arXiv:hep-th/0107026 4 Jul 2001

Self-energy and Self-force in the Space-time of a Thick Cosmic String

N.R. Khusnutdinov^{a)∗} and V.B. Bezerra^{b) †} a) Department of Theoretical Physics, Kazan State Pedagogical University, Kazan, Mezhlauk 1, 420021, Russia b) Departamento de Física, Universidade Federal da Paraíba, Caixa Postal 5008, CEP 58051-970 João Pessoa, Pb, Brazil

We calculate the self-energy and self-force for an electrically charged particle at rest in the background of Gott-Hiscock cosmic string space-time. We found the general expression for the self-energy which is expressed in terms of the S matrix of the scattering problem. The self-energy continuously falls down outward from the string’s center with maximum at the origin of the string. The self-force is repulsive for an arbitrary position of the particle. It tends to zero in the string’s center and also far from the string and it has a maximum value at the string’s surface. The plots of the numerical calculations of the self-energy and self-force are shown.

98.80.Cq, 14.80.Hv

I. INTRODUCTION

Topological defects may have been formed during the expansion of the Universe due to spontaneous symmetry breaking [1]. Among these defects, cosmic strings seem to be of particular interest [2] due to its very intriguing properties compared with those associated with a non-relativistic linear distribution of matter.

A variety of models of strings has been proposed. The first model corresponding to an infinitely thin cosmic string has been considered by Vilenkin in Ref. [3]. This space-time is locally flat but globally it is the direct product of the two-dimensional Minkowski space-time and a two-dimensional cone. The main geometrical peculiarity of this space-time is the deficit angle. The Riemann tensor is a delta-function with support on the string’s origin [4].

A more realistic model of a cosmic string with inner structure has been considered by Gott [5] and Hiscock [6]. The interior of this string is a constant curvature space-time and the exterior is a conical space-time as in the Vilenkin model. The deficit angle of the conical space is expressed in terms of the energy density of matter inside the string as we will see in Sec. II. There is no singularity at the origin of the string and the Riemann tensor is constant inside the string and zero outside it. The metric functions are C^1-regular at the string’s surface.

The space-time of a cosmic string in the U (1) gauge theory has been considered numerically by Garfinkle in Ref. [7]. It was shown that this space-time smoothly tends to a conical space-time far from the string’s origin.

The self-energy and the self-force for (un)charged particle in the infinitely thin cosmic string space-time has been investigated in Refs. [8–12]. The self-force on electric and magnetic linear sources in this space-time was also investigated in Ref. [13] and extended to the case of multiple cosmic strings [14].

It is well-known [3] that a straight cosmic string produces no gravitational force on surrounding matter. Nevertheless, there is interaction between the cosmic string and a particle due to its own field. This effect is non-local and depends on the deficit angle of the conical section of the cosmic string space-time. It was shown that even for a particle at rest, the electromagnetic force has only radial component, it is repulsive [8,9,11,12] and given by

F^{el}_r = L_0 q^2 2r^2

. (1)

In the gravitational case it is attractive [10] and has the following expression

F^{gr}_r = −L_0 m^2 2r^2

. (2)

Here, q and m are charge and mass of particle, respectively; r is a distance from particle to string.

The constant L_0 depends only on the deficit angle of the conical section of the cosmic string space-time. It is zero for zero angle deficit but for a supermassive cosmic string [9,12] it becomes very strong (L_0 → ∞).

∗e-mail:nail@dtp.ksu.ras.ru †e-mail:valdir@fisica.ufpb.br

As it is seen from Eqs.(1) and (2) the self-interaction force tends to infinity at the string’s origin, that is, as r → 0. Obviously, real cosmic strings which may appear at phase transitions in the early Universe have non-zero thickness. For example, cosmic strings that appeared in Grand Unified Theory (GUT) have radius r_o ∼ 10^{−29}cm [2]. In this case the space-time inside the string is not flat and one may expect some modification in the self-force that arises from this fact. This problem has been qualitatively discussed in Ref. [15] in the context of the study of implications of cosmic string catalysis in the process of baryon decay.

The purpose of this paper is to calculate the electromagnetic self-energy and self-force for a charged particle at rest in the background of Gott-Hiscock cosmic string space-time presented in Refs. [5,6]. In order to do the calculation we use the approach developed in Refs. [8,9]. In this method the self-potential Φ and self-energy U are proportional to the coincidence limit at the particle position ⃗x_p of the renormalized Green’s function of the three-dimensional Laplace operator Φ(⃗x_p) = 4πqG^{ren}(⃗x_p|⃗x_p) , (3) U (⃗x_p) =^1_2 qΦ(⃗x_p) , (4)

and the self-force is the minus gradient of self-energy ⃗F (⃗x_p) = −⃗∇_{xp} U (⃗x_p) . (5) To renormalize the Green’s function we use standard procedure [16,17] and subtract from that its singular part in Hadamard’s form.

The organization of this paper is as follows. In Sec. II we introduce Gott-Hiscock space-time generated by a finite thickness cosmic string space-time and describe all geometrical characteristics we need. In Sec. III we obtain the general formulas for the self-potential for a particle at rest in this background taking into account the contributions from inner and outer parts of the string. In Sec. IV we analyze qualitatively and numerically the self-energy and self-force. We discuss our results in Sec.V. In Appendix A we obtain an uniform expansion for the self-energy and discuss the self-force.

Throughout this paper we use units c = G = 1.

II. THE SPACE-TIME

We consider the space-time of a straight infinite cosmic string with constant energy density E corresponding to the matter inside it. The solution of Einstein equations for this case has been found by Gott [5] and Hiscock [6]. The space-time may be divided by the surface of the string in two parts: interior and exterior domains. The latter is a flat conical space-time described by the line element

ds^2_{out} = −dt^2 + dr^2 + r^2 ν^2 dφ^2 + dz^2 , (6)

where φ ∈ [0, 2π], r ∈ [r_o, ∞) and the parameter r_o is the radius of the string.

The interior part of the string is a constant curvature space-time with line element given by

ds^2_{in} = −dt^2 + dρ^2 + ρ^2_o ϵ^2 sin^2 ( ϵρ ρ_o ) dφ^2 + dz^2 , (7)

where φ ∈ [0, 2π] and ρ ∈ [0, ρ_o]. The inner radius of the string is ρ_o and it is related with parameter ϵ by ρ_o/ρ_∗ = ϵ, where ρ_∗ = 1/ √ 8πE is the ”energetic” inner radius of the string. The matching conditions at the surface of the string give the connection between inner (ρ_o, ϵ) and outer (r_o, ν) parameters of the string, which reads as

r_o ρ_o = tan ϵ ϵ , ν = 1 cos ϵ

. (8)

In this case the surface energy-momentum tensor is absent.

