arXiv:hep-th/0108196 v2 20 Sep 2001

CERN-TH/2001-233

hep-th/0108196

Wrapped fluxbranes

Angel M. Uranga Theory Division, CERN, CH-1211 Geneva 23, Switzerland.

Abstract

We consider the construction of fluxbranes in certain curved geometries, generalizing the familiar construction of the Melvin fluxtube as a quotient of flat space. The resulting configurations correspond to fluxbranes wrapped on cycles in curved spaces. The non-trivial transverse geometry leads in some instances to solutions with asymptotically constant dilaton profiles. We describe explicitly several supersymmetric solutions of this kind. The solutions inherit some properties from their flat space cousins, like flux periodicity. Interestingly type IIA/0A fluxbrane duality holds near the core of these fluxbranes, but does not persist in the asymptotic region, precisely where it would contradict perturbative inequivalence of IIA/0A theories.

1 Introduction

The study of solitonic localized lumps of energy in string theory has turned out to provide far-reaching insights into its nature. This has been the case for BPS Dp-branes (or p-branes in general), and more recently for non-BPS D-branes. Recently, a different kind of objects, the fluxbranes, has started to receive attention [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. A flux p-brane (Fp-brane) is a higher dimensional generalization of a flux-tube, namely a (p+1)-dimensional object with non-zero flux for a degree (9−p) field-strength form F_{9−p} (or wedge product of field strength forms) in the transverse (9 − p)-dimensional space. Hence the core of the fluxbrane carries a F_{9−p} flux piercing the transverse space.

Remarkably, a non-trivial version of these objects, generalizing the Melvin fluxtube [16], can be constructed by imposing non-trivial identifications of points in (one dimension higher) flat space and performing a ‘skew’ Kaluza-Klein reduction [17]^1. The simple lift to the higher dimensional theory of this fluxbrane allows to study its properties in detail. For instance, its instability and decay modes [17, 1, 2], duality between fluxbrane solutions in type IIA and 0A theories [7], and duality with other string configuration [9]. It has also allowed to use such fluxbranes as sources to trigger Myers’ dielectric effect on D-branes [18] and build new hopefully stable configurations [10, 11, 12].

Unfortunately, the Melvin type solutions lead to blowing up dilaton values at large distance, which prevent for a more detailed understanding and interpretation of the solution from the lower dimensional perspective. Also, some directly constructed fluxbranes have non-normalizable transverse flux. In a sense these results stem from the fact that these fluxbranes live in flat space (which becomes curved after introduction of the flux). In this setup self-gravitation of the flux, although leads to the formation of a flux-brane, does not prevent it from spreading too much. One would expect that considering fluxbranes in a background gravitational field (to which self-gravity subsequently adds) would improve the above features.

The purpose of this paper is to discuss the construction of fluxbranes in certain curved spaces, by a simple generalization of the construction of the Melvin fluxbranes from flat space^2. In some situations, the flux is ‘confined’ by the background transverse

1See [9, 10, 8, 13] for discussion on the direct constructions of general fluxbrane solutions in supergravity.

2A different possibility, not explored in this paper, is to consider ‘composite’ fluxbranes in flat space. Their core contains fluxes for different gauge fields, and may lead to asymptotically constant

geometry, so that asymptotically in the transverse space the corresponding solutions have constant dilaton, and vanishing flux. We find that in this situation certain properties of the flat space solution, like flux periodicity and certain dualities, remain, while for instance IIA/0A fluxbrane duality is substantially modified.

These solutions also illustrate that fluxbranes are dynamical objects, able to wrap non-trivial cycles in curved spaces. Consequently they should contain world-volume zero modes associated to deformations of the cycles, and a rich dynamics which remains unexplored.

The paper is organized as follows. In Section 2 we present a generalized version of the construction of e.g. type IIA fluxbranes in a spacetime X_{10} by modding out X_{11} = R × X_{10} by a simultaneous shift in the additional dimension and an arbitrary U(1) isometry in X_{10}. In Section 3 we review the case of rotational isometries in flat space X_{10}, which leads to the Melvin fluxbrane and some simple generalizations. We point out an unnoticed connection with fluxbranes at orbifold singularities. In Sections 4,5 we use our generalized construction to build fluxbranes wrapped on cycles in curved spaces. We present explicit examples of IIA F5-branes in Taub-NUT space, and on a 3-cycle in the G_2 holonomy manifold in [20]. These solutions have asymptotically constant dilaton and vanishing flux. We also show that wrapping does not guarantee the latter features, and give examples of wrapped fluxbranes with blowing up dilaton. In Section 6 we briefly discuss examples where the isometry in X_{10} has no fixed points, and construct a fluxbrane in an AdS compactification. In Section 7 we discuss IIA/0A fluxbrane duality in models with constant asymptotic dilaton. Finally, Section 8 contains our final remarks.

2 General Strategy

In this section we provide a generalization of the familiar procedure [17, 1, 2] to obtain fluxbranes in a d-dimensional theory as quotients of simpler configurations in d + 1 dimensions. For concreteness we phrase the discussion in terms of IIA/M theory language, even though it is clear how to use the results to build e.g. NS-NS fluxbranes.

We consider M-theory on a space X_{11} = R × X_{10}, with X_{10} admitting a U(1) isometry parametrized by τ . The general form of the metric is

ds^2_{11} = dx^2_{10} + f(x) (dτ + f_μ(x) dx^μ)^2 + g_{μν} dx^μ dx^ν (2.1)

scalars, for suitably tuned fluxes [3, 19]. We thank R. Emparan for pointing out this possibility.

where x denotes the set of x^μ’s, μ = 0, . . . , 8, and x, τ parametrize X_{10}, and x_{10} parametrizes R. The isometry generated by the Killing vector ∂_τ , and we normalize the period of τ to 2π.

