arXiv:hep-th/0108129 17 Aug 2001

AXIALLY SYMMETRIC MONOPOLES AND BLACK HOLES IN EINSTEIN-YANG-MILLS-HIGGS THEORY

Betti Hartmann Fachbereich Physik, Universität Oldenburg, Postfach 2503 D-26111 Oldenburg, Germany Burkhard Kleihaus Department of Mathematical Physics, University College, Dublin, Belfield, Dublin 4, Ireland Jutta Kunz Fachbereich Physik, Universität Oldenburg, Postfach 2503 D-26111 Oldenburg, Germany (August 17, 2001)

We investigate static axially symmetric monopole and black hole solutions with magnetic charge n ≥ 1 in Einstein-Yang-Mills-Higgs theory.

For vanishing and small Higgs selfcoupling, multimonopole solutions are gravitationally bound. Their mass per unit charge is lower than the mass of the n = 1 monopole. For large Higgs selfcoupling only a repulsive phase exists.

The static axially symmetric hairy black hole solutions possess a deformed horizon with constant surface gravity. We consider their properties in the isolated horizon framework, interpreting them as bound states of monopoles and black holes. Representing counterexamples to the “no-hair” conjecture, these black holes are neither uniquely characterized by their horizon area and horizon charge.

I. INTRODUCTION

Magnetic monopoles [1], multimonopoles [2–5] and monopole-antimonopole pair solutions [6,7] are globally regular solutions of SU(2) Yang-Mills-Higgs (YMH) theory, with Higgs field in the triplet representation. Since their magnetic charge is proportional to their topological charge, the monopoles and multimonopoles reside in topologically non-trivial sectors of the theory, whereas the monopole-antimonopole pair solutions are topologically trivial.

In the Bogomol’nyi-Prasad-Sommerfield (BPS) limit [8,9], where the strength of the Higgs self-interaction potential vanishes, the mass of the monopole and multimonopole solutions saturates its lower bound, the Bogomol’nyi bound. In particular, the mass per unit charge of an n > 1 monopole is precisely equal to that of the n = 1 monopole. The massless Higgs field mediates a long range attractive force which exactly cancels the long range repulsive magnetic force of the U (1) field [10,11].

For finite Higgs selfcoupling, however, the Higgs field is massive and therefore decays exponentially. Consequently the long range magnetic field dominates at large distances, leading to the repulsion of like monopoles [12]. In particular, as verified numerically for n = 2 and n = 3 monopoles [4], the mass per unit charge of an n > 1 monopole is higher than the mass of the n = 1 monopole. Thus for finite Higgs selfcoupling there is only a repulsive phase between like monopoles.

Let us now consider the effect of gravity on the monopole and multimonopole solutions. When gravity is coupled to YMH theory, a branch of gravitating monopole solutions emerges from the flat space monopole solution [13]. With increasing gravitational strength, the mass of the gravitating monopole solutions decreases monotonically. The branch of monopole solutions extends up to some maximal value of the gravitational strength, beyond which the size of the soliton core would be smaller than the Schwarzschild radius of the solution [13]. The same holds true for static axially symmetric gravitating multimonopole solutions [14]. All these solutions are asymptotically flat.

The inclusion of gravity allows for an attractive phase of like monopoles not present in flat space [14]. There arises a region of parameter space, where the mass per unit charge of the gravitating multimonopole solutions is lower than the mass of the gravitating n = 1 monopole. Here the multimonopole solutions are gravitationally bound.

To every regular monopole solution there exists a corresponding family of black hole solutions with regular event horizon and horizon radius 0 < x_Δ ≤ x_{Δ,max} [13]. Likewise, to every regular axially symmetric multimonopole solution there exists a corresponding family of black hole solutions with regular event horizon [14]. Outside their event horizon these black hole solutions possess non-trivial non-abelian fields. Therefore they represent counterexamples to the “no-hair” conjecture. The axially symmetric black hole solutions additionally show, that static black hole solutions need not be spherically symmetric, i. e. Israel’s theorem cannot be generalized to non-abelian theories either [15–17].

Considering the non-abelian black hole solutions in the isolated horizon framework [18–20], they can be interpreted as bound states of monopoles and black holes [20]. In particular, the isolated horizon framework yields an intriguing relation for the mass of hairy black hole solutions, representing it as the sum of the monopole mass and the horizon mass of the black hole solutions [19]. Having shown previously, that this relation is also valid for black holes inbetween monopole-antimonopole pair solutions [21], we here verify this relation for the magnetically charged hairy black hole solutions. The isolated horizon formalism has furthermore led to new conjectures for black holes. In particular, a “quasilocal uniqueness conjecture” has been proposed, stating that static black holes are uniquely characterized by their horizon area and horizon charge(s) [19]. We investigate the validity of this conjecture for the EYMH black hole solutions.

This paper presents a detailed account of the static axially symmetric multimonopole and black hole solutions, reported in [14]. In section II we present the action, the axially symmetric ansatz in isotropic spherical coordinates and the boundary conditions. In section III we recall the spherically symmetric solutions, presenting them in isotropic coordinates. In section IV we discuss the properties of the axially symmetric regular multimonopole solutions, and in section V those of the black hole solutions. We present our conclusions in section V. In Appendix A some details of the quantities F_{μν} , D_μΦ and T_{μν} are shown, and in Appendix B the numerical technique is briefly described.

II. EINSTEIN-YANG-MILLS-HIGGS EQUATIONS OF MOTION

A. Einstein-Yang-Mills-Higgs action

We consider the SU(2) Einstein-Yang-Mills-Higgs action S = ∫ ( R 16πG − 1 2 Tr(F_{μν} F^{μν}) − 1 4 Tr(D_μΦD^μΦ) − 1 8 λTr(Φ^2 − η^2)^2 ) √ −gd^4x, (1) with field strength tensor

F_{μν} = ∂_μA_ν − ∂_ν A_μ + ie [A_μ, A_ν] , (2)

of the gauge field

A_μ = 1 2 τ^aA^a_μ , (3)

and with covariant derivative

D_μΦ = ∂_μΦ + ie [A_μ, Φ] , (4)

of the Higgs field in the adjoint representation

Φ = τ^aϕ^a . (5)

Here g denotes the determinant of the metric. The constants in the action represent Newton’s constant G, the Yang- Mills coupling constant e, the Higgs self-coupling constant λ and the vacuum expectation value of the Higgs field η. Variation of the action (1) with respect to the metric g^{μν} leads to the Einstein equations G_{μν} = R_{μν} − 1 2 g_{μν}R = 8πGT_{μν} (6) with stress-energy tensor

T_{μν} = g_{μν} L_M − 2 ∂L_M ∂g^{μν} = Tr( 1 2 D_μΦD_ν Φ − 1 4 g_{μν}D_αΦD^αΦ) + 2Tr(F_{μα}F_{νβ}g^{αβ} − 1 4 g_{μν} F_{αβ}F^{αβ}) − 1 8 g_{μν} λTr(Φ^2 − η^2)^2 . (7)

Variation with respect to the gauge field A_μ and the Higgs field Φ leads to the matter field equations, 1 √ −g D_μ( √ −gF^{μν} ) − 1 4 ie[Φ, D^ν Φ] = 0 , (8) 1 √ −g D_μ( √ −gD^μΦ) + λ(Φ^2 − η^2)Φ = 0 , (9)

respectively.

B. Static axially symmetric ansatz

Instead of the Schwarzschild-like coordinates, used for the spherically symmetric EYM and EYMH solutions [22,23,13] (see section III), we adopt isotropic coordinates as in [24,16,25,17,26,21,14], to construct static axially symmetric solutions. In terms of the spherical coordinates r, θ and φ the isotropic metric reads

ds^2 = −fdt^2 + m f dr^2 + mr^2 f dθ^2 + lr^2 sin^2 θ f dφ^2 , (10)

where the metric functions f, m and l are only functions of the coordinates r and θ. The z-axis (θ = 0) represents the symmetry axis. Regularity on this axis requires [27]

m|_{θ=0} = l|_{θ=0} . (11)

We take a purely magnetic gauge field, A_0 = 0, and choose for the gauge field the ansatz [3,28,24,16,25,17,14] A_μdx^μ = 1 2er [ τ^n_φ (H_1dr + (1 − H_2) rdθ) − n (τ^n_r H_3 + τ^n_θ (1 − H_4)) r sin θdφ ] . (12)

Here the symbols τ^n_r , τ^n_θ and τ^n_φ denote the dot products of the cartesian vector of Pauli matrices, ⃗τ = (τ_x, τ_y, τ_z), with the spatial unit vectors

⃗e^n_r = (sin θ cos nφ, sin θ sin nφ, cos θ) , ⃗e^n_θ = (cos θ cos nφ, cos θ sin nφ, − sin θ) , ⃗e^n_φ = (− sin nφ, cos nφ, 0) , (13)

respectively. Since the fields wind n times around, while the azimuthal angle φ covers the full trigonometric circle once, we refer to the integer n as the winding number of the solutions. For the Higgs field the corresponding ansatz is [3,4]

Φ = (Φ_1τ^n_r + Φ_2τ^n_θ ) η . (14)

The four gauge field functions H_i and the two Higgs field functions Φ_i depend only on the coordinates r and θ. For n = 1 and H_1 = H_3 = Φ_2 = 0, H_2 = H_4 = K(r) and Φ_1 = H(r), the spherically symmetric solutions are obtained in isotropic coordinates.

The ansatz (12)-(14) is axially symmetric in the sense, that a rotation around the z-axis can be compensated by a gauge rotation. The ansatz is form-invariant under the abelian gauge transformation [3,29,28,30]

U = exp ( i 2 τ^n_φ Γ(r, θ) ) . (15)

The functions H_1 and H_2 transform inhomogeneously under this gauge transformation,

H_1 → H_1 − r∂_r Γ , H_2 → H_2 + ∂_θΓ , (16)

like a 2-dimensional gauge field. The functions H_3 and H_4 combine to form a scalar doublet, (H_3 +cotθ, H_4). Likewise, the Higgs field functions form a scalar doublet (Φ_1, Φ_2).

We fix the gauge by choosing the gauge condition as previously [29,28,30,24,16,25,17,14]. In terms of the functions H_i it reads

r∂_rH_1 − ∂_θH_2 = 0 . (17)

With the ansatz (10)-(12) and the gauge condition (17) we then obtain the set of EYMH field equations.

The energy density of the matter fields ϵ = −T^0_0 = −L_M is given by

− T^0_0 = η^2 2r^2 f [ 1 m ( (r∂_rΦ_1 + H_1Φ_2)^2 + (r∂_rΦ_2 − H_1Φ_1)^2 + (∂_θΦ_1 − H_2Φ_2)^2 + (∂_θΦ_2 + H_2Φ_1)^2 )

+ n^2 l (H_4Φ_1 + (H_3 + cotθ)Φ_2)^2 ] + λ 2 ( Φ^2_1 + Φ^2 − η^2

)_2

+ f^2 2e^2r^4m { 1 m (r∂_rH_2 + ∂_θH_1)^2 + n^2 l [ (r∂_rH_3 − H_1H_4)^2 + (r∂_rH_4 + H_1 (H_3 + cotθ))^2

+ (∂_θH_3 − 1 + cotθH_3 + H_2H_4)^2 + (∂_θH_4 + cotθ (H_4 − H_2) − H_2H_3)^2 ]} . (18)

As seen from Eq. (18), regularity on the z-axis requires

H_2|_{θ=0} = H_4|_{θ=0} . (19)

C. Boundary conditions

To obtain asymptotically flat solutions with the proper symmetries, which are either globally regular or possess a regular event horizon, we must impose appropriate boundary conditions [24,16,25,17,14]. Here we are looking for solutions with parity reflection symmetry. Therefore we need to consider the solutions only in the region 0 ≤ θ ≤^π_2 , imposing boundary conditions along the ρ- and z-axis (i. e. for θ =^π_2 and θ = 0).