The non-zero components of the Riemann and Ricci tensors and scalar curvature are the following R^{ρφ}_{· · ρφ} = ϵ^2 ρ^2_o

, R^ρ = R^φ = ϵ^2 ρ^2_o , R = 2ϵ^2 ρ^2_o

. (9)

The space-time described by Eqs.(6) and (7) may be covered by one map using the continuation of the radial coordinate r into the inner domain of the string through the relation sin ( ϵρ ρ_o ) = r r_o sin ϵ . (10)

Therefore the line element can be written as [18]

ds^2 = −dt^2 + P^2(r)dr^2 + r^2 ν^2 dφ^2 + dz^2 , (11)

where the function P (r) is given by

P (r) = { ( ν^2 +^{r2}_{r2o} (1 − ν^2) )_{−1/2} , r ≤ r_o , 1 , r ≥ r_o .

(12)

Sometimes we use the metric inside the string in the form given by Eq.(7) instead of Eq.(11). Connection between them is obtained from Eq.(10).

III. THE SELF-ENERGY

The electromagnetic potential A^μ in the Lorenz gauge for a particle with trajectory x^μ = x^μ(τ ) obeys the equations

g^{αβ}∇_α∇_βA^μ + R^μ_ν A^ν = −4πJ^μ(x) = −4πq ∫ u^μ(τ )δ^4(x − x(τ )) dτ √ −g . (13)

It is possible, in principle, to obtain the self-force for an arbitrary trajectory of the particle using the same procedure of Refs. [11,12], but for simplicity we shall consider the particle at the rest with trajectory

x^0(τ ) = τ , x^1(τ ) = r_p , x^2(τ ) = φ = 0 , x^3(τ ) = z = 0 , (14)

where r_p is the radial position of the particle. Let us consider the equation for the zero component of the vector potential A^μ. In the space-time of a cosmic string with metric (11), it reads

(−∂^2_t + △)A^0 = −4πJ^0 , (15)

where △ = g^{ik}∇_i∇_k is the three-dimensional Laplacian. For our space-time and trajectory given by Eq.(14), we get

△A^0 = − 4πq √ g^{(3)} δ(r − r_p)δ(φ)δ(z) , (16) where g^{(3)} = r^2P^2(r)/ν^2 is the determinant of the three-dimensional part of the metric. Therefore, A^0 is the scalar Green’s function of the three-dimensional Laplacian multiplied by 4πq A^0(x, φ, z) = 4πqG(r, φ, z|r_p, 0, 0) . (17) The self-potential Φ and self-energy U , according to Refs. [8,9] are

Φ(r_p) = 4πqG^{ren}(r_p, 0, 0|r_p, 0, 0) , (18) U (r_p) =^1_2 qΦ(r_p) , (19)

where G^{ren} is the renormalized Green’s function.

Since the self-energy depends only on the radial coordinate r, the self-force will have only radial component given by F_{rp} = − d dr_p U (r_p) . (20)

Now, let us find in a closed form the three-dimensional scalar Green’s function G(x, x^′)

△G(x, x^′) = − 1 √ g^{(3)} δ(r − r^′)δ(φ − φ^′)δ(z − z^′) . (21) In the space-time under consideration, Eq.(21) turns into ( 1 rP (r) ∂ ∂r r P (r) ∂ ∂r + ν^2 r^2

∂^2 ∂φ^2 + ∂^2 ∂z^2 ) G(x, x^′) = − ν rP (r) δ(r − r^′)δ(φ − φ^′)δ(z − z^′) . (22) Taking into account the cylindrical symmetry of the problem we may represent the Green’s function in the following form G(x, x^′) = 1 4π^2 ∫_∞ −∞ dk_ze^{ikz (z−z0)} ∞∑ n=−∞ e^{in(φ−φ0)}ϕ(r, r^′) , (23) where the radial part of Green’s function obeys the equation ( 1 rP (r) ∂ ∂r r P (r) ∂ ∂r − n^2ν^2 r^2 − k^2_z ) ϕ(r, r^′) = − ν rP (r) δ(r − r^′) . (24)

In order to calculate the radial Green’s function we use the standard approach and the following expression for it

ϕ(r, r^′) = θ(r − r^′)ψ_1(r)ψ_2(r^′) + θ(r^′ − r)ψ_1(r^′)ψ_2(r) , (25)

where θ is the step function and ψ_1, ψ_2 are two linearly independent homogeneous solutions of Eq.(24). The function ψ_1(r) falls down as r → ∞ and ψ_2(r) is regular at the origin. Integrating Eq.(24) over r around r^′ one has the Wronskian normalization condition [18]

W (ψ_2, ψ_1) = ψ^′_1(r)ψ_2(r) − ψ_1(r)ψ^′_2(r) = − ν r P (r) . (26)

Both homogeneous solutions are regular at the string’s surface and they obey the set of equations

ψ_k(r)_{|ro+ε} = ψ_k(r)_{|ro−ε} , (27a) ψ^′_k(r)_{|ro+ε} = ψ^′_k(r)_{|ro−ε} , (27b)

with ε → 0 and k = 1, 2.

The homogeneous solutions ψ yield Bessel’s equation ( 1 r ∂ ∂r r ∂ ∂r − n^2ν^2 r^2 − k^2_z ) ψ_{out}(r) = 0 , (28)

outside the string and Legendre’s equation 1 sin (_{ϵρ} ρo ) ∂ ∂ρ sin ( ϵρ ρ_o ) ∂ ∂ρ − n^2ϵ^2 ρ^2_0 sin^2 (_{ϵρ} ρo ) − k^2_z ψ_{in}(ρ) = 0 , (29)

inside it.

