arXiv:hep-th/0107202 v4 31 Dec 2001

hep-th/0107202 CSULB–AP–01–3 (Revised Version)

Unimodular Supergravity

Hitoshi NISHINO^1 and Subhash RAJPOOT^2 Department of Physics & Astronomy California State University Long Beach, CA 90840

Abstract

We present the locally supersymmetric formulation of unimodular gravity theory in D (1 ≤ D ≤ 11) dimensions, namely supergravity theory with the metric tensor whose determinant is constrained to be unity. In such a formulation, the usual finetuning of cosmological constant is no longer needed, but its value is understood as an initial condition. Moreover, the zero-ness of the cosmological constant is concluded as the most probable configuration, based on the effective vacuum functional. We also show that the closure of supersymmetry gauge algebra is consistent with the unimodular condition on the metric.

PACS: 04.65, 02.40.H, 02.40.K, 02.40.M Key Words: Supergravity, Cosmological Constant, Unimodular Gravity

1E-Mail: hnishino@csulb.edu 2E-Mail: rajpoot@csulb.edu 1

1. Introduction Ever since Einstein’s ‘blunder’ [1], how to understand the zero or extremely small cosmological constant without fine-tuning has been a long-standing problem both at the classical and quantum levels [2]. Lagrangian formulation of general relativity admits it, no known symmetry forbids it, and up until recently, it was not even required empirically. Recent Type Ia supernova observation [3] provides evidence that the universe is accelerating at a greater rate now than in the past, and implies a non-zero cosmological constant (Λ ≠ 0). An interesting implication of this is that energy density Ω_Λ associated with non-zero Λ is of the same order of magnitude as the matter density of the universe, giving rise to socalled second cosmological problem. This has led to a flurry of activity explaining the two cosmological problems, and involves the anthropic principle [2][4], quintessence [5], new interactions, extra dimensions, phase transitions, and space-time fluctuations. However, more data are required before definite conclusions can be drawn. Here we address only the ‘first’ cosmological constant problem.

In a certain formulation, the cosmological constant problem can be understood as an ‘initial condition’ instead of extremely small number adjusted by hand as an artificial ‘finetuning’. Such a theory is called ‘unimodular gravity’ theory, in which the determinant of the metric tensor is constrained to be unity, originally developed in [6][7]. Motivated by the development of a possible solution to the cosmological constant based on baby universe with wormholes [8], the authors in [9] computed the effective vacuum functional in unimodular gravity theory as Z = ∫ dμ(Λ) exp (_{3π} GΛ ) , (1.1) where G is the Newton’s constant, and dμ(Λ) is the path-integral measure for the ‘scalar field’ Λ(x). Even though Λ is initially a scalar field, it is constrained to be space-time independent by a lagrange multiplier field. Similarly to wormhole models [8], this Z has a singularity at G^2Λ = 0, and therefore the most probable configuration is the one with the vanishing cosmological constant Λ = 0.

Therefore, unimodular gravity theory provides not only the interpretation of the cosmological constant as an initial condition, but also the reason why the cosmological constant should be zero. Unimodular gravity theory can also provide an alternative solution to the strong CP problem [10].

Considering these developments in unimodular gravity theory, as a possible solution to the cosmological constant problem in gravity physics and also to other fine-tuning problems in particle physics, it seems imperative to consider its supersymmetric generalization, namely to construct unimodular supergravity with local supersymmetry. In this paper, we take the first step toward this direction, namely we present a unimodular supergravity theory with the unit determinant of the metric tensor. We present the lagrangian formulation of unimodular 1 supergravity, in which the metric has a unit determinant as a field equation aided by lagrange multiplier fields. We confirm the closure of the gauge algebra, based on the universal notation in superspace [11], in any arbitrary space-time dimensions D (1 ≤ D ≤ 11) in which ordinary supergravity theory exists [12]. We use the superspace Bianchi identities [11] in order to show the closure of the gauge algebra holds universally, as long as the ordinary supergravity theory is possible.

Some readers may develop a question about the real necessity of unimodular formulations for supergravity theories: Since the cosmological constant vanishes so long as supersymmetry is not broken, why do we need to impose the unimodular condition to avoid the usual finetuning of the cosmological constant? To answer this question, we mention examples of non-vanishing cosmological constants in certain supergravity theories, such as massive tendimensional (D = 10) type IIA supergravity [13] which has a free parameter proportional to the cosmological constant, even though the action is invariant under proper supersymmetry transformations. In this paper, we consider the fact that certain supergravity theories have non-zero cosmological constant as a free parameter, but is still invariant under its proper supersymmetry transformations. In other words, we take the standpoint that a unimodular formulation for the cosmological constant is still important even in a supergravity theory.

2. Dimension-Independent Formulation of Unimodular Gravity

We start with the review of lagrangian formulation of non-supersymmetric unimodular gravity in arbitrary space-time dimensions D. We then try to formulate unimodular supergravity in an arbitrary D, as long as ordinary superspace formulation [11] is possible [12].

