arXiv:hep-th/0107085 10 Jul 2001

OUTP-01-39-P

Fluctuations of a (Tensionless) Brane World

Bayram Tekin^{a,1}

aTheoretical Physics, University of Oxford, 1 Keble Road, Oxford, OX1 3NP, UK

Abstract

We compute the quantum fluctuations of a 3-brane with tension, energy density and stiffness. As a result of the fluctuations there are induced forces between massive objects living on the brane. We study various limiting cases of the induced potential between 2 and 3 massive objects. One quite interesting finding is that for tensionless brane world there are universal (mass independent) 1=r^3 forces between the objects on the brane. These forces are in principle measurable.

1e-mail: tekin@thphys.ox.ac.uk

The idea [1] that our universe is a brane-like object in a higher dimensional space with ‘large’ or ‘small’ extra spatial dimensions has not yet been shown to contradict the standard model and gravity. It is therefore of some importance to make testable predictions using brane-world pictures. Unfortunately we are stuck on the brane and we lack the knowledge of how the full theory (brane + bulk) looks like. One can certainly build various models using M-theory [2, 3] but in principle one would like to test the brane-world idea without knowing the the proper microscopic theory. Thus it would certainly be interesting to find some universal (model independent) predictions of the idea of a brane-world.

One interesting possible observable effect of living on a hyper-surface embedded in a higher dimensional space is the modification of gravity at both small and large distances [4, 5, 6, 7, 8, 9]. Even though this is certainly an interesting observable effect of brane world idea; it was pointed out in [10] that any observed modification of gravity at distances smaller than 0.1mm would not necessarily show the existence of extra dimensions since one could explain modifications of gravity at sub-millimeter scales by staying in four dimensions and adding a higher dimensional operator (αR^2) to Einstein-Hilbert action. Low energy limit of G^{−1}R+αR^2 theory in four dimensions coincides with the low energy limit of higher dimensional theories. Current experimental tests of gravity are compatible with a non-zero α. An other possibility in probing the extra dimensions is to study the observable effects of the fluctuations of the brane in the bigger space. This question was addressed in various works [11, 12, 13, 14, 15]. In particular it was shown in [11] that brane fluctuations remedy the ugly tree-level divergences that arise as a result of the Kaluza-Klein modes -matter interactions in the theories where gauge fields are allowed to live in the bulk with some compact dimensions. Brane fluctuations render the two charged particle scattering finite by suppressing the effect of higher Kaluza-Klein modes. One important result that comes out from the above works is that the tension of the brane world cannot be arbitrarily small since the fluctuations of the brane have some observable consequences which are proportional to the negative powers of the tension. Specifically as a result of the fluctuations there is an induced potential energy between two massive particles which is of the form [12] V (r) = − 3(D − 3) 2^7π^3 m_1m_2 τ^2r^7 (1) where τ is the tension of the brane-world. Clearly τ cannot be made too small, otherwise Eqn. (1) would dominate over gravity effects. In the literature one usually finds that the tension of the brane world is taken to be around 1(T eV )^4. Comparing the tension to the energy density ϵ of the brane we have τ ϵ ∼ TeV^4 10^{−12}eV^4

= 10^{60} (2)

Considering that for Nambu-Gotto branes one expects τ = ϵ; the large number 10^{60} is the usual ‘cosmological constant’ problem which needs to be explained.

In this paper I will re-consider the transverse fluctuations of the brane world. But my approach differs from the above mentioned works in the way that I use a different effective action for the brane. I will assume that the brane has an energy density (ϵ) and stiffness (μ) in addition to its tension τ . Without the knowledge of the full theory it is conceivable that the effective action of the brane that describes its motion in the extra dimensions is not in the Nambu-Gotto form but in a more general form. In fact there are examples of non Nambu-Gotto type behavior in similar objects: cosmic gauge strings. If there are small scales to the string (lets say some wiggliness ) then the tension of a cosmic string is decreased whereas the energy density is increased yielding τ ≠ ϵ [16, 17, 18]. I willstudy the observable non-relativistic effects (low energy theory) therefore it is sufficient to consider a non-relativistic brane action. But as far as phenomenology is concerned we do not loose much when we work with the non-relativistic version. One very important consequence of our approach is that we can consider the fluctuations of a brane with ‘small’ tension and even we will consider tensionless brane world without having a divergent ‘fifth-force’ which is given by Eqn. (1). On the other hand in the limit of Nambu-Gotto brane we will reproduce the formula Eqn. (1).

