arXiv:hep-th/0106264 v2 2 Jul 2001

Interpolating gauges and the importance of a careful treatment of ffl-term

Satish D. Joglekar^∗

July 2, 2001

Department of Physics, I.I.T.Kanpur , Kanpur 208016 [India]

Abstract We consider the use of interpolating gauges (with a gauge function F [A; α] ) in gauge theories to connect the results in a set of different gauges in the path-integral formulation. We point out that the results for physical observables are very sensitive to the epsilon term that we have to add to deal with singularities and thus it cannot be left out of a discussion of gauge-independence generally. We further point out, with reasons, that the fact that we can ignore this term in the discussion of gauge independence while varying of the gauge parameter in Lorentz-type covariant gauges is an exception rather than a rule . We show that generally preserving gauge-independence as α is varied requires that the ϵ-term has to be varied with α. We further show that if we make a naive use of the (fixed) epsilon term �iε ∫ d^4x[^1_2 A^2 �cc] (that is appropriate for the Feynman gauge) for general interpolating gauges with arbitrary parameter values [i.e. α] , we cannot preserve gauge independence [except when we happen to be in the infinitesimal neighborhood of the Lorentz-type gauges]. We show with an explicit example that for such a naive use of an ϵ-term, we develop serious pathological behavior in the path-integral as α is/are varied. We point out that correct way to fix the ϵ-term in a path-integral in a non-Lorentz gauge is by connecting the path-integral to the Lorentz-gauge path-integral with correct ϵ-term as has been done using the finite field-dependent BRS transformations in recent years.

�_{e-mail address: sdj@iitk.ac.in}

1 INTRODUCTION

Calculations in the standard model, a non-abelian gauge theory, have been done in a variety of gauges depending on the ease and convenience of calculations [1]. Many different gauges have also been used in formal treatments in different contexts. For example axial gauges have been used in the treatment of Chern- Simon theory and Coulomb gauges in the confinement problem in QCD [2]. Superstring theories also use to advantage both the covariant and the light-cone treatments [3]. One of the important questions, far from obvious, has been whether the results for physical observables are, in fact, independent of the choice of the gauge used in calculations. While it has naively been assumed that this must do so, it is quite another matter to actually prove the gauge independence of observables in general^1. A good deal of literature has been devoted to this question [4,5] directly or indirectly. In fact, development of gauges other than Lorentz gauges has not been an easy and completed task [2,4]. One of the methods commonly used for this purpose in the literature is that of interpolating gauges [5,6,7].The basic idea behind interpolating gauges is to formulate the gauge theory in a gauge for which the gauge function F [A(x); α] depends on one or more parameters α in such a manner that for different values of the parameters we recover gauge theories in different gauges. For example the gauge function F [A(x); θ] used by Doust [7] to connect the Coulomb and the Feynman gauge is given by

F [A, θ] = [θ∂^0A_0 −^1_θ ∂_iA_i] (1.1) where for θ=1, we recover the Feynman gauge and for θ→ 0, we recover the Coulomb gauge. Similarly, one could interpolate between the axial and the Lorentz type gauges by a gauge function such as F [A, κ, λ] =^{1√}_λ [(1 − κ)∂^μA_μ + κη.A] (1.2) where for κ=0, we recover a Lotentz-type gauge and for κ=1, we recover the axial gauge in the λ→ 0 limit. Such interpolating gauges have been employed in attempts to prove independence of observables on the choice of the gauge.The arguments in such proofs proceed along the same lines as those that prove the gauge independence of physical observables under, say, a variation of the gauge parameter in the Lorentz type gauges.

We know that to define the Lorentz type gauges, it is necessary to define how the poles at k^2 = 0 are treated. A correct treatment of the Lorentz type gauges is given by adding to the Minkowski-space action a proper ϵ- term −iε ∫ d^4x[^1_2 A^2 − cc] ( see section 2 for elaboration). The presence of some such a term is

1As the path-integral in Lorentz-type gauges are well-defined, a little thought will show that in the path-integral framework this is really a question of whether and how path-integrals in other sets of gauges can be defined in a manner consistent with the Lorentz gauges.

indispensable in other gauges [even though it may not completely solve the question of their definition]. It appears that the use of interpolating gauges for proving the gauge independence has often been made without attention to a proper ϵ-term. In this work, we would like to draw attention to and demonstrate several things. We would like, first of all, to draw attention to the fact that it is very important to deal with the ϵ-term carefully before interpolating gauges can be of use in the first place. We further show that if we make a naive use of the epsilon term −iε ∫ d^4x[^1_2 A^2 − cc] (that is appropriate for the Feynman gauge) for interpolating gauges with arbitrary parameter values [i.e. α] , we cannot preserve gauge independence generally [except in the infinitesimal neighborhood of the Feynman gauge^2 ]. We show that preserving gauge-independence requires that [in general] we vary the ϵ-term with α’s; and that it is (probably only) in the context of the family of Lorentz-type gauges that a simple form can be written for all gauge parameters λ’s that does not essentially alter the treatment of poles at k^2 = 0. We do this in section 3. The situation with a naive use of −iε ∫ d^4x[^1_2 A^2 − cc] is actually worse: In section 4, we show with an explicit example that for such a naive use of an ϵ-term, we develop serious pathological behavior in the path-integral as α is/are varied. In section 5, we work out a simple example based on QED, where we consider if there is no other modification of the ϵ-term that will remove this problem. We show that there is no such escape available. The entire discussion in sections 3, 4 and 5 is self-contained.We finally point out that correct way to fix the ϵ-term in a path-integral in a non-Lorentz gauge is by connecting the path-integral to the Lotentz-gauge path-integral with correct ϵ-term as has been done using the finite field-dependent BRS transformations in recent years [8,1,9,10]. In section 6 , we summarize our conclusions.

We believe that the neglect of this issue may be the reason for the uncertainty in the field of noncovariant gauges lasting over a long time [11]. The line of approach suggested along the lines of references [8,1,9,10] does not however evade this issue and has been applied successfully to axial-type gauges [12], planar gauges [13] and recently to the Coulomb gauge[14].

2 PRELIMINARIES

In this work, we propose to discuss in the path integral framework, the interpolating gauges that interpolate between pairs of gauges. This is usually done by considering gauge functionals that depend on one or more parameters. We shall therefore consider the Faddeev-Popov effective action [FPEA] with a local gauge function F [A(x); α] which may depend on several parameters, collectively denoted by α .We denote this FPEA by

2A small modification in the ϵ-term will allow us to change this to “infinitesimal neighborhood of a Lorentz-type gauges”. See section 3 for more details.

