arXiv:hep-th/0109017 v3 8 Dec 2001

NYU-TH/01/08/02 hep-th/0109017

MASS AND GAUGE INVARIANCE IV (HOLOGRAPHY FOR THE KARCH-RANDALL MODEL)

M. Porrati

Department of Physics, NYU, 4 Washington Pl, New York NY 10003

Abstract

We argue that the Karch-Randall compactification is holographically dual to a 4-d conformal field theory coupled to gravity on Anti de Sitter space. Using this interpretation we recover the mass spectrum of the model. In particular, we find no massless spin-2 states. By giving a purely 4-d interpretation to the compactification we make clear that it represents the first example of a local 4-d field theory in which general covariance does not imply the existence of a massless graviton. We also discuss some variations of the Karch-Randall model discussed in the literature, and we examine whether its properties are generic to all conformal field theory.

1 Introduction

Nowadays, it is commonly known that gauge invariance does not guarantee the existence of massless spin-one particles. The W and Z particles of the Standard Model are the best known example of this fact, but it was noticed first by Julian Schwinger in his seminal article [1] echoed by our title.

General covariance is a different story. Until recently no example was known of a theory invariant under general coordinate transformations in four dimensions that did not contain a massless spin-2 particle. String theory and Kaluza-Klein compactifications contain many massive states of spin-2 (and higher), but they always have a unique massless graviton.

The first example of a consistent generally covariant theory without any massless spin-2 state has been given only recently by Karch and Randall [2], who studied a compactification similar to the Randall-Sundrum II model (RSII). In RSII [3], pure 5-d Einstein gravity with a negative cosmological constant is “compactified” on an Anti de Sitter (AdS) space cut off near its boundary by a flat 4-d brane, i.e. a brane with flat induced metric. In spite of the fact that the regularized AdS space has an unbounded transverse coordinate, RSII is a compactification, since the 5-d graviton has a normalizable zero mode, localized near the 4-d brane, that gives rise to the standard 4-d Einstein gravity up to small corrections, due to the exchange of massive spin-2 states.

The Karch-Randall model (KR) is a variation of RSII, in that the induced metric on the 4-d brane is itself AdS. The 4-d cosmological constant of the induced metric is an additional free parameter, besides the 5-d cosmological constant previously mentioned. The 4-d cosmological constant can be set to zero, and the KR model is continuous in that limit. In our opinion, the greatest surprise of the KR compactification is that it has no massless spin-2 states; instead, its spectrum consists of a tower of massive spin-2 states, of mass O(λ), and a lighter state of mass O(λ^2/M^2_{P l} ). Here λ is the 4-d “cosmologist’s” cosmological constant, i.e. the vacuum energy V divided by the 4-d Planck constant: λ = V/M^2_{P l} . Yet, this model is generally covariant in 4-d, as shown in [2] and more extensively in [4]. Thus, the KR model is the first example in which general covariance does not imply the existence of a massless spin-2 particle.

Before proceeding further, let us solve an apparent puzzle. In the limit λ → 0, the KR model goes smoothly into the RSII model, which does possess a massless graviton. The smoothness of the limit is not in contradiction with the well-known van Dam-Veltman- Zakharov (vDVZ) discontinuity [5], or other discontinuities, for two reasons. First of all, the vDVZ discontinuity does not exist in AdS space. More accurately, the tree-level, one-particle exchange amplitude of a massive spin-2 field in 4-d AdS space is continuous in the limit m^2/λ → 0 [6] (see also [7]). A discontinuity in quantum loops involving the massive graviton was claimed to exist in ref. [8]. Ref. [8] works in a theory with a single massive spin-2, so its results may not apply to KR, which has a much richer spectrum. Anyway, that discontinuity is not relevant here, as throughout our paper we work in the weak-gravity regime, where the semiclassical approximation for 4-d gravity is valid. In that approximation all loops involving the 4-d graviton, hence their discontinuities, are negligible. Finally, KR may be altogether free from quantum discontinuities as it may be realizable as a string theory background, continuous in the limit λ → 0, as argued in [9].

Randall-Sundrum compactifications admit a dual interpretation as four-dimensional local field theories coupled to gravity [10, 11, 12]. In the dual theory, the field theory is strongly interacting, but gravity is weakly interacting at all scales up to the cutoff, which must be, therefore, smaller than the 4-d Planck scale. This duality is a consequence of the holographic duality [13, 14, 15], as most clearly pointed out in [16]. The arguments used in [16] to justify the duality between RS compactifications and 4-d field theories coupled to standard gravity, hereafter called “gauged holography,” [11] do not require that the metric on the 4-d brane is flat. Indeed, the brane metric used in [16] is that of a Eucidean 4-sphere. If gauged holography works for curved branes as well as Minkowsky branes, we are naturally led to conjecture that even the KR compactification must admit a holographic dual. Clearly stated, we propose that

The Karch-Randall compactification is dual to a four-dimensional conformal field theory on a four-dimensional AdS space, coupled to (regularized) Einstein gravity

As demanded by the holographic duality, the 4-d conformal field theory (CFT) is strongly interacting when the five-dimensional description is semiclassical. Fourdimensional gravity is weak. The rest of this paper is devoted to prove the claim made here.

In section 2, after briefly reviewing the KR compactification, we adapt and expand the treatment of gauged holography given in [11, 16] to cover the case of arbitrary 4-d induced metrics on the brane. We exhibit a very simple argument showing that gauged holography, both for Minkowsky 4-d metrics and for curved 4-d metrics, is not an independent conjecture, but that it follows instead from the “rigid” holographic duality. We also specialize the discussion of gauged holography to the case that the metric on the brane is a small fluctuation around a conformally flat background. In that case, we will be able to show that if a RS compactification has a holographic dual, then the KR compactification related to it must have a holographic dual too, and that the dual CFT is the same in both cases.

Section 3 treats the “universal” part of the effective action of a CFT on a curved background, namely the term that comes from integrating the Weyl anomaly: the Riegert action [17]. Unlike two-dimensional CFTs, CFTs in four dimensions cannot be solved completely by integrating the Weyl anomaly, since 4-d metrics admit infinitely many different conformal classes. This implies that the effective action of a 4-d CFT contains a model-dependent, Weyl-invariant piece, besides the Riegert action. In section 3, we will show that the Riegert action does not give a mass to the graviton^1. The graviton mass found in the KR compactification is thus a highly non-trivial effect due to the model-dependent term in the effective action. This term, it is worth repeating, cannot be determined by Weyl invariance alone.

Section 4 uses the holographic duality to compute the effective action of gravity coupled to a CFT on an AdS background, expanded to quadratic order in the metric fluctuations. This is the term that gives the two-point correlator of the stress-energy tensor. In section 4 we show that the same term also gives a mass O(λ^2) to the 4-d graviton. Finally, section 4 shows that the two-point correlator so computed has the correct flat-space limit, proportional to p^4 log p^2/μ^2 [14].

Section 5 contains our conclusions and a brief discussion of whether other behaviors for the two-point function of the graviton are possible for generic CFTs on AdS spaces. We also discuss the case, studied in [18], of 5-d AdS space bound by two positive-tension AdS branes. In particular, we show how, in that case, the holographic duality implies immediately that a massless graviton must exist, as shown in [18].

A discussion of Weyl transformations, diffeomorphisms, and the counting of degrees of freedom for the KR model is given in appendix A. Appendix B presents an explicit, simple change of coordinates for AdS_d that maps its Poincaré coordinates into new coordinates in which AdS_d is sliced by AdS_{d−1} surfaces.

2 KR and Gauged Holography in Curved Space

2.1 KR (Abridged)

To describe the Karch-Randall compactification [2], let us starts with the Einstein-Hilbert action in five dimensions, with a negative 5-d cosmological constant Λ, S_{EH} = 1 16πG ∫ d^5x √ −g(R − 2Λ). (1) A solution of the Einstein equations derived from this action is the Anti de Sitter space. Among its many equivalent metrics, we choose one in terms of a space-like radial coordinate z, ranging from −πL/2 to +πL/2 and four other coordinates x^μ, μ = 0, 1, 2, 3^2.

ds^2 = 1 cos^2(z/L)

(dz^2 + ds^2_4), Λ ≡ −6/L^2. (2)

1The Riegert action is ill-defined in the infrared. In this paper, that name always denotes an appropriately regularized version of that action.

