arXiv:hep-th/0108158 v3 12 Oct 2002

Conformal Anomalies in Noncommutative Gauge Theories

Tadahito NAKAJIMA^∗

Laboratory of Physics, College of Science and Technology, Nihon University Narashino-dai, Funabashi, Chiba 274-8501, Japan

Abstract

We calculate conformal anomalies in noncommutative gauge theories by using the path integral method (Fujikawa’s method). Along with the axial anomalies and chiral gauge anomalies, conformal anomalies take the form of the straightforward Moyal deformation in the corresponding conformal anomalies in ordinary gauge theories. However, the Moyal star product leads to the difference in the coefficient of the conformal anomalies between noncommutative gauge theories and ordinary gauge theories. The β (Callan-Symanzik) functions which are evaluated from the coefficient of the conformal anomalies coincide with the result of perturbative analysis.

∗E-mail address: nakajima@phys.ge.cst.nihon-u.ac.jp

1 Introduction

Gauge theories on noncommutative space-time (noncommutative gauge theories) have recently attracted much attention (for a review, see [1]). This is partly due to the realization that such theories actually occur in string theory with a constant NS-NS two-form field [2]. The noncommutative character of the Moyal star product leads to noncommutative gauge theories. For example, noncommutative U(1) gauge theories have a character similar to ordinary non- Abelian gauge theories, although the gauge group is commutative. It is shown from perturbative analysis of the β function that the noncommutative U(1) Yang–Mills theory is asymptotically free [15, 13]. An intrinsic feature of noncommutative gauge theories is the so-called UV/IR mixing [13]. The planar diagrams controlled the UV properties, while nonplanar diagrams generally lead to new IR phenomena through the mixing.

Axial anomalies and chiral gauge anomalies have been actively studied in noncommutative gauge theories [3]-[12]. These anomalies can be calculated by perturbative analysis and the path integral formulation (Fujikawa’s method). Chiral gauge anomalies can also be described using generalized descent equations [5]. It is known that these anomalies take the form of a straightforward Moyal deformation in the corresponding anomalies in ordinary gauge theories. However, this modification includes physical consequences to the chiral gauge anomalies. The noncommutative character of the Moyal star product actually leads to more restrictive conditions for anomaly cancellation [4, 5]. The noncommutative chiral gauge theories with fermions in the fundamental representation are anomalous. The chiral gauge anomalies only come from planar diagrams in this representation. On the other hand, the noncommutative chiral gauge theories with fermions in the adjoint representation are anomaly-free (in four dimensions) [6, 7, 11]. Although not only planar diagrams but also nonplanar diagrams contribute to the chiral gauge anomalies in this representation, they cancel in each sector. Therefore, nonplanar diagrams do not contribute to the chiral gauge anomalies (in a single gauge group) [6, 12].

The noncommutative field theories include the noncommutativity parameter θ of dimension [length]^2. Therefore, it is expected that the scale (or dilatation) invariance of the field theories is broken at the classical level even if the field theories are massless field theories. The breaking for scale invariance at the classical level was actually investigated in the Moyal deformed massless scalar field theory. In the classical scalar field theory, the variation of the action under the infinitesimal scale transformation is proportional to the change in the noncommutativity parameter induced by infinitesimal scale transformation [23]. Therefore, the Moyal deformed massless scalar field theory is invariant under the scale transformation including the change in the noncommutativity parameter. On the other hand, the Weyl symmetry, which is closely related to the scale invariance, is broken as a result of quantum corrections in the ordinary field theories. This phenomenon is well known as conformal (or Weyl) anomalies. It is an interesting problem to study how conformal anomalies are deformed by the Moyal star products in the noncommutative field theories.

In this paper, we have calculated conformal anomalies in four dimensional noncommutative gauge theories (on flat space) with fermions in a fundamental representation. Variants of the path integral method (Fujikawa’s method) will be found to be suited for the calculations. The calculation in the path integral method is simple, although we needs some knowledge of Weyl transformations and breaking. We advance calculation of the conformal anomaly to Abelian gauge theory, the noncommutative QED, first. The generalization to non-Abelian gauge theory, the noncommutative QCD, is straightforward. The paper is organized as follows. In Sec. 2, we state the method of calculation for the conformal anomaly in the path integral method based on Ref. [22] after introducing the background field method for noncommutative QED. In Sec. 3, we calculate the conformal anomaly in noncommutative QED at the one-loop level. In ordinary gauge theories, there is a relation between the conformal anomaly and the β function. Based on the relation, we evaluate the β function in noncommutative QED and compare with the result from perturbative analysis. The calculating method shown in Sec. 3 is generalizably straightforward in the noncommutative QCD. It is stated by Sec. 4. Sec. 5 is devoted to a summary and discussion.

2 The background field method for noncommutative QED

Noncommutative gauge theories can be obtained by replacing the ordinary products of fields in the actions of their commutative counterparts by the Moyal star products, f(x) ∗ g(x) = e^{i2 θμν ∂∂ξμ ∂∂ζν} f(x + ξ)g(x + ζ) | | |_{ξ=ζ=0} = ∫ d^4p (2π)^4 ∫ d^4q (2π)^4 e^{− i2 pμθμν qν} e^{i(pμ+qμ)xμ}f̂(p)ĝ(q) , (2.1) where θ^{μν} = −θ^{νμ} is an antisymmetric real matrix. It is known that the matrix θ^{μν} is constrained by imposing unitarity on a noncommutative quantum field theories. The only allowed types of the matrix θ^{μν} are spacelike and lightlike [14].