As the basic principle, we start with the condition that the determinant of the metric tensor is a constant. However, just for simplicity, we choose this constant to be unity. Then the question is how one can impose such a condition on the ordinary Einstein’s general relativity, hopefully from a constraint lagrangian. Suppose the total lagrangian L is composed of three terms L_R, L_M and L_Λ, where L_R is the standard Hilbert lagrangian, L_M is a general matter lagrangian whose details are not crucial here, and L_Λ is the constraint lagrangian introduced in order to fix the determinant of the metric tensor:^3

L ≡ L_R + L_M + L_Λ = +^1_4 e^{−1}R(e) + L_M + Λ(e^{−1} − 1) . (2.1)

3We are using the signature ( η_{mn} ) = diag. (+, −, −, · · ·, −). The inverse power for the determinant e in L_C is due to the definition of e ≡ det ( e_a^m ) complying with the notation in [11]. Accordingly, the scalar curvature R(e) ≡ R(e, ϕ(e)) complies with the definition of the Lorentz connection ϕ_{ma}^b in [11], and the Hilbert lagrangian has the opposite sign to the most common notation [14]. 2

The Λ ≡ Λ(x) is a real scalar auxiliary field, and e ≡ det (e_a^m). Here we are using the notation in [11] generalized to D -dimensional space-time [12][15], namely the indices

m, n, ,··· = 0, 1, ···, D−1 are for curved coordinates, while a, b, ··· = 0, 1, ···, D−1 are for local

Lorentz coordinates. In general, the matter lagrangian L_M contains fermionic fields with the vielbeins e_a^m. The R(e) is the scalar curvature in terms of the Levi-Civita connection {^ρμν} with no torsion, and all the possible torsion terms are separated in L_M. The gravitational field equation is e δLδe_{ma} = −^1_2 [ R_a^m(e) −^1_2 e_a^mR(e) − κT_a^m − 2e_a^mΛ ]^·= 0 , (2.2) where κ is the gravitational coupling, and the symbol^·= represents a field equation, distinguished from algebraic identities. The T_a^m is the usual energy-momentum tensor κT_a^m ≡ +2eδL_M/δe_m^a. Note that the scalar field Λ ≡ Λ(x) enters in the gravitational field equation (2.2), as if it were the cosmological ‘constant’. Now taking the trace of (2.2) yields Λ^·=^1_{2D} [_{2−D} 2 R(e) − κT ] , (2.3) where, as usual, T ≡ T_m^m. Using (2.3) back in (2.2), we get R_{mn}(e) −^1_D g_{mn}R(e)^·= κ(T_{mn} −^1_D g_{mn}T ) . (2.4) Needless to say, this expression covers the familiar case of D = 4 in [2]. Now the usual technique is to take the covariant divergence of (2.4) to get ∇_n[ R_m^n(e) −^1_D δ_m^nR(e) − κT_m^n + κ^1_D δ_m^nT ] =^1_2 ∇_mR(e) −^1_D ∇_mR(e) − κ∇_nT_m^n + κ^1_D ∇_mT ·= −^1_D ∇_m [_{2−D} 2 R(e) − κT ] ·= − 2∇_mΛ^·= 0 . (2.5) Here ∇_m has the Christoffel connection {^rmn} only in terms of the vielbein with no torsion. As usual, use is made of the Bianchi identity and the matter field equation ∇_nR_m^n(e) ≡ +^1_2 ∇_mR(e) , (2.6a) ∇_nT_m^{n ·}= 0 , (2.6b) together with the form for Λ in (2.3). Eq. (2.6b) is the energy-momentum conservation, which is valid as long as L_M is invariant under general coordinate transformations. Eq. (2.5) implies nothing other than the constancy of Λ, and therefore the Λ -term in (2.2) can be regarded as the cosmological constant in the gravitational field equation. In other words, 3 in this formulation, the value of the cosmological constant is understood as an ‘initial condition’ instead of ‘fine-tuning’ performed by hand [2][7][6]. Finally, the Λ -field equation δL/δΛ^·= 0 yields the unimodular condition

e^·= 1 . (2.7)

Thus we have a lagrangian formulation in which the unimodular condition is automatically derived from the total lagrangian.

3. Dimension-Independent Unimodular Supergravity

We now generalize this to supergravity in dimensions D (1 ≤ D ≤ 11) [12], as long as it allows an invariant lagrangian in superspace formulation [11].

Let L be the total lagrangian composed of the usual supergravity and matter multiplets part L_0 which is locally invariant up to a total divergence, and the constraint lagrangian L_C:

L ≡ L_0 + L_C , (3.1a)

L_C ≡ L_Λ + L_ρ ≡ Λ(e^{−1} − 1) + e^{−1}ρ^α[ i(γ^aψ_a)_α − T_{αb}^b ] . (3.1b)

The spinorial auxiliary field ρ^α is needed as a ‘superpartner’ of Λ. Here the underlined spinorial indices α, β, ··· include all the possible internal indices, such as those for Sp(1), SO(N) or dottedness for chiralities, etc. [12][15]. In our notation, the multiplication by the γ -matrices satisfies (γ^aψ_a)_β = (γ^a)_β^γ ψ_{aγ} = −(γ^a)_{βγ} ψ_a^γ .^4 The T_{αb}^c in (3.1) is a supertorsion component in superspace appearing in the general supersymmetry transformation of the vielbein

