arXiv:hep-th/0106200 v4 13 Apr 2004

Cubic Interactions of Bosonic Higher Spin Gauge Fields in AdS_5

M.A. VASILIEV

I.E.Tamm Department of Theoretical Physics, Lebedev Physical Institute, Leninsky prospect 53, 119991, Moscow, Russia

Abstract

The dynamics of totally symmetric free massless higher spin fields in AdS_d is reformulated in terms of the compensator formalism for AdS gravity. The AdS_5 higher spin algebra is identified with the star product algebra with the su(2, 2) vector (i.e., o(4, 2) spinor) generating elements. Cubic interactions of the totally symmetric bosonic higher spin gauge fields in AdS_5, including the interaction with gravity, are formulated at the action level.

1 Introduction

Irreducible relativistic fields in the flat d-dimensional space-time classify according to the finite-dimensional representations of the Wigner little algebra l. It is well known that l = o(d − 2) for the massless case m = 0 and l = o(d − 1) for m ≠ 0. From the field-theoretical viewpoint the difference between the massless and massive cases is that, except for the scalar and spinor fields, all massless fields possess specific gauge symmetries reducing a number of independent degrees of freedom.

Since the totally antisymmetric symbol ϵ^{a1...an} (a = 1 ÷ n) is o(n) invariant it is enough to consider the representations of o(n) associated with the Young diagrams having at most

[_1 2 n ] rows. For lower dimensions like d = 4 and d = 5 only the totally symmetric massless higher spin representations of the little algebra appear, characterized by a single number s. An integer spin s massless field is described by a totally symmetric tensor φ_{n1 ...ns} subject to the double tracelessness condition [1] φ^r_r^s_{sn5 ...ns} = 0 which is nontrivial for s ≥ 4.

A quadratic action [1] for a free spin s field φ_{n1 ...ns} is fixed unambiguously [2] up to an overall factor in the form

S_s = 1 2 (−1)^s ∫ d^4x {∂_nφ_{m1...ms} ∂^nφ^{m1 ...ms} (1.1) − 1 2 s(s − 1)∂_nφ^r_{rm1 ...ms−2} ∂^nφ^k_k^{m1...ms−2} + s(s − 1)∂_nφ^r_{rm1 ...ms−2} ∂_kφ^{nkm1 ...ms−2} −s∂_nφ^n_{m1 ...ms−1} ∂_rφ^{rm1 ...ms−1} − 1 4 s(s − 1)(s − 2)∂_nφ^r_r^n_{m1 ...ms−3} ∂_kφ^t_t^{km1 ...ms−3} } by the requirement of gauge invariance under the Abelian gauge transformations δφ_{n1...ns} = ∂_{{n1} ε_{n2 ...ns}} (1.2) with the parameters ε_{n1 ...ns−1} being rank (s − 1) totally symmetric traceless tensors, ε^r_{rn3 ...ns−1} = 0. This formulation is parallel [3] to the metric formulation of gravity and is called formalism of symmetric tensors. Fermionic higher spin gauge fields are described analogously [4] in terms of rank-(s−1/2) totally symmetric spinor-tensors ψ_{n1...ns−1/2α} subject to the γ−tracelessness condition γ^s_α^β ψ^r_{rsn4 ...ns−1/2β} = 0. A progress on the covariant description of generic (i.e., mixed symmetry) massless fields in any dimension was achieved in [5, 6].

Higher spin gauge symmetry principle is the fundamental concept of the theory of higher spin massless fields. By construction, the class of higher spin gauge theories consists of most symmetric theories having as many as possible symmetries unbroken^1. Any more symmetric theory will have more lower and/or higher spin symmetries and therefore will belong to the class of higher spin theories. As such, higher spin gauge theory is of particular importance for the search of a fundamental symmetric phase of the superstring theory. This is most obvious in the context of the so-called Stueckelberg symmetries in the string field theory which have a form of some spontaneously broken higher spin gauge symmetries. Whatever a symmetric phase of the superstring theory is, Stueckelberg symmetries are expected to become unbroken higher spin symmetries in such a phase and, therefore, the superstring field theory has to identify with one or another version of the higher spin gauge theory.

1We only consider the case of relativistic fields that upon quantization are described by lowest weight unitary representations (lowest weight implies in particular, that the energy operator is bounded from below). Beyond this class some other “partially massless” higher spin gauge fields can be introduced [7] which are either non-unitary or live in the de Sitter space (recall that de Sitter group SO(d, 1) does not allow lowest weight unitary representations).

The problem is to introduce interactions of higher spin fields with some other fields in a way compatible with the higher spin gauge symmetries. Positive results in this direction were first obtained for interactions of higher spin gauge fields in the flat space with the matter fields and with themselves but not with gravity [8]. In the framework of gravity, the nontrivial higher spin gauge theories were so far elaborated [9, 10, 11] (see also [12, 13] for reviews) for d = 4 which is the simplest nontrivial case since higher spin gauge fields do not propagate if d < 4. As a result, it was found out that (i) in the framework of gravity, unbroken higher spin gauge symmetries require a non-zero cosmological constant;

(ii) consistent higher spin theories contain infinite sets of infinitely increasing spins;

(iii) consistent higher spin gauge interactions contain higher derivatives: the higher spin is the more derivatives appear;

(iv) the higher spin symmetry algebras [14] identify with certain star product algebras with spinor generating elements [15].

Some of these properties, like the relevance of the AdS background and star product algebras, discovered in the eighties were rather unusual at that time but got their analogues in the latest superstring developments in the context of AdS/CFT correspondence [16] and the non-commutative Yang-Mills limit [17]. We believe that this convergency can unlikely be occasional. Let us note that recently an attempt to incorporate the dynamics of higher spin massless into the two-time version of the non-commutative phase space approach was undertaken in [18].

The feature that unbroken higher spin gauge symmetries require a nonzero cosmological constant is of crucial importance in several respects. It explained why negative conclusions on the existence of the consistent higherspin-gravitational interactions were obtained in [19] where the problem was analyzed within an expansion near the flat background. Also it explains why the higher spin gauge theory phase is not directly seen in the M theory (or superstring theory) framework prior its full formulation in the AdS background is achieved. The same property makes the S-matrix Coleman-Mandula-type no-go arguments [20] irrelevant because there is no S-matrix in the AdS space.

A challenging problem of the higher spin gauge theory is to extend the 4d results on the higher-spin-gravitational interactions to higher dimensions. This is of particular importance in the context of the possible applications of the higher spin gauge theory to the superstring theory (d = 10) and M theory (d=11). A conjecture on the structure of the higher spin symmetry algebras in any dimension was made in [21] where the idea was put forward that analogously to what was proved to be true in d = 4 [15] and d < 4 (see [13] for references) higher spin algebras in any dimension are certain star product algebras with spinor generating elements.

As a first step towards higher dimensions it is illuminating to analyze the next to d = 4 nontrivial case, which is d = 5. This is the primary goal of this paper. The case of AdS_5/CF T_4 higher spin duality is particularly interesting in the context of duality of the type IIB superstring theory on AdS_5 × S^5 with a constant Ramond-Ramond field strength to the N = 4 supersymmetric Yang-Mills theory [16]. It was conjectured recently in [22, 23] that the boundary theories dual to the AdS_{d+1} higher spin gauge theories are free conformal theories in d dimensions. This conjecture is in agreement with the results of [24] where the conserved conformal higher spin currents bilinear in the d-dimensional free massless scalar field theory were shown to be in the one-to-one correspondence with the set of the d + 1-dimensional bulk higher spin gauge fields associated with the totally symmetric representations of the little algebra. In contrast to the regime g^2n → ∞ underlying the standard AdS/CFT correspondence [16], as conjectured in [22, 23], the AdS/CFT regime associated with the higher spin gauge theories corresponds to the limit g^2n → 0. The realization of the higher spin conformal symmetries in the 4d free boundary conformal theories was considered recently in [25]. It was shown that they indeed possess the global higher spin conformal symmetries proposed long ago by Fradkin and Linetsky [26] in the context of 4d conformal higher spin gauge theories [27], and some their further extensions^2. It was conjectured in [25] that the 4d conformal higher spin gauge symmetries can be realized as higher spin gauge symmetries of AdS_5 bulk unitary higher spin gauge theories. Analogous conjecture was made in [28] with respect to the minimal infinitedimensional reduction of the 4d conformal higher spin algebra.

The AdS_5 case is more complicated compared to AdS_4. Naively, one might think that only one-row massless higher spin representations of the little group characterized by a single number s appear. However, there is a catch due to the fact that the classification of massless fields in AdS_d is different [29] from that of the flat space. As a result, more types of massless fields appear in AdS_5 which all reduce in the flat limit to the some combinations of the symmetric fields. In the AdS_5 case however, they are expected to be described by the dynamical fields having the symmetry properties of the two row Young diagrams. Unfortunately, so far the covariant formalism for the description of such fields in the AdS space, that would extend that developed in [30, 31] for

2The conformal higher spin gauge theories of [27] generalize C^2 Weyl gravity and are non-unitary because of the higher derivatives in the kinetic terms that give rise to ghosts.

the totally symmetric higher spin fields, was not worked out. This complicates a formulation of the AdS_5 higher spin gauge theories for the general case. In particular, based on the results presented in section 4 of this paper, it was argued in [25] that such mixed symmetry higher gauge spin fields have to appear in the 5d higher spin algebras with N ≥ 2 supersymmetries. For this reason, in this paper we confine ourselves to the simplest purely bosonic N = 0 case of the AdS_5 higher spin gauge theory. The N = 1 case will be considered in the forthcoming paper [32]. To proceed beyond N = 1 one has first of all to develop the appropriate formulation of the AdS_5 massless higher spin fields that have the symmetry properties of the two-row Young diagrams.

The organization of the paper is as follows. To make it as much selfcontained as possible we start in section 2 with a summary of the general features of the approach developed in [33, 9, 30] relevant to the analysis of the 5d higher spin gauge theory in this paper. In particular, the main idea of the higher spin extension at the algebraic and Lagrangian level is discussed in section 2.2. In section 2.3 we summarize the main results of [30] on the formulation of the totally symmetric bosonic massless fields in any dimension, introducing covariant notation based on the compensator approach to AdS_d gravity explained in the section 2.1. In section 3 we reformulate AdS_5 gravity in the su(2, 2) spinor notations. The correspondence between finite-dimensional representations of su(2, 2) and o(4, 2) relevant to the AdS_5 higher spin problem is presented in the section 4. AdS_5 higher spin gauge algebras are defined in section 5. su(2, 2) systematics of the 5d higher spin massless is given in section 6. The unfolded form of the free equations of motion for all massless totally symmetric tensor fields in AdS_5 called Central On-Mass-Shell Theorem is presented in the section 7. The analysis of the AdS_5 higher spin action is the content of section 8 where we, first, discuss some general properties of the higher spin action, and then derive the quadratic (section 8.1) and cubic (section 8.2) higher spin actions possessing necessary higher spin symmetries. The reductions to the higher spin gauge theories that describe finite collections of massless fields of any given spin are defined in section 9. Conclusions and some open problems are discussed in section 10. The Appendix contains a detailed derivation of the the 5d free higher spin equations of motion.

2 Generalities

2.1 AdS_d Gravity with Compensator

It is well-known that gravity admits a formulation in terms of the gauge fields associated with one or another space-time symmetry algebra [34, 35, 36]. Gravity with the cosmological term in any space-time dimension can be described in terms of the gauge fields w^{AB} = −w^{BA} = dx^nw^{AB}_n associated with the AdS_d algebra h = o(d−1, 2) with the basis elements t_{AB}. Here the underlined indices m, n . . . = 0 ÷ d − 1 are (co)tangent for the space-time base manifold while A, B = 0 ÷ d are (fiber) vector indices of the gauge algebra h = o(d − 1, 2). Let r^{AB} be the Yang-Mills o(d − 1, 2) field strength

r^{AB} = dw^{AB} + w^{AC} ∧ w_C^B , (2.1)

where d = dx^{n ∂}_{∂xn} is the exterior differential. One can use the decomposition

w = w^{AB} t_{AB} = ω^{L ab}L_{ab} + λe^aP_a (2.2)

(a, b = 0 ÷ d − 1). Here ω^{L ab} is the Lorentz connection associated with the Lorentz subalgebra o(d − 1, 1). The frame field e^a is associated with the AdS_d translations P_a parametrizing o(d − 1, 2)/o(d − 1, 1). Provided that e^a is nondegenerate, the zero-curvature condition

r^{AB} (w) = 0 (2.3)

implies that ω^{L ab} and e^a identify with the gravitational fields of AdS_d. λ^{−1} is the radius of the AdS_d space-time. (Note that λ has to be introduced to make the frame field e^a dimensionless.)

One can make these definitions covariant with the help of the compensator field [36] V^A(x) being a time-like o(d − 1, 2) vector V^A normalized to

V^AV_A = 1 (2.4)

(within the mostly minus signature). The Lorentz algebra then identifies with the stability subalgebra of V^A. This allows for the covariant definition of the frame field and Lorentz connection [36, 37]

λE^A = D(V^A) ≡ dV^A + w^{AB} V_B , (2.5)

ω^{L AB} = w^{AB} − λ(E^AV^B − E^BV^A) . (2.6)

According to these definitions E^AV_A = 0 , (2.7) D^LV^A = dV^A + ω^{L AB} V_B ≡ 0 . (2.8) V_A is the null vector of E^A = dx^nE^A_n . When the matrix E^A_n has the maximal rank d it can be identified with the frame field giving rise to the nondegenerate space-time metric tensor g_{nm} = E^A_n E^B_mη_{AB} . (2.9) The torsion 2-form is t^A ≡ DE^A ≡ λ^{−1}r^{AB} V_B . (2.10) (Note that due to (2.7) DE^A = D^LE^A.) The zero-torsion condition t^A = 0 (2.11) expresses the Lorentz connection via (derivatives of) the frame field in a usual manner.

With the help of V_A it is straightforward to build a d–dimensional generalization of the 4d MacDowell-Mansouri-Stelle-West pure gravity action [35, 36] S = − 1 4λ^2κ^{d−2} ∫ M^d ϵ_{A1 ...Ad+1} r^{A1 A2} ∧ r^{A3 A4} ∧ E^{A5} ∧ . . . ∧ E^{Ad} V^{Ad+1} . (2.12) Taking into account that δr^{AB} = Dδw^{AB} , δE^A = λ^{−1}(δw^{AB}V_B + DδV^A) , V_AδV^A = 0 (2.13) along with the identity ϵ^{A1...Ad+1} = V^{A1} V_B ϵ^{BA2...Ad+1} + . . . + V^{Ad+1} V_B ϵ^{A1...AdB} (2.14) one finds δS = − 1 4λ^2κ^{d−2} ∫ M^d ϵ_{A1 ...Ad+1} r^{A1 A2} ∧ ( 2(−1)^dλδw^{A3 A4} ∧ E^{A5} ∧ . . . ∧ E^{Ad+1} + (d − 4)λ^{−1}r^{A3 A4} ∧ δw^{A5B}V_B ∧ E^{A6} ∧ . . . ∧ E^{Ad} V^{Ad+1} ) + δ_1S , (2.15) where

δ_1S = − 1 4λ^2κ^{d−2} ∫ M^d ϵ_{A1 ...Ad+1} r^{A1 A2} ∧ t^{A3} ∧ ( (d − 4)(2δw^{A4 A5} ∧ E^{A6} + (d − 5)λ^{−1}r^{A4 A5} ∧ δV^{A6} ) ∧ E^{A7} ∧ . . . ∧ E^{Ad} V^{Ad+1} + 4(d − 3)λV^{A4} ∧ E^{A5} ∧ . . . ∧ E^{Ad} δV^{Ad+1} ) (2.16) is the part of the variation that contains torsion.

We shall treat the action S perturbatively with r^{AB} being small. According to (2.3) this implies a perturbation expansion around the AdS_d background. In this framework, the second term in (2.15) and the first term in (2.16) only contribute to the nonlinear corrections of the field equations for the gravitational fields w^{AB} .

For the part of δw^{AB} orthogonal to V^C

δw^{AB} = δξ^{AB} , δξ^{AB} V_B = 0 (2.17)

we obtain δS δξ^{A1 B2} = κ^{2−d}ϵ_{A1...Ad+1} t^{A3} ∧ ( E^{A4} ∧ E^{A5} − d − 4 2λ^2 r^{A4 A5} ) ∧ E^{A6} ∧ . . . ∧ E^{Ad} V^{Ad+1} . (2.18) Perturbatively, (i.e. for r^{AB} small) (2.18) is equivalent to the zero-torsion condition (2.11). In what follows we will use the so called 1.5 order formalism. Namely, we will assume that the zero-torsion constraint is imposed to express the Lorentz connection via derivatives of the frame field. The same time we will use an opportunity to choose any convenient form for the variation of the Lorentz connection because any term containing this variation is zero by (2.18) and (2.11).

The generalized Einstein equations originating from the variation

δw^{AB} = λ(δξ^AV^B − δξ^B V^A) , δξ^AV_A = 0 (2.19) are κ^{2−d}ϵ_{A1...Ad+1} r^{A2 A3} ∧ ( E^{A4} ∧ E^{A5} − d − 4 4λ^2 r^{A4 A5} ) ∧ E^{A6} ∧ . . . ∧ E^{Ad} V^{Ad+1} = 0 . (2.20) The first term is nothing but the left-hand-side of the Einstein equations with the cosmological term. The second term describes some additional interaction terms bilinear in the curvature r^{AB} . These terms do not contribute to the linearized field equations. In the 4d case the additional terms are absent because the corresponding part of the action is topological having the Gauss-Bonnet form. Note that the additional interaction terms contain higher derivatives together with the factor of λ^{−2} that diverges in the flat limit λ → 0. Terms of this type play an important role in the higher spin theories to guarantee the higher spin gauge symmetries. Let us note that the form of the equation (2.20) indicates that beyond d = 4 the action (2.12) may have other symmetric vacua^3 (e.g. with r^{AB} =^{4λ2}_{d−4} E^A ∧ E^B). We shall not discuss this point here in more detail because its analysis requires the non-perturbative knowledge of the higher spin theory which is still lucking for d > 4.

From (2.16) it follows that the variation of S with respect to the compensator V^A is proportional to the torsion 2-form t^A. This means that, at least perturbatively, there exists such a variation of the fields

δV^A = ϵ^A(x) , δw^{AB} = η^{AB}(r, ϵ) (2.21)

with ϵ^AV_A = 0 and some η^{AB} (r, ϵ) bilinear in r^{AB} and ϵ^A that S remains invariant. As a result, there is an additional gauge symmetry that allows to gauge fix V^A to any value satisfying (2.4). It is therefore shown that V^A does not carry extra degrees of freedom.

The compensator field V^A makes the o(d − 1, 2) gauge symmetry manifest δw^{AB} = Dϵ^{AB} , δV^A = −ϵ^{AB}V_B . (2.22) Fixing a particular value of V^A one is left with the mixture of the gauge transformations that leave V^A invariant, i.e. with the parameters satisfying

0 = δV^A = ϵ^A(x) − ϵ^{AB}V_B . (2.23)

Since the additional transformation (2.21) contains dependence on the curvature r^{AB} , this property is inherited by the leftover symmetry with the parameters satisfying (2.23).

