arXiv:hep-th/0108049 v3 26 Sep 2001

Quantum Dirac field without vacuum energy divergence

Ruo Peng WANG Physics Department, Peking University, Beijing 100871, P.R.China (September 26, 2001)

A quantum Dirac field theory with no divergences of vacuum energy is presented. The vacuum energy divergence is eliminated by removing a extra degree of freedom of the Dirac fields. The conditions for removing the extra degree of freedom, expressed in the form of a conservation law and an orthogonality relation, define another spin 1/2 field with the same rest mass that is just the antifermion field. The anticommutation relations for fermion and antifermion fields are imposed by this conservation law. Both fermion and antifermion fields have only states with positive energies due to the orthogonality relation. The expressions of the charge density and the current density are obtained. The charge conservation law is established. A form for canical quantization applicable to both Boson and Dirac fields is introduced.

03.70.+k, 11.10.-z

The vacuum energy divergence is one of the divergences that occur in quantum field theory. For the Dirac field this divergence is closely related to the interpretation of negative-energy solutions of the Dirac equation. In present quantum field theory, the annihilation operator of a fermion with negative energy is identified with the creation operator of an antifermion with corresponding positive energy [1]. In such a view, the vacuum state contains infinite number of fermions with negative energies, as firstly suggested by Dirac [2]. A consequence of this assumption is that the vacuum would have infinitely large negative energy and infinitely large negative charge [3]. Generally, this divergences are considered harmless, and are removed by redefining corresponding operators with normal-ordered ones [4]. However, in a mathematically well behaved theory, these divergences should not occur at all [5]. In this paper I introduce a quantum Dirac field theory, in which the total energy and the total charge of Dirac fields vanish in the vacuum state.

The Dirac equation for particles of spin 1/2 and rest mass m is [6] [ ih̄( ∂ ∂t + c⃗α · ∇) − mc^2β ] ψ_F (x) = 0, (1)

in which ψ_F (x) is a four components spinor, and the matrices ⃗α and β satisfy the following conditions:

α^†_r = α_r, α^2_r = 1, [α_r, α_s]_+ = 0 (r ≠ s) β^† = β, β^2 = 1, [α_r, β]_+ = 0 } r, s = 1, 2, 3, (2)

where the anticommutator is defined by [A, B]_+ ≡ AB + BA. (3) The Dirac equation (1) allows both positive and negative energy solutions. Therefore the Dirac field defined only by Eq. (1) has one more degree of freedom than a real fermion field. To describe correctly real fermion fields, we must remove this extra degree of freedom. Removing of the extra degree of freedom is done by introducing a linear dependence between the components of the spinor field ψ_F (x). This dependence must be covariant under Lorentz transformations, and it is convenient to write this relation in the following form: ∂ ∂t (ψ^T_A(x)ψ_F (x)) + ∇ · (ψ^T_A(x)c⃗αψ_F (x)) = 0, (4)

with ψ_A(x) an arbitrary four components spinor. The convariance of the relation (4) requests ψ_A(x) to transform like ψ^∗_F (x) under Lorentz transformations. In fact, the relation (4) and the Dirac equation (1) imply that ψ_A(x) satisfies the same equation as ψ^∗_F (x): [ ih̄( ∂ ∂t + c⃗α^T · ∇) + mc^2β^T ] ψ_A(x) = 0, (5)

It it easy to verify that the conditions (2) are also satisfied by matrices ⃗α^′ and β^′ defined by

⃗α^′ = ⃗α^T , β^′ = −β^T . (6)

Therefore the spinor ψ_A(x) describes a particle of spin 1/2 and rest mass m too. Usually, we refer to ψ_F (x) as the fermion field and to ψ_A(x) the antifermion field.

There is a conservation law for the field ψ_F (x): ∂ ∂t (ψ^†_F (x)ψ_F (x)) + ∇ · (ψ^†_F (x)c⃗αψ_F (x)) = 0. (7)

Thus to ensure that the relation (4) being nontrivial, ψ_A(x) and ψ^∗_F (x) must have no common component, that means the following orthogonality relation must be satisfied: lim V →∞ 1 V ∫ V ψ^T_A(x)ψ_F (x)d^3⃗x = 0. (8)

Eqs. (1) and (5) can be derived from the Lagrangian density

L(x) = ψ^†_F (x) [ ih̄( ∂ ∂t + c⃗α · ∇) − mc^2β ] ψ_F (x)

+ψ^†_A(x) [ ih̄( ∂ ∂t + c⃗α^T · ∇) + mc^2β^T ] ψ_A(x). (9)

Relation (4) may be considered as a conservation law. To allow such a conservation law, the Lagrangian density (9) must be invariant under certain transformation. Let’s consider the following transformation:

