arXiv:hep-th/0106252 v2 17 Jan 2002

Supersymmetric Chaplygin gas

Mokhtar Hassaïne Université de Tours Laboratoire de Mathématiques et de Physique Théorique, Parc de Grandmont, 37200 Tours, France

January 17, 2002

Abstract

Using a Kaluza-Klein framework, we consider a relativistic fluid whose projection yields the supersymmetric non-relativistic Chaplygin gas introduced by Bergner-Jackiw-Polychronakos and by Hoppe. The conserved (super)charges of the Chaplygin gas are obtained as the projection of those arising in the extended model.

1 Introduction

Recently, the strange properties of an isentropic fluid (called Chaplygin gas) arising from membrane theory have attracted much attention [1]-[8]. This gas is described by the following equations, ∂_tR + ⃗∇ · (R ⃗v) = 0 ∂_t⃗v + (⃗v · ⃗∇) ⃗v = − 1 R ⃗∇p (1.1)

where R is the density of the fluid, ⃗v = ⃗∇Θ is the irrotational velocity and p represents the pressure. This fluid is characterised by a negative pressure −2λ/R (λ is a positif constant). The supersymmetric generalization of the planar Chaplygin gas arising from a supermembrane theory in (3 + 1)- dimensions was proposed in [1] and [3]. Jackiw and Polychronakos [1], in particular introduced anticommuting Grassmann variables in order to get a non-irrotational velocity (the vorticity is indeed generated by the fermion fields). Following the same construction, Bergner and Jackiw [2] have obtained an integrable supersymmetric fluid model in (1 + 1)-dimensions with large symmetries, see Section 3. Similar remarks were obtained by Bazeia in the purely bosonic model [6]. Let us mention that an another interesting gas model, namely the polytropic gas, has been studied by Das and

Popowicz [7]. They analyse the differences and the similarities between the supersymmetric polytropic gas and the supersymmetric Chaplygin gas.

In this letter, we propose an original method to construct the conserved (super)charges of the planar supersymmetric and non-relativistic Chaplygin gas [1]. In this letter, we consider a relativistic perfect fluid on an extended space whose projection gives the planar model. In order to include supersymmetry, we generalize the usual approach to relativistic perfect fluids [13]. Indeed, our relativistic fluid is governed by two continuity equations (instead of one, as usual) and by the conservation law of the energy momentum tensor. The second continuity equation is a fermionic equation which is absent when the theory is purely bosonic. We prove a correspondance between this relativistic fluid and the supersymmetric Chaplygin model and we use this correspondance to construct the conserved (super)charges. In the last section, we show similar results in the case of the lineal model.

2 The planar Chaplygin gas

The equations of motion of the supersymmetric planar Chaplygin gas are ∂_tR + ⃗∇ · (R⃗v) = 0,

∂_tψ + ⃗v · ⃗∇ψ = √ 2λ R ⃗α · ⃗∇ψ,

∂_t⃗v + (⃗v · ⃗∇)⃗v = − 1 R ⃗∇ ( −2λ R ) + √ 2λ R ⃗∇ψ ⃗α · ⃗∇ψ. (2.1)

The velocity is defined as ⃗v = ⃗∇Θ − 1 2 ψ ⃗∇ψ, (2.2) which provides a Clebsch formula [11] for ⃗v. The Grassmann variables ψ are Majorana spinors and the matrices α^i (i = 1, 2) are given in terms of the matrices Pauli by α^1 = σ^1 and α^2 = σ^3. The system (2.1) can be derived from the following Lagrangian L = −R ( ∂_tΘ − 1 2 ψ∂_tψ ) − R 2 ( ⃗∇Θ − 1 2 ψ ⃗∇ψ )_2 − λ R − √ 2λ 2 ψ ⃗α · ⃗∇ψ (2.3) In [1], Jackiw and Polychronakos showed that this model admits 4 fermionic supercharges given by

Q_j = ∫ d^2x ( R ⃗v · (⃗α_{jk} ψ_k) + √ 2λ ψ_j ) j = 1, 2, (2.4)

Q̃_j = ∫ d2x R ψ_j j = 1, 2, (2.5)

where ⃗α_{jk} are the components of the ⃗α matrices.