We begin with the noncommutative U(1) Yang–Mills action, S_{gauge}[A_μ] = − 1 4g^2 ∫ d^4x F_{μν} (x) ∗ F^{μν} (x) . (2.2)

Here the field strength F_{μν} (x) is

F_{μν} (x) = ∂_μA_ν (x) − ∂_ν A_μ(x) − i[ A_μ(x), A_ν (x) ]_M , (2.3)

with the Moyal bracket [ A, B ]_M = A ∗ B − B ∗ A. The action (2.2) is invariant under the infinitesimal gauge transformation δA_μ(x) = ∂_μλ(x) − i[ A_μ(x), λ(x) ]_M with the infinitesimal gauge transformation parameter λ(x).

In order to compute the effective action including the quantum effect of the gauge field, we introduce the background field method for noncommutative gauge theories [20, 18]. We decompose the gauge field A_μ into a background field B_μ and a fluctuating field a_μ, A_μ(x) = B_μ(x) + a_μ(x) . (2.4) Then the field strength decomposes as follows:

F_{μν} = F_{μν} [B] + D_μ[B]a_ν − D_ν [B]a_μ − i[ a_μ, a_ν ]_M , (2.5) where F_{μν} [B] is the field strength of the background field B_μ, and D_μ[B] is the covariant derivative acting on the fluctuating field a_μ, F_{μν} [B](x) ≡ ∂_μB_ν (x) − ∂_ν B_μ(x) − i[ B_μ(x), B_ν (x) ]_M , (2.6)

D_μ[B]a_ν(x) ≡ ∂_μa_ν (x) − i[ B_μ(x), a_ν(x) ]_M . (2.7) Substitution in the action (2.2) of the field strength (2.5) and integration by parts yields S_{gauge}[a_μ, B_μ] = − 1 4g^2 ∫ d^4x { F_{μν} [B] ∗ F^{μν} [B] + 4ia^μ ∗ [ F_{μν} [B], a^ν ]_M −2a_μ ∗ D_ν [B]D^ν [B]a^μ − 2D_μ[B]a^μ ∗ D_ν [B]a^ν + O(a^3_μ) } . (2.8) In deriving this action, we have used the classical equation of motion for the background field B_μ. If the background field B_μ is regarded as fixed, the action (2.8) has the following local symmetry:

δa_μ(x) = D_μ[B]λ(x) − i[ a_μ(x), λ(x) ]_M . (2.9) In order to define the functional integral, we need to perform the gauge fixing for the local gauge symmetry implemented by the transformation (2.9). We choose a gauge fixing (GF) term and Faddeev–Popov (FP) ghost term (in the ’t Hooft–Feynman gauge) as follows: S_{GF +F P} [a_μ, c, c̄] = − 1 2g^2 ∫ d^4x { D_μ[B]a^μ ∗ D_ν [B]a^ν −ic̄ ∗ D^μ[B]( D_μ[B]c − i[ a_μ, c ]_M ) } , (2.10) where c(x) and c̄(x) are the ghost fields. Here the gauge fixing condition has been taken to be covariant with respect to the background field. We can obtain the gauge fixed action for the fluctuating field a_μ by adding Eqs. (2.8) and (2.10).

We next introduce the matter fields. The action for the massless fermion interacting with a background U(1) gauge field B_μ is given by S_{matter}[ψ̄, ψ] = ∫ d^4x ψ̄(x) ∗ (i/D[B])ψ(x) , (2.11) where the covariant derivative acting on the fermion is defined by [4, 6, 7] /D[B]ψ(x) ≡ γ^μ∂_μψ(x) − iγ^μB_μ(x) ∗ ψ(x) . (2.12) The gauge-fixed action in the noncommutative QED is given by S_{gauge} + S_{GF +F P} + S_{matter}. Note that the gauge fixed action is still invariant under a local transformation: δψ(x) = −igλ(x) ∗ ψ(x) , δψ̄(x) = +igψ̄(x) ∗ λ(x) ,

δB_μ(x) = ∂_μλ(x) − i[ B_μ(x), λ(x) ]_M , δa_μ(x) = i[ a_μ(x), λ(x) ]_M , (2.13)

δc(x) = i[ c(x), λ(x) ]_M , δc̄(x) = i[ c̄(x), λ(x) ]_M . The Wilsonian effective action is obtained by functional integration over the fluctuating field. The one-loop effective action W [B] for the background field B_μ can be written as exp(−W [B]) = ∫ DψDψ̄Da_μDcDc̄ exp ( S_{quad}[a_μ] + S_{quad}[c, c̄] + S_{matter}[ψ̄, ψ] ) , (2.14) with S_{quad}[a_μ] = 1 2g^2 ∫ d^4x { a_μ ∗ D_ν [B]D^ν [B]a^μ − 2ia_μ ∗ [ F^{μν} [B], a_ν ]_M } , (2.15)

S_{quad}[c, c̄] = 1 4g^2 ∫ d^4x { ic̄ ∗ D_μ[B]D^μ[B]c } . (2.16) Here, we perform a Wick rotation into Euclidean space-time with the metric g_{μν} = −δ_{μν} for the actual calculations.