2Appendix B exhibits a reparametrization that transforms the Poincaré coordinates into those of eq. (2).

The 4-d section, with line element ds^2_4, is an AdS_4 space with radius L.

The AdS space can be truncated by restricting z to the range −πL/2 ≤ z ≤ +πL/2−ϵ, ϵ ≪ L, together with appropriate (e.g. Neumann) boundary conditions at z = +πL/2−ϵ. This is the Karch-Randall compactification^3. Notice that the induced metric on the boundary is ds^2 = sin^{−2}(ϵ/L)ds^2_4. Because of the scaling factor in front of ds^2_4, the induced metric has a negative 4-d cosmological constant λ = −3 sin^2(ϵ/L)/L^2 ≈ −3ϵ^2/L^4. The 4-d cosmological constant vanishes with ϵ, and as expected the RS compactification is indeed recovered in the limit ϵ → 0. In particular, with the change of variables ẑ = (L/ϵ)(πL/2 − z), x̂^μ = (L/ϵ)x^μ, the 5-d metric assumes in the limit the standard RS form (see for instance [11])

ds^2 =

L^2 ẑ^2

(dẑ^2 + η_{μν} dx̂^μdx̂^ν ), ẑ ≥ L. (3)

2.2 Rigid and Gauged Holography I

The holographic duality states that the generating functional of a 4-d conformal field theory is the partition function of quantum gravity on a 5-d manifold X. In particular, given a 5-d field ϕ(x, z), with 5-d 1PI action Γ[ϕ], its boundary value ϕ(x, 0) is the source for a gauge-invariant operator O in the CFT, and the partition function is given by ⟨exp[− ∫ M d^4xϕ(x)O(x)]⟩_{CF T} = exp(−Γ[ϕ]). (4)

The manifold X is a solution of the 5-d Einstein equations with cosmological constant Λ. M, the boundary of X, is the space on which the CFT lives, and near the boundary z = 0 the X metric is

ds^2 =

L^2 z^2

[dz^2 + g_{μν} (x, z)dx^μdx^ν ], (5)

g_{μν} (x, z) = g^0_{μν} (x) + z^2g^1_{μν} (x) + z^4 log z^2g^2_{μν} (x) + O(z^4). (6)

The metric on M is g^0_{μν} (x) and both g^1_{μν} (x) and g^2_{μν} (x) are local function of g^0_{μν} (x) and its derivatives. Eqs. (5,6) define the metric up to diffeomorphism that act on g^0_{μν} (x) as conformal transformations. This property will be very useful later on.

To compute Γ[ϕ], we use the semiclassical approximation, where Γ[ϕ] is the classical action on shell. Even in this approximation Γ[ϕ] must be regularized.

Let us consider in particular the case where ϕ is the 5-d metric, and Γ[ϕ] is the 5-d action of pure gravity with negative cosmological constant. The action is Γ = S_{EH} +S_{GH} . The Einstein-Hilber action S_{EH} has been given in eq. (1), while the Gibbons-Hawking

3A physical but by no means unique way to truncate the space is to place a 4-d brane of appropriate tension at the boundary.

boundary term, necessary to have an action that depends only on the first derivative of the metric [19] is S_{GH} = 1 8πG ∫ d^4x √ −hK. (7) h is the determinant of the induced metric on the boundary and K is the trace of the extrinsic curvature of the boundary. When computed on-shell, the action S_{EH} + S_{GH} diverges. For instance, the Einstein-Hilbert piece is S_{EH} = 1 16πG ∫_∞ 0 dz ∫ d^4x

L^5 z^5

[ 4Λ 3 √ −g^0(x) + O(z^2) ] = ∞. (8)

To regularize it the integral in z is cut off at some positive value ϵ. The regularized action Γ_ϵ[g^0_{μν} (x)] has the following expansion in powers of ϵ [20, 21]

Γ_ϵ = ϵ^{−4}a_0 + ϵ^{−2}a_2 + log(ϵ^2)a_4 + Γ^F_ϵ . (9)

In this equation, a_0 is proportional to the 4-d cosmological constant term, ∫ M d^4x √ −g^0, a_2 is proportional to the 4-d Einstein-Hilbert action, ∫ M d^4x √ −g^0R(g^0), and a_4 is a linear combination of the Euler curvature and the square of the Weyl tensor

a_4 =

L^3 128πG ∫ d^4x √ −g^0 (1 3 R^2(g^0) − R_{μν} (g^0)R^{μν} (g^0) ) . (10)

The holographic duality can be resumed in one equation now, namely:

lim_{ϵ→0} Γ^F_ϵ = W_{CF T} [g]. (11)

Here W_{CF T} [g] is the generating functional of the (connected) correlators of the stressenergy tensor. Eq. (11) makes explicit a point that is often hidden in the literature on the holographic duality. Namely, that the regularized generating functional of the CFT is still given by a 5-d holographic dual even when the cutoff ϵ is small but nonzero. Notice that when g_{μν} is expanded around flat space, g_{μν} = η_{μν} + h_{μν} , one obtains the “usual” correlators of T_{μν} in Minkowsky space. On the other hand, we could have expanded eq. (11) around any background. When expanded around a curved background, W_{CF T} gives the stress-energy tensor correlators of the CFT on that curved background. This fact has been used time and again in the literature on the holographic duality. After all, ref. [15] already studies holography not only on R^4 but also on S_4 and S_3 × S_1. The local, divergent terms a_0, a_2, a_4 are harmless in the standard, “rigid” holographic duality, since they give rise only to contact terms.

In “rigid” holography, the boundary value of the 5-d metric, g^0_{μν} , is simply an external, fixed quantity, that acts as the source for the stress-energy tensor. On the other hand, holography was at first derived in string theory, where the graviton is dynamical. This is not in contradiction with the previous assumption that g^0_{μν} is an external source, as long as the 4-d Newton constant vanishes. This is the case in the limit ϵ → 0, since eq. (9) implies G_4 ∝ Gϵ^2. In other words, the induced 4-d Newton constant vanishes when the cutoff is removed. This result is consistent with the holographic interpretation. After all, in a 4-d CFT with ultraviolet cutoff ϵ the induced Newton constant is indeed proportional to ϵ^2.

If ϵ is kept finite, then it is natural to promote g^0_{μν} to a dynamical field. For instance, in string theory, when deriving the holographic duality using, say, D3 branes, g^0_{μν} is just the value of a dynamical field at some arbitrary boundary in between an AdS “throat” and an asymptotically flat region in the string background. In that case, the background is found by solving the equations of motion of g^0_{μν} . Moreover, it is natural, and allowed by the symmetries of our system, to add to the action Γ_ϵ local 4-d terms, proportional to a_0, a_2, and a_4. The coefficient of the a_0 term is the best known in the literature as it is the tension of the Randall-Sundrum “Planck” brane [3, 11]. It acts as a conterterm that cancels part of the induced cosmological constant in eq. (9). The term proportional to a_2 was discussed in [11] and its interpretation is reviewed in the next paragraph. The third term is largely irrelevant when studying 4-d gravity at low energy. It can be set equal to − log(ϵ^2)a_4 to simplify eq. (9), without loss of generality.

Let us examine again the conclusion of the previous paragraph. We noticed that if ϵ is nonzero, and if we assume the standard “rigid” holographic duality, the on-shell 5-d Einstein action with cosmological constant Λ = −6/L^2, computed on the manifold X with boundary condition g^4_{μν} ≡ (L/ϵ)^2g^0_{μν} on ∂X = M is

Γ_H [g^4_{μν} ] = 1 16πG_4 ∫ M d^4x √ −g^4(R − 2λ) + W_{CF T} [g^4_{μν} ] + ..., (12) 1 16πG_4 = L 32πG + 1 16πG^{bare}_4 , 1 16πG_4 λ = − 3ΛL 16πG − T. (13) T is the coefficient of the a_0 term; we have already interpreted it as the tension of a brane placed at the boundary^4.^1_{16πGbare4} is the coefficient of the a_2 term. As implied by our label, it does appear as a bare Newton constant. The other coefficients given in eq. (13) are those of eq. (9); they have been computed, for instance, in [21, 24].