Therefore the homogeneous solutions with required boundary conditions are the following

ψ_1 = { N · p^{|n|}_μ [x] + M · q^{|n|}_μ [x] ; r ≤ r_o F · K_{|n|ν}[kr] ; r ≥ r_o , ψ_2 = { E · p^{|n|}_μ [x] ; r ≤ r_o A · I_{|n|ν}[kr] + B · K_{|n|ν}[kr] ; r ≥ r_o , (30)

where k = |k_z| and x = cos (_{ϵρ} ρo ) = (νP (r))^{−1}; I_{nν} and K_{nν} are modified Bessel functions. The functions p^{|n|}_μ and q^{|n|}_μ are expressed in terms of the Legendre functions of first and second kind by p^{|n|}_μ [x] = P^{−|n|}_μ [x] , (31) q^{|n|}_μ [x] = (−1)^n 2 ( Q^n_μ[x] + Q^n_{−μ−1}[x] ) = − π 2 sin πμ P^{|n|}_μ [−x] , (32) where μ = −^1_2 +^1_2 √ 1 − 4k^2r^2_o /(ν^2 − 1).

On choosing these functions, they will be real for arbitrary value of x and the Wronskian of them will take the simple form W (p^{|n|}_μ , q^{|n|}_μ ) = 1 1 − x^2

. (33)

The six constants in Eq.(30) can be found from Eqs.(26) and (27). The Wronskian normalization condition Eq.(26) gives two relations

AF = ν , M E = 1 , (34)

and the conditions of regularity on the surface of the string given by Eq.(27) define the ratios S_{out}[kr_o, |n|, ν]^{def}= B A = − ν ( 1 −^1_{ν2} ) p^{|n|}_μ^′[^1_ν ]I_{|n|ν}[kr_o] + kr_op^{|n|}_μ [^1_ν ]I^′_{|n|ν}[kr_o] ν ( 1 −^1_{ν2} ) p^{|n|}_μ^′[^1_ν ]K_{|n|ν}[kr_o] + kr_op^{|n|}_μ [^1_ν ]K^′_{|n|ν}[kr_o]

, (35a)

S_{in}[kr_o, |n|, ν]^{def}= N M = − ν ( 1 −^1_{ν2} ) q^{|n|}_μ^′[^1_ν ]K_{|n|ν}[kr_o] + kr_oq^{|n|}_μ [^1_ν ]K^′_{|n|ν}[kr_o] ν ( 1 −^1_{ν2} ) p^{|n|}_μ^′[^1_ν ]K_{|n|ν}[kr_o] + kr_op^{|n|}_μ [^1_ν ]K^′_{|n|ν}[kr_o]

. (35b)

These quantities characterize the scattering on the string. The S-matrix S_{out} may be represented in the following form S_{out} = f^∗_n(ik)/f_n(ik), where f_n(ik) is the Jost function of the scattering problem on the imaginary axis. It has been found in Ref. [19] and obeys the relations f_n(ik) = − 1 √ ν ( kr_o √ ν^2 − 1 )_n { ν ( 1 − 1 ν^2 ) p^{|n|}_μ^′[ 1 ν ]K_{|n|ν}[kr_o] + kr_op^{|n|}_μ [ 1 ν ]K^′_{|n|ν}[kr_o] } , (36)

f^∗_n(ik) = + 1 √ ν ( kr_o √ ν^2 − 1 )_n { ν ( 1 − 1 ν^2 ) p^{|n|}_μ^′[ 1 ν ]I_{|n|ν}[kr_o] + kr_op^{|n|}_μ [ 1 ν ]I^′_{|n|ν}[kr_o] } . (37)

Therefore the radial Green’s function of our problem is the following (r > r^′) ϕ(r, r^′) = { νK_{|n|ν}[kr^′] ( I_{|n|ν}[kr] + S_{out}[kr_o, |n|, ν]K_{|n|ν}[kr] ) ; r, r^′ ≥ r_o p^{|n|}_μ [x^′] ( q^{|n|}_μ [x] + S_{in}[kr_o, |n|, ν]p^{|n|}_μ [x] ) ; r, r^′ ≤ r_o , (38)

where x = cos (_{ϵρ} ρo ) = (νP (r))^{−1} and x^′ = cos (_{ϵρ0} ρo ) = (νP (r^′))^{−1}. In the limit ν → 1 this function becomes ϕ(r, r^′) = K_{|n|}[kr^′]I_{|n|}[kr] , (39) as it should be in flat space-time.

Let us proceed now to calculate the self-energy given by Eq.(19). The zero component of the vector potential A^0 of a particle with trajectory given by Eq.(14) and situated outside the string is A^0(r, φ, z) = qν π ∫_∞ −∞ dk_ze^{ikz z} ∞∑ n=−∞ e^{inφ}K_{|n|ν}[kr_p] ( I_{|n|ν}[kr] + S_{out}[kr_o, |n|, ν]K_{|n|ν}[kr] ) . (40)

Taking the coincidence limit in this expression for a fixed value of the angular variable, for example, φ = 0, and changing the integration variable k_z → k = |k_z|, one has

A^0(r, z) = 2qν π ∫_∞ 0 dk cos(kz) ∞∑ n=−∞ K_{|n|ν}[kr_p] ( I_{|n|ν}[kr] + S_{out}[kr_o, |n|, ν]K_{|n|ν}[kr] ) . (41)

This expression consists of two parts. The first one is due to the first term in brackets which is exactly the potential for an infinitely thin cosmic string. This term is divergent in the coincidence limit z → 0 , r → r_p. The second term is finite in this limit and tends to zero as ν → 1 as well as r_o → 0. Therefore to renormalize this potential we have to renormalize just the first term. Because the exterior is a flat space-time, in order to do the renormalization we may subtract from it the potential in Minkowski space-time which corresponds to ν = 1. Therefore the self-potential has the following form

Φ(r_p) = lim_{z→0} 2q π ∫_∞ 0 dk cos(kz) ∞∑ n=−∞ ( νK_{|n|ν}[kr_p]I_{|n|ν}[kr_p] − K_{|n|}[kr_p]I_{|n|}[kr_p] )

+ 2qν π ∫_∞ 0 dk ∞∑ n=−∞ S_{out}[kr_o, |n|, ν]K^2_{|n|ν}[kr_p] . (42) The first contribution may be found in closed form [8,9] using formulas 6.672(3) and 8.715(2) from Ref. [20] and we arrive at the following expression for the self-potential for a particle in the exterior of the string (R = r_p/r_o)

Φ(r_p) = q r_p L(ν, R) ; R ≥ 1, (43) where L(ν, R) = 1 π ∫_∞ 0 ν coth(νx) − coth x sinh x dx + 2ν π ∫_∞ 0 dx ∞∑ n=−∞ S_{out}[ x R , |n|, ν]K^2_{|n|ν}[x] . (44) This formula represents an interesting relation between the self-potential with the scattering problem and the Jost function on this background. The first term is a well-known result [8,9] for an infinitely thin string. The second term is the contribution due to non-zero thickness of the string. It tends to zero as the radius of the string goes to zero (r_o → 0).

