arXiv:hep-th/0108148 21 Aug 2001

IML 01-xy hep-th/0108148

Quasitriangular chiral WZW model in a nutshell

Ctirad Klimčík

Institute de mathématiques de Luminy, 163, Avenue de Luminy, 13288 Marseille, France

Abstract

We give the bare-bone description of the quasitriangular chiral WZW model for the particular choice of the Lu-Weinstein-Soibelman Drinfeld double of the affine Kac-Moody group. The symplectic structure of the model and its Poisson-Lie symmetry are completely characterized by two r-matrices with spectral parameter. One of them is ordinary and trigonometric and characterizes the q-current algebra. The other is dynamical and elliptic (in fact Felder’s one) and characterizes the braiding of q-primary fields.

1. Introduction. In reference [9], we have constructed a one-parameter deformation of the standard WZW model. It is the theory possessing a huge Poisson-Lie symmetry generated by left and right q-deformed current algebra. The goal of this paper is to offer the simplest possible description of the q-deformed chiral WZW theory for the particular choice of the affine Lu- Weinstein-Soibelman double. We address those readers who want to obtain the first acquaintance with the q-deformed WZW model by working with a representative simple example. Nothing will be derived or proved here and only those results will be presented which do not require any preliminary understanding of the Poisson-Lie world. In particular, we do not wish to bother the reader with more general choices of the Drinfeld double neither with the natural origin of the model from the symplectic reduction of a simpler system living on the centrally extended double .

2. Language. The classical actions of dynamical systems enjoying the Poisson-Lie symmetry look typically forbiddingly complicated when written in some of standard parametrizations of simple Lie groups. This is the case already for toy systems with few degrees of freedom, not even speaking about field theories. It is therefore necessary to develop a language suited for effective dealing with such models.

We can describe a classical dynamical system in more or less three different languages:

a) By defining a classical action on a space of fields. This way is best suited for the path integral quantization.

b) By identifying a symplectic manifold and the Hamiltonian function on it. This is good for the geometric quantization.

c) By picking up a representative set of (coordinate) functions and Hamiltonian and defining their mutual Poisson brackets. This is the starting point for the canonical quantization.

We stress that at the classical level all three languages are fully equivalent though in studying some particular feature of the system one of them can turn out to be more convenient than the others.

The standard WZW model [13] was invented in the language a). The language b) was then extensively used for the description of the (finite) Poisson- Lie symmetry of the chiral WZW model [8]. Finally, the language c) has been also developed in papers devoted to the canonical quantization of the (chiral) WZW model [1, 3, 4, 2].

The quasitriangular WZW model [9] was conceived by thinking and working in the language b). However, the most explicit (by physicist’s taste) and economical description of this theory can be offered in the language c). This is what we shall do here. The language a) in the quasitriangular case in principle also exists. Indeed, the interrelation between a) and b) is wellknown. We recall that for a couple (symplectic form ω, Hamiltonian H) we can immediately write the first order classical action of the form S = ∫ (d^{−1}ω − Hdt). (1) The reader will agree, however, that the formula (1) contains no additional insights with respect to b). Moreover, as we have already mentioned, the coordinate description of (1) is awful. We do not therefore expect usefulness of the path integral method in the quasitriangular WZW story.

3. Review of the standard chiral WZW model. Now we first review the definition of the standard WZW model [3] in the language c). Consider a compact, simple, connected and simply connected group G. Recall that the Weyl alcove A_+ is the fundamental domain of the action of the Weyl group on the maximal torus of G. Now the points of the phase space P of the standard chiral WZW model are the maps m : R → G, fulfilling the monodromy condition m(σ + 2π) = m(σ)M. Here the monodromy M sits in the Weyl alcove A_+ and it is convenient to parametrize it as M = exp (−2πia^μH^μ). In other words, a^μ are coordinates on the alcove A_+ corresponding to the choice of the orthonormal basis H^μ in the Cartan subalgebra of Lie(G).

The following matrix Poisson bracket (written in some representation of G) completely characterizes the symplectic structure of the standard nondeformed chiral WZW model [3]:

{m(σ)^⊗, m(σ^′)}_{W Z} = (m(σ) ⊗ m(σ^′))B_0(a^μ, σ − σ^′), (2) where^1

B_0(a^μ, σ) = − π κ [ η(σ)(H^μ ⊗H^μ)−i ∑ α |α|^2 2 exp (iπη(σ)⟨α, H^μ⟩a^μ) sin (π⟨α, H^μ⟩a^μ) E^α ⊗E^{−α} ] . Here κ is the level and η(σ) is the function defined by

η(σ) = 2[ σ 2π ] + 1,

with [σ/2π] being the largest integer less than or equal to^σ_{2π} .