Notice that eq. (12) is exactly the effective action of gravity coupled to a CFT with ultraviolet cutoff L, up to terms vanishing with the cutoff. Eq. (12) proves by itself that “rigid” holography implies, without any further assumption, “gauged” holography, namely holography in the presence of dynamical gravity.

A few comments are now appropriate.

4The “brane” can be sometimes just an effective description of a more complicated mechanism see [22] for an early example of this possibility, and [23] for a recent discussion.

1. We have rescaled the boundary metric in eq. (12) so that at z = ϵ, ds^2 = g^4_{μν} dx^μdx^ν .

In this fashion, the 4-d length is given by the metric g^4_{μν} without the need of any further rescaling. The definition of g^4_{μν} also makes evident that we can always set the cutoff at L, instead of ϵ, by appropriately rescaling the Newton and cosmological constants of the 4-d theory.

2. Eq. (12) is evidently the effective action obtained after integrating out the CFT, but before taking into account graviton loops. That is the appropriate effective action whenever the CFT is strongly interacting but all true quantum gravity effects are negligible, i.e. when the CFT is cut off at a scale well below both the 5-d and 4-d Planck scales. The condition that the cut-off is below the 5-d Planck scale M ≡ (16πG)^{−1/3} translates into ML ≫ 1. This is the regime where holographic duality is computationally effective. In this regime the AdS_5 curvature is small compared with the 5-d Planck scale and one is thus justified in neglecting all higher-curvature terms in the 5-d gravitational action, and in equating the latter to the Einstein- Hilbert action with cosmological constant. In physical examples, G^{bare}_4 > 0, thus ML ≫ 1 is also sufficient to ensure that the momentum cutoff, 1/L, is well below the 4-d Planck scale M_4 ≡ (16πG_4)^{−1/2}.

3. In eq. (12) we omitted terms that vanish with the curvature faster than ∫ M d^4x √ −g^4(R − 2λ) or W_{CF T} .

4. If we denote by K_{μν,ρσ} the bare kinetic term of the 4-d graviton, and if we expand Γ_H [g^4_{μν} ] to quadratic order around a stationary point, obeying δΓ_H /δg^4_{μν} = 0, we obtain the self-energy Σ_{μν,ρσ} as 1 2 δ^2Γ_H δg_{μν} δg_{ρσ} = K_{μν,ρσ} + Σ_{μν,ρσ} . (14) 2.3 Rigid and Gauged Holography II

When the metric g^4_{μν} can be expanded as

g^4_{μν} = exp(2σ)(η_{μν} + h_{μν} ), (15)

i.e. when the 4-d background metric is conformally flat, we can show that flat-space holography implies curved-space holography in yet another way, particularly tailored to our background. This new proof is given here not only to convince the skeptic, but also to introduce some formulas that will be useful in the rest of this paper.

We assume that holography holds perturbatively around a flat background, i.e. that

Γ^F_ϵ [η_{μν} + h_{μν} ] = W_{CF T} [η_{μν} + h_{μν} ] + o(ϵ), (16) whenever both sides of this equation are expanded in powers of h_{μν} .

W_{CF T} transforms as follows under the Weyl rescaling g_{μν} = exp(2ω)ḡ_{μν} : δW_{CF T} δω = c{A[ḡ] − 4 ¯□_4ω}, A[g] = 2R_{μν} R^{μν} − 2 3 R^2 − 2 3 □R, c = constant. (17)

The computation of Henningson and Skenderis [20] gives c = L^3/128πG (see eqs. (9,10)); □_4 is the operator [17]

□_4 = □^2 + 2R^{μν} D_μD_ν − 2 3 R□ + 1 3 (∂_μR)D^μ . (18)

Hereafter, an overbar will denote quantities computed with respect to the metric ḡ_{μν} . D_μ is the covariant derivative and □ ≡ D_μD^μ. □_4 maps scalars of conformal weight zero into scalars of conformal weight four.

As shown explicitly in ref. [20], δW_{CF T} /δω = δΓ^F_ϵ /δω. This equation, together with eq. (16) is sufficient to ensure that

Γ^F_ϵ [exp(2σ)(η_{μν} + h_{μν} )] = W_{CF T} [exp(2σ)(η_{μν} + h_{μν} )] + o(ϵ). (19)

This equation states that if holography is valid perturbatively around flat space, then it is also valid perturbatively around any conformally flat background.

Notice that the conformal transformation may map flat space into components joined only at their boundary. This phenomenon is manifest, for instance, when the flat metric ds^2 = −dt^2 +

∑_3

i=1 dx^idx^i is scaled by the Weyl transformation exp(ω) = 1/|x^3|. The Weyl scaling given here is induced by a 5-d diffeomorphism, as shown in appendix B. As we will see in section 4, in our background, the 4-d boundary of Ads_5 has two components, joined only at their edge. This does not contradict the theorem of Witten and Yau [25], as the 4-d boundary has negative curvature. The very fact that the 4-d space we need, made of two AdS_4 components, can be connected to flat (Minkowsky) space by a Weyl transformation suggests that holography must hold also for our background.

The transformation property of the generating function, given in eq. (17) gives us additional information on W_{CF T} when we expand W_{CF T} to quadratic order in h_{μν} . By using known properties of W_{CF T} (see for instance [26]) it is easy to see that

W_{CF T} [η_{μν} + h_{μν} ] = − 1 2 c C̄^{ρσ}_{μν} log( ¯□/μ^2)C̄^{μν}_{ρσ} + O(h^3). (20)

Here and below we omit the sign of integration in d^4x in our formulae whenever unambiguous. C^{ρσ}_{μν} is the Weyl tensor, and μ is a mass scale introduced for dimensional reasons. Its arbitrariness reflects the fact that W_{CF T} is defined up to local Weyl-invariant terms.

We want to find the analog of eq. (20), but now when the metric is expanded to quadratic order in the fluctuations around an AdS background. To do this we must promote log( ¯□/μ^2) to a linear operator F^{ρσ γδ}_{μν αβ} (x, y), acting on tensors of same conformal weight and symmetries as C^{ρσ}_{μν} . F must satisfy two properties (δF/δω)^{ρσ γδ}_{μν αβ}(x, y) = δ^4(x, y)δ^{γδ}_{μν} δ^{ρσ}_{αβ}, (21) lim g_{μν} →η_{μν} F ρσ γδ μν αβ = − 1 2 δ^{γδ}_{μν} δ^{ρσ}_{αβ} log( ¯□/μ^2). (22)

The first equation generalizes the transformation property of log( ¯□/μ^2) under constant conformal transformations to arbitrary Weyl rescaling. The second equation is obviously necessary to reproduce the expansion around flat space given in eq. (20). That an F obeying eqs. (21,22) exists has been argued in [27], using the results in [28]. The form of F is not uniquely fixed by the Weyl anomaly, since one can always add to F Weylinvariant terms. We will compute F using the holographic correspondence in section 4. Another possible F is −(1/4) log Δ/μ^2, where Δ is an operator that respects the symmetry properties of C^{ρσ}_{μν} , and maps the Weyl tensor into a tensor of conformal weight 6 [28].

Now we are ready to compute W_{CF T} [exp(2σ)(η_{μν} +h_{μν} )], expanded to quadratic order in h. As before, we set g_{μν} = exp(2σ)(η_{μν} + h_{μν} ), ḡ = η_{μν} + h_{μν} . We use eq. (17) to find W_{CF T} [ḡ] = −c{σA[g] + 2σ□_4σ} + W_{CF T} [g]. (23) Using the properties of F given in eqs. (21,22), we also have − 1 2 C̄ log( ¯□/μ^2)C̄ = CF C − σC^2 + O(h^3). (24)

Combining eqs. (20,23,24) we find an expression for W_{CF T} [g]:

W_{CF T} [g] = c{CF C + σ(A[g] − C^2) + 2σ□_4σ} + O(h^3). (25)

The explicit σ dependence in this expression can be canceled by adding to it the trivially Weyl-invariant term −(c/8)(Ā − C̄^2) ¯□^{−1}_4 (Ā − C̄^2). We finally find W_{CF T} [g] = c { CF C − 1 8 (A − C^2)□^{−1}_4 (A − C^2) } + O(h^3). (26)

This equation gives the generating functional of the conformal field theory, expanded to quadratic order around a conformally flat background. This equation also provides us with a useful decomposition of W_{CF T} [g] into the “universal” Riegert [17] term, −(c/8)(A− C^2)□^{−1}_4 (A−C^2) obtained form integrating the conformal anomaly, and a model-dependent term, c CF C. In the next section we will show that the Riegert term does not give a mass to the the graviton.

