arXiv:hep-th/0108122 16 Aug 2001

hep-th/0108122

Instantons, the Information Metric,

and the AdS/CFT Correspondence

Matthias Blau, K.S. Narain, George Thompson

The Abdus Salam ICTP Strada Costiera 11 34014 Trieste, Italy

mblau/narain/thompson@ictp.trieste.it

Abstract

We describe some remarkable properties of the so-called Information Metric on instanton moduli space. This Metric is manifestly gauge and conformally invariant and coincides with the Euclidean AdS_5-metric on the one-instanton SU (2) moduli space for the standard metric on R^4. We propose that for an arbitrary boundary metric the AdS/CFT bulk space-time is the instanton moduli space equipped with the Information Metric.

To test this proposal, we examine the variation of the instanton moduli and the Information Metric for first-order perturbations of the boundary metric and obtain three non-trivial and somewhat surprising results: (1) The perturbed Information Metric is Einstein. (2) The perturbed instanton density is the corresponding massless boundary-to-bulk scalar propagator. (3) The regularized boundary-to-bulk geodesic distance is proportional to the logarithm of the perturbed instanton density. The Hamilton-Jacobi equation implied by (3) equips the moduli space with a rich geometrical structure which we explore.

These results tentatively suggest a picture in which the one-instanton sector of SU (2) Yang-Mills theory (rather than some large-N limit) is in some sense holographically dual to bulk gravity.

Contents

1 Introduction 3

2 The Information Geometry of the Unperturbed Instanton Moduli Space M_0 5 2.1 The Information Metric on the Instanton Moduli Space . . . . . . . . . . . . . . 5 2.2 Explicit Evaluation of the Information Metric on M_0 . . . . . . . . . . . . . . . . 6 2.3 The Groisser-Murray Theorem and the Relation to the Fefferman-Graham Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.4 Other Aspects of the Information Geometry of M_0 . . . . . . . . . . . . . . . . . 10 2.5 The Boundary-to-Bulk Geodesic Distance in AdS and the Instanton Density . . . 13 2.6 G^{AB}v_Av_B = 1 is the Hamilton-Jacobi Equation for Geodesic Motion on M_0 . . . 15

3 First Order Corrections 16 3.1 Metric Deformations and Instanton Deformations . . . . . . . . . . . . . . . . . . 16 3.2 The Linearized Bulk Einstein Equation . . . . . . . . . . . . . . . . . . . . . . . 18 3.3 The Hamilton-Jacobi Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 3.4 The Massless Boundary-to-Bulk Scalar Propagator . . . . . . . . . . . . . . . . . 24

4 The Information Geometry of the Perturbed Instanton Moduli Space M 25 4.1 Preliminary Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.2 Elementary Consequences of the Hamilton-Jacobi Equation . . . . . . . . . . . . 26 4.3 Properties of K_{μν} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4.4 The Curvature and the Role of the Propagator and Einstein Equations . . . . . . 30 4.5 A Four-Parameter Family of Coordinate Systems on M . . . . . . . . . . . . . . 32 4.6 The Geodesic Distance on M and the Instanton Density . . . . . . . . . . . . . . 33 4.7 Gauss-Codazzi Equations for the Information Metric on M . . . . . . . . . . . . 34 4.8 The Relation between √ K and the Instanton Density . . . . . . . . . . . . . . . 36 4.9 The Equivalence of the Integral and Algebraic Forms of the Information Metric . 38

5 Conclusions 39

References 42

1 Introduction

A large amount of work has been done on the AdS/CFT correspondence [1, 2, 3, 4], in particular in the context of supergravity on AdS_5 × S^5 and its dual relationship to N = 4 SU(N) super Yang-Mills theories on the boundary of AdS_5 in the large N limit. It was realized early on that instantons of the boundary gauge theory play a central role in this correspondence [5].

In particular, in a very interesting series of papers, Dorey et al [6] were able to compute non-perturbative corrections due to Yang-Mills instantons and show that in the bulk AdS_5 × S^5 they correspond to the contributions of D(-1)-brane instantons in type IIB theory to the R^4 couplings. What is remarkable is that, in the large N saddle point approximation, the single super-instanton moduli space collapses to AdS_5 × S^5 with AdS_5 arising as the instanton number k = 1 SU(2) moduli space. This work was generalized to other situations with less supersymmetry. For example, in N = 2 theories arising in Type I’ D3 branes, the Yang-Mills instanton sees the relevant bulk geometry AdS_5 × S^5/Z_2 as well as the geometry of D-7 branes appearing in the Type I’ vacuum [7]. Related D-instanton probe calculations appear in [8].

These results suggest that Yang-Mills instantons are a good probe of the bulk geometry in general. More precisely, the instanton moduli space in the large N saddle point limit becomes the bulk geometry. In particular the AdS_5 coordinates are provided by the position and the scale of the instanton, with zero scale (UV regime) being the boundary of AdS_5 and large scale (IR regime) being the deep interior. In obtaining this, one integrates out the zero modes corresponding to the gauge orientation of the instanton in SU(N) (whose number grows linearly with N) leaving effectively just the moduli associated with SU(2) instantons. The details of the internal space (such as S^5) depend on the R-symmetry of the problem and hence the number of supersymmetries. These coordinates appear explicitly as certain bilinears of fermionic zero modes.

In the light of these results it is natural to ask if the feature that instanton moduli space gives rise to the bulk geometry persists in situations where Yang-Mills theory on the D3- branes couples to non-trivial bulk field backgrounds. For example, if the 4-dimensional space-time on which Yang-Mills theory lives is curved, then does the instanton moduli space give rise to the deformed AdS_5 which is Einstein and whose metric approaches the 4-dimensional metric as one goes to the boundary? The AdS/CFT correspondence together with the instanton probe idea would suggest that this is the case. The purpose of this paper is to study this problem.

As mentioned earlier, in the large N saddle point effectively only the moduli associated with SU(2) instantons survive. We will therefore analyze this problem by directly working with these SU(2) instantons. The first question to settle is what is the metric on the k = 1 SU(2) instanton moduli space one should consider. Even in the flat case this is not a priori clear as the usual L^2-metric on the moduli space will clearly not give rise to the AdS_5 metric. Indeed the isometries of AdS_5 are related to conformal invariance on the boundary while the L^2-metric is not conformally invariant.

Remarkably, there exists a metric on the moduli space, called the Information Metric, first suggested in the moduli space context in [9], which is manifestly gauge and conformally invariant. It is defined by G_{AB}(y) ∼ ∫ √ gd^4x F^2(x; y)∂_A log F^2(x; y)∂_B log F^2(x; y) . (1.1)

Here ∂_A is the derivative with respect to the instanton moduli y^A and F^2(x; y) is shorthand for the instanton density. It follows from symmetry arguments [9] or by explicit calculation (section 2.2) that for the flat metric on R^4 this metric, in fact, gives the k = 1 SU(2) instanton moduli space the geometry of AdS_5.

The purpose of this paper is to propose a central role for the Information Metric on instanton moduli space in the context of the AdS/CFT correspondence. Specifically, we propose that for an arbitrary boundary metric the AdS/CFT bulk space-time is the instanton moduli space equipped with the Information Metric.

Our aim is thus to study instanton solutions on a curved 4-dimensional space (which is topologically R^4 or S^4) and compute the corresponding Information Metric on the moduli space. For a general boundary metric this is a difficult task. So to test the proposal, we examine the variation of the instanton moduli and the instanton density F^2 and the induced variation of the Information metric for first-order perturbations of the boundary space-time metric away from the (conformally) flat metric. We obtain a number of interesting and technically as well as mathematically quite surprising results, namely that to this first order in the metric perturbation

1. the Information metric is Einstein and approaches the perturbed space-time metric on the boundary - in other words, the variation of the Information Metric is the boundary-to-bulk graviton propagator;

2. for this perturbed bulk metric, the perturbed instanton density F^2(x; y) is the boundary-to-bulk massless scalar propagator from the point x at the boundary to the point y in the bulk;

3. the regularized geodesic distance between a point x at the boundary and an arbitrary point in the interior labelled by the instanton moduli y is proportional to the logarithm of the perturbed instanton action density F^2(x; y).

We also show that result (2) and (3) above imply (1) to first order, and that to the second order not all the three results above can simultaneously hold. It would be interesting to see what exactly happens at the next order, but the techniques used in this paper are too cumbersome to apply.

The fact that these results are true to first order by itself is quite remarkable. (1) already shows that the Information Metric is the ‘correct’ bulk metric to first order in the metric perturbation. And (2) and (3) show that it is indeed extremely natural to think of the bulk metric as the Information Metric on the instanton moduli space. It somehow suggests that self-dual solutions with instanton number k = 1 of SU(2) Yang-Mills theory are holographically dual to bulk gravity theory, with the choice of Information metric being dictated by 4-dimensional conformal invariance which (as in string theory) implies the bulk (target-space) Einstein equations. We will comment on this scenario in the conclusion.

The paper is organized as follows. In section 2, we briefly review the Information metric for the unperturbed case. We will see that for the unperturbed case all the three results stated above are true. We will also obtain some useful identites that will be used later in the paper. In section 3, we discuss the first order correction to the instanton solution and compute the corresponding correction to the Information metric. We will show that all the three results hold up to this order. In section 4, we discuss the general structure of the geometry of moduli space implied by the result (3) or, more precisely, by the Hamilton-Jacobi equation following from it. We will then explore the relations between the above three facts and in particular show that result (1) is implied by (2) and (3). We will also obtain certain harmonic coordinates on the moduli space which are expressed in terms of the action density and its x-derivatives. Our results certainly raise more questions than they answer, so in section 5 we address some of these issues.

2 The Information Geometry of the Unperturbed Instanton Moduli Space M_0

2.1 The Information Metric on the Instanton Moduli Space

The most important property of the Information Metric G_{AB}(y) ∼ ∫ √ gd^4x F^2(x; y)∂_A log F^2(x; y)∂_B log F^2(x; y) = ∫ √ gd^4x ∂_AF^2(x; y)∂_BF^2(x; y) F^2(x; y)

(2.1)

(F^2 ∼ g^{μα}g^{νβ}F^a_{μν} F^a_{αβ} - later on we will fix the precise normalizations we are going to use) for our purposes is that it inherits all the space-time symmetries of the instanton density and equations. In particular, it is completely gauge invariant and hence degenerate along the directions in the moduli space corresponding to global gauge rotations. It also depends only on the conformal structure, i.e. the conformal equivalence class of the space-time metric g_{μν}. This is manifest from the expression (2.1) as both √ gF^2 and the logarithmic derivatives of F^2 are conformally invariant.

This construction of a metric on the instanton moduli space is a special case of a general construction of a metric on a space of probability densities. This Fisher Information Metric has numerous applications in statistics and probability theory - for details and references see e.g. [10, 11].

Clearly (2.1) is rather different from the standard L^2-metric g_{AB}(y) ∼ ∫ √ gd^4x g^{μν}(x)∂_AA^a_μ(x; y)∂_BA^a_ν (x; y) (2.2)

on the instanton moduli space which is not conformally invariant but is non-degenerate in the direction of global gauge moduli.

The properties described above make the Information Metric an extremely natural object to consider when studying the geometry of moduli spaces. However, these attractive features are somewhat offset by the fact that it appears to be quite difficult in general to establish if or when the Information Metric is non-degenerate (as defined in (2.1) it only gives a semi-positive-definite quadratic form) and this may be the reason why it has received little attention in the differential-geometric context - the only articles we are aware of are [9, 12, 10].

Moreover, even if one can prove in certain cases that the Information Metric is indeed non-degenerate, an explicit or reasonably general closed form expression for the inverse metric is hard to come by. For the same reason, calculations of the curvature of the metric are difficult and practically nothing seems to be known in cases where the Information Metric is not known explicitly. Here we will bypass this problem (and determine the curvature of the Information Metric, among other things) by working with a perturbation of the Information Metric around a known background.