ψ_F (x) −→ ψ^′_F (x) = ψ_F (x) + ϵ_1ψ^∗_A(x) ψ_A(x) −→ ψ^′_A(x) = ψ_A(x) − ϵ_2ψ^∗_F (x) } , (10)

where ϵ_1 and ϵ_2 are two infinitesimal parameters. According to the relation (8), we must have lim V →∞ 1 V [ ϵ_1 ∫ V ψ^†_A(x)ψ_A(x)d^3⃗x − ϵ_2 ∫ V ψ^†_F (x)ψ_F (x)d^3⃗x ] = 0. (11)

Under the transformation (10), the Lagrangian density (9) is changed to

L^′(x) = L(x) + ϵ_1ψ^†_F (x) [ ih̄( ∂ ∂t + c⃗α · ∇) − mc^2β ] ψ^∗_A(x) +ϵ^∗_1ψ^T_A(x) [ ih̄( ∂ ∂t + c⃗α · ∇) − mc^2β ] ψ_F (x)

−ϵ_2ψ^†_A(x) [ ih̄( ∂ ∂t + c⃗α^T · ∇) + mc^2β^T ] ψ^T_F (x)

−ϵ^∗_2ψ^T_F (x) [ ih̄( ∂ ∂t + c⃗α^T · ∇) + mc^2β^T ] ψ_A(x). (12)

It would be possible to obtain the relation (4) from the Lagrangian density invariance condition, L(x) = L^′(x), if we have ϵ_1 = ±ϵ_2. But the relation (11) is not satisfied in the case with ϵ_1 = −ϵ_2. Thus, only ϵ_1 = ϵ_2 is allowed. To get the relation (4) under that circumstance, the following anticommutation relations must hold for Dirac fields: ψ^†_p(x)Oψ_p(x) = −ψ^T_p (x)O^T ψ^{†T}_p (x) ψ^T_a (x)Oψ_p(x) = −ψ^T_p (x)O^T ψ_a(x), (a ≠ p) } a, p = F, A (13) with O = ⃗α, β or 1. According to relations (12) and(13), we have

L^′(x) = L(x) + ϵ_1ih̄ [ ∂ ∂t ( ψ^†_F (x)ψ^∗_A(x) ) + ∇ · ( ψ^†_F (x)c⃗αψ^∗_A(x) )]

+ϵ^∗_1ih̄ [ ∂ ∂t ( ψ^T_A(x)ψ_F (x) ) + ∇ · ( ψ^T_A(x)c⃗αψ_F (x) )] . (14)

Applying then the condition of Lagrangian density invariance in Eq. (14), the relation (4) is obtained.

We have already seen that the antifermion field ψ_A(x) and the complex conjugate of the fermion field ψ_F (x) satisfy the same equation. Thus a spinor function that satisfies Eq. (5) can be either a solution for the antifermion Dirac equation (5), or the complex conjugate of a solution for the fermion Dirac equation (1). It may not be the both at the same time due to the condition (8). Grouping solutions of the Dirac equation (1) or (5) into fermion and antifermion fields is rather arbitrary, and the only restriction is the condition (8). The arbitrariness in solution grouping should not affect the interaction between a fermion-antifermion fields pair and other fields. Therefore the charge and current densities of a fermion-antifermion fields pair must be independent on the grouping of solutions of the Dirac equation. By combining the conservation laws (4) and (7), we may obtain the following expressions for the charge and current densities:

ρ_q(x) = q{ψ^†_F (x)[ψ_F (x) + ψ^∗_A(x)] − [ψ^T_F (x) + ψ^†_A(x)]ψ_A(x)} ⃗j_q(x) = qc{ψ^†_F (x)⃗α[ψ_F (x) + ψ^∗_A(x)] − [ψ^†_A(x) + ψ^T_F (x)]⃗α^T ψ_A(x)} } , (15)

where q is the charge of the fermion. The conservation law for the charge Q = ∫ ρ_q (x)d^3⃗x, (16)

can be expressed in the form of the continuity equation ∂ρ_q ∂t + ∇ · ⃗j_q = 0. (17)

The Dirac fields ψ_F (x), ψ_A(x) can be expanded into plan wave solutions. We have