Consider modding by x_{10} → x_{10} + 2πR_{10}, τ → τ + 2πB. We are interested in performing a KK reduction along the Killing R_{10}∂_{10} + B∂_τ . Defining the adapted coordinate τ̃ = τ − χx_{10}, with χ = B/R_{10} the metric becomes

ds^2_{11} = dx^2_{10} + f(x) (dτ̃ + χ dx_{10} = f_μ dx^μ)^2 + g_{μν} dx^μdx^ν (2.2)

In these coordinates, the KK reduction is simply along the Killing vector ∂_{10}. In order to obtain the ten-dimensional quantities after the reduction, we compare with the KK ansatz metric

ds^2_{11} = e^{4Φ/3} (dx_{10} + R_{10}A_μdx^μ)^2 + e^{−2Φ/3}ds^2_{10} (2.3)

where Φ and A are the ten-dimensional dilaton and RR 1-form fields, respectively. After some algebra, one obtains

e^{4Φ/3} = Λ(x) ; R_{10}A = Λ^{−1}f(x) χ (dτ̃ + f_μ dx^μ) (2.4) ds^2_{10} = Λ^{−1/2} f(x) (dτ̃ + f_μ dx^μ)^2 + Λ^{1/2} ( g_{μν} dx^μ dx^ν + d⃗x^2)

with Λ = 1 + χ^2f(x).

The resulting ten-dimensional solution has non-zero RR 1-form field strength, related to the variations of the geometric features of the original U(1) isometry orbits in X_{10}. When the resulting field strength configuration forms a lump, the solution is interpreted as a fluxbrane, generalizing the familiar concept of fluxtubes.

The prototypical case of these solutions, reviewed in next section, is given by starting with flat space X_{11} = R × M_{10}, and using a rotational isometry in M_{10}. The size of the U(1) orbits increases steadily as one moves away from the fixed locus of the rotation, which implies the resulting solution is a fluxbrane spanning the (image after KK reduction of the) fixed plane. Unfortunately, the growing of the orbit size has no bound, and leads to a unbounded dilaton growth driving the final solution to strong coupling at large distances away from the fluxbrane.

New more general possibilities, leading to wrapped branes of different kinds, are discussed in subsequent sections.

3 Flat space fluxbranes

In this section we apply the strategy above to review the construction of Melvin fluxbranes (and generalizations) in flat space, essentially following [2].

3.1 The IIA F7-brane

Let us review the construction of the Melvin fluxbrane solution in IIA string theory starting from flat space in M-theory^3. Consider M-theory in flat space, with metric

ds^2_{11} = dx^2_{10} + dρ^2 + ρ^2dφ^2 + d⃗x^2 (3.1)

where ρ, φ are polar coordinates in an R^2 and ⃗x ∈ M^8. Consider performing the identification

x_{10} → x_{10} + 2πR_{10} φ → φ + 2πB (3.2)

Namely, a 2π shift identification along the Killing R_{10}∂_{10} + B∂_φ. This action breaks all the supersymmetries of the configuration. Comparing with (2.1) we have

τ = φ ; f = ρ^2 ; f_μ = 0 ; g_{μν} dx^μ dx^ν = dρ^2 + d⃗x^2 (3.3)

Applying those results, we define the adapted coordinate φ̃ = φ − (B/R_{10})x_{10}, and replacing into (2.5) we obtain

e^{4Φ/3} = 1 +

B^2ρ^2 R^2_{10}

; A_{φ̃} = Bρ^2 R^2_{10} + B^2ρ^2 (3.4) ds^2_{10} = Λ^{1/2} dρ^2 + Λ^{−1/2}ρ^2 dφ̃^2 + Λ^{1/2} d⃗x^2 (3.5)

with Λ = 1 + B^2ρ^2/R^2_{10}. The solution describes a 8-dimensional Poincare invariant configuration of non-vanishing RR 1-form field strength flux turned on in the (ρ, φ̃) plane. Near the origin the metric is smooth and has small curvature, and the RR field strength is approximately constant. This configuration is the type IIA F7-brane, originally discussed in [4]. At large ρ the fluxbrane induces strong coupling, thus affecting the validity of the description. This property makes the interpretation of the solution difficult in certain regimes. As discussed in the introduction, the root of this problem lies in the use of isometries with growing orbit length in the base space.

3Our conventions differ slightly from other references.

The weakly coupled region is at ρ ≪ R_{10}/B, while the ten-dimensional approximation hols for ρ ≫ R_{10}. Hence, for both conditions to hold one need B ≪ 1, weak field strength. Below we discuss certain duality properties, which typicaly involve strong/weak field strength relations, and therefore imply either strong coupling or breakdown of the ten-dimensional approximation.

3.2 Lower dimensional F-branes

For completeness, let us discuss the construction of other fluxbranes with non-vanishing flux for the 2k-form F ∧ . . . ∧ F in their (10 − 2k)-dimensional core, denoted F(9 − 2k)- branes. Let us write the 11-dimensional flat metric as

ds^2_{11} = dx^2_{10} + k∑ i=1 ( dρ^2_i + ρ^2_i dφ^2_i ) + d⃗x^2 (3.6)

where ρ, φ are polar coordinates in the i^{th} R^2 and ⃗x ∈ M^{10−2k}. Let us perform the identification

x_{10} → x_{10} + 2πR_{10} φ_i → φ_i + 2πB_i (3.7)

Equivalently, defining complex coordinates z_j = ρ_j e^{iφj} , the action on R^{2k} is z_j → e^{iBj} z_j . For generic choices of B_i this action breaks all the supersymmetries of the configuration. However, for actions on R^{2k} lying in a subgroup of SU(k) some supersymmetry is preserved.

In this case it is simpler to repeat the calculation instead of using the result in Section 2. Defining the adapted coordinates

φ̃_i = φ_i − B_i R_{10} x_{10} (3.8)

the metric becomes

ds^2_{11} = dx^2_{10} + ∑ i [ dρ^2_i + ρ^2_i (dφ̃_i + B_i R_{10} dx_{10})^2 ] + d⃗x^2 (3.9)

Performing the KK reduction along ∂_{10}, and comparing with (2.3). We obtain

e^{4φ/3} = Λ ; A_{φ̃i} = B_i ρ^2_i / (R^2_{10} + ∑_k j=1 B^2_j ρ^2_j ) (3.10) ds^2_{10} = Λ^{1/2} ∑_k i=1( dρ^2_i + ρ^2_i dφ̃^2_i ) + Λ^{1/2} d⃗x^2 − Λ^{−1/2}[ ∑_k i=1(B_i ρ^2_i / R_{10}) dφ̃_i ]^2

with Λ = 1 + ∑_k i=1 B^2_i ρ^2_i /R^2_{10}. The solution describes a (10 − 2k) Poincare invariant object with nonzero F^k-flux in the transverse R^{2k}, a F(9 − 2k)-brane. In analogy with the previous situation, the dilaton blows up away from the core of the fluxbrane.