Let us now consider a particle situated in the interior of the string. In this case the zero component of the vector potential reads A^0(r, φ, z) = 2q π ∫_∞ 0 dk cos kz ∞∑ n=−∞ e^{inφ}p^{|n|}_μ [x^′] ( q^{|n|}_μ [x] + S_{in}[kr_o, |n|, ν]p^{|n|}_μ [x] ) . (45)

To renormalize this expression we have to subtract from it all divergences in the Hadamard form [16]. The structure of divergences of Green’s function for odd-dimensional spaces is more simple then for even-dimensional case because in the former case there is no logarithmic singularity [17]. The singular part of the Green’s function in three dimensions is [17] G_{sing}(x, x^′) = △^{1/2} 4π 1 √ 2σ . (46)

Taking the coincidence limit for angular variable φ we get G_{sing}(ρ, z|ρ^′, z^′) = △^{1/2} 4π 1 √ (ρ − ρ^′)^2 + (z − z^′)^2

, (47)

where

△^{1/2} = 1 + 1 12 ϵ^2 ρ^2_o

(ρ − ρ^′)^2 + 1 160 ϵ^4 ρ^4_o

(ρ − ρ^′)^4 + · · · , (48)

and 2σ = (ρ − ρ^′)^2 + (z − z^′)^2. Let us represent the singular part of Green’s function (47) in the following integral form G_{sing}(ρ, z|ρ^′, z^′) = △^{1/2} 2π^2 ∫_∞ 0 dk cos k(z − z^′) ∞∑ n=−∞ K_{|n|}[kρ]I_{|n|}[kρ^′] . (49) To renormalize the self-potential we subtract from Eq.(45) the above expression multiplied by 4πq and take the coincidence limit ρ = ρ^′ = ρ_p , z = z^′. So, we arrive at the result

Φ(r_p) = 2q π ∫_∞ 0 dk ∞∑ n=−∞ { p^{|n|}_μ [x_p] ( q^{|n|}_μ [x_p] + S_{in}[kr_o, |n|, ν]p^{|n|}_μ [x_p] ) − K_{|n|}[kρ_p]I_{|n|}[kρ_p] } , (50)

where μ = − 1 2 + 1 2 √ 1 − 4k^2r^2_o ν^2 − 1 = − 1 2 + 1 2 √ 1 − 4k^2ρ^2_o

ϵ^2

, (51)

x_p = (νP (r_p))^{−1} = cos ( ϵρ_p ρ_o ) , kr_o = kρ_o tan ϵ ϵ . (52)

Note that we can easily show that

lim_{z→z0} lim_{ρ→ρ0} lim_{r→r0} ∫_∞ 0 dk cos k(z − z^′) ∞∑ n=−∞ { K_{|n|}[kρ]I_{|n|}[kρ^′] − K_{|n|}[kr]I_{|n|}[kr^′] } (53)

= ∫_∞ 0 dk ∞∑ n=−∞ { K_{|n|}[kρ]I_{|n|}[kρ] − K_{|n|}[kr]I_{|n|}[kr] } = 0 .

This is due to the fact that the singular part of Green’s function given by Eqs.(47) and (49) in coincidence limit ρ^′ = ρ does not depend on ρ. It is simply given by 1/4π|z − z^′|. For this reason we may change ρ_p and r_p in the last term in Eq.(50) and the self-potential Φ given by Eqs.(43) and (50) is continuous at the string’s surface.

IV. DISCUSSION

From previous results we have the following expressions for the self-energy of charged particles at the point R = r_p/r_o in the thick cosmic string space-time

U (r_p) = q^2 2r_o

{_1 R L(ν, R) R ≥ 1 H(ν, R) R ≤ 1 , (54) where L(ν, R) = 1 π ∫_∞ 0 ν coth(νx) − coth x sinh x dx + 2ν π ∫_∞ 0 dx ∞∑ n=−∞ S_{out}[ x R , |n|, ν]K^2_{|n|ν}[x] , (55)

H(ν, R) = 2 π ∫_∞ 0 dx ∞∑ n=−∞ { p^{|n|}_{μx} [x_R] ( q^{|n|}_{μx} [x_R] + S_{in}[x, |n|, ν]p^{|n|}_{μx} [x_R] )

− K_{|n|}[xR]I_{|n|}[xR] } , (56) S_{out}[x, |n|, ν] = − ν ( 1 −^1_{ν2} ) p^{|n|}_{μx}^′[^1_ν ]I_{|n|ν}[x] + xp^{|n|}_{μx} [^1_ν ]I^′_{|n|ν}[x] ν ( 1 −^1_{ν2} ) p^{|n|}μ_x^′[^1_ν ]K_{|n|ν}[x] + xp^{|n|}μ_x [^1_ν ]K^′_{|n|ν}[x]

, (57)

S_{in}[x, |n|, ν] = − ν ( 1 −^1_{ν2} ) q^{|n|}_{μx}^′[^1_ν ]K_{|n|ν}[x] + xq^{|n|}_{μx}^′[^1_ν ]K^′_{|n|ν}[x] ν ( 1 −^1_{ν2} ) p^{|n|}μ_x^′[^1_ν ]K_{|n|ν}[x] + xp^{|n|}μ_x [^1_ν ]K^′_{|n|ν}[x]

, (58)

and we have introduced the following notations

μ_x = − 1 2 + 1 2 √ 1 − 4x^2 ν^2 − 1

, (59)

x_R = (νP (r_p))^{−1} = √ 1 − R^2(1 − 1 ν^2

) . (60)

Let us analyze qualitatively the above expressions for self-energy. First of all let us consider the particle situated outside the string. The function L(ν, R) defined by Eqs.(54), (55) can be separated into two parts according to Eq.(55) as L(ν, R) = L_0(ν) + L_1(ν, R) , (61)

where

L_0(ν) = 1 π ∫_∞ 0 ν coth(νx) − coth x sinh x dx (62)

is the contribution to the self-energy due to the infinitely thin cosmic string [8,9]. The second term,

L_1(ν, R) = 2ν π ∫_∞ 0 dx ∞∑ n=−∞ S_{out}[ x R , |n|, ν]K^2_{|n|ν}[x] , (63) is the contribution from the structure of the string.

