arXiv:hep-th/0109077 v1 10 Sep 2001

Hopf Algebras in Noncommutative Geometry

Joseph C. Várilly^∗ The Abdus Salam International Centre for Theoretical Physics, Trieste and Depto. de Matemática, Universidad de Costa Rica, 2060 San José, Costa Rica

September 7, 2001

Abstract

We give an introductory survey to the use of Hopf algebras in several problems of noncommutative geometry. The main example, the Hopf algebra of rooted trees, is a graded, connected Hopf algebra arising from a universal construction. We show its relation to the algebra of transverse differential operators introduced by Connes and Moscovici in order to compute a local index formula in cyclic cohomology, and to the several Hopf algebras defined by Connes and Kreimer to simplify the combinatorics of perturbative renormalization. We explain how characteristic classes for a Hopf module algebra can be obtained from the cyclic cohomology of the Hopf algebra which acts on it. Finally, we discuss the theory of noncommutative spherical manifolds and show how they arise as homogeneous spaces of certain compact quantum groups.

Introduction

These are lecture notes for a course given at the Summer School on Geometric and Topological Methods for Quantum Field Theory, sponsored by the Centre International de Mathématiques Pures et Appliquées (CIMPA) and the Universidad de Los Andes, at Villa de Leyva, Colombia, from the 9th to the 27th of July, 2001.

These notes explore some recent developments which place Hopf algebras at the heart of the noncommutative approach to geometry and physics. Many examples of Hopf algebras are known from the literature on “quantum groups”, some of which provide algebraic deformations of the classical transformation groups. The main emphasis here, however, is on certain other Hopf algebras which have recently appeared in two seemingly unrelated contexts: in the combinatorics of perturbative renormalization in quantum field theories, and in connection with local index formulas in noncommutative geometry.

These Hopf algebras act on “noncommutative spaces”, and certain characteristic classes for these spaces can be obtained, by a canonical procedure, from corresponding invariants of

∗Regular Associate of the Abdus Salam ICTP. Email: varilly@cariari.ucr.ac.cr

the Hopf algebras. This comes about by pulling back the cyclic cohomology of the algebra representing the noncommutative space, which is the receptacle of Chern characters, to another cohomology of the Hopf algebra.

Recently, some interesting spaces have been discovered, the noncommutative spheres, which are completely specified by certain algebraic relations. They turn out to be homogeneous spaces under the action of certain Hopf algebras: in this way, these Hopf algebras appear as “quantum symmetry groups”. We shall show how these symmetries arise from a class of quantum groups built from Moyal products on group manifolds.

Section 1 is introductory: it offers a snapshot of noncommutative geometry and the basic theory of Hopf algebras; as an example of how both theories interact, we exhibit the Connes– Moscovici Hopf algebra of differential operators in the one-dimensional case. Section 2 concerns the Hopf algebras which have been found useful in the perturbative approach to renormalization. We develop at length a universal construction, the Connes–Kreimer algebra of rooted trees, which is a graded, commutative, but highly noncocommutative Hopf algebra. Particular quantum field theories give rise to related Hopf algebras of Feynman graphs; we discuss briefly how these give a conceptual approach to the renormalization problem.

The third section gives an overview of cyclic cohomology for both associative and Hopf algebras, indicating how the latter provide characteristic classes for associative algebras on which they act. The final Section 4 explains how cyclic-homology Chern characters lead to new examples of noncommutative spin geometries, whose symmetry groups are compact quantum groups obtained from the Moyal approach to prequantization.

I am grateful to José M. Gracia-Bondía and Chryssomalis Chryssomalakos for several remarks on an earlier version, and to Jean Bellissard for helpful comments at the time of the lectures. I wish to thank Sergio Adarve, Hernán Ocampo, Marta Kovacsics and especially Sylvie Paycha for affording me the opportunity to talk about these matters in a beautiful setting in the Colombian highlands.

Contents

1 Noncommutative Geometry and Hopf Algebras 4 1.1 The algebraic tools of noncommutative geometry . . . . . . . . . . . . . . . 4 1.2 Hopf algebras: introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.3 Hopf actions of differential operators: an example . . . . . . . . . . . . . . . 19

2 The Hopf Algebras of Connes and Kreimer 25 2.1 The Connes–Kreimer algebra of rooted trees . . . . . . . . . . . . . . . . . . 25 2.2 Hopf algebras of Feynman graphs and renormalization . . . . . . . . . . . . 36

3 Cyclic Cohomology 41 3.1 Hochschild and cyclic cohomology of algebras . . . . . . . . . . . . . . . . . 41 3.2 Cyclic cohomology of Hopf algebras . . . . . . . . . . . . . . . . . . . . . . . 47

4 Noncommutative Homogeneous Spaces 54 4.1 Chern characters and noncommutative spheres . . . . . . . . . . . . . . . . . 54 4.2 How Moyal products yield compact quantum groups . . . . . . . . . . . . . . 57 4.3 Isospectral deformations of homogeneous spin geometries . . . . . . . . . . . 64

References 69

1 Noncommutative Geometry and Hopf Algebras

Noncommutative geometry, in the broadest sense, is the study of geometrical properties of singular spaces, by means of suitable “coordinate algebras” which need not be commutative. If the space in question is a differential manifold, its coordinates form a commutative algebra of smooth functions; but even in this case, adding a metric structure may involve operators which do not commute with the coordinates. One learns to replace the usual calculus of points, paths, integration domains, etc., by an alternative language involving the algebra of coordinates; by focusing only on those features which do not require that the coordinates commute, one arrives at an algebraic (or operatorial) approach which is applicable to many singular spaces also.

1.1 The algebraic tools of noncommutative geometry

The first step is to replace a topological space X by its algebra of complex-valued continuous functions C(X). If X is a compact (Hausdorff) space, then C(X) is a commutative C^∗- algebra with unit 1 and its norm ‖f‖ := sup_{x∈X} |f(x)| satisfies the C^∗-property ‖f‖^2 = ‖f^∗f‖. The first Gelfand–Naĭmark theorem [45] says that any commutative unital C^∗- algebra A is of this form: A = C(X) where X = M(A) is the space of characters (nonzero homomorphisms) μ : A → C , which is compact in the weak* topology determined by the maps μ → μ(a), for a ∈ C . Indeed, the characters of C(X) are precisely the evaluation maps ε_x : f → f(x) at each point x ∈ X.

We shall mainly deal with the compact case in what follows. A locally compact, but noncompact, space Y can be handled by passing to a compactification (that is, a compact space in which Y can be densely embedded). For instance, we can adjoin one “point at infinity”: if X = Y ⊎ {∞}, then { f ∈ C(X) : f(∞) = 0 } is isomorphic to C_0(Y ), the commutative C^∗-algebra of continuous functions on Y “vanishing at infinity”; thus, by dropping the constant functions from C(X), we get the commutative nonunital C^∗-algebra C_0(Y ) as a stand-in for the locally compact space Y . There is also a maximal compactification βY := M(C_b(Y )), called the Stone–Čech compactification, namely, the character space of the (unital) C^∗-algebra of bounded continuous functions on Y .

This construction X → C(X) yields a contravariant functor: to each continuous map h : X_1 → X_2 between compact spaces there is a morphism^1 φ_h : C(X_2) → C(X_1) given by φ_h(f) := f ∘ h.

By relaxing the commutativity requirement, we can regard noncommutative C^∗-algebras (unital or not) as proxies for “noncommutative locally compact spaces”. The characters, if any, of such an algebra may be said to label “classical points” of the corresponding noncommutative space. However, noncommutative C^∗-algebras generally have few characters, so these putative spaces will have correspondingly few points. The recommended course of action, then, is to leave these pointless spaces behind and to adopt the language and techniques of algebras instead.

There is a second Gelfand–Naĭmark theorem [45], which states that any C^∗-algebra, commutative or not, can be faithfully represented as a (norm-closed) algebra of bounded

1By a morphism of unital C^∗-algebras we mean a ∗-homomorphism preserving the units.

operators on a Hilbert space. The data for a “noncommutative topology” consist, then, of a pair (A, H) where H is a Hilbert space and A is a closed subalgebra of L(H).

