arXiv:hep-th/0107109 v2 25 Feb 2002

A new sequence of topological terms at any spacetime dimensions

J. Barcelos-Neto^a and E.C. Marino^b

Instituto de Física Universidade Federal do Rio de Janeiro RJ 21945-970 - Caixa Postal 68528 - Brasil (February 26, 2002)

Abstract We investigate a sequence of quadratic topological terms of the Chern-Simons type in different spacetime dimensions, related by dimensional compactification and sharing the properties of topological mass generation and statistical transmutation. The implications for bosonization in several dimensions are also analyzed.

1. The Chern-Simons term is usually considered at spacetime dimension D = 2 + 1 and is given by (up to a mass dimension constant) [1] S_{CS} = ∫ d^3x ϵ^{μνρ} ∂_μA_ν A_ρ (1)

We are going to refer to the Abelian case only. Considering that the 0+1 dimensional case is just given by ∫ dt A [2], we may generalize the form of Chern-Simons term for any dimensions as

S_{CS1} = ∫ dx A S_{CS2} = ∫ d^2x ϵ^{μν} ∂_μA_ν S_{CS3} = ∫ d^3x ϵ^{μνρ} ∂_μA_ν A_ρ S_{CS4} = ∫ d^4x ϵ^{μνρλ} ∂_μA_ν ∂_ρA_λ S_{CS5} = ∫ d^5x ϵ^{μνρλη} ∂_μA_ν ∂_ρA_λA_η . . (2)

The case of D=3, given by (1), however, is special for many reasons. Firstly, it is the only one that is quadratic in A_μ (note that in D=4 and actually in any even dimension it is a total derivative and, therefore, classically trivial). In this sense, D=3 is the only case where it can be used alone as a “kinetic” term for A_μ. Secondly, it is well-known that in this case it produces a change in the statistics of the particles that couple to A_μ [3]. Another feature of S_{CS3} is that, if we consider it together with a Maxwell term, it generates a mass for A_μ, the so called topological mass generation.

In view of the special characteristics of S_{CS3} and the fact that the number of gauge fields is not the same for all D we also conclude that these terms cannot be linked each other by any kind of dimensional compactification. It would be very interesting, on the other hand, to be able to generate a whole sequence of topological terms by dimensional reduction. For this purpose, we consider the possibility of constructing topological terms involving gauge fields of different ranks. These terms are not necessarily trivial for even spacetime dimensions. In fact, for D = 4, Cremer and J. Scherk [4] introduced the following term,

S_4 = ∫ d^4x ϵ^{μνρλ} ∂_μA_ν B_{ρλ} (3) where B_{μν} is the antisymmetric Kalb-Ramon field [5] whose gauge transformation is expressed in terms of a vector parameter ξ_μ as

δB_{μν} = ∂_μξ_ν − ∂_ν ξ_μ (4)

This term can be associated to a mechanism of mass generation for the gauge fields A_μ or B_{μν} [4,6]. Indeed, considering (3) together with Maxwell terms for A_μ and B_{μν} , namely S = ∫ d^4x ( 1 12 H^2_{μνρ} − M 2 ϵ^{μνρλ}A_μ∂_ν B_{ρλ} − 1 4 F^2_{μν} )

(5) we get S_{eff} [A_μ] = − 1 4 ∫ d^4x F_{μν} ( 1 + M^2 □ ) F^{μν} (6) or S_{eff} [B_{μν} ] = 1 12 ∫ d^4x H_{μνρ} ( 1 + M^2 □ ) H^{μνρ} (7) respectively, upon integration over B_{μν} or A_μ. It is opportune to mention that its non-Abelian version [7] can also be used as an alternative mechanism of mass generation for the gauge fields in the electroweak theory without Higgs bosons [8].

The topological term given by (3) presents the three features closely related to the ones of (1). It is quadratic in the fields, it generates a mass for these fields and it is also related to the change of statistics of extended objects, namely, strings, in D = 3 + 1 [9]. It is, therefore, natural, attempting to find another sequence of terms containing (1) and (3), and presenting the common feature of being quadratic. We are going to see that some other features are also shared.

2. The motivation of the present paper is to make a general study of a new sequence for topological terms, by considering that these terms always have two fields (with the same rank or not). Since even dimensional terms are not necessarily zero, our guide will be that a term from a dimension D can be obtained from compactification of a term higher than D. The only natural constraint we impose is that the usual Chern-Simons term in D = 2+1 takes part in the sequence.