The function S_{out}[^x_R , |n|, ν] is positive for arbitrary angular momentum n. For this reason the additional contribution to self-energy due to non-zero thickness of the string is positive, too. Changing the variable of integration x → z such that x = nνz (except n = 0) we can represent the function L_1(ν, R) as

L_1(ν, R) = ∫_∞ 0 dzF_0(z, R) + 2 ∞∑ n=1 ∫_∞ 0 dzF_n(z, R) , (64) where

F_0(z, R) = 2ν π S_{out}[ z R , 0, ν]K^2_0[z] , (65) F_n(z, R) = 2nν^2 π S_{out}[ z R nν, n, ν]K^2_{nν}[znν] . (66) In order to estimate the behavior of F_n as a function of z we use the uniform asymptotic expansion for great index n of Bessel’s functions in Ref [21] and Legendre’s function in Refs [22,23]. With the help of those expansions one obtains the following main term of the uniform expansion for F_n F_n(z, R) ∼ ν^2 − 1 8πνn^2R^2 z^2 √ 1 + z^2(1 +^{z2}_{R2} )^2 exp { −2nν ( η[z] − η[ z R ] )} , (67)

where

η[z] = ln z √ 1 + z^2 + 1 + √ 1 + z^2 . (68)

The function in Eq.(67) tends to zero as z^2 for z → 0 and it tends to zero as exp { −2nνz ( 1 −^1_{R2} )} /z^3 for z → ∞.

For this reason the function L_1(ν, R) exponentially falls down for great distance from the string R = r_p/r_o ≫ 1 and it tends to a positive constant at the surface of the string at R = 1. Therefore the self-energy tends to that values for an infinitely thin cosmic string far from it. The main difference appears near the surface of the string where one has an additional positive contribution.

The self-energy at string’s origin may be analyzed by formulas (54) and (56). Taking the limit R → 0 and using the behavior of Legendre’s function in the neighborhood of unit [24] one has the following expression for the self-energy in the origin U_{max} = q^2 2r_o 2 π ∫_∞ 0 dx { S_{in}[x, 0, ν] + 1 2 ln x^2 ν^2 − 1

− Ψ[μ_x + 1] − π 2 cot πμ_x } , (69)

which is, in fact, the height of the potential barrier. Here, Ψ is the logarithmic derivative of the gamma function and S_{in}[x, 0, ν] = − √ ν^2 − 1 x xK_1[x]q^0_{μx} [^1_ν ] − √ ν^2 − 1K_0[x]q^1_{μx} [^1_ν ] √ ν^2 − 1K_1[x]p^0_{μx} [^1_ν ] + xK_0[x]p^1_{μx} [^1_ν ]

. (70)

As it can be seen from the uniform expansion Eq.(67), the dependence of the self-energy on the metric coefficient ν = 1/ cos ϵ is given mainly by the expression (ν −^1_ν ). For this reason we represent the self-energy U and the height of the barrier U_{max} as U = q^2 2r_o ν^2 − 1 ν U(ν, R) , (71) U_{max} = q^2 2r_o ν^2 − 1 ν U_{max}(ν) , (72) where U_{max}(ν) = ν ν^2 − 1 2 π ∫_∞ 0 dx { S_{in}[x, 0, ν] + 1 2 ln x^2 ν^2 − 1

− Ψ[μ_x + 1] − π 2 cot πμ_x } . (73)

The dependence of U on ν is weak for ν close to unit and it does not depend, in fact, on ν for ϵ ≤ 0.1. In Fig.1, U_{max}(ν) is displayed as a function of ν.

FIG. 1. The self-energy at the string’s origin ( height of the potential barrier ) is represented as Umax =^{q2}_{2ro}^{ν2−1}_ν Umax(ν). Here is the plot of the dimensionless self-energy Umax as a function of ϵ. The cone parameter ν = 1/ cos ϵ. For ϵ ≤ 0.1 the Umax ≈ 0.39. Therefore for small deficit angle we obtain the following formula for the height of the barrier U_{max} ≈ 0.39 q^2 2r_o (ν − 1 ν ) . (74)

The numerical calculation of U(ν, R) as a function of R = r_p/r_o for ϵ = 0.1 is depicted in Fig.2 (See Appendix A for details).

FIG. 2. The self-energy U(ν, R) =^{q2}_{2ro}^{ν2−1}_ν U(ν, R). This is the plot of a dimensionless self-energy U as a function of the particle position R = rp/ro for ϵ = 0.1.

Let us now compare the self-energy in the thick cosmic string space-time with that in the infinitely thin cosmic string space-time in the limit of zero thickness of the string (r_o → 0). We have to compare the self-energy in two different space-times for a particle situated at the same proper distance from the string. In the infinitely thin cosmic string background the distance from the string d coincides with the coordinate of the particle, that is, d = r_p = r_oR. In the Gott-Hiscock cosmic string space-time the distance from the string to a particle is d = { r_o ( R − 1 +^ϵ_{tan ϵ} ) , R ≥ 1 r_o^{arcsin(R sin ϵ)}

tan ϵ , R ≤ 1

, (75)

Taking into account the above expression and formulas Eqs.(54) and (55) we get for a particle situated outside the string (D = d/r_o), the following relation

U_{thick} U_{inf.thin} = D D + 1 −^ϵ_{tan ϵ} { 1 + L_1(ν, D + 1 −^ϵ_{tan ϵ} )

L_0(ν) } . (76)

In the limit of zero thickness r_o → 0 (D → ∞) we obtain unit in the rhs and the self-energy in the Gott-Hiscock space-time tends to the same result obtained in the infinitely thin cosmic string space-time. In this case the barrier’s height U_{max} given by Eq.(72) tends to infinity ∼ 1/r_o.

In Fig.3 we display the numerical calculation of the self-energy U given by Eq.(71) for a particle in the Gott-Hiscock space-time and in an infinitely thin cosmic string space-time U_{inf.thin} defined below U_{inf.thin} = q^2 2r_o ν^2 − 1 ν U_{inf.thin} , (77) U_{inf.thin} = ν ν^2 − 1 1 R L_0(ν)

as a function of distance from the string’s origin D = d/r_o.