Boundary conditions at infinity

Asymptotic flatness imposes for the metric functions of the regular and black hole solutions at infinity (r = ∞) the boundary conditions f|_{r=∞} = m|_{r=∞} = l|_{r=∞} = 1 . (20) For the Higgs field functions we require Φ_1|_{r=∞} = 1 , Φ_2|_{r=∞} = 0 , (21) thus the modulus of the Higgs field assumes the vacuum expectation value η. For magnetically charged solutions, the gauge field functions H_i satisfy H_1|_{r=∞} = H_2|_{r=∞} = H_3|_{r=∞} = H_4|_{r=∞} = 0 . (22) Boundary conditions at the origin Requiring the solutions to be regular at the origin (r = 0) leads to the boundary conditions for the metric functions ∂_rf|_{r=0} = ∂_r m|_{r=0} = ∂_r l|_{r=0} = 0 . (23) The Higgs field functions satisfy Φ_1|_{r=0} = Φ_2|_{r=0} = 0 , (24) and the gauge field functions H_i satisfy H_1|_{r=0} = H_3|_{r=0} = 0 , H_2|_{r=0} = H_4|_{r=0} = 1 . (25) Boundary conditions at the horizon The event horizon of static black hole solutions is characterized by g_{tt} = −f = 0. In isotropic coordinates g_{rr} is finite at the horizon. We now impose that the horizon of the black hole solutions resides at a surface of constant r, r = r_H [16,17,14].

Requiring the horizon to be regular, we obtain the boundary conditions at the horizon r = r_H. The metric functions must satisfy f|_{r=rH} = m|_{r=rH} = l|_{r=rH} = 0 . (26) The boundary conditions for the gauge field functions and the Higgs field functions can be deduced from the equations (8) and (9), respectively.

F_{rθ}|_{r=rH} = 0 ⇐⇒ (r∂_r H_2 + ∂_θH_1)|_{r=rH} = 0 , F_{rφ}|_{r=rH} = 0 ⇐⇒ (r∂_r H_3 − H_1H_4)|_{r=rH} = 0 , (r∂_r H_4 − H_1(H_3 + cotθ))|_{r=rH} = 0 , D_r Φ|_{r=rH} = 0 ⇐⇒ (r∂_r Φ_1 + H_1Φ_2)|_{r=rH} = 0 , (r∂_r Φ_2 − H_1Φ_1)|_{r=rH} = 0 . (27) The equations of motion yield only three boundary conditions for the four gauge field functions H_i; one gauge field boundary condition is left indeterminate. However, for the black hole solutions the gauge condition (17) still allows non-trivial gauge transformations satisfying r^2∂^2_r Γ + r∂_rΓ + ∂^2_θ Γ = 0 . (28) To fix the gauge, we have chosen the gauge condition [16,17,14] (∂_θH_1)|_{r=rH} = 0, (29) which implies H_1|_{r=rH} = 0, if we take into account the boundary conditions on the axes, H_1|_{θ=0,}^ß_2 = 0, (see next paragraph). As a consequence the boundary conditions Eqs. (27) reduce to ∂_r H_2|_{r=rH} = 0, ∂_r H_3|_{r=rH} = 0, ∂_r H_4|_{r=rH} = 0, ∂_r Φ_1|_{r=rH} = 0, ∂_rΦ_2|_{r=rH} = 0. (30) Boundary conditions along the axes The boundary conditions along the ρ- and z-axis (θ =^π_2 and θ = 0) are determined by the symmetries. The metric functions satisfy along the axes

∂_θf|_{θ=0} = ∂_θm|_{θ=0} = ∂_θl|_{θ=0} = 0 , ∂_θf|_{θ=}^ß_2 = ∂_θm|_{θ=}^ß_2 = ∂_θl|_{θ=}^ß_2 = 0 . (31)

Likewise the Higgs field functions satisfy

∂_θΦ_1|_{θ=0} = 0 , Φ_2|_{θ=0} = 0 , ∂_θΦ_1|_{θ=}^ß_2 = 0 , Φ_2|_{θ=}^ß_2 = 0 , (32)

along the axes. For the gauge field functions H_i symmetry considerations lead to the boundary conditions

H_1|_{θ=0} = H_3|_{θ=0} = 0 , ∂_θH_2|_{θ=0} = ∂_θH_4|_{θ=0} = 0 , H_1|_{θ=}^ß_2 = H_3|_{θ=}^ß_2 = 0 , ∂_θH_2|_{θ=}^ß_2 = ∂_θH_4|_{θ=}^ß_2 = 0 , (33)

along the axes. In addition, regularity on the z-axis requires condition (11) for the metric functions to be satisfied, and condition (19) for the gauge field functions.

D. Mass, temperature and entropy

Let us introduce the dimensionless coordinate x, x = ηer . (34) The equations then depend only on two dimensionless coupling constants, α and β,

α^2 = 4πGη^2 , β^2 = λ e^2

. (35)

The mass M of the solutions can be obtained directly from the total energy-momentum “tensor” τ^{μν} of matter and gravitation [31], M = ∫ τ^{00}d^3r . (36)

It is related to the dimensionless mass μ/α^2, via

μ/α^2 = e 4πη M , (37)

where μ is determined by the derivative of the metric function f at infinity [24,16,25,17] μ = 1 2 lim_{x→∞} x^2∂_xf . (38)

The surface gravity κ_{sg} of static black hole solutions is given by [32,15]

κ^2_{sg} = −(1/4)g^{tt}g^{ij} (∂_ig_{tt})(∂_jg_{tt}) . (39)

To evaluate κ_{sg}, we need to consider the metric functions at the horizon. Expanding the equations in the vicinity of the horizon in powers of the dimensionless coordinate (x−x_H)/x_H, we observe, that the metric functions are quadratic in x − x_H,

f(x, θ) = f_2(θ) ( x − x_H x_H

)_2 ( 1 − x − x_H x_H ) + O ( x − x_H x_H

)_4 , (40)

m(x, θ) = m_2(θ) ( x − x_H x_H

)_2 ( 1 − 3 x − x_H x_H ) + O ( x − x_H x_H

)_4 , (41)

with l(x, θ) like m(x, θ), Eq. (41). We then obtain the dimensionless surface gravity κ = κ_{sg}/eη κ = f_2(θ) x_H √ m_2(θ)

. (42)

The zeroth law of black hole physics states, that the surface gravity κ_{sg} is constant at the horizon of a black hole [32]. To show that the zeroth law holds for the hairy black hole solutions we employ the expansion of the metric functions (40)-(41) in the rθ component of the Einstein equations at the horizon [17]. This yields the crucial relation between the expansion coefficients f_2(θ) and m_2(θ), 0 = ∂_θm_2 m_2 − 2 ∂_θf_2 f_2

. (43)

The temperature is proportional to the surface gravity κ_{sg} [32], in particular the dimensionless temperature is given by T = κ/(2π) . (44)

The dimensionless area A of the event horizon of the black hole solutions A = 2π ∫_π 0 dθ sin θ √ l_2m_2 f_2 x^2_H (45)

is proportional to the dimensionless entropy S [32], S = A 4 , (46)

yielding the product T S = x_H 4 ∫_π 0 dθ sin θ √ l_2 . (47)

Having defined temperature and entropy, we now derive a second expression for the mass of the black hole solutions [32]. As in EYM theory [17], the equations of motion yield in EYMH theory the relation 1 8πG ∂_μ (√ −g∂^μlnf ) = − √ −g ( 2T^0_0 − T^μ_μ ) . (48)

Integrating both sides over r, θ and φ from the horizon to infinity, we obtain 1 4G ∫_π 0 dθ sin θ [ r^2 √ l ∂_rf f ]| |^∞ rH = − ∫_{2π} 0 ∫_π 0 ∫_∞ rH dφdθdr √ −g ( 2T^0_0 − T^μ_μ ) = M_o . (49)

Changing to dimensionless coordinates, we express the l.h.s. with help of the dimensionless mass μ and the product of temperature and entropy, T S, obtaining

μ = μ_o + 2T S , (50)

with μ_o/α^2 =^e_{4πη} M_o, in agreement with the general mass formula for static black hole solutions [32]. For regular solutions one simply obtains M = − ∫ ( 2T^0_0 − T^μ_μ ) √ −gdrdθdφ . (51) We finally consider the Kretschmann scalar K, K = R^{μναβ}R_{μναβ} . (52) In order to show that K is finite at the horizon it is suffient to point out, that the expansion of the metric functions (40)-(41) is the same as for the EYM system considered in [17]. Consequently, it follows from the calculations of ref. [17] that the Kretschmann scalar is finite at the event horizon, if the condition (43) holds, i. e. if the temperature is constant at the event horizon.

E. Horizon mass and horizon charge

In the isolated horizon framework [18] an intriguing relation between the ADM mass μ/α^2 of a black hole with area A and area parameter x_Δ,

x_Δ = √ A/4π , (53) and the ADM mass μ_{reg}/α^2 of the corresponding regular solution holds [19],

μ = μ_{reg} + μ_Δ , (54)

where the horizon mass μ_Δ/α^2 is defined by

μ_Δ = ∫_{xΔ} 0 κ(x^′_Δ)x^′_Δdx^′_Δ , (55)

with the dimensionless surface gravity κ in the integrand.

The isolated horizon formalism then suggests to interpret a hairy black hole as a bound state of a regular solution and a Schwarzschild black hole [20],

μ = μ_{reg} + μ_S + μ_{bind} , (56)

where μ_S/α^2 = x_Δ/2α^2 is the ADM mass of the Schwarzschild black hole with horizon radius x_Δ, and μ_{bind} /α^2 represents the binding energy of the system,

μ_{bind} = μ_Δ − μ_S . (57)

Another crucial quantity in the isolated horizon formalism is the non-abelian magnetic charge of the horizon [18,19], defined via the surface integral over the horizon

P^{YM}_Δ = 1 4π ∮ √∑ i ( F^i_{θφ} )_2 dθdφ . (58)

The non-abelian electric horizon charge is defined analogously with the dual field strength tensor [18,19]. These horizon charges are an important ingredient in a new “quasilocal uniqueness conjecture” put forward in ref. [19], which states that static black holes are uniquely determined by their horizon area and their horizon electric and magnetic charges.

III. SPHERICALLY SYMMETRIC SOLUTIONS

Previously, spherically symmetric EYMH solutions were obtained numerically in Schwarzschild-like coordinates [13]. Since we construct the axially symmetric solutions in isotropic coordinates, we here discuss the coordinate transformation between isotropic and Schwarzschild-like coordinates for spherically symmetric solutions.

We briefly recall the dependence of the monopole solutions on the parameters of the theory, α and β. In particular, we compare the way the limiting RN solution is reached in Schwarzschild-like and in isotropic coordinates.

We then turn to the spherically symmetric black hole solutions, putting particular emphasis on the relations obtained in the isolated horizon formalism. We demonstrate the relation between black hole mass, soliton mass and horizon mass, Eq. (54), we evaluate the binding energy, Eq. (56), and we discuss the “quasilocal uniqueness conjecture” [19].

A. Coordinate transformations

By requiring l = m and the metric functions f and m to be only functions of the coordinate r, the axially symmetric isotropic metric (10) reduces to the spherically symmetric isotropic metric

ds^2 = −fdt^2 + m f ( dr^2 + r^2 ( dθ^2 + sin^2 θdφ^2 )) . (59)

In Schwarzschild-like coordinates the metric reads [13]

ds^2 = −A^2N dt^2 + 1 N dr̃^2 + r̃^2 ( dθ^2 + sin^2 θdφ^2 ) , (60)

where the metric functions A and N are only functions of the radial coordinate r̃, and

N (r̃) = 1 −

2M̃(r̃) r̃ . (61)

The spherically symmetric horizon resides at radial coordinate r̃_H, and the (dimensionfull) area of the horizon is

A = 4πr̃^2_H , (62)

hence the area parameter r_Δ is just the Schwarzschild radius r̃_H.