S_{eff} [A, c, c; α] which is given by S_{eff} [A, c, c; α] = S_0[A] +S_{gf} [A; α]+S_{gh}[A, c, c; α] (2.1) with S_{gf} [A; α] = −^1_2 ∫ d^4x F [A, α]^2 (2.2a) and^3 S_{gh}= − ∫ d^4xd^4y c^α(x)M^{αβ}[x, y; A; α]c^β(y) (2.2b) with ∫ d^4yM^{αβ} [x, y; A; α]c^β(y) = ∫ d^4y^{δF α [A(x);α]} δA^γ_μ(y) D γβ μ [A(y)] c^β (y) (2.3) and D^{αβ}_μ [A]=δ^{αβ}∂_μ + g f^{αβγ} A^γ_μ (2.3a) Here, f^{αβγ} are the antisymmetric structure constants of a semi-simple gauge group. S_{eff} [A, c, c; α] is invariant under the BRS transformations : δA^a_μ(x) = D^{αβ}_μ [A(x)]c^β (x) δΛ δc^α(x) =−^1_2 g f^{αβγ} c^β (x) c^γ (x)δΛ δc^α(x) = F [A(x); α] δΛ (2.4)

3 The correct ffl-term for a given gauge

We start with the path-integral exhibiting the vacuum expectation value of a gauge-invariant observable O[A] in the gauge characterized by the gauge function F [A; α]: << O[A] >>|_α = ∫ Dϕ O[A] exp{iS_{eff} [A, c, c] } (3.1) where, ϕ collectively denotes all fields A, c, c. The above does not completely specify how the left hand side is evaluated.In each gauge choice, there is a residual gauge degree of freedom to a variable extent, and this makes the propagator ill-defined.Thus in the axial-type gauges, the propagator is ill-defined at values of k such that k.η = 0 .In the Coulomb gauge, the propagator behaves as^1_|k_{|2} for the time-like components and this makes the Feynman integrals more ill-defined compared to the Feynman gauge and needs an additional treatment [14,15]. This problem is not a particularity of the noncovariant gauges only; the problem exists for the Lorentz gauges also.In this set of gauges , the problem manifests as a singularity at k^2 = 0. We know the solution for this problem in the context of say the Feynman gauge. For the physical degrees of freedom, we expect the causal prescription of Feynman, like any the propagator for a physical degree of a massive particle.We thus expect that for the transverse degrees of freedom, the singularity (pole) at k^2 = 0

3The ghost action is always arbitrary upto a constant and, in particular, an overall sign. The following is a convention we make.

is interpreted by the causal replacement^{4 1}_{k2} →^1_{k2+iε} . If , now, we want to preserve covariance, then we have to set the Feynman gauge propagator at −^{igμν}_{k2+iε} . WT identities relate Green’s functions involving ghosts and gauge fields and one of the important necessities of unitarity is the cancellation of ghost and unphysical contributions in unitarity relations [16]. This determines the sign of the ϵ-term for the ghost poles. This combined “prescription”^5for the pole at k^2 = 0, is indeed essentially realized by adding a term^6 −iϵR ≡{−iϵ ∫ d^4x (^1_2 A^2 − cc)} (3.2) to the action. In the context of general Lorentz gauges [λ ≠0], this term gives a covariant way of handling this singularity in such a manner that the physical degrees of freedom obey causal replacement^1_{k2} →^1_{k2+iε} . This term , in particular, also implies causal treatment for all poles if λ > 0, since then the propagator is −^{i{gμν −} kμkν k2+_{iελ} } k2+iε . (3.3)

although covariance does not demand this.

We thus see that, in the context of the Lorentz-type gauges, there is a rationale that leads to this ϵ-term. Moreover, the calculated results in the Lorentz gauges do depend on this choice and thus it is not an arbitrary matter to choose this term. An alteration in this “prescription” could change the answers for the Green’s functions by O[1] and not by O(ϵ)^7! For example, changing the sign of the ϵ-term, which may naively be thought as a O(ε) change in the action, changes the Green’s functions, even for physical degrees of freedom, from causal to anti-causal ( i.e. from physically meaningful to unphysical)! Then, it is far from obvious that some other O(ε) change in this term cannot drastically alter the Green’s functions and in particular wrench gauge-independence. (What, however, may not be obvious is that such a O(ε) change can in fact arise from parameter variations: that we will work out soon). Thus, it is evident that a correct treatment of this ϵ-term is desired^8 in any given gauge if gauge-independence is to be preserved. It is by no means obvious that such a term as (3.2) will do the job correctly for any other class of gauges, and yet preserve gauge independence of observables. We wish to explicitly demonstrate , that this is in fact not the case: the term (3.2) is an acceptable O(ε)-term for the Lorentz-type gauges but generally not for other class of gauges. We shall thereafter make comments, in Sec. 4, on the correct way out of this situation that has already been proposed in [8,1] and followed up in [9,10]. [We note that in discussing the gauge-independence of S-matrix elements, it is necessary to consider the on-shell Green’s functions which are directly accessible only in Minkowski space ; and this makes us necessary to deal with the ϵ-term].

4This is not the only way to introduce a causal propagator , but the simplest one. See appendix for more details. 5We call this a “ prescription” because of some arbitrariness still left in it. 6Even here, only the sign of the ghost-dependent term below is fixed.

7This is not surprising since here we are altering the value of the integrands in a region where a large contribution comes. 8In other words, we are emphasizing that the proper ϵ-term is not a trifle O(ϵ) matter but an matter deserving O(1) attention!

To begin with, let us consider a gauge function F [A, α] that connects to the Feynman gauge. Let us suppose that for certain value(s) of the parameter(s) α=α_0, the gauge-fixing term corresponds to the Feynman gauge.Then, << O[A] >>|_{α0} = ∫ Dϕ O[A] exp{iS_0[A] −^i_2 ∫ d^4x F [A(x), α_0]^2+iS_{gh}[A, c, c; α_0] + ∫ d^4x ϵ (^1_2 A^2 − cc) } (3.4) correctly describes the value of the vacuum expectation value of O[A] in the Feynman gauge. We expect the Feynman rules in a gauge described by parameter(s) α-δα are such that the vacuum expectation value of O[A] is unchanged.We would like to know what should happen, if at all, to the ϵ-term as α is varied from α_0 → α_0-δα so that this remains valid. To do this , we perform the field transformation below:

A^{′α}_μ (x) − A^α_μ(x) ≡δA^α_μ (x) = iD^{αβ}_μ [A(x)]c^β(x) ∫ d^4z c^γ (z)^{∂F γ [A(z);α]}_{∂α} |_{a0} δα δc^α(x) = −i^1_2 g f^{αβδ} c^β (x) c^δ(x) ∫ d^4z c^γ (z)^{∂F γ [A(z);α]}_{∂α} |_{a0} δα δc^α(x) =iF^α[A(x); α_0] ∫ d^4zc^γ (z)^{∂F γ [A(z);α]}_{∂α} |_{a0} δα (3.5) We recognize the above simply as a BRS transformation^9 with a field-dependent δΛ = i ∫ d^4z c(z)^{∂F [A(z);α]}_{∂α} |_{a0} δα . The action S_{eff} [A, c, c] is in fact invariant under this [8].But, the transformation is nonlocal and leads to a nontrivial Jacobian.The transformation being infinitesimal, only the diagonal terms of the transformation matrix matter, and on account of antisymmetry of the structure constants, only the field dependences of δΛ = i ∫ d^4z c^{∂F}_{∂α} |_{a0} δα contributes.

Defining the Jacobian for the infinitesimal transformation (3.5) as Dϕ ≡ Dϕ^′ J^{−1} ≡ Dϕ^′[1−ΔJ] (3.6) ΔJ is given by −ΔJ = − ∫ d^4x { ∑ α,μ δA^{0α}_μ (x) δA^α_μ (y) |x=y − ∑ α δc^{0α} (x) δc^α(y) |x=y } = i ∫ d^4x ∫ d^4z c^γ (z)^∂_{∂α} {^{δF γ [A(z);α]}

δA^α_μ (y) }|^a0 D αβ μ [A(y)]c^β(y)δα +i ∫ d^4xF^γ (α_0)^{∂F γ}_{∂α} |_{α0} δα (3.7) Thus, << O[A] >>|_{α0} = ∫ Dϕ^′O[A^′] exp{iS_{eff} [A^′, c^′, c^′; α_0]+ ∫ d^4x ϵ R’(A’,c’,c’ ) − ΔJ} +O[(δα)^2] (3.8) In (3.8) above, we note two things:

(a) We note that −ΔJ simply changes the form of the gauge-fixing and the ghost terms as implied by: iS_{eff} [ A,c,c; α_0] −ΔJ ≡ iS_{eff} [ A,c,c; α_0-δα] (3.9) which is readily verified.

(b) Further, we note that there is a change in the ϵ-terms also: ϵR(A,c,c) ≡ϵR’(A’,c’,c’ ) ≡ϵ[R(A’,c’,c’ ) + δR(A’,c’,c’ )] (3.10a)

9We have called this infinitesimal field-dependent BRS transformation or an IFBRS for short [ 9].

= ϵ ∫ d^4x (^1_2 A^{′2} − c^′c’) − ϵ ∫ d^4x {iA_μD^μc ∫ d^4z c^{∂F}_{∂α} |_{α0} δα −iF (α_0) ∫ d^4zc^{∂F}_{∂α} |_{α0} δα c + c(x) ( −^i_2 g f^{αβγ} c^β c^γ ∫ d^4zc(z)^{∂F}_{∂α} |_{α0} δα ) } (3.10b) = ϵ ∫ d^4x { (^1_2 A^{′2} − c^′c’)+i ∫ d^4z c^{∂F}_{∂α} |_{α0} δαA_μ∂^μc + i ∫ d^4zc^{∂F}_{∂α} |_{α0} δα F (α_0)c} + O[g] (3.10c) We note that in the special case, F(α_0) = ∂.A [ the Feynman gauge] the last two terms combine to have an integral over a 4-divergence: ∫ d^4x ∂^μ(A_μc). [This arises from the fact that R is invariant under the abelian part of BRS transformations of the Feynman gauge ].Thus, when a slight variation is made around the Feynman gauge , the quadratic part of ϵ-term does not alter to the first order in δα. This, in fact, can be shown to be true for the entire class of the Lorentz gauges with a gauge parameter λ > 0 with a suitable modification of ϵR of (3.2), which is not completely determined. All we need to recall is that the causal prescription does not depend on “ϵ” but on its sign and the fact that ϵ → 0^+.We can as well choose the quadratic ϵ-term, to be added to the action, as −i ∫ d^4x ϵ (^1_2 A^2 − √ λcc) (3.11) and this will as well provide the correct causal prescription above for λ > 0.Thus with this modification, the additional terms , quadratic in A become [we note that here F[A; α] ≡F[A; λ] =^{∂.A√}_λ ], =− ϵ { −i ∫ d^4z c^{∂F}_{∂α} |_{α0} δα ∫ d^4x [A_μ∂^μc + √ λ^{∂.A√}_λ c] ≡ 0. (3.12) Equivalently, (3.11) is invariant under the abelian part of BRS for general Lorentz gauges. It is on account of this property of the Lorentz gauges that we do not need to adjust the ϵ-term (3.11) as we vary the gauge parameter λ is varied between 0 and infinity^{10}. The causal prescription is also not altered by the change in ϵ-term that arises as λ is varied.

We would now like to discuss the possibility that an expression of the type of (3.4) with the same ϵ-term gives correctly << O[A] >> when F [A, α] refers to some gauge other than the Lorentz-type gauge. This value << O[A] >> must then be independent of α’s and must, in particular, agree with the Lorentz gauge result.

To give examples, we could consider, 1) Interpolating gauge used by Doust to interpolate between the Feynman and the Coulomb gauge.It has F [A, θ] = [θ∂^0A_0 −^1_θ ∂_iA_i] (3.13) 2) Interpolating gauges between the axial and the Lorentz-type gauges:

10We do not necessarily require positive λ here: we could instead take the ghost term as − √ λcMc. This will cancel 1p_λ in M.

We also replace R by ∫ d4x( 12 A2 − λcc).Then the above invariance is valid for all λ .

F [A, κ] =^{1√}_λ [(1 − κ)∂^μA_μ + κη.A] 0 ≤κ≤1 (3.14) We then see that these extra terms ( to O[g^0]) now add up to −ϵ { i ∫ d^4z c^{∂F}_{∂α} |_{α0} δα ∫ d^4x [∂.Ac -F[A,α]c]} (3.15) and this would not vanish in general unless F[A,α] refers to the Feynman gauge. We shall see in the next section, the explicit effects of this term on the free gauge boson propagator and that we cannot ignore this term. How this works is not so easily anticipated, and is best understood after some calculations in the next section are first performed.