We propose now a relativistic fluid model whose projection leads to the previous one. Following [12], let us consider a Lorentz 4-manifold (M, g) which is endowed with a covariantly constant and lightlike vector field, ξ. The coordinates on M are (⃗x, t, s) where s is an additional “vertical” coordinate. The quotient of M by the integral curves of ξ is a (2+1) non-relativistic space-time [12]. In our case, we choose the flat Minkowski metric written in light-cone coordinates as d⃗x^2 + 2dtds, and ξ^μ∂_μ = ∂_s. In M, we consider the bosonic fields ρ and θ and the fermionic Majorana spinors ψ̃. In what follows, the Greek letters μ, ν · · · = ⃗x, t, s are indices on the extended space and the indices j and k run over the spatial components.

On the extended space M, we consider a relativistic Lagrangian which describes the motion of a perfect fluid and whose projection (as we shall see below) leads to the non-relativistic one (2.3). This relativistic Lagrangian is the following, L = − ρ 2 v_μ v^μ − λ ρ − √ 2λ 2 Ψ^† [ A γ^j∂_j Ψ ] , (2.6)

where Ψ is a 4-spinor with components (0, 0, ψ_1, ψ_2) and where ψ_k are Majorana spinors which do not depend on the variable s. The 4-velocity v^μ is defined as v^μ = ∂^μθ − 1 2 ψ∂^μψ. The Lagrangian (2.6) involves also the γ matrices whose representation in the light-cone coordinates is given by

γ^t = 0 0 0 0 − √ 2 − √ 2 0 0 0 0 γ^s = 0 √ 2 0 0 0 0 0 0 √ 2 0 and γ^k = ( 0 α_k −α_k 0 ) for k = 1, 2

The γ matrices satisfy {γ^μ, γ^ν} = −2 g^{μν} where g_{μν} is the flat Minkowski metric d⃗x^2 + 2dtds. The 4 × 4 matrix is A = ( 0 −I_2 −I_2 0 ) = A^{−1}.

The variation of (2.6) with respect to θ leads to the equation

∂_μ(ρ v^μ) = 0, (2.7) called bosonic continuity equation (this equation is indeed present even if the fermionic field is absent). The equations associated to ψ read

v^μ∂_μΨ = √ 2λ ρ A γ^k∂_kΨ. (2.8)

Finally, the variation of (2.6) with respect to ρ yields to

2λ = ρ^2 v^μ v_μ. (2.9)

This last equation with (2.8) lead to an Euler-type equation,

v^μ∂_μ v_k = − 1 ρ ∂_k ( −2λ ρ ) + √ 2λ ρ (∂_kΨ)^† [ A γ^j∂_j Ψ ] . (2.10)

We argue that our system (2.7-2.10) describes a relativistic fluid. Following [13], a relativistic fluid can be described by a continuity equation, augmented by a conserved energy momentum tensor. In our case, we generalize this construction by considering two continuity equations (rather than one) to include the supersymmetry. Indeed, using the bosonic continuity equation (2.7), the second equation of our relativistic system (2.8) is in fact a continuity equation,

∂_μ (ρ v^μ Ψ) = √ 2λ A γ^k∂_kΨ. (2.11)

In fact, the right term is a total spatial divergence and, contrary to (2.7) this equation (called fermionic continuity equation) is meaningless when the theory is purely bosonic. Varying now the relativistic Lagrangian (2.6) with respect to the metric, we obtain a symmetric energy-momentum tensor, namely ϑ_{μν} = −g_{μν} L − ρ v_μ v_ν + √ 2λ 4 δ^j_μ δ^k_ν ( Ψ^†A [γ_j ∂_kΨ + γ_k∂_j Ψ] ) . (2.12)

This tensor is conserved, ∂^μϑ_{μν} = 0, and the spatial component of this relation gives the relativistic Euler equation (2.10). If we introduce the pressure p = −2λ/ρ and the unitary velocity u^μ defined by n u^μ = ρ v^μ (so that n is proportional to the proper particle density ), then the expression (2.12) becomes ϑ_{μν} = − g_{μν} p − n^2 ρ u_μ u_ν + √ 2λ 2 g_{μν} ( Ψ^†A γ^j∂_j Ψ )

+ √ 2λ 4 δ^j_μ δ^k_ν ( Ψ^†A [γ_j ∂_k Ψ + γ_k∂_j Ψ] ) . (2.13)

Curiously, this tensor is the sum of two separed conserved tensors,

ϑ_{μν} = T_{μν} + Ω_{μν} . (2.14)

The first conserved tensor given by T_{μν} = −g_{μν} p − n^2 ρ u_μ u_ν , ∂_μT^{μν} = 0. (2.15)

describes a perfect fluid [13] (this tensor is present even in the purely bosonic model). The second tensor Ω_{μν} interpreted as an improvement term [1] and [9] is zero when the fermionic field is absent.