Comparison of the metric in Schwarzschild-like coordinates (60) with the isotropic metric (59) yields for the coordinate transformation dr r = 1 √ N (r̃) dr̃ r̃ . (63)

The function N (r̃) (or equivalently the mass function M̃ (r̃)) is only known numerically. Therefore the coordinate function r(r̃) can only be obtained numerically from Eq. (63).

B. Monopole solutions

Let us briefly recall the dependence of the gravitating magnetic monopole solutions on the parameters α and β. When α is increased from zero, while β is kept fixed, a gravitating monopole branch emerges smoothly from the corresponding flat space monopole solution. This fundamental monopole branch extends up to a maximal value α_{max} of the coupling constant α. Beyond this value no monopole solutions exist. In the BPS limit, β = 0, and for small values of β, the fundamental monopole branch bends backwards at α_{max}, until a critical coupling constant α_{cr} is reached. At the critical value α_{cr} the fundamental monopole branch reaches a limiting solution and bifurcates with the branch of extremal RN solutions of unit magnetic charge [13]. For larger values of β the maximal value of α and the critical value of α coincide, α_{max} = α_{cr} [13,33,34].

Let us first recall, how the critical value of α is approached in Schwarzschild-like coordinates. Along the fundamental branch, the metric function N (x̃) of the monopole solutions develops a minimum, which decreases monotonically. In the limit α → α_{cr}, the minimum approaches zero at x̃_{cr} = α_{cr}. The limiting metric function then consists of an inner part, x̃ ≤ x̃_{cr}, and an outer part, x̃ ≥ x̃_{cr}. For x̃ ≥ x̃_{cr}, the limiting metric function corresponds to the metric function N (x̃) of the extremal RN black hole for α_{cr} with unit magnetic charge.

Likewise the gauge and Higgs field functions approach limiting functions, when α → α_{cr}. For x̃ ≥ x̃_{cr} they also correspond to those of the extremal RN black hole for α_{cr} with unit magnetic charge. The limit α → α_{cr} is demonstrated in Figs. 1a-c for the monopole solutions in the BPS limit for the metric function N (x̃), the gauge field function K(x̃) and the Higgs field function H(x̃).

We recall, that a RN solution with magnetic charge P has metric functions

N (x̃) = 1 − 2μ x̃ + α^2P^2 x̃^2

, A(x̃) = 1 . (64)

In the embedded RN solution with unit magnetic charge the gauge field function K(x̃) and the Higgs field function H(x̃) are constant,

K(x̃) = 0 , H(x̃) = 1 , (65)

implying a Coulomb-type decay for the magnetic field and a trivial Higgs field, assuming its vacuum expectation value. In particular, an extremal RN solution has metric function N (x̃),

N (x̃) = ( 1 − αP x̃ )_2

, (66) and ADM mass μ/α^2, where μ = α|P | . (67) Let us now turn to the monopole solutions in isotropic coordinates. In Figs. 2a-c we demonstrate the dependence of the gravitating magnetic monopole solutions on the parameter α along the fundamental branch in isotropic coordinates. For comparison the same set of parameter values as in Figs. 1a-c is chosen. In the limit α → α_{cr} the fundamental monopole branch bifurcates with the branch of extremal RN solutions of unit magnetic charge. In particular, as the critical α is approached, the metric function f(x) develops a zero at the origin, which corresponds to the horizon of an extremal RN solution in isotropic coordinates.

For a RN solution with charge P and horizon radius x̃_H the isotropic coordinate x is related to the Schwarzschild-like coordinate x̃ by x = √ x̃^2 − 2μx̃ + α^2P^2 + x̃ − μ 2 (68)

in the non-extremal case α|P | < μ = 1 2x̃_H

(x̃^2_H + α^2P^2), and by x = x̃ − α|P | (69) in the extremal case α|P | = μ = x̃_H.

The metric functions f(x) and m(x) of a non-extremal RN black hole are given by f(x) = (1 −^x_{xH} )^2(1 +^x_{xH} )^2 ( 1 +^{2x}_{xH} √ 1 + (^{αP}_{2xH} )^2 + (^x_{xH} )^2

)_2 ,

m(x) = (x_H x )_4

(1 − x x_H

)^2(1 + x x_H

)^2 , (70)

respectively. The horizon radius x_H in isotropic coordinates is related to the horizon radius in Schwarzschild-like coordinates x_Δ by

x_H = x^2_Δ − α^2P^2 4x^2_Δ

. (71)

Its ADM mass μ/α^2 is obtained from

μ = 2x_H √ 1 + ( αP 2x_H

)_2

. (72)

An extremal RN solution has horizon radius x_H = 0 and metric functions f(x) = ( x x + α|P | )_2

, m(x) = 1 . (73)

C. Black hole solutions

Let us now turn to the black hole solutions of the SU(2) EYMH system. We here limit our discussion to the BPS case, β = 0.

Hairy black hole solutions exist in a limited domain of the x_Δ − α-plane [13]. For fixed α < α_{max}, hairy black hole solutions emerge from the monopole solution in the limit x_Δ → 0. They persist up to a maximal value of the horizon radius x_{Δ,max}, which limits the domain of existence of hairy black holes. The domain of existence is shown in Fig. 3, where the maximal value of the horizon radius x_{Δ,max} is shown as a function of α.

The domain of existence of hairy black hole solutions consists of two regions with distinct critical behaviour. These two regions are separated by the particular value of α, α̂ = √ 3/2 [13]. For α̂ < α < α_{max}, the hairy black hole solutions bifurcate at a critical value x_{Δ,cr} with an extremal RN solution with unit charge. In contrast, for 0 < α < α̂, the hairy black hole solutions bifurcate at a critical value x_{Δ,cr} with a non-extremal RN solution with unit charge. In particular, for small values of α, the branch of hairy black hole solutions extends backwards from the maximal value x_{Δ,max} to the critical value x_{Δ,cr}, whereas for larger values of α < α̂, both values coincide, x_{Δ,max} = x_{Δ,cr}.

The dependence of the mass μ/α^2 of the hairy black hole solutions on the area parameter is demonstrated in Fig. 4 for α = 0.5 and 1. For α = 0.5 < α̂, the mass of the black hole solutions increases monotonically with increasing x_Δ, until it reaches its maximal value at x_{Δ,max}. Bending backwards the mass then decreases again, until the bifurcation point at x_{Δ,cr} is reached, where it coincides with the mass of a non-extremal RN black hole with unit charge. Note, that the mass of the hairy black hole solutions exceeds the mass of the RN solutions in a small region close to x_{Δ,max}.

In contrast for α = 1 > α̂, the limiting solution reached corresponds to an extremal RN solution with unit charge (for x̃ ≥ x_{Δ,cr}). Since for α > α̂ the maximal horizon radius x_{Δ,max} of the hairy black holes is smaller than the horizon radius of the corresponding extremal RN solution, a gap between the branch of hairy black holes and the RN branch arises. This gap is seen in Fig. 4 for α = 1 for the mass of the black holes.

In Fig. 5 we exhibit the surface gravity κ as function of the area parameter x_Δ for the same set of black hole solutions, obtained for α = 0.5 and 1. The surface gravity of the hairy black hole solutions decreases monotonically along the black hole branches. In contrast, the surface gravity of the corresponding RN branches increases for small horizon radius x_Δ. For x_Δ → x_{Δ,cr}, the surface gravity of the hairy black hole solutions reaches the surface gravity of the corresponding limiting RN solutions. In particular, for α = 0.5 the hairy black hole branch and the RN branch bifurcate, and the limiting value reached corresponds to the value of a non-extremal RN solution. In contrast for α = 1 the surface gravity of the hairy black hole solutions reaches the value of an extremal RN solution, namely zero, even though the hairy black hole branch is separated from the RN branch by a gap of the horizon radius.

Let us now turn to the predictions of the isolated horizon formalism, which have not been considered before for EYMH black hole solutions. We first consider relation (54) between black hole mass, soliton mass and horizon mass for the fundamental monopole and black hole solutions. In Fig. 6 we exhibit the horizon mass μ_Δ/α^2 obtained from (55). Adding the mass of the corresponding soliton solution (μ_{reg}/α^2(α = 0.5) = 0.963461 and μ_{reg}/α^2(α = 1.0) = 0.855254, respectively,) precisely gives the masses of the non-abelian black hole solutions shown in Fig. 4.

Interpreting the hairy black holes as a bound states of regular solutions and Schwarzschild black holes [20], we can identify the binding energy of these systems μ_{bind}/α^2, according to Eq. (57). In Fig. 7 we present the binding energy of the hairy black hole solutions for α = 0.5 and α = 1. For comparison, we also show the binding energy μ^{(RN)}_{bind} /α^2 of the RN solutions, which we define analogously to Eq. (56) via

μ^{RN}_{bind} = μ_{RN} − μ_{reg} − μ_S , (74)

where μ_{RN}/α^2 is the mass of the RN solution with unit charge, μ_{reg}/α^2 is the mass of the monopole, and μ_S/α^2 is the mass of the Schwarzschild black hole with the same horizon area as the RN black hole. Note that, when the solutions coexist, the binding energy of the hairy black hole solution is smaller than the binding energy of the RN solution (except for a small region close to x_{Δ,max} (see also Fig. 4)). This indicates stability of these hairy black hole solutions (except close to x_{Δ,max}).

Let us finally consider the “quasilocal uniqueness conjecture” of ref. [19], which states, that static black holes are uniquely specified by their horizon area and horizon charges. The solutions considered here carry no horizon electric charge, thus they should be uniquely characterized by their horizon area and horizon magnetic charge. In Fig. 8 we exhibit the non-abelian horizon magnetic charge for the hairy black hole solutions with α = 0.5 and 1. The horizon magnetic charge increases monotonically along the branches of hairy black hole solutions. As expected, for α = 0.5 the value of the RN solution with unit charge is reached, when x_Δ → x_{Δ,cr}. In contrast, for α = 1 a value smaller than one is reached, when x_Δ → x_{Δ,cr}. In this case again a gap occurs between the hairy black hole branch and the RN branch.

Concerning the “quasilocal uniqueness conjecture” we conclude, that allowing only for integer values of the magnetic charge as required for the non-abelian magnetic charge of embedded RN solutions, the spherically symmetric black hole solutions are uniquely characterized by their area parameter and their horizon magnetic charge.

IV. AXIALLY SYMMETRIC SOLUTIONS

We here give a detailed discussion of the properties of the regular axially symmetric multimonopole solutions. We first investigate the dependence of the monopole solutions on the parameter α for fixed β. In particular, we demonstrate the convergence of the multimonopole solutions with magnetic charge n to limiting extremal RN solutions with magnetic charge n, when α → α_{cr}. Focussing on values of α close to α_{cr}, we introduce auxiliary Schwarzschild-like coordinates to gain better understanding of the limiting solutions obtained in isotropic coordinates.

We then show, that the inclusion of gravity allows for an attractive phase of like monopoles not present in flat space [14]. There arises a region of parameter space, where the mass per unit charge of the gravitating multimonopole solutions is lower than the mass of the gravitating n = 1 monopole, hence the multimonopole solutions are gravitationally bound.

The numerical technique is briefly described in Appendix B.

