton. Thus divergent contribution to the amplitude can be written like: ∫_1 0 dε ε A_0(k = 0, 1...M)κJ (33) where A_0 is the genus zero amplitude for M external tachyons and one dilaton at zero momentum and where κJ is proportional to the genus one dilaton tadpole(see figure 2): κJ = κ ∫ F d^2τ (Imτ )^2 C(τ ) (34) The original idea of Fischler-Susskind mechanism [42] consist in absorbing the genus one divergence (33) into a renormalization of the world sheet σ-model lagrangian, namely: η_{μν} ∂x^μ∂x^ν → η_{μν} [1 + κ^2J ∫_1 0 dε ε ]∂x^μ∂x^ν (35) The factor κ^2 in (35) appears because we want to use this counterterm on the sphere to cancel a genus one divergence.Recall that generic genus one amplitudes goes like κ^M while genus zero amplitudes goes like κ^{M −2}.

Obiously the renormalized lagrangian defined in (35) explicetely breaks conformal invariance. Introducing a cutoff Λ in the ε-integration the corresponding σ-model beta function is:

β^{(1)}_{μν} = κ^2Jη_{μν} ∼ δL_R δ log Λ

(36) for L_R the renormalized lagrangian defined in (35). In principle we can generalize (36) to curved space time just replacing η_{μν} by G_{μν} . Once we do that we can compensate the σ-model beta function coming from σ-model one loop effects:

(log Λ)R_{μν} ∂x^μ∂x^ν (37)

with the genus one contribution, by impossing:

R_{μν} = κ^2JG_{μν} (38)

In summary the main message of Fischler-Susskind mechanism is that σ-model divergences can be compensated by string loop divergences. We have shown that this is th case case at least at genus one. Including the dilaton field and using the well known relation

κ = e^Φ (39)

we will get instead of (38):

R_{μν} − 2∇_μ∇_νΦ = e^{2Φ}JG_{μν} (40)

5.2 Open string contribution to the cosmological constant: The filling brane

This time we will consider the open string one loop amplitude for M external on shell open tachyons(see figure 4)

In the planar case this amplitude in given by : A(1, 2, ..., M) = g^M ∫_1 0 M −1∏ θ(ν_{r+1} − ν_r)dν_r ∫_1 0 dq q q^{−2}[f(q^2)]^{−24} ∏ r<s [Ψ_{rs}]^{krks} (41)

Figure 4: One loop open string amplitude.

The divergences of this amplitude appear in the q → 0 limit corresponding to shrinking to zero size the hole of the annulus. The structure of divergences can be read from the annulus vacuum to vacuum amplitude:

Z^{(1)}_0 =

∫_1 0 dq q q^{−2}[f(q^2)]^{−24} =

∫_1 0 dq q^3

[1 + (26 − 2)q^2 + ...] (42)

Extending Fischler-Susskind to (42) is equivalent to reproduce the coefficient of the divergences in terms of expectation values of certain operators on the disc [43]. The divergence 26 ∫_1 0 dq q is easely reproduced by: ∫_1 0 dq q e^Φ α^′ < η_{μν} ∂x^μ∂x^ν >_{disc} (43) where we have included the dilaton factor requiered for matching the one loop and disc amplitudes. The divergence

∫_1 0 dq q3 correspond to:

∫_1 0 dq q^3 e^Φ < 1_d >_{disc} (44)

The logaritmic divergence −2

∫_1 0 dq q comes from the contribution of ghosts to the annulus partition function. The correct way to reproduce this divergence is in terms of the ghost dilaton vertex operator D^{(ghost)}(k = 0) as

∫_1 0 dq q e^Φ < D^{(ghost)}(k = 0) >_{disc} (45) In fact the representation (45) of the divergence −2

∫_1 0 dq q is a direct consequence of the dilaton theorem [44]: < ∫ D_{ghost}(z, z̄)Φ(p_1) . . . Φ(p_n) >_Σ∼ 2g − 2 + n < Φ(p_1) . . . Φ(p_n) >_Σ (46)

with D_{ghost}(z, z̄) = 1 2 c∂^2c − c̄ ¯∂^2c̄ (47) Let us concentrate on (43), the Fischler-Susskind counterterm needed to cancel this divergence induces a contribution to the β_{μν} σ-model beta function proportional to e^Φ α^′ η_{μν} (48)

In order to reproduce this term we need to add to the closed string effective lagrangian the open string cosmological constant term: 1 κ^2 ∫ d^{26}x e^{−Φ} α^′ √ g (49)

The reader can easely recognize in (49) the first term in the expansion of the D − 25 filling brane Born-Infeld lagrangian:

S_{BI} = T_{25}e^{−Φ} ∫ d^{26}x √ g + b + F = T_{25}e^{−Φ} ∫ d^{26}x √ g + ... (50) with T_{25} the filling brane tension given by ∼^1_α0_{κ2} .

Thus we learn that the D − 25 filling brane tension simply represents the open string contribution to the cosmological constant.

Before finishing this section let us just summarize in the following table the diferent string contributions to the cosmological constant:

D ≠ D_{Cr} Λ_{Cr} ∼ e^{−2Φ D−DCr}_{6α}0 Closed string divergences Λ_c ∼ J Open string divergences Λ_o ∼ e^{−Φ 1}_α0 Tachyon condensation is strongly connected with these string contributions to the cosmological constant. Generically closed tachyon condensation could change the value of Λ_{Cr} and open tachyon condensation, according to Sen’s conjeture, can cancel Λ_o.