3 Analysis of the Riegert Term

The upshot of this section is that the Riegert term does not give rise to a mass term for the graviton. Readers not interested in the details of the computation can skip ahead to section 4, or to the end of this section for an alternative proof of the statement.

The Riegert term can be rendered local by introducing an auxiliary field ζ, in terms of which the term reads W_R[g] ≡ − c 8 (A[g] − C^2)□^{−1}_4 (A[g] − C^2) = − c 8 ∫ d^4x √ −g[−ζ□_4ζ + 2ζ(A[g] − C^2)], (27)

where ζ obeys its own Euler-Lagrange equation: □_4ζ = A[g] − C^2. Notice that the combination C^2 − A is E_4 + (2/3)□R and E_4 is the Euler density E_4 = R_{μνρσ} R^{μνρσ} − 4R_{μν} R^{μν} + R^2.

We want to show that the Riegert term does not give a mass to the graviton on AdS_4. To prove this statement, we will show that an Einstein space is always a solution of the equations of motion that follow from the Einstein-Hilbert action modified by the addition of the Riegert term: S = S_{EH} + W_R. An Einstein space satisfies R_{μν} = g_{μν} R/4. When linearized around an AdS_4 background, this equation describes the propagation of the standard massless graviton. Recall that in the KR model, there is no massless graviton excitation propagating on AdS_4. This means that in the KR compactification, no Einstein space except AdS_4 can solve the equations of motion.

To compute the first variation of the action S = S_{EH} + W_R around an Einstein space, we decompose the variation of the metric into a trace part, ϕ, a diffeomorphism part ϵ_μ, and a transverse-traceless part ψ_{μν} :

δg_{μν} = g_{μν} ϕ + D_{(μ}ϵ_{ν)} + ψ_{μν} , D^μψ_{μν} = ψ^μ = 0. (28)

The variation of S with respect to ϵ_μ is the simplest to compute: by diffeomorphism invariance δS/δϵ_μ = 0 around any background.

The variation of S with respect to ϕ is computed using eq. (17) and the definition of W_R δS δϕ = 1 16πG_4

(R − 4λ) + c 2 (A − C^2). (29)

We can further simplify the calculation, now and later, by noticing that we are looking for the quadratic part of the effective action around an AdS background. This means that we need to compute the variation of S only to linear order in the fluctuation. Now, the Weyl tensor vanishes on AdS, since AdS is conformally flat. Moreover, by denoting with R̄ the curvature of the AdS background, we find A = −(1/6)R̄^2 + O(h^2). Thus, δS δϕ = 1 16πG_4 (R̄ − 4λ) − c 12 R̄^2 + O(h^2). (30)

To the order in h we are interested in, this equation just defines the scalar curvature R̄ in term of the “bare” cosmological constant λ^5.

The variation of the Einstein-Hilber action with respect to ψ_{μν} is relatively simple. From the variation of the Christoffel connection

δΓ^ρ_{μν} = 1 2 g^{ρλ}(D_μδg_{νλ} + D_ν δg_{μλ} − D_λδg_{μν} ), (31) we have δR = −□δg + D^μD^ν δg_{μν} − δg_{μν} R^{μν} (32) Using the definition of ψ_{μν} we find δS_{EH} /δψ_{μν} = 0 on an Einstein background (which obeys R_{μν} = (1/4)g_{μν} R).

The variation of W_R is less straightforward.

First of all, we must notice that the variation δW_R/δζ vanishes, since ζ satisfies its own Euler-Lagrange equations. Thus, in eq. (27) we must only compute the explicit variation of the metric.

Let us compute now the variation of the term 2 ∫ d^4x √ −gζ(A[g] − C^2) in eq. (27).

Using R^ρ_{μνρ} = D_μδΓ^ρ_{νλ} − μ ↔ ν, (33) we find, after a short calculation δ ∫ d^4x √ −gζ(A[g] − C^2) = −4 ∫ d^4x √ −gD_λD_μζR^{μνλ}_ρψ^ρ_μ (34) up to terms that vanish on Einstein backgrounds. For the purpose of our calculation, in this variation we need to keep only terms linear in the fluctuation around the AdS background. We use the AdS_4 metric ds^2 = dr^2 + exp(2r/l)(−dt^2 + d⃗x^2) and the expansion [29] ζ̇ ≡ dζ dr = − 4 l + O(h^2). (35)

This definition implies a particular choice for the asymptotic behavior of ζ. That choice is an infrared regularization that we adopt as part of the definition of the Riegert action.

Notice that the variation ψ_{μν} is traceless with respect to the metric ḡ_{μν} +h_{μν} . Denoting by ψ̄^ν_μ etc. quantities with indices raised and lowered with the background metric ḡ_{μν} , after another short calculation, we arrive to 4D_λD_μζR^{μνλ}_ρψ^ρ_μ = 2 l ζ̇ ¯△h_{μν}ψ̄^{μν} + O(h^2) = − 8 l^2

¯△h_{μν}ψ̄^{μν} + O(h^2). (36)

5The ϕ variation of the complete effective action, Γ_H [g], which includes the term CF C, is δΓ_H /δϕ = (1/16πG_4)(R − 4λ) − (c/12)R^2 on any Einstein metric. Eq. (30) is thus valid beyond the quadratic approximation used in the text.

Here, ¯△ is the 3-d background Laplacian.

To compute the variation of the term ∫ d^4x √ −gζ□_4ζ we first integrate by part to find ∫ d^4x √ −gζ□_4ζ = ∫ d^4x √ −g [ (□^2ζ)^2 + 2 3 R∂_μζD^μζ − 2R^{μν} ∂_μζ∂_ν ζ ] . (37)

We further simplify the problem by the choice h_{3i} = h_{33} = 0 (x^3 ≡ r, i = 0, 1, 2). Likewise, we choose ψ_{33} = ψ_{3i} = 0. The rationale for this choice is that if a mass term is generated by the Riegert action, it would make its variation nonzero to linear order in h even with respect to this restricted class of variations. This choice dramatically simplifies our calculations. Indeed, the only term in eq. (37) that does not manifestly vanish is

− 2δR^{33}∂_3ζ∂_3ζ = [□ψ^{33} − 2D^3D_μψ^{3μ} + 2R^{33}_{λ ρ}ψ^{λρ} − 2R^{(3}_ρ ψ^{3)ρ}]ζ̇^2. (38)

The computation of the various terms in the variation eq. (38) is tedious but standard^6. On shell (R^ν_μ = (1/4)δ^ν_μR) we have

R^{(3}_ρ δg^{3)ρ} = (1/4)Rψ^μ = 0. (39)

To linear order in the fluctuations around the AdS background, we find

R^{33}_{i j} ψ^{ij} = ( − 1 2 .. h̄^l_i ḡ_{lj} − 1 l ˙h̄^l_iḡ_{lj} ) ψ̄^{ij} + O(h^2). (40)

As earlier, an overbar indicates that indices are raised and lowered with the background metric ḡ_{μν} . Also, in the same approximation,

□ψ^{33} = 2 l ˙h̄^j_i ψ̄i_j , (41)

2D^3D_μψ^{3μ} = −∂_r( ˙h̄^i_jψ̄^i ). (42)

This is the last result we need, since by combining eqs. (39,40,41,42) with eq. (36) and the definition of W_R in eq. (27) we conclude δW_R = − c l^2 ∫ d^4x √ −ḡ (_{..} h̄^l_i +3 l ˙h̄^j_i + ¯△h̄i_j ) ψ̄^j_i + O(h^2). (43)

In this equation we have integrated by part the term 2D^3D_μψ^{3μ}. Eq (43) is just the standard equation of motion of the massless graviton in AdS; therefore, the mass term can not be generated by W_R.