▶ Vector bundles over a compact space also have algebraic counterparts. If X is compact and E^π−→ X is a complex vector bundle, the space Γ(X, E) of continuous sections is naturally a module over C(X), which is necessarily of the form eC(X)^m, where e = e^2 ∈ M_m(C(X)) is an idempotent matrix of elements of C(X). More generally, if A is any algebra over C , a right A-module of the form eA^m with e = e^2 ∈ M_m(A) is called a finitely generated projective module over A. The Serre–Swan theorem [96] matches vector bundles over X with finitely generated projective modules over C(X). The idempotent e may be constructed from the transition functions of the vector bundle by pulling back a standard idempotent from a Grassmannian bundle: see [42, §1.1] or [49, §2.1] for details.

A more concrete example is that of the tangent bundle over a compact Riemannian manifold M: by the Nash embedding theorem [98, Thm 14.5.1], one can embed M in some R^m so that the metric on T M is obtained from the ambient Euclidean metric; if e(x) is the orthogonal projector on R^n with range T_xM, then e = e^2 ∈ M_m(C(M)) and the module Γ(M, T M) of vector fields on M may be identified with the range of e.

In the noncompact case, one can use Rennie’s nonunital version of the Serre–Swan theorem [81]: C_0(Y )-modules of the form eC(X)^m, where X is some compactification of Y and e = e^2 ∈ M_m(C(X)), consist of sections vanishing at infinity (i.e., outside of Y ) of vector bundles E → X. One can take X to be the one-point compactification of Y only if E is trivial at infinity; as a rule, the compactification to be used depends on the problem at hand.

If A is a C^∗-algebra, we may replace e by an orthogonal projector (i.e., a selfadjoint idempotent) p = p^∗ = p^2 so that eA^m ≃ pA^m as right A-modules. If A is faithfully represented by bounded operators on a Hilbert space H, then M_m(A) is an algebra of bounded operators

on H^m = H ⊕ · · · ⊕ H (m times), so we can schematically write e = ( 1 x 0 0 ) as an operator

on eH^m ⊕ (1 − e)H^m; then p := ( 1 0 0 0 ) is the range projector on eH^m.

The correspondence E → Γ(X, E) is a covariant functor which carries topological invariants of X to algebraic invariants of C(X). In particular, it identifies the K-theory group K^0(X), formed by stable equivalence classes of vector bundles where [E] + [F ] := [E ⊕ F ] —here ⊕ denotes Whitney sum of vector bundles over X— with the group K_0(C(X)) formed by stable isomorphism classes of matrix projectors over C(X) where [p] + [q] := [p ⊕ q] and ⊕ now denotes direct sum of projectors. The K-theory of C^∗-algebras may be developed in an operator-theoretic way, see [7, 73, 105] and [49, Chap. 3], for instance; or purely algebraically, and the group K_0(A) turns out to be the same in both approaches. (However, the group K_1(A), formed by classes of unitaries in M_m(A), does not coincide with the algebraic K_1-group in general: see, for instance, [92] or [49, p. 131].) The salient feature of both topological and C^∗-algebraic K-theories is Bott periodicity, which says that two K-groups are enough: although one can define K_j (A) is a systematic way for any j ∈ N, it turns out that K_{j+2}(A) ≃ K_j (A) by natural isomorphisms (in marked contrast to the case of purely algebraic K-theory).

▶ To deal with a (compact) differential manifold M (in these notes, we only treat differential manifolds without boundary), we replace the continuous functions in C(M) by the dense subalgebra of smooth functions A = C^∞(M). This is no longer a C^∗-algebra, but it is complete in its natural topology (that of uniform convergence of functions, together with their derivatives of all orders), so it is a Fréchet algebra with a C^∗-completion. Likewise, given a vector bundle E −→ M, we replace the continuous sections in Γ(M, E) by the Amodule of smooth sections Γ^∞(M, E). The Serre–Swan theorem continues to hold, mutatis mutandis, in the smooth category.

In the noncommutative case, with no differential structure a priori, we need to replace the C^∗-algebra A by a subalgebra A which should (a) be dense in A; (b) be a Fréchet algebra, that is, it should be complete under some countable family of seminorms including the original C^∗-norm of A; and (c) satisfy K_0(A) ≃ K_0(A). This last condition is not automatic: it is necessary that A be a pre-C^∗-algebra, that is to say, it should be stable under the holomorphic functional calculus (which is defined in the larger algebra A). The proof of (c) for pre-C^∗-algebras is given in [9]; see also [49, §3.8].

▶ The next step is to find an algebraic description of a Riemannian metric on a smooth manifold. This can be done in a principled way through a theory of “noncommutative metric spaces” at present under construction by Rieffel [88–91]. But here we shall take a short cut, by defining metrics only over spin manifolds, using the Dirac operator as our instrument; this was, indeed, the original insight of Connes [21].

A metric g = [g_{ij} ] on the tangent bundle T M of a (compact) manifold M yields a contragredient metric g^{−1} = [g^{rs}] on the cotangent bundle T^∗M; so we can build a Clifford algebra bundle C l(M) −→ M, whose fibre at x is Cl((T^∗_x M)^C , g^{−1}_x ), by imposing a suitable product structure on the complexified exterior bundle (Λ^•T^∗M)^C . We assume that M supports a spinor bundle S −→ M, on which C l(M) acts fibrewise and irreducibly; on passing to smooth sections, we may write c(α) for the Clifford action of a 1-form α on spinors. The spinor bundle comes equipped with a Hermitian metric, so the squared norm ‖ψ‖^2 := ∫ M |ψ(x)|^2 √ det g dx makes sense; the completion of Γ^∞(M, S) in this norm is the Hilbert space H = L^2(M, S) of square-integrable spinors. Locally, we may write the Clifford action of 1-forms as c(dx^r) := h^r_α γ^α, where the “gamma matrices” γ^a satisfy γ^αγ^β + γ^β γ^α = 2 δ^{αβ} and the coefficients h^r_α are real and obey h^r_αδ^{αβ}h^s_β = g^{rs}. The Dirac operator is locally defined as D/ := −i c(dx^r) ( ∂ ∂x^r − ω_r ) , (1.1)

where ω_r =^1_4 ~Γ^β_{rα} γ^αγ^β are components of the spin connection, obtained from the Christoffel symbols ~Γ^β_{rα} (in an orthogonal basis) of the Levi-Civita connection. The manifold M is spin whenever these local formulae patch together to give a well-defined spinor bundle. There is a well-known topological condition for this to happen (the second Stiefel-Whitney class w_2(T M) ∈ H^2(M, Z_2) must vanish [64]), and when it is fulfilled, D/ extends to a selfadjoint operator on H with compact resolvent [49, 64].

Apart from these local formulae, the Dirac operator has a fundamental algebraic property. If ψ is a spinor and a ∈ C^∞(M) is regarded as a multiplication operator on spinors, it can be checked that D/ (aψ) = −i c(da) ψ + a D/ ψ, or, more simply, [D/ , a] = −i c(da). (1.2) Following [5], we call a “generalized Dirac operator” any selfadjoint operator D on H satisfying [D, a] = −i c(da) for a ∈ C^∞(M). Now c(da) is a bounded operator on L^2(M, S) whenever a is smooth, and its norm is that of the gradient of a, i.e., the vector field determined by g(grad a, X) := da(X) = X(a). A continuous function a ∈ C(M) is called Lipschitz (with respect to the metric g) if its gradient is defined, almost everywhere, as an essentially bounded measurable vector field, i.e., ‖ grad a‖_∞ is finite. Now the Riemannian distance d_g(p, q) between two points p, q ∈ M is usually defined as the infimum of the lengths of (piecewise smooth) paths from p to q; but it is not hard to show (see [49, §9.3], for instance) that the distance can also be defined as a supremum: d_g (p, q) = sup{ |a(p) − a(q)| : a ∈ C(M), ‖ grad a‖_∞ ≤ 1 }. (1.3) The basic equation (1.2) allows to replace the gradient by a commutator with the Dirac operator: d_g (p, q) = sup{ |a(p) − a(q)| : a ∈ C(M), ‖[D/ , a]‖ ≤ 1 }. (1.4) Thus, the Riemannian distance function d_g is entirely determined by D/ . Moreover, the metric g is in turn determined by d_g, according to the Myers–Steenrod theorem [74]. From the noncommutative point of view, then, the Dirac operator assumes the role of the metric. This leads to the following basic concept.

