arXiv:hep-th/0108121 16 Aug 2001

Preprint August 2001

CROSSING SYMMETRY IN THE H^+_3 WZNW MODEL

by J. Teschner

1. INTRODUCTION

The H^+_3 WZNW model plays an important role in the study of string theory on AdS_3 (see e.g. [MO][KS][GK] and references therein). It also has been proposed to be relevant for the study of the integer quantum Hall effect [Zi][QH]. One may furthermore view it as a prototypical example for a conformal ^eld theory with continuous spectrum of primary ^elds (noncompact CFT).

The study of the H^+_3 WZNW model was initiated by Gawedzki, who determined the spectrum of the theory from a path-integral calculation of the torus partition function [Ga]. The three point function for the H^+_3 WZNW model was calculated in [T1][T2] by assuming decoupling of singular vectors in degenerate representations of the current algebra. Three point function and current algebra symmetry would fully characterize the whole theory (see [T3] for a discussion of the corresponding issue in the case of Liouville theory). However, so far there was no proof that the three point function from [T1][T2] actually leads to a consistent theory. Consistency of the theory boils down to proving crossing symmetry of the four-point function that, as shown in [T2], can be uniquely constructed out of the three point functions by means of the current algebra symmetry.

The aim of the present paper is to show that crossing symmetry of the four point function in the H^+_3 WZNW model follows from similar properties of a ^ve point function in Liouville theory. A proof of the fact that locality and crossing symmetry hold in Liouville theory was outlined in [T3] building upon [PT]. One may therefore regard the results of [T1][T2] as providing a solid construction of the H^+_3 WZNW model in genus zero, the consistency of which is established in the present note on the basis of results from [T3][PT].

2. CORRELATION FUNCTIONS IN LIOUVILLE THEORY AND THE H^+_3 WZNW MODEL

2.1. Five point function in Liouville theory

As indicated above, we will heavily use properties of certain correlation functions in Liouville theory. Let V_α(z) denote local primary ^elds in Liouville theory with conformal dimension Δ_α = α(Q − α), Q = b + b^{−1}, where b is the basic parameter (Şcoupling constantŤ) that determines the central charge of the Virasoro algebra according to c = 1 + 6Q^2.

We shall consider the vaccuum expectation value

Ω^{(4)}_{Liou} (_{α3 α2} α_4 α_1 |x, z ) ≡ ⟨V_{α4} (∞)V_{α3} (1)V_− 1_{2b} (x)V_{α2} (z)V_{α1} (0)⟩_{Liou}. (1)

It can be represented as follows [ZZ][T3]:

Ω^{(4)}_{Liou} (_{α3 α2} α_4 α_1 |x, z ) = ∑ s=+,− ∞∫ 0 dP C(α_4, α_3, α_P −^s_{2b} )C_s(α_P )C(α_{−P} , α_2, α_1) × × F^s_{αP} (_{α3 α2} α_4 α_1 |x, z ) F^s_{αP} (_{α3 α2} α_4 α_1 |x̄, z̄ ) , (2)

where α_P =^Q_2 + iP . This expression is composed out of the following ingredients:

• The three point function C(α_3, α_2, α_1) [DO][ZZ]:

C(α_1, α_2, α_3) = [ πμγ(b^2 )b^{2−2b2} ]_{(Q−}P3_{i=1 αi)/b} × × Υ_0Υ(2α_1)Υ(2α_2)Υ(2α_3) Υ(α_1 + α_2 + α_3 − Q)Υ(α_1 + α_2 − α_3)Υ(α_2 + α_3 − α_1)Υ(α_3 + α_1 − α_2) . (3)

The special function Υ(x) that appears in (3) can be de^ned by means of the integral representation

log Υ(x) = ∞∫ 0 dt t [( Q 2 − x )_2 e^{−t} − sinh^2 (_Q 2 − x )_t 2 sinh^{bt}_2 sinh^t_{2b} ] . (4)

• The structure constants C_s(α), s = +, − are de^ned from the short-distance asymptotics