ψ_F (x) + ψ^∗_A(x) = ∑ ⃗k,s 1 √ V e^{i[⃗k·⃗x−h̄−1 E(⃗k)t]}u_s(⃗k)c_s(⃗k) + ∑ ⃗k,s 1 √ V e^{−i[⃗k·⃗x−h̄−1 E(⃗k)t]}v^∗_s (⃗k)d^†_s(⃗k), (18)

where s = 1, 2 is the label for spin states, and u_s(⃗k) and v_s(⃗k) satisfy the following equations [ E(⃗k) − ch̄⃗k · ⃗α − mc^2β ] u_s(⃗k) = 0 (19) [ E(⃗k) − ch̄⃗k · ⃗α^T + mc^2β^T ] v_s(⃗k) = 0 (20)

and orthonormality relations u^†_s(⃗k)u_s′ (⃗k) = δ_{ss}′ , v^†_s(⃗k)v_s′ (⃗k) = δ_{ss}′ , v^T_s (⃗k)u_s′ (−⃗k) = 0, (21) with E(⃗k) = √ h̄^2|⃗k|^2 + m^2c^4. We have a physical choice for solution grouping:

ψ_F (x) = ∑ ⃗k,s 1 √ V e^{i[⃗k·⃗x−h̄−1E(⃗k)t]}u_s(⃗k)c_s(⃗k), ψ_A(x) = ∑ ⃗k,s 1 √ V e^{i[⃗k·⃗x−h̄−1E(⃗k)t]}v_s(⃗k)d_s(⃗k). (22)

One may observe that under such a choice, both of ψ_F (x), ψ_A(x) contain only positive-energy solutions. We have another way for expressing this solution grouping:

ψ_F (x) = ∑ ⃗k,s 1 V ∫ V d^3⃗x^′u_s(⃗k)u^†_s(⃗k)e^{i⃗k·(⃗x−⃗x′)}(ψ_F (x) + ψ^∗_A(x)) (23)

ψ_A(x) = ∑ ⃗k,s 1 V ∫ V d^3⃗x^′v_s(⃗k)v^†_s(⃗k)e^{i⃗k·(⃗x−⃗x′)}(ψ_A(x) + ψ^∗_F (x)) (24)

For non-quantized Dirac field, the relations (13) become

[c_s(⃗k), c^†_s′ (⃗k^′)]_+ = [d_s(⃗k), d^†_s′ (⃗k^′)]_+ = 0, (25) and [c^†_s(⃗k), d^†_s′ (⃗k^′)]_+ = [c_s(⃗k), d_s′ (⃗k^′)]_+ = 0. (26)

To obtain the Hamiltonian density, we need to calculate the conjugate fields of ψ_F (x), ψ^†_F (x), ψ_A(x), ψ^†_A(x). We have

π_F (x) =^{∂L(x)}_{∂ψ̇F (x)} = ih̄ψ^†_F (x), π̃_F (x) =^{∂L(x)}_{∂ψ̇†F (x)} = 0 π_A(x) =^{∂L(x)}_{∂ψ̇A(x)} = ih̄ψ^†_A(x), π̃_A(x) =^{∂L(x)}_{∂ψ̇†A(x)} = 0

. (27)

Then, the Hamiltonian density is given by H(x) = ψ^†_F (x) ( −ih̄c⃗α · ∇ + mc^2β ) ψ_F (x) +ψ^†_A(x) ( −ih̄c⃗α^T · ∇ − mc^2β^T ) ψ_A(x). (28) Due to the anticommutation property of Dirac fields, the relations (27) are not obvious, and we need an explicit definition of the derivative of Lagrangian. The following definition is used: ∂L(x) ∂ψ̇_F (x) ≡ lim

Δψ̇_F (x)→0 ( − 1 Δψ̇_F (x) ΔL(x) ) = lim

Δψ̇_F (x)→0 ( ΔL(x) 1 Δψ̇_F (x) ) . (29)

The canonical quantization condition [q, p] = ih̄ can be written as ∂ ∂q̇ [q, L] = ih̄, (30) where L is the Lagrangian of the system. By using the expressions (22), the Lagrangian of the system can be calculated. We have L = ∑ ⃗k,s ( ih̄c^†_s(⃗k, t)ċ_s(⃗k, t) + ih̄d^†_s(⃗k, t)ḋ_s(⃗k, t) − E(⃗k)c^†_s(⃗k, t)c_s(⃗k, t) − E(⃗k)c^†_s(⃗k, t)c_s(⃗k, t) ) , (31)

with c_s(⃗k, t) = c_s(⃗k)e^{−ih̄−1 E(⃗k)t}, d_s(⃗k, t) = d_s(⃗k)e^{−ih̄−1 E(⃗k)t}. (32) According to the quantization condition (30), we have lim Δċ_s(⃗k,t)→0 ( − 1 Δċ_s(⃗k, t) ( c_s(⃗k, t)c^†_s(⃗k, t)Δċ_s(⃗k, t) − c^†_s(⃗k, t)Δċ_s(⃗k, t)c_s(⃗k, t) ) ) = 1. (33)