Definition 1.1. A spectral triple is a triple (A, H, D), where A is a pre-C^∗-algebra, H is a Hilbert space carrying a representation of A by bounded operators, and D is a selfadjoint operator on A, with compact resolvent, such that the commutator [D, a] is a bounded operator on H, for each a ∈ A.

Spectral triples comes in two parities, odd and even. In the odd case, there is nothing new; in the even case, there is a grading operator χ on H (a bounded selfadjoint operator satisfying χ^2 = 1, making a splitting H = H_+ ⊕ H_−), such that the representation of A is even (χa = aχ for all a ∈ A) and the operator D is odd, i.e., χD = −Dχ; thus each [D, a] is a bounded odd operator on H.

A noncommutative spin geometry is a spectral triple satisfying several extra conditions, which were first laid out by Connes in the seminal paper [23]. These conditions (or “axioms”, as they are sometimes called) arise from a careful consideration of the algebraic properties of ordinary metric geometry. Seven such properties are put forward in [23]; here, we shall just outline the list. Some of the terminology will be clarified later on; a more complete account, with all prerequisites, is given in [49, §10.5].

1. Classical dimension: There is a unique nonnegative integer n, the “classical dimension” of the geometry, for which the eigenvalue sums σ_N := ∑ 0≤k<N μk of the compact

positive operator |D|^{−n} satisfy σ_N ∼ C log N as N → ∞, with 0 < C < ∞; the coefficient is written C = ∫ |D|^{−n} , where ∫ denotes the “Dixmier trace” if n ≥ 1. This n is even if and only if the spectral triple is even. (When A = C^∞(M) and D is a Dirac operator, n equals the ordinary dimension of the spin manifold M).

2. Regularity: Not only are the operators a and [D, a] bounded, but they lie in the smooth domain of the derivation δ(T ) := [|D|, T ]. (When A is an algebra of functions and D is a Dirac operator, this smooth domain consists exactly of the C^∞ functions.)

3. Finiteness: The algebra A is a pre-C^∗-algebra, and the space of smooth vectors H^∞ := ⋂ k Dom(D^k ) is a finitely generated projective left A-module. (In the commutative case, this yields the smooth spinors.)

4. Reality: There is an antiunitary operator C on H, such that [a, Cb^∗C^{−1}] = 0 for all a, b ∈ A (thus b → Cb^∗C^{−1} is a commuting representation on H of the “opposite algebra” A^∘, with the product reversed); and moreover, C^2 = ±1, CD = ±DC, and Cχ = ±χC in the even case, where the signs depend only on n mod 8. (In the commutative case, C is the charge conjugation operator on spinors.)

5. First order: The bounded operators [D, a] commute with the opposite algebra representation: [[D, a], Cb^∗C^{−1}] = 0 for all a, b ∈ A.

6. Orientation: There is a Hochschild n-cycle c on A whose natural representative is π_D(c) = χ (even case) or π_D(c) = 1 (odd case). More on this later: such an n-cycle is usually a finite sum of terms like a_0 ⊗ a_1 ⊗ · · · ⊗ a_n which map to operators

π_D(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) := a_0 [D, a_1] . . . [D, a_n],

and c is the algebraic expression of the volume form for the metric determined by D.

7. Poincaré duality: The index map of D determines a nondegenerate pairing on the K-theory of the algebra A. (We shall not go into details, except to mention that in the commutative case, the Chern homomorphism matches this nondegeneracy with Poincaré duality in de Rham co/homology.)

It is very important to know that when A = C^∞(M) the usual apparatus of geometry on spin manifolds (spin structure, metric, Dirac operator) can be fully recovered from these seven conditions: for the full proof of this theorem, see [49, chap. 11]. Another proof, assuming only that A is commutative, is developed by Rennie in [80].

1.2 Hopf algebras: introduction

The general scheme of replacing point spaces by function algebras and then moving on to noncommutative algebras also works for symmetry groups. Now, however, the interplay of algebra and topology is much more delicate. There are at least two ways of handling this issue. One is to leave topology aside and develop a purely algebraic theory of symmetrybearing algebras: these are the Hopf algebras, sometimes called “quantum groups”, about which there is already a vast literature. At the other extreme, one may insist on using C^∗-algebras with special properties; in the unital case, there has emerged a useful theory of “compact quantum groups” [110], which only very recently has been extended to the locally compact case also [63].

We begin with the more algebraic treatment, keeping to the compact case, i.e., all algebras will be unital unless indicated otherwise. The field of scalars may be taken as C , R or Q, according to convenience; to cover all cases, we shall denote it by F. In this section, ⊗ always means the algebraic tensor product.

Definition 1.2. A bialgebra is a vector space A over F which is both an algebra and a coalgebra in a compatible way. The algebra structure is given by F-linear maps m : A⊗A → A (the product) and η : F → A (the unit map) where xy := m(x, y) and η(1) = 1_A. The coalgebra structure is likewise given by linear maps Δ : A → A ⊗ A (the coproduct) and ε : A → F (the counit map). We write ι : A → A, or sometimes ι_A, to denote the identity map on A. The required properties are:

1. Associativity: m(m ⊗ ι) = m(ι ⊗ m) : A ⊗ A ⊗ A → A;

2. Unity: m(η ⊗ ι) = m(ι ⊗ η) = ι : A → A;

3. Coassociativity: (Δ ⊗ ι)Δ = (ι ⊗ Δ)Δ : A → A ⊗ A ⊗ A;

4. Counity: (ε ⊗ ι)Δ = (ι ⊗ ε)Δ = ι : A → A;

5. Compatibility: Δ and ε are unital algebra homomorphisms.

The first two conditions, expressed in terms of elements x, y, z of A, say that (xy)z = x(yz) and 1_Ax = x1_A = x. The next two properties are obtained by “reversing the arrows”. Commutativity may be formulated by using the “flip map” σ : A⊗A → A⊗A : x⊗y → y⊗x: the bialgebra is commutative if mσ = m : A ⊗ A → A. Likewise, the bialgebra is called cocommutative if σΔ = Δ : A → A ⊗ A.

The (co)associativity rules suggest the abbreviations

m^2 := m(m ⊗ ι) = m(ι ⊗ m), Δ^2 := (Δ ⊗ ι)Δ = (ι ⊗ Δ)Δ,

with obvious iterations m^3 : A^{⊗4} → A, Δ^3 : A → A^{⊗4}; m^r : A^{⊗(r+1)} → A, Δ^r : A → A^{⊗(r+1)}.

Exercise 1.1. If (C, Δ, ε) and (C^′, Δ^′, ε^′) are coalgebras, a counital coalgebra morphism between them is an F-linear map ℓ : C → C^′ such that Δ^′ℓ = (ℓ ⊗ ℓ)Δ and ε^′ℓ = ε. Show that the compatibility condition is equivalent to the condition that m and u are counital coalgebra morphisms. ♦

Definition 1.3. The vector space Hom(C, A) of F-linear maps from a coalgebra (C, Δ, ε) to an algebra (A, m, η) has an operation of convolution: given two elements f, g of this space, the map f ∗ g ∈ Hom(C, A) is defined as f ∗ g := m(f ⊗ g)Δ : C → A. Convolution is associative because (f ∗ g) ∗ h = m((f ∗ g) ⊗ h)Δ = m(m ⊗ ι)(f ⊗ g ⊗ h)(Δ ⊗ ι)Δ = m(ι ⊗ m)(f ⊗ g ⊗ h)(ι ⊗ Δ)Δ = m(f ⊗ (g ∗ h))Δ = f ∗ (g ∗ h).

This makes Hom(C, A) an algebra, whose unit is η_Aε_C :

f ∗ η_Aε_C = m(f ⊗ η_Aε_C )Δ = m(ι_A ⊗ η_A)(f ⊗ ι_F)(ι_C ⊗ ε_C )Δ = ι_Afι_C = f, η_Aε_C ∗ f = m(η_Aε_C ⊗ f)Δ = m(η_A ⊗ ι_A)(ι_F ⊗ f)(ε_C ⊗ ι_C )Δ = ι_Afι_C = f.