A. Fundamental multimonopole branch

Let us first consider the dependence of the gravitating axially symmetric multimonopole solutions with magnetic charge n on the parameters α and β. Analogously to the monopole solutions, when α is increased from zero, while β is kept fixed, a branch of gravitating multimonopole solutions with charge n emerges smoothly from the corresponding flat space multimonopole solution. The multimonopole branch extends up to a maximal value α_{max}(n) of the coupling constant α, beyond which no axially symmetric multimonopole solutions with charge n exist. At the maximal value α_{max}(n), which coincides with the critical value α_{cr}(n) [35], the multimonopole branch reaches a limiting solution and bifurcates with the branch of extremal RN solutions with magnetic charge n [14,36]. The metric functions of this embedded RN solution are given by Eqs. (73) with l = m, and the gauge field and Higgs field functions are constant, H_i = 0, i = 1, ..., 4, Φ_1 = 1, and Φ_2 = 0.

We now illustrate the dependence of the multimonopole solutions on α, and in particular the convergence of the nonabelian solutions to the corresponding RN solution in the limit α → α_{cr}, for the special case of n = 2 multimonopole solutions in the BPS limit. Numerically we find in this case α_{cr} ≈ α_{max} ≈ 1.5 [14,35]. The static axially symmetric solutions depend on two variables, the radial coordinate x and the angle θ. In the following we present the functions in two-dimensional plots, exhibiting the x-dependence for three fixed angles, θ = 0, θ = π/4 and θ = π/2.

Let us first discuss the dependence of the metric functions on the parameter α. In Figs. 9a-c the metric functions f, l and m are shown, respectively, for α = 1, 1.2, 1.4 and 1.499. The function f increases monotonically with increasing x for all values of α. Its value at the origin f(0) decreases with increasing α and tends to zero as α approaches the critical value α_{cr}. The functions m and l also increase monotonically with increasing x. As α tends to its critical value, these functions approach the value one on an increasing interval. However, at the origin the functions m and l assume a value different from one. Thus, convergence to the limiting RN solution is pointwise.

In Figs. 9d-g we show the gauge fields functions H_1-H_4, respectively, for the same values of α. The function H_1 possesses a maximum, whose position decreases with increasing α and tends to zero, when α approaches its critical value. In contrast, the height of the maximum depends only weakly on α. The function H_2 decreases monotonically with increasing x on the z-axis (θ = 0) and possesses a minimum on the ρ-axis (θ = π/2). The location of the minimum decreases with increasing α and tends to zero when α approaches its critical value. The function H_3 is similar to H_1, and the function H_4 to H_2, except that H_4 decreases monotonically with increasing x for all values of θ. At the same time the range where the gauge field functions differ considerably from zero, decreases with increasing α and vanishes as α tends to α_{cr}. However, in this limit the gauge field functions are not continuous at the origin. Thus, convergence to the gauge field functions of the embedded RN solution, H_i = 0, is again pointwise.

The Higgs field functions Φ_1 and Φ_2 are shown in Figs. 9h-i. Φ_1 increases monotonically with increasing x. Φ_2 is negative and possesses a minimum, whose position decreases with increasing α and tends to zero, as α tends to α_{cr}. Again the height of the extremum depends only weakly on α. Since for an embedded RN solution Φ_1 = 1 and Φ_2 = 0, we observe that the Higgs field functions Φ_1 and Φ_2 deviate from their respective RN values in a decreasing range, as α approaches α_{cr}. Again, in this limit, the Higgs field functions are not continuous at the origin, thus convergence to the Higgs field function of the embedded RN solution is also pointwise.

B. Coordinate transformation

Let us focus now on the limit α → α_{cr}, where the non-abelian multimonopole solutions approach the limiting RN solution. We recall that for n = 1 in Schwarzschild-like coordinates a degenerate horizon forms at x̃_H = α_{cr}, as α tends to α_{cr}. For x̃ > x̃_H the limiting solution is identical to the embedded RN solution, whereas for x̃ < x̃_H the limiting solution retains its non-abelian features, and differs from any embedded abelian solution. Analogously, for solutions with magnetic charge n one expects that, in Schwarzschild-like coordinates, a degenerate horizon should form at x̃_H = nα_{cr} as α tends to α_{cr}, and that the limiting solution should retain its non-abelian features for x̃ < x̃_H.

In isotropic coordinates, however, the horizon radius of an extremal RN black hole is given by x_H = 0. Thus, the limiting solution coincides in the limit α → α_{cr} with the extremal RN solution on the whole interval 0 < x < ∞.

Therefore the question arises, as to what happens to the region, where the limiting solution is essentially non-abelian, since this region shrinks to zero size in isotropic coordinates in the limit α → α_{cr}.

To elucidate this point we introduce the auxillary Schwarzschild-like coordinate x̂ = x √ m/f , which coincides with the Schwarzschild-like coordinate x̃ only, if the metric functions are independent of θ. As observed above, in the limit α → α_{cr}, the function f(x) tends to zero on an interval of the coordinate x, whose length tends also to zero. Considered as a function of x̂ however, the function f(x̂) tends to zero on an interval of almost constant length. In this sense, the auxillary coordinate x̂ serves as a Schwarzschild-like coordinate.

In Figs. 10a-c we present the n = 2 solutions in the BPS limit for α = 1.493, 1.496 and 1.499 on the interval 0 ≤ x̂ ≤ 4, extending beyond the critical value x̂_H = 2α_{cr} ≈ 3. As α tends to α_{cr}, the metric function f tends to zero on the interval 0 ≤ x̂ ≤ 3, and the metric functions m and l tend to nontrivial limiting functions. For x̂ > 3 the metric functions assume the form of the extremal RN solution with charge P = 2 and horizon radius x̂_H = 2α_{cr} for α → α_{cr}. The behaviour of the gauge field functions and the Higgs functions is similar. For x̂ > 3 they tend to the functions of the extremal RN solutions, whereas for 0 ≤ x̂ ≤ 3 they tend to nontrivial limiting functions.

We thus conclude, that there exists a limiting solution for α → α_{cr}. This limiting solution is non-trivial and angle-dependent on the interior interval 0 ≤ x̂ ≤ 3. In Figs. 9b-c this limiting solution has already been reached in the innermost part of the interval 0 ≤ x̂ ≤ 3. For x̂ > 3, the limiting solution is an extremal RN solution. Therefore the functions of the limiting solution, and in particular the metric functions, are spherically symmetric. Hence, we can identify the coordinate x̂ with the Schwarzschild-like coordinate x̃ for x̂ > 3, and we conclude that in Schwarzschild-like coordinates the horizon radius is x̃_H = α_{cr}P , in accordance with our expectation.

C. Gravitationally bound monopoles

Let us now consider the mass per unit charge of the (multi)monopole solutions, to show, that gravitationally bound monopoles exist. The mass per unit charge of the (multi)monopole solutions decreases with increasing α and merges with the mass of the RN solution at α_{cr}(n). In the BPS limit, for α = 0 the mass per unit charge of the (multi)monopole solutions is precisely equal to the mass of the n = 1 monopole. For α > 0, however, we observe that the mass per unit charge of the multimonopoles is smaller than the mass of the n = 1 monopole. In particular, the mass per unit charge decreases with increasing n. Thus in the BPS limit, there is an attractive phase between like monopoles, not present in flat space. Moreover, multimonopoles exist for values of the gravitational coupling strength, too large for n = 1 monopoles to exist, since α_{cr}(n) increases with n. The mass of the n = 1 monopole and the mass per unit charge of n = 2 and n = 3 multimonopoles in the BPS limit are shown in Fig. 11.

For finite Higgs selfcoupling, the flat space multimonopoles have higher mass per unit charge than the n = 1 monopole, allowing only for a repulsive phase between like monopoles. By continuity, this repulsive phase persists in the presence of gravity for small values of α, but it can give way to an attractive phase for larger values of α. Thus the repulsion between like monopoles can be overcome for small Higgs selfcoupling by sufficiently strong gravitational attraction.

To mark the region in parameter space, where an attractive phase exists, we introduce the equilibrium value α_{eq}(n_1 = n_2), where the mass per unit charge of the charge n_1 solution and the mass per unit charge of the charge n_2 solution equal one another. Since α_{max} ≈ α_{cr} decreases with increasing Higgs selfcoupling, and α_{eq} increases with increasing Higgs selfcoupling, the region of parameter space, where an attractive phase exists, decreases with increasing Higgs selfcoupling. In particular, for large Higgs selfcoupling, only a repulsive phase is left.

We show the equilibrium values α_{eq} in Fig. 12. Besides the values α_{eq}(1 = 2) and α_{eq}(1 = 3), for which the monopole mass and the mass per unit charge of the n = 2 and n = 3 multimonopole equal one another, respectively, Fig. 12 also shows the values of α_{eq}(2 = 3), where the mass per unit charge of the n = 2 and the mass per unit charge of the n = 3 multimonopole equal one another. Thus Fig. 12 exhibits the small domain of the α-β-plane where an attractive phase for like monopoles exists.

While n = 1 monopole solutions are stable, stability of the static axially symmetric multimonopole solutions is not obvious. We conjecture, that the n = 2 multimonopole solutions are stable, as long as their mass per unit charge is lower than the mass of the n = 1 monopole. For topological number n ≥ 3, however, solutions with only discrete symmetry exist in flat space [5], which, by continuity, should also be present in curved space (at least for small gravitational strength). For a given topological number n > 2, such multimonopole solutions without rotational symmetry may possess a lower mass than the corresponding axially symmetric solutions. The axially symmetric solutions may therefore not represent global minima in their respective topological sectors, even if their mass per unit charge is lower than the mass of the n = 1 monopole.

V. BLACK HOLE SOLUTIONS

Here we present the static axially symmetric hairy black hole solutions of EYMH theory. We describe their properties, starting with the structure of the energy density of the matter fields and the deformation of the regular horizon. We then discuss the domain of existence of the hairy black hole solutions and describe the convergence of these solutions to RN solutions in the limit x_Δ → x_{Δ,cr}.

The hairy black hole solutions are then considered with respect to the results of the isolated horizon formalism. In particular, the mass formula is verified, and the bound state interpretation is investigated. Finally the “quasilocal uniqueness conjecture” is addressed.

For the static axially symmetric hairy black hole solutions of EYMH theory we employ the same numerical technique as for the globally regular multimonopole solutions (see Appendix B). The black hole solutions depend on the horizon radius x_H and on the coupling constants α and β. Here we consider only the BPS limit, β = 0.

A. Energy density and horizon

Let us begin the discussion of the static axially symmetric black hole solutions by considering the energy density of the matter fields, ϵ. The energy density has a pronounced angle-dependence with a maximum on the ρ-axis. In particular, the energy density is not constant at the horizon. Let us now consider two representative examples for the energy density of the matter fields ϵ.

In Figs. 13a-d we exhibit the energy density of the matter fields of the n = 2 black hole solution with area parameter x_Δ = 1 for α = 1. Fig. 13a shows a 3-dimensional plot of the energy density as a function of the coordinates ρ = x sin θ and z = x cos θ together with a contour plot, and Figs. 13b-d show surfaces of constant energy density. For small values of ϵ, the surfaces of constant energy density appear ellipsoidal, being flatter at the poles than in the equatorial plane. With increasing values of ϵ a toruslike shape appears.

For smaller values of the parameters x_Δ and α, the energy density of the matter fields exhibits a more complicated structure, as seen in Figs. 14a-e, where we show the energy density of the matter fields of the n = 3 black hole solution, with area parameter x_Δ = 0.5 for α = 0.5. Fig. 14a again shows a 3-dimensional plot of the energy density as a function of the coordinates ρ = x sin θ and z = x cos θ together with a contour plot, while Figs. 14b-e show surfaces of constant energy density. Whereas the surfaces of constant energy density still appear ellipsoidal for small values of ϵ, here with increasing values of ϵ the toruslike shape appears together with two additional ellipsoids covering the poles. For the largest values of the energy density only the toruslike shape remains.

