arXiv:hep-th/0106207 22 Jun 2001

UMTG–229

The boundary N = 2 supersymmetric sine-Gordon model

Rafael I. Nepomechie

Physics Department, P.O. Box 248046, University of Miami

Coral Gables, FL 33124 USA

Abstract

We construct an action for the N = 2 supersymmetric sine-Gordon model on the half-line, which we argue is both supersymmetric and integrable. The boundary interaction depends on three continuous boundary parameters, as well as the bulk mass parameter.

1 Introduction

Many important results have been obtained for two-dimensional bulk N = 2 superconformal field theories [1] and their integrable perturbations [2]. Some of these results have already played an important role in closed string theory. (See, e.g., [3, 4, 5], and references therein.) Soon after the pioneering work of Ghoshal and Zamolodchikov [6] on boundary integrable field theories, Warner [7] initiated a program to generalize the bulk N = 2 results to the boundary case, which is evidently relevant for open strings.

We consider here the N = 2 supersymmetric sine-Gordon (SSG) model [8] on the half-line x ≤ 0, which is the prototypical boundary integrable model with extended supersymmetry, as is the N = 0 (ordinary) boundary sine-Gordon model in the absence of supersymmetry. Specifically, we construct an action which we argue is both supersymmetric and integrable. This action has two further notable features. First, the boundary interaction has three continuous boundary parameters – one more than in the cases of N = 0 [6] or N = 1 [9, 10]. We expect that this additional parameter affords the possibility of interpolating continuously between Neveu-Schwarz and Ramond boundary conditions. Secondly, the boundary interaction depends also on the bulk mass parameter g. Our action is exact for the bulk massless case; but in the massive case, it is only an approximation to first order in g. While the possibility of such bulk-boundary mixing was already anticipated in [6], it does not occur for N = 0, and first appears for N = 1.

The outline of this Letter is as follows. In Section 2, we present the action of the boundary N = 2 SSG model in terms of several unknown functions. We then proceed to determine these functions from the requirements of supersymmetry and integrability. In Section 3 we treat the simpler massless bulk case, and then in Section 4 we consider the more difficult massive bulk case. We briefly discuss our results in Section 5. In the Appendix we construct, using results from [8], the bulk conserved currents which we need for our analysis.

2 The action

The Euclidean-space action of the boundary N = 2 supersymmetric sine-Gordon model is given by S = ∫_∞ −∞ dy ∫_0 −∞ dx L_0 + ∫_∞ −∞ dy L_b , (1) where the bulk Lagrangian density is given by [8]

L_0 = 1 2 ( −∂_zφ^−∂_{z̄}φ^+ − ∂_{z̄}φ^−∂_zφ^+ + ψ̄^−∂_zψ̄^+ + ψ^−∂_{z̄}ψ^+ + ψ̄^+∂_zψ̄^− + ψ^+∂_{z̄}ψ^− ) + g cos φ^+ψ̄^−ψ^− + g cos φ^−ψ̄^+ψ^+ + g^2 sin φ^+ sin φ^− , (2)

where φ^± form a complex scalar field; ψ^± and ψ̄^± are the components of a complex Dirac Fermion field; g is the bulk mass parameter; and z =^1_2 (y + ix), z̄ =^1_2 (y − ix). (The standard dimensionless bulk coupling constant β is absent, since it can be made to appear in an overall factor^1_{β2} in front of the action by appropriate field rescalings. We consider the classical limit β → 0.) Motivated in part by our N = 1 result [10], we propose the following boundary Lagrangian at x = 0:

L_b = − i 2 (ψ̄^+ψ^− + ψ̄^−ψ^+) − 1 2 a^−∂_ya^+ − B(φ^+ , φ^−) (3) + 1 2 ( f^+(φ^+)a^+ + gf̃^+(φ^+)a^− ) (ψ^− + ψ̄^−) + 1 2 ( f^−(φ^−)a^− + gf̃^−(φ^−)a^+ ) (ψ^+ + ψ̄^+) ,

where a^± are Fermionic boundary degrees of freedom which anticommute with ψ^± and ψ̄^±. Such boundary degrees of freedom were introduced by Ghoshal and Zamolodchikov [6] to describe the Ising model in a boundary magnetic field, and were further exploited in [7, 10, 11, 12]. Moreover, f^±(φ^±), f̃^±(φ^±) and B(φ^+ , φ^−) are potentials (functions of the scalar fields φ^±, but not of their derivatives), which are still to be determined. Note that, as mentioned in the Introduction, the boundary Lagrangian depends on the bulk mass parameter g.