An alternative proof of this statement can be obtained by using the results of Mazur and Mottola [31]. In that paper, Mazur and Mottola find an expression for the variation

6Most of the computations have been already done for the de Sitter background in [30].

of the Riegert action by extending the computation of the conformal anomaly to 4 + ϵ dimensions, and taking the limit ϵ → 0. The expression, given in their eq. (5.12), contains an auxiliary tensor, called by them C_{μν} . Ref. [31] contains in its appendix C an explicit formula for C_{μν} . Using that formula, and recalling that in our background the square of the Weyl tensor vanishes up to quadratic order in the fluctuation h_{μν} , we arrive again at eq. (43).

4 The Holographic Computation

Since the mass term found in [2] cannot come from the Riegert term, we have to look for it in the model-dependent term of the action, whose quadratic part is proportional to CF C. To compute the operator F^{ρσ γδ}_{μν αβ}(x, y) we use the “gauged” holographic duality introduced in section 2.

The generating functional W_{CF T} computed holographically automatically obeys all properties expected in field theory, in particular it obeys the Ward identities of conformal symmetry. The reason behind this is that conformal transformations in the 4-d boundary theory are just special general coordinate transformations of the 5-d theory, that obeys general covariance (see for instance [32] and appendix A).

In the rest of this section, we will study only the transverse-traceless part of the metric fluctuation. To determine the true value of the mass term, as opposed to effects due to a trivial renormalization of the cosmological constant we must treat more precisely the Gibbons-Hawking term.

4.1 The Gibbons-Hawking Term and the Effective Action Γ_H

Let us write the 5-d metric g_{mn} (m, n = 0, 1, 2, 3, 4) in eq. (2) as

ds^2 = exp(2A)[dz^2 + (ḡ_{μν} + h_{μν} )dx^μdx^ν ], A = − log cos z, μ, ν = 0, 1, 2, 3. (44)

In this section we set L = 1. In this metric, the Gibbons-Hawking term, given in eq. (7), can be written as S_{GH} = 1 8πG ∫ d^4x √ − det(ḡ + h) exp(4A) 1 √ −g ∂_z( √ −gn^z ), n^z = exp(−A). (45)

Expanding this equation to quadratic order in h, after a short computation we arrive at^7 S_{GH} = − 1 8πG ∫ d^4x √ −ḡ exp(3A) [ 1 2 h^ν_μh^μ_ν Ȧ + ḣ^ν_μh^μ_ν ] , · ≡ ∂/∂z. (46) 7The computation is standard and can be found, for instance in [16].

Here and elsewhere in this section indices are raised and lowered with the 4-d metric ḡ_{μν} . The quadratic part of the Einstein-Hilbert action, computed on-shell, reduces to a boundary term S_{EH} = 1 16πG ∫ d^4x √ −ḡ exp(3A) [ 3 4 ḣh + 1 2 h^2Ȧ ] , h^2 ≡ h^ν_μh^μ_ν etc. (47)

We put the boundary at cos z = ε.

Here, it is convenient to keep h_{μν} as our 4-d metric instead of performing the rescaling of subsection 2.2. The sum of the Einstein-Hilbert action and the Gibbons-Hawking term gives the regularized action Γ_ε. Expanded to quadratic order in h_{μν} it reads

Γ_ε = − 1 16πG ∫ d^4x √ −ḡ exp(3A) (1 4 ḣh + 3 2 Ȧh^2 )| | |_{cos z=ε} . (48)

Before jumping to the conclusion that (3/2)Ȧh^2 is a mass term we must recall that 4-d counterterms can be added to Γ_ε. As we mentioned earlier, these counterterms cancel the Γ_ε divergences in the limit ε → 0. Here, ε is kept finite, but the counterterms can still be added. The mass term is an artifact if it can be canceled by appropriately choosing them.

To properly identifying the meaning of the term (3/2)Ȧh^2, we notice that

Ȧ = tan z = 1 cos z − 1 2 cos z − 1 8 (cos z)^3 + O[(cos z)^5]. (49)

Using this expansion we can write eq. (48) as

Γ_ε = 1 16πG ∫ d^4x √ −ḡ [ − 1 4ε^3 ḣh + ( − 3 2ε^4 + 3 4ε^2 + 3 16 ) h^2 ] + O(ε^2). (50)

It is now easy to identify the various terms in this equation. Terms that diverge in the ε → 0 limit are local; they do not give a mass term, instead, they renormalize the cosmological constant and Einstein term in the 4-d action. In particular, the term −(3/2)ε^{−4}h^2 renormalizes the cosmological constant as δ[(16πG_4)^{−1}λ] = −3(16πG)^{−1}ε^{−4}. The term (3/4)ε^{−2}h^2 renormalizes the Newton constant as δ[(16πG_4)^{−1}] = (32πG)^{−1}ε^{−2}.

The finite term (3/16)h^2 is not necessarily a true mass term, since it may arise from a finite renormalization of the 4-d cosmological constant. To find if this is the case, let us compute the variation of the holographic effective action Γ_H under a scale transformation. Using the definition in eq. (12) and eq. (17) we find 1 √ −g g_{μν} δΓ_H δg_{μν} = 1 16πG_4 (−4λ + R) − c 12 R^2, c = 1 128πG . (51)

The background metric ḡ_{μν} solves by construction the equations of motion δΓ_H /δg_{μν} = 0. Our metric ḡ_{μν} has scalar curvature R̄ = −12. Recall from the discussion at the end of subsection 2.2 that to guarantee the validity of the holographic computation, both the 4-d and 5-d curvatures must be smaller than their Newton constants. In our units this means |cR̄^2/16| ≪ |R̄/16πG_4| ≪ 1. It means also that we can expand the cosmological constant λ as λ = λ̄ + δλ; λ̄ = −3, δλ ≪ 1. Substituting in eq. (51) we find 1 16πG_4 δλ = − 1 16πG 3 8 . (52)

This finite renormalization of λ generates an apparent mass term equal to 1 32πG_4 δλh^2 = − 1 16πG 3 16 h^2. (53)

This is exactly the term necessary to cancel the ε-independent term in eq. (50).

We have concluded at last that Γ_H expanded to quadratic order in the transversetraceless fluctuation h_{μν} is:

Γ_H = 1 16πG_4 ∫ d^4x √ −ḡ 1 4 [ h(−△^{(2)}_L + 2λ̄)h ] − 1 16πG ∫ d^4x √ −ḡ 1 4ε^3 ḣh (54)

Here, △^{(2)}_L is the Lichnerowicz operator on symmetric tensors [33]. On our AdS background, and on transverse-traceless tensors it reads

△^{(2)}_L h_{μν} = −□h_{μν} + 8λ̄ 3 h_{μν} . (55)

We can perform an easy check on our result: substituting into it the non-normalizable graviton zero mode, eq. (54) must give the action of a massless spin 2. This is obviously correct as the non-normalizable zero mode is independent of z, and thus it obeys ḣ_{μν} = 0.

