arXiv:hep-th/0107031 v2 25 Jul 2001

Zero-Branes, Quantum Mechanics and the Cosmological Constant

A. Chamblin^{1,2∗}& N.D. Lambert^{3†} 1Center for Theoretical Physics, Massachusetts Institute of Technology, Bldg. 6-304, Cambridge, MA 02139, U.S.A.

2Theory Division, T-8, Los Alamos National Laboratory, Los Alamos, NM 87545, U.S.A.

3Department of Mathematics, King’s College, London, WC2R 2LS, United Kingdom.

LA-UR-01-2984

KCL-TH-01-22

July 24, 2001

Abstract

We analyse some dynamical issues in a modified type IIA supergravity, recently proposed as an extension of M-theory that admits de Sitter space. In particular we find that this theory has multiple zero-brane solutions. This suggests a microscopic quantum mechanical matrix description which yields a massive deformation of the usual M(atrix) formulation of M-theory and type IIA string theory.

�email: chamblin@mit.edu yemail: lambert@mth.kcl.ac.uk

1 Introduction

Any compelling theory of cosmology must resolve the cosmological horizon, flatness, and topological defect abundance problems, and must also generate a scale-invariant spectrum of density fluctuations. An elegant idea which does all of these things is the idea of inflation, which asserts that there was a period of accelerating expansion in the early universe. The beauty of inflation is that it doesn’t depend on what happened before inflation, so it has many model-independent properties. Furthermore recent observational results point towards a small but non-zero cosmological constant in our observable universe.

It is now generally accepted that most fruitful candidate for a unified description of the fundamental interactions, including quantum gravity, is the mysterious ‘M-theory’, which encompasses the perturbative superstring theories. The low energy limit of this theory is eleven-dimensional supergravity, and compactifications of this theory on circles, tori and orbifolds give rise to the perturbative string theories in ten dimensions. While the M-theory moduli space contains a huge variety of supergravity solutions, to date it has proved remarkably difficult to obtain inflation or de Sitter space directly from compactification of the low-energy limit of M-theory. In addition de Sitter space poses intriguing difficulties for quantum theory since its entropy is associated to a system with only a finite number of degrees of freedom (e.g. see [1, 2]).

In a recent paper [3], we have attempted to improve this situation. In particular we studied a supergravity, dubbed ‘MM-theory’, which may be regarded as a slight extension of eleven-dimensional supergravity which still preserves eleven-dimensional supersymmetry. This extension describes the most general form of eleven dimensional supersymmetry that is compatible with on-shell superfields. This problem was studied in [4] and involves extending the local structure group of spacetime from Spin(1, 10) to a conformal spin group CSpin(1, 10). The superspace constriants then assert that the conformal connection is locally trivial. In effect this procedure gauges the global scale symmetries of the M-theory equations of motion.

Moreover, as long as the eleven-dimensional space is simply connected, this theory can be obtained through a gauge transformation of the usual eleven-dimensional supergravity [5]. However if the manifold is not simply connected then it is possible to introduce a Wilson line in the conformal connection. This is analogous to the Higgs’ effect in gauge theory compactified on a torus. After compactification, the fields which are charged with respect to the Wilson line then become massive in the lower dimensional theory.

A crucial point is that it only really makes sense to physically distinguish ‘MM-theory’ from Mtheory if π_1(M_{11}) ≠ 0. Indeed, in compactified MM-theory one finds that the connection acts as a source for the Einstein tensor and the natural vacuum is ten-dimensional de Sitter space.

While this constuction shows that one can embed de Sitter space into eleven-dimensional superspace and supergravity, its main drawback is that it is not clear how, if at all, to relate MM-theory to a microscopic quantum theory and in particular M-theory. The equations of MM-theory compactified to ten-dimensions are certainly rather odd. In addition they do not come from an action. However they have the advantage that they can be readily obtained from the standard equations of M-theory. Indeed MM-theory provides a continuous deformation of type IIA supergravity to include a positive cosmological constant and hence de Sitter space. In addition the graviphoton has a tachyonic form at the linearised level (although it is not clear what is the case in the full non-linear theory). This should be contrasted with the usual analysis of the de Sitter supergravities which admit actions but generally contain ghost-like vectors [6]. The appearance of tachyons, rather than ghosts, is encouraging since they are much more easily understood within quantum theory. Thus MM-theory allows us study the emergence of de Sitter space from a deformation of type IIA supergravity and M-theory in a relatively controlled way. Therefore we also hope that our work will be insightful for other recent approaches to the study of de Sitter space from the string theory point of view [7, 8, 9, 10, 11, 12, 13, 14].

Here we wish to address some dynamical issues and attempt to obtain an underlying microscopic description of MM-theory. Our analysis suggests that MM-theory describes a legitimate part of Mtheory, but represents an unstable phase of the theory. We will identify the existance of zero-branes which obey a no-force condition and thereby motivate a matrix model of the underlying dynamics.

2 MM-theory on S^1

The Bosonic equations of MM-theory in eleven dimensions can be written as R̂_{ab} − 1 2 ĝ_{ab}R̂ = −18D̂_ak̂_b + 18ĝ_{ab}D̂^ck̂_c + 36k̂_ak̂_b + 144k̂^2ĝ_{ab} − 1 48 ( 4Ĥ_{acbe}Ĥ^{cde}_b − 1 2 g_{ab}Ĥ^2 )

D̂^aĤ_{abcd} = −12k̂^aĤ_{abcd} + 1 36 · 48 ϵ_{bcde...f...}Ĥ^{e...}Ĥ^{f...} , (2.1)

where Ĥ_{abcd} = 4∂_{[a}B̂_{bcd]} + 24k_{[a}B̂_{bcd]} and ∂_{[a}k̂_{b]} = 0. The superspace construction of these equations guarantees that the the full Fermionic and Bosonic system is invariant under the supersymmetry