In ordinary gauge theories, the one-loop conformal (or Weyl) anomalies can be simply evaluated by using the background field method in the path integral approach [22]. In this approach, the conformal anomalies are characterized as the Jacobian for the functional measure Dψ̂D ^̄ψDâ_μDĉD^̄c with the field variables in flat space, ψ̂(x) ≡ 4 √ |g|ψ(x)(= ψ(x)) , ^̄ψ(x) ≡^4 √ |g|ψ̄(x)(= ψ̄(x)) , â_μ(x) ≡^4 √ |g|e^i_μa_i(x)(= a_i(x)) , ĉ(x) ≡^4 √ |g|c(x)(= c(x)) , ^̄c(x) ≡^4 √ |g|c̄(x)(= c̄(x)) , (2.17)

respectively. Here g is the determinant of the metric and e^i_μ is the vielbein in flat (Euclidean) space. The scale transformation can be regarded as a combination of the Weyl transformation and the coordinates transformation. The choice of the functional measure is dictated by the manifest covariance under the (general) coordinate transformation in curved space. Note that the redefinition of the field variables modifies Weyl transformations laws. We take the following transformation laws as Weyl transformation laws on noncommutative space: ψ(x) → ~ψ(x) = exp ( −^1_2 α(x) ) ∗ ψ(x) , ψ̄(x) → ~ψ̄(x) = ψ̄(x) ∗ exp ( −^1_2 α(x) ) , a_μ(x) → ~a_μ(x) = exp (−α(x)) ∗ a_μ(x) , c(x) → ~c(x) = c(x) ∗ exp (−2α(x)) , c̄(x) → ~c̄(x) = c̄(x) , (2.18)

where α(x) is an infinitesimal arbitrary function. When the Moyal star products in Eqs. (2.18) are restored to the ordinary (commutative) products, the transformation laws (2.18) are also restored to the ordinary Weyl transformation laws for the field variables (2.17). In the next section, we derive the conformal anomaly in noncommutative QED (in the flat space limit) on the basis of the path integral approach. For this purpose, we will evaluate the associated Jacobian of functional measure in Eq. (2.14) under the transformation laws (2.18). For convenience, however, we suppose α(x) is an infinitesimal arbitrary constant hereafter. Namely, we treat the global Weyl transformations.

3 The conformal anomaly in noncommutative QED

3.1 The contribution from matter fields

We first evaluate the contribution from the matter fields to the conformal anomaly. The global Weyl transformation laws for the matter fields are given by ψ(x) −→ ~ψ(x) = exp ( − 1 2 α ) ψ(x) , (3.1) ψ̄(x) −→ ~ψ̄(x) = ψ̄(x) exp ( − 1 2 α ) , where α is a constant parameter. In order to define the integral measure of the fermionic fields more accurately, we decompose ψ(x) and ψ̄(x) into eigenfunctions of the Dirac operator defined in Eq. (2.12), ψ(x) = ∑ n a_nφ_n(x) , ψ̄(x) = ∑ n b̄_nφ^†_n(x) . (3.2)

The coefficients a_n and b̄_n are Grassmann numbers. The Dirac operator /D[B] has real eigenvalues λ_n

/D[B]φ_n(x) = λ_nφ_n(x) , (3.3) and the set of eigenfunctions {φ_n(x)} is complete. We assume that the set of eigenfunctions is orthonormal: ∫ d^4x φ^†_n(x) ∗ φ_m(x) (= ∫ d^4x φ^†_n(x)φ_m(x)) = δ_{nm} . (3.4) Under the infinitesimal transformations (3.1), the integration measure of the fermionic fields transforms as D ~ψD ~ψ̄ = J_ψ[α]DψDψ̄ , (3.5) with the Jacobian J_ψ [α] = det [ δ_{nm} − 1 2 α ∫ d^4x φ^†_n(x) ∗ φ_m(x) ]_{−2} (3.6) = exp [ α ∑ n ∫ d^4x φ^†_n(x) ∗ φ_n(x) ] . In deriving the second line, we have used the identity ln det = Tr ln. In the same way as the evaluation of chiral anomalies, we regularize the Jacobian (3.6) with a Gaussian damping factor at hand,

J_ψ[α] ≡ lim_{ϵ−→0} exp [ α ∑ n ∫ d^4x exp ( − ϵ λ^2_n ) φ^†_n(x) ∗ φ_n(x) ]

(3.7) = lim_{ϵ−→0} exp [ α ∑ n ∫ d^4x ( exp_∗ (− ϵ /D ∗ /D) ∗ φ^†_n(x) ) ∗ φ_n(x) ] . Here the damping factor exp_∗ is defined by exp_∗ x ≡ 1 + x +^1_{2!} x ∗ x + · · ·. By expanding φ_n(x) in plane waves, we can rewrite the Jacobian J_ψ[α] into the form J_ψ[α] = exp [ α ∫ d^4x A_ψ (x) ] , with ∫ d^4x A_ψ(x) ≡ lim_{ϵ−→0} ∫ d^4x ∫ d^4k (2π)^4 tr [ ( exp_∗ (− ϵ /D ∗ /D) ∗ e^{ik·x} ) ∗ e^{−ik·x} ] , (3.8) where tr[ ] denotes a trace over the Dirac matrices γ^μ. By using the identity γ^μγ^ν = g^{μν} + σ^{μν} (≡^1_2 [γ^μ, γ^ν ]), we obtain ∫ d^4x A_ψ = lim_{ϵ−→0} ∫ d^4x ∫ d^4k (2π)^4 tr [ ( exp_∗ { −ϵ ( D_μ ∗ D^μ − i 2 σ^{μν} F_{μν} (x) ) } ∗ e^{ik·x} ) ∗ e^{−ik·x} ]

(3.9) = lim_{ϵ−→0} ∫ d^4x ∫ d^4k (2π)^4 tr [ exp_∗ { −ϵ ( (ik_μ + D_μ) ∗ (ik^μ + D^μ) − i 2 σ^{μν} F_{μν} (x) ) } ] .