An important Lie(G)-valued observable is the chiral Kac-Moody current j = κmm^{−1}. (3) It generates the hamiltonian action of (the central extension of) the loop group LG on the phase space P . This is reflected in the following matrix Poisson brackets which follow from (2) and (3): {m(σ)^⊗, j(σ^′)}_{W Z} = 2πCδ(σ − σ^′)(m(σ) ⊗ 1), (4) {j(σ)^⊗, j(σ^′)}_{W Z} = πδ(σ−σ^′)[C, j(σ)⊗1−1⊗j(σ^′)]+κ2πC∂_σδ(σ−σ^′), (5) where C is the Casimir element defined by C = ∑ μ H^μ ⊗ H^μ + ∑ α>0 |α|^2 2 (E^{−α} ⊗ E^α + E^α ⊗ E^{−α}). (6)

The Poisson bracket (5) corresponds to the non-deformed current algebra and (4) can be interpreted as a statement, that m(σ) is the Kac-Moody primary

1Our conventions for the normalization of the step generators Eff of Lie(G) are as follows [H¯, Eff] = ⟨α, H¯⟩Eff, (Eff)^† = E^−ff; [Eff, E^−ff] = α^∨, [α^∨, E^±ff] = ±2E^±ff, (Eff, E^−ff)_GC_0 = 2 |α|2 . The element α^∨ in the Cartan subalgebra of Lie(GC) is called the coroot of the root α and it is given by the formula

α^∨ = 2 |α|2 ⟨α, H¯⟩H¯.

field. Finally, the relation (3) can be viewed as the classical version of the Knizhnik-Zamolodchikov equation [10].

The Hamiltonian of the non-deformed chiral theory is given by the Sugawara formula: H^{W Z} = − 1 2κ (κ∂_σmm^{−1}, κ∂_σmm^{−1})_GC_0 .

It leads to the following simple time evolution in the phase space: [m(σ)](τ ) = m(σ − τ ). 4. q-current algebra. The concept of the q-deformation of the current algebra (5) was apparently first introduced in [11] who have worked out the complex case. The detailed discussion of the real case can be found in [9]. Here we shall need only the classical (Poisson bracket) story, which is based on the concept of a meromorphic classical r-matrix r̂(σ) ∈ Lie(G) ⊗ Lie(G) fulfilling the ordinary classical Yang-Baxter equation with spectral parameter, i.e.

[r̂^{12}(σ_1 −σ_2), r̂^{13}(σ_1 −σ_3)+r̂^{23}(σ_2 −σ_3)]+[r̂^{13}(σ_1 −σ_3), r̂^{23}(σ_2 −σ_3)] = 0. (7)

The q-current L(σ) is a (hermitian in real case) matrix taking values in some representation of GC and whose Poisson brackets are given by the formula {L(σ)^⊗, L(σ^′)} = (L(σ) ⊗ L(σ^′))εr̂(σ − σ^′) + εr̂(σ − σ^′)(L(σ) ⊗ L(σ^′)) −(1⊗L(σ^′))εr̂(σ−σ^′+2iεκ)(L(σ)⊗1)−(L(σ)⊗1)εr̂(σ−σ^′−2iεκ)(1⊗L(σ^′)). (8) Here κ is the level and ε the deformation parameter related to q as q = e^ε. Everywhere in this paper, r̂(σ) will denote the following concrete trigonometric solution of the YB equation (7):

r̂(σ) = r + Ccotg 1 2 σ, where C is given by (6) and r by r = ∑ α>0 i|α|^2 2 (E^{−α} ⊗ E^α − E^α ⊗ E^{−α}).

5. Felder’s elliptic dynamical r-matrix. Consider the following r-matrix B_ε(a^μ, σ) ∈ Lie(G) ⊗ Lie(G) (meromorphically) depending also on the coordinates a^μ of the alcove A_+:

B_ε(a^μ, σ) = = − i κ ρ( iσ 2κε , iπ κε )H^μ ⊗ H^μ − i κ ∑ α |α|^2 2 σ_a¯_{⟨α,H}¯_⟩( iσ 2κε , iπ κε )E^α ⊗ E^{−α}. The elliptic functions ρ(z, τ ), σ_w(z, τ ) are defined as (cf. [6, 7, 5]) σ_w(z, τ ) = θ_1(w − z, τ )θ^′_1(0, τ ) θ_1(w, τ )θ_1(z, τ ) , ρ(z, τ ) = θ^′_1(z, τ ) θ_1(z, τ )

. (9)

Note that θ_1(z, τ ) is the Jacobi theta function^2

θ_1(z, τ ) = − ∞∑ j=−∞ e^{πi(j+ 12 )2τ +2πi(j+ 12 )(z+ 12 )},

the prime ’ means the derivative with respect to the first argument z and the argument τ (the modular parameter ) is a nonzero complex number such that Im τ > 0.