δ_Qe_a^m = +i(ϵγ^mψ_a) − ϵ^γ T_{γa}^be_b^m , (3.2)

as is derived easily from eq. (5.6.28) in [11], with the universal constraint T_{αβ}^c = i(γ^c)_{αβ} in superspace. (Cf. (4.1) below). For T_{αb}^b in (3.1) or (3.2), we take the θ = 0 sector as is usually expressed by the symbol | [11], but we omit this symbol consistently throughout in this paper. In most formulations of supergravity in diverse dimensions [16], the second term in (3.2) is usually absent, but we keep this term just for completeness. The T_{αb}^c can be generally composed of fundamental superfields, but its detailed structure is not crucial here.

4There may well be some subtlety about the multiplication of the γ -matrices, depending on D, in which the spinorial metric is not the antisymmetric charge-conjugation matrix C_{αβ} but just the Kronecker’s delta δ_{αβ} [15]. Even though we do not go into the details of such a subtlety in this paper, our results will be general for^∀D. 4

Needless to say, L_0 contains the Hilbert lagrangian + (1/4)R(e), so that the general structure (2.1) is still valid even for supergravity lagrangian (3.1), when all the fields (including ρ^α) other than the vielbein are separated from L_0 + L_ρ and included into the ‘matter’ lagrangian L_M. This is also the reason why we have put the factor e^{−1} in L_ρ for its regular behavior as a spinor under the general coordinate transformations.

The supersymmetry transformation rules for the new fields Λ and ρ^α are

δ_QΛ = −e δ_Qe^{−1} = ϵ^α[ i(γ^aψ_a)_α − T_{αb}^b ]Λ , (3.3a) δ_Qρ^α = eϵ^αΛ − eρ^α δ_Qe^{−1} = eϵ^αΛ + ρ^αϵ^β [ i(γ^aψ_a)_β − T_{βc}^c ] , (3.3b)

while other component fields in L_0 transform in the usual way. Some remarks are to be made here. First, we note that our supersymmetry transformation rule must be also constrained, such that the condition e^·= 1 is satisfied. Second, using (3.3), we get the supersymmetry transformation of the condition e^{−1 ·}= 1 (2.7) as

eδ_Qe^{−1} = −ϵ^α[ i(γ^aψ_a)_α − T_{αc}^c ]^·= 0 =⇒ i(γ^aψ_a)_α − T_{αb}^{b ·}= 0 . (3.4)

Third, the supersymmetry transformation of (3.4) itself should also vanish:

δ_Q[ i(γ^aψ_a)_α − T_{αb}^b ]^·= 0 . (3.5)

The explicit form of this can be seen in (4.2). In this sense, our supersymmetry transformation rule is ‘semi-on-shell’, namely all the conditions related to the unimodular condition e^·= 1 to be respected by the ‘constrained’ supersymmetry transformation. The word ‘semi’ is used, because we do not use field equations other than those related to the unimodular condition (2.7).

We now confirm the invariance of the total lagrangian L_0 under supersymmetry δ_Q:

δ_Q (L_0 + L_C) = δ_QL_C ·= − e(δ_Qe^{−1})Λ(e^{−1} − 1) + Λδ_Qe^{−1} + (δ_Qe^{−1})ρ^α[ i(γ^aψ_a)_α − T_{αb}^b ] + e^{−1}[ eϵ^αΛ − eρ^α(δ_Qe^{−1}) ][ i(γ^aψ_a)_α − T_{αb}^b ] = + e(δ_Qe^{−1})Λ + Λ[ i(γ^aψ_a)_α − T_{αb}^b ] = 0 , (3.6)

where we have used (3.5) and the fact that δ_QL_0 = 0 up to a total divergence is taken for granted. Our result is universal and applicable to any supergravity theory that allows a superspace formulation [11] and lagrangian formulation [16].

As for the field equations in our unimodular supergravity, these are exactly parallel to (2.2) - (2.7) for the non-supersymmetric case. This is because, as was also mentioned, the structure of the total lagrangian (3.1) with local supersymmetry is exactly the same as 5 that in (2.1), when all the gravitino-dependent terms and other fields (including ρ^α) in L_0 and L_ρ are separated and collected into L_M. In particular, this L_M is to have the regular invariance under general coordinate transformations, in order to have the energymomentum conservation (2.6b). For example, the factor e^{−1} in L_ρ becomes important, because if this factor were absent, then ρ^α would have to transform as a spinor ‘density’ instead of a regular spinor, which would modify the energy-momentum conservation (2.6b). Eventually, the field equations (2.2) - (2.7) are still valid, yielding the same condition of Λ^·= const. with e^·= 1. Hence we emphasize that our total lagrangian (3.1) is valid as the locally supersymmetric unimodular supergravity lagrangian, and is applicable to any supergravity theory with lagrangian formulation [12][16] in arbitrary dimensions D (1 ≤ D ≤ 11).