3.3 Dualities

We conclude this section by reviewing some of the remarkable properties of these solutions. Although they are very surprising from the 10-dimensional viewpoint, they are readily obtained from the above 11-dimensional construction, by the simple strategy of choosing KK reductions with respect to different Killing isometries.

A first such property is flux periodicity. Namely, the fluxbrane configurations for parameters B and B +2 are clearly equivalent, since they have the same 11-dimensional lift (since a rotation by 4π is trivial). Concretely, starting with flat space and the identification (3.2) reduction along R_{10}∂_{10} + B∂_φ leads to the IIA F7-brane with parameter B, while reduction along R_{10}∂_{10} +(B+2)∂_φ leads to the F7-brane with parameter B+2. The equivalence is however highly non-trivial from the viewpoint of the 10-dimensional variables.

A second duality property is derived analogously. Start again with the quotient of flat space by the identification (3.2). Reducing along the Killing R_{10}∂_{10}+B∂_φ we obtain the IIA F7-brane. On the other hand, reducing along the killing R_{10}∂_{10} + (B + 1)∂_φ, fermions are antiperiodic along the corresponding S^1 orbit (due to the additional 2π rotation in the (ρ, φ) plane). As pointed out in [7], given the IIA/0A/M-theory duality proposal in [21], the resulting F7-brane is embedded in type 0A theory. Hence one obtains a duality between the type IIA and 0A F7-branes, for different values of the flux.

Considering the same starting point, the IIA F7-brane can be related to yet another familiar configuration in cases where B = 1/N. Namely, reducing the 11-dimensional configuration along the Killing ∂_{10}, the resulting configuration is simply an orbifold flat 10-dimensional space, with orbifold action generated by

z → e^{2πi B} z (3.11)

where z = ρ e^{iφ}. This action is moreover embedded into the RR 1-form gauge degree of freedom, as in [22]. This is the F7/cone duality [9].

Analogously the F (9 − 2k)-branes can be shown to be dual, for suitable B_i, to C^k/Z_N orbifold singularities. In fact, an interesting connection has been proposed between the generic instabilities of non-supersymmetric fluxbranes [1, 2] and the closed string twisted tachyons in non-supersymmetric orbifold singularities [23] (see also [3]).

3.4 Fluxbranes at singularities

These dualities are straightforwardly extended to lower-dimensional fluxbranes. In the following we consider a particular duality not explicitly discussed in the literature, and which leads to interesting systems of fluxbranes at orbifold singularities.

In particular, consider flat 11-dimensional space modded out by the identification (3.7). Reducing along the Killing R_{10} ∂_{10} + ∑_k i=1 B_i ∂_{φi} leads to a F(9 − 2k)-brane in flat space. Consider the case in which a subset of the B_i are rational numbers a_i/N. We may index such entries by i = 1, . . . , k_1, and the remaining i^′ = 1, . . . , k_2, with k_1 + k_2 = k. Reducing along the Killing R_{10} ∂_{10} + ∑_{k2} i^′=1 Bi^′ ∂φ_i′ , we obtain a F(9 − 2k2)-

brane sitting transverse to a k_1-fold singularity, generated by

(z_1, . . . , z_{k1} ) → (e^{2π aiN} z_1, . . . , e^{2π ak1N} z_{k1} ) (3.12)

with the twist embedded in the RR 1-form gauge degree of freedom i.e. a flat connection RR field turned on, as in [22]. The F^{k2} flux is turned on in the R^{2k2} directions transverse to the fluxbrane and the orbifold C^{k1} /Z_N. Interestingly, for certain choices of the B’s (which determine the fluxbrane species and the orbifold action) the system of fluxbranes at the singularity is supersymmetric, even if neither of them is supersymmetric independently. From this viewpoint, the introduction of fluxbranes at non-supersymmetric orbifold singularities provides a stabilization mechanism for the latter (and vice-versa). It would be interesting to understand this from an analysis similar to [23].

Even though the above dualities are suggestive, one cannot avoid the feeling that their usefulness (or even validity) is questioned by the blowing up behaviour in the large distance regime. It would be desirable to have a similarly simple construction of fluxbranes in a more controlled setup, with asymptotically constant dilaton and small curvature. In the following sections we provide such a construction, which leads to fluxbranes wrapped on cycles in a curved space. Intuitively, the non-trivial transverse geometry cuts off the flux at large distances, so that asymptotically the backreaction of the flux on the geometry and the dilaton gradient fall off.

4 Fluxbranes in Taub-NUT space

In this section we discuss the construction of a fluxbrane with constant asymptotic dilaton. It has the interpretation of a fluxbrane transverse to a Taub-NUT space.

Our starting point is the N-center Taub-NUT space [24], defined by the metric

ds^2 = U^{−1} (dτ + ⃗ω · d⃗r )^2 + U d⃗r^2 U = 1 R^2 + N∑ i=1 1 |⃗r − ⃗r_i| ; ⃗∇ × ⃗ω = ⃗∇U (4.1) The coordinate τ has periodicity 2π. This space is an S^1 fibration over R^3, with fiber of constant asymptotic radius and degenerating over the points ⃗r_i, the centers. The metric is smooth as long as the latter are generic, and develops A_{k−1} orbifold singularities when k centers coincide.

The metric is hyperkahler, therefore has an SU(2) isometry. This is most manifest for coinciding centers, where it amounts to rotations on the base R^3. The metric also has a U(1) isometry along the S^1 fiber, corresponding to shifts in τ . The orbits of this isometry have asymptotically constant length 2πR, and degenerate over the centers. It is this isometry that we will exploit to build our fluxbrane.

Let us consider compactifying M-theory in Taub-NUT space, a configuration which preserves sixteen supersymmetries. Denoting the additional coordinates x_{10} and ⃗x ∈ R^6, the metric is

ds^2_{11} = U^{−1} (dτ + ⃗ω · d⃗r )^2 + U d⃗r^2 + dx^2_{10} + d⃗x^2 (4.2)

Let us identify points related by the action x_{10} → x_{10} + 2πR_{10}, τ → τ + 2πR B, namely points related by a 2π shift along the Killing direction R_{10}∂ +RB∂_τ . This identification preserves all sixteen supersymmetries in the system.