Now, if the relativistic fields ρ, θ and ψ̃ are related to the non-relativistic ones, R, Θ and ψ by the equivariance condition[8] and [12], namely by

ρ = R(t, ⃗x) and θ = Θ(t, ⃗x) + s, (2.16)

then the equations (2.7-2.10) project to the non-relativistic ones (2.1). Similarly, the Lagrangian (2.6) becomes exactly (2.3). This correspondance is very useful to obtain the conserved quantities of the non-relativistic model. Indeed, the conserved (super)current will be obtained as the projection of these conservation laws. We distinguish three types of charges :

• The extended Galileo charges: Our relativistic system is described by the Lagrangian (2.6) augmented by the equivariance condition (2.16). The isometries of the metric g are symmetries of the Lagrangian (2.6). In fact, under an isometry transformation the velocity v^μ and the fermionic field ψ are invariant. However, because of the equivariance condition (2.16), we restrict ourselves to isometries which preserve the vertical vector. These ξ-preserving isometries are given by

X^μ∂_μ = ϵ∂_t + (⃗γ + t⃗β) · ⃗∇ + (η − βx)∂_s (2.17)

where ϵ, ⃗γ, ⃗β and η are the infinitesimal parameters associated (respectively) to the time translation, space translation, boost and vertical translation. For any isometry which satisfies (2.17), the 4-vector field k^μ = ϑ^μ_ν X^ν is conserved and s-independent. Consequently, this conserved 4-vector projects under equivariance to a conserved 3-current whose temporal component, ∫ d⃗x k^t = ∫ d⃗x g^t_μ ( √ 2λρ + √ 2λ 2 Ψ^† A γ^j∂_j Ψ ) X^μ − ρ v_μ X^μ (2.18)

does not depend on time. The quantities obtained with each isometries (2.17) form the extended Galileo group.

• The Poincaré charges: Previously, we have seen that because of the equivariance condition (2.16), we consider only ξ−preserving isometries. Motived by our previouys paper [8], we can relax this too restrictive condition. Indeed, let us suppose that the fields ρ and v^μ depend explicitly on the variable s and, they are related to the non-relativistic field R and Θ by the new condition, v^μ (t, ⃗x, −Θ(t, ⃗x)) = [ ∂^μΘ(t, ⃗x) −^1_2 ψ∂^μψ ] ∂_sθ|_{(t,⃗x,−Θ(t,⃗x))} R(t, ⃗x) = ρ (t, ⃗x, −Θ(t, ⃗x)) ∂_sθ|_{(t,⃗x,−Θ(t,⃗x))}. (2.19)

Given any solutions of equations (2.7-2.9), the first relation provides a way to construcut the field Θ solution of the non-relativistic equations (2.1). The second relation gives the correspondance between the fields ρ and R. Let us point out that in the case of the classical equivariance (i.e. ∂_sθ = 1), these relations lead to the classical ones (2.16). Using this new equivariance (2.19), we prove easily that equations (2.7-2.9) project to the non-relativistic equations (2.1). Consequently, the isometries (which not preserve necessarily the vector field ξ) are symmetries of the system defined by equations (2.7- 2.9) augmented by the condition (2.19). The ξ non-preserving isometries are X^μ∂_μ = (d t + ⃗ω · ⃗x)∂_t − s ⃗ω · ⃗∇ − d s ∂_s, (2.20) where d and ⃗ω are respectively the paramaters associated to the time dilatation and the anti-boosts [8]. We can not project, as previously, the 4 conserved current k^μ because of its explicit dependence on the additional variable s. However, using the Euler equation (2.10), we show that the vector k^μ taken in the particular point (t, ⃗x, −Θ(t, ⃗x)) is always conserved [8]. A similar calculation (2.18) leads to the following conserved quantities , D = ∫ (t H − R Θ) d⃗x time dilatation,

⃗G = ∫ ( ⃗x H − Θ ⃗P ) d⃗x anti-boosts,

(2.21)

where H and ⃗P are respectively the energy density and the momentum density. These 3 charges with the extended Galileo ones form the Poincaré group in (3 + 1) dimensions.