Variation of the action gives the classical equations of motion. For the bulk, the equations are ∂_z∂_{z̄}φ^± = −g sin φ^∓ψ^±ψ̄^± − g^2 sin φ^± cos φ^∓ ,

∂_zψ̄^∓ = −g cos φ^∓ψ^± ,

∂_{z̄}ψ^∓ = g cos φ^∓ψ̄^± . (4)

The boundary conditions at x = 0 are

∂_xφ^± = − ∂B ∂φ^∓ + 1 2 ( ∂f^∓ ∂φ^∓ a^∓ + g ∂f̃^∓ ∂φ^∓ a^± ) (ψ^± + ψ̄^±) ,

ψ^± − ψ̄^± = if^±a^± + igf̃^±a^∓ ,

∂_ya^± = f^∓(ψ^± + ψ̄^±) + gf̃^±(ψ^∓ + ψ̄^∓) . (5)

Following a similar strategy as in [6, 10], we now proceed to determine the functions f^±(φ^±), f̃^±(φ^±) and B(φ^+ , φ^−) which appear in the boundary action by demanding both N = 2 supersymmetry and integrability.

That the bulk N = 2 SSG model is integrable implies that it has an infinite number of classical integrals of motion constructed from the densities T_{s+1}, T_{s+1}, Θ_{s−1}, Θ_{s−1}, which obey

∂_{z̄}T_{s+1} = ∂_zΘ_{s−1} , ∂_zT_{s+1} = ∂_{z̄}Θ_{s−1} . (6)

The densities for s =^1_2, 1, 3 are given in the Appendix A.

As observed in [6], it follows from the continuity Eqs. (6) that the boundary model has the integral of motion

P_s =

∫_0 −∞ dx (T_{s+1} + T_{s+1} − Θ_{s−1} − Θ_{s−1}) + iΣ_s(y) , (7) provided that the following condition holds at x = 0

T_{s+1} − T_{s+1} + Θ_{s−1} − Θ_{s−1} = ∂_yΣ_s(y) , (8)

where Σ_s(y) is a local boundary term. Hence, our task reduces to investigating the constraints (8) for s =^1_2 (to have supersymmetry) and s = 3 (to have integrability). Since this remains a formidable undertaking, it is convenient to treat separately the bulk massless and bulk massive cases.

3 Bulk massless case

We begin by considering the simpler case of no bulk mass, g = 0. The supersymmetry constraints are

T^±_{32} − T^±3_2 = ∂_zφ^±ψ^± − ∂_{z̄}φ^±ψ̄^± = −i∂_xφ^±(ψ^± + ψ̄^±) + ∂_yφ^±(ψ^± − ψ̄^±) = ∂_yΣ^±_{12} . (9)

Let us assume that the boundary terms have the form

Σ^±_{12} = ig^±(φ^±)a^± . (10)

We find, with the help of the boundary conditions (5), that the constraints (9) are satisfied provided that

f^±(φ^±) =

∂g^±(φ^±) ∂φ^± , g^±(φ^±)f^∓(φ^∓) = ∂B ∂φ^∓ . (11)

These equations imply the relation

f^+(φ^+)f^−(φ^−) =

∂^2B ∂φ^+∂φ^− . (12)

We next turn to the integrability constraint

T_4 − T_4 = ∂_yΣ_3 . (13)

Eliminating a^± from the boundary conditions (5), we obtain

∂_xφ^± = − ∂B ∂φ^∓ − i 2 ∂ ln f^∓ ∂φ^∓ (ψ^∓ − ψ̄^∓)(ψ^± + ψ̄^±) ,

∂_yψ^± − ∂_yψ̄^± =

∂ ln f^± ∂φ^± ∂_yφ^±(ψ^± − ψ̄^±) + if^+f^−(ψ^± + ψ̄^±) . (14)