In order to have a better comprehension of the problem, let us start from a specific spacetime dimension, say D = 5. At first sight, the corresponding Chern- Simons term could be written by means of two gauge fields of rank two, i.e. ∫ d^5x ϵ^{μνρλη} ∂_μB_{νρ}B_{λη} . However, this term corresponds to a total derivative and consequently is not a good candidate for a Chern-Simons at spacetime dimension D = 5. The next one to play this role is formed by a totally antisymmetric gauge field of rank three and a vector field, namely

S_5 = ∫ d^5x ϵ^{μνρλη} ∂_μA_ν C_{ρλη} (8) The gauge transformation for the rank three gauge field C_{μνρ} should be

δC_{μνρ} = ∂_μζ_{νρ} + ∂_ρζ_{μν} + ∂_νζ_{ρμ} (9)

where ζ_{μν} is an antisymmetric gauge parameter.

The consistency of the term given by (8) can be verified by performing the compactification of one space dimension and see if the Chern-Simons term at D = 4, given by (3), is obtained. We use the spontaneous compactification procedure [10]. Let us compactify the coordinate x^4. Using a more convenient notation, where capital Roman indices correspond to the spacetime dimension D = 5, we have ∫ d^5x ϵ^{MNP QR} ∂_M A_N C_{P QR} = ϵ^{μνρλ} ∫ d^4x ∫_R 0 dx^4 ( ∂_4A_μC_{νρλ} + ∂_λA_4C_{μνρ} + 3 ∂_μA_μC_{ρλ4} ) (10) where ϵ^{μνρλ} = ϵ^{4μνρλ}. We next take the (Fourier) expansions:

A_μ(x, x^4) = 1 √ R ∞∑ n=−∞ A_{(n)μ}(x) exp ( 2inπ x^4 R )

A_4(x, x^4) = 1 √ R ∞∑ n=−∞ ϕ_{(n)}(x) exp ( 2inπ x^4 R )

C_{μνρ}(x, x^4) = 1 √ R ∞∑ n=−∞ C_{(n)μνρ}(x) exp ( 2inπ x^4 R )

C_{μν4}(x, x^4) = 1 √ R ∞∑ n=−∞ B̃_{(n)μν} (x) exp ( 2inπ x^4 R ) (11)

Since all fields in (10) are assumed to be real, we must have A^∗_{(n)μ} = A_{(−n)μ}, ϕ^∗_{(n)} = ϕ_{(−n)}, and so on.

Considering similar expansions for the parameters related to the gauge transformations of A_M and C_{MNP}

α(x, x^4) = 1 √ R ∞∑ n=−∞ α_{(n)}(x) exp ( 2inπ x^4 R )

ζ_{MN} (x, x^4) = 1 √ R ∞∑ n=−∞ ζ_{(n)MN} (x) exp ( 2inπ x^4 R ) (12)

we obtain the following gauge transformations for the mode expansions that appear in (11)

δA_{(n)μ}(x) = ∂_μα_{(n)}(x) (13)

δϕ_{(n)}(x) = 2inπ R α_{(n)}(x) (14) δC_{(n)μνρ}(x) = ∂_μζ_{(n)νρ}(x) + ∂_ρζ_{(n)μν} (x) + ∂_ν ζ_{(n)ρμ}(x) (15)

δB̃_{(n)μν} (x) = ∂_μξ̃_{(n)ν} (x) − ∂_νξ̃_{(n)μ}(x) + 2inπ R ζ_{(n)μν}(x) (16)

where

ξ̃_{(n)μ}(x) = ζ_{(n)μ4}(x) (17)

Comparing (4) and (16), we observe that just B̃_{(0)μν} can be identified with B_{μν} where one takes ξ̃_{(0)μ} = ξ_μ.

Let us now insert the expansions given by (11) into (10). The final result is ∫ d^5x ϵ^{MNP QR} ∂_M A_N C_{P QR} = ϵ^{μνρλ} ∞∑ n=−∞ ∫ d^4x ( 2inπ R A_{(n)μ}C^∗_{(n)νρλ} + ∂_λϕ_{(n)}C^∗_{(n)μνρ} + 3∂_μA_{(n)ν}B̃^∗_{(n)ρλ} ) (18)

Since B̃_{(0)μν} can be identified with the tensor gauge field B_{μν} and there is no problem in identifying A_{(0)μ} with A_μ, the Cremer and Scherk topological term given by (3) is actually present in the compactified expression (18) for n = 0. Further, there is another kind of topological term that can also be identified in (18) for n = 0, involving a real scalar field and a three-form gauge field, namely

S^′_4 = ∫ d^4x ϵ^{μνρλ} ∂_μϕ C_{νρλη} (19) where ϕ = ϕ_{(0)}. In fact, we could also have written a term like this in D = 5, involving a scalar and a fourform gauge field,

S^′_5 = ∫ d^5x ϵ^{MNP QR} ∂_M ϕ D_{NP QR} (20) It is not difficult to see that the spontaneous compactification of this term also leads to S^′_4 given by (19), but not to (3).

