arXiv:hep-th/0108014 3 Aug 2001

The Geometric Construction of WZW Effective Action in Non-commutative Manifold

Boyu Hou, Yongqiang Wang, Zhanying Yang and Ruihong Yue

The Institute of Modern Physics(IMP), Northwest University Xi’an 710069 P.R.China

byhou,wyq,yzy,yue@phy.nwu.edu.cn

Abstract. By constructing close one cochain density Ω^1_{2n} in the gauge group space we get WZW effective Lagrangian on high dimensional non-commutative space.Especially consistent anomalies derived from this WZW effective action in non-commutative four-dimensional space coincides with those by L.Bonora etc[1].

Keywords:Non-commutative Space,WZW Effective Action,Close Cochain,Consistent Anomaly.

1 Introduction

The growing interest in non-commutative geometry is calling our attention upon some old problems of YM theory in non-commutative manifold. We would like to know whether or to what extent old problems, solutions or algorithms in commutative YM theories fit in the new non-commutative framework. One of these is what form the WZW effective action takes in the new non-commutative setting. This has partially been answered via a direct computation in some special conditions in non-commutative low dimension space [2]. But the generalization to high dimensions is very difficult,even impractical. So we try to construct the WZW effective action in non-commutative high dimensions via its geometric property. In fact,in this letter WZW effective action appears as the close-one-cochain of the gauge group in geometry [3, 4, 5, 6, 7, 8],which is invariant and only dependent on the topology of gauge group instead of the local geometry,for example,commutator. In sequence,this makes the calculation of the WZW effective action to be possible through the close-one-cochain of gauge group in the non-commutative high dimensions space.

2 Non-commutative Gauge Theory and WZW Effective Action

In the non-commutative geometry formalism, geometric spaces are described by a C^⋆-algebra, which is in general not commutative and realized by Moyal product: f (x) ⋆ g (x) ≡ e^{iθμν2 ∂∂ξμ ∂∂ζν} f (x + ξ) g (x + ζ) | | | |_{ξ=ζ=0}, (1)

where θ_{μν} is a real antisymmetric constant background, and reflects the non-commutativity of the coordinates of R^D [12]:

[x_μ, x_ν ]_⋆ = iθ_{μν} . (2)

Then we have the following identities: +∞∫ −∞ d^D x f (x) ⋆ g (x) = +∞∫ −∞ d^D x g (x) ⋆ f (x) = +∞∫ −∞ d^D x f (x) g (x) , (3)

+∞∫ −∞ d^Dx (f_1 ⋆ f_2 ⋆ f_3) (x) = +∞∫ −∞ d^Dx (f_3 ⋆ f_1 ⋆ f_2) (x) = +∞∫ −∞ d^Dx (f_2 ⋆ f_3 ⋆ f_1) (x) . (4)

Especially , in integral with one compact space there is the following circular relation, i.e. the following relation can work up to a space-time derivative [1]:

Tr(E_1 ∗ E_2 ∗ ... ∗ E_n) = Tr(E_n ∗ E_1 ∗ ... ∗ E_{n−1})(−1)^{kn(k1+...+kn}�^{1)}, (5)

where E_iis the k_i form in the base compact space. Then we will take such equivalence in this sense below,since the final result is required to integrate with one compact space. Additionally, we assume that the physics fields disappear in infinite distance point,so R^D the base spacetime can be treated as S^D space. Throughout this papers all calculation will be taken in S^D space.

In path-integral formalism, the partition function of a system involving fermion fields and gauge fields is[13, 14, 15]: Z = ∫ DA^a_μDψ̄Dψe^{iSG−} ∫_{ψ̄⋆(i∂/+A/)⋆ψ} , (6)

where

S_G = − 1 4 ∫ d^D x F_{μν} (x) ⋆ F^{μν} (x) , (7)

F_{μν} (x) ≡ ∂_μA_ν (x) − ∂_ν A_μ (x) + ig[A_μ (x) , A_ν (x) ]_⋆. (8) Set D/ = γ^μ∂_μ + γ^μ[A_μ, ]_⋆, (9)

As usual,we first integrate the fermionic fields and treat the gauge fields as the background fields ,then finish out all quantization. Z = ∫ DA^a_μdetD/e^{iSG} , detD/ = ∫ Dψ̄Dψe^{−i} ∫_{ψ̄⋆(i∂/+A/)⋆ψ} . (10)

From the detD/ one can define the WZW effective action generated functional [7]: W [A] = −ilndetD/. (11) Under the gauge transformation detD/ changes into: Det (∂/ + A/^g) = e^{−iα1(A;g)}Det (∂/ + A/) , (12) where α^1 (A; g) is assumed to exist, which is thought reasonable from the existence of α^1 (A; g) in non-commutative two dimensions[2, 10] and the true consistent anomalies deduced from it in non-commutative four dimensions, and then one can prove that it is the close-one-cochain of the gauge group,which reveals the topology properties of the gauge group and does not dependent on the local property of the gauge group[3, 4, 5, 6, 7, 8]. Then we can generalize it in non-commutative space, i.e.S^D.