We substitute these boundary conditions, as well as the bulk equations of motion (4) with g = 0, into the LHS of the constraint (13). An examination of the pure Bosonic terms reveals that this constraint can be satisfied only if the potential B obeys B = −4 ∂^2B ∂φ^{−2} = −4

∂^2B ∂φ^{+2} . (15)

We conclude that B is given by

B = α cos( 1 2 (φ^+ − φ^+_0 )) cos( 1 2 (φ^− − φ^−_0 )) , (16)

where α, φ^±_0 represent three independent real parameters.^1 It follows from the relation (12) that f^±(φ^±) are given by

f^±(φ^±) = √ α 2 sin( 1 2 (φ^± − φ^±_0 )) , (17)

Remarkably, with these choices of B and f^±, the remaining terms (i.e., those which are not pure Bosonic) on the LHS of (13) can also be expressed as a total y derivative. The computation, which is rather arduous, follows the general lines of the simpler N = 1 case [10]. However, there is a final “twist”, requiring use of the amusing identity ∂_y ( ψ^+ψ^− + ψ̄^+ψ̄^− − ψ̄^+ψ^− − ψ^+ψ̄^− ) = (A + B)ψ^+ψ^− + (−A + B)ψ̄^+ψ̄^− − Bψ̄^+ψ^− − Bψ^+ψ̄^− , (18)

where

A = 2if^+f^− , B =

∂ ln f^+ ∂φ^+ ∂_yφ^+ +

∂ ln f^− ∂φ^− ∂_yφ^− . (19)

4 Bulk massive case

We now consider the general case g ≠ 0. The supersymmetry constraints now read

T^±_{32} − T^±3_2 + Θ^±_{− 12} − Θ^±_− 1_2 = −i∂_xφ^±(ψ^± + ψ̄^±) + ∂_yφ^±(ψ^± − ψ̄^±) + g sin φ^±(ψ^∓ + ψ̄^∓)

= ∂_yΣ^±_{12} . (20)

Given the potential B (16),^2 the only way that we have found to satisfy this constraint is to introduce the g-dependent interactions given in the boundary conditions (5). Indeed, this is how we first arrived at those g-dependent corrections. Making the Ansatz

Σ^±_{12} = ig^±(φ^±)a^± + igg̃^±(φ^±)a^∓ , (21)

we derive the relations

f^±(φ^±) =

∂g^±(φ^±) ∂φ^± , f̃^±(φ^±) =

∂g̃^±(φ^±) ∂φ^± , (22)

1Since we regard the fields ’� as a complex-conjugate pair, then so are ’�_0 . That is, ’�_0 count as one complex, or two real, parameters.

2As discussed below, the potential B does not change when a bulk mass is turned on.

and sin φ^± = i ( g^±f̃^± + g̃^±f^± ) , g^±f^∓ + g^2g̃^±f̃^∓ = ∂B ∂φ^∓ . (23)

It follows that

g^±g̃^± = i cos φ^± + C^± , (24)

f^+f^− + g^2f̃^+f̃^− =

∂^2B ∂φ^+∂φ^− , (25)

where C^± are arbitrary integration constants.

The relations (22), (24) and (25) are sufficient to ensure N = 2 supersymmetry. Further restrictions come from implementing the integrability constraint

T_4 − T_4 + Θ_2 − Θ_2 = ∂_yΣ_3(y) , (26)

Due to the difficulty of this computation, we now restrict our analysis to first order in g. Elimination of a^± from the boundary conditions (5) now gives (dropping terms of order g^2 and higher)

∂_xφ^± = massless + igM^±ψ^±ψ̄^± ,

∂_yψ^± − ∂_yψ̄^± = massless − gM^∓∂_yφ^±(ψ^∓ − ψ̄^∓) + 2igf^±f̃^±(ψ^∓ + ψ̄^∓) , (27)

where

M^± = f̃ ∓ f^± ∂ ln f^∓ ∂φ^∓ − 1 f^± ∂f̃^∓ ∂φ^∓ , (28)

and “massless” represents the corresponding g = 0 result (14). Examination of the pure Bosonic terms in (26) leads to the same result (16) for the potential B. To first order in g, the relation (25) reduces to the corresponding massless one (12); hence, we are lead to the same result (17) for f^±(φ^±). This determines g^±(φ^±), up to an integration constant. We can then use (24) to determine g̃^±(φ^±). The choice C^± = i cos φ^±_0 gives the simple result

f̃^±(φ^±) = i√ α sin( 1 2 (φ^± + φ^±_0 )) . (29)