Our main idea is that we do not know what the full theory is and how the brane action is induced. All we know is that we have standard model fields on a flat 3-brane which fluctuates in (D-3) transverse dimensions. In a different context this problem was studied by D‘Hoker et al [19] some time ago and I will make use of their computations. The action of a d-brane which describe the fluctuations in (D − d) directions is S = ∫ dt ∫ d^dx 1 2 { ϵ (∂φm ∂t )_2 − τ (⃗∇φ^m)^2 − μ(⃗∇ · ⃗∇φ^m)^2 } (3) where, once again, ϵ is the energy density, τ is the tension and μ is the stiffness of the brane. φ^m(t, ⃗x) is the position of the brane. We will put freely moving uncharged objects on the brane. For N objects (we do not specify what these objects are yet. They can be as small as particles or as large as galaxies ) the coupling to the brane is through the kinetic term,

S_m = ∫ dt ∫ d^dx N∑ j=1 1 2 m_j (∂φm ∂t )_2

δ^d(⃗x − ⃗x_j ) (4)

By considering a flat brane we assume that we switch of the gravitational attraction between the masses. In fact we should keep in our mind that gravity is the dominating force among neutral objects and what ever interaction we will find should be a correction to gravity. Following [19] the vacuum energy of the theory is defined as

− E = (D − d) lim_{T →∞} 1 2T e − N∑ j=1 m_j 2 ∫_T −T dt ( ∂ ∂t δ δJ(⃗x_j, t) )_2 Z[J] | | |_{J=0connected} (5)

where the generating functional and the propagator are

Z[J] = e^{12}

R_{dd+1 x} R_{dd+1 yJ(x)ΔF (x−y)J(y) (6)}

Δ_F (x) = ∫ d^{d+1}q (2π)^{d+1} e^{iq·x} ϵq^2_0 + τ⃗q · ⃗q + μ(⃗q · ⃗q)^2 . (7)

Considering the proper diagrams one obtains the Coleman-Weinberg potential [19] E = (D − d) ∫_∞ 0 dw 2π log det (1 + w^2M) (8)

where M is the N × N matrix of elements M_{jk} = m_j G(w, |⃗x_j − ⃗x_k|), and: G(w, |⃗x|) = ∫ d^dq (2π)^d e^{i⃗q·⃗x} ϵw^2 + τ⃗q · ⃗q + μ(⃗q · ⃗q)^2 . (9)

For the case of a 3-brane up to a divergent constant the potential energy between two massive particles is

V (r) = (D − 3) ∫_∞ 0 dw 2π log [ 1 − m_1m_2w^4G(w, r)^2 (1 + m_1w^2G(w, 0))(1 + m_2w^2G(w, 0)) ] (10)

Carrying out the integral Eqn. (9) for a 3-brane we get G(w, r) = 1 4πr √ τ^2 − 4μϵω^2 { e^rp^{2μ}

q_{τ −}√_{τ 2−4μϵω2 − e rp2μ} q_{τ +}√_{τ 2−4μϵω2} }_{(11)}

Leaving aside the full theory with non-zero stiffness and non-zero tension; let us compute what would be the induced potential in the two extreme cases of zero stiffness or zero tension.

