arXiv:hep-th/0108126 17 Aug 2001

Open Strings in Simple Current Orbifolds

Keizo Matsubara;^1 Volker Schomerus^2 Mikael Smedbäck^1

1 Institutionen för teoretisk fysik, Uppsala Universitet Box 803, S–75108 Uppsala, Sweden 2 Max-Planck-Institut für Gravitationsphysik, Albert-Einstein-Institut Am Mühlenberg 1, D–14424 Potsdam, Germany

August 15, 2001

Abstract

We study branes and open strings in a large class of orbifold backgrounds using microscopic techniques of boundary conformal field theory. In particular, we obtain factorizing operator product expansions of open string vertex operators for such branes. Applications include branes in Z_2 orbifolds of the SU(2) WZW model and in the D-series of unitary minimal models considered previously by Runkel.

hep-th/0108126 AEI 2001-102

     e-mail: keizo.matsubara@teorfys.uu.se, vschomer@aei.mpg.de,
           mikael.smedback@teorfys.uu.se

1 Introduction

The study of branes at orbifold singularities has a long history. Such investigations were motivated mainly by the fact that orbifolds of the form C^n /Γ can be used to locally model singularities in Calabi-Yau spaces. Beyond such examples, more general orbifold constructions are an important ingredient in conformal field theory (CFT) model building, i.e. in the construction of exactly solvable closed and open string backgrounds. In particular, Gepner’s construction of string theories on Calabi-Yau spaces involves some orbifold-like projection. This suggests to analyse strings and branes in orbifolds more general than C^n /Γ and with orbifold actions that may not admit an interpretation as a geometric symmetry of the target space.

It is not possible to give a complete account here of all the previous results related to branes in orbifolds. Much of the work was devoted to orbifold constructions in flat space (see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]). The basis for most of these developments were laid in [1] which uses earlier ideas originating from [12, 11]. Open string theory in more general conformal field theory orbifolds was pioneered by Sagnotti and collaborators starting from [12] (see also e.g. [13, 14]). Important contributions were made later by Behrend et al. [15, 16] and by Fuchs et al. [17, 18, 19]. The latter extends the simple current techniques that were developed for closed strings in [20, 21] to the case of open strings (see also [22, 23]). Work on open strings in Gepner models highlighting the orbifold aspects includes [24, 25, 26, 27, 28].

All the contributions we have listed so far focus on the couplings of open strings to the branes which is closely related to the spectra of open strings that can stretch between branes in orbifold spaces. The operator product expansions of open string vertex operators (boundary fields) in an orbifold of a non-trivial boundary conformal field theory, however, were addressed first in [29] for minimal models and then later in [30] for A-type branes in Gepner models. We note that such results on the couplings of open strings are a necessary prerequisite if one wants to extend the studies of brane effective actions in orbifolds [1] to general backgrounds.

In this work we address the issue of boundary operator product expansions for socalled simple current orbifolds of the extension type. As was observed in [25, 30], their treatment follows very closely the strategies known from orbifolds of a flat background, i.e. they involve lifting the theory from the orbifold to the covering space. The latter is described by conformal field theory constructions that go back to Cardy [31] and we will review them along with some background material on simple current symmetries in Section 2. After this preparation we enter the central section of this work which contains our main results (3.6,3.9) on boundary operator product expansions. Section 4 is devoted to applications. We start by discussing a Z_2 orbifold of the SU(2) WZW model. In this case, our algebraic results can be interpreted geometrically. Finally, we reconsider the example of the D_{even}-series of unitary minimal models which is contained in [29] and we show that our formulas provide a very elegant construction of the solution.

2 Boundary CFT on the covering space

As we mentioned in the introduction, our strategy for dealing with branes on orbifold spaces follows the usual procedure in which the whole theory is lifted to a covering space. We shall assume that the latter can be solved using the standard microscopic techniques which go back to the work of Cardy [31]. The aim of this section is to provide a brief account on this theory.

Suppose we are given some rational bulk conformal field theory with chiral algebra A = Ā and a modular invariant partition function of the form Z(q, q̄) = ∑ j χ_j(q) χ_{j̄}(q̄) . (2.1)

Here j runs through the sectors of the right moving chiral algebra A and each of these sectors j comes paired with a unique sector j̄ of the left moving chiral algebra Ā = A. As usual, χ_j(q) denotes the character of the sector j.

The construction of boundary theories involves picking some automorphism Ω of the chiral algebra. This appears in the boundary conditions to describe how left- and right movers are glued along the boundary. Any such automorphism Ω induces a map ω acting on sectors j of the chiral algebra. Cardy’s analysis of boundary conditions applies whenever the partition function (2.1) is (Ω)-diagonal in the sense that ω(j)^∨ = j̄. Here, j^∨ denotes the sector conjugate to j, i.e. the unique label with the property that its fusion product with j contains the vacuum representation 0 of the chiral algebra. We shall assume that Ω is chosen such that the modular invariant partition function (2.1) of the covering theory is Ω-diagonal.

Under this condition, Cardy provides us with a list of boundary theories. Their number agrees with the number of sectors of A. We will use labels I, J, K, . . . to distinguish between boundary conditions and sectors but it should be kept in mind that small and capital letters run through the same index set. The spectrum of open strings that stretch between the branes which are associated with the labels I and J is given by

Z_{IJ} (q) = ∑ j N^J_{Ij} χ_j(q) . (2.2)

Obviously, this tells us how the state space H_{IJ} of the boundary theory is built up from sectors of the chiral algebra. For a much more detailed explanation of these results the reader is referred to [32].

There is a version of the state-field correspondence in boundary conformal field theory that assigns a boundary field to each state in H_{IJ} . Hence we can read off from (2.2) that the boundary primary field ψ_j appears with multiplicity N^J_{Ij} in the boundary theory. The operator product expansion for two such primary fields is given by ψ^{LM}_i (x_1) ψ^{MN}_j (x_2) = ∑ k (x_1 − x_2)^{hk−hi−hj} ψ^{LN}_k (x_2) F_{M,k} [^{i j}_{L N} ] + . . . (2.3)

for x_1 < x_2. Here, F stands for the fusing matrix of the chiral algebra A. It is defined as a linear transformation that relates two different orthonormal bases in the space of conformal blocks (see [33]) and it can be visualized as shown in Figure 1. For simplicity we shall assume that the fusion rules obey N^J_{Ij} ≤ 1 so that the vertices carry no additional labels.

Figure 1: Graphical description of the fusing matrix

The formula (2.3) was originally found for minimal models by Runkel [38] and extended to more general cases in [34, 35, 36, 15]. Note that our conventions for the fusing matrix (see Figure 1) differ slightly from the ones used in e.g. [35, 36]. With the external legs being oriented as shown in Figure 1, non of the six labels in the fusing matrix needs to be conjugated.

In string theory, boundary operator products describe the scattering of two open strings which are stretched between the branes L, M and M, N, respectively, into an open string that stretches between L and N.