These choices for f^± and f̃^± satisfy the entire set of relations (22), (24) and (25) to first order in g, thereby ensuring supersymmetry to that order. One must now consider the contributions of order g to the LHS of the constraint (26) that are not pure Bosonic. Remarkably, after another long computation, we find that all such contributions can be expressed as a total y derivative. We conclude that, to first order in g, both P^±_{12} and P_3 are integrals of motion.

5 Discussion

We have demonstrated that the boundary N = 2 SSG action (2), (3), with B, f^± and f̃^± given by Eqs. (16), (17) and (29), respectively, has the integrals of motion P^±_{12} and P_3 (7), to first order in the bulk mass parameter g. The conservation of P^±_{12} means that the model has on-shell N = 2 supersymmetry. The conservation of P_3 provides strong evidence that the model is integrable. We therefore conjecture that the quantized model (with appropriate boundary corrections that are higher order in g) has N = 2 supersymmetry and is integrable.

Our action bears some similarity to the so-called Landau-Ginzburg model discussed in Section 7 of [7] with bulk superpotential W = cos φ. However, there is an essential difference: the boundary (Bosonic) potential |W |^2 proposed in [7], which differs from ours (16), is not integrable. In [7], the boundary potential is selected solely on the basis of supersymmetry. While that choice does achieve supersymmetry, it is not the unique such choice. Indeed, our action also maintains supersymmetry, albeit in a more intricate manner through g-dependent boundary interactions, which evidently is the price to be paid for integrability. As a bonus, our boundary action contains more boundary parameters (a total of three, in addition to the bulk mass parameter) than the boundary action considered previously [7].

It remains a challenge to work out corrections to the boundary action that are higher order in g. A naive guess for the case φ^±_0 = 0 is

f^±(φ^±) = γ sin φ^± 2 , f̃^±(φ^±) = i 2γ sin φ^± 2 , γ = √ α 8 + √ α^2 64 + g^2 4 . (30)

Indeed, these expressions have the correct g → 0 limit, and satisfy the relations (22), (24) and (25) which ensure supersymmetry. However, we have not attempted to check the conservation of P_3 with this choice.

It would clearly be advantageous to have superfield formulations of the boundary N = 1, 2 SSG models. Presumably, this would entail making more precise the notion of the “boundary of a superspace”. Some progress in this direction has already been made in [13, 14].

We intend to present exact boundary scattering matrices and thermodynamics of the model in forthcoming publications.

Acknowledgments

Correspondence with C. Ahn, M. Grisaru and E. Martinec is gratefully acknowledged. This work was supported in part by the National Science Foundation under Grant PHY-9870101.

A Bulk conserved currents

We explicitly construct here the first few bulk classically-conserved currents for the N = 2 supersymmetric sine-Gordon model. For this task, a superfield approach is essential. (For an exposition of N = 2 superfield formalism in two dimensions, see Chapter 23 of [3].) Following Kobayashi and Uematsu [8], we introduce the covariant derivatives

D_± = ∂ ∂θ^± + 1 2 θ^∓∂_z , D_± = ∂ ∂θ̄^± + 1 2 θ̄^∓∂_{z̄} , (31)

which obey

{D_+ , D_−} = ∂_z , { D_+ , D_− } = ∂_{z̄} , { D_+ , D_± } = 0 = { D_− , D_± } , D^2_± = 0 = D^2_± ,

[D_± , ∂_z] = 0 = [ D_± , ∂_z ] , (32)

and the chiral superfields ϕ^± obeying

D_∓ϕ^± = D_∓ϕ^± = 0 . (33)

The components of these superfields are given by

φ^± = ϕ^± | | , F_± = D_±D_±ϕ_± | | , ψ^± = D_∓ϕ^∓ | | , ψ̄_± = D_∓ϕ_∓ | | , (34)

where | | | is the standard shorthand for the projection | | |_θ�_{=θ̄}�_{=0}. The bulk action is given by [8] S = ∫ d^2zd^4θϕ^+ϕ^− + g ∫ d^2zd^2θ^+ cos ϕ^+ + g ∫ d^2zd^2θ^− cos ϕ^− , (35)

from which follow the bulk equations of motion

D_±D_±ϕ^± = g sin ϕ^∓ . (36)

The corresponding component expressions for the action (up to total derivatives) and equations of motion (after eliminating the auxiliary fields F^± by means of their field equations) are given by Eqs. (2) and (4), respectively.