2.2 Explicit Evaluation of the Information Metric on M_0

Let us now consider specifically the Information Metric on the instanton moduli space M_{k=1}(R^4, SU(2)) of k = 1 instantons on R^4 with the standard metric. We will denote this space by M_0, the subscript indicating that this is the moduli space associated to the standard flat metric on R^4 or (by conformal invariance) the standard round metric on S^4.

This space is known to be five-dimensional, with the topology of a ball, thus parametrized by five moduli, namely four coordinates a^μ (the centre of the instanton) and one scale ρ. As the instanton equations are invariant under conformal SO(5, 1) transformations

of R^4, the conformal group acts via isometries on M0 equipped with the Information

Metric. Thus, the argument goes [9], the Information Metric is the (unique up to a scale) SO(5, 1)-invariant metric on the five-ball, i.e. the hyperbolic (Euclidean AdS) metric. Let us check this explicitly.

Explicit expressions for the field strength (in the regular gauge) and the instanton density as functions of the moduli y^A = (ρ, a^μ) are F^a_{μν} (x; ρ, a^μ) = −4η^a_{μν} ρ^2 [(x − a)^2 + ρ^2]^2

(2.3)

tr F^2(x; ρ, a^μ) = 96 ρ^4 [(x − a)^2 + ρ^2]^4

. (2.4)

Here η^a_{μν} are the ’t Hooft eta-symbols, a basis for self-dual two-forms on R^4 - see (3.16).

Let us define F^2 := ρ^4 [(x − a)^2 + ρ^2]^4

. (2.5)

Since 6 π^2 ∫ d^4x F^2 = 1 (2.6)

we define the Information Metric by G_{AB} = c 6 π^2 ∫ d^4x F^2∂_A log F^2∂_B log F^2 , (2.7)

where c is a constant which we will choose in a convenient way below.

The logarithmic derivatives ∂_A log F^2 of F^2 with respect to the moduli are

∂_ρ log F^2 = 4 [ 1 ρ − 2ρ (x − a)^2 + ρ^2 ]

∂_a¯ log F^2 = 8 (x − a)_μ (x − a)^2 + ρ^2

. (2.8)

One then finds

G_a¯_a˚ = c 16 5 δ_{μν} ρ^2 , G_{ρρ} = c 16 5 1 ρ^2

, G_a¯_ρ = 0 . (2.9)

This establishes that the Information Metric on M_0 is ds^2_0 ≡ G_{AB}dy^Ady^B = 16c 5 dρ^2 + d⃗a^2 ρ^2

. (2.10)

Choosing c = 5/16, i.e. G_{AB} = 15 8π^2 ∫ d^4x F^2∂_A log F^2∂_B log F^2 , (2.11)

we thus get precisely the unit hyperbolic metric. This is a smooth conformally invariant and geodesically complete metric on M_0. We will adopt this normalization for the Information Metric in general.

By contrast, the L^2-metric on M_0 for R^4, the flat metric

ds^2 = dρ^2 + d⃗a^2 (2.12)

with a singularity at ρ = 0 corresponding to zero-size instantons, is neither conformally invariant nor geodesically complete. Also the L^2-metric for S^4 is quite different - and somewhat more complicated. It has been studied in [13]. Note that the Information Metric, on the other hand, is of course the same for R^4 and S^4 because of conformal invariance!

Let us also note that the Information Metric on the moduli space M_{k=1}(R^4, SU(N)) of k = 1 SU(N)-instantons collapses to that on

M_0 = M_{k=1}(R^4, SU(2)) ⊂ M_{k=1}(R^4, SU(N)) . (2.13)

Indeed, for k = 1 and gauge group SU(N) one can construct all instanton solutions by embedding the SU(2)-instanton inside SU(N) and acting with rigid SU(N) gauge transformations. The L^2-metric on the resulting 4N-dimensional moduli space M_{k=1}(R^4, SU(N)) is non-degenerate.

The Information Metric, on the other hand, is, as should be clear from what has been said above, very different. In fact, since the instanton density is invariant under all gauge transformations, the Information Metric on M_{k=1}(R^4, SU(N)) is completely degenerate along the SU(N) gauge moduli directions and thus reduces to the k = 1 SU(2) Information Metric on M_{k=1}(R^4, SU(2)), i.e. the AdS_5-metric, for any N.

While this is an intriguing result, in particular in light of the AdS/CFT emergence of AdS_5 in the large-N instanton calculus [6], we do not quite know what to make of this.

2.3 The Groisser-Murray Theorem and the Relation to the Fefferman- Graham Construction

As shown above, it follows from the conformal invariance of the Information Metric that on M_{k=1}(S^4, SU(2)) it coincides (up to a scale) with the standard hyperbolic (Euclidean AdS) metric on the five-ball.

Groisser and Murray have shown [10] that this is prototypical for the asymptotic behaviour of G_{AB} on the k = 1 SU(2) moduli space for a much larger class of manifolds, in particular for S^4 (or R^4) equipped with a metric which is not the standard (round or flat) metric.

Intuitively one would expect nearly point-like instantons on such a space to probe the geometry of the space-time X and its metric g_X . And the main result of Groisser and Murray is that indeed, as a suitably defined scale function ρ → 0, the Information Metric G_{AB} on the 5-dimensional moduli space M tends to ds^2 ∼ dρ^2 + g_X ρ^2

. (2.14)

In particular, therefore, for sufficiently small ρ the Information Metric is non-degenerate and asymptotically hyperbolic.

The encouraging thing about this result is that this is precisely the asymptotic form of the metric entering the Fefferman-Graham construction [14] and expected from the AdS/CFT correspondence.

Recall that in the Fefferman-Graham construction one makes an ansatz for the bulk metric G_{AB} which is to satisfy the Einstein equations with a negative cosmological constant, and with boundary value g_X , of the form

ds^2 = dρ^2 + g_X (ρ) ρ^2

, (2.15)

where g_X (ρ) = g_X + ρ^2g^{(2)}_X + ρ^4g^{(4)}_X + . . . . (2.16)

For ρ → 0 this agrees precisely with the ρ → 0 behaviour of the Information Metric. This means that the asymptotic behaviour of the metric is compatible with the bulk Information Metric being Einstein.

Note that, even though we know that the Information Metric is conformally invariant, the asymptotic form of the Information Metric given above appears to depend on the metric g_X itself, not only on its conformal class [g_X].

However, here yet another useful fact about asymptotically AdS spaces comes to the rescue, namely that Weyl transformations of the boundary metric can be induced by certain bulk diffeomorphisms. These have been discussed in detail in [15]. Thus Weyl invariance of the Information Metric is indeed compatible with the Groisser-Murray form of the asymptotic metric, as the Information Metrics for different conformal factors are all diffeomorphic.

Moreover, the analysis of [15] shows that the first non-trivial term g^{(2)}_X in the Fefferman- Graham expansion is determined uniquely by conformal invariance alone and agrees with the result obtained by Henningson and Skenderis [16] by solving the bulk Einstein equations to that order.

This means that, were we to calculate the Information Metric in a small-ρ expansion (we will not), then to first non-trivial order the result would be guaranteed to be compatible with the Information Metric being Einstein. At higher orders, however, conformal invariance does not fix the coefficients g^{(2n)}_X uniquely as there are non-trivial higherderivative Weyl invariants like the Euler density and the square of the Weyl tensor.

2.4 Other Aspects of the Information Geometry of M_0

In this section we will analyse and summarise some aspects of the geometry of M_0 equipped with the Information Metric. Of course the geometry of the five-dimensional hyperbolic plane or Euclidean AdS space is well known, and it is not our intention to review these facts here.

Rather, the purpose of this section is to focus on and highlight those aspects of the AdS/information geometry which we will show survive to first order in the metric perturbation. In particular, therefore, the (super-)symmetries of AdS will play no role in the following. In passing we will also list some identities which will be useful for the calculations of section 3.

One other aspect of the geometry of AdS, namely the boundary-to-bulk geodesic distance functional, which will turn out to play a fundamental role in the following, will be dealt with seperately in the next section.

Thus we consider the standard AdS metric ds^2_0 ≡ G_{AB}dy^Ady^B = dρ^2 + d⃗a^2 ρ^2

, (2.17)

which, as we know, has the integral representation G_{AB} = 15 8π^2 ∫ d^4x F^2∂_A log F^2∂_B log F^2 , (2.18)

where F^2 was defined in (2.5). This metric is maximally symmetric, i.e. its curvature tensor is R_{ABCD} = −(G_{AC} G_{BD} − G_{AD}G_{BC}) (2.19) and, in particular, Einstein, R_{AB} = −4G_{AB} . (2.20)

The function (actually four-parameter family of functions) F^2(x; ρ, a^μ) on M_0 satisfies two interesting identities. Let ∇_A denote the AdS covariant derivative and 2 the scalar Laplacian, 2 = G^{AB}∇A∇B = ρ^2[∂ρ∂ρ + δ^{μν}∂a¯∂a˚ − 3ρ^{−1}∂ρ] . (2.21) Then the first identity is

2F^2 = 0 . (2.22) As lim_{ρ→0} 6 π^2

F^2(x; ρ, a^μ) = δ(a − x) , (2.23)

this establishes that (6/π^2)F^2 is the boundary-to-bulk propagator of a massless scalar field on AdS_5 [3]. I.e. for an arbitrary boundary scalar field ϕ(x), the bulk scalar Φ(ρ, a^μ) defined by Φ(ρ, a^μ) = 6 π^2 ∫ d^4x F^2(x; ρ, a^μ)ϕ(x) (2.24)

satisfies

2Φ(ρ, a^μ) = 0 (2.25) and lim_{ρ→0} Φ(ρ, a^μ) = ϕ(a^μ) . (2.26)

It is also true that the massive scalar propagator is given by some power of F^2. Indeed it can be verified that

2(F^2)^{Δ/4} = Δ(Δ − 4)(F^2)^{Δ/4} . (2.27)

In particular, (F^2)^{1/2} corresponds to the tachyonic propagator with mass m^2 = −4. The identity (2.27) for all Δ follows from (2.22) and the rather remarkable identity

G^{AB}(y)∂_A log F^2(x; y)∂_B log F^2(x; y) = 16 ∀ x, y , (2.28)

which can be readily verified by explicit calculation using the expressions for the logarithmic derivatives of F^2 given in (2.8).

These logarithmic derivatives of F^2 will be ubiquitous in the following, and it will be convenient ot think of them as a four-parameter family (indexed by x) of covector fields on M_0 we will call (with a convenient normalization)

v_A(x) :=^1_4 ∂_A log F^2 . (2.29)

Obviously these vector fields satisfy

G^{AB}v_A(x)v_B(x) = 1 ∀ x (2.30) and ∇_Av_B = ∇_Bv_A (2.31)

Some of their other main properties are

∇_Av_B = −G_{AB} + v_Av_B (2.32) and v^A∇_Bv_A = 0 (2.33) v^A∇_Av_B = 0 (2.34) G^{AB}∇_Av_B = −4 . (2.35)

Property (2.33) follows from (2.30) by differentiation; (2.34) says that v_A is a geodesic vector field and follows from (2.31, 2.33); lastly, given (2.28), (2.35) is equivalent to (2.22).

Geometrically (2.30) means that we have a four-parameter family of constant norm or geodesic gradient vector fields on M_0. It is easy to see that these span the tangent space at each point of the moduli space.

In the following we will refer to (2.22) and (2.30) as the Propagator Equation and the Hamilton-Jacobi (HJ) Equation respectively (the reason for calling (2.30) the HJ equation will emerge below). We will show that these equations, as well as the Einstein equation, continue to be valid to first order in the metric perturbation, and we will study the resulting geometry imposed on M_0 and its perturbation M in much greater detail in section 4. In particular, the power of these identities derives form the fact that they hold for all x. Thus new identities on M can be derived from them by differentiation with respect to x.