FIG. 3. The dimensionless self-energy U (thick line) for a particle in a thick cosmic string space-time and for a particle in an infinitely thin cosmic string space-time Uthin (thin line) as a function of the proper distance D = d/ro numerically calculated for ϵ = 0.1.

For an infinitely thin cosmic string space-time R = D and for the Gott-Hiscock space-time we have R = { D + 1 −^ϵ_{tan ϵ} , R ≥ 1

sin(D tan ϵ) sin ϵ , R ≤ 1

. (78)

The self-force, according to Eq.(20) is minus the derivative of the self-energy given by Eq.(54) with respect to the particle position. It is zero in the string’s origin and it tends to zero such as in the infinitely thin cosmic string space-time far away from the string. In the neighborhood of the string’s surface, for |R − 1| ≪ 1, it tends to infinity logarithmically according to (see Appendix A) F_r ≈ − q^2 2r^2_o ν^2 − 1 8 ln |R − 1| , (79)

This divergence is rather formal. The function ln x is an integrable function at x = 0. For this reason the work against this self-force is finite and equal to the height of the barrier U_{max} given by Eq.(72).

Because the self-potential U has the structure given in Eq.(71) we represent the self-force in the same way as

F_r = q^2 2r^2_o ν^2 − 1 ν F_r(ν, R) . (80)

The numerical simulation of the function F_r is displayed in Fig.4.

FIG. 4. The self-force Fr(ν, R) =^{q2}_{2ro}^{ν2−1}_ν Fr(ν, R). Here is the plot of the dimensionless self-force for a particle in a thick cosmic string space-time Fr as a function of R = rp/ro for ϵ = 0.1.

V. CONCLUSIONS

The aim of the paper is to calculate the self-energy and self-force for a charged particle at rest in the space-time of an infinitely long, straight cosmic string with non-trivial internal structure. The relevance of this calculation is to clear up the role of the non-zero thickness of the string. It is well-known that for a particle at rest in the infinitely thin cosmic string space-time, the self-energy and self-force fall down far from the string and tends to infinity at the string’s core [8,9]. Obviously the origin of these singularities are associated with the delta-like model of string’s interior.

In the proceeding sections we considered the self-energy and the self-force of charged particles at rest in the cosmic string space-time with simplest non-trivial interior, suggested by Gott [5] and Hiscock [6]. This model of string is an exact solution of the Einstein equations and it corresponds to the cylindrical distribution of matter of constant energy density inside it. The exterior of the string is the flat conical space-time and the interior is the constant curvature space-time. The model is usually named as ”ballpoint pen” model [18]. It is suitable for our goal because this model contains a dimensional parameter - the radius of string r_o - with respect of which we may analyse our problem. Let us summarise main results in what follows.

To calculate the self-energy and self-force we used the approach of Refs. [8,9] in which the quantities under consideration are expressed in terms of the renormalized Green’s function of the three-dimensional Laplace operator.

We analyzed the self-energy and self-force for different positions r_p of the particle . The self-energy falls down outside the string and tends to the same result obtained in the case of an infinitely thin cosmic string space-time far from string’s surface. Namely, the self-energy has the following structure

U (r_p) = q^2 2r_p [ L_0(ν) + L_1(ν, r_p r_o ) ] , (81)

where the function L_1 exponentially tends to zero far away from the string and the function L_0 is the same one that corresponds to the case of an infinitely thin cosmic string space-time. The additional contribution to the self-energy is expressed as momentum expansion in terms of the S matrix of the scattering problem in the imaginary axis.

Inside the string the self-energy grows up and tends to a constant in the string’s origin, which is, in fact, the height of the potential barrier. For a cosmic string which is considered in grand unified theory with ν − 1 ≈ 10^{−6} and r_o ≈ 10^{−29}cm, the height of the energy barrier is 2.8 · 10^5 GeV .

In the limit of zero radius of the string (r_o → 0), the self-potential tends to the same value corresponding to a particle in the infinitely thin cosmic string space-time and the maximum of the self-energy tends to infinity as 1/r_o.

The self-force, which is the minus gradient of the self-energy has only radial component and it is repulsive for any position of the particle. It is zero in the string’s origin and tends to the self-force in the infinitely thin cosmic string space-time. In the surface of the string it has a maximum value. In the framework of Gott-Hiscock thick cosmic string space-time the self-force tends to infinity logarithmically. This is an integrable divergence and the total work against the self-force is finite and equal to maximum of the self-energy at the center of the string.

Therefore, the non-zero radius of the string drastically changes the bahaviour of self-energy and self-force close to string’s core. Outside the string’s surface the additional contributions due to string’s radius exponentially fall down. The self-energy and self-force are equal, in fact, to that in an infinitely thin cosmic string space-time starting from the distance of two radius of the string. We expect that this bahaviour of self-energy and self-force will be, in general, the same for a cosmic string in the Abelian Higgs model, considered in [7].

ACKNOWLEDGMENTS

We would like to thank Dr. M. Bordag for a critical reading of this paper. NK is grateful to Departamento de Física, Universidade Federal da Paraíba (Brazil) where this work was done, for hospitality. This work was supported in part by CAPES and in part by the Russian Found for Basic Research, grant No 99-02-17941. VBB also would like to thanks Conselho Nacional de Desenvolvimento Cientifico e Tecnológico (CNPq) for partial financial support.

APPENDIX A:

In this section we discuss the numerical analysis of the self-potential given by Eq.(54). Using Eq.(53) we can represent the self-potential in the following form

U (r_p) = q^2 2r_o

{_1 R L(ν, R) R ≥ 1 H(ν, R) R ≤ 1 , (A1) where L(ν, R) = 2 π ∫_∞ 0 dx +∞∑ n=−∞ { νK_{|n|ν}[x]I_{|n|ν}[x] − K_{|n|}[ x ν ]I_{|n|}[ x ν ] + νS_{out}[ x R , |n|, ν]K^2_{|n|ν}[x] } , (A2) H(ν, R) = 2 π ∫_∞ 0 dx ∞∑ n=−∞ { p^{|n|}_{μx} [x_R] ( q^{|n|}_{μx} [x_R] + S_{in}[x, |n|, ν]p^{|n|}_{μx} [x_R] )

− K_{|n|}[ xR ν ]I_{|n|}[ xR ν ] } , (A3)

