arXiv:hep-th/0109028 v2 28 Oct 2001

hep-th/0109028

Coherent States for Generalized Laguerre Functions

Ahmed Jellal^∗

Feza Gürsey Institute, P.O. Box 6, 81220 Çengelköy, Istanbul, Turkey

Abstract

We explicitly construct a Hamiltonian whose exact eigenfunctions are the generalized Laguerre functions. Moreover, we present the related raising and lowering operators. We investigate the corresponding coherent states by adopting the Gazeau- Klauder approach, where resolution of unity and overlapping properties are examined. Coherent states are found to be similar to those found for a particle trapped in a Pöschl- Teller potential of the trigonometric type. Some comparisons with Barut-Girardello and Klauder-Perelomov methods are noticed.

∗jellal@gursey.gov.tr — jellal@na.infn.it

1 Introduction

Coherent states were first investigated by Schrödinger in 1926 [1], where he introduced harmonic oscillator coherent states. Coherent states are mathematical tools which provide a close connection between classical and quantum formalisms. In fact, there appeared many applications of them [2, 3, 4, 5] and recently they were used to study orbital magnetism of two-dimensional electrons [6] and noncommutative magnetism [7, 8].

In 1971, Barut and Girardello [9] proposed a method for constructing coherent states. They defined them as eigenstates of the lowering operator of the system. A generalization of their approach was suggested by Gazeau and Klauder [10]. Klauder and Perelomov, separately, proposed another definition [11, 12], which is actually known as the Klauder- Perelomov approach. In the latter coherent states are defined as the states generated by the action of the elements of the related dynamical symmetry group on the Hilbert space whose basis vectors are some special functions.

On the other hand, special functions are often investigated by using the factorization method. This method consists of constructing raising and lowering operators which generate orthogonal bases in terms of special functions [13, 14].

Motivated by the recent developments concerning special functions [15, 16], we consider a Hilbert space whose elements are generalized Laguerre functions. By constructing raising and lowering operators acting on these states one can obtain an explicit realization of the Hamiltonian which is defined to be diagonal in this Hilbert space. We deal with the coherent states of this system in terms of the Gazeau-Klauder method. The states tourn out to be similar to those found for a particle trapped in a Pöschl-Teller potential of the trigonometric type. Moreover, we compare the obtained Gazeau-Klauder coherent states to the Barut- Girardello and Klauder-Perelomov ones.

In section 2 we review some properties of generalized Laguerre functions. In terms of the differential equation and the recurrence relations satisfied by these functions we construct operators which are acting as raising and lowering operators on them. Then, a Hamiltonian is defined such that generalized Laguerre functions are its eigenfunctions. In section 3 we construct coherent states of this system following the approach of Barut-Girardello. Section 4 is devoted to building coherent states in terms of the method given by Gazeau-Klauder. In section 5, we first give an explicit realization of the dynamical symmetry group su(1, 1). Then, we use elements of this group to generate coherent states from the Klauder-Perelomov definition. We present conclusions and some proposals in the final section.

2 Hamiltonian formalisms

We start by reviewing some properties related to the associated Laguerre polynomials L^α_n (x) [17], which will be used. By definition L^α_n (x) are

L^α_n (x) = 1 n! e^xx^{−α} d^n dx^n (e^{−x}x^{n+α}) = n∑ m=0 (−1)^m ( n + α n − m ) x^m m! , (1) where ( p n ) =^{p(p−1)...(p−n+1)} 1.2.3...n , ( p 0 ) = 1 and L^0_n(x) = L_n(x). The generating function corresponding to associated Laguerre polynomials is ∞∑ n=0 L^α_n (x)x^α = e^{xzz−1} (1 − z)^{α+1}

. (2)