6 The effective action

6.1 A warming up exercise

Let us start with the following open string action S(a) = ∫ Σ d^2σ √ hh^{αβ}∂_αx^μ∂_βx^νη_{μν} + ∫ ∂Σ dθa (51) with a some constant and Σ the disc.

We will fix a world sheet metric h_{αβ} = e^{2ϕ}η_{αβ}, thus the open string tachyon term in (51) is ∫ ∂Σ dθae^ϕ. The partition function Z(a) is simply defined by: Z(a) = ∫ Dxe^{−S(a)} (52) If as usual we identify e^ϕ as the ultraviolet cutoff we get the beta function for a :

β_a = −a (53)

The effective action will be defined, in this trivial case, by: ∂I(a) ∂a = G_{T T} β_a (54) with β_a given in (53) and G_{T T} the Zamolodchikov metric^5 defined by the open string amplitude on the disc of two open tachyon vertex operators at zero momentum:

G_{T T} (a) =< 1_d, 1_d >_{disc} (a) (61)

with the expectation value in (61) computed for the action (51). In our case and assuming decoupling of ghosts it is obvious that G_{T T} is equal to e^{−a}Z(0). Thus using (54) we get for the effective action I(a) the following relation: ∂I(a) ∂a = G_{T T} β_a = −e^{−a}aZ(0) (62)

which can be trivially integrated to:

I(a) = (1 + a)Z(a) = (1 + a)e^{−a}Z(0) (63)

5For a formal derivation of (54) see [45]. Very briefly the proof is as follows. Let us define a family of two dimensional field theories L = L0 + λ_iu^i(ξ) (55) parametrized by λ_i. The generating functional Z(λ_1 . . . λ_n) can be expanded in powers of λ. At order N we have Z^N = Z d2ξ1 . . . d2ξ_N < u_{n1}(ξ1) . . . u_nN (ξ_N ) > λ1 . . . λ_n (56) Using the OPE we get the logaritmic contribution: Z^n = Z d2ξ1 . . . d2ξ_N d2ξf_{n1ν2m} 1 jξj2 λ1 . . . λ_n < u_m(ξ)u_{n3} (ξ3) . . . u_nN (ξ_N ) > (57)

from (57) we read the beta function β_m:

β_m = dλ^R_m d log Λ

= f_{mn1n2} λ_{n1} λ_{n2} (58)

for λ^R_m = λ^B_m + f_{mn1n2} λ_{n1} λ_{n2} log Λ with Λ the ultraviolet cutoff in the integration (57). Defining now the effective action :

Γ(λ) = X λ^{i1} . . . λ^iN < u_{i1} . . . u_iN > (59) we get ∂Γ(λ) ∂λ_m = X_{λi1 . . . λiN Ci1...iNe < umue >=} X_{βeGme (60)} where we use a generalized OPE and expression (58) for the beta functions. In this section we will use (60) to define the effective action.

This is a extremely interesting result since it defines a non trivial potential for the tachyon constant a (figure 5), namely V (a) = (1 + a)e^{−a} (64) This potential have two extremal points at a = ∞ and a = 0.

Figure 5: Open string Tachyon potential

The interpretation of the two extremal points in V (a) is by no means obvious. The extremal point a = 0 is the standard open string vacua with vanishing expectation value of the open tachyon. It is a maximun reflecting the existence of open tachyons in the string spectrum. The extremal point a = ∞ is a bit more misterious since aparently it describes a stable vacua (up to tunneling processes to a = −∞) of the open string in flat Minkowski space time and without open tachyons. What is the physical meaning of this vacua?

6.2 The effective action

Next we will consider, following ref [18, 19, 20, 21, 22, 23] , a slightly more complicated action: S(a, u_i) = 1 2πα^′ ∫ Σ d^2σ √ hh^{αβ}∂_αx^μ∂_βx^νη_{μν} + ∫ ∂Σ dθ √ hT (x) (65) with T (x) = a + ∑ u_ix^2_i (66)

Identifying, as usual, the ultraviolet cutoff with the world sheet Weyl factor we get at one loop in the σ-model Λ[a + u_iα^′ log Λ] (67) from which we derive the beta function β_a: β_a = −a − ∑ i α^′u_i (68) At this point we are interpreting x_i in (66) as representing quantum fluctuations i.e. α^′u_i = ∂2T ∂x0∂x0 and T (x^0) = a for some background x^0. Thus we should replace in (66) ui by uiα ′. In addition to β_a we have at tree level Λ[α^′u_ix^2_i ] (69) which implies a beta function β_{ui} = −u_i (70) Using these tools we can define the effective action by: dI = ∂I ∂a da + ∂I ∂u_i du_i (71) with ∂I ∂a = G_{aa}β_a + G_{aui} β_{ui} (72) ∂I ∂u_i = G_{ui uj} β_{uj} + G_{uia}β_a (73) where the “metric” factors are defined by: G_{aa} = ∫_{2π} 0 dθ < 1_d, 1_d >_{disc} (74) G_{aui} = ∫_{2π} 0 dθ < 1_d, x^2_i >_{disc} (75) G_{uiuj} = ∫_{2π} 0 dθ < x^2_i , x^2_j >_{disc} (76)