• The supercharges: First, the fermionic continuity equation (2.11) gives a conserved supercurrent on M wich does not depend on the additional variable s. Its temporal component yields the conserved quantity (2.4). Moreover, combining the equations (2.7) and (2.10), we have

∂_μ (ρ v^μ v_k) − ∂_k ( 2λ ρ ) = √ 2λ (∂_k Ψ)^† ( Aγ^j∂_j Ψ ) . Contracting this expression with γ^kΨ, we obtain (after integration) ∂_μ ( ρ v^μ v_k γ^kΨ ) − ∂_k( 2λ ρ γ^kΨ) = √ 2λ A ( v^μ∂_μΨ − v_k γ^kγ^j∂_j Ψ ) + √ 2λ (∂_kΨ)^† ( Aγ^j∂_j Ψ ) γ^kΨ. (2.22)

Let us remark that only the two first components of this expression are non zero. After a tedious calculation, we prove that the first term on the right is equal to √ 2λ ∂_tψ_k − ϵ^{km} [ ϵ^{ij} ∂_i(v_j ψ_m) ] + ω ϵ^{km} ψ_m, where ω is the vorticity, ω = ϵ^{ij} ∂_i v_j = −1/2 ϵ^{ij} ∂_iψ∂_j ψ. Finally, using this relation, the term in right in (2.22) becomes √ 2λ ∂_tψ_k − ϵ^{km} [ ϵ^{ij} ∂_i(v_j ψ_m) ] + ϵ^{ij} ∂_i (ψ_2 (∂_j ψ_k) ψ_1) .

Consequently, we have proved that the relation (2.22) is a conservation law whose temporal component projects to the density of the supercharge (2.5).

3 The lineal Chaplygin gas

The lineal version of the Chaplygin gas is governed by the following equations ∂_tR + ∂_x(Rv) = 0 ∂_tψ + ( v + √ 2λ R ) ∂_xψ = 0 ∂_tv + v∂_xv = − 1 R ∂_x ( −2λ R ) . (3.1)

This model is more particular than the planar one. Indeed, in [2], it was shown that this model is completely integrable, and admits an infinite ladder of “bosonic”conserved charges, namely

Q^±_n = 1 n! ∫ R ( v ± √ 2λ R )_n dx for n = 0, 1 · · · (3.2)

The first three terms of the sequence Q^+_n give some of the generators of the extended Galileo group (namely the particle number N, the momentum P and the energy H). Curiously, the boosts, B = tP − ∫ x R as well as the Poincaré quantitites (2.21) which are also conserved do not appear in the sequence Q^+_n . The supersymmetric model also admits an infinite ladder of fermionic supercharges [2] given by

Q̃_n = ∫ R ( v − √ 2λ R )_n ψ dx for n = 0, 1 · · · (3.3)

Similarly, we consider a relativistic fluid in (2 + 1) dimensions whose motion is governed by :

• two continuity equations (one bosonic and the other fermionic)

∂_μ(ρ v^μ) = 0

∂_μ [ρ (v^μ − V^μ)ψ] = 0.

(3.4)

Here V^μ is a spacelike vector

V^μ∂_μ = − √ 2λ ρ ∂_x. (3.5)

• a conserved energy momentum tensor, ϑ_{μν} = −g_{μν} p − n^2 ρ u_μ u_ν T_{μν} + √ 2λ g_{μν} v + n u_μ V_ν + n u_ν V_μ − ρ V_μ V_ν Ω_{μν} . (3.6)

This tensor is also the sum of two separated conserved tensors, T_{μν} and Ω_{μν} . If we suppose now that the fluid is isentropic with a negative pressure, p = −2λ/ρ, then the conservation of T^{μν} leads to

v^μ∂_μ v_σ = − 1 ρ ∂_σ ( −2λ ρ ) for σ = x, t, s. (3.7)

As previously, under equivariance condition (2.16), this relativistic fluid (3.4- 3.7) projects to the lineal non-relativistic model.

Let us now derive the conservation laws for the lineal model. The isometric charges (Galileo and Poincaré charges) are obtained as in the planar model. The 3-vector field k^μ = ϑ^μ_ν X^ν is conserved for all isometries,

∂_μk^μ = [ g^μ_ν ( 2λ ρ + √ 2λv ) − ρ (v^μ − V^μ) (v_ν − V_ν ) ] ∂_μX^ν . (3.8)

This expression vanishes for all Killing vectors because ∂_μX^ν is proportional to the Lie derivative of X.