Note that for the relation between the coefficients of the boundary OPE and the fusing matrix it is crucial that boundary conditions and boundary fields are labeled with elements from the same set. This is no longer true for models with a ‘non-diagonal’ (in the sense specified above) bulk modular invariant partition function. We shall see below how this can affect the boundary operator product expansions. Examples of boundary OPEs for non-diagonal modular invariants were studied in [29, 30] and they are the main subject of this work.

The formulas (2.2,2.3) provide a complete solution of the open string sector on the covering space (for branes of gluing-type Ω). Before moving on to the orbifold theory let us briefly study the symmetry properties of the solution with respect to the group action that we plan to divide out. We shall assume that this orbifold group is generated by simple currents of the conformal field theory. To describe this more precisely, we need some new notation. Primaries (or the associated conformal families) of a conformal field theory form a set J . Within this set J there can be non-trivial elements g ∈ J such that the fusion product of g with any other j ∈ J gives again a single primary g × j = gj ∈ J . Such elements g are called simple currents and the set C of all these simple currents forms an abelian subgroup C ⊂ J . The product in C is inherited from the fusion product of representations. From now on, let us fix some subgroup Γ ⊂ C.

Through the fusion of representations, the index set J comes equipped with an action Γ × J → J of the group Γ on labels j ∈ J . Under this action, J may be decomposed into orbits. The space of these orbits will be denoted by J /Γ and we use the symbol [j] to denote the orbit represented by j ∈ J . These orbits may have fixed points, i.e. there can be labels j ∈ J for which the following stabilizer subgroup S_j ⊂ Γ S_j = { g ∈ Γ | g · j = j } (2.4) is nontrivial. Up to isomorphism, the stabilizer subgroups depend only on the orbits [j] not on the choice of a particular representative j ∈ [j], i.e. S_j = S_{[j]}.

The last object we have to introduce is the charge Q̂_g(j) of a primary j with respect to the simple current g. It is obtained from the following special matrix elements

Ω(^j_{k i} ) = B_{ji} [^{j i}_{0 k} ] of the braiding matrix B = B^{(+)} (see [33] for details) by specialization to simple currents i = g,

(−1)^{Q̂g(j)} := Ω(^j_{gj g} ) . (2.5)

Note that this specifies Q̂_g(j) up to an even integer, i.e. Q̂_g(j) ∈ R/2Z. The charge Q̂_g(j) is related to the more standard monodromy charge Q_g(j) ∈ R/Zby the prescription Q_g(j) := Q̂_g(j) mod 1. We note that the monodromy charge can be computed from the conformal dimensions of the involved fields through the expression

Q_g(j) = h_j + h_g − h_{gj} mod 1 .

In case the simple currents have integer conformal weight (but not only then, see Section 4.2 for an example), the monodromy charge Q_g(j) depends only on the equivalence class [j] of j ∈ J. An orbit [j] is said to be invariant, if Q_g([j]) = Q_g(j) = 0 for all g ∈ Γ.

We are finally in a position to formulate the symmetry properties of the open string sector for the theory on the covering space. To this end we introduce the following action of the simple current group Γ on boundary fields

g( ψ^{IJ}_i (x) ) := (−1)^{−Q̂g (i)} ψ^{gI gJ}_i (x) . (2.6)

Here we use that in the Cardy theory the boundary labels I, J are taken from the set J which comes equipped with the action of Γ that we described above. Using the following symmetry property of the fusing matrix [30] F_{gM,k} [^{i j}_{gL gN} ] = F_{M,k} [^{i j}_{L N} ](−1)^{Q̂g(i)+Q̂g(j)−Q̂g(k)} (2.7) one can show that the operator product expansions (2.3) respect the action of the simple current group Γ on boundary fields. In this sense, Γ describes a symmetry of the theory on the covering space.

3 Boundary CFT on the orbifold

Our goal now is to discuss D-branes on an orbifold of the original conformal field theory. Geometrically, one would like to understand these branes on the orbifold space through D-branes on the covering space. In such an approach, a brane on the orbifold gets represented by several pre-images on the covering space which are mapped onto each other by the action of the orbifold group. As discussed in [25, 30], there is a large class of cases in which these geometric ideas carry over to the construction of branes in exactly solvable conformal field theories.

To begin with, let us give a precise formulation of our main assumption on the partition function Z^{orb}(q) of the bulk theory that we want to study. We assume that there is an orbifold group Γ within the group of all simple currents such that Z^{orb} is of the form (see e.g. [21])

Z^{orb}(q, q̄) = ∑ [j],QΓ([j])=0 | S_{[j]} | | ∑ j^′∈[j] χ_j′ (q) |^2 . (3.1)

Note that this partition function does not have the simple form (2.1) so that Cardy’s theory for the classification and construction of D-branes does not apply directly.

An orbifold theory with bulk partition function of the form (3.1) possesses consistent boundary theories which are assigned to orbits [I] of labels I that parametrize the boundary theories of the parent CFT. The open string spectra associated with a pair of such branes on the orbifold are given by

Z^{orb}_{[I][J]}(q) = ∑ g,k N^{gJ}_{I k} χ_k(q) . (3.2)

This agrees precisely with the prediction from the geometric picture of branes on orbifolds. In fact, the I, J can be considered as geometric labels specifying the position of the brane on the covering space. To compute spectrum of two branes [I] and [J] of the orbifold theory, we lift [I] to one of its pre-images I on the covering space and include all the open strings that stretch between this fixed brane I on the cover and an arbitrary pre-image gJ of the second brane [J].

It is important to notice that in many cases the boundary conditions [I] can be further resolved, i.e. there exists a larger set of boundary theories such that [I] can be written as a superposition of boundary theories with integer coefficients. This happens whenever the stabilizer subgroup S_{[I]} is non-trivial. In the absence of discrete torsion, the elementary branes resolving the boundary condition [I] are labeled by characters a, b, c, . . . of S_{[I]}.^1 Geometrically, this corresponds to the fact that the Chan-Paton factors of branes at orbifold fixed points can carry different representations of the stabilizer subgroup.

1More general possibilities including discrete torsion have been discussed in [3, 4, 6, 5, 8, 9]. The extension to general conformal field theory backgrounds can be found in [28]

To spell out the spectrum of open strings stretching between two such resolved branes [I]_a and [J]_b we need some more notation. Let H = H_{[I][J]} ⊂ Γ denote the subgroup S_{[I]} ∩ S_{[J]} of our symmetry group Γ. The characters e^{[I]}_a : S_{[I]} → U(1) and e^{[J]}_b : S_{[J]} → U(1) restrict to the common subgroup H so that the following numbers are well defined

d^{a k}_b := 1 |H| ∑ h∈H e_a(h) (−1)^{Q̂h(k)} e_b(h^{−1}) . (3.3)

With the chosen normalization, d takes values in the set {0, 1}. The partition functions for the resolved branes are given by (see [16, 17, 18, 15] for formulas that deal with general backgrounds)

Z^{orb}_{[I]a[J]b} (q) = 1 |S_{[I]} · S_{[J]}| ∑ g,k N^{gJ}_{I k} d^{a k}_b χ_k(q) . (3.4)

The normalization ensures that the coefficients appearing in front of the characters χ_k(q) are integer. To see this one should note that

N^{gJ}_{I k} ≠ 0 ⇒ N^{g1gg−12 J}_{I k} ≠ 0 for all g_1 ∈ S_{[I]} , g_2 ∈ S_{[J]} .