3 The WZW effective action in non-commutative four dimensions space

The close-one-cochain of the gauge group in non-commutative four dimensions space,G^4,behaves as the first order topology obstacle,which can be derived from the topology properties of the gauge group in higher by two dimensions,i.e. six-dimensions. So we now start with the non-commutative S^6. A-S index formula in commutative geometry may not work in noncommutative space as usual:

Z = c_3 ∫ S6 Tr(F^3), c_3 = i^3 3!(2π)^3

. (13)

We still call Z Chen-Character though Z maybe is not an integer here [11]. When Z ≠ 0, Ω^{−1}_6 ≡ c_3Tr(F ⋆ F ⋆ F ) is not an exact form in S^6,moreover the gauge potential A cannot be well-defined in S^6. Insteadly,one can well-define Ω^{−1}_6(F ) which is the close-zero-cochain in S^6.

We cover the manifold M = S^6 with two open sets:U_0∪U_1 = M. Each open set U_j (j = 0, 1) is homomorphic to the six-dimensional plate D_6 which is a trivial in topology . Then we can write Ω^{−1}_6(F ) as an exact form in each trivial area U_j due to Poincare lemma:

Ω^{−1}_6(F = dA_j + A_j ⋆ A_j ) = dΩ^0_5(A_j), (14)

and we get easily

Ω^0_5(A) = c_3Tr(A ⋆ dA ⋆ dA + 3 2 dA ⋆ A ⋆ A ⋆ A + 3 5 A ⋆ A ⋆ A ⋆ A ⋆ A) = c_3Tr(A ⋆ F ⋆ F − 1 2 A ⋆ A ⋆ A ⋆ F + 1 10 A ⋆ A ⋆ A ⋆ A ⋆ A). (15)

Ω^0_5(A_j) can only be defined in a trivial area U_j but in whole manifold S^6.TheΩ^0_5(A_j) is a C̆ech zero-cochain instead of C̆ech close-zero-cochain.In overlap area U_{01} = U_0 ∩ U_1,the difference of Ω^0_5(A_j ) is non-vanishing:

△ Ω^0_5(A_0, A_1) ≡ Ω^0_5(A_1) − Ω^0_5(A_0). (16) Notice that U_{01} and S_5 are homomorphic, so U_{01} could be condensed into S_5.Then Z = ∫ S5 △Ω^0_5(A_0, A_1). (17) Since the gauge potentials {A_j} in two areas {U_j } are equivalent up to a gauge transformation we can set:

A_0 = A, A_1 = g^{−1} ⋆ A ⋆ g + g^{−1} ⋆ dg. (18) Thus we have

△ Ω^0_5(A, A^g) = c_3 2 dTr[A ⋆ dA ⋆ (dg ⋆ g^{−1}) + dA ⋆ A ⋆ (dg ⋆ g^{−1}) − A ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) − 1 2 A ⋆ (dg ⋆ g^{−1}) ⋆ A ⋆ (dg ⋆ g^{−1}) + A ⋆ A ⋆ A ⋆ (dg ⋆ g^{−1})] + c_3 10 Tr[(dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1})].(19)

Z = c_3 10 ∫ S5 Tr[(dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1})], (20) In fact,what we have done above is to map re strictly the differential form ∧^∗(S_6) in the manifold S_6 into each area U_j ,and then take the C̆ech difference of mapping,i.e. △,which leads to Mayer-Vietoris series when it works constantly:

0 −→ ∧^∗(S_6)^r−→ ∧^∗(D_6^{(0)}) ⊕ ∧^∗(D_6^{(1)})^△−→ ∧^∗(S_5) −→ 0, (21) where we should notice that Ω^{−1}_6(A_j ) = dΩ^0_5(A_j ) is the C̆ech close-zero-cochain.Additionally, C̆ech difference △ and differential operator d commutate,which make △Ω^0_5(A_0, A_1) close form. Then we can have △ − d bi-complex.