Note that L^α_n (x) are orthogonal with respect to the following weight function ρ(x) = x^αe^{−x}, α > −1, (3) satisfy the differential equation [ x d^2 dx^2 + (α − x + 1) d dx + n ] L^α_n(x) = 0, (4)

and the recurrence relations

(n + 1)L^α_{n+1}(x) − (2n + α + 1 − x)L^α_n(x) + (n + α)L^α_{n−1}(x) = 0, x^d_{dx} L^α_n (x) = nL^α_n (x) − (n + α)L^α_{n−1}(x). (5) In terms of L^α_n (x) one can define the generalized Laguerre functions as [16]

ψ^α_n (x) = √ n!x^{α+1}e^{−x} Γ(n + α + 1) L^α_n (x), α > −1, (6) where Γ(n + α + 1) is the Gamma function

Γ(n + α + 1) = ∫_∞ 0 e^{−t}t^{n+α}dt, (7) with Γ(n) = (n − 1)! The generalized Laguerre functions ψ^α_n (x) can be shown to obey the orthonormality condition ∫_∞ 0 ψ^α_n (x)ψ^α_n′ (x)x^{−1}dx = δ_{nn}′ . (8) Using the differential equation (4) and the recurrence relations (5) of associated Laguerre polynomials, it is easy to derive the differential equation [ x d^2 dx^2 + 1 4 (2α + 2 − x +

1 − α^2 x ) + n ] ψ^α_n (x) = 0, (9)

and the recurrence relation √ (n + α + 1)(n + 1)ψ^α_{n+1}(x) + √ (n + α)nψ^α_{n−1}(x) − (2n + α + 1 − x)ψ^α_n (x) = 0, (10)

of the genaralized Laguerre functions.

By exploring the above formulas, we can define the raising operator A^+ and the lowering operator A^− for the generalized Laguerre functions:

A^+ = −x^d_{dx} −^1_2 (2n + α + 1 − x), A^− = x^d_{dx} −^1_2 (2n + α + 1 − x).

(11)

They act on ψ^α_n (x) as follows

A^+ψ^α_n (x) = − √ (n + 1)(n + α + 1)ψ^α_{n+1}(x), A^−ψ^α_n (x) = − √ n(n + α)ψ^α_{n−1}(x). (12)

ψ^α_n (x) can be written in terms of A^+ and ψ^α_0 (x):

ψ^α_n (x) =^1√_{n!(α+1)n} (A^+)^nψ^α_0 (x),

ψ^α_0 (x) =^1√_{Γ(α+1)} x^{α+1}2 e^{− x}2 ,

(13)

where the shifted factorial is (a)_n =^{Γ(a+n)}_{Γ(a)} = a(a+1)...(a+n−1). Observe that the following relation are satisfied

A^+A^−ψ^α_n (x) = n(n + α)ψ^α_n (x), A^−A^+ψ^α_n (x) = (n + 1)(n + α + 1)ψ^α_n (x).

(14)

One can define a Hamiltonian H in terms of raising and lowering operators (11) in such a way that H = A^+A^−, (15)

where the generalized Laguerre functions (6) satisfy the eigenvalue equations

Hψ^α_n (x) = e_nψ^α_n (x), (16)

with e_n = n(n + α), n = 0, 1, 2... (17)

Note that the obtained spectrum (17) is similar to that found for a particle trapped in a Pöschl-Teller potential of the trigonometric type. We remind the reader that the coherent states for this system are constructed by using the Gazeau-Klauder method [18], as well as other methods [19, 20] .

3 Barut-Girardello coherent states

According to Barut-Girardello definition, coherent states are defined to be the eigenvalues of lowering operator: A^−|z, α >= z|z, α >, (18) where z ∈ C . |z, α > can be written in terms of the generalized Laguerre functions (6) as |z, α >= N(z)^{−1} ∞∑ n=0 z^n √ n!(α + 1)_n |ψ^α_n >, (19) where N(z) is the normalization factor N(z) = √ Γ(α + 1)I_α(2|z|) |z|^α2 . (20)

The Barut-Girardello coherent states (19) become |z, α >= |z|^α2 √ I_α(2|z|) ∞∑ n=0 z^n √ n!Γ(n + α + 1)

|ψ^α_n > . (21)