V_− 1_{2b} (x)V_α(z) ∼_{x→z} ∑ s=+,− |x − z|^{2(Δαs −δ−Δα)}V_{α−}^s_{2b} (z), (5) where α_s ≡ α −^s_{2b} , δ ≡ Δ 1_{2b} . The C_s(α), s = +, − can be recovered as particular residues from the three point function C(α_3, α_2, α_1) [ZZ][T3]:

C_+(α) = 1, C_−(α) = [ πμγ(b^2 )b^{2−2b2} ]_b�2 b^{−2−2b} �2 γ(2b^{−1}α − 1 − b^{−2}) γ(2b^{−1}α) , (6)

where γ(x) = Γ(x)/Γ(1 − x). • The conformal blocks F^s_α (_{α3 α2} α_4 α_1 |x, z ) , s = +, −: They can be characterized as those solutions to the null vector decoupling equations ( b^2∂^2_x + z(z − 1) x(x − 1)(x − z) ∂_z + 1 − 2x x(x − 1) ∂_x − − Δ x(x − 1) + Δ_{α3} (x − 1)^2 + Δ_{α2} (x − z)^2 + Δ_{α1} x^2 ) F(x, z) = 0, (7)

Δ = Δ_{α1} +Δ_{α2} +Δ_{α3} +δ −Δ_{α4} , which have the following asymptotic behavior for z → 0: F^s_α (_{α3 α2} α_4 α_1 |x, z ) ∼_{z→0} z^{Δα −Δα2 −Δα2} F^s_α (_{α3α} 4 |x ) , (8)

with F^s_α (_{α3α} 4 |x ) given by

F^+_α (_{α3α} 4 |x ) =z^b �1_α

(1 − z)^b

�1_{α3} F (u, v, w; z) F^−_α (_{α3α} 4 |x ) =z^b �1_{(Q−α)}

(1 − z)^b

�1_{α3} F (u − w + 1, v − w + 1, 2 − w; z), (9) where we have used the notation u =b^{−1}(α + α_3 + α_4 − 3b^{−1}/2) − 1 v =b^{−1}(α + α_3 − α_4 − b^{−1}/2) w = b^{−1}(2α − b^{−1}).

For Liouville theory it is possible to prove crossing symmetry and locality [T3]. This implies that Ω_{Liou} (_{α3 α2} α_4 α_1 |x, z ) is real analytic on {(x, z) ∈ P^1_∗ × P^1_∗; z ≠ x}, where P^1_∗ ≡ P\ {0, 1, ∞}, and that the following identity holds:

Ω^{(4)}_{Liou} (_{α3 α2} α_4 α_1 |x, z ) = Ω^{(4)}_{Liou} (_{α1 α2} α_4 α_3 |1 − x, 1 − z ) . (10)

REMARK 1. Ů We do not have an explicit expression for the functions F^s_α (_{α3 α2} α_4 α_1 |x, z ) . However, the free ^eld construction of chiral vertex operators intertwining between three general irreducible highest weight representations of the Virasoro algebra given in [T3] leads to a constructive de^nition for F^s_α (_{α3 α2} α_4 α_1 |x, z ) that is manageable enough to allow for the calculation of the monodromies of F^s_α (_{α3 α2} α_4 α_1 |x, z ) . These turn out to be related to canonical objects from quantum group representation theory, the so-called b-Racah-Wigner coef^cients [PT]. The identities needed to prove (10) all follow from the de^nition of the b-Racah-Wigner coef^cients in terms of quantum group representation theory [PT][T3].

2.2. Four point function in the H^+_3 WZNW model

The basic parameter in the H^+_3 WZNW model is the level k of the current algebra

[J^0_n, J^0_m] = −^k_2 nδ_{n+m,0}

[J^0_n, J^±_m] = ±J^±_{n+m}

[J^−_n , J^+_m] = 2J^0_{n+m} + knδ_{n+m,0}. (11)

It will be useful to write k as k ≡ b^{−2} + 2, since b will turn out to correspond directly to the parameter b of Liouville theory. The de^nition of primary ^elds Φ^j(x|z) will be the one used in [T2], the conformal dimension being Δ_j = −b^2j(j + 1).