4. Closure of Gauge Algebra in Unimodular Supergravity This section contains the most non-trivial part of our formulation. We confirm the closure of gauge algebra on our supersymmetric unimodular conditions (2.7), (3.4) and (3.5). Note that since the result in this section is algebraic, it is more general than the lagrangian formulation of the previous section, as long as a given supergravity theory allows superspace formulation [11].

The supersymmetry transformation of (2.7) yielded an additional condition (3.4). We first review the derivation of (3.4) based on the general formulae (5.6.28) in [11]: First, we get δ_Qe_a^m = −ϵ^βT_{βa}^be_b^m − ϵ^βψ_a^γ T_{γβ}^be_b^m = −ϵ^γ [ + i(γ^m)_{γδ}ψ_a^δ + T_{γa}^be_b^m ] . (4.1)

Next, multiplying this by e^{−1}e_m^a, we get δ_Qe^{−1} in (3.4). The supersymmetry transformation of (3.5) in turn yields the additional condition i(γ^aD_a( ^ϕ)ϵ)_β + ϵ^γ ∇_γ T_{βc}^c + i(γ^a)_{βγ} [ ϵ^δT_{δa}^γ + ϵ^δT_{δa}^bψ_b^γ + ϵ^δψ_a^ϵT_{ϵδ}^γ + ϵ^δψ_a^ϵT_{ϵδ}^bψ_b^γ ]_· = 0 . (4.2)

The Lorentz connection ^ϕ contains what is called the ψ -torsion [17] as well as other torsion components via T_{ab}^c: ^ϕ_{ma}^b ≡ ^ϕ_{ma}^b(e, ψ, T ). These will be given explicitly in (4.9). Eq. (4.2) is easily confirmed by the expressions for δ_Qψ_a^γ given in [11] and δ_QT_{βc}^c = −ϵ^γ∇_γ T_{βc}^c, as

0^·= δ_Q[ i(γ^aψ_a)_β − T_{βc}^c ] = −i(γ^a)_{βγ} (δ_Qψ_a^γ ) − δ_QT_{βc}^c = − i(γ^a)_{βγ} [ D_a(ϕ̂)ϵ^γ − ϵ^δT_{δa}^γ − ϵ^δT_{δa}^bψ_b^γ − ϵ^δψ_a^ϵT_{ϵδ}^ϵT_{ϵδ}^γ − ϵ^δψ_a^ϵT_{ϵδ}^bψ_b^γ ] + ϵ^γ ∇_γ T_{βc}^c . (4.3) 6

The condition (4.2) dictates the space-time dependence of the parameter ϵ^α.

On the other hand, under translations, the determinant e^{−1} transforms as δ_P e^{−1} = −ξ^m∂_me^{−1} − e^{−1}∂_mξ^m = −∂_m(e^{−1}ξ^m) , (4.4) where ξ^m is the parameter for the translation. The non-trivial confirmation now is to see whether the parameter ξ^m satisfies the condition ∂_m(e^{−1}ξ^m)^·= 0 , (4.5) to be consistent with our first condition (2.7). In particular, the parameter ξ^m is to be identified with that arising from the commutator of two supersymmetries ⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ = δ_P (ξ^m) [11]:

ξ^a ≡ i(ϵ_1γ^aϵ_2) . (4.6) Eq. (4.5) is further rewritten via (4.6) as i[ D_m( ^ϕ)(e^{−1}e_a^m) ](ϵ_1γ^aϵ_2) + [ ie^{−1}(ϵ_1γ^aD_a( ^ϕ)ϵ_2) − (1 ↔ 2) ]^·= 0 . (4.7) The first term here can be further rewritten in terms of supercovariant anholonomy coefficients [11]: C_{ab}^c ≡ (e_a^n∂_ne_b^m − e_b^n∂_ne_a^m)e_m^c + i(ψ_aγ^cψ_b) − ψ_{⌊⌈a|}^αT_{α|b⌋⌉}^c + T_{ab}^c ≡ C_{ab}^c(e) + C_{ab}^c(ψ, T ) , (4.8) related to ^ϕ_{abc} ≡ ^ϕ_{abc}(e, ψ) as ^ϕ_{abc} = +^1_2 (C_{abc} − C_{acb} + C_{cba}) . (4.9) The derivative factor in the first term in (4.7) can be re-expressed as eD_m( ^ϕ)(e^{−1}e_a^m) = −C_{ab}^b(ψ, T ) = −i(ψ_aγ^bψ_b) + ψ_a^αT_{αb}^b − ψ_b^αT_{αa}^b − T_{ab}^b = −ψ_a^β[ i(γ^bψ_b)_β − T_{βb}^b ] − ψ_b^αT_{αa}^b − T_{ab}^b ·= − ψ_b^αT_{αb}^b − T_{ab}^b . (4.10) Here the first term in the penultimate line has vanished due to our condition (4.4). Now using (4.10) in (4.7), we can confirm (4.5) via (4.7) as

0 ?= (ψ_bαT_{αb}bξa − T_{ab}bξa) + [ i(ϵ_1γaD_a(_^ϕ)ϵ_2) −_{(1 ↔ 2)} ]

·= − iψ_b^αT_{αa}^b(ϵ_1γ^aϵ_2) − iT_{ab}^b(ϵ_1γ^aϵ_2)

+ ϵ^β_1 ϵ^δ_2 [ − i(γ^a)_{(β|γ} T_{|δ)a}^γ − i(γ^a)_{(β|γ} T_{|δ)a}^bψ_b^γ − i(γ^a)_{(β|γ} ψ_a^ϵT_{ϵ|δ)}^γ − i(γ^a)_{(β|γ} T_{ϵ|δ)}^bψ_b^γ − ∇_{(β}T_{δ)c}^c ] . (4.11)

Here use is also made of the condition (4.2) to get rid of the derivative term of ϵ. The symbol ?= is used, because the equality under question has yet to be confirmed.