4 concrete evaluation of the effects of the ffl-term

In this section, we wish to explore the possibility that a path-integral of the form

W[J; α] = ∫ Dϕ exp{i S_{eff} [A,c,c; α] + ϵR+ i ∫ J^μA_μd^4x} (4.1) with the same ϵ-term as in (3.2) correctly generates the Green’s functions for the gauge F [A; α] other than the Lorentz family of gauges. So, let us assume that this is so to begin with.We next consider the generating functional

W[J; α- δα] ≡ ∫ Dϕ exp{i S_{eff} [A,c,c; α−δα] + ϵ[R+ δR]+ i ∫ J^μA_μd^4x} (4.2) Here, we are taking the effective action associated with the parameter(s) α−δα and the ϵ-term ϵ[R+ δR] obtained in the last section.We had noted, in section 3, that to preserve the gauge-independence of the vacuum expectation value of an observable, this term was required. Suppose we assume that at δα=0, the generating functional in fact gives the correct Green’s functions; i.e., the term ϵR is, in fact, the right ϵ-term, then according to the discussion of the last section, (4.2) should generate the correct Green’s functions for the parameters α−δα. We now have to note the presence of the extra term ϵ δR in (4.1).We would like to know what effect this term has on the Green’s functions in the gauge α−δα . In the special case of the Lorentz type gauges as the gauge parameter λ was varied, we saw that the effect, as ϵ→ 0^+, was none; we shall however like to show that that is rather an exception than a rule.

We shall first explore the effect of this term on the tree propagator for a gauge field A. We note that the factor exp{ϵ δR} inside the path-integral can be written, to first order in δα, as

W[J] = ∫ Dϕ ( 1 + εδR + O[(δα)^2] ) exp{i S_{eff} [A,c,c; α+δα] + ϵR+ i ∫ J^μA_μd^4x} (4.2a) We recall that δR = −{ i ∫ d^4z c^{∂F}_{∂α} |_{α0} δα ∫ d^4x {∂.Ac -F[A,α]c}+O[g] (4.3) To evaluate the effect of this term on the bare propagator, it is possible to evaluate this term by first performing the ghost integration by making use of : ∫ DcDc c^α(x)c^β(z) exp { i S_{gh}[A, c, c; α] − ε ∫ ccd^4x} = −iM^{0−1αβ}(x, z; A; α) ∫ DcDc exp { i S_{gh}[A, c, c; α] − ε ∫ ccd^4x} (4.4)

with M^′ = M − iε, and M is given by (2.3).Thus,

W[J] = ∫ D ϕ ( 1 − iε ∫ d^4z^{∂F β}_{∂α} |_{α0} δα(∂.A − F )^α(x)i ∫ d^4xM^{0−1αβ}(x, z; A; α_0) + O[(δα)^2] + O[g] ) exp{i

S_{eff} [A,c,c; α+δα] + ϵR+ i ∫ J^μA_μd^4x} (4.5)

We now exponentiate the result so obtained to find:

W[J] = ∫ Dϕexp{iS_{eff} [A,c,c; α−δα]+ϵR+i ∫ J^μA_μd^4x + ( ε ∫ d^4z^{∂F β}_{∂α} |_{α0} δα ∫ d^4x(∂.A − F )^α(x)M^{0−1αβ}(x, z; A; α_0) ) } (4.6)

Now the propagator in the gauge with parameters α-δα is determined by the quadratic part of the net

action including the ϵ-terms:

S^{(2)}_0 [A]+S_{gf} − iε^1_2 ∫ A^2d^4x - ( iε ∫ d^4z^{∂F β}_{∂α} |_{α0} δα(∂.A − F )^α(x) ∫ d^4xM^{′−1αβ} 0 (x, z; α_0) ) + O [(δα)^2]. (4.7)

Here, M^′_0 refers to M^′ at g=0.To see the concrete effects, we need to take a specific example.Suppose we

take the interpolating gauge term of Doust [ we assume that θ≠ 0],

F [A, θ] = [θ∂^0A_0 −^1_θ ∂_iA_i] (4.8a)

M[A, θ] ≡^{δF}_{δAμ} D_μ = [θ∂^0D_0 −^1_θ ∂_iD_i] (4.8b)

M’^{αβ}_0[θ] = [θ∂^2_0 −^1_θ ∇^2−iϵ]δ^{αβ} (4.8c) < y|M’_0^{−1αβ}[θ]|x >≡ M^{0−1αβ}_0 (x, y; θ) = δ^{αβ 1}_{θ∂20− 1θ ∇2−iε} δ^4(x-y) =−δ^{αβ 1}_{(2π)4}

∫_d4_k θk20− 1_θ |k|2+iε exp{−ik.(x − y)} (4.8d) The extra term in (4.7 ) is then ( −iε ∫ d^4z^{∂F β (z)}_{∂θ} |_{θ0} δθ ∫ d^4x(∂.A − θ∂^0A_0 +^1_θ ∂_iA_i)^α(x)M^{0−1αβ}_0 (x, z; α_0) ) = ( −iεδθ ∫ d^4z{∂^0A_0 +^1_{θ2} ∂_iA_i}(z) ∫ d^4x{(1 − θ)∂^0A_0 + (^1_θ − 1)∂_iA_i}^α(x)M^{0−1αβ}_0 (x, z; α_0) ) (4.9)

This term, quadratic in A, has to be taken into account in evaluating the gauge propagator. As an

illustration of the effect of the new contribution to the ϵ-term, we shall focus our attention on the propagator

for the (0,0) component. We call the momentum space quadratic form arising from [S_{eff} −^{iε}_2 ∫ d^4xA^2 ] as

Z_{μν} .We also call the total quadratic form arising from the total action including the term (4.9) as Z^′_{μν} .We

then have,

Z^′_{μν} (θ-δθ) = Z_{μν} (θ-δθ) + ϵδθ Z^1_{μν} (θ) (4.10) where the last term has arisen from (4.9). Noting that Z_{μν} (θ) for any θ has a block diagonal structure [7], Z^′_{μν} (θ-δθ) has the structure,

Z_{00} + εδθZ^1_{00} εδθZ^1_{0i} εδθZ^1_{i0} Z_{ij} + εδθZ^1_{ij} (4.11) and consequently, its inverse has the form