Property (2.32), on the other hand, which immediately implies (2.33)-(2.35), also implies that the metric G_{AB} is maximally symmetric and can thus not hold in general. Indeed, differentiating once more and taking commutators, one finds

[∇_C, ∇_A]v_B = (G_{AB}G_{CD} − G_{BC}G_{AD})v^D . (2.36)

Since this holds for all x, and the v_A(x) span the tangent space of M_0, this implies that the curvature tensor of the bulk Information Metric is R_{BDAC} = −(G_{AB}G_{CD} − G_{BC}G_{AD}) . (2.37) The identity (2.32) has one unobvious consequence that will play a role in the following, namely that ∫ d^4x F^2(x)v_A(x)v_B(x)v_C(x) = 0 ∀ A, B, C . (2.38)

To prove this, we use the fact that the Information Metric can be written in integral form as G_{AB} ∼ ∫ F^2v_Av_B . (2.39)

Since by definition ∇_C G_{AB} = 0 , (2.40)

it follows that ∇_C ∫ F^2v_Av_B = 0 . (2.41)

Using ∫ F^2v_A =^1_4 ∫ ∂_AF^2 =^1_4 ∂_A ∫ F^2 = 0 (2.42)

and (2.32), (2.38) follows.

One more identity that we will need is the ‘two-point’ version of (2.30). Namely, since v^A(x)v_A(x) = 1, it must be true that v^A(x)v_A(y) − 1 is proportional to |x − y|. The precise formula is

v^A(x)v_A(y) − 1 =

2ρ^2(x − y)^2 [(x − a)^2 + ρ^2][(y − a)^2 + ρ^2]

. (2.43)

2.5 The Boundary-to-Bulk Geodesic Distance in AdS and the Instanton Density

The aim of this section is to show that

−^1_4 log F^2 = log

(a − x)^2 + ρ^2 ρ (2.44)

can be interpreted as the regularized geodesic distance in AdS between the bulk point (ρ, a) and the boundary point (0, x) (regularized because the geodesic distance to the boundary at ρ = 0 is infinite). This provides an explanation for the validity of (2.30) as it can now be interpreted as the Hamilton-Jacobi equation for the classical geodesic action functional, as we will explain in section 2.6.

There are a number of different ways to establish this result. One is to integrate the geodesic equation directly. Alternatively one can use the chordal distance L of AdS_{d+1}, i.e. the restriction to

η_{AB}X^AX^B ≡ (X^1)^2 + . . . + (X^{d+1})^2 − (X^0)^2 = −1 . (2.45)

of the unique SO(d + 1, 1)-invariant distance

L(X_0, X_1) := η_{AB}(X^A_1 − X^A_0 )(X^B_1 − X^B_0 ) (2.46) on the embedding space. A straightforward calculation shows that in Poincaré coordinates (ρ, a^μ) one has

L(ρ_0, a_0; ρ_1, a_1) =

(ρ_1 − ρ_0)^2 + (a_1 − a_0)^2 ρ_0ρ_1

. (2.47)

Because of the isometries of AdS_{d+1}, the geodesic distance function D can only be a universal function of the chordal distance L. Thus to determine this universal function, it is sufficient to consider purely radial geodesics (a_1 = a_0) for which evidently the geodesic distance is D(ρ_0, a; ρ_1, a) = log ρ_1 ρ_0

. (2.48)

This is related to the chordal distance

L(ρ_0, a; ρ_1, a) = ρ_1 ρ_0 + ρ_0 ρ_1

− 2 (2.49) by L + 2 = e D + e −D = 2 cosh D (2.50) or L = 4 sinh^2(D/2) , (2.51)

which is thus the general relation between the chordal and geodesic distance. For L very large, the relation becomes D ≈ log L . (2.52)

In particular, therefore,

lim_{ϵ→0} D(ϵ, x; ρ, a) = log ρ^2 + (a − x)^2 ρϵ = log ρ^2 + (a − x)^2 ρ − log ϵ , (2.53)

as was to be shown.

While this is a quick and clean argument, it has the disadvantage of relying on the isometries of AdS, and can therefore not generalize to the perturbed instanton moduli spaces we are interested in. We will now give an argument that, as we will see later, does generalize since it only relies on the validity of the HJ equation (2.30).

We know from (2.34) that the v_A are geodesic vector fields,

v^A∇_Av_B = 0 . (2.54)

Let y^A(τ) = (ρ(τ), a(τ)) be the corresponding geodesic curves. Thus we have

ẏ^A = G^{AB}v_B . (2.55)

To integrate this equation, we calculate d dτ log F^2 = ẏ^A∂_A log F^2 = 4v^Av_A = 4 , (2.56) so that these geodesic curves can be simply described by the equation log F^2(x; y(τ)) = log F^2(x; y(τ = 0)) + 4τ . (2.57) Thus the proper distance is D = ∫ τ_=τ_+

τ =0

dτ =^1_4 log F^2(x; y(τ_+)) −^1_4 log F^2(x; y(τ = 0)) . (2.58) We choose y^A(0) = (a_0, ρ_0) and y^A(τ_+) = (ϵ, a_+) and note that for ϵ → 0 we necessarily have τ → ∞. It remains to show that as ϵ → 0 we also have a_+ = x. This follows from the fact that lim_{ϵ→0} log F^2(x; ϵ, a) = ±∞ , (2.59) the upper sign occuring if x = a, and the lower if x ≠ a. As the geodesic distance is a positive quantity (the v^A point towards the boundary and we are integrating towards the boundary), we must have the upper sign and hence x = a_+. Regularizing the geodesic distance as before by removing this infinity, we reproduce precisely the result (2.53).

2.6 G^{AB}v_Av_B = 1 is the Hamilton-Jacobi Equation for Geodesic Motion on M_0 Since we have shown that D = −^1_4 log F^2 − log ϵ is the geodesic distance, it must satisfy the Hamilton-Jacobi equation (Hamiltonian constraint) G^{AB}p_Ap_B = 1 , (2.60) where the canonical momentum p_A is obtained by varying the classical geodesic action S_{cl}(y) = D(ϵ, x; y) with respect to the end-point y = (ρ, a), p_A = ∂_AD(ϵ, x; y) (2.61) In particular, the p_A are finite as ϵ → 0. Thus the Hamilton-Jacobi equation for boundary-to-bulk paths is G^{AB}∂_AD(0, x; y)∂_BD(0, x; y) = 1 , (2.62) which is nothing other than the equation G^{AB}v_A(x)v_B(x) = 1.

We will show later that the relation between the geodesic distance and the instanton density continues to hold to first order in the metric perturbation, and this may provide a rationale for the validity of the (in other respects somewhat mysterious) HJ equation to that order.

Before leaving this topic we would like to point out that these results suggest that a WKB type approximation to the path integral for the boundary-to-bulk scalar propagator should be exact.

3 First Order Corrections

In this section we will determine the first order corrections to the Information metric, massless scalar boundary-to-bulk propagator and the geodesic distance (Hamilton Jacobi equation) when one deforms the 4-dimensional space on which the Yang-Mills theory lives. The first step in this computation therefore is to calculate the correction to the instanton solution to first order in the perturbation of the boundary space-time metric.

3.1 Metric Deformations and Instanton Deformations

To determine the change in the Information Metric on the instanton moduli space as we vary the metric on S^4 requires knowledge of the variation of the instanton density

tr F_A ∗ F_A = tr F_A ∧ F_A , (3.1)

i.e.

δ_h tr(F_A ∧ F_A) = 2 tr(F_A ∧ δ_hF_A) (3.2) where δ_h represents the variation δ_hg_{μν} = h_{μν} of the boundary metric. Notice that since F_A is self-dual only the self-dual part of the variation δ_hF_A enters on the right hand side. However, the deformation of the self-duality equations gives an algebraic equation only for the anti-self-dual part of δ_hF_A, see (3.5) below. This means that we need to get an explicit formula for the deformed instanton so as to be able to determine (3.2).

The ideas here go back to the work of Taubes [17] on the ‘grafting’ of instantons from S^4 to an arbitrary 4-manifold. In our case we are grafting the instantons on S^4 to an S^4 which is equipped with a different metric. Let ∗_0 be the Hodge star operator for the round metric on S^4 and let ∗ = ∗_0 + δ_h∗ denote the perturbed Hodge operator. δ_h∗ = t ∗_1 +t^2 ∗_2 + . . .. Here we work to first order in t. In local coordinates we write the metric as g_{μν} = g^0_{μν} + t h_{μν} + . . .. While the above refers to S^4 all of our formulae are written in the context of R^4.

We wish to solve the equation F_A = ∗F_A. (3.3)

Write the connection as A = A_0 + tω + . . . (3.4) where A_0 is the instanton solution on the round S^4. Differentiating (3.3) once with respect to t and setting t = 0 we obtain

(1 − ∗_0)d_{A0} ω = ∗_1 F_{A0} , (3.5)

so that, in particular, ∗_1F_{A0} is anti-self-dual.

The choice of ω is dictated by the requirements that it is perpendicular to gauge transformations and also does not represent a tangent vector to the moduli space M_′. One takes ω = ∗_0d_{A0} u (3.6) where u =^1_2 u_{μν} dx^μdx^ν is an anti-self-dual two-form. With this choice (3.5) becomes an elliptic equation, Δ_0u = ∗_1F_{A0} , (3.7) where Δ_0 = − (d_{A0} ∗_0 d_{A0} ∗_0 + ∗_0 d_{A0} ∗_0 d_{A0} ) (3.8) is the Laplacian on two-forms, so that one can solve for u. In local coordinates, (3.6) is

ω_μ = −D^0_λω^λ_μ , (3.9)

and the Green’s function form of (3.7) reads

D^2_0u_{μν} (x, y) = −δ(x − y) (∗_1F_{A0} )_{μν}(y), (3.10)

where (∗_1F_{A0} )_{μν} = h^α_μ F_{αν} (A_0) − h^α_ν F_{αμ}(A_0). (3.11) Here labels are raised with the original unperturbed metric. Notice also that there is no term h^α_α F_{μν} (A_0) as the instanton equation is conformally invariant. For this reason we will henceforth only consider traceless perturbations h_{μν} . Also, as there is no likelyhood of confusion we will from now on, and until section 4, drop the zero subscript.

One can solve the Green’s function equation [18], with the result that u_{μν} (x, y) = U(x)U(y)(∗_1F )_{μν} (y) U(y)U(x) 4π^2(x − y)^2

, (3.12)

where U is a 4 × 2 matrix in terms of which the self-dual gauge potential (at zero’th order) is simply A_μ = iŪ∂_μU. Explicitly U is U(x) = 1 √ (x − a)^2 + ρ^2 ( (x − a)^μσ_μ −ρ ) g(x) (3.13) and g(x) is an unspecified SU(2) gauge group element. Since we will be dealing with gauge invariant quantities there is no reason to fix on a particular g(x). The σ-matrices are defined by σ_μ = (I, iτ_a) , σ̄_μ = (I, −iτ_a) , (3.14) where the τ_a are the standard Pauli matrices. They satisfy σ_μσ̄_ν + σ_νσ̄_μ = 2δ_{μν} (3.15) and are such that 2σ_{μν} ≡ σ_μσ̄_ν − σ_νσ̄_μ = 2iη^a_{μν}τ_a (3.16) is self-dual. One has the identities

σ^λ_μ A^{(−)}_{νλ} − σ^λ_ν A^{(−)}_{μλ} = 0 , σ^λ_μ A^{(+)}_{νλ} + σ^λ_ν A^{(+)}_{μλ} = 1 4 δ_{μν} σ^{αβ}A^{(+)}_{αβ} , (3.17)

for any anti-self-dual and self-dual tensors A^{(−)} and A^{(+)} respectively. Another useful fact that is often used in computations is that to first order δ_h tr F_{μν} g^{μα}g^{νβ}F_{αβ} = 4 tr F_{μν} δ^{μα} δ^{νβ} D_α ω_β = 4∂^μ tr F_{μν} ω^ν = 4∂^μ∂^α tr F_{μν} u^ν_α . (3.18) The first equality follows since if we change the metric the inner product tr F_A ∗_1 F_A = 0, the second follows by the Bianchi identity (this is the usual relationship δ_h tr F^2_A = 2d tr F_Aδ_hA), the third by the Bianchi identity again.