In order to simplify the term ∇_βT_{δc}^c in (4.11), we next use the supertorsion Bianchiidentity ∇_{(β}T_{δ)c}^c + ∇_cT_{βδ}^c − T_{βδ}^dT_{dc}^c − T_{βδ}^ϵT_{ϵc}^c − T_{c(β|}^dT_{d|δ)}^c − T_{c(β|}^ϵT_{ϵ|δ)}^c − R_{βδc}^c ≡ 0 . (4.12) Due to the universal constraint T_{αβ}^c = i(γ^c)_{αβ} [11], the second term in the first line vanishes. Because of (anti)symmetry of indices, the first term in the second line and the last term also vanish. Eventually we get ∇_{(β}T_{δ)c}^c ≡ T_{βδ}^ϵT_{ϵc}^c + i(γ^c)_{(β|ϵ}T_{c|δ)}^ϵ + i(γ^d)_{βδ}T_{dc}^c , (4.13) which, after the substitution into the last term in (4.11), simplifies the latter as 0 ?= − iψ_bαT_{αa}b(ϵ_1γaϵ_2) − iT_{ab}b(ϵ_1γaϵ_2) + ϵ^β_1 ϵ^δ_2 [ − i(γ^a)_{(β|γ} T_{|δ)a}^γ − i(γ^a)_{(β|γ}T_{|δ)a}^bψ_b^γ − i(γ^a)_{(β|γ} ψ_a^ϵT_{ϵ|δ)}^γ + (γ^a)_{(β|γ} ψ_a^ϵ(γ^b)_{ϵ|δ)}ψ_b^γ − T_{βδ}^δT_{ϵc}^c − iT_{c(β|}^ϵ(γ^c)_{ϵ|δ)} − i(γ^b)_{βδ}T_{dc}^c ] (4.14a) ·= ϵ^β_1 ϵ^δ_2 [ + i(γ^a)_{βδ}ψ_b^γ T_{γa}^b − i(γ^a)_{(β|γ} T_{|δ)a}^bψ_b^γ

− i(γ^a)_{(β|γ} ψ_a^ϵT_{ϵ|δ)}^γ − iT_{βδ}^ϵ(γ^cψ_c)_ϵ ] (4.14b) ·=^1_2 ϵ^α_1 ϵ^β_2 ψ_b^γ [ i(γ^a)_{(αβ}T_{γ)a}^b − i(γ^b)_{(α|δ}T_{|βγ)}^δ ] , (4.14c) after various cancellation among like terms. In (4.14a), the last term in the first line and the last term in the last line cancel each other, so do the first term in the second line and the second terms in the last line. The last term in the third line vanishes due to the antisymmetry (γ^aψ_b)_{(β|}(γ^bψ_a)_{|δ)} ≡ 0. From (4.14b) to (4.14c), use is also made of the condition (4.4) replacing T_{ϵc}^c by i(γ^cψ_c)_ϵ. Now our last task is to show that (4.14c) vanishes. Fortunately, this can be easily done by the use of another supertorsion Bianchi-identity 1 2 ∇_{(α}T_{βγ)}^b −^1_2 T_{(αβ|}^dT_{d|γ)}^b −^1_2 T_{(αβ|}^δT_{δ|γ)}^b −^1_2 R_{(αβγ)}^b ≡ 0 , (4.15) where the first and last terms vanish. Eq. (4.15) implies that (4.14c) vanishes identically, and therefore (4.5) vanishes as desired, via (4.11) and (4.7). This concludes our proof of (4.5) for the parameter (4.2).

Before concluding this section, we briefly consider the closure of supersymmetry on our new fields Λ and ρ^α. First, notice that the on-shell closure on these fields is easier to 8 handle than the lagrangian invariance, because here we can use field equations. Second, as has been mentioned, once the semi-on-shell condition (3.4) is considered, both of the fields Λ and ρ^α do not transform. In other words, the commutator ⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ vanishes, when acting on both of these fields. At first sight, this sounds puzzling, because this also means the absence of translation generated on both of these fields. However, note that the field Λ is to be a constant after all, so that its translation is required to vanish. As for the field ρ^α, it can be completely gauged away by an appropriate local supersymmetry in (3.3b), when Λ^·= const. In other words, any transformation of ρ^δ, including the usual translation, can be re-absorbed into a new supersymmetry parameter. Therefore the vanishing of the commutator ⌊⌈δ_Q(ϵ_1), δ_Q(ϵ_2)⌋⌉ on both of these new fields poses no problem for closure of supersymmetry.