The fact that there is an additional symmetry (2.21) is not a big surprise in the framework of the theory of gravity formulated in terms of differential forms, having explicit invariance under diffeomorphisms. That this should happen is most clear from the observation that the infinitesimal space-time diffeomorphisms induced by an arbitrary vector field ϵ^n(x) admit a representation

δw^{AB}_m = ϵ^n∂_nw^{AB}_m + ∂_m(ϵ^n)w^{AB}_n = ϵ^nr_{nm}^{AB} − D_mϵ^{AB} , (2.24)

δV^A = ϵ^n∂_nV^A = ϵ^nE^A_n + ϵ^{AB}V_B , (2.25)

where ϵ^{AB} = −ϵ^nw_n^{AB} . (2.26)

The additional gauge transformation (2.21) with ϵ^A = ϵ^nE^A_n can therefore be understood as a mixture of the diffeomorphisms and o(d − 1, 2) gauge transformations.

3I am grateful to K.Alkalaev for the useful discussion of this point.

Another useful interpretation of the formula (2.24) is that, for the vacuum solution satisfying (2.3), diffeomorphisms coincide with some gauge transformations. This observation explains why the space-time symmetry algebras associated with the motions of the most symmetric vacuum spaces reappear as gauge symmetry algebras in the “geometric approach” to gravity and its extensions.

2.2 General Idea of the Higher Spin Extension

The approach to the theory of interacting higher spin gauge fields developed originally in [33, 9] for the d = 4 case is a generalization of the “geometric” approach to gravity sketched in section 2.1. The idea is to describe the higher spin gauge fields in terms of the Yang-Mills gauge fields and field strengths associated with an appropriate higher spin symmetry algebra g being some infinite-dimensional extension of the finite-dimensional AdS_d space-time symmetry algebra h = o(d − 1, 2).

Let the 1-form ω(x) = dx^nω_n(x) be the gauge field of g with the field strength (curvature 2-form) R = dω + ω ∧ ∗ω , (2.27) where ∗ is some associative product law leading to the realization of g via commutators. (This is analogous to the matrix realization of the classical Lie algebras with the star product instead of the matrix multiplication. A particular realization of the star product relevant to the 5d higher spin dynamics is given in section 3). An infinitesimal higher spin gauge transformation is

δ^gω = Dϵ , (2.28)

where ϵ(x) is an arbitrary infinitesimal symmetry parameter taking values in g, Df = df + [ω , f]_∗ (2.29) and [a , b]_∗ = a ∗ b − b ∗ a . (2.30)

The higher spin curvature has the standard homogeneous transformation law

δ^gR = [R , ϵ]_∗ . (2.31)

The higher spin equations of motion will be formulated in terms of the higher spin curvatures and therefore admit a zero-curvature vacuum solution with R = 0. Since the space-time symmetry algebra h is assumed to belong to g, a possible ansatz is with all vacuum gauge fields vanishing except for ω_0 taking values in h

ω_0 = w^{AB}_0 t_{AB} = ω^{L ab}_0 L_{ab} + λh_aP^a . (2.32)

Provided that h^a is nondegenerate, the zero-curvature condition

R(ω_0) = (dω^{AB}_0 + ω^A_{0 C} ∧ ω^{CB}_0 )t_{AB} = 0 (2.33)

implies that ω^{L ab}_0 and h^a identify with the gravitational fields of AdS_d. Let us note that throughout this paper we use notation ω^{L ab}_0 and h^a for the background AdS fields satisfying (2.32) but ω^{L ab} and e^a for the dynamical gravitational fields.

Suppose there is a theory invariant under the gauge transformations (2.28). Global symmetry is the part of the gauge transformations that leaves invariant the vacuum solution ω_0. The global symmetry parameters therefore satisfy

0 = D_0ϵ^{gl} , (2.34)

where D_0f = df + [ω_0 , f]_∗ . (2.35)

The vacuum zero-curvature equation (2.33) guarantees that (2.34) is formally consistent. Fixing a value of ϵ^{gl}(x_0) at some point x_0, (2.34) allows one to reconstruct ϵ^{gl}(x) in some neighbourhood of x_0. Since D_0 is a derivation, the star commutator of any two solutions of (2.34) gives again some its solution. The global symmetry algebra therefore coincides with the algebra of star commutators at any fixed space-time point x_0, which is g. An important comment is that this conclusion remains true also in case the theory is invariant under a deformed gauge transformation of the form

δω = Dϵ + Δ(R, ϵ) , (2.36)

where Δ(R, ϵ) denotes some R-dependent terms, i.e. Δ(0, ϵ) = 0 . Indeed, all additional terms do not contribute to the invariance condition (2.34) once the vacuum solution satisfies (2.33). In fact, as is clear from the discussion in the section 2.1, the deformation of the gauge transformations (2.36) takes place in all theories containing gravity and, in particular, in the higher spin gauge theories.

Let us use the perturbation expansion with

ω = ω_0 + ω_1 , (2.37) where ω_1 is the dynamical (fluctuational) part of the gauge fields of the higher spin algebra g. Since R(ω_0) = 0 we have

R = R_1 + R_2 , (2.38)

where R_1 = dω_1 + ω_0 ∗ ∧ω_1 + ω_1 ∗ ∧ω_0 , R_2 = ω_1 ∗ ∧ω_1 . (2.39)

The Abelian lowest order part of the transformation (2.28) (equivalently, (2.36)) has the form δ_0ω_1 = D_0ϵ . (2.40)

From (2.31) and (2.33) it follows that

δ_0R_1 = 0 . (2.41)

The idea is to construct the higher spin action from the higher spin curvatures R in the form analogous to the gravity action (2.12) S = ∫ U_{ΩΛ} ∧ R^Ω ∧ R^Λ (2.42)

with some (d − 4) - form coefficients U_{AB} built from the frame field and compensator. (Ω, Λ label the adjoint representation of g). To clarify whether this is possible or not, one has to check first of all if it is true for the free field action, i.e. whether some action of the form

S^s_2 = ∫ U^s_{0 ΩΛ} ∧ R^Ω_1 ∧ R^Λ_1 (2.43)

describes the free field dynamics of a field of a given spin s. As long as g is not known, a form of R_1 has itself to be fixed from this requirement. In fact, the form of R_1 provides an important information on the structure of g fixing a pattern of the decomposition of g under the adjoint action of h ⊂ g (up to a multiplicity of the representations associated with a given spin s: it is not a priori known how many fields of a given spin are present in a full higher spin multiplet). For the totally symmetric higher spin gauge fields described by the action (1.1) this problem was solved first for case d = 4 [33] and then for any dimension both for bosons [30] and for fermions [21]. The results of [30] are summarized in the section 2.3.

As a result of (2.41) any action of the form (2.43) is invariant under the Abelian free field higher spin gauge transformations (2.40). However, for generic coefficients, it not necessarily describes a consistent higher spin dynamics. As this point is of the key importance for the analysis of the higher spin dynamics let us explain it in somewhat more detail. The set of 1-forms contained in ω decomposes into subsets ω^s_n associated with a given spin s. The label n enumerates different subsets associated with the same spin. (For the case d = 4 s is indeed a single number while for generic fields in higher dimensions s becomes a vector associated with the appropriate weight vector of the AdS_d algebra o(d − 1, 2)). Any subset ω^s_n forms a representation of the space-time subalgebra h ⊂ g. It further decomposes into representations of the Lorentz subalgebra of h, denoted ω^{s,t}_n . For the case of totally symmetric representations discussed in the Introduction, there is a single integer parameter t = 0, 1 . . . s − 1 that distinguishes between different Lorentz components (for definiteness we focus here on the bosonic case of integer spins studied in this paper). True higher spin field identifies with ω^{s,0}_n . It is called dynamical higher spin field. The rest of the fields ω^{s,t}_n with t > 0 express in terms of (derivatives of) the dynamical ones by virtue of certain constraints. At the linearized level, the gauge invariant constraints can be chosen in the form of some linear combinations of the linearized higher spin curvatures

Φ^l(R_1) = 0 (2.44)

with the coefficients built from the background frame field. By virtue of these constraints all fields ω^{s,t}_n turn out to be expressed via t^{th} space-time derivatives of the dynamical field ω^{s,t}_n ∼ ( ∂ λ∂x )_t ( ω^{s,0}_n ) + pure gauge terms (2.40) . (2.45)

These expressions contain explicitly the dependence on the AdS_d radius λ^{−1} as a result of the definition of the frame field (2.5).

A particular example is provided with the spin 2. Here ω^{2,0} identifies with the frame field while ω^{2,1} is the Lorentz connection. (We skip the label n focusing on a particular spin 2 field). The constraint (2.44) is the linearized zero-torsion condition.

For s > 2 the fields ω^{s,t}_n with t ≥ 2 appear, containing second and higher derivatives of the dynamical field. These are called extra fields. From this perspective, the requirement that the free action contains at most two spacetime derivatives of the dynamical field is equivalent to the condition that the variation of the free action with respect to all extra fields is identically zero δS^s_2 δω^{s,t}n ≡ 0 t ≥ 2 . (2.46)

It turns out that this extra field decoupling condition fixes a form of the free action (i.e. of U^s_{0 ΩΛ}) uniquely modulo total derivatives and an overall (s- and n- dependent) factor. The Lorentz-type fields ω^{s,1}_n are auxiliary, i.e. they do contribute into the free action but express via the derivatives of the dynamical field by virtue of their field equations equivalent to some of the constraints (2.44).

Once the extra fields are expressed in terms of the derivatives of the dynamical fields, the higher spin transformation law (2.28) (and its possible deformation (2.36)) describes the transformations of the dynamical fields via their higher derivatives. Since t ranges from 0 to s − 1 one finds that the higher spin is the higher derivatives appear in the transformation law. Note that this conclusion is in agreement with the general analysis of the structure of the higher spin interactions [8] and conserved higher spin currents [38, 13] containing higher space-time derivatives.

As a first step towards the non-linear higher spin dynamics one can try the action (2.42) with U_{ΩΛ} proportional to the coefficients U^s_{0 ΩΛ} in the subsector of each field of spin s. This action is not invariant under the original higher spin gauge transformations (2.28) since U_{ΩΛ} cannot be an invariant tensor of g. Indeed, since the action is built in terms of differential forms without Hodge star operation, its generic variation is δS = −2 ∫ D(U_{ΩΛ} ) ∧ δω^Ω ∧ R^Λ . (2.47)

If U_{ΩΛ} would be a g–invariant tensor, S would be a topological invariant. This cannot be true since the linearized action (2.43) is supposed to give rise to nontrivial equations of motion. Therefore, D(U_{ΩΛ} ) ≠ 0. The trick is that for some particular choice of U_{ΩΛ} there exists such a deformation of the gauge transformations (2.36) that the action remains invariant at least in the lowest nontrivial order, i.e. the ω^2_1 ϵ type terms can be proved to vanish in the variation. (Note that this is just the order at which the difficulties with the higher-spin-gravitational interactions were originally found [19]). In particular, we show in the section 8 that this is true for the N = 0 5d higher spin theory. This deformation of the gauge transformations is analogous to that resulting via (2.23) from the particular gauge fixing of the compensator field V^A in the case of gravity which, in turn, is described by the spin 2 part of the action (2.42) equivalent to (2.12). A complication of the Lagrangian formulation of the higher spin dynamics is that no full-scale extension of the compensator V^A to some representation of g is yet known. The clarification of this issue is one of the key problems on the way towards the full Lagrangian formulation of the higher spin theory. Note, that the full formulation of the on-mass-shell 4d higher spin dynamics [39, 11] was achieved by virtue of introducing additional compensator-type pure gauge variables [11, 13].

Since the extra fields do contribute into the nonlinear action it is necessary to express them in terms of the dynamical higher spin fields to make the nonlinear action (2.42) meaningful. The expressions (2.45) that follow from the constraints for extra fields effectively induce higher derivatives into the higher spin interactions. The same mechanism induces the negative powers of λ, the square root of the cosmological constant, into the higher spin interactions with higher derivatives^4. A specific form of the constraints (2.44) plays a crucial role in the proof of the invariance of the action.

The program sketched in this section was accomplished for the 4d case. The free higher spin actions of the form (2.43) were built in [33]. The 4d higher spin algebra g was then found in [14]. In [9] the action (2.42) was found that described properly some cubic higher spin interactions including the gravitational interaction. In this paper we extend these results to the bosonic N = 0 5d higher spin gauge theory.

2.3 Symmetric Bosonic Massless Fields in AdS_d

In this section the results of [30] are reformulated in terms of the compensator formalism. According to [30], a totally symmetric massless field of spin s is described by a collection of 1-forms dx^nω_n^{a1...as−1,b1...bt} which are symmetric in the Lorentz vector indices a_i and b_j separately (a, b . . . 0 ÷ d − 1), satisfy the antisymmetry relation ω_n^{a1...as−1,asb2...bt} = 0 , (2.48) implying that symmetrization over any s fiber indices gives zero, and are traceless with respect to the fiber indices ω_n^{a1...as−3c}_c^{,b1...bt} = 0 . (2.49) (From this condition it follows by virtue of (2.48) that all other traces of the fiber indices are also zero).

The higher spin gauge fields associated with the spin s massless field therefore take values in the direct sum of all irreducible representations of the ddimensional massless Lorentz group o(d − 1, 1) described by the Young diagrams with at most two rows such that the longest row has length s − 1

4Note that one can rescale the fields in such a way that the corresponding expression (2.45) will not contain negative powers of λ explicitly. However, as a result of such a rescaling, λ will appear both in positive and in negative powers in the structure coefficients of the algebra g and, therefore, in the nonlinear action. From this perspective, the appearance of the extra fields for higher spins makes difference compared to the case of pure gravity that allows the Inönu-Wigner flat contraction.

s-1 t (2.50) ω_n^{a1...as−1} is treated as the dynamical spin s field analogous to the gravitational frame (spin 2). The fields corresponding to the representations with nonzero second row (t > 0) are auxiliary (t = 1) or “extra” (t > 1), i.e. express via derivatives of the dynamical field by virtue of certain constraints analogously to the Lorentz connection in the spin 2 case. Analogously to the relationship between metric and frame formulations of the linearized gravity, the totally symmetric double traceless higher spin fields used to describe the higher spin dynamics in the metric-type formalism [1, 3] identify with the symmetrized part of the field ω_n^{a1...as−1} φ_{a1...as} = ω_{{a1 ...as}} . (2.51) The antisymmetric part in ω_n^{a1...as−1} can be gauge fixed to zero with the aid of the generalized higher spin Lorentz symmetries with the parameter ϵ^{a1...as−1,b}. That φ_{a1...as} is double traceless is a trivial consequence of (2.49).

The collection of the higher spin 1-forms dx^nω_n^{a1...as−1,b1...bt} with all 0 ≤ t ≤ s − 1 can be interpreted as a result of the “dimensional reduction” of a 1-form dx^nω_n^{A1 ...As−1 ,B1...Bs−1} carrying the irreducible representation of the AdS_d algebra o(d − 1, 2) described by the traceless two-row rectangular Young diagram of length s − 1 ω^{{A1...As−1,As}B2...Bs−1} = 0 , ω^{A1 ...As−3C}_{C,}^{B1...Bs−1} = 0 . (2.52) The linearized higher spin curvature R_1 has the following simple form R^{A1 ...As−1,B1...Bs−1} 1 = D_0(ω^{A1...As−1,B1...Bs−1} ) = dω^{A1 ...As−1,B1...Bs−1} 1 +(s − 1) ( ω^{{A1}_{0 C} ∧ ω^{CA2 ...As−1},B1...Bs−1} 1 + ω^{{B1}_{0 C} ∧ ω^{A1 ...As−1,CB2 ...Bs−1}} 1 ) ,(2.53)

where ω^{AB}_0 is the background AdS_d gauge field satisfying the zero curvature condition (2.33).

In these terms, the Lorentz covariant irreducible fields dx^nω_n^{a1...as−1,b1...bt} identify with those components of dx^nω_n^{A1 ...As−1,B1...Bs−1} that are parallel to V^A in s − t − 1 indices and transversal in the rest ones. The expressions for the Lorentz components of the linearized curvatures have the following structure R^{a1 ...as−1,b1...bt} 1 = D^Lω^{a1...as−1,b1...bt} 1 + τ_−(ω)^{a1...as−1,b1...bt} + τ_+(ω)^{a1...as−1,b1 ...bt} (2.54) with τ_−(ω)^{a1...as−1,b1...bt} = αh_c ∧ ω^{a1 ...as−1,b1...btc} 1 , (2.55) τ_+(ω)^{a1...as−1,b1...bt} = βΠ ( h^{b1} ∧ ω^{a1 ...as−1,b2 ...bt} 1 ) , (2.56)

where D^L is the background Lorentz covariant differential, Π is the projection operator to the irreducible representation described by the traceless Young diagram of the Lorentz algebra o(d − 1, 1) with s − 1 and t cells in the first and second rows, respectively, and α and β are some coefficients depending on s, t and d and fixed in such a way that

(τ_−)^2 = 0 , (τ_+)^2 = 0 , (D^L)^2 + {τ_−, τ_+} = 0 . (2.57)

For the explicit expressions of α, β and Π we refer the reader to the original paper [30]. The explicit spinor version of the formula (2.54) for d = 5 will be given in section 6.

The quadratic action functional for the massless spin s field equivalent to the AdS_d deformation of the action (1.1) has the following simple form [30]^5

S^s_2 = 1 2 χ(s) ∫ M^d s−2∑ p=0 [(p + 1)!]^2 (d + p − 3)! ε_{c1...cd} h^{c5} ∧ . . . ∧ h^{cd} ∧ R^{c1 a1...as−2,c3 b1...bp} 1 ∧ R^{c2}_{1 a1...as−2,}^{c4}_{b1...bp} . (2.58) It is fixed up to an overall normalization factor χ(s) by the conditions that it is P -even and its variation with respect to the “extra fields” is identically zero, δS^s_2 δω_n^{a1...as−1,b1...bt} ≡ 0 for t ≥ 2 . (2.59)

Let us explain how one can derive a o(d−1, 2) covariant form of the same action with the aid of the compensator V^A. Taking into account the irreducibility properties (2.52) one finds that the general form of the P -even action written in terms of differential forms is

S^s_2 = 1 2 ∫ M^d s−2∑ p=0 a(s, p)ϵ_{A1...Ad+1} h^{A5} ∧ . . . ∧ h^{Ad} V^{Ad+1} V_{C1} . . . V_{C2(s−2−p)} R^{A1 B1...Bs−2} 1 , A_2C_1 ...C_{s−2−p}D_1...D_p ∧ RA_3 1 B1...Bs−2, A_4 C_{s−1−p}...C_{2(s−2−p)} D_1...D_p . (2.60)

5In this paper we use the normalization of fields in terms of the AdS parameter λ different from that of [30]. Namely, we assume that λ enters only via the definition of the frame field E^A while in [30] the fields were normalized in such a way that their expressions in terms of the derivatives of the dynamical higher spin field were free from negative powers of λ. This difference results in the different form of the dependence of the higher spin action on λ.