In terms of the partition function Z(a, u_i) Z(a, u_i) = ∫ dxe^{−S(a,ui)} (77) we get from (71)-(72) dI = d( ∑ α^′u_iZ − ∑ u_j ∂Z ∂u_j + (1 + a)Z) (78)

where we have used: G_{aui} = ∂Z ∂u_i (79) G_{uiuj} = ∂^2Z ∂u_i∂u_j (80)

Integrating (78) we get:

I = ( ∑ α^′u_i − ∑ u_j ∂ ∂u_j + (1 + a))Z(a, u_i) (81)

as the definition of the effective action. In this formal derivation we have assumed complete decoupling of ghosts. Notice that the contribution 1 + a + ∑ α^′u_i comes directly from the beta function β_a defined in (68) while the contribution ∑ u_j^∂_{∂uj} comes from the β_{ui} defined in (70). We can rewrite (81) in a more compact way as:

I = (1 + β^a ∂ ∂a + ∑ β^{ui} ∂ ∂u_i )Z(a, u_i) (82)

where we have used Z(a, u_i) = e^a ~Z(u_i).

The next step is to compute Z(a, u_i). In order to do that we need the Green function on the disc satisfying the boundary conditions

n_α∂^αx^i + u_ix^i = 0 (83)

on ∂Σ with n_α a normal vector to the boundary. This Green function is given by:

G^{(i)}(z, w) = − log |z − w|^2 − log |1 − zw̄|^2 + 2 u − 2u ∑ k 1 k(k + u) ((zw̄)^k + (z̄w)^k) (84)

Integrating ∂Z ∂u_i = ∫_{2π} 0 dθ < x^2_i >_{disc} (85) and using

< x^2_i >= lim_{ϵ→0} G^i_R(θ, θ + ϵ) (86)

for the renormalized Green function G^i_R(θ, θ) = 2 u − 4u ∑ k 1 k(k + u) (87)

we get: Z(a, u_i) = e^{−a} ∏ i √ α^′u_iΓ(α^′u_i)e^{γα} 0_{ui} (88)

for γ the Euler constant. For small u_i we can aproximate (88) by: Z(a, u_i) ∼ e^{−a} ∏ i 1 √ α^′u_i u_i → 0 (89)

In this limit we get from (82): I(a, u_i) ∼ (1 + a)e^{−a} ∏ i 1 √ α^′u_i + α^′( ∑ u_i)e^{−a} ∏ i 1 √ α^′u_i + ... (90)

We can now compare the first term with:

T_{25} ∫ d^{26}x(1 + T )e^{−T} (91)

for T = a + ∑ u_ix^2_i , obtaining the well known result on the filling brane tension

T_{25} = 1 (2πα^′)^{13}

(92)

Next terms in (90) correspond to the kinetic term for the open tachyon

T_{25} ∫ d^{26}xe^{−T} ∂T ∂T (93) In order to define a potential we can change variables

T → Φ = 2e^{− T2} (94)

In these new variables the tachyon lagrangian becomes:

S = T_{25} ∫ d^{26}x[α^′∂Φ∂Φ + V (Φ)] (95)

with (see figure 6) V (Φ) =

Φ^2 4 (1 − log

Φ^2 4 ) (96) The extremal corresponding to T = ∞ is Φ = 0. The effective mass of the tachyon around this extremal is: m^2 =

∂^2V (Φ) ∂Φ∂Φ |_{Φ=0} = ∞ (97) The extremal T = 0 i.e. Φ = 2 is a maximun reproducing the standard open tachyon mass

m^2 =

∂^2V (Φ) ∂Φ∂Φ |_{Φ=2} = − 1 α^′ (98)

Figure 6: Open string Tachyon potential V (Φ)

As we see for equation (97) open tachyon condensation at T = ∞ induces an infinite mass for the open tachyon. Using the string mass formula (1) we can interpret this as an effective normal ordering constant a = −∞. If we do that the dominant contribution to the BRST charge (5) is just the comohologicaly trivial BRST charge Q = c_0.

This heuristic argument indicates in agreement with Sen’s conjeture that no open string degrees of freedom survive once the tachyon condenses to T = ∞. In summary we can interpret the vacuum defined by the T = ∞ condensate as the closed string vacua. The closed string tachyon can be interpreted as associated with the quantum unstability due to tunneling processes from Φ = 0 to Φ = ∞

6.3 Non-critical dimension and tachyon condensation

The space time lagrangian for the open tachyon is given by: S = T_{25} ∫ d^{26}xe^{−T} [α^′∂T ∂T + (1 + T )] (99) The corresponding equation of motion is 2α^′∂^μ∂_μT − α^′∂^μT ∂_μT + T = 0 (100) A soliton solution for the equation (100) is given by: T (x) = a + ∑ u_ix^2_i (101) with u_i =^1_{4α}0 or u_i = 0 and a = −n for n the number of non vanishing u_i’s. In terms of the field Φ defined in (94) the profile of the solution looks like the one depicted in figure 7.

Figure 7: Soliton shape

This can be interpreted in a first approximation as D − (25 − n) soliton brane.