δê^b_a = −iϵ̂Γ̂^b , δB̂_{abc} = −3iϵΓ̂_{[ab}ψ̂_{c]} , δψ̂_a = D̂_aϵ + 1 36 ( Γ̂^{bcd}Ĥ_{abcd} + 1 8 ϵ̂Γ̂_{abcde}Ĥ^{bcde} ) ϵ̂ − k̂^bΓ̂_{ab}ϵ̂ + 2k̂_aϵ̂ ,

(2.2)

where ψ̂_a is the eleven dimensional gravitini. Here we have written the Weyl superspace equations of [4] in terms of the standard eleven-dimensional Levi-Civita connection and curvature. These equations are simply those of the usual eleven-dimensional supergravity [5] but with a CSpin(1, 10) connection

Υ̂_a = 1 4 ( ω̂^{bc}_a − 4ê^{[b}_a k̂^{c]} ) Γ̂_{bc} + 2k̂_a , (2.3)

instead of the usual Spin(1, 10) connection ω̂^{bc}_a .

As discussed in [15], when we perform a standard Kaluza-Klein reduction of MM-theory on the S^1, we arrive at a new massive IIA supergravity, which has the appealing property that it can be obtained by compactification of eleven-dimensional supergravity on a circle, with the introduction of a ‘Wilson line’ in the conformal connection.

The equations of motion for the low energy effective action of MM-theory can be obtained by compactifying the equations of motion 2.1 with a Wilson line in the Conformal connection, k̂_a = mδ^y_a, and assuming that the fields are independent of the eleventh-dimension y. These equations were first constructed in [15], although there the two-form and three-form gauge fields were set to zero. Here we follow the methods and conventions of [15], but include all the Bosonic fields. In particular the eleven-dimensional vielbein has the form

ê^b_a = ( e^{−ϕ/3}e^n_m A_me^{2ϕ/3} 0 e^{2ϕ/3} ) . (2.4)

It is simplest to evaluate the eleven-dimensional equations of motion 2.1 in the eleven-dimensional tangent frame. This leads to the ten-dimensional equations R_{mn} − 1 2 g_{mn}R = − 1 2 e^{2ϕ} ( F_{mp}F^p_n − 1 4 g_{mn}F^2 ) − 1 4 ( H_{mpq}H^{pq}_n − 1 6 g_{mn}H^2 )

− 1 12 e^{2ϕ} ( G_{mpqr}G^{pqr}_n − 1 8 g_{mn}G^2 ) + 2 ( D_mD_nϕ − g_{mn}D^2ϕ + g_{mn}(Dϕ)^2 ) +18m(D_{(m}A_{n)} − g_{mn}D^pA_p) + 36m^2(A_mA_n + 4g_{mn}A^2) +12mA_{(m}∂_{n)}ϕ + 30mg_{mn}A^p∂_pϕ + 144m^2g_{mn}e^{−2ϕ} , (2.5)

6D^2ϕ − 8(Dϕ)^2 = R + 3 4 e^{2ϕ}F^2 + 1 48 e^{2ϕ}G^2 − 1 12 H^2

+ 360m^2e^{−2ϕ} + 288m^2A^2 + 96mA^n∂_nϕ − 36mD^nA_n , (2.6)

D^nF_{mn} = − 1 6 G_{mnpq}H^{npq} + 18mA^nF_{mn} + 72m^2e^{−2ϕ}A_m − 24me^{−2ϕ}∂_mϕ , (2.7) D^m(e^{−2ϕ}H_{mnp}) = 12mA^mH_{mnp}e^{−2ϕ} + 1 2 G_{npqr}F^{qr} + 1 36 · 48 ϵ_{npq...r...}G^{q...}G^{r...} , (2.8) D^mG_{mnpq} = 12mA^mG_{mnpq} + 12mH_{npq}e^{−2ϕ} + 1 6 · 36 ϵ_{npqr...s...}G^{r...}H^{s...} , (2.9) where H_{mnp} = 3∂_{[m}B_{np]} − 6mC_{mnp} , G_{mnpq} = 4∂_{[m}C_{npq]} + 4A_{[m}H_{npq]} , (2.10)

follow from the reduction of the eleven-dimensional four-form Ĥ_{abcd}. This reduction agrees with the equations obtained in [16] through a non-compact ‘Scherk-Schwarz’ dimensional reduction of ordinary eleven-dimensional supergravity (although these authors do not use the ‘string frame’).

Note that the usual U(1) symmetry of the gauge field A_m is broken. Since this is a result of elevendimensional diffeomorphisms we expect that it is replaced by another symmetry. Indeed one can show that these equations of motion are invariant under ϕ → ϕ − 3mχ A_m → A_m − ∂_mχ g_{mn} → e^{−6mχ}g_{mn} B_{mn} → B_{mn} + ∂_{[m}Λ_{n]} + 6mΩ_{mn} C_{mnp} → C_{mnp} + 3∂_{[m}Ω_{np]} (2.11)

From the eleven-dimensional point of view these transformations scale the metric by the Weyl factor e^{−4mχ}. Thus it is possible to gauge away ϕ and B_{mn}.