3. We now proceed in a similar way and go to lower dimensions. Having the same care in identifying vector, tensor and scalar fields for n = 0, we get from D = 4 to D = 3 the usual Chern-Simons terms given by (1) and also another one involving a scalar field,

S^′_3 = ∫ d^3x ϵ^{μνρ}∂_μϕ B_{μν} (21) This term can be reached by compactification of both S_4 and S^′_4, and has also been considered in a recent literature [11]. It is easily seen that topological terms involving scalar field is a kind of residual Chern-Simons term that appears at any spacetime dimensions. However, in D = 2 and D = 1 these terms are the only ones that remain. Indeed,

S_2 = ∫ d^2x ϵ^{μν} ∂_μA_ν ϕ (22)

S_1 = ∫ dx ϕ̇ φ (23) In the obtainment of (23), the two different scalar fields come from A_{(0)1} and ϕ_{(0)}.

The term (21) also has been shown to produce a mass generation for the corresponding fields [11]. For the one given by (22) and considering the kinetic terms for ϕ and A_ν , we have S = ∫ d^2x [ 1 2 (∂_μϕ)^2 − M ϵ^{μν} A_μ∂_ν ϕ − 1 4 F^2_{μν} ] (24)

After integrating over ϕ and A_ν , we respectively obtain S_{eff} [A_μ] = − 1 4 ∫ d^2x F_{μν} ( 1 + M^2 □ ) F^{μν} (25) and S_{eff} [ϕ] = ∫ d^2x [ 1 2 (∂_μϕ)^2 −

M^2 2 ϕ^2 ] (26)

and we, once again, identify the mass generation mechanism. A similar procedure also happens to (23).

We observe that the topological term in D = 1 does not match the corresponding one of the sequence given by (2). Even though that term appears naturally in the framework of quantum field theory, in the sense that it can be generated by quantum corrections of fermionic loops [2], the S_{CS1} term is not related to mass generation. This property on the other hand is fulfilled by the term given by (23). Concerning the quantum generation for the terms of the sequence we are studying, we remark that they are also consistent from the quantum point of view. What happens is that they emerge in an almost trivial way. For example, for the term given by (3), the ϵ^{μνρλ} tensor appears directly from the interaction vertices involving fermion and tensor fields, while the usual Chern-Simons term in D = 3 comes from the trace of gamma matrices in a one-loop calculation.

4. In the previous section we have considered topological terms by making spontaneous compactification starting from D = 5. From the results we have by now, it is feasible to infer those terms for spacetime dimensions higher than five. For example, at D = 6 these terms are

S_6 = ∫ d^6x ϵ^{μνρληξ} ∂_μϕ E_{νρληξ} S^′_6 = ∫ d^6x ϵ^{μνρληξ} ∂_μA_ν D_{ρληξ} S^{′′}_6 = ∫ d^6x ϵ^{μνρληξ} ∂_μB_{νρ} C_{ληξ} (27) Let us also write down the terms for D = 7

S_7 = ∫ d^7x ϵ^{μνρληξζ} ∂_μϕ F_{νρληξζ} S^′_7 = ∫ d^7x ϵ^{μνρληξζ} ∂_μA_ν E_{ρληξζ} S^{′′}_7 = ∫ d^7x ϵ^{μνρληξζ} ∂_μB_{νρ} D_{ληξζ} S^{′′′}_7 = ∫ d^7x ϵ^{μνρληξζ} ∂_μC_{νρλ} C_{ηξζ} (28) and it is not difficult to infer the general case. We observe that the number of terms increases with the spacetime dimension. There is just one term for D = 1 and D = 2. For D = 3, 4, 5 there are two terms. In fact, there would be three terms for D = 5, but one of them, involving two fields of rank two, is a total derivative. The same does not occur for example for D = 7, where the corresponding term involving two gauge fields of rank three is not a total derivative. This just occurs when the two equal gauge fields have even rank.