Consider a general variation of S^s_2 with respect to ω^{A1 ...As−1}_,^{B1...Bs−1} . Using that δR^{A1 ...As−1} 1 , B_1...B_{s−1} = D 0δω^{A1 ...As−1} 1 , B_1...B_{s−1} , (2.61)

where D_0 is the background derivative, one integrates by parts taking into account that D_0(V^A) = h^A, D_0(h^A) = 0. With the help of the irreducibility conditions (2.52), the identity (2.14) and the identity ϵ_{A1...A5 B6...Bd+1} h^C ∧ h^{B6} ∧ . . . ∧ h^{Bd+1} = (d − 3)^{−1} ( ϵ_{A1A2 A3 A4B5...Bd+1} δ^C_{A5} − ϵ_{A1A2 A3A5 B5...Bd+1} δ^C_{A4} + ϵ_{A1A2 A4 A5B5...Bd+1} δ^C_{A3} −ϵ_{A1A3 A4 A5 B5...Bd+1} δ^C_{A2} + ϵ_{A2 A3A4 A5 B5...Bd+1} δ^C_{A1} ) h^{B5} ∧ . . . ∧ h^{Bd+1} , (2.62)

which expresses the simple fact that the total antisymmetrization of any set of d + 2 vector indices A_i is zero, one finds

δS^s_2 = − λ d − 3 ∫ M^d s−2∑ p=0 ( (s − p)(d − 7 + 2(s − p)) s − p − 1 a(s, p) − (s − p − 1)a(s, p − 1) )

V_{C1} . . . V_{C2(s−p)−3} ϵ_{A1 ...Ad+1} V^{A4} ∧ h^{A5} ∧ . . . ∧ h^{Ad+1} ∧ ( δω^{A1B1...Bs−2} 1 , A_2C_1 ...C_{s−2−p}D_1...D_p ∧ RA_3 1 B1...Bs−2, C_{s−1−p}...C_{2(s−p)−3} D_1...D_p +R^{A1 B1...Bs−2} 1 , A_2C_1 ...C_{s−2−p}D_1...D_p ∧ δωA_3 1 B1...Bs−2, C_{s−1−p}...C_{2(s−p−3)} D_1...D_p ) . (2.63)

The idea is to require all the terms in (2.63) to vanish except for the term at p = 0. This condition fixes the coefficients a(s, p) up to a normalization factor ã(s) in the form a(s, p) = −ã(s)λ^{−1}(d − 3) (d − 5 + 2(s − p − 2))!! (s − p − 1)(s − 2)!

s (d − 3 + 2(s − 2))!! (s − p − 2)!

. (2.64)

As a result the variation (2.63) acquires the form

δS^s_2 = ã(s) ∫ M^d V_{C1} . . . V_{C2s−3} ϵ_{A1 ...Ad+1} V^{A4} h^{A5} ∧ . . . ∧ h^{Ad+1} ∧ ( δω^{A1 B1...Bs−2} 1 , A_2 C_1 ...C_{s−2} ∧ RA_3 1 B1...Bs−2, C_{s−1}...C_{2s−3} +R^{A1 B1...Bs−2} 1 , A_2C_1 ...C_{s−2} ∧ δωA_3 1 B1...Bs−2, C_{s−1}...C_{2s−3} ) . (2.65)

This formula implies that the free action (2.60), (2.64) essentially depends only on the V^A-transversal parts of ω_{nA1 ...As−1} = ω_{nA1 ...As−1 ,B1...Bs−1} V^{B1} . . . V^{Bs−1} (2.66) and ω_{nA1 ...As−1 ,B1} = ω_{nA1 ...As−1 ,B1...Bs−1} V^{B2} . . . V^{Bs−1} . (2.67) These fields identify respectively with the frame–like dynamical higher spin field ω_n^{a1...as−1} and the Lorentz connection–like auxiliary field ω_n^{a1...as−1,b} expressed in terms of the first derivatives of the frame-like field by virtue of its equation of motion equivalent to the “zero torsion condition” 0 = T_{1A1...As−1} ≡ R_{1 A1 ...As−1 ,B1...Bs−1} V^{B1} . . . V^{Bs−1} . (2.68) Insertion of the expression for ω_n^{a1...as−1,b} into (2.60) gives rise to the higher spin action expressed entirely (modulo total derivatives) in terms of ω_n^{a1...as−1} and its first derivatives. Since the linearized curvatures (2.54) are by construction invariant under the Abelian higher spin gauge transformations δω_1^{A1 ...As−1 ,B1...Bs−1} = D_0ϵ^{A1...As−1,B1...Bs−1} (2.69) with the higher spin gauge parameters ϵ^{A1 ...As−1,B1...Bs−1} , the resulting action possesses required higher spin gauge symmetries and therefore describes correctly the free field higher spin dynamics in AdS_d. In particular, the generalized Lorentz-like transformations with the gauge parameter ϵ_{A1 ...As−1 ,B1} (x) (2.70) guarantee that only the totally symmetric part of the gauge field (2.66) equivalent to φ_{m1 ...ms} contributes to the action. Analogously, the auxiliary Lorentztype higher spin field has pure gauge components associated with the generalized Lorentz-type transformations parameter described by the two-row Young diagram with two cells in the second row. These components do not express in terms of the dynamical higher spin field. However, the invariance with respect to the gauge transformations (2.69) guarantees that these pure gauge components do not contribute into the action.

Although the extra fields ω_n^{a1...as−1,b1...bt} with t ≥ 2 do not contribute to the free action, as we have learned from the four-dimensional case [9] they do contribute at the interaction level. To make such interactions meaningful, one has to express the extra fields in terms of the dynamical ones modulo pure gauge degrees of freedom. This is achieved by imposing constraints [30] ϵ^{a1b1}_{e1...ed−4cf} h^{e1} ∧ . . . ∧ h^{ed−4} ∧ τ_+(R_1)^{ca2...as−1,f b2...bt} = 0 (2.71) (total symmetrizations within the groups of indices a_i and b_j is assumed). The covariant version of these constraints is ϵ^{A1B1}_{E1...Ed−4CF G}V^Gh^{E1} ∧ . . . ∧ h^{Ed−4} ∧ τ_+(R_1)^{CA2 ...As−1,F B2...Bs−1} = 0 . (2.72)

The covariant expressions for the operators τ_± are complicated and will not be given here for general d. For d = 5 they are given in section 6 in the spinor formalism.

An important fact is [30] that, by virtue of these constraints, most of the higher spin field strengths vanish on-mass-shell according to the following relationship referred to as the First On-Mass-Shell Theorem R^{a1...as−1,b1...bt} 1 = X^{a1 ...as−1,b1...bt} ( δS_2 δω_{dyn} ) for t < s − 1 , R^{a1...as−1,b1...bs−1} 1 = h_{as} ∧ h_{bs} C^{a1...as,b1 ...bs} + X^{a1...as−1,b1...bs−1} ( δS_2 δω_{dyn} ) .(2.73)

Here X^{a1...as−1,b1...bt} (^{δSs2}_{δωdyn} ) are some linear functionals of the left-hand-sides of the free field equations^{δSs2}_{δωdyn} = 0 for the spin s dynamical one-forms ω^{a1...as−1}_{dyn} . The 0-forms C^{a1...as,b1...bs} are described by the traceless two-row rectangular Young diagrams of length s and parametrize those components of the higher spin field strengths that can remain nonvanishing when the field equations and constraints are satisfied. These generalize the Weyl tensor in gravity (s = 2) that parametrizes the components of the Riemann tensor allowed to be nonvanishing when the zero-torsion constraint and Einstein equations (requiring the Ricci tensor to vanish) are imposed. The covariant version of (2.73) is R^{A1 ...As−1,B1...Bs−1} 1 = h_{As} ∧h_{Bs} C^{A1...As,B1...Bs} +X^{A1 ...As−1,B1...Bs−1} ( δS^s_2 δω_{dyn} ) (2.74)

with C^{A1...As,B1...Bs} described by the traceless V^A–transversal two-row rectangular Young diagram of length s, i.e. C^{{A1...As,As+1 }B2...Bs} = 0 , (2.75) C^{A1...As−2 CD,B1...Bs} η_{CD} = 0 , C^{A1...As−1C,B1...Bs} V_C = 0 . (2.76) For completeness, let us present the unfolded equations of motion for all free integer spin massless higher spin fields in AdS_d corresponding to the totally symmetric representations of the Wigner little group (more precisely, totally symmetric lowest weight vacua of the irreducible representations of the AdS_d algebra o(d − 1, 2)). The content of the Central On-Mas-Shell Theorem is that the equations of motion for massless free fields of all spins can be written in the form R^{A1 ...As−1,B1...Bs−1} 1 = h_{As} ∧ h_{Bs} C^{A1 ...As,B1...Bs} , (2.77)

D_0C^{A1...Au,B1...Bs} = 0 u ≥ s , (2.78) where D_0 = D^L_0 + σ_− + σ_+ , (2.79)

D^L_0 is the vacuum Lorentz covariant derivation and the operators σ_± have the form σ_−(C)^{A1...Au ,B1...Bs} = (u − s + 2)E_C C^{A1 ...Au C,B1...Bs} + sE_C C^{A1...Au Bs,B1...Bs−1C} (2.80) σ_+(C)^{A1...Au,B1...Bs} = uλ^2 (d + u + s − 4 d + 2u − 2 E^{A1} C^{A2...Au ,B1...Bs} − s d + 2u − 2 η^{A1 B1} E_C C^{A2...Au ,CB2...Bs} − (u − 1)(d + u + s − 4) (d + 2u − 2)(d + 2u − 4) η^{A1 A2} E_C C^{A3...Au C,B1...Bs} + s(u − 1) (d + 2u − 2)(d + 2u − 4) η^{A1 A2} E_C C^{A3...Au B1,CB2...Bs} ) (2.81)

(total symmetrization within the groups of indices A_i and B_j is assumed). The set of 0-forms C^{A1...Au ,B1...Bs} consists of all two-row traceless V^A−transversal Young diagrams with the second row of length s, i.e. C^{{A1...Au ,Au+1 }B2...Bs} = 0 , (2.82) C^{A1...Au−2 CD,B1...Bs} η_{CD} = 0 , C^{A1...Au−1 C,B1...Bs} V_C = 0 . (2.83) The equations (2.77) (being a consequence of the First On-Mass-Shell Theorem) and (2.78) are equivalent to the free equations of motion of (totally symmetric) massless fields of all spins in AdS_d along with some constraints that express an infinite set of auxiliary variables via higher derivatives of the dynamical fields of all spins. The proof of the Central On-Mass-Shell Theorem is analogous to that given in the su(2, 2) notation in section 7 for the 5d case. The Central On-Mass-Shell Theorem plays the key role in many respects and, in particular, for the analysis of interactions as was originally demonstrated in [39] where it was proved for the 4d case.

Note that, as shown in [40], the equations of motion of massless scalar coincide with the sector of equations (2.78) with s = 0. Analogously, the equations (2.78) with s = 1 impose the Maxwell equations on the spin 1 potential (1-form) ω.

3 Compensator Formalism in su(2, 2) Notation

It is well known that the AdS_5 (equivalently, 4d conformal) algebra o(4, 2) is isomorphic to su(2, 2) and, as such, admits realization in terms of oscillators [41] [a_α, b^β]_∗ = δ_α^β , [a_α, a_β]_∗ = 0 , [b^α, b^β]_∗ = 0 (3.1)

α, β = 1 ÷ 4. Here we use the star product realization of the algebra of oscillators that describes the totally symmetric (i.e., Weyl) ordering (f ∗ g)(a, b) = 1 (π)^8 ∫ d^4ud^4vd^4sd^4tf(a+u, b+t)g(a+s, b+v) exp 2(s_αt^α −u_αv^α) = e^{12} (_{∂2} ∂sα∂tα − ∂2 ∂uα ∂vα ) f(a + s, b + u)g(a + v, b + t) | | |_{s=u=t=v=0} .(3.2)

It is straightforward to see that this star product is associative and gives rise to the commutation relations (3.1) via (2.30). The associative star product algebra with eight generating elements a_α and b^β is called Weyl algebra A_4. Let us note that the star product algebras relevant to the higher spin gauge theory (in, particular, the one used throughout this paper) are treated as the algebras of polynomials or formal power series thus being different from the star product algebras of functions regular at infinity that are relevant to the noncommutative Yang-Mills theory [17]. One important difference concerns the definitions of the invariant trace operations because, as shown in [15], the star product algebras of formal power series possess a uniquely defined supertrace operation but admits no usual trace at all (like the one used in the non-commutative Yang-Mills theory). It is worth to mention that the superstructure underlying the supertrace of the polynomial star product algebras is just appropriate in the context of the spinor interpretation of the generating elements like a_α and b^β in the 5d higher spin theory studied in this paper.

The Lie algebra gl_4 is spanned by the bilinears

T_α^β = a_αb^β ≡ 1 2 (a_α ∗ b^β + b^β ∗ a_α) . (3.3)

The central component is associated with the generator N = a_αb^α ≡ 1 2 (a_α ∗ b^α + b^α ∗ a_α) (3.4)

while the traceless part t_α^β = a_αb^β − 1 4 δ_α^βN (3.5) spans sl_4. The su(2, 2) real form of sl_4(C) results from the reality conditions

ā_α = b^βC_{βα} , b̄^α = C^{αβ}a_β , (3.6)

where bar denotes the complex conjugation while C_{αβ} = −C_{βα} and C^{αβ} = −C^{βα} are some real antisymmetric matrices satisfying

C_{αγ}C^{βγ} = δ^β_α . (3.7)

The oscillators b^α and a_α are in the fundamental and the conjugated fundamental representations of su(2, 2) equivalent to the two spinor representations of o(4, 2). A o(6) complex vector V^A (A = 0 ÷ 5) is equivalent to the antisymmetric bispinor V^{αβ} = −V^{βα} having six independent components (equivalently, one can use V_{αβ} =^1_2 ε_{αβγδ}V^{γδ} where ε_{αβγδ} is the sl_4 invariant totally antisymmetric tensor (ε_{1234} = 1)). A o(4, 2) real vector V^A is described by the antisymmetric bispinor V^{αβ} satisfying the reality condition V^{γδ}C_{γα}C_{δβ} = 1 2 ε_{αβγδ}V^{γδ} . (3.8) One can see that the invariant norm of the vector

V^2 = V_{αβ} V^{αβ} (3.9)

has the signature (+ + − − −−). The vectors with V^2 > 0 are time-like while those with V^2 < 0 are space-like. To perform a reduction of the representations of the AdS_5 algebra su(2, 2) ∼ o(4, 2) into representations of its Lorentz subalgebra o(4, 1) we introduce a su(2, 2) antisymmetric compensator V^{αβ} with positive square (3.9), which is the spinor analog of the compensator V^A of section 2. The Lorentz algebra is identified with its stability subalgebra. (Let us note that V^{αβ} must be different from the form C^{αβ} used in the definition of the reality conditions (3.6) since the latter is space-like and therefore has sp(4; R) ∼ o(3, 2) as its stability algebra.)

We shall treat V^{αβ} as a symplectic form that allows one to raise and lower spinor indices in the Lorentz covariant way

A^α = V^{αβ}A_β , A_α = A^βV_{βα} , (3.10)

Using that the total antisymmetrization over any four indices is proportional to the ε symbol, we normalize V^{αβ} so that

V_{αβ} V^{αγ} = δ_α^γ , V_{αβ} = 1 2 ε_{αβγδ}V^{γδ} , (3.11) ε_{αβγδ} = V_{αβ} V_{γδ} + V_{βγ} V_{αδ} + V_{γα}V_{βδ} , (3.12) ε^{αβγδ} = V^{αβ}V^{γδ} + V^{βγ} V^{αδ} + V^{γα}V^{βδ} . (3.13) In these terms the Lorentz subalgebra is spanned by the generators symmetric in the spinor indices L_{αβ} = 1 2 (t_{αβ} + t_{βα}) (3.14)

while the AdS_5 translations are associated with the antisymmetric traceless generators P_{α β} = 1 2 (t_{αβ} − t_{βα}) . (3.15) The gravitational fields are identified with the gauge fields taking values in the AdS_5 algebra su(2, 2) w = w^α_β a_αb^β . (3.16) The invariant definitions of the frame field and Lorentz connection for a x−dependent compensator V^{αβ}(x) are E^{αβ} = DV^{αβ} ≡ dV^{αβ} + w^α_γ V^{γβ} + w^β_γ V^{αγ} , (3.17)

ω^{L α}_β = w^α_β + 1 2 E^{αγ} V_{γβ} . (3.18) The normalization condition (3.11) implies E_{αβ} = −DV_{αβ} , E_α^α = 0 . (3.19) The non-degeneracy condition implies that E^{αβ} spans a basis of the 5d 1-forms. The basis p-forms E_p can be realized as E^{αβ}_2 = E^{βα}_2 = E^α_γ ∧ E^{βγ} , (3.20) E^{αβ}_3 = E^{βα}_3 = E^α_{2 γ} ∧ E^{βγ} , (3.21) E^{αβ}_4 = −E^{βα}_4 = E^α_{3 γ} ∧ E^{βγ} , (3.22) E_5 = E^α_{4 γ} ∧ E_α^γ . (3.23) The following useful relationships hold as a consequence of the facts that 5d spinors have four components and the frame field is traceless (3.19) E^{αβ} ∧ E^{γδ} = 1 2 (V^{αγ} E^{βδ}_2 − V^{βγ} E^{αδ}_2 − V^{αδ}E^{βγ}_2 + V^{βδ}E^{αγ}_2 ) , (3.24)

E^{αβ}_2 ∧ E^{γδ} = − 1 3 (V^{αγ} E^{βδ}_3 + V^{βγ} E^{αδ}_3 − V^{βδ}E^{αγ}_3 − V^{αδ}E^{βγ}_3 + V^{γδ}E^{αβ}_3 ) , (3.25)

E_{4α}^α = 0 , (3.26) E^{αβ} ∧ E^{γδ}_3 = − 1 4 (V^{αγ} E^{βδ}_4 − V^{βγ} E^{αδ}_4 + V^{αδ}E^{βγ}_4 − V^{βδ}E^{αγ}_4 ) , (3.27) E^{αβ}_4 ∧ E^{γδ} = − 1 20 (2V^{αγ} V^{βδ} − 2V^{αδ}V^{βγ} − V^{αβ}V^{γδ} )E_5 . (3.28)

The gravitational field w describes the AdS_5 geometry provided that w = ω_0 satisfies the zero-curvature equation

dω_0 + ω_0 ∧ ∗ω_0 = 0 (3.29)

and the frame 1-form is non-degenerate. The background frame field and Lorentz connection will be denoted h = h^α_βa_αb^β and ω^L_0 = ω^{L α}_{0 β} a_αb^β, respectively. The vacuum values of the p-forms E^{αβ}_p are denoted H^{αβ}_p .

4 su(2, 2) - o(4, 2) Dictionary

To make contact between the tensor and spinor forms of the higher spin dynamics one has to identify in terms of o(4, 2) the irreducible finite-dimensional representations of su(2, 2) described by a pair of mutually conjugated traceless su(2, 2) multispinors X^{α1...αn}_{β1...βm} ⊕ X^{β1...βm}_{α1...αn} , X^{α1 ...αn−1γ}_{β1...βm−1γ} = 0 . (4.1) The result is that for even n + m the representation (4.1) is equivalent to the representation of o(4, 2) described by the traceless tree-row Young diagram having two rows of equal lengths^1_2 |n+m| and the third one of length^1_2 |n−m|. In other words, the o(4, 2) form of the representation (4.1) is described by the tensor X_{A1 ...Ap ,B1...Bp ,C1...Cq} with p =^1_2 |n+m|, q =^1_2 |n−m|, which is separately symmetric with respect to the indices A_i, B_i and C_i and satisfies the conditions X_{{A1 ...Ap ,Ap+1 }B2...Bp ,C1 ...Cq} = 0 , X_{A1 ...Ap ,{B1...Bp ,Bp+1}C2...Cq} = 0 (4.2) and η^{D1 D2} X_{D1 D2A3 ...Ap ,B1...Bp ,C1...Cq} = 0 . (4.3) (From these conditions it follows that all other traces vanish as well.) One example of this identification is provided by the isomorphism between X^{αβ}

(with its conjugate X_{αβ} ) and the 3-form representation of o(4, 2) X_{A ,B ,C} being totally antisymmetric in its indices.