Comparing with (2.1), we have

f = U^{−1} ; f_{⃗r} = ⃗ω ; f_{⃗x} = 0 ; g_{μν} dx^μdx^ν = U d⃗r^2 + d⃗x^2 (4.3)

We introduce the adapted coordinate

τ̃ = τ − χ x_{10}, with χ = RB R_{10}

(4.4)

and working directly, or using (2.5), the KK reduction gives

e^{4Φ/3} = Λ ; R_{10} A = χ Λ^{−1}U^{−1}( dτ̃ + ⃗ω · d⃗r ) (4.5) ds^2_{10} = Λ^{−1/2} U^{−1} (dτ̃ + ⃗ω · d⃗r )^2 + Λ^{1/2} U d⃗r^2 + Λ^{1/2} d⃗x^2

with Λ = 1 + χ^2 U^{−1}.

The geometry is similar to that of Taub-NUT space, with a ‘squashing’ which is important near the centers, and dies off for large r. The systems is however supersymmetric due to the presence of a non-trivial RR 1-form flux, again localized near the centers ⃗r_i, and asymptoting to a flat connection. Finally the dilaton is well behaved everywhere, and asymptotes to a constant value. The metric asymptotically tends to a standard Taub-NUT compactification, with redefined radius due to the new proper length along the orbit of τ̃ . The U(1) isometry in the neighbourhood of the Taub-NUT center, is locally of the form

(z_1, z_2) → (e^{iα}z_1, e^{−iα}z_2) (4.6)

for suitable complex coordinates z_1, z_2^4. Hence, we obtain non-zero F^2 flux localized at those points. At large r, the isometry becomes translational, and the KK reduction simply reproduces a flat connection, a RR 1-form Wilson line. Since the flux dies off asymptotically, one recovers a Taub-NUT space and a constant dilaton in the large r region.

The solution therefore corresponds to an F5-brane transverse to a Taub-NUT geometry. The final configuration preserves sixteen supersymmetries, the same amount as a Taub-NUT geometry with no flux. Hence in this case the fluxbrane does not break any further supersymmetries.

An advantage of the good asymptotics of this solution is that the fluxbrane can be understood as an excitation of type IIA theory on Taub-NUT space. As such, one may hope to learn about the existence of zero modes of the excitation, localized on its core, by looking at symmetries preserved by the background and broken by the excited state, namely Goldstone bosons or goldstinos. Unfortunately, the fluxbrane does not break any further symmetries, hence no such modes arise. This does not contradict the claim that fluxbranes are dynamical; even for D-branes, there exist cases (like branes trapped at singularities) where no Goldstone zero modes exist. Hence our solution describe a trapped fluxbrane in the same sense.

We refrain from discussing duality properties of this solution and variants thereof, which are easily derived from the 11-dimensional perspective by applying the philosophy in [9]. Instead, we turn to the construction of other interesting examples.

5 More general wrapped fluxbranes

4Near a center the Taub-NUT metric is ds^2 =^1_r d⃗r^2 + r (dτ + ⃗ω · d⃗r)^2. Changing variables as q = ae^{iτ} , where a is a purely imaginary quaternion, the metric becomes manifestly flat ds^2 = dqdq̄, and the U (1) isometry becomes (4.6) in terms of q = z_1 + jz_2, see [25] for details.

5.1 Wrapped fluxbranes with asymptotically constant dilaton

In this section we would like to further explore the above ideas to construct examples of fluxbranes with constant asymptotic dilaton, and wrapped on diverse cycles in nontrivial geometries. In order to get constant asymptotic dilaton, it is crucial that the base spaces have U(1) isometries with orbits of asymptotic constant length. Metrics for such spaces are not easy to construct in dimensions higher than four, hence in this section we use an indirect route to consider such geometries.

The key idea is that such geometries are predicted to exist by string duality. Specifically, the lift to M-theory of configurations involving D6-branes corresponds to nontrivial geometries with a U(1) isometry of constant asymptotic length (related to the asymptotic IIA dilaton). For supersymmetry preserving D6-brane configurations, a nice list of the special holonomies arising in M-theory is given in [26]. We will use this duality relation to generate spaces on which we subsequently wrap fluxbranes.

General examples Let us construct e.g. a F5-fluxbrane wrapped on a holomorphic 2-cycle on a Calabi- Yau threefold. We will be interested in discussing CY spaces with a U(1) isometry of constant asymptotic radius orbit. A simple way to generate such spaces is to use string duality, as follows. Consider a D6-brane wrapped on a (possibly non-compact) holomorphic 2-cycle Σ_2 within a (possibly non-compact) four-dimensional hyperkahler space X_4. Lifting the configuration results in a Calabi-Yau threefold X_6, topologically a C^∗ fibration over X_4, with fibers degenerating (to two intersecting complex planes) over Σ_2. The lift also provides us with some metric information, namely that the S^1 fiber within the C^∗ is the orbit of a U(1) isometry, has constant asymptotic radius (the radius of the M-theory circle), and degenerates over Σ_2. This space is a threefold generalization of the situation encountered in Section 4. In fact, the full geometry is just a fibration of the Taub-NUT space over Σ_2.

Let τ parametrize the S^1 fiber, with period 2π, and x_{10} parametrize one of the additional flat non-compact dimensions. Consider modding out by the symmetry x_{10} → x_{10} + 2πR_{10}, τ → τ + 2πB, and perform a KK reduction along the Killing vector R_{10} ∂_{10} + B ∂_τ . Since at every point in Σ_2 the geometry is locally like in the Taub- NUT example, one obtains an F5-brane spanning four flat non-compact dimensions and wrapped on Σ_2 within (a squashed version of) X_6. The construction preserves 8 supercharges, the same amount preserved by X_6 alone. So the fluxbrane does not break further supersymmetries.

Notice that if Σ_2 is not rigid the configuration contains zero modes associated to deformations of the cycle. These however exist already in the geometry of X_6, and hence should not be assigned to the fluxbrane. Again, the fluxbrane is trapped at the core of the Taub-NUT fibers, and is simply dragged by the deformations of the geometry.