In the same way we can cover S_6 with three,four,· · ·, areas homomorphic with D_6 and operate them with d−△ orderly. Thus we have the analogous series Ω^1_4(A, A^{g1} ), Ω^2_3(A, A^{g1}, A^{g2} ) · · · which satisfy: △ Ω^{k−1}_{2n−k}(A^{g0} , A^{g1} , A^{g2}, · · · , A^{gk} ) ≡ k∑ i=0 (−1)^iΩ^{k−1}_{2n−k}(A^{g0} , A^{g1} , · · · , Ă^{gi}, · · · , A^{gk} ),(22) △Ω^{k−1}_{2n−k}(A^{g0} , A^{g1} , A^{g2}, · · · , A^{gk} ) = dΩ^k_{2n−k−1}(A^{g0} , A^{g1} , A^{g2}, · · · , A^{gk} ), (1 ≤ k ≤ 2n, 2n = 6), (23) where Ω^k_{2n−k−1} denotes the close-cochain density of gauge group space. Integrating with appropriate base space will give the close-cochains of the gauge group in the base space,that is α^1(A; g) = 2π ∫ S4 Ω^1_4(A, A^g) (24)

This is the close-one-cochain of the gauge group,G^4 in the S_4( i.e. physics R^4).So we get our WZW effective action : W [A, g] = 2π ∫ S4 Ω^1_4(A, A^g) = α^1(Γ^1, S_4), (25)

Ω^1_4(A, A^g) = c_3 2 Tr[A ⋆ dA ⋆ (dg ⋆ g^{−1}) + dA ⋆ A ⋆ (dg ⋆ g^{−1}) − A ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) − 1 2 A ⋆ (dg ⋆ g^{−1}) ⋆ A ⋆ (dg ⋆ g^{−1}) + A ⋆ A ⋆ A ⋆ (dg ⋆ g^{−1})] + c_3 10 d^{−1}Tr[(dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1}) ⋆ (dg ⋆ g^{−1})],(26)

where d^{−1} is a homotopic operator and only well-defined in a trivial area in topology. Furthermore,we can argue the anomalies as expected if we expand g around the unit g = I + Θ:

W [A, I + Θ] = − 2πc_3 2 ∫ S4 Tr(dΘ ⋆ A ⋆ dA + dΘ ⋆ dA ⋆ A + dΘ ⋆ A ⋆ A ⋆ A). (27) This is consistent with the results of L.Bonora and others [1, 16].

4 WZW Effective Action in Non-commutative high dimensions space

In principle ,the similar analysis can be generalized into high dimensions. However,it will be very difficult to calculate the WZW effective action.In this section ,we will take another way to get the close-one-cochain,even any order close-cochain. We can calculate the closecochains via the relations between the close-cochains of connection space U = {A(x)} and gauge group,then the Ω^1_2n(A, A^g) and the WZW effective action.

At first we introduce the close-cochain of the connection space U = {A(x)} which is a poly manifold in an affine space of infinite dimensions. So we have a linear insertion among k connections which have no linear relation :

A_t = A_0 + k∑ i=1t_iη_i = A_μ(x, t)dx^μ, η_i = A_i − A_0, 0 ≤ k∑ i=1t_i ≤ 1. (28)

Then a connection is set in M ⊗ R(t)^k :

A = (A_μ(x, t)dx^μ; 0) = (A_t; 0), (29)

where R(t)^k is a commutative linear space which commutates with base space M too. The field strength is

F = (d + δ)A + A ⋆ A = dA_t + k∑ i=1δt_iη_i + A_t ⋆ A_t = F_t + H, (30)

where d is the derivative operator in M and δ the derivative operator with the arguments {t_i} in arguments space R(t)^k ,which satisfy d^2 = δ^2 = 0, (d + δ)^2 = dδ + δd = 0 and

F_t = dA_t + A_t ⋆ A_t, H = k∑ i=1δt_iη_i ≡ δt · η, (31)