In principle we can try to play the same game but including the effect of a non trival dilaton. The simplest example will be of course to work with non critical dimension n and a linear dilaton background Φ = qy (102) with q = √_{n−26} 6α0 . Inspired by the Liouville picture of non critical strings we take the linear dilaton depending only on one coordinate y. The lagrangian including the effect of the dilaton would be most like:

S = T_{25} ∫ d^{26}xe^{−Φ}e^{−T} [α^′∂T ∂T + (1 + T )] (103)

The equation of motion becomes:

2α^′∂^μ∂_μT − α^′∂^μT ∂_μT − α^′∂^μΦ∂_μT + T = 0 (104)

As solution we can try

T (x) = a + ∑ u_ix^2_i a = −m u_i = 1 4α^′ i = 1...m (105) with u_y = 0. This soliton defines a D − (n − m − 1)-brane that extends on the “Liouville”- direction. Notice that we have not soliton solutions for u_y ≠ 0 which seem to imply that tachyon condensation is not taking place in the Liouville direction. This lead us to suggest the following conjecture: In non critical open strings open tachyon condensation can not take place in the Liouville direction.

A trivial corolary of the previous conjecture is that in space-time dimension equal two tachyon condensation does not take place, which is consistent with the fact that tachyons in D = 2 with the linear dilaton turn on are not real tachyons.

7 D-branes, tachyon condensation and K-theory

7.1 Extended objects and topological stability

Let us start considering a gauge theory with a Higgs field Φ:

L = L_0(A^μ, Φ) + V (Φ) (106)

for some Higgs potential V (Φ). Necessary conditions for the existence of topologically stable extended objects of space codimension p is the non triviality of the homotopy group

Π_{p−1}(V ) (107)

for V the manifold of classical vacua of lagrangian (106).

In fact for an extended object of codimension p the condition of finite density of energy implies that at the infinity region in the transversal directions -whose topology is S^{p−1}- the field configuration must belong to the vacuum manifold V . Hence we associate with each configuration of finite density of energy a map

Ψ : S^{p−1} → V (108)

whose topological clasification is defined by the homotopy group (107).

The simplest example of vacuum manifold corresponding to spontaneous breaking of symmetry G → H is the homogeneous space

V = G/H (109)

So ’tHooft-Polyakov monopole for instance is defined for G = SU(2) and H = U(1) by the topological condition Π_2(G/H) = Z which coincide with its magnetic charge.

7.2 A gauge theory analog for D-branes in type II strings

We know that in type II strings we have extended objects which are RR charged and stable, namely the D-branes. For type IIA we have D_p-branes with p even and for type

IIB D_p-branes with p odd. Since we are working in critical 10 dimensional space-time the space codimension of those D_p-branes is odd 2k + 1 for type IIA and even 2k for type IIB.

We will consider now the following formal problem. Try to get two gauge Higgs lagrangians L^{IIA(IIB)}(A_μ, Φ) such that it can be stabilished a one to one map between type II D-branes and topological stable extended objects for those lagrangians in the sense defined in previous section. We will denote this formal gauge theory the gauge theory analog of the type II strings.

Of course the hint for answering this question is Sen’s tachyon condensation conjecture for type II strings. We will present first this construction in the case of type IIB strings.

7.2.1 Sen’s conjecture for type IIB In type IIB strings we have well defined D_9 filling branes. Since they are charged under the RR sector we can define the corresponding D¯_9-antibranes. As it is well known the low energy physics on the world volume of a set of N D_9-branes is a U(N) gauge theory without open tachyons. In fact the open tachyon is projected out by the standard GSO projection (−1)^F = +1 (110) for F the world sheet fermion number operator. The situation changed when we consider N D_9-branes and N D¯_9-antibranes. In this case the theory on the world volume is U(N) × U(N) and not U(2N) due to the fact that the GSO projection on open string states with end points at a D_9-brane and a D¯_9-antibrane is the opposite, namely

(−1)^F = −1 (111)

This projection eliminates from the spectrum the massless gauge vector bosons that will enhance the U(N) × U(N) gauge symmetry to U(2N). In addition the projection (111) is not killing the tachyon in the (9, ¯9) and (¯9, 9) open string sectors. Thus the gauge theory associated with the configuration of N D_9-branes and N D¯_9-antibranes is a

U(N) × U(N) gauge theory with a Higgs field, the open tachyon, in the bifundamental (N, N̄ ) representation.

This gauge theory will be a natural starting point for defining the gauge analog model in the case of type IIB strings.

Of course in order to get a rigurous criterion for the topological stability of extended objects in this gauge theory we need to know the potential for the open tachyon. This potential is something that at this point we don’t know how to calculate in a rigorous way. However we can assume that a tachyon condensation is generated with a vacuum expectation value < T >= T_0 (112) with T_0 diagonal and with equal eigenvalues. If this condensate takes place then the vacuum manifold is simply V = U(N) × U(N) U_D(N) ∼ U(N) (113) Thus the condition for topological stability for extended objects of space codimension 2k will be:

Π_{2k−1}(U(N)) ≠ 0 (114) which by Bott periodicity theorem:

Π_j(U(k)) =

Z j odd j < 2k 0 j even j < 2k

(115)

we know is the case for big enough N.

The simplest example will be to take k = 1 corresponding to the extended object of the type of a D_7-brane. The condition of finite energy density defines a map from S^1 into U(N). For just one pair of D_9 − D¯_9 configuration we get Π_1(U(1)) = Z, with this winding number representing the “magnetic charge” of the D_7-brane that looks topologically like a vortex line (see figure 8).

Figure 8: Topology of the D_7-brane

If we go to the following brane namely the D_5-brane we have k = 2 and we need a non vanishing homotopy group Π_3(U(N)). The minimun N for which this is possible according to (115) is N = 2 i.e. two pairs of D_9 − D¯_9-branes. We can understand what is happenig in two steps. First of all we get a configuration of two D_7-branes and from this the D_5-brane.

