arXiv:hep-th/0107206 24 Jul 2001

Intersecting delocalized p-branes

M. G. Ivanov^�

July 24, 2001

Abstract A model considered in the paper generalizes supergravity type model to the case of delocalized membrane sources. A generalization of intersecting p-brane solution with delocalized membranes is presented.

1 Introduction

Membrane theories [1, 2, 3, 4] consider membranes as mapping x from manifold V of dimension n to (pseudo)Riemannian manifold M of dimension D > n. The manifold M is interpreted as space-time (“bulk”). The image x(V) is interpreted as membrane. Membrane appears in bulk equation in the form of singular sources localized at x(V). A procedure of regularization can be considered as replacement of common membrane, which has zero thickness by some sort of thick membrane, which corresponds to continuous distribution of infinitely light membranes.

A covariant method of regularization of closed membrane theories (“(M → F)- approach”) was presented in the papers [10, 11]. (M → F)-approach replaces mapping x : V → M by mapping φ : M → F, where F is a manifold of dimension D − n. If for some point ϕ ∈ F inverse image φ�^1(ϕ) is submanifold of dimension n, then it has to be considered as infinitely light membrane. The similar ideas were suggested before in papers [7, 8, 9] (see also references in paper [11]).

The generalization of p-brane solution with delocalized membranes was also presented in the papers [10, 11]. A natural generalization of extremal intersecting p-brane solution with delocalized membranes is constructed in the present paper (on intersecting p-brane solutions see [5, 6] and references in these papers).

2 Notation

D-dimensional space-time, i.e. smooth (pseudo)Riemannian manifold M with metric ds^2 = g_{MN} dX^MdX^N, M, N, . . . = 0, . . ., D − 1 is considered. In further calculations M is considered to be a finite region in R^D with smooth boundary ∂M.

For differential forms A and B with components A_{M1...Mq} and B_{N1...Np} the following tensor is introduced (A, B)^{(k)}_{Mk+1...Mq Nk+1...Np} = 1 k! g^{M1N1} . . . g^{MkNk} A_{M1...Mq} B_{N1...Np} . �e-mail: mgi@mi.ras.ru

Index (k) indicates the number of indices to contract. If it can not lead to ambiguity, (k) is skipped.

For differential form of power q it is convenient to introduce two norms ‖A‖^2_Σ = Σ(A, A)^{(q)}, where Σ = ±1, and Hodge duality operation ∗A = (Ω, A)^{(q)}, where Ω = √ |g| d^DX is form of volume. Here and below g = det(g_{MN}), σ = sgn(g).

3 Action and equations of motion

Let us consider the action of the following form S = ∫ M^d DX √ |g| ( R 2κ^2 − 1 2 ‖∂ϕ‖^2 − ∑ I 1 2 β_Ie�^{αI} �^ϕ‖F^{(I)}‖^2

+ ∑ a λ_{(I,a)}e^{12 αI}�^ϕ‖J^{(I,a)}‖_{Σ(I,a)σ} + s_{(I,a)} λ_{(I,a)} h_{(I,a)} (∗J^{(I,a)}, A^{(I)}) ) . (1)

Here ϕ = (ϕ^1, . . ., ϕ^{nϕ} ) is a set of scalar fields (dilatons), α_I · ϕ = ∑n_ϕ i=1 α^i_I ϕ^i, F^{(I)} = dA^{(I)} are exact (q_I + 1)-forms, J^{(I,a)} = dφ^1_{(I,a)} ∧ . . . ∧ dφ^D�^{qI}_{(I,a)} , Σ_{(I,a)} = ±1, s_{(I,a)} = ±1, α^i_I , λ_{(I,a)} and h_{(I,a)} are real constants.

By variation of action (1) over metric g_{MN} , scalar fields ϕ, q_I -forms A^{(I)} and membrane potentials φ^α_{(I,a)} one can find equations of motion. Einstein equations, found by variation of metric have the form R_{MN} − 1 2 Rg_{MN} = κ^2T_{MN} , (2)

where energy-momentum tensor is defined by the following formulae

T_{MN} = T^{(ϕ)}_{MN} + ∑ I (T^{(I)}_{MN} + ∑ a T^{(I,a)}_{MN} ), (3)

T^{(ϕ)}_{MN} = ∂_M ϕ · ∂_N ϕ − 1 2 ‖∂ϕ‖^2g_{MN}, (4) T^{(I)}_{MN} = β_I e�^{αI} �^ϕ ( (F^{(I)}, F^{(I)})_{MN} − 1 2 ‖F^{(I)}‖^2g_{MN} ) , (5) T^{(I,a)}_{MN} = −λ_{(I,a)}e^12^{αI}�^ϕ‖J^{(I,a)}‖_{Σ(I,a)σ} ( g_{MN} − (J^{(I,a)}, J^{(I,a)})_{MN} ‖J^{(I,a)}‖^2 ) . (6)

Equations, found by variation of forms A^{(I)}, have the form βδ ( e�αI �ϕF (I)^) = σ(−1)qI+1Q(I), (7) where the source Q^{(I)} defined by