{Z_{00} + εδθZ^1_{00}}^{−1} O[εδθ] O[εδθ] {Z + εδθZ^1}_{ij}^{−1} (4.12) [modulo terms of O[(εδθ)^2]. The the propagator for the timelike component is G_{00} =i {Z_{00} + εδθZ^1_{00}}^{−1} (4.13) We note Z_{00} = |k|^2−(θ − δθ)^2k^2_0−iε ≡−[(θ − δθ)X + iε] ≡−[θ^′X + iε] (4.14) Here, θ^′ ≡ θ − δθ and X ≡ θ^′k^2_0 −^1_{θ0} |k|^2 (4.14a) εδθZ^1_{00}≡2iϵδθ(1-θ^′)^{k20}_{X+iε} + O[ε(δθ)^2] (4.15) and thus the propagator for the timelike component reads, G_{00} =i {Z_{00} + εδθZ^1_{00}}^{−1}=^{−i} θ^0X+iε ( 1−2δθ[1−θ^0]^k 2 0 X+iε ) + O[ε(δθ)^2] (4.16) We note the net ϵ-terms in Z_{00} + εδθZ^1_{00} , viz. iε ( 1 − 2δθ(1 − θ^′)^{k20}_{X+iε} ) (4.17) has now received an extra contribution, which though proportional to δθ, is very sensitive in magnitude near a k_0 corresponding to X=0 provided θ ≠1[i.e. we are not at the Feynman gauge]. For example, for X = ε, the net ϵ-term is

iε − δθ(1 − θ^′)k^2_0(1 − i) and its imaginary part has a term that cannot be made arbitrarily small as ϵ→0 and can overwhelm the original term. This is the source of trouble! The ϵ-term now is dependent on two unrelated small quantities ϵ and δθ.

To explore the trouble further, we express^{11} Y≡θX +iε ( 1 − 2δθ(1 − θ)^{k20}_{X+iε} ) ≡ReY + iImY (4.18) We have to solve for the roots of the denominator , viz. Y≡θX +iε ( 1 − 2δθ(1 − θ)^{k20}_{X+iε} ) = 0. (4.19) Multiplying by (X + iε), and substituting for k^2_0 in terms of X and |k| we find , θX^2 + aX + b = 0, (4.20) with a = iε(1 + θ −^{2δθ(1−θ)}_θ ) and b = −{ε^2 + iε^{2δθ(1−θ)}_{θ2} |k|^2} (4.21) The roots of the above quadratic are X =^{−a±√a2−4bθ} 2θ ≡ X_{1,2} (4.22) We note that the discriminant a^2 − 4bθ contains terms that are of O(ε^2) as well as O(εδθ) and the relative magnitudes of these terms is variable as ϵ is varied for a fixed δθ. We note in particular that for ϵ sufficiently small [ which is the limit we are particularly interested and which we will denote for brevity by “ϵ << δθ” ], it is the O(εδθ) term that dominates and thus, we have, for |k| > 0 and θ ≠ 1,

X_1 ≃ −X_2 ≃ √ 2iεδθ(1 − θ)^|k^{|√}_θ ≡(1 + i)^{2|}k^{|√}_θ √ εδθ(1 − θ) (4.23) We note that in this case, |X_{1,2}|>>ϵ.

On the other hand at the other extreme limit when ϵ is sufficiently large compared to δθ [which we denote for brevity by ϵ>> δθ] the term O(εδθ) is negligible and we find

X_1 ∼ −iε/θ and X_2 ∼ −iε (4.24) Now iG_{00}=^1_Y =^{(X+iε)} (X−X1)(X−X2) = X2+iε X2−X1 1 X−X2 + X1+iε X1−X2 1 X−X1 (4.25)

The right hand side now shows, in the complex k_0-plane, 4 poles in stead of 2: those at k^2_0 =^|k^{|2}_{θ2} +^{X1}_θ and k^2_0 =^|k^{|2}_{θ2} + X_2.We also note that X_{1,2} and hence the residues at these poles depend sensitively on relative magnitude of ϵ compared to that of δθ. We note in particular that for ϵ sufficiently large, X_1 ∼ −iε/θ and X_2 ∼ −iε, so that the first term in (4.25) drops out [residue tends to zero] and we are left with only two (usual) poles. In this case, the residue at X = X_1 also tends to one. This is what one normally has. On the other hand, for sufficiently small ϵ [and this limit is the one that interests us ] we have |X_{1,2}| >> ε and X_1 + X_2 ≃ O(ε); so that X_1 − X_2 = 2X_1 + O(ε). Thus the coefficients^{X2+iε}_{X2−X1} ≃^{X1+iε}_{X1−X2} ≃^1_2 and all the 4 poles appear with equal weightage. For intermediate values of δθ/ϵ there are still 4 poles but the residues vary continuously between the two extremes. Now, consider the contribution for the coordinate space propagator

11In the following, we drop the prime on θ for convenience.

G_{00}(x − y) ≡

∫_d4_k (2π)4 exp[−ik.(x − y)]G00(k) and to be concrete, let us consider the case x_0 − y_0 > 0. To perform the k_0-integration, we close the contour below. Then only the poles in the lower quadrant will contribute to the integral.The residue at these poles is variable as ϵ is varied. In fact, for ϵ >> δθ, we have the positive energy pole contributing as expected of a causal prescription, whereas for ϵ << δθ both the positive and the negative energy poles contribute equally. For intermediate values of ϵ, we have the two poles contributing to a variable degree.

After this demonstration of how delicately the ϵ-term is affected by an infinitesimal change in the interpolating parameter θ [1 > θ > 0], we shall make several observations:

(a) The (0,0) component of the propagator we have considered for simplicity propogates an unphysical degree of freedom and as such, we may not find the above situation undesirable purely from a physical point of view. We shall soon rectify this by also considering the spatial components and reaching a similar conclusion.

(b) Nonetheless, we have demonstrated how unstable the ansatz of the ϵ-term used in reference [7] is with respect to small variations of the interpolating parameter θ. It is only in an infinitesimal neighborhood of θ=1 [Feynman gauge], where we know that the ϵ-term is correct, that the instability is absent.

(c) This strongly suggests that we cannot use such an ϵ-term if we are to preserve gauge-independence. (d) We noted that for a sufficiently small ϵ, there is a apparently discontinuous behavior in the propagator as θ is varied by a small amount. A propagator having contribution from positive energy pole suddenly goes into one having equal contribution from positive and negative energy poles! This looks suspicious as one may naively expect that as the formulation seems continuous in θ, such discontinuity cannot appear. Here, we note the existence of a ratio δθ/ϵ, which can vary widely, and on which the modified ϵ-term sensitively depends near a pole. Thus, the effect of the net ϵ-term is actually continuous in θ, but the scale of variation is too small ∼ ϵ. As δθ << ϵ, we in fact recover the old causal propagator; but for δθ >> ε, the propagator looks completely different as the residues at various poles depend sensitively on δθ/ϵ!