Expanding the trace of F^n in the power of H,one can get Tr(F^n) = n∑ k=1q^k_{2n−k} , (32) with

q^k_{2n−k} = Tr[(H^k ⋆ F_t^{n−k} ) + (H^{k−1} ⋆ F_t ⋆ H ⋆ F_t^{n−k−1}) + · · · + (F_t^{n−k} ⋆ H^k)], (33) where there are^{n!}_{k!(n−k)!} terms on the right hand side of Equ.(33). On the other hand ,since (δ + d)Tr(F^n) = 0. (34) multiplying (d + δ)on the both sides of Equ.(32) gives the descent equation: dq^k_{2n−k} = −δq^{k−1}_{2n−k+1}, k = 1, 2, · · · , n (35) dq^0_{2n} = dTr(F_t^n) = 0, δq^n_n(A_0, A_1, · · · , A_n) = δTr(H^n) = 0. (36) Integrate q^k_{2n−k} with the k-order chain Γ^k in the connection space one can obtain the functional Q_{2n−k} of Γ^k : Γ^k = A_0 + k∑ i=1t_iη_i ≡ Γ^k (A_0, · · · , A_k), (0 ≤ k∑ i=1t_i ≤ 1), (37) Q_{2n−k}(A_0, · · · , A_k) = Q_{2n−k} (Γ^k ) =

∫_Γk q^k_{2n−k} = (−1)^{k(k}

�1)_2 ∫ △^k

(δt)^k Tr[(η_1 ⋆ η_2 ⋆ · · · η_k ⋆ F_t^{n−k} ) + (η_1 ⋆ η_2 ⋆ · · · η_{k−1} ⋆ F_t ⋆ η_k F_t^{n−k−1}) + · · · + (F_t^{n−k} ⋆ η_1 ⋆ η_2 ⋆ · · · η_k )], (38) where Q_{2n−k} is the k-cochain in the connection space,called the generalized Chen-Simons form (Q series ). We can justify easily :

dQ_{2n−k} (Γ^k ) = (−1)^{(k−1)}Q_{2n−k+1}(∂Γ^k). (39) Define Q_{2n−k+1}(∂Γ^k) = k∑ i=1(−1)^iQ_{2n−k+1}(Γ_{(i)}^{k−1}) ≡ △Q_{2n−k+1}(Γ^k ),

Γ_{(i)}^{k−1} ≡ Γ^{k−1}(A_0, · · · , Ă_i, · · · , A_k), (40) we have △^2 = 0, (41) where △ is called the coedge operator in the functional space of connections. So we have our homology in the connection space. In the following ,we pay our attention on the expressions of Q series.

According to the following exact series between the homotopy groups via injective and inclusion map: π_{n+1}(U) −→ π_{n+1}(U/G) −→ π_n(G) −→ π_{n+1}(U), (42) we can get the cohomology group of gauge group if we calculate the cohomology group of connection space,i.e. Q series. In the expression of Ω we can depart two parts similar to Equ.(26): the Q series including the gauge potential A and R series including only the pure gauge potential v,

Ω^k_{2n−k−1}(A, A^{g1} , · · · , A^{g1···gk} ) = c_n(−1)^kQ_{2n−k−1}(0, A, v_1, · · · , v_k) + R^k_{2n−k−1}(0, v_1, · · · , v_k),(43)

where c_n is defined similar to c_3 before and

v_1 = g_1 ⋆ dg_1^{−1}, v_2 = (g_1 ⋆ g_2)d(g_1 ⋆ g_2)^{−1}, · · · , (44)

where Q series have explicit expressions in (38). In order to calculate the R series we introduce the generalized coedge operator ¯△:

(−1)^{k−1} ¯△Q_{2n−k} (0, A, v_1, · · · , v_k) = △Q_{2n−k}(0, A, v_1, · · · , v_k ) − Q_{2n−k}(0, v_1, · · · , v_k ). (45)

Then we apply the coedge operator on the left hand side of the Equ.(43) but on the right hand side Q series must be applied with the generalized coedge operator ¯△: △ Ω^{k−1}_{2n−k}(A, A^{g1} , · · · , A^{g1···gk} ) = c_n(−1)^{k−1} ¯△Q_{2n−k}(0, A, v_1, · · · , v_k ) + △R^{k−1}_{2n−k} (0, v_1, · · · , v_k ), (46)

Additionally, we act on both sides of Equ.(43) with the derivative operator d: △ Ω^{k−1}_{2n−k} (A, A^{g1}, · · · , A^{g1···gk} ) = c_n△Q_{2n−k} (0, A, v_1, · · · , v_k ) + dR^k_{2n−k−1}(0, v_1, · · · , v_k ). (47) Comparing Equ.(46) and Equ.(47) we have the formula satisfied by R series:

dR^k_{2n−k−1}(0, v_1, · · · , v_k ) = c_nQ_{2n−k}(0, v_1, · · · , v_k ) + △R^{k−1}_{2n−k} (0, v_1, · · · , v_k ), (48)

i.e. the second term of Equ.(26) is a concrete example of above formula. With this formula we can calculate all order expressions of R series in the trivial area by the homotopy operator d^{−1}, then we can have all explicit expressions of Ω if the explicit expressions of R series are substituted in Equ.(26). Thus, we obtain the Ω^1_{2n},i.e. WZW effective Lagrangian and the WZW effective action when it is integrated .