By construction these equations of motion are the restriction to Bosonic fields of a system which is invariant under the supersymmetry δe^n_m = −iϵ̄e^{ϕ/3}Γ^nψ_m − i 2 ϵ̄e^{−2ϕ/3}e^n_m Γ_{11}λ , δϕ = − 3i 2 e^{−2ϕ/3}ϵ̄Γ_{11}λ , δA_m = −ie^{−2ϕ/3}ϵ̄Γ_{11}ψ_m , δB_{mn} = −iϵ̄e^{−2ϕ/3}Γ_{mn}λ + 2iϵ̄e^{ϕ/3}Γ_{[m|}Γ_{11}ψ_{|n]} + 2iϵ̄e^{4ϕ/3}A_{[m}ψ_{n]} , δC_{mnp} = −3iϵ̄e^{−2ϕ/3} ( Γ_{[mn}ψ_{p]} + Γ_{[mn}A_{p]}λ − 2e^ϕA_{[m}Γ_{n|}Γ_{11}ψ_{|p]} ) , δλ = − 1 3 e^ϕ∂^nϕΓ_{11}Γ_nϵ + 1 8 e^{2ϕ}F^{mn}Γ_{mn}ϵ − 1 36 e^ϕH^{mnp}Γ_{mnp}ϵ + 1 288 e^{2ϕ}G^{mnpq}Γ_{11}Γ_{mnpq}ϵ + me^ϕA^nΓ_{11}Γ_nϵ + 2mϵ ,

δψ_m = D_mϵ + 1 6 ∂^nϕΓ_{mn} + 1 4 F^n_m Γ_{11}Γ_nϵ + 1 36 e^ϕΓ^{npq}G_{mnpq}ϵ + 1 12 Γ^{np}Γ_{11}H_{mnp}ϵ + 1 288 e^ϕΓ_{mnpqr}G^{npqr}ϵ + 1 72 Γ_{mnpq}Γ_{11}H^{npq}ϵ +ie^{2ϕ/3}ϵ̄Γ_{11}ψ_mλ + mA^nΓ_{mn}ϵ + me^{−ϕ}Γ_{11}Γ_mϵ − 2mA_mϵ , (2.12)

where λ = ψ̂_y and ψ_m = ψ̂_m − A_mλ are the ten-dimensional dilatini and gravitini respectively, and Γ_{11} = Γ̂_y. Although somewhat complicated these supersymmetries are merely the symmetries of Weyl superspace written in a ten-dimensional form (assuming no dependence on y) and reduce to those of massless type IIA supergravity when m = 0.

3 Stability of de Sitter space

The naive ground state of MM-theory, where the non-metric fields are set to zero, is ten-dimensional de Sitter space: R_{mn} = −36m^2g_{mn}. The first thing one notices about this de Sitter vacuum is that the massive vector field A_m is in fact tachyonic at the linearised level. Therefore one expects that de Sitter space is a “false” vacuum of some kind. To further understand this issue let us consider the stability of de Sitter space under a small vector perturbation. To this end we expand the equations of motion to lowest order in A_m = O(ϵ), g_{mn} = g_{mn}(dS) + O(ϵ), but with all the other fields vanishing. This gives R_{mn} − 1 2 g_{mn}R − 144m^2g_{mn} = 18mD_{(m}A_{n)} + O(ϵ^2)

D^nF_{mn} = 72m^2A_m + O(ϵ^2) . (3.13)

Note that we have used the fact that the second equation implies D^nA_n = O(ϵ^2). This in turn implies that 2.6 is satisfied to lowest order and also that the only non-vanishing term on the right hand side of 2.5 is the one given in 3.13. Taking the trace of the linearised Einstein equation shows that the background is still of constant curvature: R = −360m^2 + O(ϵ^2). The second equation of 3.13 may now just be written as D^2A_n = −36m^2A_n + O(ϵ^2) . (3.14) It is not hard to check that a natural family of solutions to these equations is just to let A_m = ϵK_m where K^m is a Killing vector^1. In this case we find g_{mn} = g_{mn}(dS) + O(ϵ^2), i.e. to this order the metric remains that of de Sitter space. However if we choose coordinates where de Sitter space has the metric ds^2 = −dt^2 + e^{4mt}dx^idx^i , (3.15)

1Recall that, in general, a Killing vector in a vacuum spacetime acts as a vector potential for a Maxwell test field [17]

where i = 1, ..., 9, then a class of Killing vectors, corresponding to translations along x^i, have the form K^m = δ^m_i . These produce the vector field A_m = e^{4mt}δ^i_m. Thus a small perturbation of de Sitter space at time t = 0 by an electric field will in fact grow exponentially in size as space inflates until it is of order one and we can no longer neglect the non-linear terms, including the back-reaction on the metric. Thus we conclude that the de Sitter space vacuum of MM-theory is unstable.

It is amusing to note that precisely this form of the tachyonic vector field has been studied before on de Sitter space [18]. These authors showed that, in an inflationary scenario, interactions for the tachyonic vector field give rise to primordial magnetic fields of the same magnitude that are observed in galaxies today. Here we see that such peculiar interactions readily appear in MM-theory.

We can also consider small perturbations about de Sitter space by the two-form and three-form fields. In particular consider a de Sitter background and turn on a small H_{mnp} and G_{mnpq} of order ϵ. To order ϵ the metric remains that of de Sitter space and the remaining equations of motion are D^mG_{mnpq} = 12mH_{npq} + O(ϵ^2) , D^mH_{mnp} = 0 + O(ϵ^2) , (3.16)

and now G_{mnpq} = −^4_{6m} ∂_{[m}H_{npq]}. Clearly the first equation implies the second. Therefore we simply need to consider 4D^mD_{[m}H_{npq]} = −72m^2H_{npq} + O(ϵ^2) . (3.17) Thus the three-form also appears to be tachyonic. In the coordinates 3.15, 3.17 splits into two equations:

4∂^k∂_{[k}H_{0ij]} = −72m^2e^{4mt}H_{0ij} + O(ϵ^2) , 4∂_0∂_{[0}H_{ijk]} + 24m∂_{[0}H_{ijk]} − 4e^{−4mt}∂^l∂_{[l}H_{ijk]} = 72m^2H_{ijk} + O(ϵ^2) . (3.18)

One simple solution to these equations is to take H_{ijk} = ϵe^{λmt}C_{ijk}, H_{0ij} = 0 where C_{ijk} is a constant tensor. Inserting this ansatz into 3.18 leads to λ = 6 or λ = −12. On the other hand one can easily check that there are no solutions with H_{ijk} = 0. Thus, just as with the vector field above, a small but constant three-form H_{ijk} with λ = 6 will eventually grow so large that its effect on the de Sitter background spacetime can no longer be ignored.