After some computations, we simplify the last equation to |z, α >= √ x^{−α}Γ(α + 1) I_α(2|z|) e^zJ_α(2 √ xz)|ψ^α_0 >, (22) where J_α(2 √ xz) is the Bessel function

J_α(2 √ xz) = (xz)^{α2} ∞∑ n=0 (−1)^n √ n!Γ(n + α + 1)

(xz)^n. (23)

We can see that the overlapping of two coherent states does not vanish < z_1, α|z_2, α >= I_α(2 √ z̄_1z_2) √ I_α(2|z_1|)I_α(2|z_2|)

. (24)

By the choice of the measure: dμ(z, α) = 2 π K_α(2|z|)I_α(2|z|)d^2z, (25) one can show that the resolution of unity is satisfied ∫ |z, α >< z, α|dμ(z, α) = 1. (26) As a consequence, for any state |Ψ >= ∑_∞ n=0 c_n|ψ^α_n > in the Hilbert space, one can construct the analytic function f(z) = N(z) √ Γ(α + 1) < z, α|Ψ >= ∞∑ n=0 c_n √ n!Γ(n + α + 1) z^n. (27)

Therefore, the state |Ψ > can be expressed in terms of the Barut-Girardello coherent states (22) in such a way that |Ψ >= ∫ dμ(z, α) z̄^{α2} √ I_α(2|z|) f(z)|z, α >, (28) and we have < Ψ|Ψ >= ∫ dμ(z, α) |z|^α I_α(2|z|) |f(z)|^2 < ∞. (29) Barut-Girardello coherent states also have been considered by Brif [21] in the framework of the Lie algebra su(1, 1). He constructed coherent states as eigenstates of the lowering operator of su(1, 1). We should also mention reference [22], where the Barut-Girardello coherent states are constructed.

4 Gazeau-Klauder coherent states

Consider a Hamiltonian H with discrete spectrum (e_n) which is bounded below and has been adjusted so that H ≥ 0. Moreover, assume that the eigenvalues are nondegenerate and arranged in increasing order. With these assumptions Gazeau and Klauder suggested a method where the coherent states are characterized by a real two-parameter set {|J, γ > , J ≥ 0, −∞ < γ < +∞}, such that |J, γ >= N(J)^{−1} ∞∑ n=0 J^n2 √ ρ_n e^{−ien γ} |ψ^α_n > . (30) The positive constants ρ_n are defined by

ρ_n = e_1e_2...e_n, (31)

and the normalization factor N(J)

N(J)^2 = ∞∑ n=0 J^n ρ_n . (32)

We would like to apply this approach to derive the corresponding coherent states for the generalized Laguerre functions (6). For this purpose, we start by noting that the energy spectrum (17) is arranged in the strictly increasing order:

0 = e_0 < e_1 < e_2... < e_n < .... (33)

Therefore, by inserting (17) into (31), we find

ρ_n = n!(α + 1)_n, (34)

as well as N(J)^2 =

Γ(α + 1) J^α2

I_α(2 √ J), (35)

where I_α(2 √ J) are the modified Bessel functions

I_α(2 √ J) = ∞∑ n=0 J^{n+ α2} n!Γ(n + α + 1)

. (36)

In Gazeau-Klauder approach, one needs to specify the radius of convergence [10], which plays an important role in investigating the resolution of unity. It is defined by R = lim_{n−→∞}^n √ ρ_n. (37)

Then from (34), we observe that

R = lim sup_{n−→∞}^n √ n!(α + 1)_n = ∞. (38)

In the present approach, the positive constants ρ_n are assumed to arise as the moments of a probability distribution

ρ_n = n!(α + 1)_n = ∫_{R=∞} 0 J^nρ(J)dJ, (39) which leads to the following expression for ρ(J) ρ(J) = 2 Γ(α + 1)

J^{α2} K_α(2 √ J). (40)

K_α(2 √ J) are the α−order modified Bessel functions of the second kind

K_α(2 √ J) = π 2 sin(πα)

(I_{−α}(2 √ J) − I_α(2 √ J)). (41)