In deriving the second line of Eq. (3.9), we have utilized the fact that (∂_μe^{ik·x})∗e^{−ik·x} = ik_μ +∂_μ and e^{ip·x} ∗ e^{ik·x} ∗ e^{−ik·x} = e^{ip·x}. Note that the background gauge field in the covariant derivative D_μ and its field strength do not depend on the momentum k_μ.

After rescaling the momentum k_μ → k_μ/ √ ϵ, we have ∫ d^4x A_ψ = lim_{ϵ−→0} 1 ϵ^2 ∫ d^4x ∫ d^4k (2π)^4 e^{kμkμ} tr [ exp_∗ { −2i √ ϵk^μD_μ − ϵD_μ ∗ D^μ − i 2 ϵσ^{μν} F_{μν} (x) } ] . (3.10)

We can easily perform the momentum integration for Eq. (3.10) with the aid of the Gaussian integral. By using the formulas ∫_∞ −∞ d^4k (2π)^4 e^{kλkλ} = 1 (4π)^2 , ∫_∞ −∞ d^4k (2π)^4 e^{kλ k λ}k^μk^ν = − 1 2 1 (4π)^2 δ^{μν} , (3.11) ∫_∞ −∞ d^4k (2π)^4 e^{kλkλ} k^μk^ν k^ρk^σ = 1 4 1 (4π)^2 (δ^{μρ}δ^{νσ} + δ^{μσ}δ^{νρ} + δ^{μσ}δ^{νρ}) , we obtain ∫ d^4x A_ψ(x) = lim_{ϵ−→0} 1 (4π)^2 ∫ d^4x ( 4 ϵ^2 + 2 3 F_{μν} (x) ∗ F^{μν} (x) ) . (3.12)

Here we have used the trace properties of the Dirac matrices,

tr1 = 4, tr(γ^μγ^ν ) = 4δ^{μν} , tr(σ^{μν} σ^{ρσ}) = −4(δ^{μν} δ^{ρσ} + δ^{μρ}δ^{νσ}) ,

with trγ^μ = tr(γ^μγ^ν γ^ρ) = 0. Ignoring the term which becomes infinite in the limit ϵ −→ 0 [22], we obtain the conformal anomaly coming from the quantum effect of the fermions:

A_ψ (x) = 1 (4π)^2 2 3 F_{μν} (x) ∗ F^{μν} (x) . (3.13)

3.2 The contribution from the gauge field and ghost fields

We next evaluate the contribution from the gauge field and the ghost fields to the conformal anomaly. The (global) Weyl transformation laws for the fluctuating field and the ghost fields are given by

a_μ(x) −→ ~a_μ(x) = exp (−α) a_μ(x) , (3.14)

c(x) −→ ~c(x) = exp (−2α) c(x) , c̄(x) −→ ~c̄(x) = c̄(x) , (3.15) where α is a constant parameter. We decompose a_μ(x), c(x), and c̄(x) as

a_μ(x) = ∑ n c_nV_{μ,n}(x) , (3.16)

c(x) = ∑ n α_nS_n(x) , c̄(x) = ∑ n β_nS_n(x) , (3.17)

respectively. Here the coefficients c_n are the ordinary numbers and α_n and β_n are the Grassmann numbers. For the explicit evaluation of the Jacobian, the basis vectors V_{μ,n} and the scalar basis S_n are chosen to be the eigenfunctions,

D_ν [B]D^ν [B]V^μ_n(x) − 2i[ F^{μν} [B], V_{ν,n}(x) ]_M = λ_nV^μ_n(x) , (3.18)

D_ν [B]D^ν [B]S_n(x) = λ_nS_n(x) , (3.19)

with the covariant derivative defined in Eq. (2.7). We also assume that the sets of eigenfunctions {V^μ_n(x)} and {S_n(x)} are orthonormal and complete, respectively.

Under the infinitesimal transformations (3.14) and (3.15), the integration measure of the fluctuating field and ghost fields transforms as D~a_μD~cD~c̄ = J_a[α]J_c[α]Da_μDcDc̄ , (3.20) with the Jacobians

J_a[α] = exp [ −α ∑ n ∫ d^4x V_{nμ} (x) ∗ V^μ_n (x) ] , (3.21)

J_c[α] = exp [ +2α ∑ n ∫ d^4x S_n(x) ∗ S_n(x) ] . (3.22)

We shall evaluate from the Jacobian (3.22) first. For convenience, let us introduce the notation with respect to the covariant derivative D_μS_n(x) ≡