This means that every term in eq. (3.2) comes with multiplicity |S_{[I]} · S_{[J]}| = |S_{[I]}| |S_{[J]}| |H|^{−1} where the order of the subgroup H appears because H is isomorphic to the kernel of the multiplication map (g_1, g_2) → g_1g^{−1}_2 ∈ Γ. Let us remark that the partition functions (3.4) of the resolved branes sum up to the partition function (3.2) of the projected boundary states. This follows easily from the property ∑ a,b d^{a k}_b = |S_{[I]} · S_{[J]}| of the constants d. Let us note that the expression (3.4) follows the usual intuition that was developed in the context of orbifolds of the form C^n /Γ (see e.g. [1, 5, 10]). In fact, the formula guarantees that an open string mode that transforms according to the representation Q̂_h(k) : h → Q̂_h(k) of the subgroup H appears in the spectrum of strings stretching between the branes [I]_a and [J]_b if and only if the representation e_a of the first brane [I]_a together with the representation Q̂(k) add up to the representation e_b of the second brane [J]_b (‘conservation of charges’).

Restricting at first to unresolved D-branes, we will now give explicit expressions for the operator products of boundary fields. Before writing them down, let us have another look at eq. (3.2) and observe that for fixed I, J, k there can be several group elements g ∈ Γ such that N^{gJ}_{I k} ≠ 0. We denote the associated subspace of Γ by

Γ(^k_{I J} ) = { g ∈ Γ | N^{gJ}_{I k} ≠ 0 } . (3.5)

While the size of Γ(^k_{I J} ) depends only on k and the orbits [I], [J], the subsets Γ(^k_{I J} ) are selected depending on the choice of representatives I ∈ [I] and J ∈ [J]. If we shift these representatives along their orbits, the Γ(^k_{I J} ) shift according to

Γ(^k_{I gJ} ) = g^{−1} Γ(^k_{I J} ) and Γ(^k_{gI J} ) = g Γ(^k_{I J} ) .

The group elements g ∈ Γ(^k_{I J} ) label fields in the boundary theory that describes open strings stretching between the unresolved branes [I] and [J]. We claim that they possess the following operator product expansions,

Ψ^{[L][M ]}

i,g_1 Ψ

[M ][N ] j,g_2 = ∑ k Ψ^{[L][N ]}_{k,g12} (−1)^{−Q̂g1 (j)} F_{g1M,k} [^{i j}_{L g12N} ] + . . . (3.6)

where we suppressed the obvious dependence on world-sheet coordinates. L, M, N are representatives of the orbits [L], [M], [N], and the group element g_{12} on the right hand side is given by

g_{12} = g_1 g_2 ∈ Γ(^k_{L N} ) = Γ(^i_{L M} ) · Γ(^j_{M N} ) .

Consistency of the boundary operator product expansion (3.6) requires that the coefficients on the right hand side satisfy certain sewing constraints that were first formulated by Lewellen [37] (see also [14, 38, 29]). For the case at hand, these are checked in the Appendix A.2.

Let us pause here for a moment and add two comments which can provide some insight into the formula (3.6). First, one should observe that the operator product expansions we propose mimic some kind of crossed product construction.^2 The formal similarities become most obvious if we think of the fields in the orbifold theory as a product of the form Ψ^{[I][J]}_k · g where the notation separates the dependence on the element g ∈ Γ(^k_{I J} ) from the field. In multiplying such composite objects, we

2The relation between crossed products and orbifolds is well known in string theory (see e.g. [39] and references therein).

would begin by moving the g_1 from the first field through the second field. The factor exp(−πiQ̂_{g1}(j)) encodes the non-trivial transformation law (2.6) of the second field under the action of g_1. Following rel. (2.3), multiplication of the two fields gives rise to a fusing matrix on the right hand side of eq. (3.6) and the resulting field comes with a factor g_{12} = g_1g_2. Even though all this discussion is very symbolic, it captures nicely the basic ingredients of the formula (3.6). We will make the connection with the crossed product more precise when we discuss the first example below.

In the special case that all the involved stabilizer groups S are trivial, we can obtain the expansions (3.6) of the orbifold theory directly from the relations (2.3) on the covering space. In fact, under the assumption of trivial stabilizers, the new boundary fields in the orbifold theory can be constructed by averaging the boundary fields of the theory on the cover with respect to the group action, i.e.

Ψ^{[I][J]}_{i,g} (x) := ∑ g^′∈Γ g^′( ψ^{I gJ}_i (x) ) .

Here we have chosen representatives I, J of the orbits [I], [J]. It is then easy to recover eq. (3.6) from the corresponding expansions (2.3) on the cover.

When some of the boundary labels have non-trivial stabilizer groups, the boundary fields of the unresolved theory must be resolved according to the formula (3.4). As we shall show below, this is achieved by the expressions Ψ^{[I]a[J]b} k,g = ∑ g_1∈S_I ∑ g_2∈S_J Ψ^{[I][J]}_{k,g1gg−12} (−1)^{−Q̂g1 (k)}e_a(g_1)e_b(g^{−1}_2 ) . (3.7)

Here, g runs through the set Γ(^k_{I J} ) as above. Note, however, that the set Γ(^k_{I J} ) carries an action of the subgroup S_I · S_J . When we shift a field of the form (3.7) by g_I ∈ S_I and g_J ∈ S_J it behaves according to Ψ^{[I]a[J]b} k,g_I gg^{−1}_J = ea(g −1 I )e_b(g_J ) Ψ^{[I]a[J]b}_{k,g} . (3.8)

After taking these relations into account, the space of boundary fields is labeled by elements in the coset space Γ(^k_{I J} )/S_I · S_J . Furthermore, it is easy to see that the expression (3.7) vanishes if d^{a k}_b = 0. These two observations together show that the space of fields is in agreement with the partition functions (3.4).

The expression for the boundary operator product expansions of the boundary fields (3.7) can now be calculated from the one for the unresolved fields. The result is Ψ^{[I]a[J]b} i,g_1 Ψ [J]c[K]d j,g_2 = δb,c ∑ g∈S_J ,k Ψ^{[I]a[K]d} k,gg_1g_2 eb(g) (−1) −Q̂gg1 (j) F g_1J,k [ i j I gg_1g_2K ] + . . . ,

(3.9)

where we have again neglected to spell out the obvious coordinate dependence. In Appendix A.3 it is shown that the coefficients on the right hand side of the above expression satisfy the appropriate sewing constraint. Our formulas (3.4,3.9) provide a complete solution of the open string sector in the orbifold theory.

4 Applications to WZW- and minimal models

In the final section we want to outline some simple examples of orbifolds that are covered by the general analysis of the previous sections. These include open strings on

a Z2 orbifold of SU(2) and the so-called Deven-series of minimal models. In the former

case, our results admit a nice geometric interpretation which will be discussed at the end of the first subsection.