(e)When it comes to choosing the ϵ-term for another type of gauge, a procedure was proposed in references [8,1] to do this and was followed up in [9,10]. It was by transforming the Lorentz gauge path-integral with the correct ϵ-term, into a path-integral of desired class of gauges. It is done with the help of the finite-field dependent BRS (FFBRS) transformation developed for the appropriate pair of gauges [8]. This procedure, starting from the Lorentz-type gauge, in effect, gathers along (integrates) the change in the ϵ-term as a parameter such as θ is varied. In this process, we would, thus, not find ourselves with the naive ϵ-term for a θ < 1 [ i.e. away from the Feynman gauge] in the first place. The net result for Green’s functions is accessible in a mathematically tractable form [9,10].

Having demonstrated the phenomenon with the help of the (0,0) component for simplicity, we shall now proceed with the spatial components. The discussion proceeds much the same way; hence we shall give only the main steps. For spatial components the propagator is G_{ij} = i{Z + εδθZ^1}^{−1}_{ij} We note the values:

Z_{ij} = (k^2 + iε)[δ_{ij} + k_ik_jA]; A =^{(1− 1θ2 )}_{k2+iε} εδθZ^1_{ij} = (k^2 + iε)k_ik_j δA; δA =^{2iεδθ(1−θ)} θ3[θk20− 1_θ |k|2+iε](k2+iε) A^′ ≡ A + δA G_{ij} is then given by G_{ij} = i{Z + εδθZ^1}^{−1}_{ij} =^i_{k2+iε} ( δ_{ij} − k_ik_j^{A0}_{1+|}k_{|2A0} ) It is the denominator of k_ik_j that has nontrivial structure. For one of the terms, it is given by (k^2 + iε)(1 + |k|^2A^′) = k^2 + iε + |k|^2(1 −^1_{θ2} )+^{2iε|}k^{|2δθ(1−θ)} θ3[θk20− 1_θ |k|2+iε] =^X_θ + iε +^{2iεδθ(1−θ)|}k^{|2} θ3(X+iε) Vanishing of this denominator implies X^2 + iε(1 + θ)X − ε^2θ +^{2iεδθ(1−θ)|}k^{|2}_{θ2} = 0 The solutions to this equation are verified to have very similar properties as those for (4.20): In fact, for ϵ sufficiently small,

X_1 ≃ −X_2 ≃ √ −2iεδθ(1 − θ)^|k^|_θ ≡(1 − i)^{2|}k^|_θ √ εδθ(1 − θ) which is >>ϵ in magnitude. and for ϵ >> δθ, we have X_1 ∼ −iεθ and X_2 ∼ −iε In view of this exactly analogous conclusions follow for the spatial components also.

5 A SIMPLE EXAMPLE OF QED

In the last section, we had shown that if one were to use the term −iε ∫ d^4x

(_1 2 A^2 − cc ) in the path- integral for the interpolating gauges, we develop a severe pathological behavior. As mentioned in Section 3 [see before Eq.(3.2)], the ϵ-term is not fixed in all details. A question, then, naturally arises if there is no simple modification of this epsilon-term that will do the job. An essential requirement for such a term to lead to no residual contributions of the kind (3.15)(at least to the lowest order) has been the invariance of such a term under the abelian part of BRS.

In the case of the Doust interpolating scheme [7], a term −iεθ ∫ d^4x

(_1 2 A^2_0 −^1_{2θ2} A^2 −^1_θ cc ) (5.1) [or any term proportional to it (by a positive number) ] does in fact satisfy the condition for invariance under the abelian part of BRS^{12} :

δA_μ(x) = ∂_μc(x) δΛ δc^α(x) =0 δc^α(x) = [θ∂^0A_0 −^1_θ ∂_iA_i] δΛ (5.2) Thus a question naturally arises whether such a simple modification may not always exist and whether (or not) it will remove the problem at hand.

Another question the treatment of the last section will perhaps raise is whether any delicate approximations have been made in the process there that could lead to such an unusual result.

With these questions in mind, we shall work out a simple example in the context of QED. We shall be able to work out this example exactly without the need for any simplifying approximations . We shall show that even with the ϵ-term (5 .1) finely tuned to cancel the leading term in (3 .15), there is a residue that again leads to the same phenomenon.

Being an abelian theory in linear gauges, we can dispense ourselves with ghosts and confine ourselves only with the gauge transformations .

Consider, thus, the expectation value of a gauge-invariant operator O[A, ψ, ψ] ≡ O[ϕ]: < O[ϕ] >=^1_W << O[ϕ] >> (5.3a) with, << O[ϕ] >>≡ ∫ DϕO[ϕ] exp{iS_0[A, ψ, ψ] −^i_2 ∫ d^4xF [A, θ]^2+ an ϵ-term } (5.3b) and W ≡<< 1 >>. In the path integral, we can perform any kind of a field transformation, in particular, any gauge transformation, without altering its value. We shall consider the following gauge transformation^{13} , not necessarily infinitesimal,

A_i ≡A^′_i+∂^α_i (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′] (5.4) with

12Here, we are refering to the invariance in the lowest order.

13We shall use below the summation integration convention of DeWitt for the sake of compactness. See e.g.reference [17] for its usage. Here, we note for brevity a few things:In A_i , i refers to a space-time lable x_i , as well as a Lorentz index μ . Compact indices are raised and lowered by g^{ij}~ g^{μν} δ4(x_i − x_j). In F^α, α refers to a space-time label xα. δ^{αβ} ~ δ4(xα − x_β ) raises these indices. F^αFα stands for ∫ d4xF (x)2.

M^{αβ}_0 =^{δF α}_{δAi} ∂^β_i (5.5) (M_0 is A-independent) and an appropriate gauge transformation on ψ and ψ [with a field-dependent gauge parameter]. Here, we note the value ∂^α_i = ∂^{xi}_μ δ^4(x_i − x_α) (which is a number) when α stands for (x_α) and i for (μ, x_i). We parametrize the ϵ-term in (5.3b) as 1 2 εa^{ij} A_iA_j (5.6) with a_{ij} = a_{ji} and a_{ij} being local, i.e. proportional to δ^4(x_i − x_j) or its derivatives. For a linear F^α and δF^α, the transformation (5.4) is linear in A. The super-determinant for the transformation is a constant i.e. independent of fields ( DψDψ being invariant) and thus does not contribute to the ratio (5.3a).