The construction is obvious to generalize to similar fluxbranes on diverse cycles. Sticking to supersymmetric cycles in special holonomy manifolds, many examples can be generated using string duality. Without repeating details, one may build: 1) Starting with a D6-brane on a Slag 3-cycle Σ_3 within a Calabi-Yau threefold X_6, we get a F5- brane on a 3-cycle in a (squashed version of a) G_2 manifold; 2) Starting with a D6-brane on a holomorphic 4-cycle Σ_4 in a Calabi-Yau threefold, an F5-brane on a holomorphic 4-cycle in a Calabi-Yau fourfold; 3) Starting with a D6-brane on a coassociative 4-cycle in a G_2 manifold, we get an F^2 fluxbrane in a 4-cycle in a Spin(7) manifold; etcetera.

It should be clear that these examples generate F5-branes due to the special nature U(1) fixed loci in supersymmetry preserving manifolds, which are most familiar. Clearly, use of other isometries can lead to e.g. wrapped F7-branes using analogous techniques (see Section 5.2 and 6 for some discussion).

F5-brane in a 3-cycle in a G_2 manifold In the following we consider an example of the above construction. Recently a G_2 holonomy metric manifold with a U(1) isometry with orbits of asymptotically constant radius has been constructed in [20]. In the above language, it corresponds to the Mtheory lift of a D6-brane wrapped on the 3-sphere in a deformed conifold. However, once the manifold metric is known, it can be used to build a fluxbrane without further appeal to how it was obtained, as we do below.

The metric for the compactification of M-theory in such space is

ds^2_{11} =

∑_7

a=1 e^a ⊗ e^a + d⃗x^2 (5.1)

e^1 = A(r) (σ_1 − Σ_1) ; e^2 = A(r) (σ_2 − Σ_2) e^4 = B(r) (σ_1 + Σ_1) ; e^5 = B(r) (σ_2 + Σ_2) e^3 = D(r) (σ_3 − Σ_3) ; e^6 = r_0C(r) (σ_3 + Σ_3) e^7 = dr/C(r) (5.2) where ⃗x ∈ R^3, and σ_i, Σ_i are SU(2) left-invariant 1-forms in S^3

σ_1 = cos ψ dθ + sin ψ sin θ dϕ ; Σ_1 = cos ψ̂ dθ̂ + sin ψ̂ sin θ̂ dϕ̂ σ_2 = − sin ψ dθ + cos ψ sin θ dϕ ; Σ_2 = − sin ψ̂ dθ̂ + cos ψ̂ sin θ̂ dϕ̂ σ_3 = dψ + cos θ dϕ ; Σ_3 = dψ̂ + cos θ̂ dϕ̂

(5.3)

and A, B, C, D are radial functions, explicitly given in eq.(3.6) of [20]. The metric has isometry SU(2)×SU(2)×U(1), with the U(1) corresponding to a simultaneous shift in ψ, ψ̂ (which also induces a simultaneous rotation of (σ_1, σ_2) and (Σ_1, Σ_2) ). The orbit length is controlled by C(r), and asymptotes to constant 4πr_0 at large r, and shrinks to zero at r = 9r_0/2, which corresponds to an associative 3-cycle with S^3 topology [20]. In fact, the full space can be thought of as a fibration of Taub-NUT over such cycle.

Defining τ = ψ + ψ̂, we may cast (5.2) in the form

ds^2_{11} = d⃗x^2 + ∑ a≠6 e^a ⊗ e^a + r^2_0 C(r)^2 (dτ + cos θ dϕ + cos θ̂ dϕ̂)^2 (5.4)

analogous to (2.1). Notice that the ∑ a e^ae^a term is actually ψ-independent. Let us mod out this configuration by the isometry

x_{10} → x_{10} + 2πR_{10} ; τ = τ + 4πB (5.5)

We define τ̃ = τ − χ x_{10}, with χ = 2B/R_{10} and apply (2.5) with

f = r^2_0 C(r)^2 ; f_ϕ = cos θ ; f_{ϕ̂} = cos θ̂ ; g_{μν} = ∑ a≠6 e^a ⊗ e^a + d⃗x^2 (5.6)

We get a ten-dimensional IIA configuration given by

e^{4Φ/3} = Λ ; Λ = 1 + χ^2 r^2_0 C(r)^2 A = Λ^{−1} r^2_0 C(r)^2 (χ/R_{10}) ( dτ̃ + cos θ dϕ + cos θ̂ dϕ̂ ) (5.7)

ds^2_{10} = Λ^{1/2} d⃗x^2 + Λ^{1/2} 6∑ a=1 e^a ⊗ e^a + Λ^{−1/2} r^2_0 C(r)^2( dτ̃ + cos θ dϕ + cos θ̂ dϕ̂ )^2

The solution, by the above arguments, corresponds to an F5-brane wrapped on a 3- sphere in (a squashed version of) the G_2 manifold in [20].

An a priori simpler realization of the same idea would be provided by starting e.g. with a D6-brane wrapped on for instance the 2-sphere in the Eguchi-Hanson space. Its lift would correspond to a Calabi-Yau three-fold X_6 given by a Taub-NUT fibration over such 2-cycle. Using this space to build a fluxbrane as described above would result in a supersymmetric F5-brane wrapped on a 2-cycle in (an squashed version of) X_6.

Even though this configuration is in principle simpler than the G_2 example above, the metric for X_6 with asymptotically constant S^1 radius is not available in the literature.

We conclude by pointing out that these fluxbranes present flux periodicity by the same argument as in flat space. This supports the expectation of this being a generic feature of fluxbranes [9]. As in the flat case, our models with F5-branes do not show any connection between IIA and 0A solutions. Whether wrapped F7-branes do provide such connection or not is addressed in Section 7.

5.2 Wrapped fluxbranes with blowing dilaton

The remarkable property that the above fluxbranes have asymptotically constant dilaton is not generic within the class of wrapped fluxbranes. In other words, wrapping a fluxbrane does not guarantee that the dilaton is bounded at large distances. This is obvious e.g. in the above examples, by taking limits in which the asymptotic U(1) circle decompactifies. For completeness we present some examples of wrapped fluxbranes with blowing dilaton.

More fluxbranes at singularities Considering for instance F5-branes transverse to the k-center Taub-NUT case in Section 4. The original Taub-NUT space (4.1), in the limit R → ∞ becomes an ALE space. For coincident centers, it is simply a C^2/Z_k , with the orbifold action generated by (z_1, z_2) → (e^{2πi/k}z_1, e^{−2πi/k}z_2). Hence this construction yields a different configuration of fluxbranes at singularities, namely F5-branes transverse to C^2/Z_N, which is simply an orbifold of the flat space F5-brane solutions. Clearly, these solutions have large dilaton at large distances.