3.2 The Linearized Bulk Einstein Equation

We will now compute the first order deformation of the Information metric (2.11) arising from the deformation of the flat metric on R^4 via the first order correction to the instanton solution.

From the definition of the Information metric it follows that δ_hG_{AB} = δ_hG^′_{AB} + ∇_{(A}V_{B)} , (3.19) where δ_hG^′_{AB} = − 5 64π^2 ∫ d^4x (δ_h tr F^2) ∇_A∇_B √ tr F^2 √ tr F^2

(3.20) and V_A = 5 64π^2 ∫ d^4x (δ_h tr F^2)∂_A ln tr F^2 . (3.21)

Here we have used the fact that F^2 as defined in (2.5) is normalized as 1/96 times tr F^2 defined in (2.4). The covariant derivatives ∇_A are with respect to the unperturbed AdS_5 metric. δ_hG and δ_hG^′ are therefore related by a bulk diffeomorphism.

We will see below that, somewhat unexpectedly but very conveniently, δ_hG^′_{AB} satisfies the transverse-traceless gauge condition. Therefore the linearized Einstein equation is simply 2δhG^′_{AB} = (Λ/2)δhG^′_{AB} , (3.22) when the unperturbed metric satisfies R_{AB} = ΛG_{AB}.

δ_hG^′_{AB} can be simplified further by using (2.29) and (2.32) to δ_hG^′_{AB} = − 15 32π^2 ∫ d^4x v_Av_Bδ_h tr F^2 , (3.23)

where we have used the fact that ∫ d^4x δ_h tr F^2 = 0.

Using v^Av_A = 1 it follows that δ_hG^′_{AB} is traceless, G^{AB}δ_hG^′_{AB} = 0. Furthermore, using (2.34) and (2.35) one finds ∇^Aδ_hG^′_{AB} = − 15 32π^2 ∫ d^4x v_B(v^A∇_A − 4)δ_h tr F^2 = − 15 8π^2 ∫ d^4x F^2v_Bv^Aδ_hv_A . (3.24)

In the next subsection we will establish that the HJ equation holds to first order in the metric variation, i.e. that

2v^A(x)δ_hv_A(x) = −v_A(x)v_C(x)δ_hG^{AC} . (3.25)

Substituting this in (3.24) and using (2.38), it follows that δ_hG^′_{AB} is also transverse.

To proceed further we need the expression for δ_h tr F^2. Substituting the explicit expressions for u_{μν} as given by (3.12) and (3.13) in (3.18) we have

δ_h tr F^2(x) = ∂_μ∂_ν S_{μν} (3.26)

with S_{μν} = − 4 π^2ρ^2 ∫ d^4y(F^2(x)F^2(y))^{34} 1 (x − y)^2 tr(ρ^2 + Y X̄)σ_{μλ}(ρ^2 + XȲ )H_{λν} . (3.27)

Here capital X and Y denote (x − a) and (y − a) respectively, X̄ = X^μσ̄_μ, a and ρ are the position and scale of the unperturbed instanton, and

H_{λν}(y) = h^μ_λ (y)σ_{μν} − h^μ_ν (y)σ_{μλ} (3.28) is anti-self-dual. We have set h^μ = 0 since this does not change the Information Metric due to the conformal invariance.

We sketch below the computation for δ_hG^′_{ρρ}. The remaining components of the metric deformation as well as the diffeomorphism vector field V_A can be computed in a similar way.

Making use of the σ-matrix identities and the fact that v_ρ = (X^2 − ρ^2)/ρ(X^2 + ρ^2), we find that δ_hG^′_{ρρ} = − 240 π^4 ∫ d^4y ∫ d^4x ρ^4(X^2 − 2ρ^2)(ρ^2X^μ + X^2Y^μ)(ρ^2X^ν + X^2Y^ν ) (Y^2 + ρ^2)^3(X^2 + ρ^2)^7(x − y)^2 h_{μν} (y). (3.29) By writing X^2 = (X^2 +ρ^2)−ρ^2 in the numerator we can bring the x integral in the form of sums of terms like f(X)/(X − Y )^2(X^2 + ρ^2)^n where f(X) is a quadratic polynomial of the form B_{μν} X^μX^ν + B_μX^μ + B. The x-integral of such terms can be performed by using Feynman parametrization 1 (X^2 + ρ^2)^n(X − Y )^2 = ∫_∞ 1 dt n(t − 1)^{n−1}t^{n+1} [(tX − Y )^2 + (t − 1)(Y^2 + tρ^2)]^{n+1}

, (3.30)

shifting X → (X + Y )/t, and using the formula ∫ d^4X 1 (X^2 + A)^n = π^2 (n − 1)(n − 2) 1 A^{n−2} . (3.31)

Finally the t-integral is easily computed with the result δ_hG^′_{ρρ} = 40 π^2 ∫ d^4y ρ^4 (Y^2 + ρ^2)^6

Y^μY^ν h_{μν} (y) . (3.32)

Similarly we can compute the other components of the metric deformation in the transverse traceless gauge and the result is δ_hG^′_{ρa} = 20 π^2 ∫ d^4y ρ^3 (Y^2 + ρ^2)^5

[Y^μh_{μa}(y) − 2 1 Y^2 + ρ^2

Y^μY^ν h_{μν} (y)Y_a] δ_hG^′_{ab} = 10 π^2 ∫ d^4y ρ^2 (Y^2 + ρ^2)^4 [h_{ab}(y) − 2 1 Y^2 + ρ^2

Y^μh_{μ(a}(y)Y_{b)} + 4 1 (Y^2 + ρ^2)^2

Y^μY^ν h_{μν} (y)Y_aY_b] . (3.33)

Note that in the ρ → 0 limit, the leading term in the metric deformation is in the Feffermann-Graham form, namely, δ_hG^′_{ρρ} → 0 , δ_hG^′_{ρa} → 0 , δ_hG^′_{ab} → 1 ρ^2 h_{ab} , (3.34)

thus also in agreement with the predictions of the Groisser-Murray theorem discussed in section 2.3.

Having obtained δ_hG^′_{AB}, we could now attempt to verify the linearized Einstein equation (3.22) (with Λ = −4) by a direct calculation. However, we can side-step this calculation by noting that the expressions (3.32) and (3.33) coincide exactly with the AdS_5 boundary-to-bulk graviton propagator in the transverse traceless gauge obtained in [19]! This proves that to O(h), i.e. to first order in the metric perturbation, the deformation of the Information Metric satisfies the bulk Einstein equation.

It is instructive (and necessary for the subsequent calculations) to compute δ_hG_{AB} which appears naturally in the definition of the Information Metric. For this we need to compute the diffeomorphism vector field V_A. These integrals can be performed using the above steps. The result is

V_ρ = 1 π^2 ∫ d^4y ρ (Y^2 + ρ^2)^4

[1 +

2ρ^2 Y^2 + ρ^2

]Y^μY^ν h_{μν} (y)

V_a = 2 π^2 ∫ d^4y ρ^2 (Y^2 + ρ^2)^4 [δ^ν_a − Y^νY_a Y^2 + ρ^2

]Y^μh_{μν} (y) . (3.35)

Substituting V_A and δ_hG^′_{AB} in (3.19) we finally obtain the following expressions for δ_hG_{AB}: δ_hG_{ρρ} = 4 π^2 ∫ d^4y 1 (Y^2 + ρ^2)^4

Y^μY^ν h_{μν} (y) δ_hG_{ρa} = 6 π^2 ∫ d^4y ρ (Y^2 + ρ^2)^4 Y^μh_{μa}(y) δ_hG_{ab} = 6 π^2 ∫ d^4y 1 (Y^2 + ρ^2)^4

[ρ^2h_{ab}(y) − 1 3 δ_{ab}Y^μY^νh_{μν} (y)] . (3.36)

δG_{AB} also (and somewhat more manifestly) satisfies (3.34).

It is natural to ask what happens if the metric variation h_{μν} is simply a diffeomorphism,

h_{μν} = ∂_μξ_ν + ∂_νξ_μ , (3.37)

which acts non-trivially on the instanton density but which should not change the bulk geometry. Indeed, by plugging (3.37) into (3.36), one finds that

δ_hG_{AB} = ∇_AX_B + ∇_BX_A (3.38)

is a bulk diffeomorphism, with X_ρ = 0 and X_a(ρ, a) = 6 π^2 ∫ d^4y ρ^2 (Y^2 + ρ^2)^4 ξ_a(y) . (3.39)

This is the natural lift of ξ_μ to M_0 with

lim_{ρ→0} X_a(ρ, a) = 1 ρ^2 ξ_a(a) . (3.40)

3.3 The Hamilton-Jacobi Equation

We now show that to the first order in the metric perturbation, the Hamilton-Jacobi equation (2.30) which, as we have seen, says that tr F^2 is related to the (regularized) geodesic boundary-to-bulk geodesic distance, still holds. Taking the variation of (2.30), it follows that we need to prove

4F^2(x)v_A(x)G^{AB}δ_hv_B(x) = −2F^2(x)v_A(x)v_B(x)δ_hG^{AB} (3.41)

where we have multiplied both sides by 2F^2(x) for convenience.

This equation depends on x and the moduli as well as the perturbation h_{μν} (y). Since the perturbation is arbitrary (with suitable falloff conditions at large y), the above equation must be true for each point y. Therefore we will drop the y-integrals in (3.27) and (3.36) in the following. Note that δ_hF^2, appearing on the left hand side, has a singularity as x approaches y while the right hand side has no such singularity. Thus the singularities on the left hand side must cancel if the above equality is to hold. We will see below that this is indeed the case.