The n-dependence of the energy density of the matter fields is illustrated in Fig. 15, where we show the energy density of the black hole solutions with magnetic charges n = 1 − 3 and area parameter x_Δ = 0.5 for α = 0.5. With increasing magnetic charge n the absolute maximum of the energy density of the solutions, residing on the ρ-axis, shifts outward and decreases significantly in height.

Let us now turn to the regular horizon of the hairy black hole solutions, which resides at a surface of constant radial coordinate x = x_H. Even though the radial coordinate is constant at the horizon, the horizon is deformed. The deformation is revealed, when measuring the circumference of the horizon along the equator, L_e, and the circumference of the horizon along the poles, L_p,

L_e = ∫_{2π} 0 dφ √ l f x sin θ | | |_{x=xH,θ=π/2} , L_p = 2 ∫_π 0 dθ √ m f x | | x=xH,φ=const. , (75)

since the hairy black hole solutions have L_p ≠ L_e (in general). The deviation from spherical symmetry is small, though. For instance, for the solution of Fig. 13 L_e/L_p = 0.99076, and for the solution of Fig. 14 L_e/L_p = 0.99977.

The hairy black holes satisfy the zeroth law of black hole mechanics, which states that the surface gravity κ is constant on the horizon [32]. This is dictated by the full set of EYMH equations, as discussed in section II.D. Numerically the surface gravity is also constant, as demonstrated in Fig. 16 for the n = 2 solution with horizon area parameter x_Δ = 1 for α = 1. In constrast to the surface gravity itself, the expansion coefficients f_2(θ) and m_2(θ) of the metric functions f and m, which enter into the expression for κ, Eq. (42), possess a non-trivial angular dependence at the horizon, as seen in Fig. 16.

B. Domain of existence

The domain of existence of the axially symmetric non-abelian black holes is very similar to the domain of existence of the spherically symmetric black hole solutions. For a fixed value of the coupling constant α, α < α_{max}(n), hairy black hole solutions emerge from the globally regular solution in the limit x_Δ → 0. They persist up to a maximal value of the area parameter x_{Δ,max}, which depends on n and limits the domain of existence of hairy black holes. The domain of existence of hairy black hole solutions with magnetic charge n = 2 is indicated in Fig. 3, where crosses mark the maximal values x_{Δ,max} obtained.

The domain of existence of the hairy black hole solutions with n > 1 also consists of two regions with distinct critical behaviour, separated by a particular value of α, denoted α̂(n). For α̂(n) < α < α_{max}(n), the hairy black hole solutions bifurcate at a critical value x_{Δ,cr} with an extremal RN solution with charge n, while for 0 < α < α̂(n), the hairy black hole solutions bifurcate at a critical value x_{Δ,cr} with a non-extremal RN solution with charge n. For small values of α, the branch of hairy black hole solutions extends backwards from the maximal value x_{Δ,max} to the critical value x_{Δ,cr}, whereas for larger values of α, both values coincide, x_{Δ,max} = x_{Δ,cr}. This pattern of the n > 1 hairy black hole solutions is completely analogously to the pattern observed for the n = 1 solutions. Our numerical results, as exhibited in Fig. 3, are consistent with the conjecture α̂(2) = √ 3/2, suggesting that α̂(n) is independent of n.

C. Area parameter x�-dependence

Before demonstrating the dependence of the hairy black hole solutions on the area parameter x_Δ and the convergence of the solutions to the limiting RN solution, we briefly consider the relation between the area parameter x_Δ and the horizon radius in isotropic coordinates x_H, since x_H is one of the parameters employed in the calculations.

In the limit x_H → 0, hairy black hole solutions emerge from the globally regular solution. With increasing parameter x_H the horizon area of the hairy black hole solutions increases, until a maximal value of the parameter x_H is reached. This maximal value of the parameter x_H, however, does not coincide with the maximal value of the horizon area, and thus the maximal value of the area parameter x_Δ. In the further discussion we consider the two regions of the domain of existence with distinct critical behaviour separately.

For small values of α, 0 < α < α̂(n), the branch of hairy black hole solutions, as a function of the horizon radius x_H, extends backwards from the maximal value x_{H,max}, until the critical value x_{H,cr} of the bifurcation with the nonextremal RN solution is reached. When x_H decreases from x_{H,max}, the area parameter increases further up to its maximal value x_{Δ,max}, from where it decreases, until it reaches the critical value x_{Δ,cr} of the bifurcation. This is illustrated in Fig. 17 for the n = 2 black hole solutions for α = 0.5. The endpoint of the curve marks the bifurcation with the non-extremal RN solution at a finite value of the area.

For larger values of α, α̂(n) < α < α_{max}(n), the branch of hairy black hole solutions bifurcates with an extremal RN solution, which has x_H = 0. As a function of the horizon radius x_H, the branch of hairy black hole solutions also extends backwards from the maximal value x_{H,max}, but it ends at the critical value x_{H,cr} = 0, where it bifurcates with the extremal RN solution. The area parameter, in contrast, increases monotonically, and reaches its maximal value x_{Δ,max} = x_{Δ,cr} at the bifurcation, as illustrated in Fig. 17 for the n = 2 black hole solutions for α = 1.

Let us now consider the dependence of the hairy black hole solutions on the area parameter x_Δ in more detail, distinguishing again the regions 0 < α < α̂(n) and α̂(n) < α < α_{max}(n). For α̂(n) < α < α_{max}(n), the limiting solution of the branch of hairy black hole solutions is an extremal RN solution. Since convergence to an extremal RN solution has been considered in great detail in section IV, in the following we put more emphasis on the region 0 < α < α̂(n), where convergence to a non-extremal RN solution is observed.

For small values of α in the region 0 < α < α̂(n), the branch of hairy black hole solutions extends backwards from the maximal value x_{Δ,max}, which limits the domain of existence, to the critical value x_{Δ,cr}, where the bifurcation occurs. In Figs.18a-c we exhibit a set of n = 2 black hole solutions for four values of the area parameter along the black hole branch. Increasing x_Δ from zero along the branch of hairy black hole solutions, first the solutions with x_Δ = 0.46 and 1.09 are encountered, then the solution with x_Δ = 1.39 close to the maximal value x_{Δ,max} is passed, and finally the solution with x_Δ = 1.09 close to the critical value x_{Δ,cr} is reached.

The energy density of the matter fields is shown in Fig. 18a, the metric function f in Fig. 18b, and the norm of the Higgs field | Φ |= √ Φ^2_1 + Φ^2 in Fig. 18c. All functions change drastically along the hairy black hole branch. In particularly, we observe, that they approach the limiting functions of the corresponding non-extremal RN solution for x_Δ → x_{Δ,cr} ≈ 1.07. Thus in this limit the functions become spherically symmetric.

Convergence to the limiting RN solution is nicely seen in Fig. 19, where H_2(x_H) and Φ_1(x_H) are shown, the horizon values of the gauge field function H_2 and the Higgs field function Φ_1, respectively. Starting from the unique values H_2(0) = 1 and Φ_1(0) = 0 of the regular solution at the origin, for finite x_Δ an angle-dependence arises, which becomes maximal as the maximal value of the area parameter x_{Δ,max} is approached. On the backward bending part of the hairy black hole branch, the angle-dependence diminishes and vanishes in the limit x_Δ → x_{Δ,cr}, where the horizon values tend to the unique horizon values of the corresponding RN solution, H_2(x_H) = 0 and Φ_1(x_H) = 1.

For α > α̂, the limiting solution is reached at the maximal value of the area parameter x_{Δ,max} = x_{Δ,cr}. Since x_{Δ,cr} < nα, a gap between the branch of hairy black hole solutions and the corresponding RN branch occurs, similarly as in the case of the globally regular solutions.

Let us now consider the mass, the surface gravity and the deformation of the horizon of the hairy black hole solutions. In Fig. 20 we see the dependence of the mass of the n = 2 black hole solutions on the area parameter x_Δ for α = 0.5 and α = 1. (Fig. 20 is completely analogous to Fig. 4, where the mass of the n = 1 black hole solutions is shown.) For α = 0.5 < α̂, the mass increases with increasing x_Δ, reaching its maximal value at x_{Δ,max}. Forming a spike, the mass then decreases with decreasing x_Δ, and reaches the mass of the limiting non-extremal RN solution with charge n = 2 at x_{Δ,cr}. For comparison, the corresponding branch of RN solutions is also shown. Apart from the critical point x_{Δ,cr}, the RN branch and the hairy black hole branch also coincide at the crossing point x_{Δ,cross} ≈ 1.32. Consequently, the RN solutions have a lower mass than the non-abelian black hole solutions, when x_{Δ,cross} < x_Δ < x_{Δ,cr}. For α = 1 > α̂, the mass increases monotonically with increasing x_Δ, reaching its maximal value at the maximal value of the area parameter x_{Δ,max} = x_{Δ,cr}. Since x_{Δ,cr} < 2α, a gap between the branch of hairy black hole solutions and the corresponding RN branch occurs. In Fig. 20, the RN branch would begin at x_Δ = 2.

In Fig. 21 the dependence of the surface gravity of the n = 2 hairy black hole solutions on the area parameter x_Δ is shown for α = 0.5 and α = 1. (Fig. 21 is completely analogous to Fig. 5, where the surface gravity of the n = 1 black hole solutions is shown.) Again, convergence the corresponding RN values is observed.

Let us now turn to the shape of the horizon. In Fig. 22 the dependence of the ratio of circumferences L_e/L_p for the n = 2 black hole solutions on the area parameter x_Δ is shown for α = 0.5 and α = 1. Interestingly, for α = 0.5 < α̂ the ratio L_e/L_p, shows a rather complicated dependence on the area parameter. With increasing area parameter the ratio L_e/L_p first decreases, until it reaches a minimum close to x_{Δ,max}. Along this part of the branch of hairy black hole solutions L_e/L_p < 1. Continuing along the hairy black hole branch, the ratio then increases, first with increasing x_Δ until x_{Δ,max} is reached, and then with decreasing x_Δ. Passing L_e/L_p = 1, the ratio increases further with decreasing x_Δ, and attains a maximum L_e/L_p > 1. From there L_e/L_p decreases with decreasing x_Δ and reaches the limiting value L_e/L_p = 1 of the spherically symmetric RN solution for x_Δ → x_{Δ,cr}. Along the latter part of the branch of hairy black hole solutions, L_e/L_p > 1. The occurrence of L_e/L_p > 1 is a new phenomenon, not seen previously. (The EYM solutions had only values of the ratio L_e/L_p < 1 [17].)

For α = 1 > α̂, the dependence of the ratio L_e/L_p on the area parameter is much simpler. Again, with increasing area parameter the ratio L_e/L_p decreases, until it reaches a minimum not too far from x_{Δ,max}. The ratio then increases with increasing x_Δ, to reach the limiting value L_e/L_p = 1 of the spherically symmetric RN solution for x_Δ → x_{Δ,cr}. Thus for α = 1 the hairy black hole solutions always have L_e/L_p < 1. We also note that the magnitude of the deformation of the horizon of the α = 1 solutions is considerably greater than the magnitude of the deformation of the horizon of the α = 0.5 solutions.

Let us finally consider the dependence of the deformation of the horizon on the magnetic charge n. For the solutions with charge n > 2 we observe the same features of the ratio L_e/L_p as for the solutions with charge n = 2, described above. This is seen in Fig. 22, where the dependence of the ratio of circumferences L_e/L_p for the n = 3 black hole solutions on the area parameter x_Δ for α = 0.5 < α̂ is also shown. We observe, that the maximal deformation of the horizon increases with n.