4 Zero-branes

Given that the de Sitter vacuum of MM-theory is unstable against the spontanous creation of electric fields, it seems natural to search for static solutions of the field equations that carry charges, i.e. solutions with F_{0i} ≠ 0. To this end we start by considering the familiar D0-brane ansatz ds^2 = −e^{2αϕ}dt^2 + e^{2βϕ}dx^idx^i , A_i = 0 . (4.19)

First we examine the non-linear vector equation 2.7. Demanding that the solution is time-independent leads to the relation

A_0 = ± √ 4 3(1 − α) e^{(α−1)ϕ} . (4.20)

This then leaves the equation ∂_i∂^iϕ + (7β − 1)∂_iϕ∂^iϕ = − 72m^2 α − 1 e^{(2β−2)ϕ} , (4.21) where the ± sign chooses between zero-branes and anti-zero-branes. If we now subsitute this ansatz into the Einstein equation 2.5 we find that α = −β = −1/3. One can then check that 2.6 is automatically satisfied. Thus we find the solution is simply

ds^2 = −H^{− 12} dt^2 + H^{12} dx^idx^i , A_0 = ±H^{−1} , e^{4ϕ/3} = H . (4.22)

This is precisely the same form as D0-branes in massless type IIA string theory. The only difference is that in MM-theory the function H is not harmonic but instead satisfies, from 4.21,

∂_i∂^iH = 72m^2 . (4.23)

However one can check that this solution does not preserve any supersymmetries since, although from the eleven-dimensional point of view it is ‘almost’ supersymmetric: δψ̂_m = 0, δψ̂_y = 3mϵ.

We note that H can be written as

H = H_0 + 4m^2A_{ij}x^ix^j , (4.24)

where A_{ij} is a constant matrix with TrA = 9 and H_0 is a harmonic function which we take to have the usual p-brane form H_0 = 1 + ∑ n Q_n |x^i − x^i_n|^7 . (4.25)

Thus we can obtain solutions describing an arbitrary collecton of zero-branes in a background “condensate” of electric charge. In particular the near-horizon geometry of these zero-branes will be the same as the D0-branes in the massless type IIA theory. On the other hand, as r → ∞, where r = x^ix^i the spacetime is not asymptotically flat. Furthermore the dilaton grows without bound, so that asymptotically the spacetime decompactifies.

The appearance of m^2 in H is reminiscent of Reissner-Nordstrom-de Sitter solutions. However here the solution is not asymptotically de Sitter and contains a non-vanishing dilaton. We may find another class of solutions by invoking the U(1) symmetry 2.11 of the equations of motion resulting from eleven-dimensional diffeomorphisms. In particular if we set χ = ϕ/3m we can transform away the dilaton and find the solution

ds^2 = −H^{−2}dt^2 + H^{−1}dx^idx^i

A_0 = ±H^{−1} , A_i = − 1 4m ∂_ilnH ϕ = 0 (4.26)

where H = H_0 +4m^2A_{ij}x^ix^j is the same as before. Note that F_{mn} is unchanged by this transformation, i.e. we still only have electric fields. Although we note that now it is not clear how to take a smooth limit as m → 0. However a smooth limit might exist since terms the divergent terms A_i are pure gauge. Indeed the smooth limit might require a transformation to the infinite momentum frame.

Let us consider the spherically symmetric case A_{ij} = δ_{ij} . Far from the zero-branes H_0 = 1 and hence H = 1 + 4m^2r^2. It is instructive to transform to a new coordinate r̃^{−2} = r^{−2} + 4m^2 in which case the metric in 4.26 becomes

ds^2 = −(1 − 4m^2r̃^2)^2dt^2 + dr̃^2 (1 − 4m^2r̃^2)^2

+ r̃^2dΩ^2_8 . (4.27)

This is very similar to de Sitter space in static coordinates which has the metric

ds^2_{dS} = −(1 − 4m^2r^2)dt^2 + dr^2 (1 − 4m^2r^2)

+ r^2dΩ^2_8 . (4.28)

Indeed 4.27 has the same causal structure and in particular r̃^2 = 1/4m^2 corresponds to a cosmological event horizon. Furthermore, at least in these coordinates, all of the curvature components are well behaved. For distances much less than the cosmological horizon the metric looks like that of de Sitter (but with twice the cosmological constant of the vacuum de Sitter solution).

Lastly we note that the entropy of the zero-brane spacetime 4.27, viewed as one quarter of the area of the cosmological horizon, is S = V ol(S^8) 1024m^8

, (4.29)

where V ol(S^8) is the volume of a unit eight-sphere. This is the same as the entropy of the de Sitter vacuum. This is particularly intriguing since this spacetime can contain arbitrarily many zero-branes, each with eight bosonic degrees of freedom. Whereas the entropy is supposed to measure the number of degrees of freedom in the corresponding quantum theory.^2

We can also lift the solution to eleven-dimensions using the ansatz 2.4. This leads to the standard pp-wave spacetime only with a non-harmonic function H

dŝ^2 = Hdy^2 ± 2dydt + dx^idx^i . (4.30)

Asymptotically, where we can neglect H_0, this spacetime is known as a Cahen-Wallach space. It can be constructed as a smooth symmetric space and has also been recently studied in conventional (i.e. k̂_a = 0) M-theory [21]. A crucial difference, however, is that in [21] the source for H is provided by the four-form field strength, whereas in our analysis the source is k̂. In particular the four-form gives rise to a source for H with m^2 → −m^2, i.e. anti-de Sitter, rather than de Sitter, behaviour.

Thus MM-theory naturally contains zero-branes and the cosmological constant provides a uniform and constant source for them. Since zero-branes are eleven-dimensional gravitons carrying single units of momentum around the eleventh dimension, this hints that MM-theory itself is unstable against de-compactification to eleven dimensions, where it is physically equivalent to M-theory. Thus we are led to the conjecture that MM-theory is an unstable vacuum of M-theory.