First let us evaluate the right hand side. Using the expressions (3.36) for δ_hG_{AB} one easily finds that

− 2F^2(x)v_A(x)v_B(x)δ_hG^{AB} = 48 π^2ρ^4

(F^2(x))^{32} F^2(y)[ρ^4X^μX^ν + ρ^2X^μY^ν (X^2 − ρ^2) + 1 6 Y^μY^ν (X^4 − 4X^2ρ^2 + ρ^4)]h_{μν} (y) (3.42)

Now we proceed to compute the left hand side of (3.41). Using the form of δ_h tr F^2 (3.26, 3.27), the left hand side can be written as

4F^2(x)v_A(x)G^{AB}δ_hv_B(x) = 1 96 (v^A∂_A − 4)δ_h tr F^2 = 1 96 (∂_μ∂_ν T^{μν} − 2∂_μT^μ + T ) (3.43)

where

T^{μν} = (v^A(x)∂_A − 4)S^{μν} T^μ = v^A_ν (x)∂_AS^{μν} T = v^A_{μν} (x)∂_AS^{μν} (3.44)

and S^{μν} was defined in (3.27). Here v^A_μ and v^A_{μν} indicate derivatives of v^A with respect to x^μ, x^ν etc. and the moduli space indices A, B are raised and lowered with the AdS_5 metric G_{AB}. The 5-dimensional tangent vector space at each point on AdS_5 is spanned by the 5 vectors v^A and v^A_μ (we will discuss this in more detail in section 4.2). Therefore v^A_{μν} can be expressed as a linear combination of v^A and v^A_λ . A short calculation shows that v^A_{μν} = −δ_{μν} (4(F^2)^{1/2}v^A − z_λv^A_λ ) + (z_μv^A_ν + z_νv^A_μ ) (3.45) where z_μ =^1_4 ∂_μ ln F^2(x). Using now the fact that S^μ_μ = 0, we obtain T = 2z_μT^μ (3.46) T^{μν} and T^μ can be calculated explicitly using the expression (3.27) for S^{μν}. It is convenient to write S_{μν} as S_{μν} = − 4 π^2(x − y)^2

(F^2(x)F^2(y))^{34} Ŝ_{μν} (3.47) with Ŝ^{μν} = 1

ρ^2 tr(ρ^2 + Y X̄)σ^{μλ}(ρ^2 + XȲ )H^ν_λ (y) (3.48) Then one can show that Ŝ_{μν} satisfies the following identities: (v^A(x)∂_A + 2)Ŝ_{μν} = (v^A(y)∂_A + 2)Ŝ_{μν} = 0

(2 − 12)^^Sμν = 0 (3.49)

Using these identities it is straightforward to show that: T^{μν} = − 4 π^2(x − y)^2

(F^2(x)F^2(y))^{34} (v^A(x)∂_A + 3v^A(x)(v_A(x) + v_A(y)) − 4)Ŝ^{μν} = 6 ρ^2(x − y)^2 (ρ^2 + X^2)(ρ^2 + Y^2)

S^{μν} (3.50) where we have used (3.49) and the explicit expression of v^A(x)v_A(y) given in (2.43). The computation of T^μ is similar but considerably more involved. The result is: T^μ = 1 3 (∂_ν − z_ν )T^{μν} (3.51) Combining the equations (3.43), (3.44), (3.46) and (3.51) we have

4F^2v_A(x)G^{AB}δ_hv_B(x) = 1 288 (∂_μ + 4z_μ)∂_ν T^{μν} = − 1 12π^2

F^2(x)F^2(y)(∂_μ + 8z_μ)(∂_ν + 4z_ν)Ŝ^{μν} (3.52) Using the identities (3.15, 3.16) involving σ-matrices and their contractions with the anti-self-dual tensor H given in (3.17), one can show that ∂_μ∂_νŜ^{μν} = − 96 ρ^2

Y^μY^νh_{μν} (y)

z_μ∂_νŜ^{μν} = 48 ρ^2(ρ^2 + X^2)

(X^2Y^μY^ν + ρ^2Y^μX^ν)h_{μν}(y) z_μz_νŜ^{μν} = − 16 ρ^2(ρ^2 + X^2)^2

(X^2Y^μ + ρ^2X^μ)h_{μν}(y)(X^2Y^ν + ρ^2X^ν) (3.53)

Plugging these expressions into (3.52), one finds after a short algebra that it reproduces the right hand side of (3.41) given by (3.42). We have thus established the validity of the HJ equation to O(h) in the perturbation of the boundary metric.

We also want to point out that the calculation of this section suggests an alternative strategy for determining the variation δ_hG_{AB} of the Information Metric. Namely, as the above calculation has shown, calculating v^Aδ_hv_A one finds

2v^Aδ_hv_A = −v_Av_CM^{AC} , (3.54)

where M^{AC} is an x-independent matrix. We can therefore define a variation of G_{AB} by, say, δG^{AB} = M^{AB}. This metric variation, by definition, preserves the HJ equation and will also preserve the Propagator Equation. If one proceeds in this way (which is simpler than the brute-force determination of δ_hG_{AB} of section 3.2), then one still has to show that indeed M^{AB} = δ_hG^{AB}, i.e. that M^{AB} is what one would have obtained by varying the integral representation (2.1) of the Information Metric. We establish this in section 4.9.

3.4 The Massless Boundary-to-Bulk Scalar Propagator

We know that the boundary-to-bulk scalar propagator of AdS is simply tr F^2. We will now show that to first order in h, tr F^2 is still the boundary-to-bulk scalar propagator with respect to the bulk Information Metric. This amounts to proving

2δh tr F^2(x) + (δh2) tr F^2(x) = 0 (3.55)

This equation depends on x and the moduli as well as on the perturbation h_{μν} (y). As discussed above, this equation must therefore be true at each point x, y and at each point of the moduli space. Note that δ_h tr F^2 in the first term on the left hand side has a 1/(x − y)^2 pole while the second term has no such singularity. Thus for this equation to hold the action of the AdS Laplacian should remove this singularity.

Indeed, expanding x around y in the expression for S_{μν} defined in (3.27), we find that the coefficient of the leading singularity 1/(x − y)^2 is proportional to F^2(y) which is annihilated by the AdS Laplacian. Similarly the first subleading singularity of the form (x−y)^μ/(x−y)^2 comes with a coefficient which is given by a single y-derivative of F^2(y) which is also annihilated by the AdS Laplacian.

Actually we need more than just the cancellation of singularities for the above equation to work. In the second term, the x-dependence only appears in tr F^2 while the ydependence appears only in δ_hG implicit in δ_h2. This means that the second term is a finite sum of factorized expressions in x and y. Quite remarkably, using the identities (3.49) satisfied by Ŝ_{μν} one can show that

2Sμν(x, y) = −^4_{π2} (F^2(x)F^2(y))^34 (2 + 6(v^A(x) + v^A(y))∂A − 6 + 18v^A(x)vA(y))^^Sμν

= 36 ρ^2(x − y)^2 (ρ^2 + X^2)(ρ^2 + Y^2)

S_{μν} (x, y) (3.56)

where in the first equality we have used (2.30) and (2.35) and in the second equality (3.49) and (2.43). Thus the first term also becomes a finite sum of factorized expressions in x and y. Using now the fact that

(δ_h2) tr F^2(x) = 1 √ G ∂_Aδ_h(G^{AB} √ G)∂_B tr F^2 (3.57)

and the metric variation (3.36), one can verify after some algebra that (3.55) is indeed true.

4 The Information Geometry of the Perturbed Instanton Moduli Space M

4.1 Preliminary Remarks

In the previous sections we established three key results about the Information Metric G_{AB} on the metric-perturbed instanton moduli space, namely that

1. the Einstein Equation R_{AB} = −4G_{AB} , (4.1)

2. the Propagator Equation

2F^2 = 0 , (4.2)

3. and the Hamilton-Jacobi Equation

G^{AB}v_A(x)v_B(x) = 1 (4.3)

hold to O(h) in the perturbation of the metric on R^4.

These results also imply, as for the flat metric, that to O(h) the massive boundary-to-bulk scalar propagator is (F^2)^{Δ/4}, with

2(F^2)^{Δ/4} = Δ(Δ − 4)(F^2)^{Δ/4} . (4.4)

While all this is very encouraging, evidently a number of things remain to be understood. For example, so far we have no understanding to which extent these three properties are independent of or dependent on each other. We also do not yet know if we can expect these equations to remain valid at second or higher order in the metric perturbation.

To address these questions we will now explore the geometry of the instanton moduli space implied by the equations (4.1, 4.2, 4.3). We will see that it is in particular the (somewhat mysterious) HJ equation (4.3) which endows the moduli space with a very rich geometrical structure.

As a consequence we will be able to show that

• at first order in the metric perturbation the three fundamental equations are not independent: the HJ equation (4.3) and the propagator equation (4.2) imply the Einstein equation (4.1); and that

• these three equations cannot hold simultaneously to quadratic order in the metric perturbation.

Throughout we will see that the geometry of the Information Metric is interwoven in a subtle and beautiful way with the geometry of the boundary space-time, and we believe that understanding these structures will eventually lead to a better geometrical understanding of the metric variation of the instantons themselves.

4.2 Elementary Consequences of the Hamilton-Jacobi Equation

The HJ equation G^{AB}v_A(x)v_B(x) = 1 (4.5)

is quite remarkable as the right hand side is x-independent even though the x-dependent quantities v_A(x) are contracted with the x-independent Information Metric G^{AB}.

Since for the flat metric on R^4, the vector fields v_A(x) span the tangent space at each point of the moduli space M_0, they will continue to do so on the perturbed moduli space M.

By differentiating the above equation with respect to x, we obtain

G^{AB}∂_μv_A(x)v_B(x) = 0 . (4.6)

Hence the four gradient vector fields

v_{Aμ} ≡ ∂_μv_A = ∂_μ∂_A log F^2 (4.7) on M (labelled by μ) are orthogonal to v_A. Moreover, for the flat metric on R^4 they are mutually orthogonal (super- or subscripts 0 will from now on always refer to the unperturbed instantons),

G^{AB}_0 v^0_{Aμ}v^0_{Bν} = 4δ_{μν}(F^2_0 )^{1/2} , (4.8)

and thus they are also linearly independent on the perturbed moduli space. We will denote the non-degenerate scalar product of the v_{Aμ} by K_{μν}, K_{μν} = G^{AB}v_{Aμ}v_{Bν} . (4.9) Note that K^0_{μν} = 4δ_{μν} ρ^2 [(x − a)^2 + ρ^2]^2

(4.10)

is, up to the moduli-dependent coordinate transformation

x^{′μ} = (x^μ − a^μ)/ρ , (4.11)

simply the round metric (of radius 1) on the four-sphere in stereographic coordinates.

Starting from the HJ equation, we have therefore produced a four-parameter family of frames (five linearly independent vector fields) on M. Actually, as all the vector fields are gradient vector fields, these correspond to a four-parameter family of coordinate systems on M - we will come back to this aspect of the story later.

In any case it follows that the Information Metric on the moduli space can be written purely algebraically as

G_{AB} = v_A(x)v_B(x) + K^{μν}(x)v_{Aμ}(x)v_{Bν}(x) (4.12)

for any x. Once again it is a remarkable fact that the left hand side of this equation is completely independent of x.

Obviously, by construction, the integral and algebraic form of G_{AB} are equivalent if the metric entering the HJ equation (4.5) is the integral version of the Information Metric. On the other hand if, as proposed at the end of section 3.3, we define the variation of the Information Metric directly through the variation of the HJ equation, i.e. by (3.54), then we still need to show that the variation defined in this way is equal to the variation one would have obtained by varying the integral version of the Information Metric. In order to accomplish this, we need to accumulate some more facts about the geometry implied by the HJ and propagator equations. We will come back to this issue in section 4.9.

4.3 Properties of K_{μν}

By differentiating the HJ equation once more, we obtain

K_{μν} = −G^{AB}∂_νv_{Aμ}v_B . (4.13)

To extract information from this equation, we proceed as follows (similar arguments will be used repeatedly in the following). Since the v_A and v_{Aμ} provide a basis for (co-)vectors on M (for any x), in particular the 10 covectors ∂_ν v_{Aμ} can be expanded in this basis. Thus we have

∂_ν v_{Aμ}(x) = C^λ_{μν} (x)v_{Aλ}(x) + D_{μν}(x)v_A(x) (4.14)

for some coefficients C^λ_{μν}(x) and D_{μν} (x). Since ∂_νv_{Aμ}(x) = ∂_μv_{Aν} (x), these coefficients are symmetric.

Plugging this expansion into (4.9) and using the orthogonality (4.6) of v_A and v_{Aμ}, one finds D_{μν} (x) = −K_{μν} (x) . (4.15) Since K_{μν} is a tensor with respect to x, it follows that C^λ_{μν} is (transforms as) a connection, and we will denote the corresponding covariant derivative by D_μ. Hence we can write (4.14) as D_νv_{Aμ}(x) = −K_{μν} (x)v_A(x) . (4.16) To see what D_μ is, we act with it on (4.9). Using (4.6), one simply finds

D_λK_{μν} = 0 . (4.17)

Hence, since K_{μν} is non-degenerate and C^λ_{μν} is symmetric, D_μ is the unique metriccompatible and torsion-free connection associated with K_{μν}. For the flat metric, (4.16) reduces to (3.45).