D. Isolated horizon results

Let us now address the predictions of the isolated horizon formalism for the axially symmetric hairy black hole solutions with n > 1. We first consider relation (54) between black hole mass, soliton mass and horizon mass for the n > 1 solutions. Our numerical calculations confirm this relation for the axially symmetric hairy black hole solutions of EYMH theory. In Fig. 23 we show the dependence of the horizon mass per unit charge μ_Δ/(α^2n), obtained according to Eq. (55), on the area parameter x_Δ for the n = 2 black hole solutions for α = 0.5 and α = 1. Adding the mass per unit charge of the corresponding multimonopole solutions (μ_{reg}/(2α^2)(α = 0.5) = 0.961105 and μ_{reg}/(2α^2)(α = 1.0) = 0.847943, respectively,) precisely gives the values of the mass per unit charge of the hairy black hole solutions in Fig. 20.

Next we consider the interpretation of the hairy black holes as a bound states of regular solutions and Schwarzschild black holes [20]. We therefore identify the binding energy of these systems μ_{bind} /α^2, according to Eq. (57). In Fig. 24 we present the dependence of the binding energy μ_{bind}/α^2 on the area parameter x_Δ for the n = 2 black hole solutions for α = 0.5 and α = 1. For comparison, the binding energy of the corresponding RN solutions is also given. Fig. 24 is completely analogous to Fig. 7, where the binding energy of the n = 1 black hole solutions is shown.

However, for the n > 1 hairy black hole solutions, we can also consider other compound systems with magnetic charge n, consisting of a soliton and a black hole. Therefore the notion of binding energy is no longer unique, and the binding energy of the compound system of a n = 2 multimonopole and a Schwarzschild black hole represents only one particular case.

In the following we restrict the discussion to hairy black hole solutions with magnetic charge n = 2. Let us define the binding energy μ^1_{bind} /α^2 of the compound system of a n = 2 multimonopole and a Schwarzschild black hole by

μ^{(n=2)}(x_Δ) = μ^{(n=2)}_{reg} + μ_S(x_Δ) + μ^1_{bind} = μ^1 + μ^1_{bind} , (76)

and compare it to the binding energy μ^2_{bind} /α^2 of the compound system of two n = 1 monopoles and a Schwarzschild black hole,

μ^{(n=2)}(x_Δ) = 2μ^{(n=1)}_{reg} + μ_S(x_Δ) + μ^2_{bind} = μ^2 + μ^2_{bind} . (77)

Since the binding energy μ^2_{bind}/α^2 differs from the binding energy μ^1_{bind}/α^2 by the difference between the mass of the n = 2 multimonopole and the mass of two n = 1 monopoles, the binding energy μ^2_{bind} /α^2 is smaller than the binding energy μ^1_{bind}/α^2, shown in Fig. 24.

Alternatively we can consider a n = 2 hairy black hole as a compound system of a n = 1 monopole and a charged black hole. For the compound system of a n = 1 monopole and a n = 1 hairy black hole, the binding energy μ^3_{bind} /α^2 is given by

μ^{(n=2)}(x_Δ) = μ^{(n=1)}_{reg} + μ^{(n=1)}(x_Δ) + μ^3_{bind} = μ^3 + μ^3_{bind} , (78)

in the parameter range, where both black hole solutions coexist. Likewise, for the compound system of a n = 1 monopole and a RN black hole with unit charge, the binding energy μ^4_{bind} /α^2 is given by

μ^{(n=2)}(x_Δ) = μ^{(n=1)}_{reg} + μ_{RN}(x_Δ) + μ^4_{bind} = μ^4 + μ^4_{bind} , (79)

in the parameter range, where both solutions coexist.

Let us now illustrate these possibilities for the binding energy by considering the masses of the corresponding compound systems. In Figs. 25a-b we show the dependence the masses μ^1/α^2 − μ^4/α^2, Eqs. (76)-(79), on the area parameter x_Δ, and compare it to the mass of the n = 2 hairy black hole solutions, μ^{(n=2)}(x_Δ)/α^2, for α = 0.5 and α = 1, respectively.

The binding energy μ^1_{bind} /α^2 and the binding energy μ^2_{bind} /α^2 are always negative for the n = 2 hairy black hole solutions. In contrast, the binding energy μ^3_{bind}/α^2, representing the binding energy of the compound system of a n = 1 monopole and a n = 1 hairy black hole, changes sign. For α = 0.5, μ^3_{bind} /α^2 is positive beyond x_Δ ≈ 0.34, and for α = 1, it is positive beyond x_Δ ≈ 0.52. The binding energy μ^4_{bind}/α^2, representing the binding energy of the compound system of a n = 1 monopole and a RN black hole with unit charge, changes sign at x_Δ ≈ 0.63 for α = 0.5, whereas it is always positive for α = 1.

Thus for α = 0.5, the n = 2 hairy black holes possess a mass lower than the masses μ^1 − μ^4 of the compound systems only for x_Δ < 0.34. For x_Δ > 0.34, the n = 2 hairy black hole is either heavier than the compound system of a n = 1 monopole and a n = 1 hairy black hole, or (when the n = 1 hairy black hole branch ceases to exist) it is heavier than the compound system of a n = 1 monopole and a RN black hole with unit charge.

For α = 1 the n = 2 hairy black hole is energetically favourable for x_Δ < 0.52, where the compound system of a n = 1 monopole and a n = 1 hairy black hole is heavier, and for x_{Δ,cr}(n = 1) < x_Δ < 1, since below x_Δ = 1 no RN solutions exist. (x_{Δ,cr}(n = 1) < x_Δ < 1 represents the gap between the n = 1 hairy black hole branch and the RN branch with unit charge.)

Let us finally consider the “quasilocal uniqueness conjecture”, which states that static black holes are uniquely specified by their horizon area and horizon charges. In Fig. 26 we show the dependence of the non-abelian horizon magnetic charge on the area parameter x_Δ for the n = 2 hairy black hole solutions for α = 0.5 and 1. The horizon charge increases monotonically along the branches of n = 2 hairy black hole solutions, analogously to the horizon charge of the n = 1 hairy black hole solutions, shown in Fig. 8. In the limit x_Δ → x_{Δ,cr}, for α = 0.5 the value of the RN solution with charge n = 2 is reached, as expected, whereas for α = 1 the limiting value is smaller than two (reflecting the gap between the hairy black hole branch and the RN branch). The horizon electric charge vanishes.

To address the “quasilocal uniqueness conjecture”, we now also consider the branches of embedded RN solutions with integer values of the magnetic charge, beginning at x_Δ = αn. The lowest branch of embedded RN solutions has unit magnetic charge, and thus unit horizon magnetic charge. For α = 0.5, this branch begins at x_Δ = 0.5, and crosses the corresponding (α = 0.5) branch of n = 2 hairy black hole solutions. Consequently, at the crossing point there exist two distinct black hole solutions, one with hair and the other without hair, with the same horizon area and the same non-abelian horizon magnetic charge, representing a counterexample to the “quasilocal uniqueness conjecture”.

VI. CONCLUSIONS

We have considered static axially symmetric multimonopole and black hole solutions in EYMH theory. We have presented these solutions in detail and discussed their properties. Our particular interests were the investigation of an attractive phase between like monopoles and the study of monopole and black hole properties predicted by the isolated horizon formalism.

Concerning the multimonopole solutions we observe, that the mass per unit charge of the (multi)monopole solutions decreases with increasing α. In the BPS limit, for α = 0 the mass per unit charge is precisely equal to the mass of the n = 1 monopole. For α > 0, however, we observe that the mass per unit charge of the multimonopoles is smaller than the mass of the n = 1 monopole. In particular, the mass per unit charge decreases with increasing n. Thus in the BPS limit, there is an attractive phase between like monopoles, not present in flat space. Moreover, multimonopoles exist for gravitational coupling strength, too large for n = 1 monopoles to exist.

For finite Higgs selfcoupling, the flat space multimonopoles have higher mass per unit charge than the n = 1 monopole, allowing only for a repulsive phase between like monopoles. By continuity, this repulsive phase persists in the presence of gravity for small values of α, but it can give way to an attractive phase for larger values of α. Thus the repulsion between like monopoles can be overcome for small Higgs selfcoupling by sufficiently strong gravitational attraction. At the equilibrium value α_{eq}, multimonopole mass per unit charge und monopole mass equal one another. The equilibrium value α_{eq} increases with increasing Higgs selfcoupling, yielding a decreasing region in parameter space for the attractive phase. For large Higgs selfcoupling, only a repulsive phase is left.

While singly charged monopole solutions are stable, stability of the static axially symmetric multimonopole solutions is not obvious. We conjecture, that the n = 2 multimonopole solutions are stable, as long as their mass per unit charge is lower than the mass of the n = 1 monopole. For topological number n ≥ 3, however, solutions with only discrete symmetry exist in flat space [5], which, by continuity, should also be present in curved space (at least for small gravitational strength). For a given topological number n > 2, such multimonopole solutions without rotational symmetry may possess a lower mass than the corresponding axially symmetric solutions, as suggested by analogy from the multiskyrmions in flat space [37]. The axially symmetric solutions may therefore not represent global minima in their respective topological sectors, even if their mass per unit charge is lower than the mass of the n = 1 monopole.

Let us now turn to the black hole solutions of SU(2) EYMH theory. Besides embedded abelian black hole solutions, SU(2) EYMH theory also possesses genuine non-abelian black hole solutions [13]. The static SU(2) EYMH black hole solutions are no longer uniquely determined by their mass and charge alone. Indeed, in a certain region of the domain of existence of hairy black hole solutions, also embedded RN solutions with the same mass and charge exist. The non-abelian black hole solutions therefore represent counterexamples to the “no-hair” conjecture [13].

While static spherically symmetric (n = 1) EYMH black holes were studied in great detail [13], non-abelian black hole solutions with magnetic charge n > 1 were previously only considered perturbatively [15]. We have obtained static axially symmetric black hole solutions with integer magnetic charge n > 1 numerically. These black hole solutions are asymptotically flat, and they possess a regular deformed horizon. Being static and not spherically symmetric, these black hole solutions represent further examples, showing that Israel’s theorem cannot be generalized to EYM or EYMH theory. While previous (non-perturbative) counterexamples [28,21] were classically unstable, hairy EYMH black holes should provide classically stable counterexamples [15].

Considering the static axially symmetric solutions from the isolated horizon formalism point of view, we have verified the mass relation between the monopole and the black hole solutions, showing that the black hole mass is given by the sum of the soliton mass and the horizon mass. Interpreting the hairy black holes as bound states of solitons and Schwarzschild black holes [20], we have studied the binding energy of these bound systems. We have furthermore considered the binding energy with respect to various other compound systems, such as a n − 1 soliton and a n = 1 hairy black hole or a n − 1 soliton and a RN black hole with unit charge. The “quasilocal uniqueness conjecture” claims, that black holes are uniquely specified by their horizon area and their horizon electric and magnetic charge. Since we have constructed a counterexample to this conjecture, the need for a new formulation of the uniqueness conjecture arises.

The hairy black hole solutions studied here represent only the simplest type of non-spherical black hole solutions. Indeed, there are gravitating black hole solutions with much more complex shapes and only discrete symmetries left. In curved space such black holes without rotational symmetry, have been considered so far only perturbatively [15]. It remains a challenge to construct such solutions non-perturbatively and to find out, whether such black hole solutions without rotational symmetry are stable.

Acknowledgement We would like to thank the RRZN in Hannover for computing time.