It is straightforward to check (it helps to use [12]), that B_ε(a^μ, σ) verifies the following relations

[B_ε, 1 ⊗ H^μ + H^μ ⊗ 1] ≡ [B^{12}_ε , (H^μ)^1 + (H^μ)^2] = 0;

[B^{12}_ε (σ_1 − σ_2), B^{13}_ε (σ_1 − σ_3) + B^{23}_ε (σ_2 − σ_3)] + [B^{13}_ε (σ_1 − σ_3), B^{23}_ε (σ_2 − σ_3)]+ + i κ ( ∂ ∂a^μ B^{12}_ε )(H^μ)^3 + i κ ( ∂ ∂a^μ B^{23}_ε )(H^μ)^1 + i κ ( ∂ ∂a^μ B^{31}_ε )(H^μ)^2 = 0. (10)

Here (10) is called the dynamical Yang-Baxter equation with spectral parameter [6, 5].

6. The quasitriangular chiral WZW model. The phase space of the quasitriangular chiral WZW model is P ; i.e. it is the same as that of its

2We have θ_1(z, τ ) = ϑ_1(πz, τ ) with ϑ_1 in [12].

non-deformed counterpart. The symplectic structure of the deformed model is completely characterized by the following matrix Poisson bracket: {m(σ)^⊗, m(σ^′)}_{qW Z} = (m(σ)⊗m(σ^′))B_ε(a^μ, σ−σ^′)+εr̂(σ−σ^′)(m(σ)⊗m(σ^′)), (11) where all notations have been already explained before. The properties of the elliptic functions (9) imply that lim_{ε→0}B_ε(a^μ, σ) = B_0(a^μ, σ).

This fact gives immediately the correct limit q → 1 (cf. Eq. (2)).

The q-current L(σ) is given by the classical version of the q-KZ equation: L(σ) = m(σ + iκε)m^{−1}(σ − iκε). (12) From (11) and (12), it follows {m(σ)^⊗, L(σ^′)}_{qW Z} = = εr̂(σ −σ^′ −iεκ)(m(σ)⊗L(σ^′))−(1⊗L(σ^′))εr̂(σ −σ^′ +iεκ)(m(σ)⊗1) (13) and {L(σ)^⊗, L(σ^′)}_{qW Z} = (L(σ) ⊗ L(σ^′))εr̂(σ − σ^′) + εr̂(σ − σ^′)(L(σ) ⊗ L(σ^′)) −(1⊗L(σ^′))εr̂(σ−σ^′+2iεκ)(L(σ)⊗1)−(L(σ)⊗1)εr̂(σ−σ^′−2iεκ)(1⊗L(σ^′)). (14) The relation (13) can be interpreted that m(σ) is the q-primary field and (14) is nothing but the defining relation (8) of the q-current algebra.

A few words about the q → 1 limit: From the classical q-KZ equation (12), we derive

L(σ) = 1 + 2iεκ∂_σmm^{−1} + O(ε^2) = 1 + 2iεj(σ) + O(ε^2).

Inserting this into (13) and (14), we obtain in the lowest order in ε the desired relations (4) and (5): {m(σ)^⊗, j(σ^′)}_{W Z} = 2πCδ(σ − σ^′)(m(σ) ⊗ 1); {j(σ)^⊗, j(σ^′)}_{W Z} = πδ(σ − σ^′)[C, j(σ) ⊗ 1 − 1 ⊗ j(σ^′)] + 2πκC∂_σδ(σ − σ^′).

It turns out that the flow [m(σ)](τ ) = m(σ − τ ) on P is Hamiltonian also for the q-deformed symplectic structure (11). Its generator H^{qW Z} is the Hamiltonian of the quasitriangular chiral WZW model. The explicit formula for it is given by the relation (1.20) in [9]. We do not list it here in order not to break the basic promise expressed in the introduction: reading of this paper did not require any preliminary knowledge of the Poisson-Lie world.

References

[1] A. Alekseev and S. Shatashvili, Commun. Math. Phys. 128 (1990) 197 [2] L. Caneschi and M. Lysiansky, Nucl. Phys. B505 (1997) 701 [3] M. Chu, P. Goddard, I. Halliday, D. Olive and A. Schwimmer, Phys.

Lett. B266 (1991) 71 [4] M. Chu and P. Goddard, Nucl. Phys. B445 (1995) 145 [5] P. Etingof and A. Varchenko, Geometry and classification of solutions of the Classical Dynamical Yang-Baxter Equation, q-alg/9703040 [6] G. Felder, Conformal field theory and integrable systems associated to elliptic curves, in Proceedings of the International Congress of Mathematicians, Zurich, 1994 [7] G. Felder and C. Wieczerkowski, Commun. Math. Phys. 176 (1996) 133 [8] K. Gawȩdzki, Commun. Math. Phys. 139 (1991) 201 [9] C. Klimčík, Quasitriangular WZW model hep-th/0103118 [10] V. G. Knizhnik and A. B. Zamolodchikov, Nucl.Phys. B247 (1984) 83 [11] N. Yu. Reshetikhin and M. A. Semenov-Tian-Shansky, Lett. Math. Phys.

19 (1990) 133

[12] E. Whittaker and G. Watson, A course of modern analysis, Cambridge, Cambridge University Press, 1969 [13] E. Witten, Commun. Math. Phys. 92 (1984) 455