4.1 The Z_2 orbifold of the SU(2) WZW model

The first example that we are going to discuss is given by orbifolds in the SU(2) WZW model at level k = 4n (see e.g. [40]). Let us start with the diagonal bulk partition function describing the theory before orbifolding. In our convention, the k + 1 different sectors of the model will be labeled by l = 0, 1, ..., k and the bulk partition function is given by Z(q, q̄) = k∑ l=0 | χ_l(q) |^2 . (4.1)

The fusion product of any two sectors l_1, l_2 can be computed using the standard rule

[l_1] × [l_2] = [|l_1 − l_2|] + [|l_1 − l_2| + 2] + · · · + [min(l_1 + l_2, 2k − l_1 − l_2)] . (4.2)

From this we can read off that the simple currents are given by l = 0 and l = k. These two sectors form the group Γ = Z_2 = {0, k} which we will use in the orbifold construction.

To specialize the general formula (3.1) to our example we need some preparation. Let us note first that the charges Q̂ defined in (4.13) can be found from the usual expression for the braiding matrix of the WZW model (see e.g. [33]), which implies

Ω(^i_{l j} ) = (−1)^{12 (i+j+l)} e^{πi(hi+hj −hl)} . (4.3)

Here h_l = l(l + 2)/(4k + 8) is the conformal dimension of the sector l at level k. Using these formulas for our simple currents l = 0 and l = k, we obtain

Q̂_0(j) = 0 , Q̂_k(j) = j 2 . (4.4)

Orbits of Γ = Z_2 consists of pairs {l, k−l} as long as l ≠ k/2 and the sector l = k/2 leads to an orbit of length 1 with stabilizer group S_{[k/2]} = Z_2. An important condition for the general theory to apply is that the members of a Γ-orbit have the same monodromy charge Q = Q̂ mod 1. For the orbits [l] = {l, k−l} this amounts to l/2 = (k−l)/2 mod 1 which holds true since k = 4n is even. Finally, the orbits [l] have vanishing monodromy charge Q if l = 2m and the orbit [k/2] = [2n] of length 1 belongs to this set. All these observations are summarized in the following formula for the partition function of the orbifold theory,

Z^{orb}(q, q̄) = 2n−2∑

l=0 |χ_l(q) + χ_{4n−l}(q)|^2 + 2|χ_{2n}(q)|^2 (4.5)

where the summation is over even l only. Z^{orb} is known as the D_{even} modular invariant of the SU(2) WZW model.

According to the general theory our orbifold model has branes labeled by L = [0], [1], . . . , [k/2−1] and two additional branes [k/2]_± associated with the two characters e_+ and e_− of the stabilizer group S_{k/2} = Z_2. We will not discuss them in full detail here but rather restrict to the most interesting case which appears when the open strings have both ends on branes sitting at the fixed point. Before resolution, the partition function (3.2) for these open strings reads

Z^{orb}_{[k/2][k/2]}(q) = k∑ l=0 2 χ_l(q) (4.6)

where summations runs over even l. To split this Z^{orb} into the partition functions (3.4) for resolved branes [k/2]_± we compute the associated symbol d. In a matrix notation d^l = (d^{a l}_b) it is given by

d^{4p} = ( 1 0 0 1 ) and d^{4p+2} = ( 0 1 1 0 )

with p = 0, . . . , n. When inserted into eq. (3.4), the resolved partition functions become

Z^{orb}_{[k/2]±[k/2]±} (q) = n∑ p=0 χ_{4p}(q) , Z^{orb}_{[k/2]±[k/2]∓}(q) = n∑ p=1 χ_{4p−2}(q) . (4.7)

These expressions are well known from previous studies of boundary conditions in the D_{even} theory (see e.g. [15]). Our formula (3.9) describes the operator products of boundary fields in this model and thereby completes the solution of the model.

It is quite instructive to relate the operator product expansions we found to the geometry of branes at the fixed point. Recall from [41] that branes on the SU(2) are localized along the k+1 ‘integer’ conjugacy classes of SU(2)= S^3. The latter are 2- spheres centered around the origin e ∈ SU(2) with the (k/2)^{th} 2-sphere wrapping the equator of S^3. Since the non-trivial element of our orbifold group Γ = Z_2 acts by reflection g → −g along the equator of S^3, the (k/2)^{th} brane is located along the fixed surface of the group action, in agreement with our algebraic results above.

The algebra Fun(S^2) of functions on the equatorial 2-sphere S^2 ⊂ S^3 is spanned by spherical harmonics Y^l_σ where |σ| ≤ l/2 and l is an even integer (recall that we re-scaled all spins by a factor 2). This algebra inherits an involution ϑ from the reflection on S^3. It acts on spherical harmonics as ϑ(Y^l_σ) = (−1)^{l/2}Y^l_σ. The involution ϑ and its square ϑ^2 = id give rise to an action of Z_2 on Fun(S^2). Following a general construction, we can use this data to pass to the crossed product Fun(S^2) ×_ϑ Z_2. This amounts to extending the algebra of functions on S^2 by one additional element θ = θ_k subject to the conditions θ^2 = 1 and

θ Y^l_σ = ϑ(Y^l_σ) θ = (−1)^{l/2} Y^l_σ θ .

Hence the new algebra is spanned by Y^l_σθ_0 = Y^l_σ and Y^l_σθ, i.e. its basis contains two SU(2) multiplets for each even integer l. All this is very similar to the structure of the partition function (4.6). In fact, we see that the latter contains each representation of the SU(2) current algebra with multiplicity 2. For finite k, however, labels l > k do not appear in the partition function. This truncation in the spectrum of boundary fields is related to the quantization of the spherical branes of the SU(2) WZW model

[34]. One can show that, whenever the level k is finite, all spherical branes on S^3 carry a non-vanishing B-field.^3

The similarity between the crossed product geometry and the open string theory goes much further. For k → ∞ we may identify the basis elements of the crossed products with the boundary primary fields according to

V [Y^l_σθ_g](x) = Ψ^{[k/2][k/2]}_{l,σ;g} for g ∈ Z_2 .

Here, σ labels different boundary fields associated with the ground states of the sector l of the WZW-model. Following the arguments in [34], it is easy to see that this identification preserves the multiplication, i.e. one finds

Ψ^{[k/2][k/2]}

i,σ_1;g_1 (x1) Ψ [k/2][k/2] j,σ_2;g_2 (x2)

k→∞→ V [Y^l_{σ1} θ_{g1}Y^l_{σ2} θ_{g2} ](x_2) + . . .

In the spirit of [42, 34], this shows that the geometry of the unresolved equatorial brane is described by the crossed product Fun(S^2) ×_ϑ Z_2.

Passing on to the geometry of the resolved branes, it is rather easy to see that the elements Y^l_σ · (1 ± θ), l = 4m, generate two sub-algebras of Fun(S^2) ×_ϑ Z_2. These elements correspond to primary boundary fields (3.7) for open strings which have both ends on the same resolved brane [k/2]_±. The rest of the basis in the crossed product, namely the elements Y^l_σ · (1 ± θ), l = 4m − 2, are associated with open strings that stretch between two different resolved branes.