5 Summary

In this article we study the geometric property of the WZW effective action and then construct the WZW effective action in non-commutative apace via calculating the close-one-cochain of the gauge group in non-commutative space . We adopt two methods to construct the close-one-cochain in low dimensions and high dimensions. In four dimensions we cover the six-dimensional S^6 with several trivial areas in topology to derive the close-one-cochain in the non-commutative four dimensions space. This method will become very difficult when it is generalized into high dimensions space for it is too difficult to express a complex expression with an exact form in a trivial area in topology of high dimensions so we chose another way to construct the close-cochains of gauge group. By calculating the cohomology group of the connection space we obtained the close-cochains of gauge group in arbitrary even dimensions and further calculated the WZW effective action. Though our work stopped here but we could work more since we have all close-cochains of the gauge group in the non-commutative high dimensions space. The close cochains may be used to discuss some physics problems related to the topology properties of non-commutative high dimensions space, such as the consistent anomalies [1, 17, 18, 9],Hamiltonian anomalies and Jaccobi anomalies.

1. L.Bonora,M.Schnabl and A.Tomasiello,A note on consistent anomalies in noncommutative YM theories,hep-th/0002210.

2. E.F.Moreno and F.A.Schaposik ,The Wess-Zumino-Witten term in non-commutative two-dimensional fermion models,hep-th/0002236.

3. J.Wess and B.Zumino, Phys.Lett. B37 (1971) 95.

4. R.Stora, in New development in quantum field theories and statistical mechanics, (eds.

H.Levy and P.Mitter), New York 1977. and in Recent progress in Gauge Theories, ed. H.Letmann et al., New York 1984.

5. L.Bonora and P.Cotta–Ramusino, Phys.Lett. B107 (1981) 87. L.Bonora, Acta Phys.

Pol. B13 (1982) 799.

6. B.Zumino, Wu Yong–shi and A.Zee, Nucl.Phys. B239 (1984) 477.

7. Bo-yuan Hou and Bo-yu Hou,Differential Geometry For Physicists,World Scientific Press 1997.

Bo-yu Hou and Bo-yuan Hou, High Energy Physics and Nuclear Physics (in Chinese),11 (1981), 57.

Bo-yu Hou, Physics Transaction (in Chinese),35 (1986),1662. Bo-yu Hou, Bo-yuan Hou and Pei Wang, Lett. Math. Phys., 11 (1986), 179.

8. H. Y. Guo, K. Wu and S. K. Wang, Com. Theor. Phys. (Beijing), 4 (1985), 113.

H. Y. Guo, B. Y. Hou, S. K. Wang and K. Wu, Com. Theor. Phys. (Bejing), 4 (1985), 145, 233.

9. F. Zh. Yang, Lecture in Graguate School,University of Science and Technology of China, June 2000.

10. Carlos Nunez, Kasper Olsen and Ricardo Schiappa, From Noncommutative Bosonization to S-Duality, hep-th/0005059.

11. H. Kajiura, Y. Matsuo and T. Takayanag, Exact Tachyon Condensation on Non-commutative Torus , hep-th/0104143.

12. N.Seiberg and E.Witten, String theory and noncommutative geometry,JHEP 9909(1999) 032,hep-th/9908142.

13. A.Connes, Noncommutative geometry, Academic Press, 1994.

14. J.Madore, An introduction to noncommutative differential geometry and its physical applications, Cambridge University Press 1995.

15. G.Landi, An introduction to noncommutative spaces and their geometries, Springer Verlag 1997.

16. E.Langmann, Descent equations of Yang–Mills anomalies in noncommutative geometry, J.Geom.Phys. 22 (1997) 259-279.

17. J.M.Gracia–Bondia and C.P.Martin, Chiral gauge anomalies on noncommutative R^4, hep-th/0002171.

18. F.Ardalan and N.Sadooghi, Axial anomaly in noncommutative QED on R^4, hepth/0002143.