4.1 Other Branes

It seems natural to look for other static p-brane solutions with the ansatz ds^2 = e^{2αϕ}η_{μν} dx^μdx^ν + e^{2βϕ}δ_{ij}dx^idx^j , (4.31) where μ, ν = 0, .., p, i, j = p + 1, ..., 9 and ∂_μϕ = 0. A first attempt might be to look for six-branes, the magnetic duals to the zero-branes. However if we set G_{mnpq} = H_{mnp} = 0 and consider static solutions with A_0 = 0 then the vector equation 2.7 does not simplify in any obvious way. Indeed the usual D6-brane solution is often (but not necessarily) constructed by dualising F_{mn} to an eight-form. However the massive deformation discussed here makes this dualisation non-local since A_m, and not just F_{mn}, appears in the equations of motion.

2In [19] it was argued that there should be an upper bound on the transverse density of partons. It would be interesting to see if similar arguments may imply that there is an upper bound on the total number of zero-branes which can be ‘packed’ within the cosmological horizon. We will not pursue these ideas here.

Given that the three-form C_{mnp} also has a tachyonic instability we might try to look for D2-branes and D4-branes. If we now set B_{mn} = A_m = 0 then 2.7 implies, for m ≠ 0, 1 6 ∂_{[m}C_{npq]}C^{npq} = e^{−2ϕ}∂_mϕ . (4.32) For a D2-brane we expect that C_{012} ≠ 0. This leads to C_{012} = √ 8/(2 − 6α)e^{(3α−1)ϕ}. However the Einstein and dilaton equation can only be satisfied if m = 0 and α = −β = −1, in which case we obtain the standard D2-brane of the massless theory. In the case of four-branes we encounter the same problem that we saw for six-branes, i.e. 2.7 does not simplify and it is not clear how to dualise G_{mnpq} since the equations of motion involve C_{mnp} without derivatives.

In particular it might seem as if there should be eight-brane solutions, similar to those found in the Romans supergravity [22]. However inserting the ansatz 4.31 with p = 8 into the equations of motion and setting F_{mn} = H_{mnp} = G_{mnpq} = 0 ones finds that there are no Poincare invariant solutions.

5 MM(atrix) Theory?

The existence of solutions that represent an arbitrary number of static zero-branes is analogous to the situation of D0-branes in massless type IIA string theory. In addition it is well-appreciated that in a certain limit, known as the infinite momentum frame, the dynamics of D0-branes contains the entire physics of string theory and M-theory. In particular this allows for a matrix definition of string theory and M-theory[19]. Therefore one might hope that some modification of this matrix theory could be interpreted as the dynamics of the zero-branes we found above in MM-theory. Furthermore this naturally leads to a microscopic quantum definition of MM-theory, as a modified (or massive) MM(atrix) theory.

To construct the effective action for the zero-branes we first recall the analogous construction in of the D0-brane effective action starting from M-theory. Following [23] one starts with the superspace action for a massless superparticle in eleven dimensions S = − ∫ dτ 1 v̂ Ê_τ · Ê_τ − Ẏ , (5.33)

where Ê^A_τ is the pull back to the worldline of the superveilbien Ê^B_A and v̂ is an independent worldline density. Here Y is the coordinate corresponding to the eleventh dimension, and a dot denotes differentiation with respect to the worldline coordinate τ^3. Using the analogous decomposition for the superveilbien that we used in 2.4, and assuming that nothing depends upon Y , we can remove Y and v̂ using their equations of motion to obtain (setting the Fermions to zero) S = − ∫ dτe^{−ϕ} √ −g − Ẋ^mA_m (5.34)

where g = Ẋ^mẊ^ng_{mn} is the pull back of the spacetime metric to the one-dimensional worldvolume, and Ẋ^mA_m is the Wess-Zumino term which describes the coupling of the zero-brane to the RR field A_m.

Let us now consider a superparticle in MM-theory. If we imagine that y is non-compact then we may map the superparticle of M-theory to a superparticle of MM-theory by rescaling E^B_A → e^{−2θ̂}E^B_A where k̂ = dθ̂. However in 5.33 this transformation is simply absorbed by the worldline density v̂. Clearly this construction is unaffected if we now compactify Y , assuming that v̂ is again taken to be

3The last term is therefore a total derivative but is needed as explained in [23].

independent of Y . Thus we obtain precisely the same worldline action 5.34 for the zero-branes in MM-theory. As a check on this construction we note that 5.34 is invariant under the MM-theory gauge transformation 2.11.

Let us consider two backgrounds for these zero-branes. The first example is de Sitter space and we choose the coordinates 4.28. Using static gauge τ = t and keeping only the radial coordinate r, the zero-brane action in this background is S = − ∫ dt √ (1 − 4m^2r^2) − ṙ^2 1 − 4m^2r^2 = ∫ dt 1 2 ṙ^2 (1 − 4m^2r^2)^{3/2} − √ 1 − 4m^2r^2 + . . . , (5.35)

where we have kept only the lowest order term in a derivative expansion. Here we see that de Sitter space induces a potential on the worldline action of the zero-branes. Near r = 0 this potential appears tacyhonic. Secondly we consider a zero-brane in the background of other zero-branes. Using static gauge the action becomes S = − ∫ dtH^{−1} √ 1 − Hẋ^iẋ^i − H^{−1} = ∫ dt 1 2 ẋ^iẋ^i + . . . , (5.36)

where again we have only kept the lowest order terms in a derivative expansion. Here we see that at lowest order terms are free and identical to those of D0-branes in type IIA string theory.