We will be interested in the following correlation function in the H^+_3 WZNW model:

Ω^{(4)}_{WZNW} (_{j3 j2} j_4 j_1 |x|z ) ≡ ⟨Φ^{j4} (∞|∞)Φ^{j3}(1|1)Φ^{j2} (x|z)Φ^{j1} (0|0)⟩_{WZNW} (12)

The following description was proposed in [T2] for Ω^{(4)}_{WZNW} (_{j3 j2} j_4 j_1 |x|z ) : Ω^{(4)}_{WZNW} (_{j3 j2} j_4 j_1 |x|z ) = ∞∫ 0 dp B(j_p) D(j_4 , j_3, j_p)D(j_p , j_2, j_1)H_{jp} (_{j3 j2} j_4 j_1 |x|z ) . (13)

where j_p = −^1_2 + ip. The following objects appear in (13):

• The two-point function B(j) is given by the formula B(j) = − ( ν(b) )_{2j+1} 2j + 1 π Γ(1 + b^2(2j + 1) ) Γ(1 − b^2(2j + 1)

) . (14)

The expression for ν(b) can be found in [T2], but will not be important in the following. • The three point function D(j_3, j_2, j_1) has the following expression:

D(j_3, j_2, j_1) = = (ν(b)b^{2b2})^{j1+j2 +j3+1} C_W(b) Υ_W(2j_1 + 1)Υ_W(2j_2 + 1)Υ_W (2j_3 + 1) Υ_W(j_1 + j_2 + j_3 + 1)Υ_W (j_1 + j_2 − j_3)Υ_W (j_1 + j_3 − j_2)Υ_W(j_2 + j_3 − j_1) . (15)

The special function Υ_W (j) is related to the Υ-function via Υ_W(j) ≡ Υ(−bj). • The function H_j (_{j3 j2} j_4 j_1 |x|z ) can be decomposed into conformal blocks G_j (_{j3 j2} j_4 j_1 |x|z ) as follows: H_j (_{j3 j2} j_4 j_1 |x|z ) = G_j (_{j3 j2} j_4 j_1 |x|z ) G_j (_{j3 j2} j_4 j_1 |x̄|z̄ ) − − (2j + 1)^2 γ^2 (2j + 2) γ(j_4 − j_3 + j + 1)γ(j_3 − j_4 + j + 1) γ(j_2 − j_1 − j)γ(j_1 − j_2 − j) × × G_{−j−1} (_{j3 j2} j_4 j_1 |x|z ) G_{−j−1} (_{j3 j2} j_4 j_1 |x̄|z̄ ) (16)

• The conformal blocks G_j (_{j3 j2} j_4 j_1 |x|z ) are uniquely de^ned as those solutions of the Knizhnik- Zamolodchikov- (KZ-) equations ( z(z − 1)∂_z + b^2D^{(2)}_x ) G = 0,

D^{(2)}_x = x(x − 1)(x − z)∂^2_x − [ (κ − 1)(x^2 − 2zx + z) + 2j_1x(z − 1) + 2j_2x(x − 1) + 2j_3z(x − 1) ] ∂_x +2j_2κ(x − z) + 2j_1j_2(z − 1) + 2j_2j_3z,

(17)

which can be represented by power series of the form G_j (_{j3 j2} j_4 j_1 |x|z ) = z^{Δ21 (j)} ∞∑ n=0 z^n G^{(n)}_j (_{j3 j2} j_4 j_1 |x ) , (18)

with initial term G^{(0)}_j (_{j3 j2} j_4 j_1 |x ) given by

G^{(0)}_j (_{j3 j2} j_4 j_1 |x ) ≡ x^{j1+j2−j} F (j_1 − j_2 − j, j_4 − j_3 − j; −2j; x). (19)

We have used the abbreviations κ = j_1 + j_2 + j_3 − j_4 and Δ_{21}(j) = Δ_j − Δ_{j2} − Δ_{j1} .