A bialgebra morphism is a linear map ℓ : H → H^′ between two bialgebras, which is both a unital algebra homomorphism and a counital coalgebra homomorphism; that is, ℓ satisfies the four identities ℓm = m^′(ℓ ⊗ ℓ), ℓη = η^′, Δ^′ℓ = (ℓ ⊗ ℓ)Δ, ε^′ℓ = ε, where the primes indicate coalgebra operations for H^′.

A bialgebra morphism respects convolution, in the following ways; if f, g ∈ Hom(C, H) and h, k ∈ Hom(H^′, A) for some coalgebra C and some algebra A, then ℓ(f ∗ g) = ℓm(f ⊗ g)Δ_C = m^′(ℓ ⊗ ℓ)(f ⊗ g)Δ_C = m^′(ℓf ⊗ ℓg)Δ_C = ℓf ∗ ℓg, (h ∗ k)ℓ = m_A(h ⊗ k)Δ^′ℓ = m_A(h ⊗ k)(ℓ ⊗ ℓ)Δ = m_A(hℓ ⊗ kℓ)Δ = hℓ ∗ kℓ. Definition 1.4. A Hopf algebra is a bialgebra H together with a (necessarily unique) convolution inverse S for the identity map ι = ι_H ; the map S is called the antipode of H. Thus, ι ∗ S = m(ι ⊗ S)Δ = ηε, S ∗ ι = m(S ⊗ ι)Δ = ηε. A bialgebra morphism between Hopf algebras is automatically a Hopf algebra morphism, i.e., it exchanges the antipodes: ℓS = S^′ℓ. For that, it suffices to prove that these maps provide a left inverse and a right inverse for ℓ in Hom(H, H^′). Indeed, since the identity in Hom(H, H^′) is η^′ε, it is enough to notice that ℓS ∗ ℓ = ℓ(S ∗ ι) = ℓηε = η^′ε = η^′ε^′ℓ = (ι^′ ∗ S^′)ℓ = ℓ ∗ S^′ℓ, and associativity of convolution then yields S^′ℓ = η^′ε ∗ S^′ℓ = ℓS ∗ ℓ ∗ S^′ℓ = ℓS ∗ η^′ε = ℓS. The antipode has an important pair of algebraic properties: it is an antihomomorphism for both the algebra and the coalgebra structures. Formally, this means

Sm = mσ(S ⊗ S) and ΔS = (S ⊗ S)σΔ. (1.5)

The first relation, evaluated on a ⊗ b, becomes the familiar antihomomorphism property S(ab) = S(b)S(a). We postpone its proof until a little later.

Example 1.1. The simplest example of a Hopf algebra is the “group algebra” FG of a finite group G. This is just the vector space over F with a basis labelled by the elements of G; the necessary linear maps are specified on this basis. The product is given by m(x ⊗ y) := xy, linearly extending the group multiplication, and η(1) := 1_G gives the unit map. The coproduct, counit and antipode satisfy Δ(x) := x ⊗ x, ε(x) := 1 and S(x) := x^{−1}, for each x ∈ G.

Exercise 1.2. In a general Hopf algebra H, a nonzero element g is called grouplike if Δ(g) := g ⊗ g. Show that this condition entails that g is invertible and that ε(g) = 1 and S(g) = g^{−1}. ♦

There are two main “classical” examples of Hopf algebras: representative functions on a compact group and the enveloping algebra of a Lie algebra.

Example 1.2. Now let G be a compact topological group (most often, a Lie group), and let the scalar field F be either R or C . The Peter–Weyl theorem [12, III.3] shows that any unitary irreducible representation π of G is finite-dimensional, any matrix element f(x) := ⟨u|π(x)v⟩ is a continuous function on G, and the vector space R(G) generated by these matrix elements is a dense subalgebra (∗-subalgebra in the complex case) of C(G). Elements of R(G) can be characterized as those continuous functions f : G → F whose translates f_t : x → f(t^{−1}x) generate a finite-dimensional subspace of C(G); they are called representative functions on G.

The algebra R(G) is a G-bimodule in the sense of Wildberger [107] under left and right translation; indeed, it is the algebraic direct sum of the finite-dimensional irreducible G-subbimodules of C(G).

The group structure of G makes R(G) a coalgebra. Indeed, we can identify the algebraic tensor product R(G) ⊗ R(G) with R(G × G) in the obvious way —here is where the finitedimensionality of the translates is used [49, Lemma 1.27]— by (f ⊗ g)(x, y) := f(x)g(y), and then

Δf(x, y) := f(xy) (1.6)

defines a coproduct on R(G). The counit is ε(f) := f(1), and the antipode is given by Sf(x) := f(x^{−1}).

Example 1.3. The universal enveloping algebra U(g) of a Lie algebra g is the quotient of the tensor algebra T (g) by the two sided ideal I generated by the elements XY − Y X − [X, Y ], for all X, Y ∈ g. (Here we write XY instead of X ⊗ Y , to distinguish products within T (g) from elements of T (g) ⊗ T (g).) The coproduct and counit are defined on g by

Δ(X) := X ⊗ 1 + 1 ⊗ X, (1.7)

and ε(X) := 0. These linear maps on g extend to homomorphisms of the tensor algebra; for instance, Δ(XY ) = Δ(X)Δ(Y ) = XY ⊗ 1 + X ⊗ Y + Y ⊗ X + 1 ⊗ XY,

and thus Δ(XY − Y X − [X, Y ]) = (XY − Y X − [X, Y ]) ⊗ 1 + 1 ⊗ (XY − Y X − [X, Y ]), so Δ(I) ⊆ I ⊗ U(g) + U(g) ⊗ I. Clearly, ε(I) = 0, too. Therefore, I is both an ideal and a “coideal” in the full tensor algebra, so the quotient U(g) is a bialgebra, in fact a Hopf algebra: the antipode is given by S(X) := −X.

From (1.7), the Hopf algebra U(g) is clearly cocommutative. The word “universal” is appropriate because any Lie algebra homomorphism ψ : g → A, where A is an unital associative algebra, extends uniquely (in the obvious way) to a unital algebra homomorphism Ψ : U(g) → A.

Example 1.4. Historically, an important example of a Hopf algebra is Woronowicz’ q-defor-

mation of SU(2). The compact group SU(2) consists of complex matrices g = ( a −c^∗ c a^∗ ) , subject to the unimodularity condition a^∗a+c^∗c = 1. The matrix elements a and c, regarded as functions of g, generate the ∗-algebra R(SU(2)): that is, any matrix element of a unitary irreducible (hence finite-dimensional) representation of SU(2) is a polynomial in a, a^∗, c, c^∗.

Woronowicz found [108] a noncommutative ∗-algebra with two generators a and c, subject to the relations ac = qca, ac^∗ = qc^∗a, cc^∗ = c^∗c, a^∗a + c^∗c = 1, aa^∗ + q^2cc^∗ = 1, where q is a real number, which can be taken in the range 0 < q ≤ 1. For the coalgebra structure, take Δ and ε be ∗-homomorphisms determined by Δa := a ⊗ a − qc^∗ ⊗ c, Δc := c ⊗ a + a^∗ ⊗ c, and ε(a) := 1, ε(c) := 0. One can check that, by applying Δ elementwise, the matrix

g := ( a −qc^∗ c a^∗ ) satisfies Δ(g) = g ⊗ g. The antipode S is the linear antihomomorphism

determined by S(a) := a^∗, S(a^∗) := a, S(c) := −qc, S(c^∗) := −q^{−1}c^∗, so that x → S(x^∗) is an antilinear homomorphism, indeed an involution: S(S(x^∗)^∗) = x for all x. This last relation is a general property of Hopf algebras with an involution.

The initial interest of this example was that it could be represented by a ∗-algebra of bounded operators on a Hilbert space, whose closure was a C^∗-algebra which could legitimately be called a deformation of C(SU(2)); it has become known as C(SU_q(2)). In this way, the “quantum group” SU_q(2) was born. Nowadays, many q-deformations of the classical groups are known, although q may not always be real: for example, to define SL_q(2, R), one needs selfadjoint generators a and c satisfying ac = qca, which is only possible if q is a complex number of modulus 1.