Using this, the innocuous-looking equation (4.16) has a somewhat surprising consequence. Namely, differentiating (4.16) once more and taking commutators, one finds

[D_λ, D_ν]v_{Aμ} = −(K_{μν}v_{Aλ} − K_{μλ}v_{Aν} ) . (4.18)

Since the v_{Aμ}, regarded as (a five-parameter family of) five vectors on R^4, span the tangent space at each x, it follows that the Riemann curvature tensor of K_{μν} has the form R(K)_{σνλμ} = K_{σλ}K_{νμ} − K_{σμ}K_{νλ} . (4.19) This characterizes the round metric on the four-sphere (of unit radius). Therefore K_{μν} , for an arbitrary metric perturbation h_{μν} , can only differ from K^0_{μν} by a coordinate transformation!

This can also be checked explicitly. We need to show that the metric variation of K_{μν} is a diffeomorphism, i.e. that there exists a vector field ξ_μ such that δ_hK_{μν} = D_μξ_ν + D_νξ_μ . (4.20) To analyse the metric variation of K_{μν}, as defined by (4.9), δ_hK_{μν} = (δ_hG^{AB})v_{Aμ}v_{Bν} + G^{AB}(δ_hv_{Aμ})v_{Bν} + G^{AB}v_{Aμ}δ_hv_{Bν} , (4.21) it is convenient to expand δ_hv_A in our standard basis as δ_hv_A = Cv_A + C^νv_{Aν} . (4.22) Thus e.g.

C = G^{AB}v_Bδ_hv_A , (4.23) which, using δ_h(G^{AB}v_Av_B) = 0, can also be written as C = −^1_2 (δ_hG^{AB})v_Av_B , (4.24) with similar expresions for C^ν. Using δ_hv_{Aμ} = ∂_μδ_hv_A (4.25) and (4.16), one finds that δ_hv_{Aμ} has the expansion δ_hv_{Aμ} = (∂_μC − K_{μν}C^ν )v_A + (D_μC^ν + δ^ν_μ C)v_{Aν} . (4.26) Plugging this into (4.21) one finds after a short calculation that δ_hK_{μν} indeed takes the form (4.20), with ξ_μ = −^1_2 ∂_μC + K_{μν} C^ν . (4.27) We thus obtain a map

Metric Deformations on R^4 ⇒ Coordinate Transformations on S^4 (4.28) We will not pursue this matter here, but we believe that a better understanding of this map (and appreciation of the raison d’être of its existence) should lead to a more geometrical understanding of the behaviour of instantons under metric variations. Since the metric K_{μν} is equivalent to the round metric on the four-sphere for all values of the moduli y^A, it must also be true that ∂_AK_{μν} = D_μη_{Aν} + D_νη_{Aμ} (4.29) for some vector field η_{Aμ}. This equation, which we will establish below, once again displays the intricate way in which the geometry of the moduli space interacts with that of the space-time.

To determine ∂_AK_{μν} , we need to consider the covariant derivative ∇_Av_B. As this is a (symmetric) two-tensor on M, it can be expanded as a bilinear in our basis (v_A, v_{Aμ}). But since v^A∇_Av_B = v^A∇_Bv_A = 0 , (4.30) ∇_Av_B is orthogonal to v_A and v_B and must therefore have an expansion of the form ∇_Av_B = L^{μν}v_{Aμ}v_{Bν} , (4.31) where L^{μν} is symmetric. For the flat metric one has L^{μν}_0 = −K^{μν}_0 , (4.32) so that, using (4.12), we obtain the equation (2.32), namely ∇^0_Av^0_B = −G^0_{AB} + v^0_Av^0_B . (4.33) Using the definition of L_{μν} , one can now determine ∂_AK_{μν} = −2L_{μν}v_A + +v^λ_A(D_μL_{λν} + D_νL_{λμ}) (4.34) (where we have raised and lowered indices using the metric K_{μν} ). This essentially identifies L_{μν} and its covariant derivatives (with respect to x) with components of the Christoffel symbols of the moduli space metric. We will make this correspondence more precise below.

Using (4.16), it now follows that ∂_AK_{μν} can be written as ∂_AK_{μν} = D_μ(v^λ_AL_{λν} ) + D_ν(v^λ_AL_{λμ}) (4.35) so that η_{Aμ} = v^λ_AL_{λμ} . (4.36)

4.4 The Curvature and the Role of the Propagator and Einstein Equations So far, everything we have derived is a consequence of the HJ equation (4.3) alone. We now come to the heart of the matter, namely the interplay of the resulting geometry with the propagator and Einstein equations (4.2, 4.1).

We first note that, given the HJ equation, the propagator equation is equivalent to

2F^2 = 0 ⇔ ∇^AvA = −4 ⇔ KμνL^{μν} = −4 . (4.37)

Note that for the flat metric this is identically satisfied because L^{μν}_0 = −K^{μν}_0 (4.32). Also, given the HJ equation the Einstein equation is equivalent to R_{AB} = −4G_{AB} ⇔ R_{AB}v^A(x)v^B(x) = −4 ∀x . (4.38)

Let us therefore calculate the Ricci tensor R_{AB}v^Av^B = v^B[∇_A, ∇_B]v^A = v^B∇_A∇_Bv^A − v^B∇_B∇_Av^A = −(∇_Av_B)(∇^Av^B) − v^B∇_B∇_Av^A . (4.39) In passing to the last line we have used the symmetry ∇_Av_B = ∇_Bv_A and (4.30). Expressing this in terms of L^{μν} , we obtain the key equation R_{AB}v^Av^B = −L^{μν} L_{μν} − v^B∇_B(L_{μν} K^{μν}) (4.40) relating the propagator and Einstein equations.

We see that if the second term on the right hand side is zero, e.g. if 2F^2 = 0, then the Ricci tensor is negative (as a quadratic form). To first order in the metric perturbation we can significantly sharpen this statement to the statement that the metric is actually Einstein.

Indeed, since to zero’th order in the metric perturbation, i.e. for the flat metric, we have (4.32), to O(h) in the metric perturbation we can expand L_{μν} as L_{μν} = −K_{μν} + ℓ_{μν} (4.41) where ℓ_{μν} is of O(h) (we could alternatively have expanded L_{μν} = −K^0_{μν} + ℓ̃_{μν} with ℓ̃_{μν} also of O(h)).

Since we know that the propagator equation is true to O(h), we learn that to this order the second term in (4.40) is absent. We also learn that ℓ_{μν} is traceless (with respect to either K_{μν} or K^0_{μν} - to this order this is the same), O(h) : K^{μν} L_{μν} = −4 ⇔ K^{μν}ℓ_{μν} = 0 . (4.42) But this now implies that L^{μν} L_{μν} = 4 + O(h^2) , (4.43) so that R_{AB}v^Av^B = −4 + O(h^2) . (4.44) Thus we see that to O(h) the HJ and propagator equations imply L^{μν} L_{μν} = 4 and hence the Einstein equation! Conversely, however, the HJ equation and the Einstein equation do not imply the propagator equation.

Now let us assume, for argument’s sake, that all three equations actually continue to hold to O(h^2). In this case we can still expand L_{μν} as before, and the propagator equation is satisfied if ℓ_{μν} is traceless with respect to K_{μν}. But now for the Einstein equation to hold to O(h^2), we need

L^2 = 4 + O(h^3) . (4.45)

Thus the O(h)-piece ℓ^1_{μν} of ℓ_{μν} has to be zero (otherwise there would be a non-zero contribution to L^2 of O(h^2)), and we obtain the result that

L_{μν} = −K_{μν} + O(h^2) . (4.46)

We will now show that this leads to a contradiction at O(h), namely that this would imply that the Information Metric is maximally symmetric for an arbitrary boundary metric perturbation.

Indeed, the same argument that leads to (4.33) shows that if L_{μν} = −K_{μν} to some order, then ∇_Av_B = −G_{AB} + v_Av_B (4.47) to that order. But then the argument leading to (2.37) implies that the bulk metric is maximally symmetric for an arbitrary O(h) variation of the boundary metric. Obviously for a number of reasons this cannot be true - it is enough to think of symmetries and Killing vectors. Alternatively, it follows from the Fefferman-Graham analysis that a maximally symmetric bulk metric will induce a conformally flat metric on the boundary - see [20] for an explicit proof.

Thus we learn that not all three of our basic equations (4.1, 4.2, 4.3) can be true to O(h^2).

4.5 A Four-Parameter Family of Coordinate Systems on M

We have seen that it is quite useful to adopt the frame (actually, four-parameter family of frames) (v_A, v_{Aμ}) as a basis of (co-)tangent vectors on M. This can more succinctly be understood as a change of coordinates

y^A = (ρ, a^μ) → z^M (y^A) (4.48) on M. Indeed, since v_A =^1_4 ∂_A log F^2 and v_{Aμ} = ∂_A∂_μ log F^2, the change of coordinates in question is (ρ, a^μ) → (^1_4 log F^2(x; ρ, a),^1_4 ∂_μ log F^2(x; ρ, a)) . (4.49)

Raising the index of ∂_μ log F^2 with the boundary space-time metric g_{μν} , the fourparameter family of coordinate transformation that we will actually consider is

y^A = (ρ, a^μ) → z^M (x) ≡ (r(x), z^μ(x)) = (^1_4 log F^2(x; ρ, a),^1_4 g^{μν}∂_ν log F^2(x; ρ, a)) . (4.50)

It follows from (4.12) that in these coordinates the Information Metric takes the simple form ds^2 = G_{AB}dy^Ady^B = dr^2 + γ_{μν}dz^μdz^ν , (4.51)

where γ_{μν} = g_{μρ}g_{νλ}K^{ρλ} . (4.52)

The HJ equation G_{AB}v^Av^B = 1 is now simply the statement that G_{r(x)r(x)} = 1 for all x and (4.6) says that the off-diagonal component G_{r(x)z}¯_{(x)} = 0.

Note that if the propagator equation 2F^2 = 0 holds in addition to the HJ equation, then the functions exp 4r and z^μ are harmonic so that these are harmonic coordinates for the Information Metric! This will be useful later.

Note also that for the flat metric (and the choice x = 0) the coordinate transformation

(ρ, a^μ) → (e r^0 = (F^2_0 )^{1/4},^1_8 ∂_μ log F^2_0 ) (4.53)

is just the inversion isometry (ρ, a^μ) → ( ρ a^2 + ρ^2 , a^μ a^2 + ρ^2

) (4.54)

of the standard AdS metric, now more invariantly expressed in terms of F^2_0 . This is reflected in the fact that in the z^M -coordinates (for any value of x) the unperturbed Information Metric takes the standard AdS form

ds^2_0 = dr^2_0 +^1_4 e −2r^0δ_{μν} dz^μdz^ν . (4.55)

4.6 The Geodesic Distance on M and the Instanton Density

Writing the metric in the form (4.55) or (in general) (4.51) makes it manifest that r =^1_4 log F^2(x; ρ, a) is the geodesic distance along paths of constant z^μ. It is also the regularized geodesic distance between points with different values of z provided that for one of the end-points r → ∞ because the difference between the z’s becomes irrelevant in this limit - in some sense r = ∞ is a single point.

An alternative way of establishing this result is to use essentially verbatim the argument outlined in (2.54)-(2.59) which only relies on the validity of the equation G^{AB}v_Av_B = 1 which thus once again can be interpreted as the HJ equation.

We have thus shown that to the order to which the HJ equation holds the instanton density F^2 is directly related to the classical geodesic distance of a boundary-to-bulk path in the geometry provided by the Information Metric. One would dearly like to have a more conceptual explanation for this.