Under the gauge transformation, S_0 is invariant. Under this field transformation (we recall that F is linear in A),

F^α[A] = F^α[A^′] +^{δF α}_{δAi} ∂^β_i (M_0 − iε)^{−1}_{βγ} ΔF^γ [A^′]

= F^α[A^′]+M^{αβ}_0 (M_0 − iε)^{−1}_{βγ} ΔF^γ[A^′] = F^α[A^′]+ΔF^α[A^′] + iε[(M_0 − iε)^{−1}]^α_γ ΔF^γ[A^′] (5.7) The gauge fixing term goes into −^i_2 F^α[A]F_α[A] ≡−^i_2 F^{α2}[A] =−^i_2 {F^α[A^′] + ΔF^α[A^′]}^2 + εF^α[A^′] (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]+ εΔF^α[A^′] (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]+^i_2 ε^2{(M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]}^2 (5.8) and the ϵ-term goes into 1 2 εa^{ij} A_iA_j =^1_2 εa^{ij} A^′_iA^′_j +εa_{ij}A^′_i∂^β_j (M_0 − iε)^{−1}_{βγ} ΔF^γ[A^′]+ 1 2 εa^{ij} ∂^α_i (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]∂^δ_j (M_0 − iε)^{−1}_{δγ} ΔF^γ[A^′] (5.9) We note that the terms in (5.8) and (5.9) of the leading order in ΔF together are εF^α[A^′] (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]+εa^{ij}A^′_i∂^β_j (M_0 − iε)^{−1}_{βγ} ΔF^γ[A^′] (5.10) It is the equivalent of these terms, that were discussed in their effects, in section 4. These terms together can cancel out, for an arbitrary ΔF , if and only if for a given F , a choice of a_{ij} can be made such that^{14} F^α = −a^{ij} ∂^α_j A_i (5.11) Now if the ϵ-term is not or cannot be chosen consistent with (5.11), then the entire set of observations in section 4 (based upon this term) hold. Presently, we want to study the possibility that the two terms in (5.10) do cancel. Later we shall make observations on when this is /is not possible.

Assuming that (5.11) holds, we have, M^{αβ}_0 =^{δF α}_{δAi} ∂^β_i = −a^{ij} ∂^α_j ∂^β_i = M^{βα}_0 (5.12)

14This relation based on the above cancellation is specific to the gauge transformation (5.4).

Using this we can simplify the last term in (5.9) as 1 2 εa^{ij} ∂^α_i (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]∂^δ_j (M_0 − iε)^{−1}_{δγ} ΔF^γ [A^′] = −^1_2 εM^{αδ}_0 (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′](M_0 − iε)^{−1}_{δγ} ΔF^γ [A^′] = −^1_2 ε(M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]ΔF^α[A^′]−^i_2 ε^2(M_0 − iε)^{−1}_{αβ} ΔF^β[A^′]{(M_0 − iε)^{−1}}^α_γ ΔF^γ[A^′] (5.13) we collect the remaining terms in (5.8) and (5.9) together and after some cancellations and simplifications, we find that the gauge-fixing and the ϵ-terms together become, −i 2 F^{α2} −^1_2 εa^{ij} A_iA_j =^{−i}_2 {F [A^′]+ΔF [A^′]}^2+^1_2 εa^{ij} A^′_iA^′_j+^1_2 εΔF^α[A^′] (M_0 − iε)^{−1}_{αβ} ΔF^β[A^′] (5.14) We thus find that << O[ϕ] >>≡ ∫ DϕO[ϕ] exp{iS_0[A, ψ, ψ] −^i_2 ∫ d^4xF [A, θ]^2+^1_2 εa^{ij} A_iA_j } = ∫ Dϕ^′O[ϕ^′] exp{iS_0[A^′, ψ^′, ψ^′] −^i_2 ∫ d^4x{F [A^′, θ] + ΔF [A^′]}^2+^1_2 εa^{ij} A^′_iA^′_j +^1_2 εΔF^α (M_0 − iε)^{−1}_{αβ} ΔF^β} (5.15) We note that we have derived the above result exactly and not necessarily for an infinitesimal ΔF . Here, we note the presence of the last term in the exponent that has precisely similar effects as the last term in (4.6) that were elaborately discussed in Section 4. To see this, consider [we shall drop primes on A^′ henceforth] F [θ, A] =[θ∂^0A_0 −^1_θ ∂_iA_i] ; ΔF ≡ F [θ^′, A] − F [θ, A] = (θ^′ − θ) ( ∂_0A_0 +^1_{θ0θ} ∂_iA_i ) (5.16) Here, we need not yet require (θ^′ − θ) an infinitesimal. We now focus our attention on the part of the action quadratic in A. It is

iS_0[A] −^i_2 F^α[θ^′, A]^2 +^1_2 εθ[A^2_0 −^1_{θ2} A^2] +^1_2 εΔF^α (M_0 − iε)^{−1}_{αβ} ΔF^β (5.17) This in particular leads to Z^′_{00} =|k|^2−θ^{′2}k^2_0−iεθ ( 1 −^{k20(θ0−θ)2/θ} θk20− 1_θ |k|2+iε ) We note that the additional term is of O[(θ^′ − θ)^2]. We can now carry out the entire analysis in parallel as in section 4, and reach similar conclusions.

Finally, we comment that a choice of the ϵ-term satisfying (5.11) [where a_{ij} is symmetric] may not exist for a given F^α. If this is not possible, the analysis of section 4 is sufficient to draw our conclusions. We have seen explicitly that for the Doust [7] interpolating gauge, a_{ij} do exist, so that the analysis of this section is required if this choice is made. For the gauges (P ∂)A = 0 [18], one can find a_{ij} if P_{μν} [ with both lower or both upper indices] is symmetric. Thus, one cannot choose a_{ij} for the light front gauge fixing [18] (∂_0 + ∂_3)(−A_0 + A_3) = F = 0.

The important point made in this section is that the variation of a parameter in interpolating gauges is associated with gauge transformations such as (5.4), which as ϵ→ 0, become singular; thus, suggesting that care is needed in operations involving such parameter variations.