Next we must consider the effective action for N zero-branes. In M(atrix) theory one considers the light-like limit and only the lowest order terms in the effective action survive. Furthermore one knows from D-brane quantisation via open strings that for N D0-branes these terms are precisely that of a maximally supersymmetric one-dimensional U(N) gauge theory S_{M(atrix)} = ∫ dτTr 1 2 Ẋ^iẊ^i − 1 2 ∑ i<j [X^i, X^j]^2

. (5.37)

The free action 5.36 is recovered from 5.37 by identifying x^i with the U(1) part of X^i. Therefore our next task is to motivate a proposed modification to the quantum mechanics if m ≠ 0.

There is at least one crucial difference between any proposed matrix definition of MM-theory theory and M(atrix) theory. Namely in M(atrix) theory the near horizon geometry of the D0-branes can be obtained through a limit of M-theory where the compact S^1 becomes light-like. To see this one starts with the usual D0-brane metric of type IIA string theory (i.e. 4.22 but with m = 0) and sets H = 1+h, where h vanishes at infinity. In the massless theory we can choose the graviphoton to have the form A_0 = H^{−1} − 1, which differs from the zero-brane solution 4.22 by a gauge transformation. In this case one finds that the eleven-dimensional lift of this solution does not take the form 4.30 but rather

ds^2_{11} = −dt^2 + dy^2 + hd(y − t)^2 + dx^idx^i . (5.38)

Reducing to ten-dimensions on the (asymptotically) light-like circle y −t then leads to the near-horizon geometry of the D0-branes (i.e. one finds 4.22 but with H replaced by h). The interpretation of this observation is that M(atrix) theory describes M-theory states that have been asymptotically boosted into the infinite momentum frame. However in MM-theory we cannot so simply choose the graviphoton to have this form since the required gauge transformation also induces a Weyl rescaling of the metric and a shift in the dilaton. Instead if we set χ = t, so that A_0 = H^{−1} − 1, we find

ds^2_{11} = e^{−4mt} [ −dt^2 + dy^2 + hd(y − t)^2 + dx^idx^i ] . (5.39)

Compactification on y − t again reproduces the near horizon geometry of the zero-branes (in the gauge transformed variables). However asympotically h now diverges so that y − t is never light-like. Of course it is not surprising that the near horizon geometry of these zero-branes cannot be related to asymptotically light-like compactified MM-theory, because MM-theory does not have asymptotically flat solutions.

Indeed, since the U(1) symmetry 2.11 lifts to a diffeomorphism combined with a Weyl transformation of the eleven-dimensional metric, we see that by a choice of gauge we can arrange for an eleven-dimensional solution which of the form 5.39 but with any conformal factor e^{−4mχ}. Asymptotically H = 1 + h ∼ 4m^2A_{ij} x^ix^j so that from the eleven-dimensional point of view the zero-branes describe states in MM-theory which are asymptotically conformally Cahen-Wallach.

This conformal symmetry implies that there is no suitable Maldacena limit. In particular, from the point of view of MM-theory it is not meaningful to consider the limit where the energy and length scale of the system is taken to zero, since this requires a choice of conformal frame (or, from the tendimensional point of view, a choice of gauge for the graviphoton). In effect the zero-brane dynamics are not associated with the light-like limit of MM-theory but rather they somehow describe MM-theory at all scales. As a result it seems likely that we can not restrict our attention the lowest order terms in zero-brane action 5.34 which then leads to 5.37 if there are N zero-branes. We therefore imagine a non-trivial phase of matrix quantum mechanics where none of the higher order terms can be neglected. This resolves the puzzle that at lowest order in fields, the zero-brane action 5.34 does not depend on m and so one can not tell the difference between MM-theory and M-theory. However this is not the case if the higher order terms are not neglected. In addition the tachyonic nature of zero-branes in a de Sitter background is stabilised through higher order terms.

It is intriging to note that Cahen-Wallach spacetimes are symmetric spaces with a coset structure G/H, where G is the Heisenberg algebra associated to a system with nine degrees of freedom, combined with an outer automorphism that intertwines the momentum and coordinate variables [21]. Specifically, G is the algebra whose generators statisfy [21]

[p_i, q_j] = 4m^2A_{ij} , [R, q_i] = p_i , [R, p_i] = 4m^2A_{ij} q_j , (5.40)

with all other commutators vanishing. The subalgebra H is generated by the momenta p_i and the corresponding symmetry is presumably that of coordinate translations. We are led to conjecture that G/H is the symmetry group of the underlying quantum mechanical MM(atrix) theory in an asymptotically conformally Cahen-Wallach spacetime. Since H is linearly realised this suggests that there is no potential in the Hamiltonian. It would be interesting to see if the generalised conformal mechanics of D0-branes [24] is related to a possible MM(atrix) theory.

This situation can be sharply contrasted with the D0-branes of the massless IIA string. In that case, the supergravity solution is asymptotically flat and one may choose the string coupling to be arbitrarily small so that ordinarily the physics would be strictly ten-dimensional. However, if one stacks a large number ‘N’ of D0-branes in the core of the spacetime, then a bubble of eleven-dimensional spacetime will open up in the region N^{1/9}/M < r < N^{1/7}/M [25, 26]. For the massive zero branes that we have found this effect will persist, the key difference is that the geometry can never be asymptotically flat.

Given that the symmetry which we use to (locally) transform from M-theory to MM-theory is also a symmetry of the D0-brane effective action, there is a bit of a puzzle here: How could de Sitter space possibly be the ground state of MM-theory, given that it is definitely not a solution of the massless IIA string? Again, our main answer to this conundrum is that there should exist a phase of matrix quantum mechanics where higher order terms survive. However, it is possible to see that this theory will be sensitive to the fact that the bulk R-R vector is tachyonic, even at the linearized level. This is because on a D0-brane the world-volume quantum mechanical theory includes sixteen Fermionic operators θ [20]. The zero-modes of these Fermions generate an SO(16) Clifford algebra, and consequently may be written as 2^{16/2} = 256-dimensional gamma matrices. It follows that a D0-brane has 256 internal degrees of freedom, or polarization states. These states are explicitly constructed in [27], and they are precisely the space of polarization states of the supergraviton in eleven dimensions. In the weak field approximation, the worldvolume fermions couple to small fluctuations of the background metric, g_{mn}, NS-NS 2-form potential, B_{mn}, and R-R one-form and three-form potentials, A_m and A_{mnp} [28, 27]. The precise interaction Lagrangian for the R-R vector takes the form L_{int} = − i 8 (∇_mA_n) θ̄Γ^{mn}θ . (5.41)