4.2 The Dressed Graviton Propagator

We are at last ready to compute the self-energy Σ_{μν,ρσ} introduced in eq. (14). We use the holographic duality so that the self-energy we are looking for is given by h^{μν} Σ_{μν,ρσ} h^{ρσ} = − 1 16πG ∫ d^4x √ −ḡ 1 4ε^3 ḣh. (56) The equation obeyed by h_{μν} is [2, 34] [ −∂_z(cos z)^{−3}∂_z − (cos z)^{−3} ( □ − 2λ̄ 3 )] h_{μν} = 0. (57)

Let us decompose h_{μν} into eigenstates of □, denoted by h^m_{μν} (x): h_{μν} (x, z) = ∑ m h^m_{μν} (x)H^m(z), [□ − (2λ̄/3)]h^m_{μν} (x) = m^2h^m_{μν} (x). (58)

The differential equation for H^m(z) can be transformed into a standard hypergeometric form by the change of variable y = (cos z)^2. In terms of the new variable, the equation reads [ (1 − y)y∂^2_y + ( −1 + 1 2 y ) ∂_y + m^2 4 ] H^m(z) = 0. (59)

Its two independent solutions are

H^m_1 = [ψ(1) + ψ(3) − ψ(a + 2) − ψ(b + 2)]y^2F (a + 2, b + 2; 3; y), (60)

H^m_2 = y^2F (a + 2, b + 2; 3; y) − 2 ab(a + 1)(b + 1) + 2 (a + 1)(b + 1) y + +y^2 ∞∑ n=1 y^n Γ(a + 2 + n)Γ(b + 2 + n)Γ(3) Γ(a + 2)Γ(b + 2)Γ(3 + n)Γ(n + 1)

[ψ(a + 2 + n) − ψ(a + 2) +

+ψ(b + 2 + n) − ψ(b + 2) − ψ(3 + n) + ψ(3) − ψ(n + 1) + ψ(1)], (61) ab = −m^2/4, a + b + 1 = −1/2. (62)

See [35] for notations. Since our change of variables y = (cos z)^2 is 2-to-1, the interval 0 ≥ y ≥ 1 actually covers two distinct domains, [−π/2, 0] and [0, π/2]. The solution we are looking for has two different expansions in the two domains; namely

H^m = αH^m_1 + βH^m_2 in [−π/2, 0], (63) H^m = α^′H^m_1 + β^′H^m_2 in [0, π/2]. (64)

For the holographic computation we impose the following boundary conditions.

1. At “our end” of the AdS_5 space, z = π/2 (y = 0) we set H^m(π/2) = 1^8. By this choice, the boundary value of the fluctuation h_{μν} (x, z) becomes a sum over 4-d free fields of AdS mass m h_{μν} (x, π/2) = ∑ m h^m_{μν} (x). (65)

2. At the “other end” of AdS_5, z = −π/2 (again y = 0) we set H^m(−π/2) = 0. With this boundary condition no field can leak out of the AdS_5 space. This boundary condition also ensures that the H^m(z) are normalizable, and it removes from the spectrum the zero mode H^0(z) = 1. This is the crucial choice that gives rise to a graviton mass.

8We have been sloppy here, as the proper normalization condition is H^m = 1 at cos z = ε. The proper normalization condition can be obtained from that used in the text by rescaling H^m as follows H^m(y) → H^m(y)/H^m( √ ε). This rescaling does not significantly affect our computations and results.

3. At z = 0 (y = 1) we have to match the two expansions for H^m(z). This is done by matching H^m(z) and its first derivative dH^m(z)/dz. Notice that in the interval [−π/2, 0] we have ∂_z = 2 √ y(1 − y)∂_y , (66) while in [0, π/2] we have ∂_z = −2 √ y(1 − y)∂_y. (67) This means that the matching conditions at y = 1 are

αH^m_1 (1) + βH^m_2 (1) = α^′H^m_1 (1) + β^′H^m_2 (1), (68)

lim_{y→1} √ (1 − y) ( α dH^m_1 dy + β dH^m_2 dy + α^′ dH^m_1 dy + β^′ dH^m_2 dy ) y=1 = 0. (69)

The boundary condition at z = π/2 sets

β^′ = − ab(a + 1)(b + 1) 2 . (70)

The boundary condition at z = −π/2 implies

β = 0. (71)

To analyze the matching conditions at y = 1 we use standard identities among hypergeometric functions to find

H^m_1 (y) = A + √ 1 − yB + O(1 − y), H^m_2 (y) = C + √ 1 − yD + O(1 − y), (72)

A = [ψ(1) + ψ(3) − ψ(a + 2) − ψ(b + 2)]

Γ(3)Γ(1/2) Γ(1 − a)Γ(1 − b)

, (73)

C = −2F (a, b; a + b + 2; 1)

Γ(a)Γ(b) Γ(1/2)

, (74)

B = D = [ψ(1) + ψ(3) − ψ(a + 2) − ψ(b + 2)]

Γ(3)Γ(−1/2) Γ(2 + a)Γ(2 + b)

. (75)

Since B = D, matching the z-derivative gives α + α^′ + β^′ = 0. Finally, eq. (68) gives

α^′ = ab(a + 1)(b + 1) 4 ( 1 + C A ) . (76) . After applying some further hypergeometric identities we find that H^m(z) near z = π/2 can be written as H^m(y) = 1 − aby − ab(a + 1)(b + 1) 2 y^2 log(y/ √ e) + y^2F(m^2) + O(y^3), (77)

F(m^2) = ab(a + 1)(b + 1) 4 { [ψ(1) + ψ(3) − ψ(a + 2) − ψ(b + 2)] + − Γ(a)Γ(b)Γ(1 − a)Γ(1 − b) Γ(1/2 − a)Γ(1/2 − b)Γ(3)Γ(1/2) } . (78)

Three important checks can be performed on this formula.

1. In the limit m^2 → 0, a → 0 and b → −3/2 (see the definition of a, b in eq. (62)).

The formula for H^0(y) simplifies dramatically:

H^0(y) = 1 − 3 16 y^2 + O(y^3). (79)

This equation must be compared with the explicit, elementary solution of eq. (57) for m^2 = 0

H^0(z) = 1 2 + 3 4 sin z − 1 4 (sin z)^3 = 1 2 + 3 4 (1 − y)^{1/2} − 1 4 (1 − y)^{3/2} = 1 − 3 16 y^2 + O(y^3).

(80)

2. In the far Euclidean region eq. (78) must reproduce the flat space result. Setting −m^2 = p^2 we have b^∗ = a = −(3/4) + ip + O(p^{−1}). Using the asymptotic formula | | | | Γ[−(3/4) + ip]Γ[(7/4) + ip] Γ[(5/4) + ip] | | | | 2 = 2π exp(−π|p|)[|p|^{1/2} + O(|p|^{−1/2})], (81) we find

H^{ip}(y) = 1 + p^2 4 y − p^2 8 ( p^2 4 − 1 2 ) y^2 log(y/ √ e) + − [ p^2 8 ( p^2 4 − 1 2 ) log |p| + P (p^2) ] y^2 + O(y^3). (82)

Here P (p^2) is a polynomial in p^2. For p^2 ≫ 1 this formula does indeed coincide with its flat space analog (see [14]).

3. The pure AdS_4 mass spectrum is recovered when we ask that H^m vanishes also at z = π/2. This give the conditions

Â ≡ A/[ψ(1) + ψ(3) − ψ(a + 2) − ψ(b + 2)] = Γ(3)Γ(1/2) Γ(1 − a)Γ(1 − b)

= 0, (83) or B̂ ≡ B/[ψ(1) + ψ(3) − ψ(a + 2) − ψ(b + 2)] = Γ(3)Γ(−1/2) Γ(2 + a)Γ(2 + b)

= 0. (84)

A zeros of either Â or B̂ arises only when the denominator in either eq. (83) or eq. (84) has a pole. This happens for 2 + b = 0, −1, −2, .. and 1 − a = 0, −1, −2, ... Recalling the definition of a and b we arrive at the equation

m^2 = n(n + 3), n = 1, 2, 3, ... (85)

These are precisely the masses of the 4-d spin-2 excitations that make up the spectrum of the 5-d massless graviton [2].^9

Now we are ready to compute the self energy defined in eq. (56). We use the expansion eq. (58) and the formula for H^m(z) given in eqs. (77,78). After using ∂H^m ∂z = −4y^{3/2}F(m^2) + P (m^2) + O(y^{5/2}), P (m^2) = polynomial in m^2, (86)

we find h^{m μν} Σ_{μν,ρσ} h^{m ρσ} = 1 16πG ∫ d^4x √ −ḡh^m_{μν} (x)F(m^2)h^{m μν} (x) + Q(m^2) + O(ε^2). (87)

Q(m^2) is another polynomial in m^2. It is not difficult to show that it vanishes at m^2 = 0, so that it effects only a renormalization of the Newton constant and the coupling constants for higher-derivative local terms, irrelevant at low energies.

Now we come to the central result of this paper. As predicted by Karch and Randall, we find that:

The 4-d graviton acquires a nonzero mass O(λ^2).