S_{out}[x, |n|, ν] = − ν ( 1 −^1_{ν2} ) p^{|n|}_{μx}^′[^1_ν ]I_{|n|ν}[x] + xp^{|n|}_{μx} [^1_ν ]I^′_{|n|ν}[x] ν ( 1 −^1_{ν2} ) p^{|n|}_{μx}^′[^1_ν ]K_{|n|ν}[x] + xp^{|n|}_{μx} [^1_ν ]K^′_{|n|ν}[x] , (A4)

S_{in}[x, |n|, ν] = − ν ( 1 −^1_{ν2} ) q^{|n|}_{μx}^′[^1_ν ]K_{|n|ν}[x] + xq^{|n|}_{μx} [^1_ν ]K^′_{|n|ν}[x] ν ( 1 −^1_{ν2} ) p^{|n|}_{μx}^′[^1_ν ]K_{|n|ν}[x] + xp^{|n|}_{μx} [^1_ν ]K^′_{|n|ν}[x] . (A5)

In the last term in Eq.(A3) we used Eq.(53) and changed the argument of the Bessel functions from xR to xR/ν. By construction, the self-energy is a C^1-regular function at the surface of the string because Green’s function is expressed in terms of the functions given in Eq.(30). The renormalization is done by subtracting the same function in the regions outside and inside the string. Therefore, the expression given previously which corresponds to the self-potential is a C^1-regular function at the string’s surface mode by mode, which is more suitable for numerical simulations.

First of all let us consider the self-energy for a particle situated outside the string with R ≥ 1. In the neighborhood of string’s surface the series converges very slowly. To simplify numerical calculations we represent it in the following form 1 R L(ν, R) = 2 πR ∫_∞ 0 dx { νK_0[x]I_0[x] − K_0[ x ν ]I_0[ x ν ] + νS_{out}[ x R , 0, ν]K^2_0[x] } (A6) + 4 πR N∑ n=1 n ∫_∞ 0 dx { νK_{nν}[nx]I_{nν}[nx] − K_n[ nx ν ]I_n[ nx ν ] + νS_{out}[ nx R , n, ν]K^2_{nν}[nx] }

+ 4 πR +∞∑ n=N+1 n ∫_∞ 0 dx { νK_{nν}[nx]I_{nν}[nx] − K_n[ nx ν ]I_n[ nx ν ] + νS_{out}[ nx R , n, ν]K^2_{nν}[nx] } . In the last term of the previous equation, let us use(for sufficiently great N ) the uniform expansion for Bessel functions [21] K_p[pz] ≈ √ πt 2p e^{−pη} ∞∑ k=0 (−p)^{−k}u_k[t] , I_p[pz] ≈ √ t 2πp e^{pη} ∞∑ k=0 p^{−k}u_k[t] , (A7)

K^′_p[pz] ≈ − √ π 2ptz^2 e^{−pη} ∞∑ k=0 (−p)^{−k}u_k[t] , I^′_p[pz] ≈ √ 1 2πptz^2 e^{pη} ∞∑ k=0 p^{−k}u_k[t] , where t[z] = 1 √ 1 + z^2 , η[z] = √ 1 + z^2 + ln z 1 + √ 1 + z^2 , u_k[t] = 1 2 t^2(1 − t^2)u^′_{k−1}[t] + 1 8 ∫_t 0 (1 − 5t^2)u_{k−1}[t]dt , u_0[t] = 1 (A8)

u_k[t] = u_k[t] + t(t^2 − 1) { 1 2 u_{k−1}[t] + tu^′_{k−1}[t] } , u_0[t] = 1 ,

and the uniform expansion of Legendre’s functions found in Ref. [23] which have the form below

p^n_μ[z] = 1 n! [ 1 + γ^2v^2 1 + γ^2

] 1_4 e^{nS} ∞∑ k=0 n^{−k}Π_k[v] ,

q^n_μ [z] =

(n − 1)! 2 [ 1 + γ^2v^2 1 + γ^2

] 1_4 e^{−nS} ∞∑ k=0 (−n)^{−k}Π_k[v] , 1 n d dz p^n_μ = − 1 n! [ 1 + γ^2v^2 1 + γ^2

] 3_4

1 + γ^2 1 − v^2 e^{nS} ∞∑ k=0 n^{−k}Π_k[v] , (A9) 1 n d dz q^n_μ =

(n − 1)! 2 [ 1 + γ^2v^2 1 + γ^2

] 3_4

1 + γ^2 1 − v^2 e^{−nS} ∞∑ k=0 (−n)^{−k}Π_k[v] , where μ = − 1 2 + 1 2 √ 1 − ( 2nx tan ϵ

)_2 , v = z √ 1 + γ^2(1 − z^2) , γ = x tan ϵ , S = 1 2 ln [ 1 − v 1 + v 1 1 + γ^2 ] − γ(arctan[γv] − arctan[γ]) ,

Π_{k+1}[v] =

1 − v^2 2 1 + γ^2v^2 1 + γ^2

Π^′_k[v] − γ^2 8(1 + γ^2) ∫_v 1 dv^′ { 5v^{′2} + 1 γ^2 − 1 − 1 + γ^2 γ^2(1 + γ^2v^{′2}) } Π_k[v^′] , Π_0[v] = 1 , (A10)

Π_k[v] = Π_k[v] − γ^2v(1 − v^2) 2(1 + γ^2)

Π_{k−1}[v] −

(1 − v^2)(1 + γ^2v^2) 1 + γ^2

Π^′_{k−1}[v] , Π_0[v] = 1 .

Then, taking into account these previous formulas we have the following expression for the last term in Eq.(A6) 4 πR +∞∑ n=N+1 n ∫_∞ 0 dx { νK_{nν}[nx]I_{nν}[nx] − K_n[ nx ν ]I_n[ nx ν ] + νS_{out}[ nx R , n, ν]K^2_{nν}[nx] }

≈ ν^2 − 1 4πνR ∞∑ n=N+1 1 n^2 ∫_∞ 0 dz { −z^2t[z]^5(1 − 5t[z]^2) + z^2 R^2 t[z]t[ z R ]^4e^{−2nν(η[z]−η[ zR ])} } , (A11)

which may be expressed in terms of the function Φ(z, s, v) = ∞∑ n=0 (v + z)^{−s}z^n . (A12)

Using integral representation for this function [24] we obtain, finally, the following expression for this term in Eq.(A6)

4 πR +∞∑ n=N+1 n ∫_∞ 0 dx { νK_{nν}[nx]I_{nν}[nx] − K_n[ nx ν ]I_n[ nx ν ] + νS_{out}[ nx R , n, ν]K^2_{nν}[nx] }

≈ ν^2 − 1 4πνR { 1 3 ζ_H [2, N + 1] + 1 R^2 ∫_∞ 0 dzz^2t[z]t[ z R ]^4 ∫_∞ 0 dyy e^{−N[y+2ν(η[z]−η[ zR ])]} e^{y+2ν(η[z]−η[ z}R^{])} − 1 } , (A13)

which is suitable for numerical calculations.