Q^{(I)} = − ∑ a s_{(I,a)} λ_{(I,a)} h_{(I,a)} ∗ J^{(I,a)}. (8) Equations, found by variation of scalar fields, have the form 2ϕ = −^∑_I (QϕI + QϕIs), (9)

where the sources are defined by Q_{ϕI} = 1 2 α_I β_I e�^{αI} �^ϕ‖F^{(I)}‖^2, (10) Q_{ϕIs} = − α_I 2 e^{12 αI}�^ϕ ∑ a λ_{(I,a)}‖J^{(I,a)}‖_{Σ(I,a)σ}. (11) Equations, found by variation of membrane potentials, have the form ( δ [ Σ_{(I,a)}σ e�αI�ϕJ (I,a) ‖J^{(I,a)}‖_{Σ(I,a)σ} + (−1)^{qI(D}�^{qI )}s_{(I,a)} ∗A^{(I,a)} h_{(I,a)} ] , dφ^{α1}_{(I,a)} ∧ . . . ∧ dφ^{αD}�^{qI}�^1_{(I,a)} ) = 0.

(12)

4 Delocalized p-brane solutions

The goal of the paper is to present special solutions of equations (2), (7), (9) and (12).

One can introduce a set of orthonormal projectors P^{(I,a) M}_N , P̄^{(I,a) M}_N = δ^M_N − P^{(I,a) M} N numerated by index (I, a). In the given coordinate system

trP̄^{(I,a)} = P̄^{(I,a) M}

M = q_I ; P^{(I,a) M}_N = 0, M ≠ N, (13) i.e. P̄^{(I,a)M} N = Δ_{(I,a)M} δ_{MN} (there is no summeation over M), Δ_{(I,a)M} ∈ {0, 1}.

Let us define fields by the following equations

A^{(I)} = ∑ a h_{(I,a)} H_{(I,a)} ω^{(I,a)}, (14)

where ω^{(I,a)} = e^{W(I,a)} ⋀ Δ(I,a)M =1 dX^M , (15)

h_{(I,a)} are constants, H_{(I,a)} are smooth positive functions (parametrizing functions), W_{(I,a)} are smooth functions, which satisfy conditions (P^{(I,a)}∂)_M W_{(I,a)} = 0.

ds^2 = ∏ I,a H^{2κ} 2Σ (I,a)βI h 2 (I,a)(Δ(I,a)M � qI D�2 ) (I,a) ηMN dXMdXN , (16) where η_{MN} = diag(±1, . . ., ±1). ϕ = 1 2 ∑ I,a Σ_{(I,a)}β_I h^2_{(I,a)} α_I ln H_{(I,a)}. (17)

J^{(I,a)} = J_{(I,a)} ∗ ω^{(I,a)}. (18)

Theorem on p-brane solutions with sources. If fields defined

by equations (14), (16), (17), (18), satisfy the following conditions |J_{(I,a)}| = Σ_{(I,a)}β_I h^2_{(I,a)} λ_{(I,a)} e�^1_2 αI�ϕ 2H^{(I,a)} H^2_{(I,a)} , (19)

sgn‖ω^{(I,a)}‖^2 = Σ_{(I,a)}, (20) (P̄^{(I,a)}∂)_M H_{(I,a)} = 0, (21)

(P^{(I,a)}∂)_M H_{(I,a)} (P̄^{(I,a)}∂)_N κ^2 ∑ J,b Σ_{(J,b)}β_J h^2_{(J,b)} ln H_{(J,b)} 2Δ_{(I,a)M} + W_{(I,a)} = 0, (22) ln H_{(I,a)} = κ^2 ∑ J,b Σ_{(J,b)}β_J h^2_{(J,b)} ln H_{(J,b)} [ q_I q_J D − 2 − tr(P̄^{(I,a)}P̄^{(J,b)}) − α_I · α_J 4κ^2 ] + W_{(I,a)}, (23)

tr(P̄^{(I,b)}P̄^{(I,c)}) ≠ q_I − 1, (24) s_{(I,a)} = −Σ_{(I,a)}σ(−1)^{qI(D}�^{qI )}sgnJ_{(I,a)}, (25)

Then fields (14), (16), (17), (18) satisfy equations of motion (2), (7), (9), (12).

If 2H_{(I,a)} = 0 for all (I, a), then membrane fields J^{(I,a)} vanish and the solution

is a regular intersecting extremal p-brane solution (see [5, 6] and references in these papers for examples). Vice-versa, one can introduce non-trivial membranes fields to intersecting extremal electric-type p-brane solution by setting 2H_{(I,a)} ≠ 0.

5 Examples

As a simplest example, let us consider solution of Einstein-Maxwell equations in the presence dust cloud (with zero pressure) with charge density equal to mass density.

The action has the following form S = ∫ d^4X √ −g ( R 2 − ‖F ‖^2 2 − ‖J‖ − 1 √ 2 (∗J, A) ) , where F = dA is electromagnetic field, A is 4-vector potential, J = dφ^1 ∧ dφ^2 ∧ dφ^3.