5. N = 1 Unimodular Supergravity in D = 4 as An Example Once we have established our general formulation of unimodular supergravity, it is easier to look into some explicit examples. Here we give an example of old minimal supergravity [18] in D = 4.

Complying with the superspace notation so far, we give the superspace constraints for supertorsions and supercurvatures of D = 4, N = 1 old minimal supergravity [18] for the component field content (e_a^m, ψ_a^α, S, P, A_m):

T_{αβ}^c = +i(γ^c)_{αβ} , (5.1a) T_{αb}^γ = −^i_6 (γ_b)_α^γ S −^1_6 (γ_5γ_b)_α^γ P −^i_3 (γ_5γ_bγ^c)_α^γ A_c , (5.1b)

∇_αS = +^1_2 (γ^{ab})_{αγ} T_{ab}^γ = +^i_2 (γ^mR_m)_α , (5.1c)

∇_αP = −^i_2 (γ_5γ^{ab})_{αγ} T_{ab}^γ = +^1_2 (γ_5γ^mR_m)_α , (5.1d)

∇_αA_b = +^3_4 (γ_5γ_b^{cd})_α^γ T_{cd}^γ −^1_2 (γ_5γ_bγ^{cd})_{αγ} T_{cd}^γ = +^{3i}_2 (γ_5R_b)_α −^i_2 (γ_5γ_bγ^cR_c)_α , (5.1e)

T_{ab}^c = +^2_3 ϵ_{ab}^{cd} A_d , (5.1f)

with R_{a α} ≡ −(i/2)(γ_a^{bc})_{αβ} T_{bc}^β, while all other remaining supertorsion components T_{αb}^c, T_{αβ}^γ between the dimensionality 0 ≤ d ≤ 1 are zero. Here the underlined spinorial indices are for the four-component spinors: α = 1, 2, 3, 4. The component invariant lagrangian L_0 of supergravity corresponding to (3.1a) [18] and L_C of (3.1b) are

L_0 + L_C = +^1_4 e^{−1}R(e, ϕ(e)) −^1_2 ϵ^{mnrs}ψ_mγ_5γ_nD_r(ϕ(e))ψ_s −^1_6 e^{−1}(S^2 + P^2 − A^2_m)

+ Λ(e^{−1} − 1) + ie^{−1}ρ^α(γ^mψ_m)_α , (5.2)

due to the absence of T_{αb}^c. The supersymmetry transformation rules corresponding equations to (3.2), (3.3a) and (3.3b) are simple, because we simply drop the last terms with T_{αb}^c. 9

By adding also the transformations of ψ_a^α, S, P and A_a, we complete the supersymmetry transformation rule as

δ_Qe_a^m = +i(ϵγ^mψ_a) , (5.3a)

δ_Qψ_m^α = D_m(ϕ(e, ψ))ϵ^α −^i_6 (γ_mϵ)^αS +^1_6 (γ_5γ_mϵ)^αP +^i_3 (γ_5ϵ)^αA_m −^i_6 (γ_5γ_m^nϵ)^αA_n , (5.3b) δ_QS = −^i_2 (ϵγ^mR_m) , δ_QP = −^1_2 (ϵγ_5γ^mR_m) ,

δ_QA_m = −^{3i}_2 (ϵγ_5R_m) +^i_2 (ϵγ_5γ_mγ^nR_n) , (5.3c) δ_QΛ = +i(ϵγ^mψ_m) , (5.3d)

δ_Qρ^α = +eϵ^αΛ + ieρ^α(ϵγ^mψ_m) . (5.3e)

The previous invariance confirmation (3.6) for our total lagrangian L ≡ L_0+L_C is performed in exactly the same way here, and also the closure on all the fields as in section 4 as well.

Note that even though we are using here the ‘off-shell’ formulation of D = 4, N = 1 supergravity with the old minimal multiplet [18], the closure of gauge algebra related to the unimodular condition, i.e., those equations in section 5, are ‘semi on-shell’. This seems inevitable, as long as we impose the unimodular condition from outside, even if it is implied by ‘auxiliary’ multiplier fields Λ and ρ^α at the lagrangian level.

6. N = 1 Unimodular Supergravity in D = 11 as Another Example As another instructive and useful application, we look at N = 1 supergravity in D = 11.

There is a slight difference in this system compared with the previous D = 4 case.

In our unimodular supergravity formulation, as some careful readers may have noticed, we have seen that all the supertorsions/supercurvatures constraints in superspace have not been modified, but there are additional constraints on fields such as (2.7) and (3.4), or constraints on the supersymmetry parameter (4.2). In component language, this is equivalent to the fact that all the transformation rules for the original fields, such as e_a^m and ψ_a^α are not modified formally, but these fields are more constrained than before by the constraints (2.7) and (3.4), etc. The only new transformation rule is for the new fields Λ and ρ^α. Therefore considering superspace Bianchi identities [11][19], there will be no ‘modifications’ for the original field equations for the original fields.^5 The only new ingredient is the constraints (2.7) or (3.4) on the original fields, together with the constraint (4.2) on the supersymmetry parameter.