Moreover, the lineal system admits further conserved quantities which are not associated with Killing vector. Starting from the observation that ρV^μ = − √ 2λ δ^μ_x , the first equation in (3.4) implies that

∂_μ (ρ (v^μ ∓ V^μ)) = 0, (3.9)

Using this relation, the second equation in (3.4) yields to (v^μ −V^μ) ∂_μψ = 0. Consequently, for each p integer we have

(v^μ − V^μ) ∂_μ ψ^p = 0. (3.10)

Using the same equations, we show first that (v^μ ∓ V^μ) ∂_μ (v ± V ) = 0 and

(v^μ ∓ V^μ) ∂_μ (v ± V )^p = 0. (3.11)

Combining equations (3.10) and (3.11), we have for the upper sign

(v^μ − V^μ) ∂_μ [(v + V )^n ψ^p] = 0, (3.12) where n and p are integers. We use this last equation to construct non- Killing vectors which satisfy ∂_μk^μ = 0, (3.8). In particular, if we suppose that the vector field X^μ has the particular form, X^μ∂_μ = X∂_s (where X is a function which does not depend on the s variable), then the divergence of k^μ (3.8) becomes ∂_μk^μ = −ρ (v^μ − V^μ) ∂_μX. Solutions of ∂_μk^μ = 0 are given by X = (v + V )^n ψ^p, (3.12). The projection of k^t gives the conserved quantity,

Q^p_n = ∫ dx R (v − 2λ R )^n ψ^p. (3.13)

If we suppose that the following brackets yield [1], {ψ_a; ψ_b} = − δ_{ab} R δ, {v; ψ} = − ∂_xψ 2R δ and {v; R} = −∂_xδ then the quantities Q_{n,p} span a closed algebra, {B; Q^p_n} = nQ^p_{n−1} {D; Q^p_n} = (n − 1 2 )Q^p_n, {G; Q^p_n} = ( n 2 − 1 2 )Q^p_{n−1}. The lineal system admits other symmetries which are not associated to the vector k^μ. Indeed, combining the equations (3.9) and (3.11) for the lower sign, we obtain another conserved vector, namely

k̃^μ = ρ (v^μ + V^μ) (v − V )^n,

whose temporal component yields to the conserved quantity,

Q̃_n = ∫ dx R (v + 2λ R )^n. (3.14)

The algebra verified by (3.14) is also a closed algebra with relations, {B; Q̃_n} = nQ̃_{n−1}, {D; Q̃_n} = (n − 1)Q̃_n, {G; Q̃_n} = ( n 2 − 1)Q̃_{n−1}.

Acknowledgements : I am indebted to P. Horváthy, J. Hoppe and O. Ley for discussions. It is a pleasure to thank C. Duval, P. Forgács and N. Mohammedi for their fruitful remarks.

References

[1] R . Jackiw and A. P. Polychronakos, Phys. Rev. D 62, 085019 (2000). For a general review, see R. Jackiw arXiv:physics/0010042.

[2] Y. Bergner and R. Jackiw, physics/0103092, Phys. Lett. A 284, 146 (2001) [3] J. Hoppe, KA-THEP-9-93, hep-th/9311059.

[4] M. Bordemann and J. Hoppe, Phys. Lett. B 317, 315 (1993). [5] D. Bazeia and R. Jackiw, Ann. Phys. 270, 246 (1998) ; R. Jackiw and A. P. Polychronakos, Comm. Math. Phys. 207, 107 (1999).

[6] D. Bazeia, Phys. Rev. D 59, 085007 (1999) [7] A. Das and Z. Popowics, hep-th/0109223.

[8] M. Hassaïne and P. Horváthy, Ann. Phys. 282, 218 (2000). [9] T. S. Nyawelo, J. W. van Holten and S. Groot Nibbelink, Phys. Rev. D 64, 021701, hep-th/0104104.

[10] B. de Wit, J. Hoppe and H. Nicolai, Nuc. Phys. B 305, 545 (1988);

[11] H. Lamb Hydrodynamics, Cambridge University Press, Cambridge UK 1932 ; S. Deser, R. Jackiw and A. P. Polychronakos, Phys. Lett. A 279, 151 (2001);

[12] C. Duval, G. Burdet, H. P. Künzle et M. Perrin, Phys. Rev.

D 43, 1841 (1985) ; C. Duval, G. Gibbons et P. Horváthy, Phys. Rev. D 43, 3907 (1991).

[13] L. Landau and E. Lifshitz, Fluid Mechanics, (2nd ed., Pergamon, Oxford UK, 1987) ; S. Weinberg, Gravitation and Cosmology, (John Wiley & Sons, 1972).