∫_d4_k

(2π)^4 Dμ[; k] Ŝ_n(k)eik·x, where

D_μ[; k] ≡ ∂_μ(= ik_μ) − 2 ∫ d^4p (2π)^4 B̂_μ(p)e^{ip·x} sin (1 2 p ∧ k ) , (3.23)

with p ∧ k ≡ p_ρθ^{ρσ}k_σ . The background gauge field in the covariant derivative D_μ depends on the momentum k_μ via the sine functions sin

(_1 2 p ∧ k ) , since the covariant derivative contains the Moyal bracket. As we shall see, the sine function sin

(_1 2 p ∧ k ) corresponds to the structure constants in ordinary gauge theories. The covariant derivatives D_μ[; k] satisfy the following commutation relation:

[ D_μ[; k], D_ν [; k] ] = −iF_{μν} (x; k) ≡ ∫ d^4p (2π)^4 F̂_{μν} (p)e^{ip·x}(−2) sin ( 1 2 p ∧ k ) , (3.24) where F̂_{μν} (p) is the Fourier transformation of F_{μν} : F_{μν} (x) ≡

∫_d4_p (2π)^4 F̂μν (p)e ip·x. In deriving this

expression, we have used the relations sin (p ∧ (q + k)) sin (q ∧ k) − sin (q ∧ (p + k)) sin (p ∧ k) = sin (p ∧ q) sin ((p + q) ∧ k).

Under the Fourier transformations for S_n(x), the Jacobian (3.22) takes the following form:

J_c[α] = exp [ +2α ∑ n ∫ d^4x ∫ d^4k (2π)^4 ∫ d^4l (2π)^4

Ŝ_n(k)Ŝ_n(l) ] . (3.25)

In the same way as Eq. (3.7), we regularize the Jacobian (3.25) with a Gaussian damping factor as J_c[α] = exp [ α ∫ d^4x A_c(x) ] , with ∫ d^4x A_c(x) ≡ 2 lim_{ϵ−→0} ∑ n ∫ d^4x ∫ d^4k (2π)^4 ∫ d^4l (2π)^4 ( exp (− ϵ D_μ[; k]D^μ[; k] ) Ŝ_n(k) ) Ŝ_n(l)

= 2 lim_{ϵ−→0} ∫ d^4x ∫ d^4k (2π)^4 exp {− ϵ (ik_μ + D_μ[; k])(ik^μ + D^μ[; k])} . (3.26)

In deriving Eq. (3.26), we have used the identity ∂_μŜ_n(k) = ik_μŜ_n(k). Note that the background gauge field depends on the momentum k_μ. This means that the Jacobian factor (3.26) includes the nonplanar contribution [20, 13]. In terms higher than the second power of the covariant derivative, however, we can decompose them into terms depending on the momentum k_μ, and terms independent of the momentum k_μ. In the fourth power of the covariant derivative, for example, we obtain ∫ d^4x [ D_{[μ}[; k] D_{ν]}[; k] D_{[ρ}[; k] D_{σ]}[; k] ] (3.27) = 4 ∫ d^4x (∫ d^4p (2π)^4 F̂_{μν} (p)e^{ip·x} sin (1 2 p ∧ (q + k) ) ∫ d^4q (2π)^4 F̂_{ρσ}(q)e^{iq·x} sin (1 2 q ∧ k ))

= −2 ∫ d^4x (∫ d^4p (2π)^4 F̂_{μν} (p)e^{ip·x} ∫ d^4q (2π)^4 F̂_{ρσ}(q)e^{iq·x} ) + (the term that depends on k_μ) ,

under the integration with respect to the space-time coordinates x^μ. Here D_{[μ}D_{ν]} ≡ D_μD_ν − D_ν D_μ. In deriving the third line of Eq. (3.27), we have made use of the Fourier inverse transform for the delta function ∫ d^4x e^{i(p+q)·x} = (2π)^4δ(p + q) and an identity

sin^2( 1 2 p ∧ k) = 1 2 (1 − cos(p ∧ k)) . (3.28)

We find that the integral over space-time coordinates plays a role corresponding to a trace about the generators of gauge groups in ordinary non-Abelian gauge theories. In order for the integration to play the role of the trace, however, note that the infinitesimal parameter α in the

Weyl transformation must be a constant. The first term in the third line of Eq. (3.27) can be regarded as the planar contribution [20, 17, 16]. Such a planar contribution can be expressed as ∫ d^4x ( D_{[μ}[; k] D_{ν]}[; k] D_{[ρ}[; k] D_{σ]}[; k] )| | |_{planar} = −2 ∫ d^4x F_{μν} (x) ∗ F_{ρσ}(x) . (3.29)

Here we have used the fact that ∫ d^4x f(x) ∗ g(x) = ∫ d^4x ∫ d^4p (2π)^4 f̂ (p)e^{ip·x} ∫ d^4q (2π)^4 ĝ(q)e^{iq·x}. Contributions from the second and the third power of the covariant derivative in the planar sector cancel after the momentum integration. It is the same in the fourth power of the covariant derivative with the symmetric property for the Minkowski indices. Therefore, the momentum integration in the planar sector leads to the following result: ∫ d^4x A_c(x)|_{planar} = 2 lim_{ϵ−→0} 1 ϵ^2 ∫ d^4x ∫ d^4k (2π)^4 e^{kμkμ} exp { −2i √ ϵk^μD_μ[; k] − ϵD_μ[; k]D^μ[; k] }| |_{planar} = lim_{ϵ−→0} 1 (4π)^2 ∫ d^4x ( 1 ϵ^2 − 2 6 F_{μν} (x) ∗ F^{μν} (x) ) . (3.30)