Brane with zero stiffness:

Setting μ = 0 the Green’s function reads G(w, r) = 1 4πτ r e^{−wr} √_{ϵτ} (12)

It is clear that the potential Eqn. (10) between the masses vanishes in this case since G(w, 0) = ∞. This seems rather boring. We can do a little better by introducing a UV cut off, l_P and not allow r = 0.^2 Doing so one obtains the following potential at large distances (or small masses) V (r) = − 3(D − 3) 2^7π^3 m_1m_2 ϵ^2r^7 ( τ ϵ )^{12} If r^2 ≫ m_{1,2} 4πϵl_P (13)

and small distances ( or large masses) V (r) = − (D − 3)l^2_P 4πr^3 ( τ ϵ )^{12} If r^2 ≪ m_{1,2} 4πϵl_P (14)

First thing to notice is that in the in the Nambu-Gotto brane world limit (τ = ϵ) the large distance limit of the potential Eqn. (13) coincides with Eqn. (1) as promised. On the other hand in small distance limit, Eqn (14) defines a universal attractive potential independent of the masses.

2 As noted in [19] a small stiffness can provide such a cut off and one can take l^2_p =^μ_τ . But here we merely introduce some small cut off, which we will take to be the Planck length.

If we take l_P = 1.6 × 10^{−33}cm and ϵ = 10^{−12}(eV)^4 then we can see that we are necessarily in the small distance limit. Therefore fluctuations of a brane with zero stiffness induce a mass independent attractive potential between all the objects in the brane (as long as they are not strictly massless). But since this potential is proportional to l^2_P it is not observable.

Tensionless brane world : τ = 0 In this case one has G(w, r) = e^{−r} q_{w2 √ ϵμ} 4πrw √ ϵμ sin ( r √ w 2 √ ϵ μ ) (15)

and the induced potential energies are computed to be V (r) = − 15(D − 3) 2^5π^3 m_1m_2 ϵ^2r^8 ( μ ϵ )^{12} If r^2 ≫ m_{1,2} 4πϵl_P (16) and V (r) = − 0.86(D − 3) 2π 1 r^2 ( μ ϵ )^{12} If r^2 ≪ m_{1,2} 4πϵl_P (17)

Therefore for tensionless brane-world once again we obtain a universal (in the lowest order) potential between the masses in the small r limit. Observe that small r really means smaller than the radius of the universe, since r^2 ≫^{m1,2}_{4πϵlP} is hard to satisfy for reasonable masses.

Eqn. (17) predicts a measurable modification of Newton’s law. Non-observation of this universal potential, say in the solar system, puts a limit on the stiffness of the brane world. At larger scales one can still hope to see the effect of Eqn. (17).

Interaction of 3 masses Let us now compute the induced potential energy between tree massive objects that are embedded in the brane. For simplicity I will assume that all these masses are at the vertices of an equilateral triangle. Up to a divergent constant the potential energy is

V (r) = (D − 3) ∫_∞ 0 dw 2π log [ 1 + m_1m_2m_3w^6G(w, r)^2(2G(w, r) − 3G(w, 0)) − (m_1m_2 + m_1m_3 + m_2m_3)w^4G(w, r)^2 (1 + m_1w^2G(w, 0))(1 + m_2w^2G(w, 0))(1 + m_3w^2G(w, 0)) ]

In the zero stiffness (μ = 0 ) limit one has V (r) = − 3(D − 3) 2^7π^3

(m_1m_2 + m_1m_3 + m_2m_3) ϵ^2r^7 ( τ ϵ )^{12} − 135(D − 3)

2^{10}π^4 m_1m_2m_3 ϵ^3r^9l_P ( τ ϵ )^{12} If r^2 ≫ m_{1,2,3} 4πϵl_P (18)

Therefore for large distances there is an attractive three body potential induced on the brane in addition to the dominant two body potential. For large masses the story is a little different. The potential is again universal as in the case of two masses but now it is coefficient is three times larger. V (r) = − 3(D − 3)l^2_P 4πr^3 ( τ ϵ )^{12} If r^2 ≪ m_{1,2,3} 4πϵl_P (19)

Once again zero stiffness limit does not give a measurable prediction since the relevant potential energy is tiny.