For k = 3 we need non vanishing homotopy group Π_5(U(N)). The natural N we should choose is dictated by the step construction namely N = 4. In general for codimension 2k we will consider a gauge group U(2^{k−1}).

7.3 K-theory version of Sen’s conjecture

The configuration of D_q − D_{q̄}-branes naturally defines a couple of U(N) vector bundles (E, F ) on space time. The main idea of Sen’s tachyon condensation is that a configuration characterized by the couple of vector bundles (E, E) with a topologically trivial tachyon field configuration decays into the closed string vacua for type IIB string theory.This is exactly the same type of phenomena we have discussed in section 7 for the bosonic string. The phenomena naturally leads to consider, as far as we are concerned with D-brane charges, instead of the couple of bundles (E, F ) the equivalence class defined by [31] (E, F ) ∼ (E ⊕ G, F ⊕ G) (116) for ⊕ the direct sum of bundles. This is precisely the definition of the K-group of vector bundles on the space-time X, K(X).

Let us here recall that the space A = V_{ec}(X) of vector bundles on X is a semigroup with respect to the operation of direct sum. The way to associate with A a group K(A) is as the quotient space in A × A defined by the equivalence relation

(m, n) ∼ (m^′, n^′) (117)

if ∃p such that m+n^′ +p = n+m^′ +p which is precisely what we are doing in the definition (116).

A different but equivalent way to define K(A) for A = V_{ec}(X) is as the set of equivalence classes in V_{ec}(X) defined by the equivalence relation: E ∼ F if ∃G : E ⊕ G = F ⊕ G (118) where the “=” means isomorphism.

It is convenient for our purposes to work with the reduced K-group K̃(X) which is defined by Ker[K(X) → K(p)] (119) for p a point in X. Notice that K(p) is just the group of integer numbers Z. This is the group naturally associated with the semigroup V_{ec}(p) = N where N here parametrizes the different dimensions of the vector bundles in V_{ec}(p).

In order to characterize D_p-branes in type IIB in terms of K-theory we will need to consider the group K(X, Y ). We will consider X a compact space and Y also compact and contained in X.

In order to define K(X, Y ) we will use triplets (E, F, α) where E and F are vector bundles on X and where α is an isomorphism:

α : E |_Y → F |_Y (120) of the vector bundles E and F reduced to the subspace Y [36].

The definition of K(X, Y ) requieres to define elementary triplets. An elementary triplet is given by (E, F, α) with E = F and α homotopic to the identity in the space of automorphisms of E |_Y . Once we have defined elementary triplets the equivalence relation defining K(X, Y ) is :

σ = (E, F, α) σ^′ = (E^′, F^′, α^′) (121) σ ∼ σ^′ iff ∃ elementary triplets τ and τ^′ such that

σ + τ = σ^′ + τ^′ (122)

where σ + τ = (E ⊕ G, F ⊕ G, α ⊕ 1_d) (123) Once we have defined K(X, Y ) we can try to put in this language the topological characterization of a D_p-brane of space codimension 2k. Namely we will take as Y the “boundary” region in transversal directions i.e. S^{2k−1}. As space X we will take the ball B^{2k}. The tachyon field transforming in the bifundamental representation will define on S^{2k−1} an isomorphism between the two vector bundles E, F defined by the starting configurations of D_9 − D¯_9-branes. Finally the homotopy class of this map will define the charge of the D_q-brane of space codimension 2k. The K-group we define in this way is

K(B^{2k}, S^{2k−1}) (124)

Now we can use the well known relation:

K(B^{2k}, S^{2k−1}) = K̃(B^{2k}/S^{2k−1}) (125)

where X/Y is defined by contracting Y to a point.

It is easy to see that B^{2k}/S^{2k−1} ∼ S^{2k} (126)

Thus we can associate with type IIB D_p-branes of space codimension 2k elements in K̃(S2k). In order to define the tachyon field in this case we will specify the isomorphism α. For codimension 2k let us consider the 2^k × 2^k gamma matrices Γ_i (i = 0 . . . 2k). Let v a vector in C^{2k}. The isomorphism α is defined by α(x, v) = (x, x_iΓ^i(v)) (127) for x ∈ S^{2k−1}. The tachyon field is defined by T (x) |_{x∈S}2k�1 = x_iΓ^i (128)

7.4 Type IIA strings

Next we will define a gauge analog for type IIA strings. The gauge-Higgs lagrangian will be defined in terms of a configuration of D_9-branes. For type IIA D_9-branes are not BPS and therefore they are unstable. The manifestation of this unstability is the existence of an open tachyon field T transforming in the adjoint representation. The gauge group for a configuration of N D_9-branes is U(N). Notice that in the case of the type IIA we can not use D¯_9-antibranes since for type IIA D_9-branes are not RR-charged.

We can now follow the same steps that in the type IIB case, namely to look for a tachyon potential and to compute the even homotopy groups of the corresponding vacuum manifold. Instead of doing that we will approach the problem from a different point of view, interpreting the D-branes of type IIA as topological defects associated with the gauge fixing topology. In order to describe this approach we need first to review some know facts about gauge fixing topology for non abelian gauge theories.