For the case of half-integer spins with odd n + m, the identification is analogous with the tensor-spinor X_{A1 ...Ap ,B1...Bp ,C1 ...Cq ;α̂} carrying the o(4, 2) spinor index α̂, 2p = n + m − 1, 2q = |n − m| − 1 and the γ−transversality condition with respect to all indices in addition to the tracelessness condition (4.3).

A particular case of a self-conjugated traceless multispinor X^{α1 ...αn}_{β1...βn} , X^{α1 ...αn−1γ}_{β1...βn−1γ} = 0 (4.4) is most important for this paper. Such a tensor is equivalent to the representation of o(4, 2) described by a length-n rectangular traceless two-row Young diagram, i.e. to X̃_{A1 ...An ,B1...Bn} , (4.5) which is separately symmetric in the indices A_k and B_k , has all traces zero and is subject to the condition that symmetrization of any n + 1 indices gives zero. One way to see this isomorphism is to compare the dimensions of the representations to make sure that they are both equal to^{(2n+3)(n+1)2(n+2)2}_{12} . It is easy to see that this formula is true from the sl_4 side. The computation in terms of o(4, 2) is more complicated. The dimensionality of the representation of the orthogonal algebra o(d) described by the two-row traceless rectangular diagram of length s is N (s, d) = (2s + d − 2)!(s + d − 4)!(s + d − 5)! (d − 2)!(d − 4)!s!(s + 1)!(2s + d − 5)!

. (4.6)

For n = s and d = 6 one finds the desired result. For n = 1 the isomorphism between the adjoint representations of su(2, 2) and o(4, 2) is recovered. Note that the analogous analysis of the representation (4.4) of su(2, 2) was done in [28] in terms of representations of the 5d Lorentz algebra o(4, 1) ⊂ o(4, 2).

In accordance with the analysis of section 2.3 (and of [28]) we conclude that 5d spin s bosonic gauge fields can be described by 1-forms ω^{α1...αs−1}_{β1...βs−1} which are traceless multispinors symmetric in the upper and lower indices. Totally symmetric spin s fermionic tensor-spinor representations are described by the gauge fields ω^{α1...αs−1/2}_{β1...βs−3/2} and their conjugates.

All other representations in the set (4.1) do not correspond to the sets of gauge fields associated with the totally symmetric tensor(-spinor) fields. These are expected to underly the description of the mixed symmetry AdS_5 massless fields to be developed. According to [29], such fields are inequivalent to the totally symmetric higher spin fields in the AdS regime, although reduce in the flat limit to some combinations of the higher spin fields associated with the totally symmetric representations of the flat Wigner little algebra. As argued in [25], the fields ω^{α1...αp}_{β1 ...βq} with |p − q| ≥ 2 necessarily appear in the 5d higher spin gauge theories with N ≥ 2 extended supersymmetry. This raises the important problem of the development of the formulation of the corresponding massless fields in AdS_d for d > 4. This problem is now under investigation. Prior it is solved, we can only study the purely bosonic theory with totally symmetric higher spin fields, which is the subject of this paper, and its N =1 supersymmetric version, which is the subject of the forthcoming paper [32].

5 5d Higher Spin Algebra

The AdS_5 higher spin algebras are expected to identify with 4d conformal higher spin algebras studied by Fradkin and Linetsky [26], and their further extensions [25] and reductions [28, 25]. One starts with the Lie superalgebra constructed via supercommutators of the star product algebra (3.2). In [25] it was argued that this algebra as a whole, called hu(1, 1|8) [42], may play a key role in a AdS_5 higher spin gauge theory. The set of the gauge fields corresponding to the algebra hu(1, 1|8) is ω(a, b|x) = ∞∑ m,n=0 1 m!n! ω^{α1...αm}_{β1...βn} (x)a_{α1} . . . a_{αm} b^{β1} . . . b^{βn} . (5.1) The 5d higher spin field strength has the form R(a, b|x) = dω(a, b|x) + ω(a, b|x) ∗ ∧ω(a, b|x) . (5.2) The higher spin gauge fields in (5.1) contain 1-forms in all representations (4.1). According to the analysis of [28] and section 4 of this paper, only the fields with n = m correspond to usual (i.e., totally symmetric) higher spin fields. Before the free theory of the mixed symmetry AdS_5 higher spin gauge fields is elaborated, we confine ourselves to the higher spin algebra associated with the simplest case of the purely bosonic theory of totally symmetric higher spin fields.

We therefore want to have only the gauge fields carrying equal numbers of the upper and lower su(2, 2) indices. As a result, the elements of the higher spin algebra should satisfy N_af = N_bf , (5.3) where N_a = a_γ ∂ ∂a_γ , N_b = b^γ ∂ ∂b^γ . (5.4)

This is equivalent to the condition [26] N ∗ f = f ∗ N . (5.5) Thus, the bosonic 5d higher spin algebra identifies with the Lie algebra built from the star-commutators of the elements of the centralizer of N in the star product algebra (3.2). The same algebra (although rewritten in the 4d covariant notations) was interpreted in [26] as the 4d conformal higher spin algebra called hsc^∞(4) and was proved to give rise to the gauge invariant cubic interactions of the 4d conformal higher spin theory in [27]. We change the names of some of the higher spin superalgebras in accordance with the notation of [42, 25] to include in our systematics the two-parametric series of matrix extensions of the higher spin superalgebras. In particular we will use the name cu(1, 0|8) for the algebra hsc^∞(4) of [26].

The set of the gauge field corresponding to the algebra cu(1, 0|8) is ω(a, b|x) = ∞∑ n=0 1 (n!)^2 ω^{α1...αn}_{β1...βn} (x)a_{α1} . . . a_{αn} b^{β1} . . . b^{βn} . (5.6) The cu(1, 0|8) field strength has the form (5.2) and admits analogous expansion R(a, b|x) = ∞∑ n=0 1 (n!)^2 R^{α1 ...αn}_{β1...βn} (x)a_{α1} . . . a_{αn} b^{β1} . . . b^{βn} . (5.7) So far we considered complex fields. To impose the reality conditions let us define the involution † by the relations

(a_α)^† = ib^βC_{βα} , (b^α)^† = iC^{αβ}a_β , (5.8)

Since an involution is required to reverse an order of product factors

(f ∗ g)^† = g^† ∗ f^† (5.9)

and to conjugate complex numbers

(μf)^† = μ̄f^† , μ ∈ C , (5.10)

the definition (5.8) contains an additional factor of i compared to the complex conjugation (3.6). The involution † leaves invariant the defining relations (3.1) of the star product algebra and has the involutive property (†)^2 = Id. By (5.9) the action of † extends to an arbitrary element f of the star product algebra. Since the star product we use corresponds to the totally symmetric (i.e. Weyl) ordering of the product factors, the result is simply

(f(a_α, b^β))^† = f(ib^γ C_{γα}, iC^{βγ}a_γ ) . (5.11)

It is elementary to check directly with (3.2) that (5.11) defines an involution of the star product algebra.

The reality conditions on the elements of the higher spin algebra have to be imposed in a way consistent with the form of the higher spin curvature. This is equivalent to singling out a real form of the higher spin Lie algebra. With the help of any involution † this is achieved by imposing the reality conditions

f^† = −f . (5.12)

This condition defines the real higher spin algebra hu(1, 0|8) for four pairs of oscillators and cu(1, 0|8) as its subalgebra being the centralizer of N. Note that the operator N is self-conjugated

N^† = N . (5.13)

Let us stress that the condition (5.12) extracts a real form of the Lie superalgebra built from the star product algebra but not of the associative star product algebra itself. The situation is very much the same as for the Lie algebra u(n) singled out from the complex Lie algebra of n × n matrices by the condition (5.12) with † identified with the hermitian conjugation. Antihermitian matrices form the Lie algebra but not associative algebra. In fact, the relevance of the reality conditions of the form (5.12) is closely related with this matrix example because it demonstrates that the spin 1 (i.e., purely Yang- Mills) part of the matrix extensions of the higher spin algebras is compact. More generally, these reality conditions guarantee that the higher spin symmetry admits appropriate unitary highest weight representations. Note that in the sector of the AdS_5 algebra su(2, 2) the reality condition (5.12) is equivalent to (3.6).

The higher spin gauge fields ω(a, b|x) are required to satisfy the condition analogous to (5.12) ω^† = −ω , (5.14)

that gives rise to the component form of the reality condition by virtue of (5.11).

For any fixed n the connection ω^{α1...αn}_{β1...βn} (x) is reducible because it is not traceless. It decomposes into the set of n + 1 irreducible components ω^{′α1...αk}_{β1...αk} with all k in the interval n ≥ k ≥ 0 ( ω^{′α1...αk−1γ}_{β1...βk−1γ} = 0). As a result, fields of every spin appear in infinitely many copies in the expansion (5.6). The origin of this infinite degeneracy can be traced back to the fact that the algebra A^0_4 has infinitely many ideals I_{P (N )} associated with various central elements P (N) being star-polynomials of N, {x ∈ I_{P (N )} : x = P (N) ∗ y, y ∗ N = N ∗ y} [26]. On the one hand this infinite degeneracy makes 5d higher spin gauge theories reminiscent of the superstring theory that contains infinitely many (massive) modes of any given symmetry type. On the other hand a question arises whether it is possible to consider consistent higher spin models with reduced spectra of spins associated with the quotient higher spin algebras. The most interesting reductions are provided with the algebra hu_0(1, 0|8)=cu(1, 0|8) /I_N called hsc^0(4) in [26] and its further reduction ho_0(1, 0|8) [25] called hs(2, 2) in [28]. (I_N is the ideal spanned by the elements of the form g = N ∗ f = f ∗ N.) The gauge fields of the algebra hu_0(1, 0|8) correspond to the set of all integer spins s ≥ 1 (every spin appears once) while ho_0(1, 0|8) describes its reduction to the subalgebra associated with even spins. As we show both options are allowed in the framework of the cubic analysis of this paper. We start in the section 6 with the analysis of the unreduced case of cu(1, 0|8) considering the reduced cases afterwards in section 9. Note that from this perspective our conclusions are somewhat different from those of [27] where it was argued that only the unreduced algebra cu(1, 0|8) admits consistent dynamics in the framework of the 4d conformal higher spin theory. From the perspective of AdS/CFT correspondence the most interesting cases are associated either with the maximally reduced models [28, 25] and their supersymmetric extensions or with the unreduced models based on the algebras hu(m, n|8) [25] which, presumably, give rise to all types of AdS_5 massless fields.

6 5d Higher Spin Gauge Fields

The cu(1, 0|8) linearized higher spin curvature R_1(a, b|x) = dω_1(a, b|x)+ω_0(a, b|x)∗∧ω_1(a, b|x)+ω_1(a, b|x)∗∧ω_0(a, b|x) , (6.1) with ω_0(a, b|x) = ω_0^α_β a_αb^β , ω_0^α_α = 0 (6.2) satisfying the zero curvature condition (3.29), provides the 5d spinor version of the formula (2.53). Equivalently,

R_1(a, b|x) = dω_1(a, b|x) + ω_0^α_β (x)( ∂ ∂b^α b^β − a_α ∂ ∂a_β ) ∧ ω_1(a, b|x) . (6.3)

The component formula reads R_1^{α1...αs−1}_{β1...βs−1} = dω^{α1...αs−1}_{β1...βs−1} − (s − 1) ( ω_0^{{α1}_γ ∧ ω^{γα2 ...αs−1}}_{β1...βs−1} − ω_0^γ_{{β1} ∧ ω^{α1...αs−1}_{γβ2...βs−1}} ) . (6.4)

The linearized (Abelian) higher spin gauge transformations are δω_0(a, b|x) = D_0ε(a, b|x) , (6.5) where

D_0 = d + ω_0^α_β( ∂ ∂b^α b^β − a_α ∂ ∂a_β ) (6.6)

is the background covariant derivative. The fact that ω_0 satisfies the zerocurvature condition implies δ_0R_1 = 0 . (6.7) To decompose the representations of the AdS_5 algebra su(2, 2) ∼ o(4, 2) into representations of its Lorentz subalgebra o(4, 1) we use the antisymmetric compensator V^{αβ} . A su(2, 2) counterpart of the reduction of the tensor higher spin gauge field dx^nω_n^{A1 ...As−1,B1...Bs−1} carrying the irreducible representation of the AdS_d algebra o(d − 1, 2) described by the traceless two-row Young diagram of length s − 1 into a collection of the Lorentz covariant higher spin 1-forms dx^nω_n^{a1...as−1,b1 ...bt} with all 0 ≤ t ≤ s − 1 goes as follows. The field V^{αβ} is used to raise and lower spinor indices. Then, the Lorentz algebra irreducible components correspond to various types of symmetrization between the two types of indices, i.e. again to all two-row traceless Young diagrams but now in the spinor indices, ω^′_{α1 ...αs−1+q ,β1...βs−1−q} with all 0 ≤ q ≤ s − 1 (all traces with V^{αβ} are zero and symmetrization with respect to any s + q indices gives zero). The identification with the o(4, 1) tensor notation is ω^′_{α1...αs−1+t,β1...βs−1−t} ∼ ω^{a1...as−1,b1 ...bt} . (6.8) For example, the two-row rectangular diagram of length s − 1 in tensor notation is described by the one-row diagram of length 2(s − 1) in the spinor notation, while the two-row rectangular diagram of length s − 1 in spinor notation corresponds to the one-row diagram of length s − 1 in the tensor notation. (Particular manifestations of this relationship are those between the vector and traceless antisymmetric second-rank spinor or antisymmetric tensor and symmetric second rank spinor, both underlying the isomorphism between the spinor and vector realization of the 5d space-time symmetry algebras.) Note that the analogous identification of the representations was discussed in the recent paper [28], where the spinor version of the linearized higher spin curvatures has been presented. The difference is that in this paper we use the manifestly su(2, 2) covariant compensator formalism that simplifies greatly the analysis of the interactions.

In what follows we shall use the two sets of the differential operators in the spinor variables S^− = V^{αβ}a_α ∂ ∂b^β , S^+ = V_{αβ}b^α ∂ ∂a_β , S^0 = N_b − N_a (6.9) and T^+ = a_αb^α , T^− = 1 4 ∂^2 ∂a_α∂b^α , T^0 = 1 4 (N_a + N_b + 4) . (6.10)

They form two mutually commuting sl_2 algebras

[S^0, S^±] = ±2S^± , [S^−, S^+] = S^0 , (6.11)

[T^0, T^±] = ± 1 2 T^± , [T^−, T^+] = T^0 , (6.12)

[T^i, S^j ] = 0 . (6.13) (Unusual normalization of the generators T^i in (6.10), and (6.12) is chosen for the future convenience).

The operators T^i and S^0 are independent of the compensator V^{αβ} and, therefore, are su(2, 2) invariant. As a result,

D_0(T^i) = 0 , D_0(S^0) = 0 . (6.14)

(These relations have to be understood in the sense that D_0(X(f)) = X(D_0(f)), where X is one of the operators T^i and S^0, while f is an arbitrary element of the star product algebra.) A useful consequence of this fact is

R_1(T^j (ω)) = T^j(R_1(ω)) . (6.15)

From (6.11) it also follows

[S^+, D_0(S^−)] + [D_0(S^+), S^−] = 0 . (6.16)

According to (5.3) the elements of the higher spin algebra cu(1, 0|8) satisfy S^0(f) = 0, i.e.

S^0ω(a, b|x) = 0 , S^0R(a, b|x) = 0 . (6.17) As a result, the operators S^+ and S^− commute to each other on the higher spin gauge fields and field strengths of cu(1, 0|8) .

The V^{αβ} - dependent operators S^± are only Lorentz invariant. In accordance with (3.17) and (3.19)

D_0S^− = h^{αβ} a_α ∂ ∂b^β , D_0S^+ = −h_{αβ}b^α ∂ ∂a_β . (6.18)

Let us note that the background covariant derivative D_0 (6.6) admits the representation

D_0 = D^L_0 + 1 2 [S^−, D_0S^+] = D^L_0 − 1 2 h^α_β (a_α ∂ ∂a_β − b^β ∂ ∂b^α ) , (6.19)

where the background Lorentz derivative D^L_0 commutes with all operators T^i and S^i.

From the star product (3.2) it follows that N ∗ f = ( T^+ − T^− + 1 2 (N_b − N_a) ) f . (6.20)

According to (5.3), for f ∈cu(1, 0|8) this simplifies to

N ∗ f = f ∗ N = (T^+ − T^−)f . (6.21)

The decomposition into su(2, 2) irreducible fields is ω(a, b) = ∞∑ s,n=0 (T^+)^nv_n(T^0)ω^s_n(a, b) , (6.22)

with T^0 ω^s_n = 1 2 (s + 1) ω^s_n , (6.23)

T^−ω^s_n(a, b) = 0 . (6.24)

For the future convenience, we fix the normalization coefficients v_n(T^0) in (6.22) in the form

v_n( 1 2 (s + 1)) = v( 1 2 (s + 1))(2i)^n

(2s + 1)!

n!(n + 2s + 1)!

. (6.25)

Note that the factor of i^n in (6.25) implies that the different copies of the fields ω^s_n with the same spin contained in polynomials of degree 4p and 4p + 2 contribute with opposite signs. This is appropriate because the coefficients in front of the corresponding parts of the invariant action will be shown to have opposite signs as well.

Due to (6.15), the linearized curvatures admit the expansion analogous to (6.22) R_1(a, b) = ∑ n (T^+)^nv_n(T^0)R_{1,n}(a, b) (6.26)

with T^−R_{1,n}(a, b) = 0 . (6.27)

Let us now explain how the invariant version of the Lorentz covariant decomposition used in [30, 28] can be defined. Lorentz multispinors associated with the two-row Young diagrams having n_1 and n_2 cells in the upper and lower rows respectively (n_1 ≥ n_2) can be described as the polynomials η(a, b) of the spinor variables a_α and b^β subject to the conditions N_aη(a, b) = n_1η(a, b) , N_bη(a, b) = n_2η(a, b) , (6.28) S^−η(a, b) = 0 , (6.29)

where the latter condition implies that the symmetrization over any n_1 + 1 indices gives zero. The tracelessness condition reads in these terms

T^−η(a, b) = 0 . (6.30)

The su(2, 2) irreducible higher spin gauge field ω admits the following representation in terms of the Lorentz - irreducible higher spin fields ω(a, b) = ∑ t=0 (S^+)^tη^t(a, b) , (6.31)

(Note that the asymmetric form of this formula with respect to a_α and b^β is a result of a particular basis choice.) Since ω(a, b) has equal numbers of a and b, we set 2t = n_1 − n_2. For the spin s we have 2(s − 1) = n_1 + n_2 (cf. (6.23)). For s fixed, t ranges from 0 to s − 1.