By variation over fields g_{MN} , A_M , φ^α one finds the following equations of motion R_{MN} − 1 2 Rg_{MN} = (F, F )_{MN} + (J, J)_{MN} ‖J‖ − ( 1 2 ‖F ‖^2 + ‖J‖ ) g_{MN} , ( δ ( J ‖J‖ − ∗A √ 2 ) , dφ^α ∧ dφ^β ) = 0, δF = − ∗J √ 2 . The fields defined by the following equations solve the equations of motion

ds^2 = −H�^2dX^0dX^0 + H^2δ_{αβ}dX^αdX^β, A = √ 2 H dX^0, J = −2△H dX^1 ∧ dX^2 ∧ dX^3.

Here H is smooth positive function of space coordinates X^α, α, β = 1, 2, 3, △ = ∂^2_1 + ∂^2_2 + ∂^2_3 . Calculating ‖J‖ one has to choose a branch of square root, which gives ‖J‖△H < 0. The following example describes intersecting delocalized 2-branes in 11d supergravity.

The action has the following form S = ∫ d^{11}X √ −g ( R 2 − ‖F ‖^2 2 − ‖J^{(1)}‖ − ‖J^{(2)}‖ + √ 2 (∗J^{(1)} + ∗J^{(2)}, A) ) , where F = dA, A is form of power 3, J^{(a)} = dφ^1_a ∧ . . . ∧ dφ^8_a, a = 1, 2.

By variation over fields g_{MN} , A_{MNK}, φ^α_a one finds the following equations of motion R_{MN}− 1 2 Rg_{MN} = (F, F )_{MN}+ (J^{(1)}, J^{(1)})_{MN} ‖J^{(1)}‖ + (J^{(2)}, J^{(2)})_{MN} ‖J^{(2)}‖ + ( 1 2 ‖F ‖^2 + ‖J^{(1)}‖ + ‖J^{(2)}‖ ) g_{MN} , ( δ ( J^{(a)} ‖J^{(a)}‖ − √ 2 ∗ A ) , dφ^{α1}_a ∧ . . . ∧ dφ^{α7}_a ) = 0, δF = − √ 2(∗J^{(1)} + ∗J^{(2)}).

The fields defined by the following equations solve the equations of motion

ds^2 = −H�^{2/3}_1 H�^{2/3}_2 dX^0dX^0 + H�^{2/3}_1 H^{1/3}_2 (dX^1dX^1 + dX^2dX^2)

+H^{1/3}_1 H�^{2/3}_2 (dX^3dX^3 + dX^4dX^4) + H^{1/3}_1 H^{1/3}_2 10∑ α=5 dX^αdX^α,

A = 1 √ 2H_1 dX^0 ∧ dX^1 ∧ dX^2 + 1 √ 2H_2 dX^0 ∧ dX^3 ∧ dX^4,

J^{(1)} = − 1 2 △H_1 dX^3 ∧ . . . ∧ dX^{10},

J^{(2)} = − 1 2 △H_2 dX^1 ∧ dX^2 ∧ dX^5 ∧ dX^6 ∧ . . . ∧ dX^{10}.

Here H_a are smooth positive function of space coordinates X^α, α, β = 5, 6, 7, 8, 9, 10, △ = ∑_{10}

α=5 ∂^2_α. Calculating ‖J^{(a)}‖ one has to choose a branch of square root, which gives ‖J^{(a)}‖△H_a < 0.

The author is grateful to I.V. Volovich and B. Dragovich. The work was partially supported by grant RFFI 99-01-00866.

References

[1] M. Green, J.H. Schwarz, E. Witten, Superstring theory, vol.1,2, Cambridge University Press, 1987 [2] B.M. Barbashov, V.V. Nesterenko, Model’ relyativistkoj struny v fizike adronov, Moscow.: Energoatomizdat, 1987. 176 p. (in Russian) [3] V.S. Vladimirov, I.V. Volovich// Doklady Akademii Nauk. 1985. vol. 289. pp.

1043–1047 [4] M.J. Duff, J.X. Lu// Nucl.Phys. B416, 1994. pp. 301–334; hep-th/9306052 [5] I.Ya. Aref’eva, M.G. Ivanov, O.A. Rytchkov// Wess J., Akulov V.P.(Eds.), Supersymmetry and Quantum Field theory, Proceedings of the D. Volkov Memorial Seminar Held in Kharkov, Ukraine, 5–7 January 1997, Springer, pp. 25–41; hepth/9702077 [6] V.D. Ivashchuk, V.N. Melnikov// P-brane black holes for general intersections, Grav.Cosmol. 5, 1999. pp. 313-318; gr-qc/0002085 [7] Y. Hosotani, Local scalar fields equivalent to Nambu-Goto strings, Phys.Rev.Letters 47 (1981) 399

[8] T.R. Morris, From First to Second Quantized string Theory, Phys.Lett. 202B (1988) 222 [9] L.M. Baker and D.B. Fairlie, Companion Equations for Branes, Journal of Mathematical Physics 41 (2000) 4284–4292; hep-th/9908157 [10] M.G. Ivanov// The model of delocalized membranes, Doklady Akademii Nauk.

2001. vol. 378. pp. 26–28 [11] M.G. Ivanov, Delocalized membrane model, hep-th/0105067