7.4.1 ’tHooft’s abelian projection An important issue in the quantization of non abelian gauge theories is to fix the gauge. By an unitary gauge we means a procedure to parametrize the space of gauge “orbits” i.e.

the space of physical configurations R/G (129) for R the total space of field configurations, in terms of physical degrees of freedom where by that we mean those that contribute to the unitary S-matrix. This in particular means a ghost free gauge fixing.

In reference [40] ’tHooft suggested a way to fix the non abelian gauge invariance in a unitary way. This type of gauge fixing known as “abelian projection” reduce the physical degrees of freedom to a set of U(1) photons and electrically charged vector bosons.

In addition to these particles there is an extra set of dynamical degrees of freedom we need to include in order to have a complete description of the non abelian gauge theory. These extra degrees of freedom are magnetic monopoles that appear as a consequence of the topology of the gauge fixing.

More precisely let X be a field transforming in the adjoint representation

X → gXg^{−1} (130)

The field X can be a functional X(A) of the gauge field A or some extra field in the theory. The way to fix the gauge is to impose X to be diagonal

X = λ_1

. .. λ_N (131)

The residual gauge invariance for a U(N) gauge theory is U(1)^N i.e. gauge transformations of the type

g = e^{iα1} ... e^{iαN} (132)

The degrees of freedon of this gauge are:

• N-U(1) photons •^1_2 N(N − 1) charged vector bosons • N scalars fields λ_i Gauge fixing singularities will appear whenever two eigenvalues coincide λ_i = λ_{i+1} (133) Notice that we can fix the gauge impossing X to be diagonal and that λ_i > λ_{i+1} > λ_{i+2} > . . .. What is the physical meaning of these gauge fixing singularities?

First of all it is easy to see that generically these gauge fixing singularities have codimension 3 in space. In particular this means that if we are working in four dimensional space time they behave as pointlike particles.

Secondly if we consider the field X in a close neighborhood of the singular point before gauge fixing

X = D_1 0 0 0 λ + ϵ_3 ϵ_1 − iϵ_2 ϵ_1 + iϵ_2 λ − ϵ_3 0 0 0 D_2

(134)

we can write the small two by two matrix in (134) as: X = λ1_d + ϵ_iσ_i (135) for σ_i the Pauli matrices. The field ϵ(x) is equal to zero at the singular point and in a close neighborhood can be written as: ϵ(x) = 3∑ i=1 x_iσ_i (136) We can easily relate this field to a magnetic monopole. In fact let us consider S^2 in R^3 and let us define the field on S^2: X(x) |_{x∈S}2 = 3∑ i=1 x_iσ_i (137)

Clearly X^2(x) |_{x∈S}2 = 1_d, thus we can define the projector:

Π_± = 1 2 (1 ± X(x)) (138)

The trivial bundle S^2 × C^2 decomposse into:

S^2 × C^2 = E_+ ⊕ E_− (139)

where the line bundles E_± are defined by the action of the projection Π_± on C^2. The associated principal bundle to E_+, E_− define the magnetic monopoles.

In summary the gauge fixing singularities of gauge (131) corresponding to two equal eigenvalues should be interpreted as pointlike magnetically charged particles. It is important to stress that the existence of these magnetic monopoles is completly independent of being in a Higgs or confinement phase.

7.4.2 The D_6-brane Here we will repeat the discussion in 7.4.1 but for the U(N) gauge theory defined by a configuration of D_9 unstable filling branes. We will use the open tachyon field transforming in the adjoint representation to fix the gauge. By impossing T to be diagonal we reduce the theory to pure abelian degrees of freedom in addition to magnetically charged objects of space codimension 3 that very likely can be identified with D_6-branes.

Using expresion (137) and replacing the X field by the open tachyon we find that in the close neighborhood of a codimension 3 singular region the tachyon field is represented by: T (x) |_{x∈S}2 = 3∑ i=1 x_iσ_i (140) which is precisely the representation of the tachyon field around a D_6-brane suggested in reference [32].

7.4.3 K-theory description The data we can naturally associate with a configuration of D_9-branes in type IIA is a couple (E, T ) with E a vector bundle and T the open tachyon field. We will translate these data into a more mathematical language using the higher K-group K^{−1}(X) [31, 32].

In order to define K^{−1}(X) we will start with couple (E, α) with E a vector bundle on X and α an automorphism of E. As we did in the definition of K(X, Y ) we define elementary pairs (E, α) if α is homotopic to the identity within automorphisms of E. Using elementary pairs (E, α) = τ we define the equivalence relation

σ ∼ σ^′ (141)

iff ∃τ, τ^′ elementary such that σ ⊕ τ = σ^′ ⊕ τ^′ (142) We can now define K^{−1}(X, Y ) as pairs (E, α) ∈ K^{−1}(X) such that α |_Y = 1_d.

As before we will use the tachyon field T to define the automorphism α. In codimension 3 we got in the previous section that T (x) |_{x∈S}2 = 3∑ i=1 x_iσ_i (143)

Clearly T^2(x) |_{x∈S}2 = 1_d and therefore if we define

α = e^{iT} (144)

and we identify Y = S^2 we get the condition

α |_Y = 1_d (145)

used in the definition of K^{−1}(X, Y ). Thus we associate the D_p-branes of codimension 2k+1 with elements in K^{−1}(B^{2k+1}, S^{2k}) (146)

Using again the relation

K^{−1}(B^{2k+1}, S^{2k}) = K̃^{−1}(B^{2k+1}/S^{2k}) (147) and K̃^{−1}(X) = K̃(SX) (148)

for SX the reduced suspension of X (in particular SS^n = S^{n+1}) we conclude that D_pbranes in type IIA are associated with K̃^{−1}(S^{2k+1}) = K̃(S^{2k+2}) (149)

The reader can wonder at this point in what sense to work with K-theory is relevant for this analysis. The simplest answer comes from remembering the group structure of K^{−1}(X).