In this sense the zero-brane internal degrees of freedom are ‘sensitive’ to an MM-theory background. Understanding this interaction properly will involve working out the full family of superpartners for the purely bosonic zero-brane which we have been discussing in this paper. In other words, while a finite N matrix formulation of DLCQ MM-theory should provide a (partial) microscopic description of MM-theory, it would also be of interest to better understand the asymptotic structure of these massive zero-branes. In particular, it would be interesting to work out the long-range supergravity fields which arise when we polarize one of these massive Bosonic zero-branes with a higher multipole moment. For example, it should be possible to polarize one of these zero-branes with a two-brane dipole moment as discussed in [29]. However, this is complicated by the observation above that it seems difficult (though not necessarily impossible) to find a two-brane solution for this theory.

6 Relaxation of the cosmological constant through domain wall nucleation?

As described above, in order to construct the new massive IIA supergravity of [15], we must introduce an exact one form k̂ = mdy in eleven-dimensions. As described in [30], in ten-dimensions we can introduce a ten-form field strength F_{10} = ⋆m . (6.1)

Thus d ⋆ F_{10} = 0 and dF_{10} = 0 automatically. From this point of view it is natural to consider the existence of eight-brane or domain wall solutions that couple to F_{10}. Of course, when we say that states of this massive IIA theory couple electrically to the 10-form F_{10}, what we really mean is that there exists a nine-form potential A_9, which couples to the worldvolume of the eight-brane, and which is related to the ten-form in the usual way:

F_{10} = dA_9 . (6.2)

Unfortunately, at present there is no reason why we should make this assumption. This is related to the fact that at present we still don’t have a good microscopic realization of the degrees of freedom underlying the ten-form formulation of this theory. This can be contrasted with the Romans massive IIA theory [31], where the D8-branes are of course places where F-strings can end. We have also seen that no Poincare invariant eight-brane solutions to the equations of motion exist, whereas they do exist in the Romans theory [22].

At any rate, if we could justify the statement that such domain walls exist then we could invoke the mechanism of Brown and Teitelboim ([32], [33]), who originally studied the stability of a theory in four dimensions where the effective (positive) cosmological constant is generated by a four-form flux, with fundamental membranes coupled electrically to the four-form. They proved that the effective cosmological constant will be decreased through the nucleation of membranes which couple to the four-form. This decrease of the cosmological constant through brane nucleation is generically known as the Brown-Teitelboim mechanism. Clearly, if the massive IIA theory which we have been studying is just a higher-dimensional realization of the scenario originally studied by Brown and Teitelboim, then we may use the Brown-Teitelboim mechanism to conclude that at late times the cosmological constant will be driven to zero. Research on this possibility is currently underway.

7 Conclusions

In this paper we have addressed some dynamical issues in a modified type IIA supergravity. In particular we showed that it admits multi-zero-brane solutions and that the effective desciption of these zero-branes can be related to a massive deformation of the well-known M(atrix) formulations of M-theory and type IIA string theory. This suggests a matrix theory formulation of MM-theory in which the massive equations of motion arise as the the low energy effective dynamics.

The massive deformation of type IIA supergravity discussed here can almost certainly be extended to other supergravities. Indeed the mechanism is in some sense trivial. What is, in our opinion, nontrivial is that this construction is completely compatible with eleven-dimensional superspace. Indeed it is the most general solution to the constraints of eleven-dimensional supersymmetry. We find that this is a compelling reason to explore the conjecture that it also has a microscopic description related to that which underlies M-theory. We find this motivation particularly exciting, since our results imply that a cosmological constant is generated spontaneously.

Extrapolating the discussion here of M-theory to a realistic four-dimensional phenomenology, we are presented with the following inflationary scenario: at its creation the universe is in fact threedimensional. It undergoes a period of very rapid, Planck scale, inflation where an additional fourthdimension opens up. The size of this dimension also rapidly expands well beyond any meaningful observable scale. The eventual ground state in such a model is then four-dimensional Minkowski space (perhaps with a small remnant of the cosmological constant). The idea that our universe is, in some sense, three-dimensional has appeared before. Notably with Witten’s suggestion that the cosmlogical constant problem might be solved if our universe is in a strongly coupled phase of a three-dimensional supersymmetric theory [34]. It would be intriguing if the supergravity discussed here provides a cosmological realization of this mechanism.

Acknowledgements

The authors thank S. Chaudhuri, P. Howe, C. Hull, D. Minic, R. Myers, G. Papadopoulos, I. Sachs and E. Witten for discussions and comments on an earlier draft of this paper. AC was supported at MIT in part by funds provided by the U.S. Department of Energy (D.O.E.) under cooperative research agreement DE-FC02-94ER40818, and is supported by a Director’s Funded Fellowship at Los Alamos National Lab. N.D.L. is supported by a PPARC fellowship and special grant PPA/G/S/1998/0061. N.D.L. would also like to thank the Physics departments of the Univeristy of Pennsylvania and the Ludwig-Maximilians Universitiet where some of this work was completed.

Appendix: Conventions

Here we give the conventions we have used for the spin connection and curvature. We follow the same conventions as in [15] where underlined indices refer to the tangent frame, m, n = 0, ...9 label ten-dimensional indicies and a, b = 0, ..., 10 eleven-dimensional ones. We also use hats to denote elevendimensional fields. When discussing p-branes the worldvolume coordinates are labelled by μ, ν = 0, ..., p and the transverse coordinates by i, j, k, ....