We are now in position to work out the classically-conserved currents. With the help of the equations of motion, one can show that the quantity X = D_+ϕ^+D_−ϕ^− [8] obeys

D_±X = D_∓A^± , (37)

with A^± = ∓g cos ϕ^∓. Acting on both sides of the first of these equations with D_∓D_−, we obtain

∂_{z̄} (D_∓X) | | | = −∂z ( D_±A^∓ ) | | . (38)

We therefore identify the supercurrents

± T^±_{32} = D_∓X | | | = ±∂zφ^±ψ^± , ∓Θ^±_− 1_2 = D±A^∓ | | | = ∓g sin φ^±ψ̄^∓ . (39)

Moreover, acting on both sides of the first equation in (37) with D_−D_+D_−, we obtain

∂_{z̄} (D_−D_+X) | | | = ∂z ( D_−D_−A^+ ) | | , (40)

and we therefore identify the energy-momentum tensor

− T_2 = D_−D_+X | | | = −∂zφ^+∂zφ^− + ψ^−∂zψ^+ , −Θ_0 = D_−D_−A^+ | | | = g cos φ^−ψ̄^+ψ^+ + g^2 sin φ^− sin φ^+ . (41)

Similarly, the quantity X = D_+ϕ^+D_−ϕ^− obeys

D_±X = D_∓A^± , (42)

with A^± = −A^±. It follows that ∂_z ( D_∓X ) | | = ∂z̄ ( D_±A^∓ ) | | . (43)

We therefore identify

± T^±3_2 = D_∓X | | | = ±∂z̄φ^±ψ̄^± , ±Θ^±_− 1_2 = D±A^∓ | | | = ∓g sin φ^±ψ^∓ . (44)

Moreover, ∂_z ( D_−D_+X ) | | = ∂z̄ ( D_−D_−A^+ ) | | , (45)

and we therefore identify

− T_2 = D_−D_+X | | | = −∂z̄φ^+∂z̄φ^− + ψ̄^−∂z̄ψ̄^+ , Θ0 = Θ0 . (46)

Consider now the quantity [8]

X = D_+ϕ^+D_−ϕ^− [ (∂_zϕ^+)^2 + (∂_zϕ^−)^2 ] − 2∂_zD_+ϕ^+∂_zD_−ϕ^− . (47)

It obeys the conservation equations (37) with

A^± = ∓g cos ϕ^∓ [ 3(∂_zϕ^±)^2 + (∂_zϕ^∓)^2 ] − 2g sin ϕ^∓D_+ϕ^+D_−ϕ^−∂_zϕ^± . (48)

It follows that

T_4 = D_−D_+X | | | = −(∂zφ^+)^3∂zφ^− − (∂zφ^−)^3∂zφ^+

+ ψ^−∂_zψ^+ [ (∂_zφ^+)^2 + 3(∂_zφ^−)^2 ] + 2ψ^+∂_zψ^−(∂_zφ^+)^2

+ 2ψ^−ψ^+∂_zφ^+∂^2_z φ^+ + 2∂^2_z φ^+∂^2_z φ^− − 2∂_zψ^−∂^2_z ψ^+ ,

Θ_2 = D_−D_−A^+ | | | = g^2 sin φ^− sin φ^+ [ (∂_zφ^+)^2 + (∂_zφ^−)^2 ] − 2g^2 cos φ^− cos φ^+∂_zφ^−∂_zφ^+ + g cos φ^−ψ̄^+ψ^+ [ (∂_zφ^+)^2 + (∂_zφ^−)^2 ] + 2g sin φ^−∂_zφ^− ( −ψ^+∂_zψ̄^+ + ψ̄^+∂_zψ^+ ) − 2g cos φ^−∂_zψ̄^+∂_zψ^+ . (49)