The number of topological terms for a specific dimension D is D/2 for D even. In the case of odd D we have that the number is D/2 − 1/2 if the term with two equal gauge fields is a total derivative and D/2 + 1/2 when it is not.

An important point to be emphasized is that even though the number of topological terms increases with D, there is one term at each specific spacetime dimension that is more important than the others in the sense that it generates all the other terms for lower dimensions. It is not difficult to identity these terms. For example, at D = 5 this term is S_5, in D = 6, S^{′′}_6 , and in D = 7, S^{′′}_7 (notice that it is not S^{′′′}_7 because it would not generate S^′_6).

In what follows, we analyze physical properties of some of the topological terms in the sequence, as far as statistical transmutation and bosonization are concerned.

5. Some of the topological terms generated in the sequence studied in this paper play an important role in connection to the statistical transmutation of different objects. In the case of D = 3, let us consider the coupling of a point-particle, associated to a current density j^μ, to the topological field:

L_3 = θ 2 ϵ^{μαβ} A_μ∂_αA_β − j^μA_μ (29)

In this equation,

j^μ = ∫ L dξ^μδ^3(x − ξ) (30)

where L is the universe-line of the particle. The 0- component of the field equation associated to expression (30), for a static point-particle is

j^0 = δ^2(⃗x − ⃗x_0) = θϵ^{ij} ∂_iA_j = θ B (31)

where B = ϵ^{ij}∂_iA_j is the magnetic field, which is a scalar in D=3. We see that the topological term imparts a point magnetic flux to any point particle that couples to the A_μ field. This fact is responsible for the change in the statistics of the particle since, through an Aharonov-Bohm type effect, its wave function will acquire a phase when interchanged with another particle [12].

Let us consider now the case of a string in D = 4. This is associated to the 2-tensor current density given by j^{μν} = ∫ S d^2σ^{μν} δ^4(x − ξ) (32) where S is the universe-sheet of the string. The coupling of the string with the topological term S_4 is given by L_4 = θϵ^{μναβ} A_μ∂_ν B_{αβ} − j^{μν} B_{μν} (33) The (0i)-component of the field equation associated with the Lagrangian density (33), corresponding to a static string along the spatial curve Γ, is

j^{0i} = ∫ Γ dξ^iδ^3(x − ξ) = θ B^i (34)

where B^i = ϵ^{ijk}∂_jA_k is the magnetic field. For a straight string along the x^3-direction, piercing the (12)-plane at ⃗x_0, for instance, we have θ B^3 = δ^2(⃗x − ⃗x_0).

We see that the topological term produces a constant magnetic field along the string. It is not difficult to infer that charged strings in the presence of the topological term S_4 will suffer a statistical transmutation determined by θ, again as a consequence of an Aharonov-Bohm like effect. This fact has been already identified before [9] in a different framework. Nevertheless, it becomes especially transparent here and can be unified with what happens in other dimensions as well.

Consider now the case of membranes in D = 5. The current density associated to a membrane is the 3-tensor j^{μνα} = ∫ V d^3σ^{μνα}δ^5(x − ξ) (35)

where V is the universe-volume of the membrane. The membrane couples to the topological term S_5, Eq. (8), in the following way: L_5 = θϵ^{μναβγ} A_μ∂_νC_{αβγ} − j^{μνα}C_{μνα} (36) The (0ij)-component of the field equation associated to (36) and corresponding to a static membrane along the spatial surface Σ is

j^{0ij} = ∫ Σ d^2ξ^{ij}δ^4(x − ξ) = θ B^{ij} (37)

where B^{ij} = ϵ^{ijkl}∂_kA_l is the magnetic field, which in D = 5 is a 2-tensor. We see that the topological term S_5 attaches a constant magnetic field along a membrane that couples to it through the vector field A_μ in D = 5. We may immediately conclude that, in analogy to what happens in D = 3 and D = 4, a charged membrane in the presence of the topological term S_5 will undergo statistical transmutation determined by the parameter θ. This fact can certainly be also inferred through a study of the membrane propagator or by the membrane creation operator formalism, as has been done for the string in D = 4 [9]. We are presently investigating this point.