One can treat the Lorentz-irreducible 1-forms η_t(a, b) as an alternative basis of the higher spin gauge fields. The linearized higher spin curvature 2-forms (6.1) admit the analogous expansion

R_1(a, b) = ∑ t=0 (S^+)^tr^t_1(a, b) , (6.32)

with the Lorentz - irreducible component curvatures r^t_1(a, b) satisfying the Young property S^−r^t_1(a, b) = 0 (6.33) and the tracelessness condition

T^−r^t_1(a, b) = 0 . (6.34)

From the definition of r^t_1(a, b) it follows that

r^t_1(a, b) = D^L_0 η^t(a, b) + τ_−(η^{t+1}(a, b)) + τ_+(η^{t−1}(a, b)) , (6.35)

where D^L_0 is the Lorentz covariant derivative and the 5d spinor realization of the operators (2.55) and (2.56) is

τ_+ = 1 S^0 + 1

D_0(S^−) , (6.36)

τ_− = 1 2 ( S^+[S^−, D_0(S^+)] − D_0(S^+)S^0 − (S^+)^2 1 S^0 + 1

D_0(S^−) ) . (6.37)

One can see that the properties (2.57) are satisfied on the space of functions η satisfying (6.29).

Analogous decomposition

D_0 = D^L_0 + τ_+ + τ_− (6.38)

exists in the original basis of fields ω satisfying the condition (6.17). The explicit form of τ_± in this basis is

τ_± = 1 4 ( [S^−, D_0S^+] ± 1 √ 1 − 4S^+S^− ( [S^−, D_0S^+] + 2D_0(S^+S^−) ) ) . (6.39)

Derivation of this formula is more complicated. It is based on the fact that the operator S^−S^+ = S^+S^− diagonalizes on the vectors with different t in (6.31) with the eigenvalues −t(t + 1) so that the operator t̂

t̂ = 1 2 ( √ 1 − 4S^+S^− − 1) (6.40) has eigenvalues t. The property that

[t̂, τ_±] = ±τ_± (6.41)

turns out to be equivalent to

[S^+S^−, τ_±] = (1 ∓ √ 1 − 4S^+S^−)τ_± . (6.42)

Taking into account the fact that the decomposition of D_0 into eigenspaces D^L_0 , τ_+ and τ_− of S^+S^− is unique, the problem is to find such operators τ^± on the space of functions satisfying (6.17) that the formulas (6.42) and (6.38) are true. Formula (6.39) solves this problem. For (6.38) this is obvious. The verification of the formula (6.42) is also elementary with the help of identities valid on the subspace of null-vectors of S^0

[S^+S^−, [S^−, D_0S^+]] = −2D_0(S^+S^−) , (6.43)

[S^+S^−, D_0(S^+S^−)] = 2 ( D_0(S^+S^−) + S^+S^−[S^−, D_0S^+] ) . (6.44)

Another useful fact is that the operator

τ_0 = S^−D_0(S^+) − S^+D_0(S^−) (6.45)

does not affect the gradation t, i.e.

[S^+S^−, τ_0] = 0 . (6.46)

It is less trivial to check that (τ^±)^2 = 0. The simplest way is to use the basis of the fields η_t, i.e. the operators τ_± in the form (6.36) and (6.37).

Let us note that the variables ω and η can be interpreted as different representatives of the same representation of the sl_2 algebra spanned by the operators S^j . Namely, the variables ω are associated by (6.23) with the elements having zero eigenvalue of the Cartan element, while the variables η are associated by (6.29) with the lowest weight vectors. This suggests the idea that there should be some formulation operating in terms of the representations of this sl_2 algebra as a whole.

Equipped with the operators τ_± and τ_0, one can write the spinor form of the constraints (2.71) either as

τ_0 ∧ τ_+R_1 = 0 (6.47)

in the basis ω or as τ_0 ∧ τ_+r_1 = 0 (6.48) in the basis η. To obtain the spinor form of the First On-Mass-Shell theorem one takes into account that, as shown in the beginning of this section (see also [28]), the Weyl tensor, described in terms of tensors by the length s two-row traceless Young diagram C^{a1...as}_,^{b1...bs} , is described in terms of spinors by a rank 2s totally symmetric multispinor C^{α1...α2s} . Since the First On-Mass-Shell Theorem (2.73) is true for any irreducible higher spin field in the expansion (6.26), it acquires the form R_{1,n}(a, b) | | |_{m.s.} = H_{2α}^β ∂^2 ∂a_α∂b^β Res_μ(C_n(μa + μ^{−1}b)) , (6.49)

where the label | | |_{m.s.} implies the on-mass-shell consideration modulo terms

proportional to the left hand sides of the free field equations and constraints (6.47) (equivalently, (6.48)). Res_μ singles out the μ−independent part of a Laurent series in μ, i.e. Res_μ (^∞∑ n=−∞ α_nμ^n ) = 1 2πi ∮ d log μ (^∞∑ n=−∞ α_nμ^n ) = α_0 . (6.50)

Note that a function of one spinor variable

C_n(μa + μ^{−1}b) = ∑ k,l μ^{k−l} k!l! C^{α1...αk β1...αl} n a_{α1} . . . a_{αk} b_{β1} . . . b_{βl} (6.51)

has totally symmetric coefficients C^{α1...αk β1...βl} while Res_μ singles out its part containing equal numbers of the oscillators a and b that belongs to cu(1, 0|8) .

7 Central On-Mass-Shell Theorem

The matter fields and higher spin Weyl tensor can be interpreted as representatives of the σ_− cohomology group associated with the so-called twisted adjoint representation of the higher spin algebra. Given automorphism τ of the higher spin algebra (in fact any associative algebra used to build a Lie superalgebra via supercommutators), one defines the covariant derivative D̃ of a field C taking values in the twisted adjoint representation D̃C = dC + ω ∗ C − C ∗ τ (ω) . (7.1) The property that τ is an automorphism guarantees that this definition is consistent with the Bianchi identities. (See [39, 13] for particular examples and references.) To have a formulation in terms of Lorentz covariant fields (i.e. finite-dimensional representations of the Lorentz algebra), τ is required to leave invariant the Lorentz subalgebra of the full AdS algebra. In terms of the compensator formalism this is automatically achieved by using the compensator field for definition of τ . For the problem under consideration, the appropriate definition is

τ (a_α) = b^β V_{βα} , τ (b^α) = V^{αβ}a_β (7.2)

implying τ (f(a, b|x)) = f(τ (a), τ (b)|x) . (7.3) Let us note that in this section we require the compensator V_{αβ} to be a constant so that τ commutes with the exterior differential d.

The linearized covariant derivative (6.19) in the adjoint representation can be written as D_0 = D^L_0 + 1 2 [h^α_β a_αb^β , . ]_∗ . (7.4)

Analogously to the 4d case [39, 13], the twisted linearized covariant derivative results from the replacement of the star commutator to star anticommutator in the part of the covariant derivative associated with the frame 1-form

D̃_0(C) = D^L_0 (C) + 1 2 {h^α_βa_αb^β , C}_∗ . (7.5)

In fact, this is not surprising because the only nontrivial Lorentz covariant definition of the restriction of τ to the AdS_d algebra in any dimension is to change a sign of the AdS translations. From the perspective of the higher spin symmetry the problem therefore is to find an appropriate extension of this automorphism of the AdS algebra to the full higher spin algebra. This is achieved by the definition (7.2) for the case of AdS_5. For some specific choice of the compensator, this definition reproduces the twisted adjoint representation used in [28].

The twisted covariant derivative (7.5) has the form

D̃_0(C) = D^L_0 (C) + σ_− + σ_+ , (7.6)

where σ_− = − 1 4 h^α_β ∂^2 ∂a_β∂b^α , σ_+ = h^α_β a_αb^β . (7.7)

The operators D^L_0 and σ_± have the properties

(σ_±)^2 = 0 , (D^L_0 )^2 + {σ_−, σ_+} = 0 , {D^L_0 , σ_±} = 0 . (7.8)

Only the operator D^L_0 acts nontrivially (differentiates) on the space-time coordinates while σ_± act in the fiber linear space V isomorphic as a linear space to the twisted adjoint representation of the higher spin algebra. Also there is the gradation operator G =^1_2 (N_a + N_b) such that

[G, D^L_0 ] = 0 , [G, σ_±] = ±σ_± . (7.9)

Since V is spanned by polynomials in the spinor variables a_α and b^β , the spectrum of G in V is bounded from below.

The important observation is (see, e.g., [40]) that the nontrivial dynamical equations hidden in D̃_0(C) = 0 (7.10)

are in the one-to-one correspondence with the nontrivial cohomology classes of σ_−. For the case with C being a 0-form, the relevant cohomology group is H^1(σ_−). For the more general situation with C being a p-form, the relevant cohomology group is H^{p+1}(σ_−). From this perspective, the operator τ_− identifies with σ_− in the sector of the higher spin gauge 1-forms.

Indeed, consider the decomposition of the space of fields C into the direct sum of eigenspaces of G. Let a field having a definite eigenvalue k of G be denoted C_k , k = 0, 1, 2 . . .. Suppose that the dynamical content of the equations (7.10) with the eigenvalues k ≤ k_q is found. Applying the operator D^L_0 + σ_+ to the left hand side of the equations (7.10) at k ≤ k_q we obtain taking into account (7.8) that σ_−(D^L_0 + σ_− + σ_+)(C_{kq +1}) = 0 . (7.11)

Therefore (D^L_0 + σ_− + σ_+)(C_{kq +1}) is σ_− closed. If the group H^1(σ_−) is trivial in the grade k_q + 1 sector, any solution of (7.11) can be written in the form (D^L_0 + σ_− + σ_+)(C_{kq +1}) = σ_−C̃_{kq +2} for some field C̃_{kq +2}. This, in turn, is equivalent to the statement that one can adjust C_{kq +2} in such a way that C̃_{kq +2} = 0 or, equivalently, that the part of the equation (7.10) of the grade k_q + 1 is some constraint that expresses C_{kq +2} in terms of the derivatives of C_{kq +1} (to say that this is a constraint we have used the assumption that the operator σ_− is algebraic in the space-time sense, i.e. it does not contain space-time derivatives.) If H^1(σ_−) is nontrivial, this means that the equation (7.10) sends the corresponding cohomology class to zero and, therefore, not only expresses the field C_{kq +2} in terms of derivatives of C_{kq +1} but also imposes some additional differential conditions on C_{kq +1}. Thus, the nontrivial spacetime differential equations described by (7.10) are classified by the cohomology group H^1(σ_−).

The nontrivial dynamical fields are associated with H^0(σ_−) which is always non-zero because it at least contains a nontrivial subspace of V of minimal grade. As follows from the H^1(σ_−) analysis of the dynamical equations, all fields in V/H^0(σ_−) are auxiliary, i.e. express via the space-time derivatives of the dynamical fields by virtue of the equations (7.10).

In the problem under consideration we are interested in the sector of fields C(a, b|x) that commute to N (i.e. N_a(C) = N_b(C)). In this sector the representatives of H^0(σ_−) (i.e., fields C satisfying σ_−(C) = 0) are described by the fields of the form C_0(a, b|x) = Res_μC_0(μa + μ^{−1}b, a_αb^α|x) . (7.12) We see that these are just the fields that appeared in the first on-mass-shell theorem (6.49). The additional dependence on a_αb^α matches the degeneracy of the higher spin fields of cu(1, 0|8) due to traces (i.e., ideals generated by N).

Application of the same analysis to the higher spin gauge 1-forms with the operator τ_− instead of σ_− leads to the following interpretation of the results of section 6. The dynamical fields with spins s ≥ 1 belong to the cohomolgy group H^1(τ_−). τ_− exact 1-forms ω(a, b|x) = τ_−(ξ) describe pure gauge degrees of freedom in ω(a, b|x) analogous to the antisymmetric part of the frame field associated with the local Lorentz transformations in gravity. The cohomology group H^2(τ_−) responsible for nontrivial differential conditions on the higher spin gauge fields is a direct sum of two linear spaces

H^2(τ_−) = V^E_2 (τ_−) ⊕ V^W_2 (τ_−) . (7.13)

The space V^W_2 (τ_−) called Weyl cohomology is spanned by the 2-forms of the form of the right hand side of the equation (6.49), i.e. a generic element of V^W_2 (τ_−) has the form (to simplify formulae, in the rest of this section we confine ourselves to the case of irreducible fields of different spins satisfying T^−ω = 0) H_{2α}^β ∂^2 ∂a_α∂b^β Res_μ(C(μa + μ^{−1}b)) . (7.14)

The space V^E_2 (τ_−) called Einstein cohomology is spanned by the 2-forms of the form H_{2α}^β ( ∂^2 ∂a_α∂b^β R(a, b) + b^αa_βr(a, b) ) , (7.15)

where the 0-forms R(a, b) and r(a, b) have themselves the properties of the dynamical fields, i.e.

S^±R = 0 , T^−R = 0 , S^±r = 0 , T^−r = 0 . (7.16)

The 0-forms R and r parametrize the right hand sides of the spin s ≥ 2 equations of motion. They generalize the traceless part of the Ricci tensor and the scalar curvature, respectively. In other words, they correspond to the dynamical equations of motion associated with the irreducible traceless parts of the double traceless Fronsdal fields φ_{a1...an} in the action (1.1). The equation (6.49) sends the right hand sides of the dynamical equations associated with the R and r to zero imposing no other conditions on the dynamical fields because the Weyl cohomology remains arbitrary. This is the content of the first ofmass-shell theorem that states that (6.49) is equivalent to the free equations of motion for all spins s ≥ 2. Note that the spin 1 Maxwell equations are not contained in the equation (6.49) which merely defines the associated spin 1 field strength as the degree two part of the Weyl cohomology C(a, b). The degree zero part C(0, 0) associated with spin 0 field does not show up in the Weyl cohomology because the scalar field C(0, 0) is not associated with the gauge fields.

The fact that the equation (6.49) sew the 0-forms C(a, b|x) to the higher spin curvatures has two effects. First, what looked like an independent dynamical spin s ≥ 1 field in the module C(a, b|x) becomes an auxiliary field expressed by (6.49) in terms of the dynamical fields described by the 1-form gauge fields. Second, the fields on the right hand side of (6.49) have to satisfy some differential restrictions as a consequence of the Bianchi identities. For all spins s ≥ 2 these differential restrictions are equivalent to what looked like independent equations in the condition that the section C(a, b|x) is flat. In other words, the Bianchi identities send to zero the part of the cohomology group H^1(σ_−) associated with all spins s ≥ 2 (s ≥ 3/2 when fermions are included [32]). For spin 1 only a half of the corresponding part of H^1(σ_−) is sent to zero by the Bianchi conditions. This is associated with the Maxwell equation that encodes the Bianchi identities for the field strength expressed in terms of the 1-form potential. The dynamical part of the Maxwell equations is imposed by the covariant constancy condition for the spin 1 part of C(a, b|x), i.e. by setting to zero the rest of the restriction of H^1(σ_−) to the spin 1 sector. The equation for spin 0 is the condition that H^1(σ_−) = 0 in the spin 0 sector [40] (the situation with spin 1/2 is analogous [32]).

As a result, we arrive at the Central On-Mass-Shell Theorem that states that the equations (6.49), (7.10) describe the equations of motion for free massless fields of all spins along with an infinite set of constraints that express some auxiliary fields via higher derivatives of the dynamical fields associated with the cohomology group H^1(τ_−) and the scalar field c(x) = C(a, b|x). Let us note that, by construction, the set of fields ω(a, b|x) and C(a, b|x) provide the complete basis for all combinations of derivatives of massless fields of all spins that are allowed to be nonzero by field equations (equivalently, to take arbitrary values at any fixed point x_0 of space-time). The Central On-Mas- Shell Theorem is the starting point for the description of the nonlinear higher spin dynamics in the unfolded form. The equation (6.49) also plays the key role in the analysis of cubic higher spin interactions at the action level.

The proof and the meaning of the tensor form of the Central On-Mass-Shell Theorem (2.77) and (2.78) in any dimension is analogous.

8 5d Higher Spin Action

The aim of this section is to formulate the action for the totally symmetric gauge massless boson fields in AdS_5 that solves the problem of higher-spin-gravitational interactions in the first nontrivial order. The results reported here extend the 4d results of [33, 9] to d = 5.

We shall look for the action of the form

S = S_2 + S_3 + . . . (8.1)

within the perturbation expansion (2.37) with the background gravitational field being of the zero order and the higher spin fields of the first order. S_2 is the quadratic action that describes properly the free higher spin dynamics. S_3 is the cubic part. Higher-order corrections do not contribute to the order under investigation. The gauge transformations are supposed to be of the form (2.36). Equivalently one can expand

δω = δ_0ω + δ_1ω + . . . , (8.2)

where δ_0ω is the linearized Abelian transformation (2.40) while δ_1ω contains terms linear in the dynamical fields ω_1. Recall that the background field ω_0 is chosen in such a way that R_0 = 0 (thus implying AdS_5 background) so that R starts with the first order part. As a result, the deformation terms Δ(R, ε) in (2.36) contribute to δ_1ω.

The free higher spin action S_2 is required to be invariant under the linearized higher spin gauge transformations

δ_0S_2 = 0 . (8.3)

This means that the part of the variation of the action, which is linear in the dynamical fields, is zero. The first nontrivial part is therefore bilinear in the dynamical fields δ_1S = δ_0S_3 + δ_1S_2 ∼ ω^2_1 ε . (8.4)

Our aim is to find an action S_3 that admits a nontrivial deformation of the gauge transformation guaranteeing that the gauge variation (8.4) is zero.

Using the decomposition (2.36) for the gauge variation one can rewrite the condition δ_1S = 0 in the equivalent form

0 = δ^gS + ΔS_2 + O(ω^3_1 ε) , (8.5)

where δ^g is the original higher spin gauge transformation (2.28) that contains the zero-order part of the variation along with some part of the first-order terms. Other possible linear terms in the variation are contained in Δω_1. Since ΔS_2 = δS_2 δω_{dyn} Δω_{dyn} (8.6)

a (local) deformation Δω_{dyn} fulfilling the invariance condition (8.5) exists iff δ^gS = −Y (ω_1, δS_2 δω_{dyn} , ε) + O(ω^3_1 ε) , (8.7)

where Y (ω_1,^{δS2}_{δωdyn} , ε) is some trilinear local functional, i.e. iff the original gauge variation of S_2 + S_3 vanishes on-mass-shell^{δS2}_{δωdyn} = 0.

Note that a deformation of the gauge variation of the extra and auxiliary fields does not contribute into the variation to the order under consideration because the variation of S_2 with respect to these fields is either identically zero by the extra field decoupling condition (2.46) for extra fields or zero by virtue of constraints (i.e., by the 1.5-order formalism) for the Lorentz-type auxiliary fields. This is important because the constraints for the extra and auxiliary fields are not invariant under the original higher spin gauge transformations δ^gω. As a result, the higher spin gauge transformation for the extra and auxiliary fields should necessarily be deformed to be compatible with the constraints. This phenomenon does not however affect our consideration because the constraints are formulated in terms of the higher spin curvatures and therefore are invariant under the linearized higher spin gauge transformations in the lowest order. As a result, the deformation of the transformation low for the extra and auxiliary fields due to the constraints is at least of order ω_1ε which was argued to be irrelevant in the approximation under consideration.