The group structure of in K^{−1}(X) is associated with the definition of inverse. Namely the inverse of (E, α) is (E, α^{−1}). The reason is that

(E, α) ⊕ (E, α^{−1}) = (E ⊕ E, α ⊕ α^{−1}) (150)

where α ⊕ α^{−1} = α 0 0 α^{−1}

(151)

Now there is a homotopy transforming matrix (151) into the identity

α 0 0 α^{−1} (t) = α 0 0 1 cos t sin t − sin t cos t 1 0 0 α^{−1} cos t sin t sin t cos t

(152)

such that α 0 0 α^{−1}

(t = 1) = αα^{−1} 0 0 1 = 1_d (153)

What this homotopy means is again Sen’s tachyon condensation conjecture. In fact if we associate a D_6 − D¯_6 brane configuration with a matrix T with two pairs of eigenvalues

(λ_i = λ_{i+1}) and (λ_j = λ_{j+1}) equal. This configuration is - because of homotopy (152) - topologically equivalent to the vacuum. We see once more how Sen’s condensation is at the core of the K-theory promotion of V_{ec}(X) from a semigroup into a group.

8 Some final comments on gauge theories

The data associated with a gauge theory and a unitary gauge fixing of the type used in the abelian projection can be summarized in the same type of couples used to define the higher K-group K^{−1}(X), namely a U(N) vector bundle E and an automorphism α. In this sense gauge fixing topology is traslated into the homotopy class of α within the automorphisms of E. In standard four dimensional gauge theories the gauge fixing topology is described in terms of magnetic monopoles and antimonopoles. In principle we have different types of magnetic monopoles charged with respect to the different U(1)’s in the Cartan subalgebra. The group theory meaning of K^{−1}(X) is reproduced, at the gauge theory level, by the homotopy (152) that is telling us that monopole-antymonopole pairs, although charged with respect to different U(1)’s in the Cartan subalgebra, annihilate into the vacuum, very much in the same way as, by Sen’s tachyon condensation, a pair of brane-antibrane decay into the vacuum.

In what we have denoted the gauge theory analog of type II strings, namely a gauge- Higgs lagrangian with topologically stable extended objects in one to one correspondence with type II stable D_p-branes, it is apparently absent one important dynamical aspect of D-filling brane configurations. In fact in the case of unstable filling branes the decay into the vacuum comes together with the process of cancelation of the filling brane tension and thus with the “confinement” of “electric” open string degrees of freedom. The resulting state is a closed string vacua with stable D_p-branes that are sources of RR fields which are part of the the closed string spectrum. The dynamics we lack in the gauge theory analog is on one side the equivalent of the confinement of open string degrees or freedom^6 and on the other side the RR closed string interpretation of the dual field created by the D_p-brane topological defects. Very likely the gauge theory interpretation of this two phenomena can shed some light on the quark confinement problem.

Acknowledgments

C.G. thanks the organizers of the IV SIGRAV School at Como for giving me the opportunity to present these lectures. We also thank E. Alvarez for useful discussions. This work is supported by the Spanish grant AEN2000-1584. The work of P.R. is supported by a FPU U.A.M. grant.

References

[1] Ashoke Sen, Descent relations among bosonic D-branes. Int.J.Mod.Phys.A14:4061- 4078,1999. hep-th/9902105

[2] Ashoke Sen, Stable non BPS bound states of BPS D-branes. JHEP 9808:010,1998.

hep-th/9805019

[3] Ashoke Sen, Tachyon condensation on the brane-antibrane system. JHEP 9808:012,1998. hep-th/9805170

[4] Ashoke Sen, SO(32) spinors of type I and other solitons in brane-antibrane pair. JHEP 9809:023,1998. hep-th/9808141.

[5] Ashoke Sen, BPS D-branes on non-supersymmetric cycles. JHEP 9812:021,1998. hepth/9812031

6 i.e. the concept of a filling brane tension which is intimately related to the open-closed relation in string theory, namely to soft dilaton absortion to the vacuum

[6] Ashoke Sen, Universality of the tachyon potential. hep-th/9911116.

[7] Ashoke Sen, Barton Zwiebach, Tachyon condensation in string field theory. JHEP 0003:002,2000. hep-th/9912249.

[8] Washington Taylor, D-brane effective field theory from string field theory.

Nucl.Phys.B585:171-192,2000. hep-th/0001201

[9] V.Alan Kostelecky,R. Potting, Expectation values, Lorentz invariance and CPT in the open bosonic string. Phys.Lett.B381:89-96,1996. hep-th/9605088. V.Alan Kostelecky, Stuart Samuel, The static tachyon potential in the open bosonic string theory. Phys.Lett.B207:169,1988.

[10] Nicolas Moeller, Washington Taylor, Level truncation and the tachyon in open bosonic string field theory. Nucl.Phys.B583:105-144,2000. hep-th/0002237.

[11] Jeffrey A. Harvey, Per Kraus, D-branes as unstable lumps in bosonic open string field theory. JHEP 0004:012,2000. hep-th/0002117.