We conclude this section with a few remarks on the dynamics of branes in SU(2)/Z_2. Let us remark first that for a spherical brane with fixed label L the computation of the effective action carries over from [34]. This means that one still finds a linear combination of a Yang-Mills and a Chern-Simons term on a fuzzy S^2 to control the behavior of these branes in the limit k → ∞. In particular, a stack of D0 branes at the origin is unstable and it can expand into a spherical brane. Following the reasoning of [43, 44], one can show that these (unresolved) branes contribute a term Z_{k/2+1} to the charge group of the background. In addition, the resolved branes at the equator carry one extra charge that can be measured through the coupling of the closed string states in the twisted sector when the level k becomes large.

3In the k ! 1 theory, the B-field can be non-zero, but it vanishes on the equatorial 2-sphere.

4.2 D-branes in the D-series of minimal models

In this section we will analyze D-branes in minimal models. Our aim is to show that our general theory is applicable to branes in the D_{even}-series of minimal models. Their boundary operator product expansions were first analysed by Runkel in [29], but the resulting expressions where rather complicated and difficult to work with. For the case of the D_{even}-series, our formulas represent a considerable simplification.

Minimal models M(p, p^′) are labeled by two integers p,p^′ [40]. Their chiral algebra is generated by Virasoro fields with central charge

c = 1 − 6

(p − p^′)^2 pp^′ . (4.8)

The primary fields are labeled by pairs (r, s) with 1 ≤ r ≤ p^′ − 1 and 1 ≤ s ≤ p − 1. We compute their conformal weights through the formula h_{r,s} = (pr − p^′s)^2 − (p − p^′)^2 4pp^′ . (4.9)

Let us note that each sector of the model is represented by two pairs of the form (r, s). More precisely, the two labels (r, s) ↔ (p^′ − r, p − s) (4.10) are associated with the same sector. This is consistent with the formula (4.9) for the conformal weights and it motivates to introduce the fundamental region E(p, p^′) containing pairs (r, s) which satisfy p^′s < pr. By construction, E(p, p^′) contains each sector exactly once. For unitarity it is needed that p = p^′ + 1 and from now on we always assume this to be the case.

Let us proceed by investigating which simple currents are present in this model. This can be read off from the well known fusion rules (r, s) × (m, n) = kmax∑

k=1+|r−m| k+r+m=1 mod 2

lmax∑

l=1+|s−n| l+s+n=1 mod 2 (k, l) (4.11)

where k_{max} = min(r + m − 1, 2p^′ − (r + m + 1)) l_{max} = min(s + n − 1, 2p − (s + n + 1))

. (4.12)

Using these formulas together with the identifications (4.10), it is rather easy to see that the simple currents are given by the labels (1, 1) and (p^′ − 1, 1) ∼= (1, p − 1). Obviously, these two simple currents generate a group Γ = {(1, 1), (p^′ − 1, 1)} ∼= Z_2. This is the group that we use in the orbifold construction. The orbits [(r, s)] contain the sectors (r, s) and (p^′ − r, s) ∼= (r, p − s). A non-trivial stabilizer S_{(r,s)} = Z_2 appears if r = p^′/2 or s = p/2.

Next, we shall construct the charge Q̂_g(j) of a sector j with respect to a simple current g. Using the definition of Q̂_g(j) from (4.13), and the relation Ω(^j_{gj g} ) = exp πi(h_j + h_g − h_{gj} ), we can conclude that

Q̂_g(j) = h_j + h_g − h_{gj} mod 2 . (4.13)

Inserting the formula (4.9) for conformal weights and the labels for elements of the orbifold group Γ = {(1, 1), (p^′ − 1, 1)}, the expression for Q̂ reduces to

Q̂_{(1,1)}(r, s) = 0 mod 2

Q̂_{(p′−1,1)}(r, s) = −rs + 1 + 1 2 (pr + p^′s − p − p^′) mod 2 .

(4.14)

The condition Q_Γ[(r, s)] = 0 of vanishing monodromy charge is satisfied for odd r if p^′ is even and for odd s if p is even.

Let us now write down the relevant bulk partition functions. The A-series bulk partition function is given by the diagonal modular invariant Z_{Ap′−1,Ap−1} = ∑ (r,s)∈E(p,p′) |χ_{r,s}(q)|^2. (4.15)

From this we can obtain the following D_{even}-series partition functions by orbifolding with the simple current group Γ = Z_2 = {(1, 1), (p^′ − 1, 1)} (see e.g. [40]),

p^′ = 2(2m + 1) : Z_{Dp′/2+1,Ap−1} = 1 2 ∑ (r,s)∈E(p,p′) r odd |χ_{r,s}(q) + χ_p′_{−r,s}(q)|^2, (4.16)

p = 2(2m + 1) : Z_{Ap′−1,Dp/2+1} = 1 2 ∑ (r,s)∈E(p,p′ ) s odd |χ_{r,s}(q) + χ_{r,p−s}(q)|^2, (4.17) where m is an integer. Note that the unitarity condition p = p^′ + 1 implies that either p or p^′ is even but the conditions we have formulated above require that neither p nor p^′ is a multiple of 4. The partition functions of the D_{even}-series are precisely of the form (3.1). This can be seen using the properties of the simple currents, the field identification (4.10) and the discussion from the previous paragraph. To explain the pre-factors 1/2 we have a short look at the first partition function (4.16). If the first entry r in the label j = (r, s) is odd then so is p^′ − r in gj = (p^′ − r, s). Consequently, each orbit [j] with trivial stabilizer will contribute twice to the sum over E(p, p^′). When j = (r, s) has a non-trivial stabilizer subgroup, the argument is slightly modified: From (3.1), we infer that such a term will appear with a factor of 2. This is in agreement with (4.16), since χ_{r,s} + χ_p′_{−r,s} = 2χ_{r,s} so that the character of a fixed point appears with a factor 4 before we multiply the whole partition function by 1/2. The same arguments apply to eq. (4.17).

As discussed previously, an orbifold theory with a bulk partition function of the type (3.1) possesses consistent boundary theories with partition functions given by formula (3.4),

Z^{orb}_{[I]a[J]b}(q) = ∑ k∈E(p,p^′) n^{[J]b} [I]a k χk(q) , (4.18) where n^{[J]b} [I]a k = 1 |S_{[I]} · S_{[J]}| d^{a k}_b ∑ g∈Γ N^{gJ}_{I k} . (4.19)

Since |S_{[I]} · S_{[J]}| = |S_{[I]}| |S_{[J]}| |H|^{−1}, we conclude that |S_{[I]} · S_{[J]}| = 1 if neither [I] nor [J] has a non-trivial stabilizer subgroup. If at least one of them does, the correct factor is instead |S_{[I]} · S_{[J]}| = 2. Moreover, we have d^{(r,s)} = 1 if either [I] or [J] has trivial stabilizer. Otherwise, the labels a, b can assume two different values a, b = ± and using the same matrix notations as in the previous subsection the symbol d reads d^{(r,s)} = ( 1 0 0 1 ) if s = 1 mod 4

d^{(r,s)} = ( 0 1 1 0 ) if s = 3 mod 4 .