6. Another important feature associated with the sequence of topological terms in an arbitrary dimension is bosonization. In this case the basic starting point is D = 2. Consider a point particle associated to a current density j^μ, which couples to the topological term S_2, given by (22), as follows

L_2 = θϵ^{μν} A_μ∂_νϕ − j^μA_μ (38)

The 0-component of the field equation obtained by varying (38) with respect to A_μ, for a static point particle in position x_0 is

j^0 = δ(x − x_0) = θ∂_xϕ (39)

This implies that corresponding to the point particle described by the current j^μ, we have a solution for the field ϕ given by

ϕ_0(x) = θ θ̃(x − x_0) (40)

where θ̃(x − x_0) is the step function. This is a soliton profile and we are led to infer that corresponding to the particles associated with the current j^μ, we will have soliton excitations of the ϕ-field, associated to the identically conserved current J^μ = ϵ^{μν} ∂_ν ϕ. This fact is at the very basis of the process of bosonization, whenever j^μ is a fermionic current. The fermionic particles are identified with the soliton excitations of the associated bosonic theory [13].

The previous observation allows us to look at the possibility of bosonization in dimensions higher than D = 2 and its possible connection with the topological terms studied here. Indeed, from (31) we see that corresponding to a point particle associated to a current j^μ, minimally coupled to a Chern-Simons field in D = 3, we will have a magnetic vortex solution for the A_μ-field at the same point. These vortex configurations, however, are topological solitons corresponding to the identically conserved current J^μ = ϵ^{μνα}∂_νA_α. Once more we see that bosonization may be achieved by identifying the fermions associated to a current j^μ with magnetic vortices in the corresponding bosonic vector gauge field theory. This has actually been pursued in the case of a free massless Dirac fermion [14] but still there is a vast area to explore in bosonization in D = 3.

Some conclusions can also be drawn by extending the present analysis for D = 4. Coupling a fermionic vector current to the vector field of the topological term S_4, namely

L^′_4 = θϵ^{μναβ} A_μ∂_ν B_{αβ} − j^μA_μ (41)

We see that the field equation obtained by varying with respect to A_μ is j^μ = θϵ^{μναβ} ∂_νB_{αβ} (42)

For a static point particle at ⃗x_0, we have

j^0 = δ^3(⃗x − ⃗x_0) = θϵ^{ijk} ∂_iB_{jk} (43)

We see that the point fermionic particle may be identified with a configuration of the bosonic Kalb- Ramond field B_{αβ} with a nonzero topological charge corresponding to the identically conserved current J^μ = ϵ^{μναβ} ∂_ν B_{αβ} . This observation should be at the basis of any attempt to extend bosonization to D = 4.

Acknowledgment: This work is supported in part by CNPq-PRONEX 66.2002/1998-9 and also by FAPERJ. J.B.-N. and E.C.M. are partially supported by CNPq.

a e-mail: barcelos@if.ufrj.br b e-mail: marino@if.ufrj.br

[1] S. Deser, R. Jackiw, and S. Templeton, Ann. Phys. 140 (1982) 372.

[2] G. Dunne, K. Lee, and C. Lu, Phys. Rev. Lett. 78 (1997) 3434; A. Das and G. Dunne, Phys. Rev. D57 (1998) 5023.

[3] See, for example, F. Wilczek, Fractional statistics and anyon superconductivity (Worl Scientific, Singapore, 1990), and references therein.

[4] E. Cremer and J. Scherk, Nucl. Phys. B72 (1974) 117. [5] M. Kalb and P. Ramond, Phys. Rev. D9 (1974) 2273. [6] T.J. Allen, M.J. Bowick, and A. Lahiri, Mod. Phys. Lett.

A6 (1991) 559; R. Amorim and J. Barcelos-Neto, Mod. Phys. Lett. A10 (1995) 917.

[7] A. Lahiri, Phys. Rev. D55 (1997) 5045; D.S. Hwang and C.-Y.Lee, J. Math. Phys. 38 (1997) 30; J. Barcelos- Neto, A. Cabo, and M.B.D. Silva, Z. Phys. C72 (1996) 345.

[8] J. Barcelos-Neto and S. Rabelo, Z. Phys. C74 (1997) 715. [9] X. Fustero, R. Gambini and A. Trias, Phys. Rev. Lett.

62 (1989) 1964; E.C. Marino, Phys. Lett. B393 (1997) 383.

[10] See, for example, L. Castellani, R. D’Auria, and P. Fré, Supergravity and Superstrings - A Geometric Perspective (Worl Scientific, Singapore, 1991), and references therein.

[11] D.M. Medeiros, R.R. Landim, and C.A.S. Almeida, hepth/0103185, and references therein.

[12] F. Wilczek, Phys. Rev. Lett. 48 (1982) 1144. [13] E.C. Marino and J.A. Swieca, Nucl. Phys. B170 [FS 1] (1980) 175.

[14] E.C. Marino, Phys. Lett. B263 (1991) 63.