As an interesting aside, let us point out that using ideas similar to [9], one readily derives a duality between fluxbranes in flat space and fluxbranes at singularities. In particular, consider M-theory in flat 11-dimensional space, with identification of points related by

x_{10} → x_{10} + 2πR_{10} ; φ_1 → φ_1 + 2πB ; φ_2 → φ_2 − 2πB (5.8)

Reducing to ten dimensions along the Killing R_{10}∂_{10}+B∂_{φ1} −B∂_{φ2} lead to a F5-brane in flat space. On the other hand, reducing along R_{10}∂_{10}+(B+1/k)∂_{φ1} −(B+1/k)∂_{φ2} , leads to F5-branes for a different value of the flux, and transverse to a C^2/Z_k singularity. The latter are precisely the same branes at singularities encountered above.

Intersecting F7-branes in Taub-NUT

To show that wrapped F7-branes can be achieved in our setup, let us build e.g. a F7- brane wrapped on a 2-cycle in multi Taub-NUT space, by using the SU(2) (rather than the U(1)) isometry of this space. Considering the case of coincident centers, any SU(2) element amounts to an SO(2) rotation along some symmetry axis, say x_3, passing though the center location. Let us mod out by a 2πR_{10} shift in x_{10} and a simultaneously 2πB rotation around x_3. Such identification breaks all the supersymmetries in the configuration. The result after KK reduction yields a RR 1-form flux localized on a 2-dimensional subspace of Taub-NUT, parametrized by x_3 and τ . Hence it corresponds to an F7-brane wrapped on a 2-cycle in Taub-NUT space, which is holomorphic in a suitable complex structure. As a complex space, Taub-NUT with coinciding centers can be described by xy = v^N . Adapting the coordinates, the rotational isometry corresponds to x → e^{iα}x, y → e^{iα}y, v → e^{2iα/N} v for real α. The flux is localized on its fixed points, which corresponds to the holomorphic (reducible) cycle xy = 0. Hence we obtain two F7-branes wrapped on intersecting holomorphic cycles. The wrapping a non-supersymmetric object on a supersymmetric cycle explains the breaking of all supersymmetries.

F5-branes in 2-cycle in the conifold Our final example is an F5-brane wrapped on a (non-compact) 2-cycle in the resolved conifold. Consider the resolved conifold, which is the cotangent bundle space of the 3-sphere T^∗S^3. The explicit metric can be found in [27], but for our purposes it is enough to know that it admits an SU(2)^2 isometry. As a complex manifold the space can be described by the equation z^2_1 + z^2 + z^2_3 + z^4 = ϵ, where epsilon is the deformation parameter, and the coordinates z_i transform in the (2, 2) representation of the SU(2)^2 isometry. A generic U(1) rotation within SU(2)^2 acts as x → e^{iα}x ; y → e^{−iα}y z → e^{iβ}z ; w → e^{−iβ} w (5.9) in adapted complex coordinates in which the geometry is described by xy − zw = ϵ. Here α and β define the embedding of U(1) in the U(1)^2 within SU(2)^2.

Since the initial SO(4) is the isometry of the 3-sphere in the resolution, the orbits of these symmetries grow with the distance. To build a fluxbrane, consider e.g. modding by the a simultaneous shift in x_{10} and a U(1) rotation with β = 0. After KK reduction, we obtain a supersymmetric F5-brane wrapped on x = y = 0, namely the holomorphic 2-cycle zw = ϵ, which has the topology of a cylinder (it intersects the base S^3 over a maximal S^1).

Alternatively, we could have chosen an isometry with non-zero α, β. This isometry is freely acting on the deformed conifold, a situation not encountered before. Examples of this kind are briefly discussed in Section 6. For the undeformed conifold, xy − zw = 0, this action leaves the origin as the only fixed point. The resulting fluxbrane is a supersymmetric F3-brane transverse to the conifold singularity.

Let us conclude by pointing out that these examples have interesting duality properties as well. Using by now familiar arguments [9], the last examples are related to orbifolds of the conifold considered in [28], with non-trivial embedding of the orbifold twist in the RR 1-form gauge degree of freedom.

6 Freely acting isometries

A possibility not explored in the literature is the construction of fluxbranes by using freely acting U(1) isometries. The previous examples led to fluxbranes with core located, so to speak, at the fixed points of the associated isometry. Hence one may incorrectly conclude that freely acting isometries would not generate fluxbranes. In fact, the construction in Section 2 did not assume the existence of fixed points, and led to non-trivial flux configurations in the lower dimensional theory, and no obstruction to have well-defined cores for the corresponding flux lumps.

Let us discuss an example of freely acting isometry, namely the Hopf isometry for S^3 with the round metric. Of course string or M-theory compactifications on R^d × S^3, for d = 7, 8 respectively, do not satisfy the equations of motion. However, the example provides a good toy model, which can be embedded in more complicated (and interesting) situations, like for instance when the S^3 is a cycle within say a Calabi-Yau space, or for Anti de Sitter compactifications, see below.

The round metric for S^3 can be written

ds^2_3 = σ_1 ⊗ σ_1 + σ_2 ⊗ σ_2 + σ_3 ⊗ σ_3 (6.1)

where σ_i are the SU(2) left-invariant one-forms defined in the first column in (5.3). This S^3 is a (Hopf) fiber bundle over S^2 with fiber S^1 of constant length. The base is parametrized by θ, ϕ, while the fiber is parametrized by ψ, which is an isometric direction with no fixed points.

Introducing an additional flat dimension, parametrized by x, the metric in the form (2.1) is

ds^2 = dx^2 + σ_1 ⊗ σ_1 + σ_2 ⊗ σ_2 + (dψ + cos θ dϕ)^2 (6.2)

Modding by the action x → x + 2πR, ψ → ψ + 4πB, and KK reducing, the resulting 3-dimensional configuration is^5

e^{4Φ/3} = Λ ; A = Λ^{−1}(χ/R) (dψ̃ + cos θ dϕ) ds^2 = Λ^{1/2}(σ_1 ⊗ σ_1 + σ_2 ⊗ σ_2) + Λ^{−1/2}(dψ̃ + cos θ dϕ)^2 (6.3)

with χ = 2B/R, and Λ = 1 + χ^2 is a constant. The configuration is a 3-sphere, squashed on the S^1 fiber, and preserving the base S^2 with round metric. Moreover there is constant non-zero field strength on the base S^2. The configuration can be thought of as a fluxbrane wrapped on the S^1 fiber (times the space transverse to S^3 if included). The fact that the fluxbrane is smeared over S^2 is simply consequence of the constant radius of the U(1) isometry, rather than of the lack of fixed points, and is avoidable by starting with a lumpy, rather than round, metric in S^3.