▶ If u_{ij} (x) := ⟨e_i | π(x)e_j⟩, for i, j = 1, . . . , n, are the matrix elements of an n-dimensional irreducible representation of a compact group G with respect to an orthonormal basis {e_1, . . . , e_n}, then (1.6) and π(xy) = π(x)π(y) show that

Δu_{ij} = ∑_n k=1 u_{ik} ⊗ u_{kj} , (1.8a)

and the coassociativity of Δ is manifested as

Δ^2u_{ij} = ∑ k,l u_{ik} ⊗ u_{kl} ⊗ u_{lj}, (1.8b) reflecting the associativity of matrix multiplication. This may be generalized by a notational trick due to Sweedler [97]: if a is an element of any Hopf algebra, we write

Δa =: ∑ a_{:1} ⊗ a_{:2} (finite sum).

(The prevalent custom is to write Δa = ∑ a_{(1)} ⊗ a_{(2)}, leading to a surfeit of parentheses.)

The equality of (Δ ⊗ ι)(Δa) = ∑ a_{:1:1} ⊗ a_{:1:2} ⊗ a_{:2} and (ι ⊗ Δ)(Δa) = ∑ a_{:1} ⊗ a_{:2:1} ⊗ a_{:2:2} is expressed by rewriting both sums as

Δ^2a = ∑ a_{:1} ⊗ a_{:2} ⊗ a_{:3}.

The matricial coproduct (1.8b) is a particular instance of this notation. The counit and antipode properties can now be rewritten as ∑ ε(a_{:1}) a_{:2} = ∑ a_{:1} ε(a_{:2}) = a, (1.9a) ∑ S(a_{:1}) a_{:2} = ∑ a_{:1} S(a_{:2}) = ε(a) 1. (1.9b)

The coalgebra antihomomorphism property of S is expressed as

Δ(S(a)) = ∑ S(a_{:2}) ⊗ S(a_{:1}). (1.10)

We can now prove the antipode properties (1.5). We show that Sm : a ⊗ b → S(ab) and mσ(S ⊗S) : a⊗b → S(b)S(a) are one-sided convolution inverses for m in Hom(H ⊗H, H), so they must coincide. The coproduct in H⊗H is (ι⊗σ⊗ι)(Δ⊗Δ) : a⊗b → ∑ a_{:1}⊗b_{:1}⊗a_{:2}⊗b_{:2}, and so (Sm ∗ m)(a ⊗ b) = m(Sm ⊗ m) (∑ a_{:1} ⊗ b_{:1} ⊗ a_{:2} ⊗ b_{:2} ) = ∑ S(a_{:1}b_{:1})a_{:2}b_{:2} = (S ∗ ι)(ab) = ηε(ab) = ηε_{H⊗H} (a ⊗ b). On the other hand, writing τ := mσ(S ⊗ S), (m ∗ τ )(a ⊗ b) = m(m ⊗ τ ) (∑ a_{:1} ⊗ b_{:1} ⊗ a_{:2} ⊗ b_{:2} ) = ∑ a_{:1}b_{:1}S(b_{:2})S(a_{:2}) = ε(b) ∑ a_{:1}S(a_{:2}) = ε(a)ε(b) 1_H = ηε(ab) = ηε_{H⊗H} (a ⊗ b).

Thus, Sm ∗ m = η_H ε_{H⊗H} = m ∗ τ , as claimed. In like fashion, one can verify (1.10) by showing that ΔS ∗ Δ = η_{H⊗H} ε = Δ ∗ ((S ⊗ S)σΔ) in Hom(H, H ⊗ H); we leave the details to the reader.

Exercise 1.3. Carry out the verification of ΔS = (S ⊗ S)σΔ. ♦

Notice that in the examples H = R(G) and H = U(g), the antipode satisfies S^2 = ι_H , but this does not hold in the SU_q(2) case. We owe the following remark to Matthias Mertens [69, Satz 2.4.2]: S^2 = ι_H if and only if ∑ S(a_{:2}) a_{:1} = ∑ a_{:2} S(a_{:1}) = ε(a) 1 for all a ∈ H. (1.11)

Indeed, if S^2 = ι_H , then ∑ S(a_{:2}) a_{:1} = ∑ S(a_{:2}) S^2(a_{:1}) = S (∑ S(a_{:1}) a_{:2} ) = S(ε(a) 1) = ε(a) 1,

while the relation ∑ S(a_{:2}) a_{:1} = ε(a) 1 implies that

(S ∗ S^2)(a) = ∑ S(a_{:1}) S^2(a_{:2}) = S (∑ S(a_{:2}) a_{:1} ) = S(ε(a) 1) = ε(a) 1, so that (1.11) entails S ∗ S^2 = S^2 ∗ S = ηε, hence S^2 = ι_H is the (unique) convolution inverse for S. Now, the relations (1.11) clearly follow from (1.9b) if H is either commutative or cocommutative (in the latter case, Δa = ∑ a_{:1} ⊗ a_{:2} = ∑ a_{:2} ⊗ a_{:1}). It follows that S^2 = ι_H if H is either commutative or cocommutative.

▶ Just as locally compact but noncompact spaces are described by nonunital function algebras, one may expect that locally compact but noncompact groups correspond to some sort of “nonunital Hopf algebras”. The lack of a unit requires substantial changes in the formalism. At the purely algebraic level, an attractive alternative is the concept of “multiplier Hopf algebra” due to van Daele [100, 101].

If A is an algebra whose product is nondegenerate, that is, ab = 0 for all b only if a = 0, and ab = 0 for all a only if b = 0, then there is a unital algebra M(A) such that A ⊆ M(A), called the multiplier algebra of A, characterized by the property that xa ∈ A and ax ∈ A whenever x ∈ M(A) and a ∈ A. Here, M(A) = A if and only if A is unital. A coproduct on A is defined as a homomorphism Δ : A → M(A ⊗ A) such that, for all a, b, c ∈ A, (Δa)(1 ⊗ b) ∈ A ⊗ A, and (a ⊗ 1)(Δb) ∈ A ⊗ A, and the following coassociativity property holds:

(a ⊗ 1 ⊗ 1) (Δ ⊗ ι) ((Δb)(1 ⊗ c)) = (ι ⊗ Δ) ((a ⊗ 1)(Δb)) (1 ⊗ 1 ⊗ c).

There are then two well-defined linear maps from A ⊗ A into itself:

T_1(a ⊗ b) := (Δa)(1 ⊗ b), and T_2(a ⊗ b) := (a ⊗ 1)(Δb).

We say that A is a multiplier Hopf algebra [100] if T_1 and T_2 are bijective.

When A is a (unital) Hopf algebra, one finds that T^{−1}_1 (a ⊗ b) = ((ι ⊗ S)Δa)(1 ⊗ b) and T^{−1}_2 (a ⊗ b) = (a ⊗ 1)((S ⊗ ι)Δb). In fact,

T_1(((ι ⊗ S)Δa)(1 ⊗ b)) = ∑ T_1(a_{:1} ⊗ S(a_{:2})b) = ∑ a_{:1} ⊗ a_{:2}S(a_{:3})b = ∑ a_{:1} ⊗ ε(a_{:2})b = a ⊗ b,

and T_2((a ⊗ 1)((S ⊗ ι)Δb)) = a ⊗ b by a similar argument. The bijectivity of T_1 and T_2 is thus a proxy for the existence of an antipode. It is shown in [100] that from the stated properties of Δ, T_1 and T_2, one can construct both a counit ε : A → F and an antipode S, though the latter need only be an antihomomorphism from A to M(A).

The motivating example is the case where A is an algebra of functions on a locally compact group G (with finite support, say, to keep the context algebraic), and Δf(x, y) := f(xy) as before. Then T_1(f ⊗ g) : (x, y) → f(xy)g(y) also has finite support and the formula (T^{−1}_1 F )(x, y) := F (xy^{−1}, y) shows that T_1 is bijective; similarly for T_2. A fully topological theory, generalizing Hopf algebras to include C_0(G) for any locally compact group G and satisfying Pontryagin duality, is now available: the basic paper on that is [63].