[1] G. ‘t Hooft, Nucl. Phys. B79 (1974) 276;

A. M. Polyakov, JETP Lett. 20 (1974) 194. [2] R. S. Ward, Commun. Math. Phys. 79 (1981) 317;

P. Forgacs, Z. Horvarth and L. Palla, Phys. Lett. 99B (1981) 232; P. Forgacs, Z. Horvarth and L. Palla, Nucl. Phys. B192 (1981) 141; M. K. Prasad, Commun. Math. Phys. 80 (1981) 137; M. K. Prasad and P. Rossi, Phys. Rev. D24 (1981) 2182; E. Corrigan and P. Goddard, Commun. Math. Phys. 80 (1981) 575.

[3] C. Rebbi and P. Rossi, Phys. Rev. D22 (1980) 2010.

[4] B. Kleihaus, J. Kunz and D. H. Tchrakian, Mod. Phys. Lett. A13 (1998) 2523. [5] N. J. Hitchin, N. S. Manton and M. K. Murray, Nonlinearity 8 (1995) 661;

C. J. Houghton and P. M. Sutcliffe, Commun. Math.Phys. 180 (1996)343; C. J. Houghton and P. M. Sutcliffe, Nonlinearity 9 (1996) 385; P. M. Sutcliffe, Int. J. Mod. Phys. A12 (1997) 4663.

[6] C. H. Taubes, Commun. Math. Phys. 86 (1982) 257;

C. H. Taubes, Commun. Math. Phys. 86 (1982) 299. [7] Bernhard Rüber, Thesis, University of Bonn 1985;

B. Kleihaus and J. Kunz, Phys. Rev. D61 (2000) 025003.

[8] E. B. Bogomol’nyi, Yad. Fiz. 24 (1976) 499 [Sov. J. Nucl. Phys. 24 (1976) 861]. [9] M. K. Prasad and C.M. Sommerfield, Phys. Rev. Lett. 35 (1975) 760. [10] N. S. Manton, Nucl. Phys. B126 (1977) 525. [11] W. Nahm, Phys. Lett. B79 (1978) 426;

W. Nahm, Phys. Lett. B85 (1979) 373.

[12] J. N. Goldberg, P. S. Jang, S. Y. Park and K. C. Wali, Phys. Rev. D18 (1978) 542. [13] K. Lee, V.P. Nair and E.J. Weinberg, Phys. Rev. D45 (1992) 2751;

P. Breitenlohner, P. Forgacs and D. Maison, Nucl. Phys. B383 (1992) 357; P. Breitenlohner, P. Forgacs and D. Maison, Nucl. Phys. B442 (1995) 126.

[14] B. Hartmann, B. Kleihaus, and J. Kunz, Phys. Rev. Lett. 86, 1423 (2001). [15] S. A. Ridgway and E. J. Weinberg, Phys. Rev. D52 (1995) 3440. [16] B. Kleihaus and J. Kunz, Phys. Rev. Lett. 79, 1595 (1997). [17] B. Kleihaus and J. Kunz, Phys. Rev. D57, 6138 (1998). [18] A. Ashtekar, C. Beetle, S. Fairhurst, Class. Quant. Grav. 17 (2000) 253;

A. Ashtekar, Annalen Phys. 9 (2000) 178;

A. Ashtekar, S. Fairhurst, and B. Krishnan, Phys. Rev. D62 (2000) 104025. [19] A. Corichi, and D. Sudarsky, Phys. Rev. D61 (2000) 101501;

A. Corichi, U. Nucamendi, and D. Sudarsky, Phys. Rev. D62 (2000) 044046. [20] A. Ashtekar, A. Corichi and D. Sudarsky, Class. Quantum Grav. 18 (2001) 919. [21] B. Kleihaus and J. Kunz, Phys. Lett. B494 (2000) 130. [22] R. Bartnik and J. McKinnon, Phys. Rev. Lett. 61 (1988) 141. [23] M. S. Volkov and D. V. Galt’sov, Sov. J. Nucl. Phys. 51 (1990) 747;

P. Bizon, Phys. Rev. Lett. 64 (1990) 2844;

H. P. Künzle and A. K. M. Masoud-ul-Alam, J. Math. Phys. 31 (1990) 928. [24] B. Kleihaus and J. Kunz, Phys. Rev. Lett. 78, 2527 (1997). [25] B. Kleihaus and J. Kunz, Phys. Rev. D57, 834 (1998). [26] B. Kleihaus and J. Kunz, Phys. Rev. Lett. 85 (2000) 2430.

[27] see e. g. D. Kramer, H. Stephani, E. Herlt, and M. MacCallum, Exact Solutions of Einstein’s Field Equations, Ch. 17 (Cambridge University Press, Cambridge, 1980) [28] B. Kleihaus and J. Kunz, Phys. Lett. B329 (1994) 61;

B. Kleihaus and J. Kunz, Phys. Rev. D50 (1994) 5343. [29] B. Kleihaus, J. Kunz and Y. Brihaye, Phys. Lett. 273B (1991) 100;

J. Kunz, B. Kleihaus, and Y. Brihaye, Phys. Rev. D46 (1992) 3587. [30] B. Kleihaus and J. Kunz, Phys. Lett. B392 (1997) 135. [31] S. Weinberg, Gravitation and Cosmology (Wiley, New York, 1972) [32] R. M. Wald, General Relativity (University of Chicago Press, Chicago, 1984) [33] A. Lue and E.J. Weinberg, Phys. Rev. D60 (1999) 084025;

Y. Brihaye, B. Hartmann and J. Kunz, Phys. Rev. D62 (2000) 044008.

[34] For n = 1 monopoles for large Higgs self-coupling the exterior solution is not of RN-type [33]. [35] In the BPS limit and for small values of β, the branch of monopole solutions with unit charge bends backwards at αmax until a critical coupling constant αcr is reached. For the multimonopole solutions we do not observe such a backbending phenomenon. Already in the BPS limit, near α = αmax the mass of the non-abelian solutions differs from the mass of the extremal RN solution by less than 0.01%. Thus either the maximal value αmax coincides with the critical value αcr, or both are too close together to extend the branch of multimonopole solutions backwards numerically, from αmax to αcr.

[36] The Lue-Weinberg phenomenon [33] might also occur for axially symmetric multimonopoles, when larger values of β are considered.

[37] E. Braaten, S. Townsend and L. Carson, Phys. Lett. B235 (1990) 147;

R. A. Battye and P. M. Sutcliffe, hep-th/9702089;

C. J. Houghton, N. S. Manton, P. M. Sutcliffe, hep-th/9705151. Commun. Math. Phys. 171 (1995) 685. [38] W. Schönauer and R. Weiß, J. Comput. Appl. Math. 27, 279 (1989) 279; M. Schauder, R. Weiß and W. Schönauer, The CADSOL Program Package, Universität Karlsruhe, Interner Bericht Nr. 46/92 (1992).

VII. APPENDIX A

A. Tensors F¯˚ , D¯Φ, T¯˚

We expand the field strength tensor and the covariant derivative with respect to the Pauli matrices τ^n_λ , (λ = r, θ, φ, see Eq. (13)) F_{μν} = F^{(λ)}_{μν} τ^n_λ 2 and D_μΦ = D^{(λ)}_μ Φ τ^n_λ .

Inserting ansatz (12) for the gauge field, we obtain the non-vanishing coefficients F^{(λ)}μν and D_μΦ^{(λ)}

F^{(φ)}_{rθ} = − 1 r (H_{1,θ} + rH_{2,r}) , F^{(r)}_{rφ} = −n sin θ r (rH_{3,r} − H_1H_4) ,

F^{(θ)}_{rφ} = n sin θ r (rH_{4,r} + H_1H_3 + cotθH_1) ,

F^{(r)}_{θφ} = −n sin θ (H_{3,θ} − 1 + H_2H_4 + cotθH_3) , F^{(θ)}_{θφ} = n sin θ (H_{4,θ} − H_2H_3 − cotθ (H_2 − H_4)) , (80)

and F^{(λ)}μν = −F^{(λ)}νμ ,

D_r Φ^{(r)} = 1 r (H_1Φ_2 + rΦ_{1,r}) ,

D_r Φ^{(θ)} = − 1 r (H_1Φ_1 − rΦ_{2,r}) ,

D_θΦ^{(r)} = (Φ_{1,θ} − H_2Φ_2) , D_θ Φ^{(θ)} = (Φ_{2,θ} + H_2Φ_1) , D_φΦ^{(φ)} = n sin θ (H_4Φ_1 + H_3Φ_2 + cotθΦ_2) . (81) It is convenient to define

F^2_{rθ} = ( F^{(φ)}_{rθ} )_2 + 1 r^2

(rH_{1,r} − H_{2,θ})^2 ,

F^2_{rφ} = ( F^{(r)}_{rφ} )_2 + ( F^{(θ)}_{rφ} )_2 , F^2_{θφ} = ( F^{(r)}_{θφ} )_2 + ( F^{(θ)}_{θφ} )_2 , (82) where the second term in the definition of F^2_{rθ} represents the gauge fixing term, as well as

D^2_r Φ = ( D^{(r)}_r Φ

)_2 + ( D^{(θ)}_r Φ

)_2 , D^2_θ Φ = ( D^{(r)}_θ Φ

)_2 + ( D^{(θ)}_θ Φ

)_2 , D^2_φΦ = ( D^{(φ)}_φ Φ

)_2 . (83)

With the ansatz for the metric (10) we obtain the Lagrange densities

L_F = − f 2m ( f r^2m

F^2_{rθ} + f r^2 sin^2 θl

(F^2_{rφ} + 1 r^2

F^2_{θφ}) ) , L_Φ = − f 2 m ( D^2_r Φ + 1 r^2

D^2_θ Φ + m lr^2 sin^2 θ

D^2_φΦ ) − λ 8 T r(Φ^2 − η^2)^2 ,

L_M = L_Φ + L_F , (84)

and the non-vanishing components of the stress energy tensor,

T_{00} = f^2 2m [ f r^2m

F^2_{rθ} + f r^2 sin^2 θl

(F^2_{rφ} + 1 r^2

F^2_{θφ}) + D^2_r Φ + 1 r^2

D^2_θ Φ + m lr^2 sin^2 θ

D^2_φΦ ] + f λ 8 T r(Φ^2 − η^2)^2 , T_{rr} = 1 2 [ f r^2m

F^2_{rθ} + f r^2 sin^2 θl

(F^2_{rφ} − 1 r^2

F^2_{θφ}) + D^2_r Φ − 1 r^2

D^2_θ Φ − m lr^2 sin^2 θ

D^2_φΦ ] − m f λ 8 T r(Φ^2 − η^2)^2 , T_{θθ} = r^2 2 [ f r^2m

F^2_{rθ} + f r^2 sin^2 θl

(−F^2_{rφ} + 1 r^2

F^2_{θφ}) − D^2_r Φ + 1 r^2

D^2_θ Φ − m lr^2 sin^2 θ

D^2_φΦ ] − mr^2 f λ 8 T r(Φ^2 − η^2)^2 , T_{φφ} = r^2 sin^2 θ 2 l m [ − f r^2m

F^2_{rθ} + f r^2 sin^2 θl

(F^2_{rφ} + 1 r^2

F^2_{θφ}) − D^2_r Φ − 1 r^2

D^2_θ Φ + m lr^2 sin^2 θ

D^2_φΦ ] − lr^2 sin^2 θ f λ 8 T r(Φ^2 − η^2)^2 .

(85)

VIII. APPENDIX B

Subject to the corresponding set of boundary conditions, we solve the system of coupled non-linear partial differential equations numerically. For the globally regular solutions, we employ the radial coordinate z = x 1 + x

(86)

instead of x, to map the infinite interval of the variable x onto the finite interval [0, 1] of the variable z. For the derivatives this leads to the substitutions rF_{,r} −→ z(1 − z)F_{,z} , r^2F_{,r,r} −→ z^2 ( (1 − z)^2F_{,z,z} − 2(1 − z)F_{,z} ) (87) (88)

for any function F in the differential equations. In this form we have solved the system of differential equations numerically.