Our aim will be to prove that that Ω^{(4)}_{WZNW} (_{α3 α2} α_4 α_1 |x|z ) is real analytic on {(x, z) ∈ P^1_∗ × P^1_∗; z ≠ x}, and that the following identity (crossing symmetry) holds:

Ω^{(4)}_{WZNW} (_{j3 j2} j_4 j_1 |x|z ) = Ω^{(4)}_{WZNW} (_{j1 j2} j_4 j_3 |1 − x|1 − z ) . (20)

3. PROOF OF CROSSING SYMMETRY

Crossing symmetry for the four point function in the H^+_3 WZNW model will follow immediately once the following identity is proven:

Ω^{(4)}_{WZNW} (_{j3 j2} j_4 j_1 |x|z ) = Ω^{(4)}_{AUX} (_{j3 j2} j_4 j_1 |x, z ) Ω^{(4)}_{LIOU} (_{α3 α2} α_4 α_1 |x, z ) , Ω^{(4)}_{AUX} (_{j3 j2} j_4 j_1 |x, z ) ≡ π b^2

C^2_W(b)

Υ^2_0

(ν(b)b^{2b2} )^t (πμγ(b^2 )b^{2−2b2} )^s 4∏ i=1 Υ_W(2j_i + 1)

Υ(2α_i) × × |x|^{−2b} �1_{α1} |1 − x|^{−2b} �1_{α3} |x − z|^{−2b} �1_{α2} |z|^{−γ12} |1 − z|^{−γ23} , (21)

where we have used the notation s =b^{−1} ( Q − 4∑ i=1 α_i + 1 2b ) , γ_{23} =4b^2j_2j_3 − 4α_2α_3, t = 4∑ i=1 j_i + 1,

γ_{12} =4b^2j_1j_2 − 4α_1α_2,

(22)

and assumed the following identi^cations between the sets of variables j_4, . . ., j_1 and α_4, . . . , α_1:

2α_1 = − b(j_1 + j_2 − j_3 − j_4 − b^{−2} − 1), 2α_2 = − b(j_1 + j_2 + j_3 + j_4 + 1),

2α_3 = − b(j_2 + j_3 − j_1 − j_4 − b^{−2} − 1),

2α_4 = − b(j_4 + j_2 − j_1 − j_3 − b^{−2} − 1).

(23)

Crossing symmetry of Ω^{(4)}_{WZNW} (_{j3 j2} j_4 j_1 |x|z ) then follows from the corresponding properties of Ω^{(4)}_{LIOU} (_{α3 α2} α_4 α_1 |x|z ) and Ω^{(4)}_{AUX} (_{j3 j2} j_4 j_1 |x|z ) . The main ingredient needed to prove identitity (21) is the following observation from [FZ]:

Assume that (i) j_4, . . . , j_1 and α_4, . . . , α_1 satisfy the relations (23), (ii) γ_{23} and γ_{12} are de�ned by (22), and (iii) F(x, z) and G(x|z) are related by F(x, z) = x^b �1_{α1}

(1 − x)^b

�1_{α3} (x − z)^b �1_{α2}

z^{12 γ12} (1 − z)^{12 γ23} G(x|z). (24) F(x, z) will then satisfy the decoupling equations (7) if and only if G(x|z) solves the KZequations ( z(z − 1)∂_zF − b^2D^{(2)}_x ) F = 0.

This observation reduces the proof of (21) to a couple of straightforward veri^cations. First let us note that G^{(0)}_j (_{j3 j2} j_4 j_1 |x ) = x^b �1_{(α1+α2)}

(1 − x)^b

�1_{α3} F^s_α (_{α3α} 4 |x ) (25) if the identi^cations (23) hold, and that z^{Δα −Δα2 −Δα2} = z^{Δj −Δj2 −Δj2} z^{12 γ12} (26) if γ_{12} is chosen according to (22) and the relation between j and α is assumed to be α = −bj + 1 2b . (27)

But this implies that F^s_α (_{α3 α2} α_4 α_1 |x, z ) = x^b �1_{α1}

(1 − x)^b

�1_{α3} (x − z)^b �1_{α2} z^{12 γ12} (1 − z)^{12 γ23} G_j (_{j3 j2} j_4 j_1 |x|z ) . (28) Indeed, eqns. (25) and (26) imply that both sides of (28) have the same asymptotic behavior for z → 0. Power series solutions to both the decoupling equation (7) and the KZ-equations are uniquely

-06-

determined by their initial terms F^s_α (_{α3α} 4 |x ) and G^{(0)}_j (_{j3 j2} j_4 j_1 |x ) respectively^1. (25) and (26) are therefore enough to conclude that (28) indeed holds.