Here, we assumed that p = 2(2m + 1). The same expressions for d are used in case of p^′ = 2(2m + 1) but with conditions depending on r rather than s. Collecting the results for this discussion, we conclude that

(1) n^{[J]b} [I]a k = N J I k + N^{gJ}_{I k} (2) n^{[J]b} [I]a k = N J I k = N^{gJ}_{I k} (3) n^{[J]b} [I]a k = N J I k = d^{a k}_b , (4.20)

where (1) is valid when neither stabilizer subgroup is non-trivial, (2) applies to the case when precisely one stabilizer subgroup is non-trivial and (3) describes the case of both stabilizer subgroups being non-trivial. We note that these spectra coincide with the partition functions that were studied by Runkel [29]. Hence, our general theory is indeed applicable to the D_{even}-series of minimal models for the modular invariants (4.16) and (4.17), resulting in rather simple formulas for the boundary operator product expansions of the associated boundary theories. Most importantly, this opens the way for studies of brane dynamics in the D_{even}-series of minimal models along the lines of [45].

5 Conclusions and outlook

In this work we provided the boundary operator product expansions (3.6,3.9) for a large class of orbifolds and illustrated the results in two non-trivial examples. Whereas

the Z2 orbifold of the SU(2) WZW-model admits a nice geometric interpretation, there

is no obvious geometry underlying the D_{even}-series of the minimal models. It is one of the advantages of boundary conformal field theory techniques that they do not require the existence of any geometric orbifold action.

The most important applications of our results are associated with the investigation of B-type branes in Gepner models. As proposed in [25], these branes should be analysed as A-type branes on the mirror where the latter is realized as an orbifold using the Greene-Plesser construction [46]. Together with the projection on integer charges, the Greene-Plesser orbifold group fits into the framework we have discussed here. To be precise, let us note that discrete torsion can occur for B-type branes in Gepner models [27, 28]. Based on the formula (3.6) for the unresolved branes, however, it is not difficult to include such cases into our formalism.

The boundary operator product expansions of the form (3.6, 3.9) may be used to calculate correlation functions of open string vertex operators for a very large class of branes in Gepner models. Computations of this type were initiated in [30] in the case of A-type branes and they can provide important insight into the super-potential of branes deep in the stringy regime. For B-type branes, this is particularly interesting since one expects that such data do not require corrections upon variation of the Kähler moduli. Hence, the conformal field theory data may be compared with geometric results in the large volume whenever the latter are available. Otherwise, conformal field theory predicts e.g. the dimension of moduli spaces for super-symmetric cycles. These issues are currently under investigation.

Acknowledgments: We wish to thank A.Yu. Alekseev, I. Brunner, A. Recknagel, I. Runkel and E. Scheidegger for support and discussions. K.M. and M.S. are grateful to INTAS for the grant INTAS 99-01705, to the Swedish Institute for the grant SI/DAAD 7145/1997 and to the Max-Planck-Institut in Potsdam. These three organisations supported a one month stay at the AEI Potsdam where this work was initiated.

A Appendix: Solution of the sewing constraints

Sewing constraints for the coefficients of operator product expansions are consistency conditions which are obtained by taking different limits in correlation functions [37, 38, 29]. In this section we wish to show that the solutions we propose do indeed satisfy the appropriate sewing constraints. We begin by making some preliminary considerations. Then we proceed to the cases at hand, the unresolved and the resolved branes in the orbifold theory.

A.1 Collection of relevant formulas

Let us begin by collecting a few relations which will prove to be useful below. First, we note that the charges Q̂_g(k) provide a representation of the simple current orbifold group Γ in the sense that Q̂_{g1g2} (k) = Q̂_{g1} (k) + Q̂_{g2} (k) , Q̂_{id}(k) = 0 . (A.1)

The latter equation is a consequence of the former. Moreover, from the work [33], we know that the fusing matrix F obeys the pentagon relation, ∑ s F_{p2,s} [^{j k}_{p1 b} ]F_{p1,l} [^{i s}_{a b} ]F_{s,r} [^{i j}_{l k} ] = F_{p1,r} [^{i j}_{a p2} ]F_{p2,l} [^{r k}_{a b} ] , (A.2) along with the following relation, expressing a symmetry of the fusing matrix F , F_{p,i} [^{j k}_{n l} ]F_{n,0} [^{i i}_{l l} ] = F_{n,k} [^{i j}_{l p} ]F_{p,0} [^{k k}_{l l} ] . (A.3) Recall that in our conventions, the label 0 corresponds to the vacuum representation. Completing the list of properties of the fusing matrix, we finally note the relation F_{p,0} [^{i i∨}_{j k} ] = 0 if j ≠ k^∨ (A.4) To simplify notations we will assume that j = j^∨ throughout this appendix. Proofs for the general case follow the same strategy but are a bit more tedious.

Based on the relations (A.1)-(A.4) we will now derive an equation that will serve as departing point for the proof of the sewing constraints. Before stating it, we need some more notation. Let us choose four elements

g_1 ∈ Γ(^i_{I J} ) , g_2 ∈ Γ(^j_{J K} ) , g_3 ∈ Γ(^k_{K L} ) , g_4 ∈ Γ(^l_{L I} ) (A.5) and use the shorthand notation g_{12} for the product g_1g_2 etc. Furthermore, we pick group elements g_I ∈ S_I , g_J ∈ S_J etc. satisfying the relation g_1g_2g_3g_4g_I g_J g_K g_L = id . (A.6) After this preparation we want to show that the constants C^{[I]a[J]b[K]c} (i,g1)(j,g2)(k,g12g̃) := Fg1J,k [ i j I g_{12}g̃K ](−1) −Q̂g1g̃ (j)e b(g̃) (A.7) obey the following system of equations, C^{[J]b[K]c[L]d} (j,g2)(k,g3)(q,g23gK)C [I]a[J]b[L]d (i,g1)(q,g23gK)(l,g123gKgJ )C [I]a[L]d[I]a (l,g123gKgJ )(l,g4)(0,g123g4gKgJ gL) = ∑ p C^{[I]a[J]b[K]c} (i,g1)(j,g2)(p,g12gJ )C [K]c[L]d[I]a (k,g3)(l,g4)(p,g34gL)C [I]a[K]c[I]a (p,g12gJ )(p,g34gL)(0,g12g34gJ gLgK )Fp,q [ j k i l ] . (A.8)

To prove this relation we spell out its right-hand side (rhs) using (A.7) and the eq. (A.1),

rhs = ∑ p F_{g1J,p} [^{i j}_{I g12gJ K} ] F_{g3L,p} [^{k l}_{K g34gLI} ] F_{g12gJ K,0} [^{p p}_{I I} ] F_{p,q} [^{j k}_{i l} ] (−1)^{−Q̂g1 (j)−Q̂g3 (l)−Q̂g12 (p)−Q̂gJ (p)−Q̂gJ (j)−Q̂gL (l)−Q̂gK (p)} . (A.9)

We now want to apply the pentagon relation. To this end, let us rewrite the first and third fusing matrix in the previous expression with the help of eqs. (A.3) and (2.7) for g = g_{34}, i.e.