6 CONCLUSIONS

We shall now summarize the conclusions for the work presented. We emphasized the importance of the correct ϵ-term in the discussion of gauge-independence. We explicitly demonstrated that to keep the gaugeindependence of , say , the vacuum expectation value of a gauge-invariant operator, it is generally necessary to vary the ϵ-term appropriately with parameters in F [A, α]. We explained, how in the context of the family of Lorentz gauges, this alteration in the ϵ-term does not alter the causal nature of the prescription. We explained why the ϵ-term need not be paid attention to in the discussion of gauge-independence for the class of the Lorentz-type gauges as ϵ→ 0 and emphasized that this was an exception rather than a rule. We illustrated the effect of the modification of the ϵ-term with a variation of parameter by applying it to the interpolating gauges used by Doust [7] to connect the Feynman and the Coulomb gauges together with a fixed ϵ-term added to the action for all θ: 1≥ θ ≥ 0. We demonstrated that as θ is varied, gauge-independence cannot be preserved unless the ϵ-term is suitably varied and thus that such an interpolating gauge does not really gauge-invariantly interpolate between the Lorentz gauge and the Coulomb gauge. What is worse is that the small variation in ϵ-term with θ has a catastrophic effect: it the gauge boson propagator structure from the causal one to a mixed one even for a small change δθ. We further demonstrated that there was no modification of the ϵ-term that would allow us an escape.

ACKNOWLEDGEMENTS I would like to acknowledge financial support from Department of Science and Technology, Government of India in the form of a grant for the project DST-PHY-19990170.

7 Appendix A

In this appendix, we shall discuss the behavior of the sign of the imaginary part of Y [See Eq.(4.18)] near the point where the real part vanishes. This gives an alternate semi-quantitative view of what happens.

Consider an example of a contribution to the Green’s function , ∫ dk_0^{exp{−ik0t}} k0−ω (A.1)

This is ill-defined and the definition is made by specifying how the singularity at k_0 = ω is treated. A prescription such as ∫ dk_0^{exp{−ik0t}} k0−ω+iε implies that the contour in (A.1) near k0 = ω is to be taken above the real axis. We can

of course distort the contour as we like elsewhere and not have the value of the integral changed in view of the analyticity of the integrand.Since the specification of the location of the contour near k_0 = ω is all that counts, we could as well redefine the Green’s function as ∫ dk_0^{exp{−ik0t}} k0−ω+iε(k0) where ϵ(k_0) is any analytic function.[Example:ϵ(k_0) = ϵ(k_0^2+m^2)]. To reemphasize, it is the sign of the ϵ-term near the singularity of the real part that matters as ϵ→0.

Now, at δθ= 0, the sign of the imaginary part at the location of the ReY = 0, i.e. X = 0 or k_0 = ±^1_θ |k| is positive and this determines on which side of the real axis the poles are and this in turn determines how they contribute say to the coordinate propagator. We would like to study how this is affected when δθ ≠0. Ordinarily, i.e., if the hypothesis of “ causal” prescription in (4.1) is in fact correct, we would by continuity expect nothing unusual. Now, from (4.18), ReY = θX −^{2δθε2(1−θ)k20} X2+ε2 ; ImY = ε − 2δθε(1−θ)k20X X2+ε2 When ReY = 0, i.e.^{15}, θX =^{2δθε2(1−θ)k20} X2+ε2 we have, θX2 ε2 =^{2δθ(1−θ)k20X} X2+ε2 which in turn leads to ImY = ε ( 1 −^{θX2}_{ε2} ) = −εθ ( 1 +^{X2}_{ε2} ) + ε(1 + θ) Further, ReY = 0,implies that θX(X^2 + ε^2) + 2δθε^2(1 − θ)k^2_0 = 0 so that at ε = 0, we have X = 0. We further note, θX =^{2δθ(1−θ)k20} X2 ε2 +1

Now , as ϵ → 0, we know that X→ 0.This implies that {1 +^{X2}_{ε2} }→ ∞ .Thus, for a fixed value of δθ, we always have a sufficiently small ϵ such that [for θ > 0], ImY =ϵ ( 1 + θ − θ [ 1 +^{X2}_{ε2} ]) < 0 i.e. the sign of the imaginary part changes.

References

15In the following we drop the prime on θ for convenience.

[1] See e.g. S.D.Joglekar in “Finite field-dependent BRS transformations and axial gauges”, invited talk at the conference titled “Theoretical Physics today: Trends and Perspectives” held at IACS Calcutta, April 1998, appeared in Ind. J.Phys.73B, 137(1999)[also see references in 2, 4 below].

[2] See e.g. G. Leibbrandt in “Non-covariant Gauges”, World Scientific, Singapore Chapter 10 and references therein; D.Zwanziger Prog.Theor.Phys.Suppl. 131:233(1998) [3] See e.g M.B.Green, J.Schwarz and E.Witten in “Superstring Theory” Volumes 1, 2 ; Cambridge University Press, Cambridge (1987) [4] See e.g. A. Bassetto, G. Nardelli and R. Soldati in “Yang-Mills Theories in Algebraic Non-covariant Gauges”, World Scientific, Singapore, 1991 and references therein and also references in [2] above.

[5] W.Kummer hep-th/0104123; L. Baulieu and D. Zwanziger Nucl.Phys. B 548, 527(1999) and references therein [6] See e.g. references in [2] and [3] above and also A. Burnel Phys. Rev.D 36, 1846 (1988); ibid. 36, 1852 (1988).

[7] P.J.Doust, Ann. Phys.177, 169 (1987) [8] R.S.Bandhu and S. D. Joglekar , J.Phys. A-Math and General 31, 4217 (1998).[This work uses the results of S.D.Joglekar and B.P.Mandal , Phys. Rev. D51, 1919 (1995)] [9] S. D. Joglekar and A. Misra , J. Math. Phys.41, 1555 (2000) [10] S. D. Joglekar and A. Misra, Int. J. Mod. Phys. A15 (2000); S. D. Joglekar and A. Misra, Mod. Phys.

Letters A 14, 2083, (1999) [11] See e.g. references 2 and 4.

[12] S. D. Joglekar and A. Misra, Mod. Phys. Letters A 15, 541 , (2000); S. D. Joglekar and A. Misra, hep-th/0010075 to appear in Int.J.Mod.Phys.A 16 (2001) .

[13] S.D.Joglekar , Connecting Green’s Functions in an Arbitrary Pair of Gauges and an Application to Planar Gauges, IIT Kanpur preprint No.IITK/Phy/2000/7, e-print hep-th/0005154 [14] S.D.Joglekar and B.P.Mandal: hep-th/0105042

[15] See e.g. H. Cheng and E. Tsai, Phys. Rev. Lett.57, 511 (1987); P.J.Doust, Ann. Phys.177, 169(1987);

P.J.Doust and J.C.Taylor Phys. Lett. B197, 232 (1987); G.Heinrich and G. Leibbrandt, Nucl.Phys.B575, 359 (2000) and references therein.

[16] G. ’t Hooft and M.Veltman , Nucl.Phys.B 50, 318 (1972). [17] B.W.Lee, Phys. Rev. D9, 938 (1974) [18] See e.g. second of [5].