In order to prove (21), it therefore suf^ces to consider the coef^cients with which the conformal blocks are multiplied in (2) and (13). Let us ^rst note that

C(α_4, α_3, α−^1_{2b} )C(α, α_2, α_1) D(j_4, j_3, j)B^{−1}(j)D(j, j_2 , j_1) = b π Υ^2_0 C^2_W(b)

(πμγ(b^2)b^{2−2b2} )^s (ν(b)b^{2b2} )^t 4∏ i=1 Υ(2α_i) Υ_W(2j_i + 1)

. (29)

The veri^cation of (29) is done by a straightforward calculation using the explicit expressions for B, C and D given above, the identi^cations (23), (27) and the functional equations [ZZ]

Υ(x + b) = b^{1−2bx}γ(bx)Υ(x), Υ(x + b^{−1}) = b^{−1+2b}

�1_x

γ(b^{−1} x)Υ(x). (30)

The ^nal point that remains to prove (21) is then to verify the fact that

C(α_4, α_3, α+^1_{2b} )C_−(α) C(α_4, α_3, α−^1_{2b} )C_+(α) = − (2j + 1)^2 γ^2(2j + 2) γ(j_4 − j_3 + j + 1)γ(j_3 − j_4 + j + 1) γ(j_2 − j_1 − j)γ(j_1 − j_2 − j)

, (31)

cf. (16), which is again a matter of straightforward computations using (30).

REFERENCES

[DO] H. Dorn, H.J. Otto: Two and three point functions in Liouville theory, Nucl. Phys. B429 (1994) 375-388 [FZ] V. A. Fateev, A. B. Zamolodchikov: Operator algebra and correlation functions in the twodimensional SU(2)×SU(2) chiral Wess-Zumino model, Sov. J. Nucl. Phys. 43(1986)657 [Ga] C. Gawedzki: Non-compact WZW conformal ^eld theories, in: Proceedings of NATO ASI Cargese 1991, eds. J. Frĺohlich, G. ’t Hooft, A. Jaffe, G. Mack, P.K. Mitter, R. Stora. Plenum Press, 1992, pp. 247-274 [GK] A. Giveon, D. Kutasov: Notes on AdS_3, hep-th/0106004 [KS] D. Kutasov, N. Seiberg: More Comments on String Theory on ADS_3 , JHEP 9904 (1999) 008, hep-th 9903219 [MO] J. Maldacena, H. Ooguri: Strings in AdS_3 and SL(2, R) WZW model I,II, J. Math.

Phys42(2001)I: 2929-2960, II: 2961-2977 [QH] M. Bhaseen, I. Kogan, O. Soloviev, N. Taniguchi, A. Tsvelik: Towards a ^eld theory of the plateau transitions in the integer quantum Hall effect,Nucl. Phys. B580 (2000) 688-720 [PT] B. Ponsot, J. Teschner: Clebsch-Gordan and Racah-Wigner coef^cients for a continuous series of representations of U_q(sl(2, R)), math.QA/0007097, to appear in CMP [T1] J. Teschner: On structure constants and fusion rules in the SL(2, C )/SU (2)-WZNW model, Nucl. Phys. B546 (1999) 390-422 [T2] J. Teschner: Operator product expansion and factorization in the H^+_3 -WZNW model, Nucl.

Phys. B571 (2000) 555-582 [T3] J. Teschner: Liouville theory revisited, preprint hep-th/0104158

1See [T2, Appendix C] for a veri�cation of this statement in the case of the KZ-equation which can easily be adapted to the decoupling equation (7).

[Zi] M.R. Zirnbauer: Conformal ^eld theory of the integer quantum Hall plateau transition, hepth/9905054 [ZZ] A.B. Zamolodchikov, Al.B. Zamolodchikov: Structure constants and conformal bootstrap in Liouville ^eld theory, Nucl. Phys. B477 (1996) 577-605

J. Teschner Inst. fĺur theoretische Physik, Freie Universitĺat Berlin, Arnimallee 14, 14195 Berlin, Germany