F_{g1J,p} [^{i j}_{I g12gJ K} ]F_{g12gJ K,0} [^{p p}_{I I} ] = F_{g12gJ K,i} [^{j p}_{g1J I} ]F_{g1J,0} [^{i i}_{I I} ]

= F_{g1234gJ K,i} [^{j p}_{g134J g34I} ]F_{g1J,0} [^{i i}_{I I} ](−1)^{Q̂g34 (i)−Q̂g34 (j)−Q̂g34 (p)} .

As for the second fusing matrix of expression (A.9), we shift it using (2.7) with g = g^{−1}_{IL} . Altogether, these changes bring (A.9) to a suitable form such that the pentagon relation (A.2) can be inserted to obtain

rhs = F_{g1234gJ K,q} [^{j k}_{g134J g3g}−1_{IL L} ]F_{g3g}−1_{IL L,i} [^{q l}_{g134J g34I} ]F_{g1J,0} [^{i i}_{I I} ] (−1)^{Q̂gIL (k)+Q̂gIL (l)+Q̂g34 (i)−Q̂g34 (j)−Q̂g1 (j)−Q̂g3 (l)−Q̂gJ (j)−Q̂gL (l)} . (A.10)

The final step consists of yet another rewriting of all the fusing matrices. We shift the first fusing matrix using (2.7) with g = g_2g_{IKL}, while the second is shifted with g = g^{−1}_{34} . The second and third fusing matrix can then be rewritten using (A.3). If we also take advantage of (A.1), the right-hand side is finally turned into rhs = F_{g2K,q} [^{j k}_{J g23gKL} ]F_{g1J,l} [^{i q}_{I g123gJKL} ]F_{g123gJK L,0} [^{l l}_{I I} ] (−1)^{−Q̂g2 (k)−Q̂g1 (q)−Q̂g123 (l)−Q̂gJK (l)−Q̂gK (k)−Q̂gJ (q)−Q̂gL (l)} . (A.11)

This is identical to the left-hand side of (A.8), as can be seen using (A.7) and it therefore completes our derivation of the equation (A.8).

A.2 Sewing constraints for the unresolved case

In equation (3.6), we claim that the operator product expansion in the unresolved theory is

Ψ^{[L][M ]}

i,g_1 (x1)Ψ

[M ][N ] j,g_2 (x2) = ∑ k (x_1 − x_2)^{hi+hj −hk} Ψ^{[L][N ]}_{k,g12} (x_2)C^{[L][M ][N ]}_{(i,g1)(j,g2)(k,g12)} + . . . (A.12) where the coefficients are given by C^{[L][M ][N ]} (i,g1)(j,g2)(k,g12) = Fg1M,k [ i j L g_{12}N ](−1)

−Q̂g1 (j) . (A.13)

Here and in the following the elements g_i are taken from subsets of Γ that we have specified in (A.5).

The coefficients (A.13) must satisfy the following version of the sewing relations (see [37, 38, 29]),

C^{[J][K][L]} (j,g2)(k,g3)(q,g23)C [I][J][L] (i,g1)(q,g23)(l,g123)C [I][L][I] (l,g123)(l,g4)(0,g123g4) = ∑ p C^{[I][J][K]} (i,g1)(j,g2)(p,g12)C [K][L][I] (k,g3)(l,g4)(p,g34)C [I][K][I] (p,g12)(p,g34)(0,g12g34)Fp,q [ j k i l ] (A.14)

If g_{1234} ∉ S_I then both sides of the equation vanish because the third operator product coefficient on either side is zero. Hence we can assume that g_{1234} ∈ S_I . We then derive the relation (A.14) from the master equation (A.8) by setting g_J = g_K = g_L = e and g_I = g^{−1}_{1234} ∈ S_I .

A.3 Sewing constraints for the resolved case

We turn now to the resolved case. Our claim is that the operator product expansions for resolved boundary fields are given by Ψ^{[I]a[J]b} i,g_1 (x1) Ψ [J]b[K]c j,g_2 (x2) = ∑ k,g̃∈S_J (x_1 − x_2)^{hi+hj −hk} Ψ^{[I]a[K]c}_{k,g1g2g̃} (x_2) C^{[I]a[J]b[K]c}_{(i,g1)(j,g2)(k,g12g̃)} + . . . (A.15) where the coefficients are given by C^{[I]a[J]b[K]c} (i,g1)(j,g2)(k,g12g̃) = Fg1J,k [ i j I g_{12}g̃K ](−1) −Q̂g1g̃(j)e b(g̃) . (A.16)

The associated sewing relation is obtained from evaluating products of four different boundary fields [37, 38, 29] in two different ways. Comparison of the contributions from the identity fields gives ∑ g̃,g̃′,g̃′′ C^{[J]b[K]c[L]d} (j,g2)(k,g3)(q,g23g̃′′)C [I]a[J]b[L]d (i,g1)(q,g23g̃′′)(l,g123g̃′′g̃)C [I]a[L]d[I]a (l,g123g̃′′g̃)(l,g4)(0,g123g4g̃′′g̃g̃′)Ψ [I]a[I]a 0,g̃g̃′g̃′′ = ∑ g,g^′,g^{′′} ∑ p C^{[I]a[J]b[K]c} (i,g1)(j,g2)(p,g12g)C [K]c[L]d[I]a (k,g3)(l,g4)(p,g34g′)C [I]a[K]c[I]a (p,g12g)(p,g34g′)(0,g12g34gg′g′′)Ψ [I]a[I]a 0,gg′g′′ Fp,q [ j k i l ] (A.17)

where g, g̃ ∈ S_J , g^′, g̃^′ ∈ S_L and g^{′′}, g̃^{′′} ∈ S_K. In spelling out these equations, we have decided to keep the identity field. This allows us to take care of the obvious linear relations (3.8) that exist between our boundary fields.

To take advantage of our relation (A.8), we choose to compare terms on the left-hand side and right-hand side such that g = g̃ = g_J , g^′ = g̃^′ = g_L and g^{′′} = g̃^{′′} = g_K where we have indicated our choice of the group elements g_J , g_L, g_K at the same time. As in the unresolved case, the sewing relation holds trivially for g_{1234}g_{IJK} ∉ S_I . Otherwise, we can choose g_I ∈ S_I with the help of equation (A.6) and obtain the terms in our sewing relations (A.17) from the corresponding terms in equation (A.8).

References

[1] M.R. Douglas, G. Moore, D-branes, Quivers, and ALE Instantons, hepth/9603167.

[2] I. Affleck, M. Oshikawa, Boundary conformal field theory approach to the twodimensional critical Ising model with a defect line, Nucl. Phys. B495 (1997) 533- 582, cond-mat/9612187.

[3] M.R. Douglas, D-branes and Discrete Torsion, hep-th/9807235.

[4] M.R. Douglas, B. Fiol, D-branes and Discrete Torsion II, hep-th/9903031.

[5] D. Diaconescu, J. Gomis, Fractional branes and boundary states in orbifold theories, J. High Energy Phys. 0010 (2000) 001, hep-th/9906242.

[6] J. Gomis, D-branes on orbifolds with discrete torsion and topological obstruction, J. High Energy Phys. 0005 (2000) 006, hep-th/0001200.