[12] R. de Mello Koch, A. Jevicki, M. Mihailescu, R. Tatar, Lumps and p-branes in open string field theory. Phys.Lett.B482:249-254,2000. hep-th/0003031.

[13] Nathan Berkovits, Ashoke Sen, Barton Zwiebach, Tachyon condensation in superstring field theory. Nucl.Phys.B587:147-178,2000. hep-th/0002211.

[14] Nathan Berkovits, The tachyon potential in open Neveu-Schwarz string field theory.

JHEP 0004:022,2000. hep-th/0001084.

[15] Pieter-Jan De Smet, Joris Raeymaekers, Level four approximation to the tachyon potential in superstring field theory. JHEP 0005:051,2000. hep-th/0003220.

[16] Amer Iqbal, Asad Naqvi, Tachyon condensation on a non-BPS D-brane. hepth/0004015.

[17] Jeffrey A. Harvey, Petr Horava, D-sphalerons and the topology of string configuration space. JHEP 0003:021,2000. hep-th/0001143.

[18] Edward Witten, On background independent open string field theory.

Phys.Rev.D46:5467-5473,1992. hep-th/9208027.

[19] Edward Witten, Some computations on background independent off-shell string theory. Phys.Rev.D47:3405-3410,1993. hep-th/9210065.

[20] Samson L. Shatashvili, Comment on the background independent open string field theory. Phys.Lett.B311:83-86,1993. hep-th/9303143.

[21] Samson L. Shatashvili, On the problems with background independence in string theory. hep-th/9311177.

[22] Anton A. Gerasimov, Samson L. Shatashvili, On exact tachyon potential in open string field theory. JHEP 0010:034,2000. hep-th/0009103.

[23] David Kutasov, Marcos Marino, Gregory Moore, Some exact results on tachyon condensation in string field theory. JHEP 0010:045,2000. hep-th/0009148.

[24] A.A. Tseytlin, On the tachyonic terms in the string effective action.

Phys.Lett.B264:311-318,1991.

[25] A.A. Tseytlin, Sigma model approach to string theory effective actions with tachyons.

hep-th/0011033.

[26] A.M. Polyakov, The wall of the cave. Int.J.Mod.Phys.A14:645-658,1999. hepth/9809057.

[27] Leonardo Rastelli, Ashoke Sen, Barton Zwiebach, String field theory around the tachyonic vacuum. hep-th/0012251.

[28] Ashoke Sen, Fundamental strings in open string theory at the tachyonic vacuum.

hep-th/0010240.

[29] Matthew Kleban, Albion E. Lawrence, Stephen Shenker, Closed strings from nothing.

hep-th/0012081.

[30] Piljin Yi, Membranes from five-branes and fundamental strings from Dp-branes.

Nucl.Phys.B550:214-224,1999. hep-th/9901159.

[31] Edward Witten, D-branes and K-theory. JHEP 9812:019,1998. hep-th/9810188. [32] Petr Horava, Type IIA D-branes, K-theory, and Matrix theory.

Adv.Theor.Math.Phys.2:1373-1404,1999. hep-th/9812135.

[33] Ruben Minasian, Gregory Moore, K-theory and Ramond-Ramond charge. JHEP 9711:002,1997. hep-th/9710230.

[34] Gregory Moore, Edward Witten, Selfduality, Ramond-Ramond fields, and K-theory.

JHEP 0005:032,2000. hep-th/9912279.

[35] Edward Witten, Overwiew of K-theory applied to strings. Int.J.Mod.Phys.A16:693- 706,2001. hep-th/0007175.

[36] Max Karoubi, K-theory: an introduction. Berlin Springer-Verlag 1978. [37] Cesar Gomez, A comment on K-theory meaning of the topology of gauge fixing. hepth/0104211.

[38] Enrique Alvarez, Cesar Gomez, Lorenzo Hernandez, Non-critical Poincare invariant bosonic string backgrounds. Nucl.Phys.B600:185-196,2001. hep-th/0011105.

[39] Enrique Alvarez, Cesar Gomez, Lorenzo Hernandez, Pedro Resco, Non-critical nonsingular bosonic strings, linear dilatons and holography. Nucl.Phys.B603:286-296,2001. hep-th/0101181.

[40] G. ’t Hooft, Topology of the gauge condition and new confinement phases in nonabelian gauge theories. Nucl.Phys.B190:455,1981.

[41] Peter Breitenlohner, Daniel Z. Freedman, Positive energy in Anti-deSitter backgrounds and gauged extended supergravity. Phys.Lett.B115:197,1982. Peter Breitenlohner, Daniel Z. Freedman. Stability in gauged extended supergravity. Annals Phys.144:249,1982.

[42] W. Fischler, L. Susskind, Dilaton tadpoles, string condensates and scale invariance.

Phys.Lett.B171:383,1986. W. Fischler, L. Susskind, Dilaton tadpoles, string condensates and scale invariance.2. Phys.Lett.B173:262,1986.

[43] C.G. Callan, C. Lovelace, C.K. Nappi and S.A. Yost, String loop corrections to beta functions. Nucl.Phys.B288:525,1987.

[44] Oren Bergman, Barton Zwiebach, The dilaton theorem and closed string backgrounds.

Nucl.Phys.B441:76-118,1995. hep-th/9411047.

[45] A.M. Polyakov, Gauge fields and strings. Chur, Switzerland: Harwood (1987).