Considering these points, it is now clear that in the case of N = 1 supergravity in D = 11, there will be no cosmological constant possible. This is because all the original

5We use here the words ‘constraints’ distinguished from ‘modifications’, because all the original form of field equations are formally maintained. 10 field equations including also the gravitational one are maintained, allowing no cosmological constant. To be more specific, the gravitational field equation implied by the original Bianchi identities [11][19] R_{mn} = −^1_3 (F_{mrst}F_n^{rst} −^1_{12} g_{mn}F_{rstu}F^{rstu}) , (6.1) stays the exactly the same even in the unimodular case with no cosmological constant. The unimodular condition e^·= 1 of (2.7) follows from the Λ -field equation δL/δΛ^·= 0 consistently with supersymmetry, while (6.1) forces not only Λ^·= const. but also Λ^·= const.^·= 0. Namely, we get Λ to be zero exactly, maintaining the original field equations consistent under supersymmetry.

From this viewpoint, our formulation of unimodular supergravity is more meaningful, when the value of cosmological constant is not determined by local supersymmetry itself, such as in 1 ≤ D ≤ 10.

7. Effects of Superpartner Fields to Vacuum Functional The vacuum functional (1.1) in unimodular gravity [9] had been derived, ignoring any contributions to Z by matter fields other than graviton. However, in our unimodular supergravity, there are superpartner matter fields, such as gravitino or other bosonic as well as fermionic fields. Therefore, it is reasonable to ask about their possible contributions to the vacuum functional. To answer this question, we point out that the derivation of (1.1) is based on the assumption that the effects of ‘backgrounds’ (but not fluctuations) of matter fields are negligible [20]. As a matter of fact, the vacuum functional (1.1) is derived from Z = ∫ dμ(Λ) exp [ − S_Λ(g_{μν} , ϕ)] = ∫ dμ(Λ) exp [ − S_Λ(g_{μν} , 0)] = ∫ dμ(Λ) exp (_{3π} GΛ ) , (7.1)

where S_Λ(g_{μν} , 0) = −3π/(ΛG) is the action for a four-sphere background metric g_{μν} . In other words, it is the ‘background’ values ϕ (distinguished from their original values ϕ) of all the matter fields that might contribute to Z. In the non-supersymmetric case [9], it is assumed that ϕ are all vanishing, and therefore, the second line in (7.1) follows. In our present paper, we rely on the same assumption for superpartner fields in our unimodular supergravity in a given D -dimensional space-time, such as gravitino, fermionic matter or higher-rank bosonic fields. Since the purpose of this paper is to consider the vanishing of a cosmological constant within the given D -dimensional space-time, instead of compactifications with Freund-Rubin type background values for bosonic fields, our assumption 11 here seems quite legitimate. To conclude, the presence of superpartner fields in unimodular supergravity theory does not upset the good feature with vacuum functional inherent in unimodular non-supersymmetric gravity.

8. Concluding Remarks

In this paper, we have shown that the unimodular supergravity theory can be formulated in any space-time dimensions D (1 ≤ D ≤ 11), in which ordinary supergravity theory exists [12], based on the universal notation in superspace [11]. We have presented the supergravity lagrangian that generates the unimodular determinant condition as a field equation of a multiplier field. We have confirmed the invariance of our lagrangian under local supersymmetry up to total divergence. We have seen that the non-trivial closure of the gauge algebra is confirmed with the help of Bianchi identities in superspace, in a highly sophisticated but universal way applicable to any supergravity theory [11][16], independent of the space-time dimensions D (1 ≤ D ≤ 11).

In section 2, we have presented a lagrangian formulation, assuming that the basic supergravity theory allows a lagrangian in D (1 ≤ D ≤ 11). Therefore those supergravity theories allowing no lagrangian formulations, such as type IIA supergravity in 10D are excluded in section 2. However, armed with the algebraic closure confirmed in section 4, we can also include those supergravity theories even without lagrangian formulations. This is another advantage of our analysis of gauge algebra in section 4.

As for the possible contributions by superpartner matter fields to the vacuum functional (1.1), we have understood that the usual assumption for the background values (but not their fluctuations) of matter fields to be vanishing, and will not affect the vacuum functional (7.1). This is reasonable for fermionic fields such as gravitino, and other bosonic fields as well, within a given D -dimensional space-time, in which a conventional supergravity theory can be formulated. Therefore, the good feature of unimodular non-supersymmetric gravity has been inherited to our unimodular supergravity.

Some readers may be wondering about other quantum behaviour of unimodular supergravity from a general viewpoint. For example, one might think that the condition of unit determinant of the metric would introduce unphysical degrees of freedom, as it is equivalent to a nontrivial gauge condition, and therefore unitarity of the theory is doubtful. Furthermore, at the loop level new divergences might appear as densities of arbitrary weight. Such a worry, however, is not appropriate. This is because we have established supergravity formulation of unimodular gravity, which is compatible with superstring whose quantum behaviour is much better, or supposed to be finite to all orders, compared with general relativity. In this context, we re-emphasize the importance of investigating supergravity formulation of 12 unimodular gravity. It is not just pure curiosity that we need to establish supergravity formulation for unimodular gravity, but it is only after supergravity formulation is established, that we have a good control of the quantum behaviour of unimodular gravity theory.