Here we have made use of the formulas (3.11). Ignoring the infinite term, we obtain the conformal anomaly from the quantum effect of the ghost fields, A_c(x)|_{planar} = 1 (4π)^2 ( − 1 3 ) F_{μν} (x) ∗ F^{μν} (x) . (3.31)

We next evaluate the Jacobian (3.21). Under the Fourier transformations for V^μ_n (x), the Jacobian (3.21) takes the following form:

J_a[α] = exp [ +2α ∑ n ∫ d^4x ∫ d^4k (2π)^4 ∫ d^4l (2π)^4

V̂_{nμ}(k)V̂^μ_n (l) ] , (3.32)

where we have used the relations ∑ n V̂_{nμ}(k)V̂ μ_n (l) = (2π)4δ4(k + l). Taking account of Eq.

(3.18), we regularize the Jacobian (3.32) as follows:

J_a[α] = exp [ α ∫ d^4x A_a(x) ] , with ∫ d^4x A_a(x) ≡ − lim_{ϵ−→0} ∑ n ∫ d^4k (2π)^4 ∫ d^4l (2π)^4 ( exp { − ϵ ( δ_μ^ν D^2[; k] − 2iF_μ^ν (x; k) ) } V̂_{nν} (k) ) V̂^μ_n (l)

= − lim_{ϵ−→0} ∫ d^4x ∫ d^4k (2π)^4 tr [ exp { − ϵ ( δ_μ^ν (ik + D[; k])^2 − 2iF_μ^ν (x; k) ) } ] , (3.33) where D^2 ≡ D_μD^μ and tr[ ] denotes a trace with respect to the Minkowski indices. The concrete form of the field strength F_{μν} (x; k) is shown in Eq. (3.24). Since the background gauge field and its field strength depend on the momentum k_μ, the Jacobian factor (3.33) also includes the nonplanar contribution. Selecting the planar contribution, we arrive at ∫ d^4x A_a(x)|_{planar} = − lim_{ϵ−→0} 1 ϵ^2 ∫ d^4x ∫ d^4k (2π)^4 e^{kμkμ} tr [ exp { −2i √ ϵδ_μ^ν k^λD_λ[; k] − ϵδ_μ^ν D^2[; k] + 2iF_μ^ν (x; k) }]| |_{planar} = lim_{ϵ−→0} 1 (4π)^2 ∫ d^4x ( − 1 ϵ^2 − 5 × 2 3 F_{μν} (x) ∗ F^{μν} (x) ) (3.34)

Here we have made use of the formulas (3.11). Ignoring the infinite term, we obtain the conformal anomaly from the quantum effect of the fluctuating field, A_a(x)|_{planar} = 1 (4π)^2 ( − 10 3 ) F_{μν} (x) ∗ F^{μν} (x) . (3.35)

3.3 The conformal anomaly and the β function

Adding together the contributions from matter fields, the gauge field, and ghost fields, we obtain the conformal anomaly in noncommutative QED. The explicit form of the conformal anomaly is given by ∫ d^4x A(x)|_{planar} = ∫ d^4x ( n_f · A_ψ(x) + A_a(x)|_{planar} + A_c(x)|_{planar} )

= 1 (4π)^2 ( 2 3 n_f − 11 3 ) ∫ d^4x F_{μν} (x) ∗ F^{μν} (x) , (3.36)

where n_f is the number of flavors. This takes the same form as the conformal anomaly in ordinary QED except for the ordinary product replacing the Moyal star product. The gauge invariance of the result is guaranteed by the integration over space-time coordinates. Note that the coefficient of the conformal anomaly differs from the coefficient of the conformal anomaly in ordinary QED by a factor of 2 [22]. The difference comes from the identity (3.28) and normalization of the U(1) generator.

A close relation exists between the conformal anomaly and the β function in the ordinary field theories. When quantum corrections are included, a scale transformation shifts the renormalized coupling constant. Since the variation is proportional to the β function, the corresponding change in the action is also proportional to the β function in a classically scale invariant theory. Therefore, the conformal anomaly is proportional to the β function. In ordinary QED with massless fermions, the conformal anomaly up to the one-loop correction is given by ∫ d^4x A(x) = β(e) 2e^3 ∫ d^4x F_{μν} (x)F^{μν} (x) , (3.37) where e denotes the coupling constant. This expression shows the relation between the conformal anomaly and β functions in ordinary QED. In analogy with the ordinary QED, we express the conformal anomaly in noncommutative QED as follows: ∫ d^4x A(x) = β(g)|_{N C−QED} 2g^3 ∫ d^4x F_{μν} (x) ∗ F^{μν} (x) , (3.38)

where g is the coupling constant in noncommutative QED. From Eqs. (3.36) and (3.38), we can evaluate the β function in noncommutative QED up to the one-loop contribution: β(g)|_{N C−QED} = − g^3 (4π)^2

( 22 3 − 4 3 n_f ) . (3.39)

This is coincident with the β function obtained from the perturbative analysis^2 [21].