From the relations (25), we have

[Δċ_s(⃗k), c^†_s′ (⃗k^′)]_+ = 0, (34) thus c_s(⃗k, t)c^†_s(⃗k, t)Δċ_s(⃗k, t) − c^†_s(⃗k, t)Δċ_s(⃗k, t)c_s(⃗k, t) = −Δċ_s(⃗k, t) ( c_s(⃗k, t)c^†_s(⃗k, t) + c^†_s(⃗k, t)c_s(⃗k, t) ) , (35) and the quantization condition for Dirac fields becomes [c_s(⃗k, t), c^†_s(⃗k, t)]_+ = 1. (36) Similarly, [d_s(⃗k, t), d^†_s(⃗k, t)]_+ = 1. (37) The above relations are equivalent to [c_s(⃗k), c^†_s′ (⃗k^′)]_+ = [d_s(⃗k), d^†_s′ (⃗k^′)]_+ = δ_{ss}′ δ_{⃗k⃗k′} . (38) One may observe the fact that the relation (34) is consistent with the quantization conditions.

The quantization relations are obtained by using the first definition for the derivatives of Lagrangian. But the two definitions in (29) are equivalent, therefore we must obtain the same quantization relations basing on the second definition. Indeed, the same quantization relations are derived if the following anticommutation relations hold:

[c_s(⃗k), c_s′ (⃗k^′)]_+ = [c^†_s(⃗k), c^†_s′ (⃗k^′)]_+ = [d_s(⃗k), d_s′ (⃗k^′)]_+ = [d^†_s(⃗k), d^†_s′ (⃗k^′)]_+ = 0. (39)

The quantization conditions (38) are invariant under the transformation (10). To keep the invariance of anticommutation relations (39) under the same transformation, we must have

[c_s(⃗k), d^†_s′ (⃗k^′)]_+ = [c^†_s(⃗k), d_s′ (⃗k^′)]_+ = 0. (40)

The coefficients c_s(⃗k), d_s(⃗k) can be interpreted the as operators for annihilating a fermion, respectively, an antifermion in the state characterized by a wave vector ⃗k and spin label s, and the coefficients c^†_s(⃗k), d^†_s(⃗k) can be considered as operators for creating a fermion,respectively, an antifermion in a given state.

By using plan wave expansion, one obtains the following expression for the Hamiltonian operator: H = ∫ H(x)d^3⃗x = ∑ ⃗ks E(⃗k) [ N_{F s}(⃗k) + N_{As}(⃗k) ] . (41)

The vacuum state |0⟩ is defined by [4]

c_s(⃗k)|0⟩ = d_s(⃗k)|0⟩ = 0, for all ⃗k, and s = 1, 2. (42)

It is obviously that the numbers of fermion and antifermion in the vacuum state are zero:

N_{F s}(⃗k)|0⟩ = N_{As}(⃗k)|0⟩ = 0, for any ⃗k, and s, (43)

and consequently, the total energy of the quantum Dirac field in the vacuum state is null.

The total charge of the quantum Dirac field can also be calculated. We find Q = ∑ ⃗ks q [ N_{F s}(⃗k) − N_{As}(⃗k) ] . (44)

It is evident that the total charge of the quantum Dirac field also vanishes in the vacuum state.

In summary, I have introduced a quantum Dirac field theory, in which the vacuum energy divergence is eliminated by removing an extra degree of freedom of the Dirac fields. The conditions for removing the extra degree of freedom of the Dirac field define another spin 1/2 field with the same rest mass that is refered as the antifermion field. These conditions can be expressed in the form of a conservation law and an orthogonality relation. The conservation law requests the invariance of the Lagrangian density under certain transformation, and the anticommutation relations for fermion and antifermion fields are imposed by this invariance. Free fermion and antifermion fields have only states with positive energies, because the existence of negative energy states would be in conflict with the orthogonality relation. Therefore the vacuum energy divergence does not occur. The expressions for charge and current density are obtained, and the charge conservation law for fermion and antifermion fields is established as well. A form for canical quantization applicable to both Boson and Dirac fields is also introduced.

[1] W. Greiner, B. Müller, J. Rafelski, Quantum Electrodynamics of Strong Fields (Springer-Verlag, Berlin, 1985), p. 220. [2] P. A. M. Dirac, Proc. Roy. Soc. (London) A 126, 360 (1930).

[3] W. Greiner, Relativistic Quantum Mechanics (Springer-Verlag, Berlin, 1997), p. 293. [4] F. Mandl and G. Shaw, Quantum Field Theory (John Wiley and Sons, Chichester, 1984).

[5] T.-Y. Wu and W.-Y. Pauchy Hwang, Relativistic Quantum Mechanics and Quantum Fields (World Scientific, Singapore, 1991), p. 386.

[6] P. A. M. Dirac, Proc. Roy. Soc. (London) A 117, 610 (1928).