In the tensionless brane case we have

V (r) = − 15(D − 3) 2^5π^3 m_1m_2 + m_1m_3 + m_2m_3 ϵ^2r^8 ( μ ϵ )^{12} 28.6(D − 3)

π^4 m_1m_2m_3

ϵ^3r^{11} ( μ ϵ )^{12} If r^2 ≫ m_{1,2,3} 4πϵl_P (20)

and at short distance the relevant integral is

V (r) = D − 3 2π ∫_∞ 0 dw log [ 1 − 3 G(w, r)^2 G(w, 0)^2 + 2 G(w, r)^3 G(w, 0)^3 ] (21)

which gives^3 V = − D − 3 πr^2 ( μ ϵ )^{12} r^2 ≪ m_{1,2,3} 4πϵl_P (22)

The relevant limit is the Eqn. (22) for which r is smaller than the horizon.

To conclude I have shown that considering the quantum fluctuations of generic brane action with tension, energy density and stiffness one can study the observable effects of extra dimensions. One important consequence of this computation is that we are allowed

3 The coefficient is determined by the integral :

R 1_{0 dx log}^h_1 �_3 e�2x sin2 x_{x2 + 2} e�3x sin3 x_{x3}^i_= �_{0.52}

to consider tensionless branes as opposed to the usual practice of taking the tension very high. In a sense we have solved the large tension problem by going to non-relativistic theory. We have also shown that Nambu-Gotto limit τ = ϵ = 10^{−12}(eV)^4 is possible without introducing a large force. In the tensionless brane world picture, if there is a nonzero stiffness to the brane, fluctuations of the brane induce mass independent potentials which are in principle measurable. I have also considered the induced potential between 3 massive objects. Once again there are universal potentials in the tensionless brane limit. In principle one can compute the finite temperature effects by using the methods of [19] but I shall not dwell on this here.

I would like to thank A. Ibarra and S. Sarkar for useful discussions. This work is supported by PPARC Grant PPA/G/O/1998/00567.

References

[1] See the following review article: V. A. Rubakov, “Large and infinite extra dimensions:

An Introduction,” hep-ph/0104152.

[2] P. Horava and E. Witten, Nucl. Phys. B 460, 506 (1996) [hep-th/9510209]

[3] A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, Phys. Rev. D 59, 086001 (1999) [hep-th/9803235].

[4] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429, 263 (1998) [hepph/9803315].

[5] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 436, 257 (1998) [hep-ph/9804398].

[6] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [hep-th/9906064].

[7] I. I. Kogan, S. Mouslopoulos, A. Papazoglou, G. G. Ross and J. Santiago, Nucl. Phys.

B 584, 313 (2000) [hep-ph/9912552].

[8] R. Gregory, V. A. Rubakov and S. M. Sibiryakov, Phys. Rev. Lett. 84, 5928 (2000) [hep-th/0002072].

[9] G. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 484, 112 (2000) [hepth/0002190].

[10] B. Tekin, “Higher dimensional operators or large extra dimensions?,” hep-th/0106134. [11] M. Bando, T. Kugo, T. Noguchi and K. Yoshioka, Phys. Rev. Lett. 83, 3601 (1999) [hep-ph/9906549].

[12] T. Kugo and K. Yoshioka, Nucl. Phys. B 594, 301 (2001) [hep-ph/9912496]. [13] P. Creminelli and A. Strumia, Nucl. Phys. B 596, 125 (2001) [hep-ph/0007267]. [14] A. Dobado and A. L. Maroto, Nucl. Phys. B 592, 203 (2001) [hep-ph/0007100]. [15] A. De Rujula, A. Donini, M. B. Gavela and S. Rigolin, Phys. Lett. B 482, 195 (2000) [hep-ph/0001335].

[16] A. Vilenkin, Phys. Rev. D 41, 3038 (1990). [17] B. Carter, Phys. Rev. D 41, 3869 (1990).

[18] J. Kim and P. Sikivie, Phys. Rev. D 50, 7410 (1994) [hep-ph/9405227]. [19] E. D’Hoker, P. Sikivie and Y. Kanev, Phys. Lett. B 347, 56 (1995) [hep-th/9412055].