To prove this we recall the definition of the effective action Γ_H , eq. (54). On the transverse-traceless field h^m_{μν} it reads

Γ_H = 1 16πG_4 ∫ d^4x √ −ḡ 1 4 h^{m ν}_μ m^2h^{m μ}_ν + 1 16πG ∫ d^4x √ −ḡh^{m ν}_μ F(m^2)h^{m μ}_ν . (88)

For small m^2, F(m^2) ≈ −(3/16), so that the pole of the propagator is shifted to a nonzero (positive) value. In other words, the graviton gets a mass m^2 = (3G_4/4G)!

Let us conclude this section with a few comments

1. Recall that in this section we measured G in units such that L = 1, while G_4, the 4-d Newton constant, was measured in units such that l = 1. By re-introducing the 5-d AdS radius, the 5-d Newton constant scales as G → G/L^3. Likewise, by re-introducing the the 4-d radius, the 4-d Newton constant scales as G_4 → G_4/l^2.

9A pellucid introduction to mass spectra in AdS_4 can be found in [36]; [37] contains an up to date discussion of harmonic analysis for AdS spaces in various dimensions.

After these rescalings, recalling that the 4-d cosmological constant is λ = −3/l^2, we find that the graviton mass assumes the more familiar form

m^2 = 1 12 G_4L^3 G λ^2. (89)

Notice that when the Newton constant is completely induced by the CFT (G^{bare}_4 = ∞ in eq. (13)) we find m^2 = L^2λ^2/6.

2. With our holographic calculation, we have found an explicit formula for the term CF C: thanks to the asymptotic expansion eq. (82) we see that F(m^2) has all the right properties of the operator F ; namely, it obeys eqs. (21,22). Of course, F(m^2) is a gauge-fixed version of F . In fact, the boundary condition H^m(−π/2) = 0, together with the metric choice in eq. (44), g_{μ4} = 0, g_{44} = exp(2A), completely fixes the gauge for h_{μν} , as no diffeomorphism leaves both the metric and the boundary condition invariant. Invariance under diffeomorphisms and Weyl transformations of the non-gauge-fixed version of Γ_H is nevertheless guaranteed because they both come from 5-d diffeomorphisms [32]. A more complete treatment of gauge fixing and the counting of degrees of freedom is given in appendix A.

3. Eq. (88) gives not only the almost-massless graviton but also the tower of massive Kaluza-Klein states found in [2]. The easiest way to see this is to expand F(m^2) near one of its massive poles as

F(m^2) ≈ F_i m^2 − m^2_i

. (90)

the rescaling introduced above tells us that m^2_i and F_i are O(λ). To find the Kaluza-Klein states we must set 1 16πG_4 m^2l^4 4 + L^3 16πG F_i m^2 − m^2_i

= 0. (91)

By writing m^2 = m^2_i + δm^2, δm^2 ≪ m^2_i we solve eq. (91) as δm^2 ≈ − 4G_4L^3F_i l^4Gm^2_i

. (92)

To ensure the consistency of the approximation used here we must have G_4λ ≪ GL^{−3}. In physical models where G^{bare}_4 > 0, G_4 < 2GL^{−1} so that the consistency condition is always satisfied, since in that case it becomes λ ≪ L^{−2}, and the 4-d cosmological constant is always much smaller than the 5-d one.

5 Coda: Other Models, Other Spectra

Variations on the KR compactification have been considered in the literature. In particular, [18] considers the AdS equivalent of RSI, in which another (positive-tension) brane is set at z = −π(/2)L + ϵ^′. In that case the graviton zero mode is normalizable, so that the spectrum contains two spin-2 states much lighter than λ: one massless, the other with mass O(L^2λ^2). We propose to interpret the “far” brane as an effective description of an infrared cutoff, as in the holographic interpretation of the RSI model [11]. While there are some aspects of this identification that are somewhat puzzling –e.g. what does it mean that the far brane has positive tension?– one by-product of this identification is satisfying. Namely, with an infrared cutoff μ, the generating functional of any 4-d field theory can always be expanded at low energies in terms of local functions of the 4-d metric: W [g] = ∫ d^4x √ g ∞∑ n=0 μ^{4−2n}O^{(2n)}(g), (93)

where O^{(2n)} denotes local operators of dimension 2n. This expansion guarantees that in an AdS background there always exists a massless graviton [4].

To see this, we notice that the effective action

Γ[g] = 1 16πG_4 ∫ M d^4x √ −g(R − 2λ) + W [g], (94) is built with polynomials in the scalar curvature, R, the tensor R_{μν} − g_{μν} R/4, and the Weyl tensor C^{μν}_{ρσ} . Expanding to quadratic order around an AdS solution of the equations of motion of Γ, δΓ/δg_{μν} = 0, one finds

Γ[g] = 1 16πG_4 ∫ M d^4x √ −ḡh^{μν} L(△^{(2)}_L )(△^{(2)}_L − R̄/2)h_{μν} + O(h^3). (95)

As before, the AdS background is ḡ_{μν} and the fluctuation is h_{μν} ; L(△^{(2)}_L ) is a polynomial in △^{(2)}_L . Eq. (95) makes it manifest that the massless graviton –obeying (△^{(2)}_L −R̄/2)h_{μν} = 0– still solves the linearized equations of motion.

Alternatively, the far brane could be interpreted as a CFT on another AdS_4 space, joined with “our” AdS_4 at its boundary, S_2×R. In this case, the challenge is to understand whether the presence of two light gravitons can be seen as due to a peculiar boundary interaction between the two universes. The very possibility of this effect is probably due to the fact, peculiar to AdS spaces, that null rays take a finite coordinate time to complete the round trip from the interior to the boundary and back.

At this point we need to repeat that in this paper we have argued that holography works even when the boundary is made of disconnected components, provided that we give appropriate boundary conditions on the metric. If this is the case, the peculiar phenomena described in this paper (i.e. the massive graviton) should be interpretable, as suggested in the previous paragraph, as due to a non-standard behavior of the 4-d fields at the boundary of the 4-d space.

Another interesting question is whether the function F we found in section 4 is generic in CFTs. In particular, is the graviton mass a universal feature of CFTs coupled to gravity in AdS or is it an accident of our holographic computation?

To answer this question, it would be interesting to compute F in a theory as far removed as possible from the strongly-coupled CFT studied here using its holographic dual. For instance, a conformally-coupled free scalar could be an excellent test-ground. The free scalar computation would also clarify the effect of the AdS_4 boundary conditions on the mass spectrum. Anyway, even before any computation, it is easy to see that we cannot rule out the possibility that the mass term is peculiar to holographic models. Indeed, one can exhibit other operators that obey eqs. (21,22) besides F. One such example was mentioned in section 2: F = −(1/4) log Δ. The operator Δ is the conformally covariant completion of □^2 that maps conformal tensors with the symmetries of the Weyl tensor into conformal tensors with the same symmetries and weight 6 [27, 28].

Note Added in Proof

After this paper was accepted for publication, it was pointed out to us that in 3 dimensions a local modification of the Einstein-Hilbert action exists, that gives a nonzero mass to the graviton while preserving general covariance [38]. The mechanism of ref. [38] is peculiar to 3 dimensions.

Acknowledgments

We would like to thank LBL, where part of this research has been done, for its hospitality and support; L. Randall for many discussions on KR, related and unrelated topics and S. Deser for, among other things, bringing to light ref. [28]. This work is supported in part by NSF grant PHY-0070787.

Appendix A: Diffeomorphisms and Gauge Fixing

In the holographic setting, 4-d diffeomorphisms and conformal transformations both come from 5-d diffeomorphisms that keep the 5-d metric g_{mn} in the gauge

g_{44} = exp(2A), g_{μ4} = 0, μ, ν = 0, .., 3. (A.1)

The definition of the 5-d metric is ds^2 = exp[2A(z)]g_{mn}dx^mdx^n, m, n = 0, .., 4, x^4 ≡ z. (A.2)

In the KR model A(z) = − cos(z/L), in RSII A(z) = − log(z/L). The gauge-preserving diffeomorphisms act on the 4-d metric as

δg_{μν} (x, z) = D_μζ_ν (x, z) + D_ν ζ_μ(x, z) + 2Ȧg_{μν} ζ_5(x, z). (A.3)

The gauge choice eq. (A.1) gives (see e.g. [32, 2, 4])

ζ_5 = ω(x), (A.4) ζ_μ = G(z)D_μω(x) + ϵ_μ(x), G = ∫ dz exp(−2A), (A.5)

where both ω(x) and ϵ_μ(x) are independent of z. From its action on g_{μν} , it is clear that ω is a 4-d Weyl transformation and ϵ_μ a 4-d diffeomorphism. As explained in [2, 4] the general solution of the equations of motion for the metric g_{μν} = exp(2A)(ḡ_{μν} + h_{μν} ) is, to linear order in h_{μν} ,

h_{μν} (x, z) = h^{T T}_{μν} (x, z) + 2GD_μ D_ν Φ(x) + 2Ȧḡ_{μν} Φ(x), (A.6) ( □ + 4 3 λ ) Φ = 0 (A.7)

The field Φ(x), independent of z, can be canceled by setting ω = −Φ [2].