▶ Duality is an important aspect of Hopf algebras. If (C, Δ, ε) is a coalgebra, the linear dual space C^∗ := Hom(C, F) is an algebra, as we have already seen, where the product f ⊗ g → (f ⊗g)Δ is just the restriction of Δ^t to C^∗ ⊗C^∗; the unit is ε^t, where^t denotes transpose. (By convention, we do not write the multiplication in F, implicit in the identification F ⊗ F ≃ F.) However, if (A, m, u) is an algebra, then (A^∗, m^t, u^t) need not be a coalgebra because m^t takes A^∗ to (A ⊗ A)^∗ which is generally much larger than A^∗ ⊗ A^∗. Given a Hopf algebra (H, m, u, Δ, ε, S), we can replace H^∗ by the subspace H^∘ := { f ∈ H^∗ : m^t(f) ∈ H^∗ ⊗ H^∗ }; one can check that (H^∘, Δ^t, ε^t, m^t, u^t, S^t) is again a Hopf algebra, called the finite dual (or “Sweedler dual”) of H.

To see why H^∘ is a coalgebra, we must check that m^t(H^∘) ⊆ H^∘ ⊗ H^∘. So suppose that f ∈ H^∗ satisfies m^t(f) = ∑_m j=1 g_j ⊗ h_j , a finite sum with g_j , h_j ∈ H^∗. We may suppose that the g_j are linearly independent, so we can find elements a_1, . . . , a_m ∈ H such that g_j (a_k) = δ_{jk}. Now

h_k (ab) = m∑ j=1 g_j (a_k)h_j (ab) = f(a_kab) = m∑ j=1 g_j (a_ka)h_j(b), so m^t(h_k) = ∑_m j=1 f_{jk} ⊗ h_j , where f_{jk} (a) := g_j (a_ka); thus h_k ∈ H^∘. A similar argument shows that each g_j ∈ H^∘, too.

However, H^∘ is often too small to be useful: in practice, one works with two Hopf algebras H and H^′, where each may be regarded as included in the dual of the other. That is to say, we can write down a bilinear form ⟨a, f⟩ := f(a) for a ∈ H and f ∈ H^′ with an implicit inclusion H^′ → H^∗. The transposing of operations between the two Hopf algebras boils down to the following five relations, for a, b ∈ H and f, g ∈ H^′: ⟨ab, f⟩ = ⟨a ⊗ b, Δ^′f⟩, ⟨a, fg⟩ = ⟨Δa, f ⊗ g⟩, ⟨S(a), f⟩ = ⟨a, S^′(f)⟩, ε(a) = ⟨a, 1_H ′ ⟩, and ε^′(f) = ⟨1_H , f⟩. The nondegeneracy conditions which allow us to assume that H^′ ⊆ H^∗ and H ⊆ H^{′∗} are: (i) ⟨a, f⟩ = 0 for all f ∈ H^′ implies a = 0, and (ii) ⟨a, f⟩ = 0 for all a ∈ H implies f = 0.

Let G be a compact connected Lie group whose Lie algebra is g. The function algebra R(G) is a commutative Hopf algebra, whereas U(g) is a cocommutative Hopf algebra. On identifying g with the space of left-invariant vector fields on the group manifold G, we can realize U(g) as the algebra of left-invariant differential operators on G. If X ∈ g, and f ∈ R(G), we define ⟨X, f⟩ := Xf(1) = d dt | | |_{t=0}f(exp tX), and more generally, ⟨X_1 . . . X_n, f⟩ := X_1(· · · (X_nf))(1); we also set ⟨1, f⟩ := f(1). This yields a duality between R(G) and U(g). Indeed, the Leibniz rule for vector fields, namely X(fh) = (Xf)h + f(Xh), gives

⟨X, fh⟩ = Xf(1)h(1) + f(1)Xh(1) = (X ⊗ 1 + 1 ⊗ X)(f ⊗ h)(1 ⊗ 1) = ΔX(f ⊗ h)(1 ⊗ 1) = ⟨ΔX, f ⊗ h⟩, (1.12)

while ⟨X ⊗ Y, Δf⟩ = d dt | | | |_{t=0} d ds | | | |_{s=0}(Δf)(exp tX ⊗ exp sY ) = d dt | | | |_{t=0} d ds | | | |_{s=0}f(exp tX exp sY ) = d dt | | | |_{t=0}(Y f)(exp tX) = X(Y f)(1) = ⟨XY, f⟩.

If ⟨D, f⟩ = 0 for all D ∈ U(g), then f has a vanishing Taylor series at the identity of G. Since representative functions are real-analytic [59], this forces f = 0. On the other hand, if ⟨D, f⟩ = 0 for all f, the left-invariant differential operator determined by D is null, so D = 0 in U(g). The remaining properties are easily checked.

Definition 1.5. The relation (1.12) shows that ΔX = X ⊗ 1 + 1 ⊗ X encodes the Leibniz rule for vector fields. In any Hopf algebra H, an element h ∈ H for which Δh = h ⊗ 1 + 1 ⊗ h is called primitive. It follows that ε(h) = 0 and that S(h) = −h. In the enveloping algebra U(g), elements of g are obviously primitive. If a and b are primitive, then so is ab − ba, so the vector space Prim(H) of primitive elements of H is actually a Lie algebra.

Indeed, since the field of scalars F has characteristic zero, the only primitive elements of U(g) are those in g, i.e., Prim(U(g)) = g: see [10], [49, Lemma 1.21] or [71, Prop. 5.5.3]. (Over fields of prime characteristic, there are other primitive elements in U(g) [71].)

▶ If H is a bialgebra and A is an algebra, and if ϕ, ψ : H → A are algebra homomorphisms, their convolution ϕ ∗ ψ ∈ Hom(H, A) is a linear map, and will be also a homomorphism provided that A is commutative. Indeed, ϕ ∗ ψ = m(ϕ ⊗ ψ)Δ is a composition of three homomorphisms in this case; the commutativity of A is needed to ensure that m : A⊗A → A is multiplicative. A particularly important case arises when A = F.

Definition 1.6. A character of an algebra is a nonzero linear functional which is also multiplicative, that is, μ(ab) = μ(a) μ(b) for all a, b;

notice that μ(1) = 1. The counit ε of a bialgebra is a character. Characters of a bialgebra can be convolved, since μ∗ν = (μ⊗ν)Δ is a composition of homomorphisms. The characters of a Hopf algebra H form a group G(H) under convolution, whose neutral element is ε; the inverse of μ is μS.

A derivation or “infinitesimal character” of a Hopf algebra H is a linear map δ : H → F satisfying δ(ab) = δ(a)ε(b) + ε(a)δ(b) for all a, b ∈ H. This entails δ(1_H ) = 0. The previous relation can also be written as m^t(δ) = δ ⊗ ε + ε ⊗ δ, which shows that δ belongs to H^∘ and is primitive there; in particular, the bracket [δ, ∂] := δ ∗ ∂ − ∂ ∗ δ of two derivations is again a derivation. Thus the vector space Der_ε(H) of derivations is actually a Lie algebra.

In the commutative case, there is another kind of duality to consider: one that matches a Hopf algebra with its character group. A compact topological group G admits a normalized left-invariant integral (the Haar integral): this can be thought of as a functional J : R(G) → R, where the left-invariance translates as (ι ⊗ J)Δ = ηJ. (We leave it as an exercise to show that this corresponds to the usual definition of an invariant integral.) The evaluations at points of G supply all the characters of this Hopf algebra: G(R(G)) ≃ G. Conversely, if H is a commutative Hopf algebra possessing such a left-invariant functional J, then its character group is compact, and H ≃ R(G(H)). These results make up the Tannaka–Kreĭn duality theorem —for the proofs, see [49] or [52]— and it is important either to use real scalars, or to consider only hermitian characters if complex scalars are used. The totality of all C -valued characters of R(G), hermitian or not, is a complex group G^C called the complexification of G [12, III.8]; for instance, if G = SU(n), then G^C ≃ SL(n, C ).

▶ The action of vector fields in g and differential operators in U(g) on the space of smooth functions on G, and more generally on any manifold carrying a transitive action of the group G, leads to the notion of a Hopf action of a Hopf algebra H on an algebra A.

Definition 1.7. Let H be a Hopf algebra. A (left) Hopf H-module algebra A is an algebra which is a (left) module for the algebra H such that h · 1_A = ε(h) 1_A and h · (ab) = ∑ (h_{:1} · a)(h_{:2} · b) (1.13)

whenever a, b ∈ A and h ∈ H.

Grouplike elements act by endomorphisms of A, since g · (ab) = (g · a)(g · b) and g · 1 = 1 if g is grouplike. On the other hand, primitive elements of H act by the usual Leibniz rule: h · (ab) = (h · a)b + a(h · b) and h · 1 = 0 if Δh = h ⊗ 1 + 1 ⊗ h. Thus (1.13) is a sort of generalized Leibniz rule.