We conclude by discussing a simple context in which a round 3-sphere appears, namely in type IIB string compactification on AdS_3 × S^3 × X_4, with RR 3-form field strength flux through S^3 and where X_4 a Ricci-flat compact four-manifold. These geometries have arisen in the context of the AdS/CFT duality as supergravity duals of the theory on D1- and D5-branes transverse (resp. wrapped) on X_4 [29]. Here however we look at the configuration in its own right. Considering the case X_4 = T_4, we may use this 10-dimensional configuration to construct a IIB NS-NS fluxbrane in a 9-dimensional compactification. Since it is not possible to add a non-compact flat x_{10} direction, we may simply use one of the flat (compact) dimensions within T^4. Denoting its coordinate x with periodicity 2πR, we build our 9-dimensional fluxbrane by modding by x → x + 2πR/N ; ψ → ψ + 2πn/N (6.4) where ψ denotes the above Hopf coordinate, and n is an integer (so that the identification we are imposing is consistent with the identification implicit in the original torus. The resulting configuration is a 9-dimensional AdS_3 × S̃^3 × T^3. model, with a squashed 3-sphere with constant NS-NS 2-form flux through the base S^2, and (nonconstant) RR 3-form flux through S^3. This can be described as a NS-NS flux 6-brane wrapping AdS_3 × S^1 × T^3.

5Since we are not compactifying from 11 to 10 dimensions, one should modify the form of the KK ansatz. We skip this point, or if the reader wishes, we indeed look at M-theory on say X_8 × S^3 (with the radius of the 3-sphere a function of some time coordinate in X_8, to account for the instability of the system).

Fluxes have found many applications in the context of AdS/CFT, where they correspond in the field theory language to supersymmetry breaking terms, like scalar masses, etc. In fact, the above configuration leads to partial breaking of supersymmetry, from 8 to 4 supercharges. It would be interesting to understand the role of the above construction in the AdS/CFT context.

7 Type IIA/0A fluxbrane duality

In [7] the authors proposed a duality of between IIA/0A F7-branes for parameters B and B + 1 (in our convention), respectively. Due to the blowing up of the dilaton and the different B parameters, a weakly coupled IIA fluxbranes is related to a strongly coupled 0A fluxbrane, and viceversa, hence avoiding contradiction with the perturbative inequivalence of both theories.

One may worry that F7-brane solutions with asymptotically finite dilaton and vanishing flux built using our construction can lead to precisely this kind of contradiction, due to the asymptotic region where the theory is weakly coupled regardless of the B parameter controlling the flux at the origin. In this section we discuss this issue and solve the potential puzzle.

Unfortunately we are not aware of any manifold satisfying the equations of motion and admitting a U(1) isometry suitable to obtain F7-branes, and with asymptotically constant orbits length. Hence we carry out the discussion in terms of a toy model, but which is sufficient to illustrate the main point. Interestingly, we find that IIA/0A fluxbrane duality holds as in [7] near the fluxbrane core, and breaks down in the asymptotic region, precisely where problems could arise. This can be taken as mild additional evidence for the proposed duality.

To construct our F7-brane, we consider X_{11} = M_8 × R^2 × R, with metric

ds^2_{11} = d⃗x^2 + dρ^2 + g(ρ) dφ^2 + dx^2_{10} (7.1)

where g(ρ) is a function that interpolates between ρ^2 at small distance and a constant R^2 at large distances, for instance g(ρ) = ρ^2/(1+ρ^2/R^2). The ansatz has the drawback that it does not satisfy the equations of motion. However, one may include time dependence to render it consistent. The main point in the following, though, would go through to such situation, so we avoid cluttering the discussion.

The (ρ, φ) space looks like a (half) cigar, with space becoming flat near the tip (ρ ≪ R), and R × S^1 away from it (ρ ≫ R). The coordinate φ parametrizes a U(1) isometry, which is rotational near the tip and has constant orbits of length 2πR in the asymptotic region.

Let us construct a IIA F7-brane by modding out by the identification x_{10} → x_{10} + 2πR_{10}, φ → φ + 2πRB. Reducing along R_{10}∂_{10} + BR∂_φ, we obtain

e^{4Φ/3} = Λ = 1 + (B R/R_{10})^2 g(ρ) ; A_{φ̃} = Λ^{−1}(B R/R^2_{10}) g(ρ) ds^2_{10} = Λ^{1/2} d⃗x^2 + Λ^{1/2}dρ^2 + Λ^{−1/2} g(ρ) dφ̃^2 (7.2)

Near the core, the solution looks like the Melvin F7-brane in Section 2, while for large ρ the dilaton stabilizes to a finite value, and the RR field strength drops.

The question is the nature of the solution if we reduce along R_{10}∂_{10} + (B + 1)R∂_φ. For an observer near ρ = 0, things look like in flat space, hence the IIA F7-brane with parameter (B + 1) should be equivalent to the 0A F7-brane with parameter B. This is indeed the case because near ρ = 0 the isometry is rotational and fermions are antiperiodic along its orbit, allowing the use of [21] to derive the fluxbrane duality.

However, if fermions would also be antiperiodic along the U(1) orbit in the asymptotic region, we would get to the conclusion that the IIA and 0A configurations are equivalent in a region where the flux is negligible and the dilaton remains under control. Happily, such a contradiction is avoided because in the asymptotic region the fermions are periodic along the U(1) orbit. This follows because when the fermions are transported along the asymptotic circle, they pick up an additional phase from the holonomy of the spin connection. This is given by the exponential of the integrated scalar curvature in the interior of the loop, which by the Gauss-Bonet theorem equals e^{iπ} = −1. Hence in the asymptotic region both reductions lead to a IIA configuration with no relation to 0A fluxbranes.

8 Conclusions

In this paper we have proposed a simple extension of the construction of the Melvin fluxtube as a quotient of flat space, to build wrapped versions of these branes. In particular we have shown that in some instances the background curved space confines the flux and leads to solutions where the asymptotic fields strength dies off and the dilaton becomes constant.