Our analysis of the gauge invariance will be based heavily on the First On-Mass-Shell Theorem (2.73) in its spinor form (6.49). Namely, the variation δ^gS is some bilinear functional of the higher spin curvatures R which can be replaced by the linearized curvatures R_1 at the order of interest. Assuming that the constraints for auxiliary and extra fields are satisfied we can use the representation (2.73) for the linearized curvatures. All terms contained in X are proportional to the left hand sides of the free field equations and, therefore, give rise to some variation of the form (8.7) that can be compensated by an appropriate deformation Δω_1 (that itself is at least linear in the higher spin curvatures). The terms that cannot be compensated this way are those bilinear in the higher spin Weyl tensors C_{A1 ...As−1 ,B1...Bs−1} . Therefore, the condition that the higher spin action is invariant under some deformation of the higher spin gauge transformations is equivalent to the condition that the original (i.e. undeformed) higher spin gauge variation of the action is zero once the linearized higher spin curvatures R_1 are replaced by the Weyl tensors C according to (2.73) i.e., schematically, δ^gS | | |_{R=h∧h C} = 0 . (8.8)

Being rather nontrivial, this condition will be shown to admit a solution linking the normalization coefficients in front of the free higher spin action functionals for different fields.

Let us now sketch the general procedure for the search of the AdS_5 higher spin action. In accordance with (2.42) we shall look for a Lagrangian 5-form bilinear in the higher spin curvatures with some 1-form U_{ΩΛ} built from the higher spin gauge 1-forms. As no useful extension of the compensator formalism to the full higher spin algebra is known so far, we use a mixed approach with the frame field E^{αβ} built from the compensator V^{αβ} and the gravitational fields associated with the AdS_5 subalgebra su(2, 2) ⊂cu(1, 0|8) . In addition, some explicit dependence on the higher spin gauge fields taking values in cu(1, 0|8) /su(2, 2) will be allowed. Presumably, such an approach is a result of a partial gauge fixing in a full compensator formalism in the AdS_5 higher spin theory to be developed. Note that, perturbatively, E^{αβ} contains the background gravitational field and, therefore, is of the zero order, while the higher spin fields are of the first order.

In our analysis the higher spin gauge fields will be allowed to take values in some associative (e.g., matrix) algebra ω → ω_I^J . The resulting ambiguity is equivalent to the ambiguity of a particular choice of the Yang-Mills gauge algebra in the spin 1 sector. The higher spin action will be formulated in terms of the trace tr in this matrix algebra (to be not confused with the trace in the star product algebra). As a result, only cyclic permutations of the matrix factors will be allowed under the trace operation. Note that the gravitational field is required to take values in the center of the matrix algebra, being proportional to the unit matrix. For this reason, the factors associated with the gravitational field are usually written outside the trace.

Let us consider an action of the form

S = S^E + S^ω , (8.9)

where

S^E = 1 2 ∫ M^5 ( αE_{αβ} ∂^2 ∂a_{1α}∂a_{2β} + βE^{αβ} ∂^2 ∂b^α_1 ∂b^β_2 + 2∑ ij=1 γ^{ij} E_α^β ∂^2 ∂a_{iα}∂b^β_j ) ∧ tr(R(a_1, b_1|x) ∧ R(a_2, b_2|x)) | | |_{a1=b1 =a2=b2 =0}(8.10) and S^ω = 1 2 ∫ M^5 τ tr(R(a_1, b_1|x) ∧ R(a_2, b_2|x) ∧ ω(a_3, b_3|x)) | | a_i=b_j =0 . (8.11)

Here the coefficients α, β, γ^{ij} and τ are some functions of the Lorentz invariant combinations of derivatives with respect to the spinor variables a_{iα} and b^α_j , ā_{ij} = V_{αβ} ∂^2 ∂a_{iα}∂a_{jβ} , b̄_{ij} = V^{αβ} ∂^2 ∂b^α_i ∂b^β_j , c̄_{ij} = ∂^2 ∂a_{iα}∂b^α_j (8.12)

(i, j = 1, 2 for (8.10) and 1, 2, 3 for (8.11)). Functions α, β, γ^{ij} and τ parametrize the ambiguity in all possible contractions of indices of the component higher spin fields and curvatures. Note that the gravitational field is not allowed to appear among the components of the connection ω that enters explicitly the action (8.11). Instead, all terms with the gravitational field in front of the curvature terms are collected in the action S^E (8.10). With this convention, S^E contributes both to the quadratic and to the cubic parts of the action while S^ω only contributes to the interaction part of the action.

Below we show that there exists a consistent cubic higher-spin-gravitational interaction for S^ω = 0. Since the aim of this paper is to show that at least some consistent higher-spin-gravitational interaction exists in AdS_5, we shall mostly focus on this particular case. Note that it is anyway hard to judge on a full structure of the theory from the perspective of the cubic interactions. Indeed, at the cubic level one can switch out interactions among any three elementary (i.e. irreducible at the free field level) fields without spoiling the consistency at this order. This is most obvious from the Noether coupling interpretation of the cubic interactions: setting to zero some of the fields is always consistent with the conservation of currents. It is plausible to speculate that the action S^E accounts the terms relevant to the higher-spin-gravitational interaction but may miss some other higher spin interactions described by the action S^ω.

Indeed, as a by product of the consideration below we shall give an example of a consistent higher spin interactions S^ω. Note that even writing down all terms of the form (8.9) there is little chance to have a fully consistent theory beyond the cubic order without introducing more dynamical fields because, as we know from the 4d example [39] (see also [12, 13]), some lower spin fields (e.g. spin 1 and spin 0) have to be added. Note that the actions for spin 1 and spin 0 massless fields do not admit a formulation in the form (2.42). To simplify the presentation we will assume in this paper that these fields are set to zero, that is a consistent procedure at the cubic order. By analogy with the 4d case [10] we expect that an extension of the results of this paper to the full system with the lower spin fields will cause no problem. Let us note that an appropriate reformulation of the Lagrangian spin 0 free field dynamics was developed in [40].

Let us now focus on the structure of the action S^E. The ambiguity in the coefficient functions α, β, γ_{ij} can be restricted by not allowing a contraction of the both of indices of E^α_β with the same curvature. Another restriction we impose is that a total number of derivatives in a_1 and b_1 is equal to the number of derivatives in a_2 and b_2, i.e. the terms resulting from the products of the polynomials of different powers in R(a_1, b_1) and R(a_2, b_2) are required to vanish. (The most important argument for this ansatz is, of course, that it will be proved to work.) We therefore consider the action of the form (8.10) with the coefficients γ^{11} = γ^{22} = 0. Taking into account that the higher spin gauge fields and curvatures carry equal numbers of lower and upper indices, i.e. R(μa, μ^{−1}b) = R(a, b), the appropriate ansatz is

S^E = 1 2 A^E_{α,β,γ}(R, R) , (8.13) where the symmetric bilinear A^E_{α,β,γ}(f, g) = A^E_{α,β,γ}(g, f) is defined for any 2- forms f and g as A^E_{α,β,γ}(f, g) = ∫ M^5 ( α(p, q, t)E_{αβ} ∂^2 ∂a_{1α}∂a_{2β} b̄_{12} + β(p, q, t)E^{αβ} ∂^2 ∂b^α_1 ∂b^β_2 ā_{12} + γ(p, q, t) ( E_α^β ∂^2 ∂a_{1α}∂b^β_2 c̄_{21} − E^α_β

∂^2 ∂b^α_1 ∂a_{2β} c̄_{12} ))

∧tr(f(a_1, b_1|x) ∧ g(a_2, b_2|x)) | | |_{ai=bj =0} (8.14)

where we use notations

p = ā_{12}b̄_{12} q = c̄_{12}c̄_{21} , t = c̄_{11}c̄_{22} . (8.15)

The labels α, β, γ and E in A^E_{α,β,γ}(f, g) refer to the functions α(p, q, t), β(p, q, t), γ(p, q, t) and the frame field E^{αβ} that fix a particular form of the bilinear form. Sometimes we will write A(f, g) instead of A^E_{α,β,γ}(f, g).

As explained in section 2.2, nonlinear actions of this form cannot have the invariant trace property, i.e. A(a∗f, g) ≠ A(f, g∗a) for generic a, f, g ∈cu(1, 0|8) . One can require however a weaker condition A(N ∗ f, g) = A(f, g ∗ N) , (8.16) where f and g are any elements satisfying f ∗ N = N ∗ f , g ∗ N = N ∗ g . From (8.16) it follows that A(ϕ(N) ∗ f, g) = A(f, g ∗ ϕ(N)) . (8.17) We will refer to the property (8.16) as the C−invariance condition. It will play the key role in the analysis of the invariance of the cubic action in section 8.2. The explicit form of the restrictions on the coefficients α, β, γ due to (8.16) is given in section 8.1.

The main steps of the rest of the analysis are as follows. First we analyze the quadratic part of the action choosing the functions α, β and γ to guarantee that the free action S_2 describes a sum of compatible with unitarity free field actions for the set of the higher spin fields associated with the higher spin algebra cu(1, 0|8) . This is equivalent to the two conditions. First, the extra field decoupling condition requires the variation of the quadratic action with respect to the extra fields to vanish. Second, the quadratic action should decompose into infinite sum of free actions for the different copies of fields of the same spin associated with the spinor traces as discussed below (6.31). This is referred to as the factorization condition.

Note that at the free field level there is an ambiguity in the coefficients α(p, q, t) and β(p, q, t) due to the freedom in adding the total derivative terms

δS^2 = 1 2 ∫ M^5 d ( Φ(p, q, t)tr(R_1(a_1, b_1|x) ∧ R_1(a_2, b_2|x))|_{a1=b1 =a2 =b2 =0} )

= 1 2 ∫ M^5 ∂Φ(p, q, t) ∂p ( h^{αβ} ∂^2 ∂b^α_1 ∂b^β_2 ā_{12} − h_{αβ}

∂^2 ∂a_{1α}∂a_{2β} b̄_{12} )

∧tr(R_1(a_1, b_1|x) ∧ R_1(a_2, b_2|x)) | | |_{ai=bj =0} , (8.18)

where, using the manifest su(2, 2) covariance of our formalism, the differential d in the first line is replaced by the background su(2, 2) derivative, and the definition of the background frame field (3.17) has been taken into account along with the Bianchi identities D_0(R_1) = 0. As a result, the variation of the coefficients δα(p, q, t) = ϵ(p, q, t) , δβ(p, q, t) = −ϵ(p, q, t) (8.19) does not affect the physical content of the quadratic action, i.e. only the combination α(p, q, t) + β(p, q, t) has invariant meaning at the free field level. Modulo the ambiguity (8.19) the factorization condition along with the extra field decoupling condition fix the functions α, β, γ up to an arbitrary function parametrizing the ambiguity in the normalization coefficients in front of the individual free actions. The proof of this fact is the content of section 8.1.

In the analysis of the cubic interactions, there are two types of terms to be taken into account. Terms of the first type result from the gauge transformations of the gravitational fields and the compensator V^{αβ} that contribute into the factors in front of the higher spin curvatures in the action (8.10). The proof of the respective invariances goes the same way as in the example of gravity considered in section 2.1 as it is based entirely on the explicit su(2, 2) covariance and invariance of the whole setting under diffemorphisms (recall that the additional invariance (2.21) was identified in section 2.1 with a mixture of the diffeomorphisms and su(2, 2) gauge transformations.) Also, one has to take into account that the higher spin gauge transformation of the gravitational fields is at least linear in the dynamical fields and therefore has to be discarded in the analysis of ω^2ε type terms under consideration.

The nontrivial terms of the second type originate from the variation (2.31) of the higher spin curvatures. According to (8.8) the problem is to find such functions α, β and γ that δ^gS^E (R, R) | | |_{E=h,R=h∧hC} ≡ A^h_{α,β,γ}(R, [R, ε]_∗) | | |_{R=h∧hC} = 0 (8.20)

for an arbitrary gauge parameter ε(a, b|x). As shown in section 8.2 this condition fixes the coefficients in the form α(p, q, t) + β(p, q, t) = φ_0 ∞∑ m,n=0 (−1)^{m+n} m + 1 2^{2(m+n+1)}(m + n + 2)!m!(n + 1)! p^nq^m , (8.21) γ(p, q, t) = γ(p + q) , γ(p) = φ_0 ∞∑ m=0 (−1)^{m+1} 1 2^{2m+3}(m + 2)!m!

p^m , (8.22)

where φ_0 is an arbitrary normalization factor to be identified with the (appropriately normalized in terms of the cosmological constant) gravitational coupling constant. Let us note that the sign factors in the coefficients (8.21) and (8.22) distinguish between the polynomials of the oscillators a_α and b^β of degree 4p and 4p+2. Together with the signs due to the factors of i in the normalization coefficients (6.22) this implies that fields of equal spins contribute to the quadratic action with the same sign. The fields of even and odd spins contribute with opposite signs.

As a result, the condition that cubic AdS_5 higher spin action possesses higher spin gauge symmetries fixes uniquely the relative coefficients in front of the free actions of fields of all spins in a way compatible with unitarity. Note that the analysis of the interactions does not fix the ambiguity (8.19). Taking into account (8.18) along with the full Bianchi identities, one observes that the ambiguity in α − β is equivalent to the ambiguity in the interaction terms S^ω of the form

S^ω = 1 2 ∫ M^5 Φ(p, q, t)tr ( [ω_1, R]_∗(a_1, b_1|x) ∧ R(a_2, b_2|x)

+ R(a_1, b_1|x) ∧ [ω_1, R]_∗(a_2, b_2|x) )| |_{ai=bj =0} (8.23)

parametrized by an arbitrary function Φ(p, q, t).

8.1 Quadratic Action

The free field part S_2 of the action S is obtained from (8.13) by the substitution of the linearized curvatures (6.1) instead of R and h^α_β instead of E^α_β. The resulting action is manifestly invariant under the linearized transformations (6.5) because the linearized curvatures are invariant. We want the free action to be a sum of actions for the irreducible higher spin fields we are working with. This requirement is not completely trivial because of the infinite degeneracy of the algebra due to the traces. The factorization condition requires

S_2 = ∞∑ s,n=0 S^{s,n}_2 (ω^s_n) , (8.24)

i.e., the terms containing products of the fields ω^s_n and ω^s_m should all vanish for n ≠ m. As follows from (6.22), (6.23) along with (6.12) this is true if A^E_{α,β,γ}(f, (T^+)^kg) = A^E_{αk,βk ,γk} ((T^−)^k f, g) , ∀k (8.25) for some α_k, β_k and γ_k.

An elementary computation shows that A^E_{α,β,γ}(f, T^+g) = A^E_{α1,β1,γ1} (T^−f, g) + ∫ M^5 Q(p, q, t)E_α^β ∂^2 ∂a_{1α}∂b^β_1 ∧ tr ( f(a_1, b_1|x) ∧ g(a_2, b_2|x) )| |_{ai=bj =0} , (8.26)

where Q = ( 1 + p ∂ ∂p ) ( α(p, q, t) + β(p, q, t) ) + 2 ( 1 + q ∂ ∂q ) γ(p, q, t) (8.27) and α_1(p, q, t) = 4 ( (2 + p ∂ ∂p ) ∂ ∂p + (1 + q ∂ ∂q ) ∂ ∂q + ( 2p ∂ ∂p + 2q ∂ ∂q + t ∂ ∂t + 6 ) ∂ ∂t )

×α(p, q, t) , (8.28)

β_1(p, q, t) = 4 ( (2 + p ∂ ∂p ) ∂ ∂p + (1 + q ∂ ∂q ) ∂ ∂q + ( 2p ∂ ∂p + 2q ∂ ∂q + t ∂ ∂t + 6 ) ∂ ∂t )

×β(p, q, t) , (8.29)

γ_1(p, q, t) = 4 ( (1 + p ∂ ∂p ) ∂ ∂p + (2 + q ∂ ∂q ) ∂ ∂q + ( 2p ∂ ∂p + 2q ∂ ∂q + t ∂ ∂t + 6 ) ∂ ∂t )

×γ(p, q, t) . (8.30) The factorization condition therefore requires Q = ( 1 + p ∂ ∂p ) (α(p, q, t) + β(p, q, t)) + 2 ( 1 + q ∂ ∂q ) γ(p, q, t) = 0 . (8.31)

Then one observes that from (8.31) it follows that the same is true for the coefficients α_1, β_1 and γ_1 (8.28)-(8.30), and, therefore, (8.31) guarantees (8.25) for all k. In the sequel, the factorization condition (8.31) is required to be true. Since the operator ( 1 + q^∂_{∂q} ) is invertible, it allows to express γ in terms of α and β.

Let us now analyze the C−invariance condition (8.16). Taking into account (6.21) along with the factorization condition (8.25), it amounts to A^E_{α,β,γ}(T^−f, g) + A^E_{α1,β1,γ1} (T^−f, g) = A^E_{α,β,γ}(f, T^−g) + A^E_{α1,β1,γ1} (f, T^−g) . (8.32) Obviously, this is true iff A^E_{α,β,γ}(f, g) = −A^E_{α1,β1,γ1} (f, g) , (8.33) i.e. α(p, q, t) = −α_1(p, q, t) , β(p, q, t) = −β_1(p, q, t) , γ(p, q, t) = −γ_1(p, q, t) . (8.34)

This is equivalent to the requirement that the operators T^+ and −T^− are conjugated with respect to the bilinear form A^E_{α,β,γ}(f, g) A^E_{α,β,γ}(T^±f, g) = −A^E_{α,β,γ}(f, T^∓g) . (8.35) Let us note that the original ansatz for the bilinear form (8.14) satisfies A^E_{α,β,γ}(T^0f, g) = A^E_{α,β,γ}(f, T^0g) . (8.36) From (8.28)-(8.30) it is clear that (8.34) reconstructs the dependence of α(p, q, t), β(p, q, t) and γ(p, q, t) on t in terms of the “initial data” α(p, q, 0), β(p, q, 0) and γ(p, q, 0). With the help of (8.35) along with (6.12) it is elementary to compute the relative coefficients of the actions for the different copies of fields in the decomposition (6.22), (6.24). The coefficients (6.25 ) are fixed so that the linearized actions have the same normalization for different copies of the higher spin fields parametrized by the label n

S_2 = ∞∑ s,n=0 S^s_2 (ω^s_n) . (8.37)

In the linearized approximation it is therefore enough to analyze the situation for any fixed n. We confine ourselves to the case of ω = ω_0 assuming in the rest of this section that T^−ω = 0 . (8.38)

Let us now consider the extra field decoupling condition. Since the generic variation of the linearized higher spin curvature is δR_1 = D_0δω , where D_0 is the AdS_5 background covariant derivative and because the action is formulated in the AdS_5 covariant way with the aid of the compensator field V^{αβ} , integrating by parts one obtains for the generic variation of S_2

δS_2 = ∫ M^5

D_0 ( α(p, q, 0)h_{αβ} ∂^2 ∂a_{1α}∂a_{2β} b̄_{12} + β(p, q, 0)h^{αβ} ∂^2 ∂b^α_1 ∂b^β_2 ā_{12} + γ(p, q, 0) ( h_α^β ∂^2 ∂a_{1α}∂b^β_2 c̄_{21} − h^α_β

∂^2 ∂b^α_1 ∂a_{2β} c̄_{12} ))

∧tr(δω(a_1, b_1|x) ∧ R_1(a_2, b_2|x)) | | |_{ai=bj =0} , (8.39)

where it is taken into account that the t−dependent terms trivialize as a consequence of (8.38). The derivative D_0 produces the frame field every time it meets the compensator. (Recall that D_0(h^{αβ}) = 0 because D^2_0 = R_0 = 0.) Taking into account (3.24) and (8.38), one finds

δS_2 = 1 2 ∫ M^5 ρ(p, q) ( ∂^2 ∂a_{1α}∂b^β_2 c̄_{21} +

∂^2 ∂a_{2α}∂b^β_1 c̄_{12} )

H_{2 α}^β ∧ tr(δω(a_1, b_1|x) ∧ R_1(a_2, b_2|x) | |_{ai=bj =0} , (8.40)

where ρ(p, q) = ( 1 + p ∂ ∂p )( α(p, q, 0) + β(p, q, 0) − 2γ(p, q, 0) ) . (8.41)

According to (6.8) the extra fields are associated with the multispinors described by the two-row Young diagrams of the Lorentz algebra having at least four more cells in the upper row than in the lower one. As follows from (6.31), generic variation sharing this property has the form

δω^{ex}(a, b) = (S^+)^2ξ(a, b) . (8.42)

To guarantee (N_a − N_b)δω^{ex}(a, b) = 0, the infinitesimal ξ(a, b) is required to satisfy (N_a − N_b − 4)ξ(a, b) = 0.