We use the same approach for function H(ν, R) and obtain the following result for the series corresponding to function H(ν, R) 4 π +∞∑ n=N+1 n ∫_∞ 0 dx { p^n_{μx} [x_R] ( q^n_{μx} [x_R] + S_{in}[x, n, ν]p^n_{μx}[x_R] ) − K_n[ xR ν ]I_n[ xR ν ] }

≈ ν^2 − 1 4πν { Rζ_H [2, N + 1] − ∫_∞ 0 dzz^2t[zR]t[z]^4 ∫_∞ 0 dyy e^{−N[y+2(η̃[z,1]−η̃[z,R])]} e^{y+2(η̃[z,1]−η̃[z,R])} − 1 } , (A14)

where

η̃[z, R] = ln zR √ 1 + z^2R^2 + √ 1 − R^2 sin^2 ϵ − z sin ϵ [ arctan z √ 1 − R^2 sin^2 ϵ sin ϵ √ 1 + z^2R^2

− arctan z sin ϵ ] , (A15) η[z] = √ 1 + z^2 + ln z 1 + √ 1 + z^2

, (A16)

and ζ_H (s, x) is the Hurwitz zeta function. At the surface of the string R = 1, and expressions given by Eqs.(A13) and (A14) coincide and are equal to

ν^2 − 1 ν ζ_H [2, N + 1] 6π . (A17)

Therefore the self-energy is continuous at string’s surface. For numerical simulations we used previous formulas for N = 0.

In order to analyze the self-force near string’s surface let us consider more carefully the self-energy for a particle outside the string. For N = 0 we have 1 R L(ν, R) = 2 πR ∫_∞ 0 dx { νK_0[x]I_0[x] − K_0[ x ν ]I_0[ x ν ] + νS_{out}[ x R , 0, ν]K^2_0[x] } (A18) + π 72 ν^2 − 1 νR + ν^2 − 1 4πν ∫_∞ 0 dzz^2t[zR]t[z]^4 ∫_∞ 0 dy y e^{y+2ν(η[zR]−η[z])} − 1 . The last term will give a logarithmic divergence at string’s surface. In order to see this let us represent it in the form ∫_∞ 0 ydy e^{y+2νp} − 1 = ∫_∞ 2νp ydy e^y − 1

+ 2νp ln(1 − e^{−2νp}) , (A19)

where

p = η[zR] − η[z] = ln R + ln √ 1 + z^2 + 1 √ 1 + z^2R^2 + 1 + √ 1 + z^2R^2 − √ 1 + z^2 . (A20)

The derivative of the integral in rhs with respect to R is finite at the point R = 1, but the derivative of the second term in rhs gives a logarithmic divergence at R = 1 because dp dR = √ 1 + z^2R^2 R (A21)

is finite at string’s surface.

Taking into account previous formulas, we obtain the following result which are divergent at R = 1

1 R L(ν, R) = ν^2 − 1 8 (R − 1) ln(R − 1) + l(ν, R) , R > 1 (A22) H(ν, R) = − ν^2 − 1 8 (1 − R) ln(1 − R) + h(ν, R) , R < 1 . (A23)

The functions l(ν, R) and h(ν, R) and their first derivatives with respect to R are finite at R = 1.

Taking the derivative of above expressions inside and outside the string we find that the divergence at string’s surface is given by Eq.(79). This expression does not depend on the number N because this divergence appears associated with small y, but for small y the integrand does not depend on N . Therefore each term in the expression for the self-force is finite and continuous at the string surface but the sum of the series is logarithmically divergent.

[1] T.W.B. Kibble, J.Phys. A 9, 1387 (1976).

[2] A. Vilenkin and E.P.S. Shelard, Cosmic strings and other topological defects, Cambridge University Press, Cambridge, England (1994).

[3] A. Vilenkin, Phys. Rev. D 23, 852 (1981).

[4] D.D. Sokolov and A.A. Starobinskii, Sov. Phys. Dokl. 22, 312 (1977). [5] J.R. Gott, Astrophys. J. 288, 422 (1985). [6] W.A. Hiscock, Phys. Rev. D31, 3288 (1985). [7] D. Garfinkle, Phys. Rev. D 32, 1323 (1985). [8] B. Linet, Phys. Rev. D33, 1833 (1986).

[9] A.G. Smith, Gravitational effects of infinite straight cosmic strings on classical and quantum fields, in Formation and evolution of Cosmic Strings, G.W. Gibbons, S.W. Hawking and T. Vachaspati, Cambridge University Press (1990).

[10] D.V. Gal’tsov, Fortschr. Phys. 38, 945 (1990). [11] N.R. Khusnutdinov, Class. Quantum Grav. 11, 1807 (1994). [12] N.R. Khusnutdinov, Theor. Math. Phys. 103, 603 (1995).

[13] E. R. Bezerra de Mello, V. B. Bezerra, C. Furtado and F. Moraes, Phys. Rev. D51, 7140 (1998). [14] E. R. Bezerra de Mello, V. B. Bezerra and Yu. Grats, Class. Quantum Grav. 15, 1915 (1998). [15] W.B. Perkins and A.C. Davis, Nucl. Phys. B349, 207 (1991). [16] M.R. Brown and A.C. Ottewill, Phys. Rev. D34, 1776 (1986). [17] S.M. Christensen, Phys. Rev. D17, 946 (1978). [18] B. Allen and A.C. Ottewill, Phys. Rev. D42, 2669 (1990). [19] N.R. Khusnutdinov and M. Bordag, Phys. Rev. D59, 064017 (1999).

[20] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, Academic Press (1980). [21] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions, National Bureau of Standards (1964). [22] R.C. Thorne, Philos. Trans. Roy. Soc. London, 249, 597 (1957). [23] M. Bordag and N.R. Khusnutdinov, in press.

[24] H. Bateman and A. Erdélyi, Higher Transcendental Functions, V.1, New-York Toronto London Mc Graw-Hill Book Company, Inc (1953).