We define the spin connection by ∂_me^p_n − ∂_ne^p_n + ω^p_{mq} e^q_n − ω^p_{nq} e^q_m = 0 , (7.3) and hence the torsion-free Christoffel components can be obtained as Γ^p_{mn} = e^p_q (∂_me^q_n + ω^q_{mr} e^r_n ) . (7.4) The curvature tensor is defined as R^q_{mnp} = ∂_mΓ^q_{np} − ∂_nΓ^q_{mp} − Γ^r_{mp}Γ^q_{rn} + Γ^r_{np}Γ^q_{rm} , (7.5) and the Ricci tensor is R_{mn} = R^p_{mpn} . In particular one finds that [D_m, D_n]V_p = −R^q_{mnp} V_q.

References

[1] T. Banks, Cosmological breaking of supersymmetry or little Lambda goes back to the future. II, , hep-th/0007146.

[2] E. Witten, Quantum Gravity in de Sitter Space, hep-th/0106109. [3] A. Chamblin and N.D. Lambert, de Sitter space from M-theory?, hep-th/0102159. [4] P.S. Howe, Weyl Superspace, Phys. Lett. B415 149-155, (1997); hep-th/9707184. [5] E. Cremmer, B. Julia and J. Scherk, Supergravity Theory in Eleven Dimensions, Phys. Lett. B91 (1978) 409.

[6] K. Pilch, P. van Nieuwenhuizen and M. F. Sohnius, De Sitter Superalgebras And Supergravity, Commun. Math. Phys. 98, 105 (1985).

[7] A. Strominger, The dS/CFT Correspondence, hep-th/0106113. [8] M. Li, Matrix Model for de Sitter, hep-th/0106184.

[9] D. Klemm, Some Aspects of the de Sitter/CFT Correspondence, hep-th/0106247. [10] V. Balasubramanian, P. Horava and D. Minic, Deconstructing de Sitter, JHEP 0105:043 (2001);

hep-th/0103171.

[11] Yi-hong Gao, Symmetries, matrices and de Sitter gravity, hep-th/0107067. [12] C.M. Hull, Timelike T-Duality, de Sitter Space, Large N Gauge Theories and Topological Field Theory, JHEP 9807 (1998) 021; hep-th/9806146.

[13] J.W. Moffat, M-Theory and de Sitter Space, hep-th/0107183. [14] G. Chalmers, Cosmological constant in broken maximal sugras, hep-th/0103225. [15] P.S. Howe, N.D. Lambert and P.C. West, A new massive Type IIA supergravity from compactification, Phys. Lett. B416 303-308, (1998), hep-th/9707139.

[16] I.V. Lavrinenko, H. Lu and C.N. Pope, Fibre Bundles and Generalised Dimensional Reduction, Class. Quant. Grav. 15, 2239-2256 (1998), hep-th/9710243.

[17] R. M. Wald, Black hole in a uniform magnetic field, Phys. Rev. D10 (1974) 1680. [18] M.S. Turner and L.M. Widrow, Inflation Produced, Large Scale Magnetic Fields, Phys. Rev. D.

37 (1988) 2743.

[19] T. Banks, W. Fischler, S. Shenker, and L. Susskind, Phys. Rev. D55 (1977) 5112, hep-th/9610043. [20] M. Claudson and M.B. Halpern, Supersymmetric ground state wave functions, Nucl. Phys. B250, 689 - 715 (1985).

[21] J.Figueroa-O’Farrill and G. Papadopoulos, Homogeneous Fluxes, Branes and a Maximally Supersymmetric Solution of M-Theory, hep-th/0105308.

[22] E. Bergshoeff, M. de Roo, M.B. Green, G. Papadopoulos and P.K. Townsend, Duality of Type II 7-branes and 8-branes, Nucl. Phys. B470, 113-135 (1996), hep-th/9601150.

[23] E. Bergshoeff and P.K. Townsend, Super D-branes, Nucl. Phys. B490, 145-162 (1997), hepth/9611173.

[24] A. Jevicki and T. Yoneya, Space-Time Uncertainty Principle and Conformal Symmetry in Dparticle dynamics, Nucl. Phys. B535 (1998) 335, hep-th/9805069.

[25] J. Polchinski, M-Theory and the Light Cone, Prog. Theor. Phys. Suppl. 134, 158-170 (1999), hep-th/9903165 .

[26] V. Balasubramanian, R. Gopakumar and F. Larsen, Gauge theory, geometry and the large N limit, Nucl. Phys. B526:415-431 (1998); 9712077.

[27] K. Millar, W. Taylor and M. van Raamsdonk, D-particle polarizations with multipole moments of higher-dimensional branes, hep-th/0007157.

[28] J.F. Morales, C.A. Scrucca and M. Serone, Scale independent spin effects in D-brane dynamics, Nucl.Phys. B534 223-249 (1998), hep-th/9801183.

[29] W. Taylor IV. M(atrix) Theory: Matrix Quantum Mechanics as a Fundamental Theory, hepth/0101126.

[30] A. Chamblin, M.J. Perry and H.S. Reall , Non-BPS D8-branes and Dynamic Domain Walls in Massive IIA Supergravities, JHEP 9909 (1999) 014, hep-th/9908047.

[31] L.J. Romans, Massive N = 2a supergravity in ten dimensions, Phys. Lett. 169B, No. 4, 374-380 (1986).

[32] J.D. Brown and C. Teitelboim, Dynamical neutralization of the cosmological constant. Phys. Lett.

B195, 177 (1987).

[33] J.D. Brown and C. Teitelboim, Neutralization of the cosmological constant by membrane creation.

Nucl. Phys. B297, 787 (1988).

[34] E. Witten, Is Supersymmetry Really Broken, Int. J. Mod. Phys. A10 (1995) 1247, hep-th/9409111;

E. Witten, Strong Coupling and the Cosmological Constant, Mod. Phys. Lett. A10 (1995) 2153, hep-th/9506101.