The transverse-traceless field h^{T T}_{μν} (x, z) can be further decomposed as h^{T T}_{μν} (x, z) = ∑ m h^m_{μν} (x)H^m(z) + D_μA_ν (x) + D_ν A_μ(x), (A.8)

□A_μ + D^ν D_μA_ν = 0, D_μA^μ = 0. (A.9)

Notice that A_μ(x) does not respect the boundary condition h^{T T}_{μν} (x, π/2) = 0, so that it cannot be decomposed as A_μ = ∑ m A^m_μ H^m.

To bring h^{T T}_{μν} into the form given in the text, h^{T T}_{μν} = ∑ m h^m_{μν} H^m, we use a 4-d diffeomorphism: ϵ_μ = −A_μ. After the diffeomorphism, we are left with a tower of massive spin-2 fields, each one carrying 5 degrees of freedom and without any further gauge invariance. The role of A_μ identifies it as the Stückelberg field of 4-d diffeomorphisms.

Appendix B: a Change of Coordinates

Here we exhibit an explicit change of coordinates that maps the Poincaré parametrization of AdS_d into the parametrization used in the text, with slice AdS_{d−1}.

In Poincaré coordinates the line element of AdS_d is

ds^2 =

L^2 z^2

(dz^2 + dw^2 + dŝ^2), (B.1) dŝ^2 = η_{μν} dx^μdx^ν , μ, ν = 0, ..., d − 3. (B.2)

We are looking for a change of variables that puts the metric in the form

ds^2 = exp[2A(z)][dz^2 + w^{−2}(dw^2 + dŝ^2)]. (B.3) We use the ansatz z → wz/L, w → F (w, z). (B.4) The metric eq. (B.1) is transformed into

ds^2 =

L^4 z^2w^2 [( F^2_z + w^2 L^2 ) dz^2 + ( F^2_w + z^2 L^2 ) dw^2 + dŝ^2 ] (B.5)

To have an AdS_{d−1} slice we need F^2_w +^{z2}_{L2} = 1, whose solution is F (z, w) = ±w √ 1 − z^2 L^2

+ f(z). (B.6)

The second condition we need is that the dz^2 term in the line element depends only on z. It gives the equation F^2_z + (w/L)^2 = g(z)w^2, (B.7) where g(z) is an arbitrary function of z only. This equation is solved by f(z) = constant. At this point, the metric can be cast in the form given in eq. (2) with a redefinition of z: z → h(z). The equation for h is

h^2_z = ( 1 − h^2 L^2 ) , (B.8)

which is solved by h(z) = L cos(z/L).

References

[1] J. Schwinger, Phys. Rev. 125 (1962) 397, ibid. 128 (1962) 2425. [2] A. Karch and L. Randall, JHEP 0105 (2001) 008, hep-th/0011156. [3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690, hep-th/9906064. [4] A. Karch, E. Katz and L. Randall, hep-th/0106261.

[5] H van Dam and M. Veltman, Nucl. Phys. B22 (1970) 397; V.I. Zakharov, JETP Lett. 12 (1970) 312.

[6] M. Porrati, Phys. Lett. B498 (2001) 92, hep-th/0011152.

[7] I.I. Kogan, S. Mouslopoulos and A. Papazoglou, Phys. Lett. B503 (2001) 173, hep-th/0011138.

[8] F.A. Dilkes, M.J. Duff, James T. Liu and H. Sati, Phys. Rev. Lett. 87 (2001) 041301, hep-th/0102093.

[9] A. Karch and L. Randall, JHEP 0106 (2001) 063, hep-th/0105132. [10] J. Maldacena, unpublished; H. Verlinde, invited talk at ITP Santa Barbara conference, “New Dimensions in Field Theory and String Theory, 1999” http://www.itp.ucsb.edu/online/susy c99/verlinde; E. Witten, ibidem, http://www.itp.ucsb.edu/online/susy c99/discussion; S.G. Gubser, Phys. Rev. D63 (2001) 084017, hep-th/9912001; S. Nojiri, S.D. Odintsov and S. Zerbini, Phys. Rev. D62 (2000) 064006, hep-th/0001192; M.J. Duff and James T. Liu, Phys. Rev. Lett. 85 (2000) 2052, hep-th/0003237; M. Perez-Victoria, JHEP 0105 (2001) 064, hep-th/0105048.

[11] N. Arkani-Hamed, M. Porrati and L. Randall, JHEP 0108 (2001) 017, hepth/0012148.

[12] R. Rattazzi and A. Zaffaroni, JHEP 0104 (2001) 021, hep-th/0012248. [13] J.M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200. [14] S. Gubser, I. Klebanov and A. Polyakov, Phys. Lett. B428 (1998) 105, hepth/9802109.

[15] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150. [16] S.W. Hawking, T. Hertog and H.S. Reall, Phys. Rev. D62 (2000) 043501, hepth/0003052.

[17] R.J. Riegert, Phys. Lett. B134 (1984) 56.

[18] I.I. Kogan, S. Mouslopoulos and A. Papazoglou, Phys. Lett. B501 (2001) 140, hep-th/0011141.

[19] G.W. Gibbons and S.W. Hawking, Phys. Rev. D15 (1977) 2752. [20] M. Henningson and K. Skenderis, JHEP 9807 (1998) 023, hep-th/9806087. [21] S de Haro, K. Skenderis and S.N. Solodukhin, Commun. Math. Phys. 217 (2001) 595, hep-th/0002230.

[22] H. Verlinde, Nucl.Phys. B580 (2000) 264, hep-th/9906182. [23] S.B. Giddings, S. Kachru and J. Polchinski, hep-th/0105097. [24] S. de Haro, K. Skenderis and S.N. Solodukhin, Class. Quant. Grav. 18 (2001) 3171, hep-th/0011230.

[25] E. Witten and S.T. Yau, Adv. Theor. Math. Phys. 3 (1999) 1635, hepth/9910245.

[26] S. Deser, M. Duff and C.J. Isham, Nucl. Phys. B111 (1976) 45. [27] S. Deser, Phys. Lett. B479 (2000) 315, hep-th/9911129. [28] T. Branson and A. Rod Gover, hep-th/0109210.

[29] J.C. Fabris, A.M. Pelinson and I.L. Shapiro, Nucl. Phys. B597 (2001) 539, Erratum-ibid. B602 (2001) 644, hep-th/0009197.

[30] M. Gasperini, Phys.Rev. D56 (1997) 4815, gr-qc/9704045. [31] P.O. Mazur and E. Mottola, hep-th/0106151.

[32] C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, Class. Quant. Grav.

17 (2000) 1129, hep-th/9910267.

[33] A. Lichnerowicz, “Propagateurs et commutateurs en relativité génerale,” Institute des Hautes Etudes Scientifiques, Publications Mathématiques, 10 (1961).

[34] J. Garriga and M. Sasaki, Phys. Rev. D62 (2000) 043523, hep-th/9912118. [35] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, Academic Press, Inc. (San Diego 1979).

[36] H. Nicolai, in Proceedings of the Spring School on Supergravity and Supersymmetry, Trieste, Italy, Apr 4-14, 1984 (1984).

[37] S. Ferrara, C. Fronsdal and A. Zaffaroni, Nucl. Phys. B532 (1998) 153, hepth/9802203.

[38] S. Deser, R. Jackiw and S. Templeton, Phys. Rev. Lett. 48 (1982) 975; Annals Phys. 140 (1982) 372.