4.7 Gauss-Codazzi Equations for the Information Metric on M

Using the coordinates (r, z^μ), equation (4.34) now has a much more transparent interpretation. In particular, since ∂_r = v^A∂_A , (4.56) we have ∂_rK_{μν} = −2L_{μν} . (4.57) Thus L_{μν} is essentially the extrinsic curvature (second fundamental form) of γ_{μν}, defined by Θ_{μν} =^1_2 ∂_rγ_{μν} , (4.58) the precise relation being Θ_{μν} = g_{μρ}g_{νλ}L^{ρλ} . (4.59) For the unperturbed metric in the form (4.55) one evidently has

Θ^0_{μν} = −γ^0_{μν} , (4.60)

which is simply the equation L^0_{μν} = −K^0_{μν} (4.32).

The other component of (4.34), obtained by contracting ∂_AK_{μν} with v^A_λ instead of v^A, then essentially says that the Christoffel symbols of γ_{μν} , i.e. z^λ-derivatives of γ_{μν} , can be expressed as covariant x-derivatives of the extrinsic curvature Θ_{μν} !

The Gauss-Codazzi equations express the curvature of the Information Metric G_{MN} in terms of the curvature of γ_{μν} and the extrinsic curvature Θ_{μν} and its trace Θ = γ^{μν}Θ_{μν} . The expressions for the Ricci tensor are

R(G)_{rr} = −∂_rΘ − Θ^{μν} Θ_{μν} (4.61) R(G)_{rν} = ∇^μΘ_{μν} − ∂_νΘ (4.62) R(G)_{μν} = R(γ)_{μν} − ΘΘ_{μν} + 2Θ_{μλ}Θ^λ_ν − ∂_rΘ_{μν} . (4.63)

It follows that the scalar curvature of G_{MN} is

R(G) = R(γ) − Θ^2 − Θ_{μν} Θ^{μν} − 2∂_rΘ . (4.64)

In particular, we now recognise the key equation (4.40) as nothing other than the (rr)- component (4.61) of the Gauss-Codazzi equation. Let us now analyse these equations to first order in the metric perturbation. Since Θ^0_{μν} = −γ^0_{μν} , we can expand Θ_{μν} like L_{μν} as Θ_{μν} = −γ_{μν} + θ_{μν} . (4.65) Given the HJ equation, the propagator equation 2F^2 = 0 is equivalent to K_{μν}L^{μν} = −4. In the present language this is the statement

2F^2 = 0 ⇔ Θ = −4 . (4.66)

Thus we see that to first order in the metric perturbation, θ_{μν} (like ℓ_{μν} ) is traceless. Therefore to this order we also have

Θ^{μν} Θ_{μν} = 4 + O(h^2) , (4.67)

and we find that the (rr)-component of the Einstein equation

R_{rr} = −4G_{rr} = −4 (4.68)

is satisfied. Since it holds for all x we know that all the other components of the Einstein equation are also satisfied - this is just what we found before: to O(h), the HJ and propagator equations imply the Einstein equation.

However, we also learn one new fact about the curvature of γ_{μν}. Namely, using (4.64) and R_{AB} = −4G_{AB}, so that R(G) = −20, we see that

R(γ) = 0 . (4.69)

Thus to first order γ_{μν} is a scalar-flat perturbation of the flat (with respect to the z^μ) metric γ^0_{μν}. Note that, even though it is true that (4.51) is Einstein if

γ_{μν}(r, z) = e ±2rγ̃_{μν}(z) (4.70)

with γ̃_{μν} (z) Ricci flat (hence the Fefferman-Graham expansion is trivial in this case), there is no reason to expect the metric γ_{μν} to be Ricci-flat in general - there are simply not enough Ricci-flat perturbations of the flat metric in Euclidean space. In fact there are none which are asymptotically flat while every transverse traceless perturbation of the flat metric is automatically scalar flat - see (4.81) below.

Some further information about γ_{μν} and its curvature R(γ)_{μν} can be obtained by looking at the other components of the Gauss-Codazzi equations, but we will not pursue this here.

4.8 The Relation between √ K and the Instanton Density

In this section we will establish an identity which is needed to show directly the equivalence between the integral (2.11) and algebraic (4.12) forms of the Information Metric. The required identity is √ K = 16 √ gF^2 . (4.71)

To zero’th order in the metric perturbation we indeed have the relationship √ K_0 = 16F^2_0 (4.72)

(see (4.8)). We will now establish that this is yet one more equation which continues to hold to first order in the metric perturbation, i.e. that (4.71) is valid to O(h).

First of all we note that the integrated version of (4.71), ∫ √ K = 16 ∫ √ gF^2 , (4.73)

is automatically true. This follows because K_{μν} is equivalent to the round metric on the four-sphere for all metric perturbations - see (4.20). Thus we have ∫ √ K = ∫ √ K_0 =

8π^2 3 . (4.74)

Moreover, and rather more obviously, ∫ √ gF^2 = ∫ F^2_0 = π^2 6 , (4.75)

as the instanton number cannot change, i.e. δ_hF^2 is a total derivative.

To establish (4.71), we proceed in three steps. We first show that the r-dependence (i.e. F^2-dependence) of √ K is as given in (4.71). This is easy. We then show that √ K is independent of the z^μ. This requires a bit more work. Lastly we show that the normalization of ∫ √ K then fixes the possibly x-dependent factor between the left- and right-hand sides of (4.71) to be equal to the constant 16. This is once again easy.

To determine the r-dependence of √ K, we use (4.57) which implies

K^{μν}∂_rK_{μν} = −2K^{μν} L_{μν} . (4.76)

Since the HJ equation holds to O(h), we have K^{μν} L_{μν} = −4 and thus ∂_r √ K = 4 √ K , (4.77)

which implies √ K = √ gF^2f(z, x) , (4.78) where f(z, x) is some function of the coordinates z^μ and x^μ. We have introduced √ g on the right-hand-side because √ K is a density with respect to x^μ and any such scalar density can be written as √ g(x) times a function. Alternatively, note that if we take our metric perturbation to be traceless (by conformal invariance), then √ g = 1.

To determine the z-dependence, we make use of two facts: that the z^μ are harmonic coordinates and that the scalar curvature R(γ_{μν}) = 0. We had already noted before that the propagator equation implies that the z^μ are harmonic with respect to the bulk

2. Due to the special form (4.51) of the metric in (r, z)-coordinates, this implies that

the z^μ are also harmonic with respect to the Laplacian 2^γ associated to γ_{μν} . Indeed, denoting the Christoffel symbols of G_{MN} and γ_{μν} by Γ_{MNP} and γ_{μνλ} respectively, we have

2z^μ = 0 ⇔ G^{NP} Γ^μ_{NP} = 0 ⇔ γ^{νλ}γ^μ_{νλ} = 0 ⇔ 2^γz^μ = 0 . (4.79)

Since the unperturbed metric γ^0_{μν} is the flat metric, γ^0_{μνλ} = 0 and the harmonic gauge condition becomes ∂_z˚ γ^ν_{1 μ} =^1_2 ∂_z¯γ_1 , (4.80)

where indices have been raised and lowered with γ^0_{μν} and γ_1 is the trace of the first-order perturbation γ^1_{μν} of γ^0_{μν}.

In the harmonic gauge, the general expression for the linearized Ricci scalar

R(γ_{μν}) = ∂_z¯ ∂_z˚ γ^{μν}_1 − γ^{μν}_0 ∂_z¯ ∂_z˚ γ_1 (4.81)

becomes R(γ_{μν}) = −^1_2 γ^{μν}_0 ∂_z¯∂_z˚ γ_1 . (4.82)

Thus vanishing of the Ricci scalar implies

R(γ_{μν}) = 0 ⇒ ∂_z¯ γ_1 = 0 , (4.83)

because for a small metric perturbation ∂_z¯ γ_1 necessarily goes to zero at infinity.

To relate this to a statement about K_{μν} we use (4.52) to deduce

∂_z¯ γ_1 = 0 ⇒ ∂_z¯K_1 = 0 , (4.84)

where K_1 is the trace of the first order perturbation (4.20),

K^1_{μν} = D^0_μξ_ν + D^0_νξ_μ , (4.85)

of K_{μν}. Hence ∂_z¯ √ K = 0 (4.86) and √ K = √ gF^2f(x) . (4.87) Now to zero’th order we have f(x) = 16. We thus write

f(x) = 16 + ϕ(x) (4.88)

where ϕ(x) is of O(h). It now follows from (4.73) that ∫ F^2_0 ϕ(x) = 0 . (4.89)

But since F^2_0 is the AdS boundary-to-bulk scalar propagator, this implies that ϕ(x) = 0. Hence we have established (4.71).

Incidentally note that this calculation can also be read as establishing a relationship between the vector field ξ^μ appearing in the variation of K_{μν} under metric variations, and the vector field Y^μ defined by

δ_hF^2 = ∂_μY^μ . (4.90)

4.9 The Equivalence of the Integral and Algebraic Forms of the Information Metric

We have encountered two different forms of the Information Metric, the original integral expression (2.11) which, in order to avoid confusion we will in this subsection denote by G^{int}_{AB}, G^{int}_{AB} = 15 8π^2 ∫ √ gF^2∂_A log F^2∂_B log F^2 = 30 π^2 ∫ √ gF^2v_Av_B , (4.91)

and the algebraic (vielbein) representation of the metric (4.12), i.e.

G_{AB} = v_Av_B + K^{μν} v_{Aμ}v_{Bν} , (4.92)

which could e.g. have been obtained by using (3.54). We now want to show directly that these two are equivalent. As G_{AB} is x-independent, we can write G_{AB} = 6 π^2 ∫ √ gF^2G_{AB} = 6 π^2 ∫ √ gF^2(v_Av_B + K^{μν} v_{Aμ}v_{Bν}) = 1 5 G^{int}_{AB} + 6 π^2 ∫ √ gF^2K^{μν}v_{Aμ}v_{Bν} . (4.93)

We thus need to show that the second term equals (4/5)G^{int}_{AB}. To proceed, we use (4.71) to rewrite this as ∫ √ gF^2K^{μν} v_{Aμ}v_{Bν} = ∫ √ KK^{μν} v_{Aμ}v_{Bν} (4.94)

We now integrate by parts to obtain ∫ √ gF^2K^{μν}v_{Aμ}v_{Bν} = − ∫ √ gF^2K^{μν} v_AD_μv_{Bν} . (4.95)

Using (4.16), we learn that − ∫ √ gF^2K^{μν}v_AD_μv_{Bν} = 4 ∫ √ gF^2v_Av_B . (4.96)

Therefore this term gives precisely the missing contribution to G^{int}_{AB} and we have shown that G_{AB} = G^{int}_{AB} . (4.97)

To reiterate: this means that we do not have to define the variation of the Information Metric through the variation of the x-integral (2.11). Instead we can extract the metric variation from the variation (3.54) of the HJ equation, use that expression to verify the propagator (and thus the Einstein) equation, and we can prove (as we just did) that the metric variation obtained in this (much simpler) way is indeed the variation of (2.11).

5 Conclusions

In this paper we have shown that, to first order in the perturbation of the boundary space-time metric, the Information Metric on the 5-dimensional moduli space of k = 1 SU(2) instantons is Einstein. Furthermore, to this order the perturbed instanton action density is the corresponding boundary-to-bulk massless scalar propagator and, quite remarkably, the regularized boundary-to-bulk geodesic distance is proportional to the logarithm of the perturbed instanton action density.

These results show that it is rather compelling to think of the bulk space-time of the AdS_5/CFT_4 correspondence as being the instanton moduli space. Indeed, at least to this order, physically relevant quantities of the non-trivial perturbed bulk space-time like massless and massive scalar propagators and the geodesic distance are then directly related to the simplest and most natural function on the bulk space-time, namely the instanton density itself.