Similarly, using X = D_+ϕ^+D_−ϕ^− [ (∂_{z̄}ϕ^+)^2 + (∂_{z̄}ϕ^−)^2 ] − 2∂_{z̄}D_+ϕ^+∂_{z̄}D_−ϕ^− , (50) we obtain

T_4 = D_−D_+X | | = −(∂z̄φ^+)^3∂z̄φ^− − (∂z̄φ^−)^3∂z̄φ^+ + ψ̄^−∂_{z̄}ψ̄^+ [ (∂_{z̄}φ^+)^2 + 3(∂_{z̄}φ^−)^2 ] + 2ψ̄^+∂_{z̄}ψ̄^−(∂_{z̄}φ^+)^2 + 2ψ̄^−ψ̄^+∂_{z̄}φ^+∂^2_{z̄} φ^+ + 2∂^2_{z̄} φ^+∂^2_{z̄} φ^− − 2∂_{z̄}ψ̄^−∂^2_{z̄} ψ̄^+ , Θ_2 = −D_−D_−A^+ | | | = g^2 sin φ^− sin φ^+ [ (∂_{z̄}φ^+)^2 + (∂_{z̄}φ^−)^2 ] − 2g^2 cos φ^− cos φ^+∂_{z̄}φ^−∂_{z̄}φ^+ + g cos φ^−ψ̄^+ψ^+ [ (∂_{z̄}φ^+)^2 + (∂_{z̄}φ^−)^2 ] + 2g sin φ^−∂_{z̄}φ^− ( −ψ^+∂_{z̄}ψ̄^+ + ψ̄^+∂_{z̄}ψ^+ ) − 2g cos φ^−∂_{z̄}ψ̄^+∂_{z̄}ψ^+ . (51)

References

[1] P. Di Vecchia, J.L. Petersen, and H.B. Zheng, Phys. Lett. 162B (1985) 327; A.B.

Zamolodchikov and V.A. Fateev, Sov. Phys. JETP 63 (1986) 913; W. Boucher, D. Friedan and A. Kent, Phys. Lett. 172B (1986) 316.

[2] P. Fendley, S.D. Mathur, C. Vafa and N.P. Warner, Phys. Lett. 243B (1990) 257; P.

Mathieu and M.A. Walton, Phys. Lett. 254B (1991) 106.

[3] P. West, Introduction to Supersymmetry and Supergravity (World Scientific, 1990). [4] D. Gepner, in Superstrings ‘89, ed. by M. Green, R. Iengo, S. Randjbar-Daemi, E.

Sezgin and A. Strominger (World Scientific, 1990); N.P. Warner, ibid; B. Greene, in Fields, Strings, and Duality: TASI 96, ed. by C. Efthimiou and B. Greene (World Scientific, 1997), hep-th/9702155.

[5] J. Polchinski, String Theory - Volume II (Cambridge University Press, 1998) [6] S. Ghoshal and A.B. Zamolodchikov, Int. J. Mod. Phys. A9 (1994) 3841. [7] N.P. Warner, Nucl. Phys. B450 (1995) 663.

[8] K. Kobayashi and T. Uematsu, Phys. Lett. B264 (1991) 107. [9] T. Inami, S. Odake and Y-Z Zhang, Phys. Lett. B359 (1995) 118. [10] R.I. Nepomechie, Phys. Lett. B509 (2001) 183.

[11] M. Ameduri, R. Konik and A. LeClair, Phys. Lett. B354 (1995) 376.

[12] L. Mezincescu and R.I. Nepomechie, “Integrals of motion for the sine-Gordon model with boundary at the free Fermion point,” in Unified Symmetry in the Small and in the Large 2, eds. B.N. Kursunoglu, S. Mintz and A. Perlmutter (Plenum, 1995) p. 213; Int. J. Mod. Phys. A13 (1998) 2747.

[13] H. Itoyama and P. Moxhay, Nucl. Phys. B293 (1987) 685.

[14] K. Hori, “Linear Models of Supersymmetric D-Branes,” hep-th/0012179; E. Martinec, unpublished.