The success of the universal formulation of unimodular supergravity indicates that the concept of unit determinant for metric tensor has fundamental significance, compatible with supersymmetry. In other words, the necessity of such a formulation in order to understand the vanishing cosmological constant as an initial condition instead of fine-tuning by hand, is compatible also with supersymmetry, which is another important concept in particle physics.

We believe that our results presented in this paper will provide a good working ground for future study of unimodular supergravity/supersymmetry models that may provide solutions for other ‘fine-tuning’ problems both in gravity and particle physics.

We are grateful to J. Gates, Jr. for helpful discussions. Special acknowledgment is due to M. Luty for initial collaboration on the subject, and for suggesting to include the explicit examples of D = 4 and D = 11 unimodular supergravity theories. Final acknowledgement is due to the referee of this paper who helped us for clarifying important aspects of unimodular supergravity.

References

[1] A. Einstein, Sitzungsber, Berlin (1917).

[2] For reviews, see, e.g., S. Weinberg, Rev. Mod. Phys. 61 (1989) 1. [3] A.G. Riess et al., Astron. J. 116 (1998) 1009; P.M. Garnavich et al., Astrophys. J. 509 (1998) 74; S. Perlmutter et al., Astrophys. J. 517 (1999) 565.

[4] G.L. Kane, M.J. Perry, A.N. Zytkow, ‘The Beginning of the end of the Anthropic Principle’, DAMTP-2000-03, astro-ph/0001197.

[5] P.J.E. Peebles and B. Ratra, Astrophys. J. 325 (1988) L17; B. Ratra and P.J.E. Peebles:

Phys. Rev. D37 (1988) 3406; C. Wetterich, Nucl. Phys. B302 (1988) 668. [6] A. Einstein, Sitzungsber, d. Preuss. Akad. d. Wissench., Pt. 1, 433 (1919). English translation in H.A. Lorentz, A. Einstein et al., The Principle of Relativity, Dover, New York (1952); J. Anderson, D. Finkelstein, Amer. J. Phys. 39/8 (1971) 901; J.J. van der Bij, H. van Dam and Y.J. Ng, Physica A116 (1982) 307.

[7] F. Wilczek, Phys. Rev. D104 (1984) 111; A. Zee, in ‘Proceedings of the Twentieth Annual Orbis Scientiae on High Energy Physics’, 1985 edited by S.L. Mintz and A. Perlmutter (Plenum, New York, 1985); W. Buchmüller and N. Dragon, Phys. Lett. 207B (1988) 292; W.G. Unruh, Phys. Rev. D40 (1989) 1048; W.G. Unruh and R.M. Wald, ibid. 40 (1989) 2598; M. Henneaux and C. Teitelboim, Phys. Lett. B222 (1989) 195.

[8] T. Banks, Nucl. Phys. B309 (1988) 493; S. Coleman, ibid. B310 (1988) 643; S. Giddings and Strominger, ibid. B321 (1989) 481; S. Adler, Phys. Rev. Lett. 62 (1989) 373; I. Klebanov, L. Susskind and T. Banks, Nucl. Phys. B317 (1989) 665.

[9] Y.J. Ng and H. van Dam, Phys. Rev. Lett. 65 (1990) 1972; Jour. Math. Phys. 32 (1991) 1337.

[10] P.H. Frampton, Y.J. Ng and H. van Dam, Jour. Math. Phys. 33 (1992) 3881. [11] S.J. Gates, Jr., M.T. Grisaru, M. Rocek and W. Siegel, ‘Superspace’, Benjamin/Cummings, Reading, MA, 1983.

[12] W. Nahm, Nucl. Phys. B135 (1978) 149. [13] L.J. Romans, Phys. Lett. 169B (1986) 374.

[14] See, e.g., C.W. Misner, K.S. Thorne and J.A. Wheeler, ‘Gravitation’ (W.H. Freeman and Company, NY, 1972); S. Weinberg, ‘Gravitation and Cosmology’ (John Wiley & Sons, NY, 1971); L.D. Landau, E.M. Lifshitz, ‘The Classical Theory of Fields’, 4th English ed., Pergamon Press (1975).

[15] T. Kugo and P.K. Townsend, Nucl. Phys. B211 (1983) 157.

[16] ‘Supergravity in Diverse Dimensions’, eds. A. Salam and E. Sezgin, Vols. 1 and 2, North- Holland/World Scientific (1989).

[17] P. van Nieuwenhuizen, Phys. Rep. 68C (1981) 189.

[18] K.S. Stelle and P.C. West, Phys. Lett. 74B (1978) 330; S. Ferrara and P. van Nieuwenhuizen, Phys. Lett. 74B (1978) 333. 14

[19] E. Cremmer and S. Ferrara, Phys. Lett. 91B (1980) 61; L. Brink and P. Howe, Phys. Lett. 91B (1980) 384.

[20] E. Baum, Phys. Lett. 133B (1984) 185; S.W. Hawking, ibid. 134B (1984) 403.