4 The generalization to the U(N) gauge group

It is straightforward to modify the method of the calculation in the U(1) gauge group performed for the previous section to the U(N) gauge group. In the U(N) gauge group, the notation tr[ ] in Eq. (3.8) replaces the notation denoting the trace over the Dirac matrices γ^μ and the gauge group generators T_a with a certain irreducible representation. Similarly, the trace over the gauge group generators with the adjoint representation appears in Eq. (3.26) and the notation tr[ ] in Eq. (3.33) replaces the notation denoting the trace with respect to the Minkowski indices and the trace over the gauge group generators with the adjoint representation. Hence, the factor C(r) caused from the normalization tr[T_aT_b] = C(r)δ_{ab} appears in the coefficient of the corresponding expression for Eq. (3.13), and the factor C_2(G)(= N) from the quadratic Casimir operator for the U(N) gauge group appears in the coefficient of the corresponding expression for Eqs. (3.31) and (3.35). The corresponding conformal anomaly in noncommutative QCD with the U(N) gauge group is given as follows: ∫ d^4x A(x)|_{planar} = 1 (4π)^2 (2 3 n_f C(r) − 11 3 C_2(G) ) ∫ d^4x F_{μν}^a(x) ∗ F^{μν}_a(x) , (4.1)

where F_{μν}^a are the components of the field strength: F_{μν} = F_{μν}^aT_a. Note also that the coefficient of the conformal anomaly differs from the coefficient of the conformal anomaly in ordinary QCD with the U(N) gauge group. When evaluating the β function based on the relation corresponding to Eq. (3.38) in noncommutative QCD, we obtain β(g)|_{N C−QCD} = − g^3 (4π)^2 2 ( 11 3 C_2(G) − 2 3 n_f C(r) ) . (4.2)

This is also coincident with the β function obtained from the perturbative analysis^3 [20].

2By the definition of a β function, the expression (3.39) is different from that in Ref. [21] only in the factor 1 g ._3 If we take a different normalization of a U (1) generator, we might also obtain the one-loop β function in ordinary U (N ) gauge theory. For example, see Ref. [19].

5 Conclusion and Discussion

In this paper, we have evaluated the conformal anomalies in noncommutative gauge theories. As well as the axial anomalies and chiral gauge anomalies, the conformal anomalies are also calculable on the basis of the path integral formulation. Except for the difference in coefficients, the conformal anomalies (3.36) and (4.1) take the form of the straightforward Moyal deformation in the corresponding anomalies in ordinary gauge theories. The difference in coefficients is a consequence of the noncommutativity of the Moyal star product. In evaluating the conformal anomalies by the path integral formulation, the background field method has been adopted. The fluctuating fields and the ghost fields in the background field method transform as a field in the adjoint representation under the gauge transformation (2.13). The interactions with the background field and such adjoint fields include the Moyal bracket. Then the sine function sin(^1_2 p ∧ k) arising from the Moyal bracket plays the role of the structure constants in the gauge algebra. The corresponding quadratic Casimir operator takes the value of 2. It causes the difference in coefficients of the conformal anomalies between the ordinary gauge theory and noncommutative gauge theory.

There is a relation between the conformal anomaly and the β function in ordinary gauge theories. The β function in noncommutative gauge theory can be evaluated by applying the relation between the conformal anomaly and the β function. The evaluation of the β function based on this relation is in agreement with the result of the perturbative analysis.

In evaluating the conformal anomalies, we have focused attention on the planar contribution. We can confirm that the nonplanar sector in the first and second power in Taylor series of the Gaussian damping factor does not contribute in the case of p ∘ p ≡ p_μθ^{μρ}p^ν θ_{νρ} < 0. We shall report elsewhere whether the nonplanar sector does not contribute to the conformal anomalies in all order in Taylor series of the Gaussian damping factor.

We have confined our discussion to the conformal anomaly under the global Weyl transformation. If we extend the global Weyl transformation to the local Weyl transformation, then the integration over space-time coordinates does not play the role corresponding to the trace over the generators of gauge groups in ordinary non-Abelian gauge theories. Further consideration is needed in this respect. In the noncommutative field theory at the classical level, the variation of the action under the global scale (or dilatation) transformation for the fields can be expressed as the variation of the action under the global scale transformation of the noncommutativity parameter [23]. In order to argue about the conformal anomaly under the local Weyl transformation, it may be necessary to consider the noncommutative field theory with nonconstant noncommutative parameters [24]. We hope to discuss this subject in the future.

Acknowledgments

I am grateful to S. Deguchi for valuable discussions and helpful suggestions. I would like to thank A. Sugamoto for a careful reading of the manuscript and useful comments. I also would like to thank A. Armoni, J. Gomis, and R. Schiappa for useful comments.

References

[1] Michael R. Douglas and Nikita A. Nekrasov, “Noncommutative Field Theory” Rev. Mod. Phys. 73 (2002) 977-1029, [hep-th/0106048].

[2] Nathan Seiberg and Edward Witten, “String Theory and Noncommutative Geometry” JHEP 9909 (1999) 032, [hep-th/9908142].

[3] Farhad Ardalan and Neda Sadooghi, “Axial Anomaly in Noncommutative QED on R^4” Int. J. Mod. Phys. A16 (2001) 3151-3178, [hep-th/0002143].

[4] J. M. Gracia-Bondia and C. P. Martin, “Chiral Gauge Anomalies on Noncommutative R^4 ” Phys. Lett. B479 (2000) 321-328, [hep-th/0002171].