To derive the restriction on the coefficients imposed by the requirement that the extra fields do not contribute to the variation one observes, first, that [ S^+_1 , q ] = − [ S^+_1 , p ] = u , [S^+_1 , u] = 0 , (8.43)

where S^+_1 = b_{1β} ∂ ∂a_{1β} , u = ā_{12}c̄_{12} (8.44)

and, second, that the double commutator of S^+_1 to the differential operator next to ρ(p, q) in (8.40) is zero. As a result, substituting (8.42) into (8.40) one finds that the corresponding variation of the action vanishes provided that ( ∂ ∂p − ∂ ∂q )ρ(p, q) = 0 . (8.45)

Therefore the extra field decoupling condition requires

ρ(p, q) = ρ(p + q) . (8.46)

From the factorization condition (8.31) and (8.41), (8.46) it follows that γ(p, q, 0) = γ(p + q, 0) , ρ(r) = −2(r ∂ ∂r + 2)γ(r, 0) . (8.47)

The function α(p, q, 0) + β(p, q, 0) is fixed in terms of γ(p + q, 0) by the factorization condition (8.31) α(p, q, 0) + β(p, q, 0) = −2 ∫_1 0 du ( 1 + q ∂ ∂q ) γ(up + q) . (8.48)

The function of one variable γ(p + q, 0) parametrizes the leftover ambiguity in the coefficients (discarding the trivial ambiguity (8.19)) associated with the ambiguity in the coefficients in front of the free actions of fields with different spins. Indeed, the total homogeneity degree in the variables p and q, telling us how many pairs of indices are contracted, equals to s − 1. Clearly, this ambiguity cannot be fixed from the analysis of the free action.

8.2 Cubic Interactions

Let us now analyze the on-mass-shell invariance condition (8.8) to prove the existence of a nonlinear deformation of the higher spin gauge transformations that leaves the cubic part of the action S = S^E invariant to the order ω^2ε. As explained in the beginning of this section this condition amounts to (8.20). Taking into account (6.26), our aim is to prove that there exist such coefficient functions α, β and γ satisfying the C-invariance condition, factorization condition and extra field decoupling condition that ∑ mn A^h_{α,β,γ} ( (T^+)^mv_m(T^0)R_{1,m}(a, b) | | |_{m.s.}, [ε, (T^+)^nv_n(T^0)R_{1,n}(a, b) | | |_{m.s.} ]_∗ ) = 0 (8.49) for any gauge parameter ε ∈cu(1, 0|8) and arbitrary Weyl tensors C_n(a) in the spinor form (6.49) of the First On-Mass-Shell Theorem.

To this end, one first of all observes that the dependence of v_n(T^0) on T^0 can be absorbed into (spin-dependent) rescalings of the Weyl tensors C_n(a) which are treated as arbitrary field variables in this consideration. As a result it is enough to prove (8.49) for arbitrary constant coefficients v_n.

Now let us show that, once (8.49) is valid for m = n = 0, it is automatically true for all other values of m and n as a consequence of the C−invariance condition. Indeed, suppose that (8.49) is true for m_0 ≥ m ≥ 0, n_0 ≥ n ≥ 0. Consider the term with m = m_0 + 1. Then, from (6.21) it follows

(T^+)^{m0 +1}R_{1,m0+1} (a, b) = N ∗ ((T^+)^{m0} R_{1,m0+1} (a, b)) + T^−(T^+)^{m0} R_{1,m0+1} (a, b) . (8.50) The term containing T^− gives zero contribution by the induction assumption since, taking into account (6.27), T^− decreases a number of T^+. By virtue of the C−invariance condition (8.16) along with the fact that N belongs to the center of cu(1, 0|8) so that

(N ∗ f) ∗ g = f ∗ (N ∗ g) , (8.51)

the term containing the star product with N equals to A^h_{α,β,γ} ( (T^+)^{m0} v_{m0} (T^0)R_{1,m0} (a, b) | | |_{m.s.}, [N ∗ ε, (T^+)^{n0} v_{n0} (T^0)R_{1,n0} (a, b) | | |_{m.s.} ]_∗ ) (8.52) which is zero by the induction assumption valid for any ε. Analogously, one performs induction n_0 → n_0 + 1 with the aid of (8.51).

Thus, it suffices to find the coefficients satisfying the C−invariance condition for R = R ≡ R_{1,0}. In other words one has to prove that

A^h_{α,β,γ} (R, [ε, R ]_∗) = 0 (8.53) for R(a, b) = H_{2α}^β ∂^2 ∂a_α∂b^β Res_μ(C(μa + μ^{−1}b)) . (8.54)

Note that because T^−(R) = 0 the terms containing c̄_{11} (8.12) and, therefore, t (8.15) does not contribute into the condition (8.53).

Using the differential (Moyal) form of the star product (3.2) one finds A^h_{α,β,γ}(f , η ∗ ε) = ∫ M^5

e^{12 (c̄23−c̄32 )} { (b̄_{12} + b̄_{13})h_{αβ} ( ∂^2 ∂a_{1α}∂a_{2β} + ∂^2 ∂a_{1α}∂a_{3β} )

×α ( (ā_{12} + ā_{13})(b̄_{12} + b̄_{13}) , (c̄_{12} + c̄_{13})(c̄_{21} + c̄_{31}), 0 )

+(ā_{12} + ā_{13})h^{αβ} ( ∂^2 ∂b^α_1 ∂b^β_2 + ∂^2 ∂b^α_1 ∂b^β_3 )

×β ( (ā_{12} + ā_{13})(b̄_{12} + b̄_{13}) , (c̄_{12} + c̄_{13})(c̄_{21} + c̄_{31}), 0 )

+ ( (c̄_{21} + c̄_{31})h_α^β ( ∂^2 ∂a_{1α}∂b^β_2 + ∂^2 ∂a_{1α}∂b^β_3 ) − (c̄_{12} + c̄_{13})h^α_β ( ∂^2 ∂b^α_1 ∂a_{2β} + ∂^2 ∂b^α_1 ∂a_{3β} ))

×γ ( (ā_{12} + ā_{13})(b̄_{12} + b̄_{13}) , (c̄_{12} + c̄_{13})(c̄_{21} + c̄_{31}), 0 )} tr ( f(a_1, b_1)η(a_2, b_2)ε(a_3, b_3) )| |_{ai=bj =0} (8.55)

provided that T^−f = 0. Let us consider A^h_{α,β,γ}(R, R ∗ ε). Rewriting (8.54) as R(a_i, b_i) = Res_{μi} e^{μiaiα ∂∂ciα +μ−1i bαi ∂∂cα}i H^{αβ} ∂^2 ∂c^α_i ∂c^β_i C(c_i) | | |_{ci=0} , (8.56)

and using notation

k̄ = ∂^2 ∂c_{1α}∂c^α_2 , ū_i =

∂^2 ∂c^α_i ∂a_{3α} , v̄_i =

∂^2 ∂c_{iα}∂b^α_3 (8.57)

along with the identities (3.23) and (3.28) applied to the background fields, one finds A^h_{α,β,γ}(R , R ∗ ε) = B ∫ M^5

k̄^2H_5Res_μ ( e^{12 (μv̄2 −μ−1ū2)}φ(Z) ) ×tr ( C(c_1)C(c_2)ε(a_3, b_3) )| |_{c1 =c2 =a3=b3 =0} , (8.58)

where B ≠ 0 is some numerical factor, φ(Z) = Z ( 2γ(Z, −Z) − (α(Z, −Z) + β(Z, −Z)) ) (8.59) and Z = (μk̄ − ū_1)(μ^{−1}k̄ + v̄_1) . (8.60) (Note that the dependence on μ_1 in the representation (8.56) for the first factor of R cancels out while μ = μ_2 for the analogous representation in the factor of R in R ∗ ε.)

Analogously, after recycling the product factors under the matrix trace tr and renumerating the spinor variables one obtains A^h_{α,β,γ}(R , ε ∗ R) = B ∫ M^5

k̄^2H_5Res_μ ( e^{− 12 (μv̄1−μ−1ū1 )}φ(Y ) ) ×tr ( C(c_1)C(c_2)ε(a_3, b_3) )| |_{c1 =c2 =a3=b3 =0} , (8.61)

where Y = (μk̄ + ū_2)(μ^{−1}k̄ − v̄_2) . (8.62) The problem therefore is to find such a function φ(Y ) that k̄^2Res_μ ( e^{12 (μv̄2−μ−1ū2 )}φ(Z) − e^{− 12 (μv̄1−μ−1ū1 )}φ(Y ) ) ×tr ( C(c_1)C(c_2)ε(a_3, b_3) )| |_{c1 =c2 =a3 =b3=0} = 0 . (8.63)

As a first guess let us try φ(AB) = Res_ν ( e^12^{(ν−1A+νB)} ) . Then the two terms in brackets in (8.63) amount to Res_{μ,ν} ( e^{12 (μv̄2 −μ−1ū2+ν−1 μk̄−ν−1ū1 +νμ−1 k̄+νv̄1 )}−e^{12 (μ−1ū1 −μv̄1 +ν−1 μk̄+ν−1 ū2+νμ−1 k̄−νv̄2 )} ) . (8.64)

These cancel out upon substitution ν ↔ −μ. However, this solution is not completely satisfactory because the formula (8.59) requires φ(Z) to vanish at Z = 0 to have analytic functions α, β, γ.

The following comment is now in order. As discussed in the beginning of this section, throughout this paper we only consider interactions of the higher spin fields with spins s ≥ 2. From the perspective of the First On-Mass-Shell Theorem in the form (8.56) this implies that C(c) starts from the fourth-order polynomials in the spinor variables c_α, i.e.

C(0) = 0 ,

∂^2 ∂c^α∂c^β C(c) | | |_{cα=0} = 0 . (8.65)

Since the factor k̄^2 in (8.63) contains two differentiations both in c_1 and in c_2, (8.65) means that adding a constant to φ does not affect (8.63). This allows one to cancel out a constant term in φ by setting φ(A) = φ_0Res_ν ( e^{12 (ν−1 +νA)} − 1 ) . (8.66)

As a result, the on-mass-shell invariance condition solves by 2γ(A, −A) − α(A, −A) − β(A, −A) = φ_0A^{−1} ( Res_ν ( e^{12 (ν−1 +νA)} ) − 1 ) = 1 2 φ_0

∫_1 0 du ( Res_ν ( νe^{12 (ν−1 +νuA)} )) . (8.67)

Taking into account (8.47) and (8.48) this is solved by γ(p) = 1 4 φ_0

∫_1 0 dvvRes_ν ( νe^{12 (−ν−1 +νvp)} ) (8.68) and α(p, q, 0) + β(p, q, 0) = 2γ(p + q) − 1 2 φ_0

∫_1 0 duRes_ν ( νe^{12 (−ν−1 +ν(up+q)} ) . (8.69)

Expansion of these expressions for γ(p) and α(p, q, 0) + β(p, q, 0) in the power series gives (8.21) and (8.22). With aid of these power series expansions one can see that the following identities are true ( p ∂^2 ∂p^2 + 3 ∂ ∂p + 1 4 ) γ(p) = 0 , (8.70) (( 2 + p ∂ ∂p ) ∂ ∂p + ( 1 + q ∂ ∂q ) ∂ ∂q + 1 4 ) (α(p, q, 0) + β(p, q, 0)) = 0 . (8.71)

From (8.28) - (8.30) it follows then that the C−invariance condition (8.34) is satisfied with α(p, q, t) + β(p, q, t) = α(p, q, 0) + β(p, q, 0) , γ(p, q, t) = γ(p, q, 0) . (8.72) Thus it is shown that the coefficient functions (8.21) and (8.22) satisfy the factorization condition, C−invariance condition, extra field decoupling condition and the on-mass-shell invariance condition. The resulting bilinear form (8.14) defines the action (8.13) that properly describes the higher spin dynamics both at the free field level and at the level of cubic interactions. The leftover ambiguity in the coefficients α(p, q, t) + β(p, q, t) and γ(p, q, t) reduces to the overall factor φ_0 that encodes the ambiguity in the gravitational constant.

9 Reduced Models

So far we discussed the 5d higher spin algebra cu(1, 0|8) being the centralizer of N in the star product algebra. This algebra is not simple as it contains infinitely many ideals I_{P (N )} spanned by the elements of the form P (N) ∗ f for any f ∈cu(1, 0|8) and any star-polynomial P (N) [26]. Considering the quotient algebras cu(1, 0|8) /I_{P (N )} is equivalent to “imposing operator constraints” P (N) = 0. In this section we focus on the algebra hu_0(1, 0|8) that results from P (N) = N and its further reduction ho_0(1, 0|8). The algebra hu_0(1, 0|8) corresponds to the system of higher spin fields of all integer spins with every spin emerging once. ho_0(1, 0|8) is its reduction to the system of all even spins. Both of these algebras are of interest from the AdS/CFT perspective [28, 25] .

The explicit construction of hu_0(1, 0) = cu(1, 0|8) /N via factorization is not particularly useful within the star product setup because N∗ is the second order differential operator (6.20). A useful approach used in [25] consisted of taking projection by considering elements of the form f ∗ F where f was an element of cu(1, 0|8) while F was a certain Fock vacuum projector satisfying N ∗F = 0. In fact, the left module over cu(1, 0|8) generated from F was shown in [25] to describe 4d conformal fields. In this construction, the factorization of cu(1, 0|8) to cu(1, 0|8) /N was automatic. The Fock vacuum F was 4d Lorentz invariant and had definite scaling dimension. It is not invariant under the AdS_5 Lorentz algebra o(4, 1) however, and therefore cannot be used for the AdS_5 bulk higher spin gauge theory considered in this paper. On the other hand, from the perspective of this paper the Fock module construction is irrelevant. We therefore relax the property that the projector is a Fock vacuum for certain oscillators. Instead we shall look for a su(2, 2) invariant operator M satisfying

N ∗ M = M ∗ N = 0 , (9.1)

D_0(M) = 0 . (9.2)

To satisfy (9.2) we choose a manifestly su(2, 2) covariant ansatz M = M(a_αb^α). For any polynomial function M this would imply that it is a star polynomial of N. From (9.1) it is clear however that M cannot be a star product function of N. Nevertheless there is a unique (up to a factor) analytic solution for M = M(a_αb^α) that solves (9.1). Indeed, from (6.20) it follows that the condition (9.1) has the form −xM(x) + M^′(x) + 1 4 xM^{′′}(x) = 0 , M^′ = ∂M ∂x . (9.3)

This is solved by M(x) = ∫_1 −1 dl(1 − l^2)e^{2lx} , (9.4)

as one can easily see using (2x −^∂_{∂l} )e^{2lx} = 0 and integrating by parts. Equivalently M(x) = ( 1 − 1 4 ∂^2 ∂x^2 ) sh(2x) x . (9.5)

Note that M(x) is even M(−x) = M(x) . (9.6)

Having found the operator M we can write the action for the reduced system associated with hu_0(1, 0|8) by replacing the bilinear form in the action with A(f, g) → A_0(f, g) = A(f, M ∗ g) . (9.7) Note that A_0(f, g) is well-defined as a functional of polynomial functions (or, formal power series) f and g for any entire function M(a_αb^α) because, for polynomial f and g, only a finite number of terms in the expansion of M(a_αb^α) contributes. The modification of the bilinear form according to (9.7) with any M(a_αb^β) leads to a new invariant action (8.13). The reason why this ambiguity was not observed in our analysis is that we have imposed the factorization condition in a particular basis of the higher spin gauge fields, thus not allowing the transition to the new bilinear form (9.7).

All other conditions, namely, the C−invariance condition, extra field decoupling condition and the on-mass-shell invariance condition remain valid for any entire function M(a_αb^β) inserted into the bilinear form. The factorization condition is relaxed in this section. Note that the C−invariance condition guarantees that the bilinear form A_0 is symmetric A(f, M ∗ g) = A(f ∗ M, g) . (9.8) Inserting a particular function M(a_αb^β) (9.4) we automatically reduce the system to a smaller subset of fields being linear combinations of the different copies of the fields emerged in the original cu(1, 0|8) model. Namely, we can now require all fields in the expansion (5.6) to be traceless. In other words, the representatives of the quotient algebra hu_0(1, 0|8) are identified with the elements g satisfying the traceless condition

T^−g = 0 . (9.9)

Indeed, by virtue of (6.21) any polynomial g̃(a, b) ∈cu(1, 0|8) is equivalent to some g satisfying (9.9) modulo terms containing star products with N which trivialize when acting on M. The star product f ∗ g of any two elements f and g satisfying the tracelessness condition (9.9) does not necessarily satisfy the same condition, i.e. T^−(f ∗ g) ≠ 0 (otherwise the elements satisfying (9.9) would form a subalgebra rather than a quotient algebra). However the difference is irrelevant inside the action built with the help of the bilinear form A_0. In particular, the higher spin field strength (dω + ω ∧ ∗ω) ∗ M (9.10) is equivalent to that of the higher spin algebra hu_0(1, 0|8).

Thus, the action S^E_{red} = 1 2 A^E_{αβγ}(R ∗ M, R) (9.11) leads to a consistent free field description and cubic interactions for the system of the higher spin fields associated with the higher spin algebra hu_0(1, 0|8). The resulting system describes massless fields of all integer spins s ≥ 2, every spin emerges once. The further reduction to the subalgebra ho_0(1, 0|8) ⊂ hu_0(1, 0|8) associated with the subset of even spins is now trivially obtained by setting to zero all fields of odd integer spins. (For more details on the Lie algebraic definition of the corresponding reduction we refer the reader to [28, 25]). Note that according to the analysis of the section 8.2 one can consider the dynamical system with n^2 fields of each spin, taking values in the matrix algebra Mat_n. This system corresponds to the higher spin algebra hu_0(n, 0|8). Its reduction to ho_0(n, 0|8) describes higher spin fields of even spins in the symmetric representation of o(n) and odd spins in the adjoint representation of o(n). (Therefore, no odd spins for the case of n = 1).

Note that the conclusions of this section sound somewhat opposite to those of [27] where it was claimed that the analogous reduction for the 4d conformal higher spin theories is inconsistent.