Actually, (30) becomes |J, γ >= J^{α2} I_α(2 √ J)ψ^α_0 ∞∑ n=0 J^n2 Γ(n + α + 1) e^{−in(n+α)γ} |L^α_n > . (42) To complete the construction of coherent states |J, γ >, we need to check some requirements. For this, we consider the relation ∫ |J, γ >< J, γ|dμ(J, γ) = lim_{T −→∞} 1 2T ∫_T −T dγ [ ∫ ∞ 0 k(J)|J, γ >< J, γ|dJ ] , (43)

where k(J) is defined by [10] k(J) = { {N(J)^2ρ(J) ≥ 0, 0 ≤ J < R, ρ(J) ≡ 0, J > R. (44)

According to our data, k(J) is nothing but

k(J) = 2I_α(2 √ J)K_α(2 √ J) ≡ k_α(J). (45)

Now it is easy to observe that the resolution of unity is satisfied ∫ |J, γ >< J, γ|dμ(J, γ) = 1, (46) where γ ∈ [−π, π]. The temporal stability is immediate e^{−iHt}|J, γ >= |J, γ + t > . (47) The action of identity is given by < J, γ|H|J, γ >= N(J)^{−2} ∞∑ n=0 n(n + α) n!(α + 1)_n

J^n. (48)

Using (35) and making some calculations, we find < J, γ|H|J, γ >= J. (49) The overlapping is < J^′, γ^′|J, γ >= 2 N(J)N(J^′) ∞∑ n=0 (JJ^′)^{n2} n!(α + 1)_n e^{−ien (γ−γ′)}. (50) It is clear from the last equation that two different coherent states are not orthogonal to each other. If we made a restriction such that γ = γ^′, then the overlapping becomes < J^′, γ|J, γ >= I_α(2^4 √ JJ^′) √ I_α(2 √ J^′)I_α(2 √ J^′)

. (51)

We conclude that the obtained coherent states (42) are similar to those found for particle moving in the Pöschl-Teller potential [18] by adopting Gazeau-Klauder approach. Given this similarity, one can translate directly the physical interpretation of Pöschl-Teller coherent states to generalized Laguerre ones. We remind our readers that the authors of [18] have studied the spatial and temporal features of the mentioned coherent states.

We are going to discuss the weighting distribution |c_n|^2 corresponding to our coherent states (42), which can be written in terms of the J parameter

|c_n|^2 = J^n N(J)^2ρ_n

. (52)

Furthermore, there is a parameter called Mandel parameter Q which plays an important role, since it can determine the nature of the weighting distribution |c_n|^2 as we will show. It is defined by [23, 24] Q = (Δn)^2 < n > − 1, (53)

where < n > are the mean values < n >= ∞∑ n=0 n J^2 N(J)^2ρ_n

, (54)

and the spread is Δn = [< n^2 > − < n >^2]^{12} . (55) Note that, Q = 0 yields (Δn)^2 =< n >. Thus, for Q = 0 the weighting distribution becomes to be Poissonian |c_n|^2 = 1 n! < n >^n e^{−<n>} . (56) Otherwise, it is super-Poissonian or sub-Poissonian for Q strictly positive or negative. To determine explicitly the nature of |c_n|^2 in our case, we need to evaluate (54) and (55). A direct calculation leads to < n >= √ J I_{α+1}(2 √ J) I_α(2 √ J) , (57) and Δn = [ < n > − < n >^2 +J I_{α+2}(2 √ J) I_α(2 √ J) ] 1_2 . (58)

Then (53) becomes Q = √ J [I_{α+2}(2√J)I_α(2√J) − (I_{α+1}(2√J))2

I_{α+1}(2 √ J)I_α(2 √ J) ] . (59)

Since (I_{α+1}(2 √ J))^2 ≥ I_{α+2}(2 √ J)I_α(2 √ J), we realize immediately that we have a negative Q, which implies that the weighting distribution (52) is sub-Poissonian. The Poissonian case can be recovered when J is large (for more details see [18]).