▶ Duality suggests that an action of U(g) should manifest itself as a coaction of R(G).

Definition 1.8. A vector space V is called a right comodule for a Hopf algebra H if there is a linear map Φ : V → V ⊗ H (the right coaction) satisfying

(Φ ⊗ ι)Φ = (ι ⊗ Δ)Φ : V → V ⊗ H ⊗ H, (ι ⊗ ε)Φ = ι : V → V. (1.14)

In Sweedler notation, we may write the coaction as Φ(v) =: ∑ v_{:0} ⊗ v_{:1}, so ∑ v_{:0} ε(v_{:1}) = v and ∑ v_{:0:0} ⊗ v_{:0:1} ⊗ v_{:1} = ∑ v_{:0} ⊗ v_{:1:1} ⊗ v_{:1:2}; we can rewrite both sides of the last equality as ∑ v_{:0} ⊗ v_{:1} ⊗ v_{:2}, where, by convention, v_{:r} ∈ H for r ≠ 0 while v_{:0} ∈ V .

Left H-comodules are similarly defined; a linear map Φ : V → H ⊗ V is a left coaction if

(ι ⊗ Φ)Φ = (Δ ⊗ ι)Φ and (ε ⊗ ι)Φ = ι;

it is convenient to write Φ(v) =: ∑ v_{:−1} ⊗ v_{:0} in this case.

If a H-comodule A is also an algebra and if the coaction Φ : A → A ⊗ H is an algebra homomorphism, we say that A is a (right) H-comodule algebra. In this case, ∑ (ab)_{:0} ⊗ (ab)_{:1} = ∑ a_{:0}b_{:0} ⊗ a_{:1}b_{:1}.

If H and U are two Hopf algebras in duality, then any right H-comodule algebra A becomes a left U-module algebra, under X · a := ∑ a_{:0} ⟨X, a_{:1}⟩, for X ∈ U and a ∈ A. In symbols: X acts as the operator (ι ⊗ ⟨X|)Φ on A. Indeed, it is enough to note that X · (ab) = ∑ a_{:0}b_{:0} ⟨X, a_{:1}b_{:1}⟩ = ∑ a_{:0}b_{:0} ⟨ΔX, a_{:1} ⊗ b_{:1}⟩ = ∑ a_{:0}b_{:0} ⟨X_{:1} ⊗ X_{:2}, a_{:1} ⊗ b_{:1}⟩ = ∑ a_{:0} ⟨X_{:1}, a_{:1}⟩ b_{:0} ⟨X_{:2}, b_{:1}⟩ = ∑ (X_{:1} · a) (X_{:2} · b).

The language of coactions is used to formulate what one obtains by applying the Gelfand cofunctor (loosely speaking) to the concept of a homogeneous space under a group action. If a compact group G acts transitively on a space M, one can write M ≈ G/K, where K is the closed subgroup fixing a basepoint z_0 ∈ M (i.e., K is the “isotropy subgroup” of z_0). Then any function on M is obtained from a function on G which is constant on right cosets of K. If F(G) and F(M) denote suitable algebras of functions on G and M (we shall be more precise about these algebras in a moment), then there is a corresponding algebra of right K-invariant functions F(G)^K := { f ∈ F(G) : f(xw) = f(x) whenever w ∈ K, x ∈ G }. If x̄ ∈ M corresponds to the right coset xK in G/K, then ζf(x̄) := f(x) defines an algebra isomorphism ζ : F(G)^K → F(M). [For aesthetic reasons, one may prefer to work with left K-invariant functions; for that, one should instead identify M with the space K\G of left cosets of K.]

Suppose now that the chosen spaces of functions satisfy F(G) ⊗ F(M) ≃ F(G × M), (1.15) where ⊗ denotes, as before, the algebraic tensor product. Then we can define ρ : F(M) → F(G) ⊗ F(M) by ρf(x, ȳ) := f(xy). It follows that [ρζf](x, ȳ) = ζf(xy) = f(xy) = Δf(x, y) = [(ι ⊗ ζ)Δf](x, ȳ), (1.16) so that ρζ = (ι ⊗ ζ)Δ : F(G)^K → F(G) ⊗ F(M). Notice, in passing, that the coproduct Δ maps F(G)^K into F(G) ⊗ F(G)^K , which consists of functions h on G × G such that h(x, yw) = h(x, y) when w ∈ K. [Had we used left cosets and left-invariant functions, the corresponding relations would be Δ(F(G)^K ) ⊆ F(G)^K ⊗ F(G), ρ : F(M) → F(M) ⊗ F(G), and ρζ = (ζ ⊗ ι)Δ.] In Hopf algebra language, ρ defines a left [or right] coaction of F(G) on the algebra F(M), implementing the left [or right] action of the group G on M, and ζ intertwines this with left [or right] regular coaction on K-invariant functions induced by the coproduct Δ. We get an instance of the following definition.

Definition 1.9. In the lore of quantum groups —see, for instance, [58, §11.6]— a (left) embedded homogeneous space for a Hopf algebra H is a left H-comodule algebra A with coaction ρ : A → H ⊗ A, for which there exists a subalgebra B ⊆ H and an algebra isomorphism ζ : B → A such that ρζ = (ι ⊗ ζ)Δ : B → H ⊗ A.

A right embedded homogeneous space is defined, mutatis mutandis, in the same way.

There are two ways to ensure that the relation (1.15) holds. One way is to choose F(G) := R(G), which is a bona-fide Hopf algebra, and then to define R(M) as the image ζ(R(G)^K ) of the K-invariant representative functions. For instance, if G = SU(2) and K = U(1), so that M ≈ S^2 is the usual 2-sphere of spin directions, then R(G) is spanned by the matrix elements D^j_{mn} of the (2j + 1)-dimensional unitary irreducible representations of SU(2): see [6], for example. Now D^j_{mn} is right U(1)-invariant if and only if j is an integer (not a half-integer) and n = 0; moreover, the functions Y_{lm} := √ (2l + 1)/4π D^{l∗}_{m0} are the usual spherical harmonics on the 2-sphere. In other words: R(S^2) is the algebra of spherical harmonics on S^2.

▶ To move closer to noncommutative geometry, it would be better to use either continuous functions (at the C^∗-algebra level) or smooth functions on G and M; that is, one should work with F = C or with F = C^∞. Notice that formulas like (1.16) make perfect sense in those cases; but the tensor product relation (1.15) is false in the continuous or smooth categories, unless the algebraic ⊗ is replaced by a more suitable completed tensor product.

In the continuous case, for compact G and M, the relation C(G) ⊗ C(M) ≃ C(G × M) is valid, where ⊗ denotes the “minimal” tensor product of C^∗-algebras. (There may be several compatible C^∗-norms on a tensor product of two C^∗-algebras; but they all coincide if the algebras are commutative.) In the smooth case, we may fall back on a theorem of Grothendieck [51], which says that C^∞(G) ^⊗ C^∞(M) ≃ C^∞(G × M), where ^⊗ denotes the projective tensor product of Fréchet spaces. But then, it is necessary to go back and reexamine our definitions: for instance, the coproduct need only satisfy Δ(A) ⊆ A ⊗ A for a completed tensor product, which is a much weaker statement than the original one — the formula Δa = ∑ a_{:1} ⊗ a_{:2} need no longer be a finite sum, but only some kind of convergent series. The bad news is that, in the C^∗-algebra case, the product map m : A ⊗ A → A is usually not continuous; the counit ε and antipode S become unbounded linear maps and one must worry about their domains; and so on. We shall meet examples of these generalized Hopf algebras in subsection 4.2.

1.3 Hopf actions of differential operators: an example

The Hopf algebras which are currently of interest are typically neither commutative, like R(G), nor cocommutative, like U(g). The enormous profusion of “quantum groups” which have emerged in the last twenty years provide many examples of such noncommutative, noncocommutative Hopf algebras: see [15, 56, 58, 67] for catalogues of these. A class of Hopf algebras which are commutative but are not cocommutative were introduced a few years ago, first by Kreimer in a quantum field theory context [60], and independently by Connes and Moscovici [33] in connection with a local index formula for foliations; in both cases, the Hopf algebra becomes a device to organize complicated calculations. We shall discuss the QFT version at length in the next section; here we look at the geometric example first.