We believe this is an interesting mechanism, worth further exploration, and expect these new solutions to help illuminating the still obscure properties of fluxbranes. Hopefully, the solutions presented can also lead to useful ansatze in the construction of fluxbranes for RR fields other than the 1-form (beyond the obvious ones obtained by T-dualizing our examples), perhaps with finite flux in the transverse directions (as opposed to certain flat fluxbranes of this kind [8, 9, 10]).

Another interesting direction is the study of the world-volume zero modes of these objects. In most of our examples the wrapped fluxbranes preserved the same symmetries as the background, and led to no obvious goldstone zero modes. In a sense, the branes are trapped by the geometry, and are simply dragged by the latter is deformed. This does not disagree with the fact that the objects are dynamical in better circumstances. We hope that further research leads to a more explicit display of dynamical features of fluxbranes.

Finally, it would be interesting to introduce D-brane probes in these configurations, and learn about D-brane dynamics in new fluxbranes backgrounds. In particular, we expect dielectric D-branes to behave better in wrapped fluxbranes with asymptotically constant dilatons than in their flat space cousins. In particular, the dying off of the flux at large distance prevents the dielectric branes from running off to infinity, and may lead to stable minima hopefully within the reach of gravitational description (see [10, 11, 12] for discussion). Acknowledgements I am grateful to Roberto Emparan and Jaume Gomis for useful discussions, and to M. González for kind support and encouragement.

References

[1] F. Dowker, J. P. Gauntlett, G. W. Gibbons, G. T. Horowitz, ‘The Decay of magnetic fields in Kaluza-Klein theory’, Phys. Rev. D52 (1995) 6929, hep-th/9507143.

[2] F. Dowker, J. P. Gauntlett, G. W. Gibbons, G. T. Horowitz, ‘Nucleation of pbranes and fundamental strings, Phys. Rev. D53 (1996) 7115, hep-th/9512154.

[3] J. G. Russo, A. A. Tseytlin, ‘Constant magnetic field in closed string theory:

An Exactly solvable model’, Nucl. Phys. B448 (1995) 293, hep-th/9411099; ‘Exactly solvable string models of curved space-time backgrounds’, Nucl. Phys. B449 (1995) 91, hep-th/9502038; ‘Heterotic strings in uniform magnetic field’, Nucl. Phys. B454 (1995) 164 hep-th/9506071; ‘Magnetic flux tube models in superstring theory’, Nucl. Phys. B461 (1996) 131, hep-th/9508068; ‘Magnetic backgrounds and tachyonic instabilities in closed superstring theory and M theory’, hep-th/0104238.

[4] J. G. Russo, A. A. Tseytlin, ‘Green-Schwarz superstring action in a curved magnetic Ramond-Ramond background’, JHEP 9804 (1998) 014, hep-th/9804076.

[5] D. V. Gal’tsov, O. A. Rytchkov, ‘Generating branes via sigma models’, Phys. Rev.

D58 (1998) 122001, hep-th/9801160.

[6] C. -M. Chen, D. V. Gal’tsov, S. A. Sharakin, ‘Intersecting M-fluxbranes’, Grav.

Cosmol. 5 (1999)45, hep-th/9908132.

[7] M. S. Costa, M. Gutperle, ‘The Kaluza-Klein Melvin solution in M theory’, JHEP 0103 (2001) 027, hep-th/0012072.

[8] P.M. Saffin, ‘Gravitating fluxbranes’, Phys. Rev. D64 (2001) 024014, grqc/0104014;

[9] M. Gutperle, A. Strominger, ‘Fluxbranes in string theory’, JHEP 0106 (2001) 035, hep-th/0104136.

[10] M. S. Costa, C. A. R. Herdeiro, L. Cornalba, ‘Fluxbranes and the dielectric effect in string theory’, hep-th/0105023.

[11] R. Emparan, ‘Tubular branes in fluxbranes’, hep-th/0105062. [12] D. Brecher, P. M. Saffin, ‘A Note on the supergravity description of dielectric branes’, hep-th/0106206.

[13] P.M. Saffin, ‘Fluxbranes from p-branes’, hep-th/0105220.

[14] T. Suyama, ‘Closed string tachyons in supersymmetric heterotic theories’, hepth/0106079.

[15] L. Motl, ‘Melvin matrix models’, hep-th/0107002. [16] M. Melvin, Phys. Lett. 8 (1964) 65 [17] F. Dowker, J. P. Gauntlett, S. B. Giddings, G. T. Horowitz, ‘On pair creation of extremal black holes and Kaluza-Klein monopoles’, Phys. Rev. D50 (1994) 2662, hep-th/9312172.

[18] R. C. Myers, ‘Dielectric branes’, JHEP 9912 (1999) 022, hep-th/9910053. [19] R. Emparan, ‘Composite black holes in external fields’, Nucl. Phys. B490 (1997) 365, hep-th/9610170.

[20] A. Brandhuber, J. Gomis, S. S. Gubser, S. Gukov, ‘Gauge theory at large N and new G(2) holonomy metrics’ hep-th/0106034.

[21] O. Bergman, M. R. Gaberdiel, ‘Dualities of type 0 strings’, JHEP 9907 (1999) 022, hep-th/9906055.

[22] J. H. Schwarz, A. Sen, ‘Type IIA dual of the six-dimensional CHL compactification’, Phys. Lett. B357 (1995) 323, hep-th/9507027.

[23] A. Adams, J. Polchinski, E. Silverstein, ‘Don’t panic! Closed string tachyons in ALE spacetimes’, hep-th/0108075.

[24] G. W. Gibbons, S. W. Hawking, ‘Gravitational multi-instantons’, Phys. Lett. B78 (1978) 430.

[25] G. W. Gibbons, P. Rychenkova, ‘HyperKahler quotient construction of BPS monopole moduli spaces’, hep-th/9608085.

[26] J. Gomis, ‘D-branes, holonomy and M theory’, hep-th/0103115. [27] P. Candelas, X. C. de la Ossa, ‘Comments on conifolds’, Nucl. Phys. B342 (1990) 246.

[28] A. M. Uranga, ‘Brane configurations for branes at conifolds’, JHEP 9901 (1999) 022, hep-th/9811004.

[29] Juan Maldacena, ‘The Large N limit of superconformal field theories and supergravity’, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.