We close this section by noting that the obtained overlapping property for Gazeau- Klauder approach at γ = γ^′ (51) is similar to that derived from Barut-Girardello definition (24) although, the coherent states (22) and (42) are not the same. However, by choosing γ = 0 and J as a complex parameter, we can reproduce the Barut-Girardello coherent states (22) from the Gazeau-Klauder ones (42).

5 Klauder-Perelomov coherent states

Following the Klauder-Perelomov definition, coherent states of a given system can be constructed in terms of its dynamical symmetry group. Thus, we need first to determine the appropriate dynamical symmetry group of the system described by the generalized Laguerre functions (6). Starting from (14), one can show that the following commutation relation is satisfied [A^−, A^+]ψ^α_n (x) = (2n + α + 1)ψ^α_n (x). (60)

Let us introduce the operator A_3 defined to satisfy

A_3ψ^α_n (x) = 1 2 (2n + α + 1)ψ^α_n (x). (61)

Now the operators A^−, A^+ and A_3 generate the su(1, 1) Lie algebra

[A^−, A^+] = 2A_3, [A_3, A^+] = A^+, [A_3, A^−] = −A^−. (62)

The corresponding Casimir operator is

C = A^2_3 − 1 2 (A^+A^− + A^−A^+). (63)

The value of C in the Hilbert space of the generalized Laguerre functions (6) is 1 4 (α + 1)(α − 1). (64)

This means that the unitary irreducible representations of su(1, 1) are determined by the α-parameter.

The Klauder-Perelomov definition of coherent states consists of applying the operator e^{ξA+} on the ground state ψ^α_0 , such that |ξ, α >= e^{ξA+−ξ̄A−} |ψ^α_0 >, (65) which leads to |z, α >= (1 − |z|^2)^{α+1}e^{zA+} |ψ^α_0 >, (66) where z =^ξ_{|ξ|} tanh |ξ| is a complex number satisfying the condition |z| < 1. The last equation can be reorganized as follows |z, α >= (1 − |z|^2)^{α+1} ∞∑ n=0 √ (α + 1)_n n! z^n|ψ^α_n > . (67)

Finally, we find that |z, α >= ( 1 − |z|^2 1 − z )^{α+1}e^{xzz−1} |ψ^α_0 > . (68)

The overlapping property is < z_1, α|z_2, α >= [(1 − |z_1|^2)(1 − |z_2|^2)]^{α+12} (1 − z_1z̄_2)]^{−α−1}, (69) which shows that the su(1, 1) coherent states are normalized, but are not orthogonal to each other. The resolution of unity can be obtained with an appropriate choice of the measure. By choosing it as dμ(z, α) = α π d^2z (1 − |z|^2)^2

, (70)

we get ∫ |z, α >< z, α|dμ(z, α) = 1. (71) As noted for Barut-Girardello coherent states, for any state |Ψ >= ∑_∞ n=0 c_n|ψ^α_n > in the Hilbert space, one can construct an analytic function

f(z) = (1 − |z|^2)^{− α+12} < z, α|Ψ >= ∞∑ n=0 c_n √ (α + 1)_n n! (z̄)^n. (72)

In terms of the su(1, 1) coherent states (68) |Ψ > can be written as |Ψ >= ∫ dμ(z, α)(1 − |z|^2)^{α+12} f(z)|z, α >, (73) leading to < Ψ|Ψ >= ∫ dμ(z, α)(1 − |z|^2)^{α+1}|f(z)|^2 < ∞. (74) Note that the coherent states derived in the third approach (68) are completely different from the previous ones, namely the Barut-Girardello (22) and the Gazeau-Klauder (42) coherent states. Moreover, their overlapping property is also different from the others (24)- (50).

We close this section by noting that Klauder-Perelomov coherent states have been studied by Trivinov in the context of more physical problem of the ”singular oscillator” described in terms of the Hamiltonian p^2 + w^2(t)x^2 + g/x^2 [25].