[7] M.R. Gaberdiel, B. Stefanski, Dirichlet Branes on Orbifolds, Nucl. Phys. B578 (2000) 58-84, hep-th/9910109.

[8] M.R. Gaberdiel, Discrete torsion orbifolds and D-branes, J. High Energy Phys.

0011 (2000) 026, hep-th/0008230.

[9] B. Craps, M.R. Gaberdiel, Discrete torsion orbifolds and D-branes. II, J. High Energy Phys. 0104 (2001) 013, hep-th/0101143.

[10] M. Billo, B. Craps, F. Roose, Orbifold boundary states from Cardy’s condition, J. High Energy Phys. 0101 (2001) 038, hep-th/0011060.

[11] E.G. Gimon, J. Polchinski, Consistency Conditions for Orientifolds and D- Manifolds, Phys. Rev. D 54 (1996) 1667, hep-th/9601038.

[12] G. Pradisi, A. Sagnotti, Open String Orbifolds, Phys. Lett. B216 (1989) 59.

[13] G. Pradisi, A. Sagnotti, Y.S. Stanev, The Open descendants of nondiagonal SU(2) WZW models, Phys. Lett. B356 (1995) 230, hep-th/9506014.

[14] G. Pradisi, A. Sagnotti, Y.S. Stanev, Completeness Conditions for Boundary Operators in 2D Conformal Field Theory, Phys. Lett. B381 (1996) 97, hepth/9603097.

[15] R.E. Behrend, P.A. Pearce, V.B. Petkova, J. Zuber, Boundary Conditions in Rational Conformal Field Theories, Nucl. Phys. B579 (2000), 707-773, hep-th/9908036.

[16] R.E. Behrend, P.A. Pearce, V.B. Petkova, J.B. Zuber, On the classification of bulk and boundary conformal field theories, Phys. Lett. B444 (1998) 163, hepth/9809097.

[17] J. Fuchs, C. Schweigert, Orbifold analysis of broken bulk symmetries, Phys. Lett.

B447 (1999) 266, hep-th/9811211.

[18] J. Fuchs, C. Schweigert, Symmetry breaking boundaries. I: General theory, Nucl.

Phys. B558 (1999) 419, hep-th/9902132.

[19] L. Birke, J. Fuchs, C. Schweigert, Symmetry breaking boundary conditions and WZW orbifolds, Adv. Theor. Math. Phys. 3 (1999) 671, hep-th/9905038.

[20] A.N. Schellekens, S. Yankielowicz, Extended chiral algebras and modular invariant partition functions, Nucl. Phys. B327 (1989) 673-703

[21] A.N. Schellekens, S. Yankielowicz, Simple Currents, Modular Invariants And Fixed Points, Int. J. Mod. Phys. A 5 (1990) 2903.

[22] L.R. Huiszoon, A.N. Schellekens, N. Sousa, Open Descendants on Non-Diagonal Invariants, Nucl. Phys. B575 (2000) 401-415, hep-th/9911229.

[23] A.N. Schellekens, Open strings, simple currents and fixed points, hep-th/0001198.

[24] S. Govindarajan, T. Jayaraman, T. Sarkar, Worldsheet approaches to D-branes on supersymmetric cycles, Nucl. Phys. B580 (2000) 519-547, hep-th/9907131.

[25] I. Brunner, V. Schomerus, D-branes at singular curves of Calabi-Yau compactifications, J. High Energy Phys. 0004 (2000) 020, hep-th/0001132.

[26] J. Fuchs, C. Schweigert, J. Walcher, Projections in string theory and boundary states for Gepner models, Nucl. Phys. B588 (2000) 110-148, hep-th/0003298.

[27] J. Fuchs, P. Kaste, W. Lerche, C. Lütken, C. Schweigert, J. Walcher, Boundary Fixed Points, Enhanced Gauge Symmetry and Singular Bundles on K3, Nucl. Phys. B598 (2001) 57-72, hep-th/0007145.

[28] J. Fuchs, L.R. Huiszoon, A.N. Schellekens, C. Schweigert, J. Walcher, Boundaries, crosscaps and simple currents, Phys. Lett. B495 (2000) 427-434, hep-th/0007174.

[29] I. Runkel, Structure constants for the D-series Virasoro minimal models, Nucl.

Phys. B579 (2000) 561, hep-th/9908046.

[30] I. Brunner, V. Schomerus, On superpotentials for D-branes in Gepner models, J.

High Energy Phys. 0010 (2000) 016, hep-th/0008194.

[31] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl.

Phys. B324 (1989) 581

[32] A. Recknagel, V. Schomerus, D-branes in Gepner models, Nucl. Phys. B531 (1998) 185, hep-th/9712186.

[33] G. Moore, N. Seiberg, Lectures on RCFT, Physics, Geometry, and Topology, Plenum Press, New York, 1990; Classical and Quantum Conformal Field Theory, Commun. Math. Phys. 123 (1989) 177

[34] A.Yu. Alekseev, A. Recknagel, V. Schomerus, Non-commutative world-volume geometries: Branes on SU(2) and fuzzy spheres, J. High Energy Phys. 9909 (1999) 023, hep-th/9908040; Brane dynamics in background fluxes and non-commutative geometry, J. High Energy Phys. 0005 (2000) 010, hep-th/000318.

[35] G. Felder, J. Fröhlich, J. Fuchs, C. Schweigert, The geometry of WZW branes, J.

Geom. Phys. 34 (2000) 162, hep-th/9909030.

[36] G. Felder, J. Fröhlich, J. Fuchs, C. Schweigert, Conformal boundary conditions and three-dimensional topological field theory, Phys. Rev. Lett. 84 (2000) 1659, hep-th/9909140.

[37] D.C. Lewellen, Sewing constraints for conformal field theories on surfaces with boundaries, Nucl. Phys. B372 (1992) 654

[38] I. Runkel, Boundary structure constants for the A-series Virasoro minimal models, Nucl. Phys. B549 (1999) 563, hep-th/9811178.

[39] D. Berenstein, R.G. Leigh, Resolution of stringy singularities by non-commutative algebras, J. High Energy Phys. 0106 (2001) 030, hep-th/0105229.

[40] P. Di Francesco, P. Mathieu, D. Senechal, Conformal Field Theory, Springer- Verlag (1997)

[41] A.Yu. Alekseev, V. Schomerus, D-branes in the WZW model, Phys. Rev. D 60 (1999) 061901, hep-th/9812193.

[42] V. Schomerus, D-branes and deformation quantization, J. High Energy Phys. 9906 (1999) 030, hep-th/9903205

[43] A.Yu. Alekseev, V. Schomerus, RR charges of D2-branes in the WZW model, hep-th/0007096.

[44] S. Fredenhagen, V. Schomerus, Branes on group manifolds, gluon condensates, and twisted K-theory, J. High Energy Phys. 0104 (2001) 007, hep-th/0012164.

[45] A. Recknagel, D. Roggenkamp, V. Schomerus, On relevant boundary perturbations in unitary minimal models, Nucl. Phys. B588 (2000) 552, hep-th/0003110.

[46] B.R. Greene, M.R. Plesser, Duality in Calabi-Yau moduli space, Nucl. Phys. B338 (1990) 15-37.