To map spatial infinity to the finite value z = 1, we employ for the black hole solutions the radial coordinate

z = 1 − x_H x . (89)

For the derivatives this leads to the substitutions rF_{,r} −→ (1 − z)F_{,z} , r^2F_{,r,r} −→ (1 − z)^2F_{,z,z} − 2(1 − z)F_{,z} (90) (91)

for any function F in the differential equations.

For the black hole solutions we furthermore introduce the functions f̄ (z, θ), m̄(z, θ) and l̄(z, θ) [16,17], f̄ (z, θ) = f(z, θ) z^2 , m̄(z, θ) = m(z, θ) z^2 , l̄(z, θ) = l(z, θ) z^2

(92) where z is the compactified coordinate (89). Since in the limit x → ∞, the variable z approaches the value 1, the boundary conditions for the functions f̄ , m̄ and l̄ coincide with the boundary conditions for the functions f, m and l at infinity. At the horizon, the boundary conditions of the functions f̄ , m̄ and l̄ are given by

(f̄ − ∂_zf̄ )|_{z=0} = 0 , (m̄ + ∂_zm̄)|_{z=0} = 0 , (l̄ + ∂_zl̄)|_{z=0} = 0 . (93)

To satisfy the regularity condition (11) in the numerical calculations, we have introduced the new function g(z, θ) g(z, θ) = m̄(z, θ) l̄(z, θ) (94)

with the boundary conditions on the symmetry axis and at the horizon

g|_{θ=0} = 1 , ∂_zg|_{z=0} = 0 . (95)

The numerical calculations are performed with help of the program FIDISOL, which is extensively documented in [38]. The equations are discretized on a non-equidistant grid in z and θ. Typical grids used have sizes 150 × 30, covering the integration region 0 ≤ z ≤ 1 and 0 ≤ θ ≤ π/2.

The numerical method is based on the Newton-Raphson method, an iterative procedure to find a good approximation to the exact solution. Let us put the partial differential equations into the form P (u) = 0, where u denotes the unknown functions (and their derivatives). For an approximate solution u^{(1)}, P (u^{(1)}) does not vanish. If we could find a small correction Δu, such that u^{(1)} + Δu is the exact solution, P (u^{(1)} + Δu) = 0 should hold. Approximately the expansion in Δu gives

0 = P (u^{(1)} + Δu) ≈ P (u^{(1)}) + ∂P ∂u (u^{(1)})Δu .

The equation P (u^{(1)}) = −^{∂P}_{∂u} (u^{(1)})Δu can be solved to determine the correction Δu^{(1)} = Δu. u^{(2)} = u^{(1)} + Δu^{(1)} will not be the exact solution but an improved approximate solution. Repeating the calculations iteratively, the approximate solutions will converge to the exact solutuion, provided the initial guess solution is close enough to the exact solution. The iteration stops after i steps if the Newton residual P (u^{(i)}) is smaller than a prescribed tolerance. Therefore it is essential to have a good first guess, to start the iteration procedure. Our strategy therefore is to use a known solution as guess and then vary some parameter to produce the next solution.

To construct axially symmetric EYMH solutions, we have used the known spherically symmetric EYMH solutions as starting solutions with n = 1. We have then increased the ‘parameter’ n slowly, to obtain the desired axially symmetric solutions at integer values of n.

For a numerical solution it is important to have information about its quality, i. e. to have an error estimate. The error originates from the discretization of the system of partial differential equations. It depends on the number of gridpoints and on the order of consistency of the differential formulae for the derivatives. FIDISOL provides an error estimate for each unknown function, corresponding to the maximum of the discretization error divided by the maximum of the function. For the solutions presented here the estimations of the relative error for the functions are on the order of 10^{−3} for n = 2 and n = 3.

FIG. 1a. The metric function N of the n = 1 monopole solution is shown as a function of the compactified dimensionless Schwarzschild-like coordinate zs = x̃/(1 + x̃) in the BPS limit for five values of α along the monopole branch, in particular for a value close to the maximal value of α, αmax ≈ 1.403 and for a value close to the critical value of α, αcr ≈ 1.386.

FIG. 1b. The same as Fig. 1a for the gauge field function K.

FIG. 1c. The same as Fig. 1a for the Higgs field function H.

FIG. 2a. The metric function f of the n = 1 monopole solution is shown as a function of the compactified dimensionless isotropic coordinate z = x/(1 + x) in the BPS limit for five values of α along the monopole branch, in particular for a value close to the maximal value of α, αmax ≈ 1.403 and for a value close to the critical value of α, αcr ≈ 1.386.

FIG. 2b. The same as Fig. 2a for the gauge field function K.

FIG. 2c. The same as Fig. 2a for the Higgs field function H.

FIG. 3. The domain of existence of the hairy black hole solutions in the BPS limit is shown in the xΔ-α-plane. The solid line shows the maximal values xΔ,max obtained for the n = 1 hairy black hole solutions, while the crosses represent the maximal values xΔ,max obtained for n = 2 hairy black hole solutions. The asterisk marks the value α̂(2) = √ 3/2, conjectured to separate the two regions with distinct critical behaviour. Also shown are the extremal RN solutions with unit charge and charge two.

FIG. 4. The dependence of the mass μ/α^2 of the n = 1 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. For comparison, the mass of the corresponding RN solutions is also shown.

FIG. 5. The dependence of the surface gravity κ of the n = 1 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. For comparison, the surface gravity of the corresponding RN solutions is also shown.

FIG. 6. The dependence of the horizon mass μΔ/α^2 of the n = 1 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1.

FIG. 7. The dependence of the binding energy μbind/α^2 of the n = 1 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. For comparison, the binding energy of the corresponding RN solutions is also shown.

FIG. 8. The dependence of the non-abelian horizon magnetic charge P (xΔ) of the n = 1 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1.

FIG. 9a. The metric function f of the axially symmetric n = 2 monopole solution is shown as a function of the compactified dimensionless isotropic coordinate z = x/(1 + x) for the angles θ = 0, θ = π/4 and θ = π/2 in the BPS limit for four values of α along the multimonopole branch, α = 1, 1.2, 1.4 and 1.499.

FIG. 9b. The same as Fig. 9a for the metric function m.

FIG. 9c. The same as Fig. 9a for the metric function l.

FIG. 9d. The same as Fig. 9a for the gauge field function H1.

FIG. 9e. The same as Fig. 9a for the gauge field function H2.

FIG. 9f. The same as Fig. 9a for the gauge field function H3.

FIG. 9g. The same as Fig. 9a for the gauge field function H4.

FIG. 9h. The same as Fig. 9a for the Higgs field function Φ1.

FIG. 9i. The same as Fig. 9a for the Higgs field function Φ2.

FIG. 10a. The metric function f of the axially symmetric n = 2 monopole solution is shown as a function of the auxillary Schwarzschild-like coordinate x̂ = x √ m/f, for the angles θ = 0, θ = π/4 and θ = π/2 in the BPS limit for α = 1.493, 1.496 and 1.499, close to the critical α. Also shown is the metric function f of the RN solution with charge P = 2 and area parameter xΔ = 1.5.

FIG. 10b. The same as Fig. 10a for the gauge field function H2.

FIG. 10c. The same as Fig. 10a for the norm of the Higgs field |Φ| = √ Φ^2_1 + Φ^2.

FIG. 11. The dependence of the mass per unit charge μ/(α^2n) of the hairy black hole solutions on the parameter α is shown in the BPS limit for magnetic charge n = 1, 2 and 3. For comparison, the mass per unit charge of the extremal RN solutions is also shown.

FIG. 12. The dependence of the maximal values αmax(n) of the hairy black hole solutions on the parameter β is shown for magnetic charge n = 1, 2 and 3. Also shown are the equilibrium values αeq(n1 = n2), in particular αeq(1 = 2), αeq(1 = 3) and αeq(2 = 3), for which the mass per unit charge of the charge n1 and and the charge n2 (multi)monopole equal one another.

FIG. 13. a) The energy density ϵ = −T^0_0 is shown for the hairy black hole solution with magnetic charge n = 2 and area parameter xΔ = 1.0 in the BPS limit for α = 1.0 in a three-dimensional plot and a contour plot with axes ρ and z. b)-d) Surfaces of constant energy density ϵ = −T^0_0 are shown for the solution of a).

FIG. 14. The same as Fig. 13 for the hairy black hole solution with n = 3, xΔ = 0.5 and α = 0.5.

FIG. 15. The energy density ϵ = −T^0_0 of the hairy black hole solutions with magnetic charge n = 1, 2 and 3 and area parameter xΔ = 0.5 is shown as a function of the dimensionless isotropic coordinate x for the angles θ = 0, θ = π/4 and θ = π/2 in the BPS limit for α = 0.5.

FIG. 16. The angle-independence of the surface gravity κ is shown for the hairy black hole solution with magnetic charge n = 2 and area parameter xΔ = 1.0 in the BPS limit for α = 1.0. Also shown is the angle-dependence of the normalized expansion coefficients f2 and m2 of the metric functions f and m.

FIG. 17. The dependence of the horizon radius in isotropic coordinates xH of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1.

FIG. 18a. The energy density ϵ = −T^0_0 of the n = 2 hairy black hole solution is shown as a function of the dimensionless compactified coordinate z = 1 −^{xH}_x for the angles θ = 0, θ = π/4 and θ = π/2 in the BPS limit for four values of α along the hairy black hole branch, in particular for a value close to the maximal value of xΔ, xΔ,max ≈ 1.39, and for a value close to the critical value of xΔ, xΔ,cr ≈ 1.07.

FIG. 18b. The same as Fig. 18a for the metric function f.

FIG. 18c. The same as Fig. 18a for the norm of the Higgs field | Φ |= √ Φ^2_1 + Φ^2.

FIG. 19. The dependence of the horizon value of the gauge field function H2(xH) and the horizon value of the Higgs field function Φ1(xH) of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5.

FIG. 20. The dependence of the mass per unit charge μ/(α^2n) of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. For comparison, also the mass per unit charge of the RN solutions for α = 0.5 is shown. For α=1.0, RN solutions with charge P = 2 exist only for xΔ ≥ 2.

FIG. 21. The dependence of the surface gravity κ of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. For comparison, also the surface gravity of the RN solutions for α = 0.5 is shown.

FIG. 22. The dependence of the ratio of circumferences Le/Lp of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. Also shown is the ratio of circumferences Le/Lp of the n = 3 hairy black hole solutions for α = 0.5.

FIG. 23. The dependence of the horizon mass μΔ/α^2 of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1.

FIG. 24. The dependence of the binding energy μbind/α^2 of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. For comparison, the binding energy of the corresponding RN solutions is also shown.

FIG. 25a. The dependence of the mass of the compound system of a n = 2 multimonopole and a Schwarzschild black hole, of two n = 1 monopoles and a Schwarzschild black hole, of a n = 1 monopole and a n = 1 hairy black hole, and of a n = 1 monopole and a RN black hole with unit charge, on the area parameter xΔ is shown in the BPS limit for α = 0.5. For comparison the mass of the n = 2 hairy black hole solutions is also shown. The inlet shows the binding energy with respect to the compound system of a n = 1 monopole and a n = 1 hairy black hole.

FIG. 25b. The same as Fig. 25a for α = 1.

FIG. 26. The dependence of the non-abelian horizon magnetic charge P (xΔ) of the n = 2 hairy black hole solutions on the area parameter xΔ is shown in the BPS limit for α = 0.5 and α = 1. Also shown is the horizon magnetic charge of the RN solutions with charge n = 1 and n = 2 for α = 0.5.