6 Conclusions

Generalized Laguerre functions are considered as a basis of a Hilbert space. Raising, lowering and Hamiltonian operators are constructed. The corresponding coherent states are inevestigated by using three different methods. The resolution of unity and the overlapping properties have been considered in each case. We found that although one can recover the Barut-Girardello coherent states (22) from the Gazeau-Klauder ones (42) under the conditions: γ = 0 and J is a complex parameter, they differ from the coherent states (68) obtained in terms of the Klauder-Perelomov apparoach.

Obviously, other special functions can be studied by the same method presented here. Moreover, one could examine the states minimizing the Robertson-Schrödinger uncertainty relation (intelligent states) [26] in terms of the generalized Laguerre functions (6).

Acknowledgements

The author would like to express his gratitude to Professor Ö.F. Dayi for valuable conversations and for his advice. He is indebted to Prof. C. Saclioglu for a careful reading of the manuscript. He is very thankful to Professors G. Ortiz and T. Palev for their helps and encouragments. He is also grateful to Professor E. Inönü for his interest and encouragment.

References

[1] E. Schrödinger, Die Naturwissenschaften 14 (1926) 664.

[2] I.A. Malkin and V.I. Man’ko, Sov. Phys.-JETP 28 (1969) 527.

[3] A. Feldman and A.H. Kahn, Phys. Rev. B1 (1970) 4584.

[4] W.G. Tam, Physica 54 (1971) 557.

[5] S. Varro, J. Phys. A17: Math. Gen. (1984) 1631.

[6] J. Gazeau, P.Y. Hsiao and A. Jellal, A Coherent-State Approach to Two-Dimensional Electrons Magnetism, cond-mat/0101388.

[7] Ö.F. Dayi and A. Jellal, Phys. Lett. A287 (2001) 349, cond-mat/0103562.

[8] A. Jellal,Orbital Magnetism of Two-Dimension Noncommutative Confined System, hepth/0105303, to appear in J. Phys. A: Math. Gen. (2001).

[9] A.O. Barut L. Girardello, Commun. Math. Phys. 21 (1971) 41.

[10] J.-P. Gazeau and J.R. Klauder, J. Phys. 32: Math. Gen. (1999) 123.

[11] J.R. Klauder, J. Math. Phys. 4 (1963) 1058.

[12] A.M. Perelomov, Generalized Coherent States and Their application, (Springer, Berlin 1986).

[13] L. Infled and T.E. Hull, Rev. Mod. Phys. 23 (1951) 21.

[14] W. Miller, Lie Theory Special functions, (New York: Acadimic, 1968); ibed, J. Math.

Anal. Appl. 28 (1969) 383.

[15] N.V. Atakishiev, E.I. Jafarov, S.M. Nagiyev and K.B. Wolf, Rev. Mex. Fis 44 (1998) 235.

[16] M. Lorente, Phys. Lett. A285 (2001) 119; J. Phys. A34: Math. Gen. (2001) 569. [17] I.S. Gradshteyn and I.M. Ryzhik, “Table of Integrales, Series and Products”, (Academic Press, Orlando 1980).

[18] J.-P. Antoine, J.-P. Gazeau, J.R. Klauder, P. Monceau and K.A. Penson, J. Math. Phys.

42 (2001) 2349.

[19] M.M. Nieto and L.M. Simmons, Phys. Rev. Lett. 41 (1987) 207. [20] A.H. El Kinani and M. Daoud, Phys. Lett. A283 (2001) 291; J. Phys. A34:

Math. Gen. (2001) 5373.

[21] C. Brif, Int. Jour. Theor. Phys 36 (1997) 1651.

[22] V.V. Dodonov, I.A. Malkin and V.I. Man’ko, Physica 72 (1974) 597. [23] L. Mandel, Opt. Lett. 4 (1979) 205. [24] A.I. Solomon, Phys. Lett. A196 (1994) 29. [25] D.A. Trifonov, Phys. Lett. A32 (1999) 3649.

[26] D.A. Trifonov, Phys. Lett. A48 (1974) 165; J. Math. Phys. 35 (1994) 2297.