The following comment is now in order. Since M is a particular nonpolynomial (although entire) function, one has to be careful in treating it as an element of the star product algebra which in our setup is regarded either as the algebra of polynomials or of formal power series. Since M(a_αb^α) is uniquely defined by the property (9.1) and M ∗ M formally has the same property, one might expect that M ∗ M = mM with some numerical factor m. Once this would be true, it would be possible to rescale M to a projection operator. However, this is not possible because the parameter m turns out to be infinite. As this issue may be interesting beyond the particular 5d problem studied in this paper, let us consider the general case with the indices α, β . . . ranging from 1 to 2n. The equation (9.3) generalizes to −xM(x) + 1 2 nM^′(x) + 1 4 xM^{′′}(x) = 0 (9.12)

with the solution M(x) = ∫_1 −1 dl(1 − l^2)^{n−1}e^{2lx} . (9.13)

An elementary computation then shows that (M ∗ M)(x) = ∫_1 −1 dl ∫_1 −1 dl^′ ∫_1 −1 dkδ ( k − l + l^′ 1 + ll^′ ) (1 − k^2)^{n−1} (1 + ll^′)^2 exp 2kx . (9.14)

From this formula it follows that the expression M ∗ M is ill-defined for any n because the factor^1_{(1+ll′)2} gives rise to a divergency at the boundary of the integration region.

Therefore, one cannot treat elements like M as elements of the star product algebra. In particular, this concerns the construction suggested in [28] for the description of the 5d generating function for the scalar massless field and higher spin Weyl tensors in terms of the fields Φ(a, b|x) required to satisfy the condition N ∗ Φ = Φ ∗ N = 0. From what is explained in this section it is clear that Φ = M ∗ ϕ = ϕ ∗ M , ∀ϕ : [ϕ, N]_∗ = 0 . (9.15)

In particular M itself belongs to this class. There is no problem at the linearized level as far as the variables Φ are no multiplied, but it is likely to be a problem at the interaction level.

Let us stress again that in the construction presented in this section the appearance of M in the action functional causes no problem because it is only multiplied with polynomial elements of the higher spin algebra and never with itself.

10 Conclusion

It is shown that 5d higher spin gauge theories admit consistent higher spin interactions at the action level at least in the cubic order and that, in agreement with the conjecture of [21] and the construction of 4d conformal higher spin algebras of [26], 5d higher spin symmetry algebra admits a natural realization in terms of certain star product algebras with spinor generating elements. One difference compared to the 4d case is that the 5d higher spin algebra cu(1, 0|8) contains non-trivial center freely generated by the element N (3.4). As a result, 5d higher spin algebra cu(1, 0|8) gives rise to the infinite sets of fields of all spins. That every spin appears in infinite number of copies makes the spectrum of the 5d higher spin theories reminiscent of the string theory. On the other hand, we have shown that the factorization of the algebra cu(1, 0|8) with respect to the maximal ideal generated by N, that gives rise to the reduced higher spin algebra hu_0(1, 0|8) in which every integer spin appears in one copy, admits consistent interactions as well. The same is true for the further reduction the algebra ho_0(1, 0|8) discussed in [28], that describes higher spin fields of even spins, as well as for the matrix extensions hu_0(n, 0|8) and ho_0(n, 0|8) that describe either n^2 fields of every integer spin in the case of hu_0(n, 0|8) or^1_2 n(n + 1) fields of every even spin and^1_2 n(n − 1) fields of every odd spin in the case of ho_0(n, 0|8).

The obtained results are expected to admit a generalization to the supersymmetric case. To this end one extends the set of oscillators a_α and b^β with the set of Clifford elements ϕ_i and ϕ̄^j (i, j = 1 . . . N ) satisfying the commutation relations

{ϕ_i, ϕ_j } = 0 , {ϕ̄^i, ϕ̄^j } = 0 , {ϕ_i, ϕ̄^j } = δ_i^j . (10.1)

The supersymmetric extension of the 5d higher spin algebra is then defined as the centralizer of N_N = a_αb^α − ϕ_iϕ̄^i . (10.2)

The N = 1 supersymmetric 5d higher spin theories will be analyzed in [32]. An extension to N ≥ 2 is more complicated because the condition [N_N , f]_∗ = 0 allows f(a, b, ϕ, ϕ̄|x) with |N_a − N_b| > 1 that, according to the analysis of section 4, corresponds to the higher spin potentials with the symmetry properties of the o(4, 2) Young diagrams having tree rows. Such fields are not related to the totally symmetric tensor and tensor-spinor fields described in [30, 21] and are expected to correspond to the mixed symmetry free AdS_5 fields which, as shown in [29], are not equivalent to the symmetric fields in the AdS_5 background although becoming equivalent to some their combinations in the flat limit. Therefore, to proceed towards AdS_5 supersymmetric higher spin gauge theories it is first of all necessary to develop an appropriate free field formulation of the mixed symmetry fields in the AdS background. This problem is now under study.

Once the formulation of the mixed symmetry fields in AdS_5 is developed, it will allow one to consider higher spin theories with all N . These theories are expected to be dual to the 4d free supersymmetric conformal higher spin theories analyzed in [25]. In [25] it was suggested that a class of larger CF T_4 and AdS_5 consistent higher spin theories should exist exhibiting manifest sp(8) symmetry. Such theories result from relaxing the condition that the AdS_5 higher spin algebra is spanned by the elements that commute to N_N . Being analogous to the 4d higher spin gauge theories based on the algebras hu(n, m|4), the generalized higher spin gauge theories based on the algebras hu(n, m|8) are expected to be dual to the hu(n, m|8) invariant 4d conformal higher spin gauge theories [25]. The 5d sp(8) invariant higher spin gauge theories are likely to be generating theories for the reduced models based on the centralizers of N_N in hu(n, m|8) as the ones discussed in this paper. It is tempting to speculate that the reduction of the higher spin algebras hu(n, m|8) is a result of a certain spontaneous symmetry breaking mechanism with some dynamical field φ in the adjoint representation of the higher spin algebra that develops a vacuum expectation value φ = N_N + . . ..

Acknowledgments. I am grateful to Kostya Alkalaev for careful reading the manuscript and useful comments and to Lars Brink for the hospitality at the Institute for Theoretical Physics, Chalmers University, where some essential part of this work was done. This research was supported in part by INTAS, Grant No.99-1-590, the RFBR Grant No.99-02-16207 and the RFBR Grant No.01-02-30024.

A Free Field Equations

In this appendix we give some details on the derivation of the equations of motion that follow from the quadratic part of the higher spin action. The variation (8.40) can be equivalently rewritten as

δS_2 = − 1 2 ∫ M^5 ρ(p + q) ([ a^γ_1 ∂ ∂b^γ_1 , ∂^2 ∂a_{1α}∂a_{2β} c̄_{12} ] + [ a^γ_2 ∂ ∂b^γ_2 , ∂^2 ∂a_{1α}∂a_{2β} c̄_{21}] )

H_{2 αβ} ∧ tr(δω(a_1, b_1|x) ∧ R_1(a_2, b_2|x)) | | |_{ai=bj =0} . (A.1)

Taking into account that the Young symmetrizers a^γ_1^∂_{∂b}γ_1 and a^γ_2^∂_{∂b}γ_2 commute to p + q and using the definition of the component fields (6.29), (6.31) we find

δS_2 = − ∫ M^5 ρ(p + q)tr ( ∂^2 ∂a_{1α}∂a_{2β} c̄_{12}δη^1(a_1, b_1|x) ∧ R_1(a_2, b_2|x) + ∂^2 ∂a_{1α}∂a_{2β} c̄_{21}δω(a_1, b_1|x) ∧ r^1(a_2, b_2|x) ) ∧ H_{2 αβ} |_{ai=bj =0} .(A.2)

Now one observes that the terms containing simultaneously η^1 and r^1 cancel out because H_{2 αβ} is symmetric in the spinor indices. Therefore

δS_2 = − ∫ M^5

ρ(p + q)c̄_{12}

∂^2 ∂a_{1α}∂a_{2β} H_{2 αβ} ∧tr ( δη^1(a_1, b_1|x) ∧ r^0_1(a_2, b_2|x) + r^1(a_1, b_1|x) ∧ δη^0(a_2, b_2|x) )| |_{ai=bj =0} .(A.3)

Inserting here the component expansions η^i(a, b|x) = ∞∑ u,v=0 1 u!v! δ(2i − u + v)η^{i α1...αu}_{β1...βv} (x)a_{α1} . . . a_{αu} b^{β1} . . . b^{βv} , (A.4)

r^i_1(a, b|x) = ∞∑ u,v=0 1 u!v! δ(2i − u + v)r^{i α1...αu}_{1 β1 ...βv} (x)a_{α1} . . . a_{αu} b^{β1} . . . b^{βv} , (A.5)

ρ(p) = ∞∑ n=0 ρ_n n! p^n , (A.6)

where, taking into account (8.22) and (8.47),

ρ_n = (−1)^n 1 2^{2n+2} (n + 1)!

, (A.7) and completing the differentiations one gets

δS_2 = − ∫ M^5 ∞∑ u,v=0 ρ_{u+v} u!v! (−1)^uH_{2 αβ} ∧ tr ( δη^{1αγ1...γu+1 κ1...κv}_,^{σ1...σu ρ1...ρv} ∧ r^0_1^β_{σ1 ...σu κ1...κv ,γ1...γu+1 ρ1...ρv} +r^{1αγ1...γu+1 κ1...κv} 1 , σ_1...σ_uρ_1 ...ρ_v ∧ δη0β σ_1...σ_u κ_1 ...κ_v ,γ_1...γ_{u+1} ρ_1...ρ_v )| |_{ai=bj =0} .(A.8)

Using (A.7) and the Young properties of the component fields and curvatures one obtains

δS_2 = − 1 2 ϕ_0 ∫ M^5 ∞∑ n=0 (−1)^n2^{−2n} 1 (n − 1)!n! H_{2 αβ} ∧ × tr ( δη^{1αγ1...γn}_,^{σ1...σn−1} ∧ r^0_{1γ1...γn,}^β_{σ1 ...σn−1} +r^1^{αγ1...γn}_,^{σ1...σn−1} ∧ δη^0_{γ1...γn,}^β_{σ1...σn−1} )| |_{ai=bj =0} . (A.9)

The free equations of motion corresponding to the variation with respect to Lorentz-type fields η^1 and the frame-type field η^0 have the following component form, respectively, 0 = H_{α1 σ}r^0_{1α2...αm+1,}^σ_{β1...βm−1} − m − 1 2(m + 1) V_{α1β1} H_{γσ} r^0_{1α2...αm+1,β2...βm−1}^{γσ} (A.10) and 0 = H_{α1}^γ (r^1_{β1 ...βmγ,α2...αm} + m − 1 3 r^1_{β1 ...βmα2,α3...αmγ} ) − mH^γ_{β1} (r^1_{β2...βmα1γ,α2...αm} + m − 1 3 r^1_{β2...βmα1α2,α3...αmγ} ) + m m + 1 V_{α1β2} H^{γσ} (r^1_{β2...βmγσ,α2...αm} + (m − 1)r^1_{β2...βmγα2,σα3...αm} + 1 6 (m − 1)(m − 2)r^1_{β2...βm α2α3,σγα4 ...αm} ) . (A.11) (As usual, the symmetrization of the indices denoted by the same Greek letters is assumed).

References

[1] C. Fronsdal, Phys. Rev. D18 (1978) 3624; D20 (1979) 848. [2] T. Curtright, Phys. Lett. B85 (1979) 219.

[3] B. de Wit and D.Z. Freedman, Phys. Rev. D 21, 358 (1980). [4] J. Fang and C. Fronsdal, Phys. Rev. D18 (1978) 3630; D22 (1980) 1361. [5] J.M.F.Labastida, Nucl. Phys. B322 1989 185.

[6] C.Burdik, A.Pashnev and M.Tsulaia, On the Mixed Symmetry Irreducible Representations of the Poincare Group in the BRST Approach, Mod. Phys. Lett. A16 (2001) 731-746, hep-th/0101201.

[7] S.Deser and A.Waldron, Phys. Rev. Lett. 87 (2001) 031601,

hep-th/0102166;

S.Deser and A.Waldron, Nucl. Phys. B607 (2001) 577-604,

hep-th/0103198;

S.Deser and A.Waldron, Phys. Lett. B508 (2001) 347-353,

hep-th/0103255;

S.Deser and A.Waldron, Phys. Lett. B513 (2001) 137-141,

hep-th/0105181.

[8] A.K. Bengtsson, I. Bengtsson and L. Brink, Nucl. Phys. B 227 31, 41 (1983);

F.A. Berends, G.J. Burgers and H. van Dam, Z. Phys. C 24, 247 (1984); Nucl. Phys. B 260, 295 (1985);

A.K.H. Bengtsson and I. Bengtsson, Class. Quant. Grav. 3, 927 (1986); A.K.H. Bengtsson, Class. Quant. Grav. 5, 437 (1988); E.S. Fradkin and R.R. Metsaev, Class. Quant. Grav. 5, L89 (1991); R.R. Metsaev, Mod. Phys. Lett. A6, 359, 2411 (1991); Mod. Phys. Lett. A8, 2413 (1993); Class. Quant. Grav. 10, L39 (1993); Phys. Lett. B309, 39 (1993).

[9] E. S. Fradkin and M. A. Vasiliev, Phys. Lett. B189 (1987) 89. [10] E. S. Fradkin and M. A. Vasiliev, Nucl. Phys. B291 (1987) 141. [11] M.A. Vasiliev, Phys. Lett. B243 (1990) 378; Class. Quant. Grav. 8 (1991) 1387; Phys. Lett. B285 (1992) 225.

[12] M. A. Vasiliev, Int.J.Mod.Phys. D5 (1996) 763-797.

[13] M. A. Vasiliev, “Higher Spin Gauge Theories: Star-Product and AdS Space”, Contributed article to Golfand’s Memorial Volume “Many faces of the superworld”, ed. by M.Shifman, World Scientific Publishing Co Pte Ltd, Singapore, 2000; hep-th/9910096.

[14] E.S. Fradkin and M.A. Vasiliev, Dokl. Acad. Nauk. 29 (1986) 1100; Ann.

of Phys. 177 (1987) 63.

[15] M.A. Vasiliev, Fortschr. Phys. 36 (1988) 33.

[16] J. Maldacena, “The Large N Limit of Superconformal Field Theories and Supergravity”, Adv.Theor.Math.Phys. 2 (1998) 231 and Int.J.Theor.Phys. 38 (1998) 1113, hep-th/9711200;

S. Ferrara, C. Fronsdal, “Conformal Maxwell Theory as a Singleton Field Theory on ADS_5, IIB Branes and Duality”, Class.Quant.Grav. 15 (1998)

2153, hep-th/9712239;

S.S. Gubser, I.R. Klebanov, A.M. Polyakov, “Gauge Theory Correlators from Non-Critical String Theory”, Phys.Lett. B 428 (1998) 105,

hep-th/9802109;

E. Witten, Anti De Sitter Space and Holography, Adv.Theor.Math.Phys. 2 (1998) 253, hep-th/9802150;

O.Aharony, S.S.Gubser, J.Maldacena, H.Ooguri and Y.Oz, Phys.Rep 323 (2000) 122 hep-th/9905111.

[17] A. Connes, M.R. Douglas and A. Schwarz, “Noncommutative Geometry and Matrix Theory: Compactification on Tori”, JHEP 9802 (1998) 003, hep-th/9711162;

M. Douglas and C. Hull, “D-Branes and Noncommutative Torus”, JHEP 9802 (1998) 008, hep-th/9711165;

Chong-Sun Chu, Pei-Ming Ho, Nucl. Phys. B 550 (1999) 151, hepth/9812219; Nucl. Phys. B 568 (2000) 447-456, hep-th/9906192; V.Schomerus, D-branes and Deformation Quantization, JHEP 9906 (1999) 030, hep-th/9903205;

N. Seiberg and E. Witten, String Theory and Non-Commutative Geometry, JHEP 9909 (1999) 032, hep-th/9908142.

[18] I.Bars and C.Deliduman, High Spin Fields and Two-Time Physics, Phys.

Rev. D64 (2001) 045004, hep-th/0103042;

I.Bars and S.-J.Rey , Noncommutative Sp(2,R) Gauge Theories A field theory Approach to Two-Time Physics, Phys. Rev. D64 (2001) 046005, hep-th/0104135;

I.Bars, U_∗(1, 1) Noncommutative Gauge Theory As The Foundation of 2T-Physics in Field Theory, hep-th/0106013.

[19] C. Aragone and S. Deser, Phys. Lett. B 86, 161 (1979);

F.A. Berends, J.W. van Holten, P. van Niewenhuizen and B. de Wit, J. Phys. A 13, 1643 (1980).

[20] S. Coleman and J. Mandula, Phys. Rev. D 159, 1251 (1967);

R. Haag, J. Lopuszanski and M. Sohnius, Nucl. Phys. B 88, 257 (1975). [21] M.A. Vasiliev, Nucl. Phys. B301 (1988) 26. [22] E.Witten, unpublished.

[23] Bo Sundborg, Stringy Gravity, Interacting Tensionless Strings and Massless Higher Spins, hep-th/0103247.

[24] S.E. Konstein, M.A. Vasiliev and V.N. Zaikin, JHEP 0012 (2000) 018

hep-th/0010239.

[25] M.A. Vasiliev, Conformal Higher Spin Symmetries of 4d Massless Supermultiplets and osp(L, 2M) Invariant Equations in Generalized (Super)Space, hep-th/0106149.

[26] E.S. Fradkin and V.Ya. Linetsky, Ann. of Phys. 198 (1990) 252. [27] E.S. Fradkin and V.Ya. Linetsky, Phys. Lett. B 231 (1989) 97; Nucl.Phys.

B 350 (1991) 274.

[28] E.Sezgin and P.Sundell, Doubleton and 5D Higher Spin Gauge Theory

hep-th/0105001.

[29] L.Brink, R.R.Metsaev and M.A.Vasiliev, Nucl.Phys. B586 (2000) 183- 205, hep-th/0005136.

[30] V.E. Lopatin and M.A. Vasiliev, Mod. Phys. Lett. A3 (1988) 257. [31] M.A.Vasiliev, Nucl. Phys. B301 (1988) 26. [32] K.Alkalaev and M.A. Vasiliev (in preparation). [33] M. A. Vasiliev, Fortschr. Phys. 35 (1987) 741. [34] R. Utiyama, Phys. Rev. D101 (1956) 1597;

T. W. B. Kibble, J. Math. Phys. 2 (1961) 212; A.Chamseddine and P.West, Nucl. Phys. B129 (1977) 39.

[35] S. W. MacDowell and F. Mansouri, Phys. Rev. Lett. 38 (1977) 739;

F. Mansouri, Phys. Rev. D16 (1977) 2456. [36] K. Stelle and P. West, Phys. Rev. D21 (1980) 1466.

[37] C.Preitschopf and M.A.Vasiliev, The Superalgebraic Approach to Supergravity, hep-th/9805127.

[38] F.A. Berends, G.J. Burgers and H. van Dam, Nucl. Phys. B 271, 429 (1986) ;

D. Anselmi, Nucl. Phys. B541 (1999) 323, hep-th/9808004 ; Class. Quant.Grav. 17, 1383 (2000), hep-th/9906167.

[39] M.A. Vasiliev, Ann. Phys. (N.Y.) 190, 59 (1989).

[40] O.Shaynkman and M.A.Vasiliev, Scalar Field in any Dimension From the Higher Spin Gauge Theory Perspective, Theor.Math.Phys. 123 (2000) 683, hep-th/0003123.

[41] I.Bars and M.Günaydin, Commun.Math.Phys. 91 (1983) 31. [42] S.E. Konstein and M.A. Vasiliev, Nucl. Phys. B 331, 475 (1990) 475.