It would be nice to know if there is a similarly fruitful or suggestive reinterpretation of the AdS/CFT bulk space-time in other dimensions. For example, as for the unperturbed instanton moduli space, symmetry arguments imply that the Information Metric on the moduli space of degree one rational maps from the two-sphere to itself is the AdS_3-metric [12]. In [12] it is also shown that the Information Metric on the (4k − 1)-dimensional space of rational maps of degree k is non-degenerate for k > 1. One can also ask if perhaps AdS_7 emerges as a moduli space of a 6-dimensional theory of interacting anti-self-dual tensor fields.

The results we have obtained, although to a certain (limited) extent anticipated from physics considerations, are certainly quite surprising from a mathematical point of view. One would like to gain a better mathematical insight in order to obtain more elegant proofs of these statements. Note that the (rather cumbersome) proofs given in this paper rely on the explicit form of the scalar instanton Green’s functions. One would like to be able to prove these statements in a more abstract way, ideally by just making use of the self-duality equations. It would also be good to have a deeper understanding of the significance of the map from metric deformations on R^4 to diffeomorphisms of S^4 we obtained in section 4.3. Any such conceptual progress should help in analyzing the higher order corrections and to see which of the above statements, if any, continue to hold to higher orders in the metric perturbation.

Since the only information we have at the moment is that to first order the propagator and Hamilton-Jacobi equation imply that the Information Metric is Einstein and that to second order not all the three statements can be true simultaneously, it would also be useful to be able to analyze the Information metric for a tractable (i.e. sufficiently symmetric) metric on S^4 which is far from the (conformal class of the) standard metric.

As we discussed in the introduction, the physics intuition which led us to analyze this problem was based on the AdS/CFT correspondence together with the D-instanton probe idea. However, our results are neither a test nor a consequence of the AdS/CFT correspondence but rather logically indepedent of it. In particular, there are two important differences between this work and the usual AdS/CFT scenario.

Firstly, the AdS/CFT correspondence is supposed to hold for N = 4 SU(N) gauge theories in the large N limit whereas here we are dealing just with the SU(2) theory.^1 Secondly, the Information Metric is certainly not the metric on the gauge fields that one normally uses in studying Yang-Mills theories. The usual metric is the L^2-metric which, as pointed out earlier, is not conformally invariant.

Perhaps the resolution to both the seeming differences lies in taking the large N limit where one integrates out all the zero modes of the instanton associated to the gauge orientations (whose number grows linearly with N), leaving behind just the SU(2) instanton moduli which in turn are identified with the bulk space-time [6].

1Actually we were only considering pure SU(2) Yang-Mills because we were interested in the deformation of the AdS5 part of the bulk which only sees the bosonic moduli of the super-instanton. However throughout this paper we have been assuming an underlying N = 4 structure justifying the semi-classical approximation around instanton solutions.

One way to test this would be to start with a 5-dimensional SU(N) theory reduced to one dimension on an instanton solution, with the moduli being slowly varying functions of this coordinate. This reduction of course gives the L^2-metric for the kinetic terms of the moduli. Integrating out the moduli associated with gauge orientation should now give rise to an effective kinetic term for the remaining moduli (namely those of the SU(2) instantons). The task would then be to check if in the large N limit this reduces to the Information Metric once all the other fields have been integrated out, as might be expected on the basis of 4-dimensional conformal invariance.

If this is true, then one might start from an N = (4, 4) sigma model on the large N SU(N) instanton moduli space obtained by reducing a 6-dimensional theory on a single instanton. The large N limit of this sigma model should then give a definition of a string moving in AdS_5 × S^5. This is somewhat reminiscent of the Matrix theory description of the (2, 0)-theory [21] and related suggestions in the AdS/CFT context [22].

In any case, the results of this paper seem to suggest that the one-instanton sector of SU(2) gauge theory on a space which is topologically S^4 or R^4 gives rise to a theory of gravity on the instanton moduli space similar to the way that string theory produces gravity on the target space. In particular, in string theory the target space is also precisely the moduli (zero-mode) space of the 2-dimensional world-sheet theory. Moreover, the criterion of conformal invariance, which leads to the target space equations of motion in string theory via the β-function equations, here led us to choose the Information Metric on the moduli space which then turned out to satisfy the (linearized) Einstein equations. In this sense, our construction has some similarities with attempts to use Holographic Renormalization Group ideas to (re-)construct the bulk space-time from the boundary field-theory data - see e.g. [23, 24].

The Information Metric (or more precisely its first order deformation δ_hG_{AB}) and ∫ d^4xϕ(x) tr F^2(x) are certain operators in the gauge theory whose semiclassical expectation values define the on-shell linearized graviton and massless scalar field on the instanton moduli space. Thinking along these lines, there are a number of questions one might try to answer.

There are certainly infinitely many operators that one can construct on the gauge theory side that are gauge and conformally invariant. What other (perhaps massive) fields do they define in the bulk theory? On the gauge theory side we can compute correlation functions of the above operators beyond the semiclassical approximation. What would this correspond to in the bulk theory? These quantities would be non-local on the boundary but local in the instanton moduli space. Does this therefore produce interaction vertices in the bulk theory? What is the role of multi-instantons - multi-particle states? What computation in the gauge theory would yield information on quantum gravity effects in the bulk? (We most certainly do not expect these to arise from a summation over world-volume topologies as in string theory!) Etc. We believe that it is worthwhile to attempt to understand these issues.

Acknowledgements

We would like to thank Edi Gava and Martin O’Loughlin for many useful discussions. This research is partially supported by EC contract no. CT-2000-00148.

References

[1] J.M. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

[2] S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Gauge Theory Correlators from Noncritical String Theory, Phys. Lett. 428B (1998) 105, hep-th/9802109.

[3] E. Witten, Anti-de-Sitter Space and Holography, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[4] O. Aharony, S. Gubser, J. Maldacena, H. Ooguri, Y. Oz, Large N Field Theories, String Theory and Gravity, hep-th/9905111.

[5] T. Banks, M.B. Green, Non-perturbative Effects in AdS_5 × S^5 String Theory and d = 4 SUSY Yang-Mills, JHEP 9805 (1998) 002, hep-th/9804170; M. Bianchi, M.B. Green, S. Kovacs, G. Rossi, Instantons in supersymmetric Yang-Mills and D-instantons in IIB superstring theory, JHEP 9808 (1998) 013, hep-th/9807033.

[6] N. Dorey, V.V. Khoze, M.P. Mattis, S. Vandoren, Yang-Mills Instantons in the Large-N Limit and the AdS/CFT Correspondence, Phys.Lett. B442 (1998) 145- 151, hep-th/9808157; N. Dorey, T.J. Hollowood, V.V. Khoze, M.P.Mattis, S. Vandoren, Multi-Instantons and Maldacena’s Conjecture, JHEP 9906 (1999) 023, hep-th/9810243; Multi-Instanton Calculus and the AdS/CFT Correspondence in N=4 Superconformal Field Theory, Nucl.Phys. B552 (1999) 88-168,

hep-th/9901128.

[7] E. Gava, K.S. Narain, M.H. Sarmadi, Instantons in N = 2 Sp(N ) Superconformal Gauge Theories and the AdS/CFT Correspondence, Nucl.Phys. B569 (2000) 183- 208, hep-th/9908125; T.J. Hollowood, Instantons, finite N = 2 Sp(N ) theories and the AdS/CFT correspondence, JHEP 9911 (1999) 012, hep-th/9908201.

[8] T.J. Hollowood, V.V. Khoze, ADHM and D-instantons in orbifold AdS/CFT duality, Nucl.Phys. B575 (2000) 78-106, hep-th/9908035; F. Fucito, J.F. Morales, A. Tanzini, D-instanton probes of N=2 non-conformal geometries, hep-th/0106061.

[9] N.J. Hitchin, The Geometry and Topology of Moduli Spaces, in Global Geometry and Mathematical Physics, Lecture Notes in Mathematics 1451 (Springer, Heidelberg, 1988), 1-48.

[10] D. Groisser, M.K. Murray, Instantons and the Information Metric, Ann. Global Anal. Geom. 15 (1997) 519–537, dg-ga/9611008.

[11] S. Amari, Differential Geometrical Methods in Statistics, Lecture Notes in Statistics 28 (Springer, Heidelberg, 1985); M.K. Murray, J.W. Rice, Statistics and Differential Geometry, Monographs on Statistics and Applied Probability 48 (Chapman and Hall, London, 1993).

[12] M.K. Murray, The Information Metric on Rational Maps, Experimental Mathematics, 2, No 4, 272–279 (1993).

[13] D. Groisser, T. Parker, The Riemannian Geometry of the Yang-Mills Moduli Space, Commun. Math. Phys. 112 (1987) 663-689; L. Habermann, On the Geometry of the Space of Sp(1)-instantons with Pontrjagin Index 1 on the 4-sphere, Ann. Glob. Anal. Geom. 6 (1988) 3-29.

[14] C. Fefferman, R. Graham, Conformal Invariants, Astérisque (hors série) (1995) 95;

C.R. Graham, J. Lee, Einstein Metrics with Prescribed Conformal Infinity on the Ball, Adv. Math. 87 (1991) 186; C.R. Graham, E. Witten, Conformal Anomaly of Submanifold Observables in AdS/CFT Correspondence, hep-th/9901021.

[15] C. Imbimbo, A. Schwimmer, S. Theisen, S. Yankielowicz, Diffeomorphisms and Holographic Anomalies, Class.Quant.Grav. 17 (2000) 1129-1138, hep-th/9910267.

[16] M. Henningson, K. Skenderis, The Holographic Weyl Anomaly, JHEP 9807 (1998) 023, hep-th/9806087; Holography and the Weyl Anomaly, hep-th/9812032.

[17] C.H. Taubes, Self-Dual Yang-Mills Connections on Non-Self-Dual 4- Manifolds, J. Diff. Geom. 17 (1982) 139-170; D.S. Freed, K.K. Uhlenbeck, Instantons and Four-Manifolds, MSRI Publications 1 (Springer, New York, 1984).

[18] L.S. Brown, R.D. Carlitz, D.B. Creamer, C. Lee, Propagation Functions in Pseudoparticle Fields, Phys. Rev. D17 (1978) 1583-1597; E.F. Corrigan, D.B. Fairlie, P. Goddard S. Templeton, A Green’s Function for the General Selfdual Gauge Field, Nucl. Phys. B140 (1978) 31-44.

[19] Hong Liu, A.A. Tseytlin, D=4 Super Yang Mills, D=5 Gauged Supergravity and D=4 Conformal Supergravity, Nucl.Phys. B533 (1998) 88-108, hep-th/9804083; W. Mück, K.S. Viswanathan, The Graviton in the AdS-CFT Correspondence: Solution via the Dirichlet Boundary Value Problem, hep-th/9810151.

[20] K. Skenderis, S. Solodukhin, Quantum Effective Action from the AdS/CFT Correspondence, Phys.Lett. B472 (2000) 316-322, hep-th/9910023.

[21] O. Aharony, M. Berkooz, S. Kachru, N. Seiberg, E. Silverstein, Matrix Description of Interacting Theories in Six Dimensions, Adv.Theor.Math.Phys. 1 (1998) 148-157,

hep-th/9707079.

[22] M. Berkooz, H. Verlinde, Matrix Theory, AdS/CFT and Higgs-Coulomb Equivalence, JHEP 9911 (1999) 037, hep-th/9907100.

[23] S. de Haro, K. Skenderis, S.N. Solodukhin, Holographic Reconstruction of Spacetime and Renormalization in the AdS/CFT Correspondence, Commun.Math.Phys. 217 (2001) 595-622, hep-th/0002230.

[24] V. Balasubramanian, E. Gimon, D. Minic, Consistency Conditions for Holographic Duality, JHEP 0005 (2000) 014, hep-th/0003147.