[5] L. Bonora, M. Schnabl and A. Tomasiello, “A note on consistent anomalies in noncommutative YM theories” Phys. Lett. B485 (2000) 311-313, [hep-th/0002210].

[6] C.P. Martin, “The UV and IR Origin of Nonabelian Chiral Gauge Anomalies on Noncommutative Minkowski Space-time” J. Phys. A34 (2001) 9037-9056, [hep-th/0008126];

C.P. Martin, “Chiral Gauge Anomalies on Noncommutative Minkowski Spacetime” Mod. Phys. Lett. A16 (2001) 311-320, [hep-th/0102066].

[7] Farhad Ardalan and Neda Sadooghi, “Anomaly and Nonplanar Diagrams in Noncommutative Gauge Theories” Int. J. Mod. Phys. A17 (2002) 123, [hepth/0009233].

[8] H. Römer and C. Paufler, “Anomalies and Star Products” Proceedings of the International Symposium Quantum Theory and Symmetries, H.-D. Doebner, V. K. Dobrev, J.-D. Hennig, W. Luecke (eds.), World Scientific, 2000, [hep-th/0010067].

[9] Marcus T. Grisaru and Silvia Penati, “Noncommutative Supersymmetric Gauge Anomaly” Phys. Lett. B504 (2001) 89-100, [hep-th/0010177].

[10] L. O. Chekhov and A. K. Khizhnyakov, “Gauge anomalies and the Witten-Seiberg correspondence for N=1 supersymmetric theories on noncommutative spaces” [hep-th/0103048].

[11] J. Nishimura and M. A. Vazquez-Mozo, “Noncommutative Chiral Gauge Theories on the Lattice with Manifest Star-Gauge Invariance” JHEP 0108 (2001) 033, [hep-th/0107110].

[12] Ken Intriligator and Jason Kumar, “*-Wars Episode I: The Phantom Anomaly” Nucl. Phys. B620 (2002) 315-330, [hep-th/0107199].

[13] Shiraz Minwalla, Mark Van Raamsdonk and Nathan Seiberg, “Noncommutative Perturbative Dynamics” JHEP 0002 (2000) 020, [hep-th/9912072].

[14] J. Gomis and T. Mehen, “Space-Time Noncommutative Field Theories And Unitarity” Nucl. Phys.B591 (2000) 265-276, [hep-th/0005129];

O. Aharony, J. Gomis and T. Mehen, “On Theories With Light-Like Noncommutativity” JHEP 0009 (2000) 023, [hep-th/0006236].

[15] C.P. Martin and D. Sanchez-Ruiz, “The One-loop UV Divergent Structure of U(1) Yang-Mills Theory on Noncommutative R^4” Phys. Rev. Lett. 83 (1999) 476-479, [hep-th/9903077].

[16] M.M. Sheikh-Jabbari, “One Loop Renormalizability of Supersymmetric Yang- Mills Theories on Noncommutative Two-Torus” JHEP 9906 (1999) 015, [hepth/9903107].

[17] A. Matusis, L. Susskind and N. Toumbas, “The IR/UV Connection in the Non- Commutative Gauge Theories” JHEP 0012 (2000) 002, [hep-th/0002075].

[18] C.P. Martin and F. Ruiz Ruiz, “Paramagnetic dominance, the sign of the beta function and UV/IR mixing in non-commutative U(1)” Nucl.Phys. B597 (2001) 197-227, [hep-th/0007131].

[19] A. Armoni, “Comments on Perturbative Dynamics of Non-Commutative Yang- Mills Theory” Nucl. Phys. B593 (2001) 229-242, [hep-th/0005208];

[20] Valentin V. Khoze and Gabriele Travaglini, “Wilsonian Effective Actions and the IR/UV Mixing in Noncommutative Gauge Theories” JHEP 0101 (2001) 026, [hep-th/0011218].

[21] M. Hayakawa, “Perturbative analysis on infrared and ultraviolet aspects of noncommutative QED on R^4” [hep-th/9912167]; ”Perturbative analysis on infrared aspects of noncommutative QED on R^4” Phys. Lett. B478 (2000) 394-400, [hep-th/9912094].

[22] Kazuo Fujikawa, “Comment on chiral and conformal anomalies” Phys. Rev.

Lett. 44 (1980) 1733-1736; “Energy-momentum tensor in quantum field theory” Phys. Rev.D 23 (1981) 2262-2275; “Nondiagrammatic calculation of the one-loop β function in QCD” Phys. Rev.D 48 (1993) 3922-3928.

[23] A. Gerhold, J. Grimstrup, H. Grosse, L. Popp, M. Schweda and R. Wulkenhaar, “The energy-momentum tensor on noncommutative spaces - some pedagogical comments” [hep-th/0012112].

[24] L. Cornalba and R. Schiappa, “Nonassociative Star Product Deformations for Dbrane Worldvolumes in Curved Backgrounds” Commun. Math. Phys. 225 (2002) 33-66, [hep-th/0101219] Pei-Ming Ho and Shun-Pei Miao, “Noncommutative Differential Calculus for Dbrane in Non-Constant B Field Background” Phys. Rev. D64 (2001) 126002, [hep-th/0105191];

Manfred Herbst, Alexander Kling and Maximilian Kreuzer, “Star Products from Open Strings in Curved Backgrounds” JHEP 0109 (2001) 014, [hep-th/0106159].