If one wishes to deal with gravity in a noncommutative geometric framework [24], one must be able to handle the geometrical invariants of spacetime under the action of local diffeomorphisms. We consider an oriented n-dimensional manifold M, without boundary. By local diffeomorphisms on M we mean diffeomorphisms ψ : Dom ψ → Ran ψ, where both the domain Dom ψ and range Ran ψ are open subsets of M; and we shall always assume that ψ preserves the given orientation on M. Two such local diffeomorphisms can be composed if and only if the range of the first lies within the domain of the second, and any local diffeomorphism can be inverted: taken all together, they form what is called a pseudogroup. We let Γ be a subpseudogroup (with the discrete topology), and consider the pair (M, Γ).

The orbit space M/Γ has in most cases a very poor topology. The noncommutative geometry approach is to replace this singular space by an algebra which captures the action of Γ on M. The initial candidate, a “crossed product” algebra C(M) ⋊ Γ, still has a very complicated structure; but much progress can be made [20] by replacing M by the bundle F → M of oriented frames on M. This is a principal fibre bundle whose structure group is GL^+(n, R), the n × n matrices with positive determinant.

Any ψ ∈ Γ admits a prolongation to the frame bundle described as follows. Let x = (x_1, . . . , x_n) be local coordinates on M and let y = (y^1 , y^2_1, . . . , y^n ) be local coordinates for the frame at x. To avoid a “debauch of indices”, we mainly consider the 1-dimensional case, where M ≈ S^1 is a circle and F is a cylinder (but we use a matrix notation to indicate how to proceed for higher dimensions; the details for the general case are carefully laid out in [111]). Then ψ acts locally on F through ~ψ, given by ~ψ(x, y) := (ψ(x), ψ^′(x)y). The point is that, while M need not carry any Γ-invariant measure, the top-degree differential form ν = y^{−2} dy ∧ dx on F is Γ-invariant: ~ψ^∗ν = y^{−2}ψ^′(x)^{−2} ψ^′(x) dy ∧ ψ^′(x) dx = ν, so we can build a Hilbert space L^2(F, ν) and represent the action of each ψ ∈ Γ by the unitary operator U_ψ defined by U_ψ ξ(x, y) := ξ( ~ψ^{−1}(x, y)). It is slightly more convenient to work with the adjoint unitary operators U^†_ψξ(x, y) := ξ( ~ψ(x, y)). These unitaries intertwine multiplication operators coming from functions on F (specifically, smooth functions with compact support) as follows:

U_ψfU^†_ψ = f^ψ , where f^ψ(x, y) := f( ~ψ^{−1}(x, y)). (1.17)

The local action of Γ on F can be described in the language of smooth groupoids [36], or alternatively by introducing a “crossed product” algebra which incorporates the groupoid convolution. This is a pre-C^∗-algebra A obtained by suitably completing the algebra

span{ fU^†_ψ : ψ ∈ Γ, f ∈ C^∞_c (Dom ~ψ) }.

The relation (1.17) gives the multiplication rule

(fU^†_ψ )(gU^†_ϕ) = f(U^†_ψ gU_ψ)U^†_ψ U^†_ϕ = f(g ∘ ~ψ)U^†_{ϕψ} , (1.18)

Any two such elements are composable, since the support of f(g ∘ ~ψ) is a compact subset of Dom ~ψ ∩ ~ψ^{−1}(Dom ~ϕ) ⊆ Dom(~ϕ ~ψ). This construction is called the smash product in the Hopf algebra books: if H is a Hopf algebra and A is a left Hopf H-module algebra, the smash product is the algebra A # H which is defined as the vector space A ⊗ H with the product rule (a ⊗ h)(b ⊗ k) := ∑ a(h_{:1} · b) ⊗ h_{:2}k.

If h is a grouplike element of H, this reduces to (a ⊗ h)(b ⊗ k) := a(h · b) ⊗ hk, of which (1.18) is an instance.

A local basis {X, Y } of vector fields on the bundle F is defined by the “vertical” vector field Y := y ∂/∂y, generating translations along the fibres, and the “horizontal” vector field X := y ∂/∂x, generating displacements transverse to the fibres. In higher dimensions, the basis contains n^2 vertical vector fields Y^i_j and n horizontal vector fields X_k [111]. Under the lifted action of Γ, Y is invariant: ~ψ_∗Y = ψ^′(x)y ∂ ∂ψ^′(x)y = y ∂ ∂y = Y, but X is not. To see that, consider the 1-forms α := y^{−1} dx and ω := y^{−1} dy. The form α is the so-called canonical 1-form on F , which is invariant since ~ψ^∗α = y^{−1}ψ^′(x)^{−1} dψ(x) = y^{−1} dx = α, whereas ω is not invariant:

~ψ^∗ω = y^{−1} dy + ψ^′(x)^{−1} dψ^′(x) = y^{−1} dy + ψ^{′′}(x) ψ^′(x) dx. This transformation rule shows that ω is a connection 1-form on the principal bundle F → M; and the horizontality of X means, precisely, that ω(X) = 0. Notice also that α(X) = 1. Now the vector field ~ψ^{−1}_∗ X can be computed from the two equations α( ~ψ^{−1}_∗ X) = ~ψ^∗α( ~ψ^{−1}_∗ X) = α(X) = 1 and ~ψ^∗ω( ~ψ^{−1}_∗ X) = ω(X) = 0; we get ~ψ^{−1}_∗ X = y ∂ ∂x − y^2 ψ^{′′}(x) ψ^′(x) ∂ ∂y = X − h_ψ Y, (1.19a)

where h_ψ (x, y) := y ψ^{′′}(x) ψ^′(x) = y ∂ ∂x ( log ψ^′(x) ) . (1.19b)

Any vector field Z on F determines a linear operator on A, also denoted by Z, by

Z(fU^†_ψ) := (Zf) U^†_ψ , (1.20)

which makes sense since supp(Zf) ⊆ supp f ⊂ Dom ~ψ. When applied to products, this operator gives Z(fU^†_ψ gU^†_ϕ) = Z(f(g ∘ ~ψ))U^†_{ϕψ} = (Zf)(g ∘ ~ψ)U^†_{ϕψ} + fZ(g ∘ ~ψ)U^†_{ϕψ} = (Zf)U^†_ψ gU^†_ϕ + fU^†_ψ (Z(g ∘ ~ψ) ∘ ~ψ^{−1})U^†_ϕ = (Zf)U^†_ψ gU^†_ϕ + fU^†_ψ ~ψ_∗Z(g)U^†_ϕ. (1.21)

Since the vector field Y is invariant, ~ψ_∗Y = Y , so the lifted operator Y is a derivation on the algebra A:

Y (fU^†_ψ gU^†_ϕ) = (Y f)U^†_ψ gU^†_ϕ + fU^†_ψ (Y g)U^†_ϕ,

Proposition 1.1. The operator X on A is not a derivation; however, there is a derivation λ_1 on A such that X obeys the generalized Leibniz rule X(ab) = X(a)b + aX(b) + λ_1(a)Y (b) for all a, b ∈ A. (1.22) Proof. Using the invariance of Y and (1.19a), we get ~ψ_∗X − X = ~ψ_∗(X − ~ψ^{−1}_∗ X) = ~ψ_∗(h_ψY ) = (h_ψ ∘ ~ψ^{−1})Y, and it follows that fU^†_ψ ( ~ψ_∗X(g) − Xg)U^†_ϕ = fU^†_ψ (h_ψ ∘ ~ψ^{−1})(Y g)U^†_ϕ = f h_ψ U^†_ψ (Y g)U^†_ϕ.

If we define λ_1(fU^†_ψ) := h_ψfU^†_ψ , (1.23) then (1.21) for Z = X now reads X(fU^†_ψ gU^†_ϕ) = X(fU^†_ψ ) gU^†_ϕ + fU^†_ψ X(gU^†_ϕ) + λ_1(fU^†_ψ) Y (gU^†_ϕ).

Thus, (1.22) holds on generators. We leave the reader to check that the formula extends to finite products of generators, provided that λ_1 is indeed a derivation. Now (1.19b) implies h_{ϕψ} (x, y) = y ∂ ∂x ( log ϕ^′(ψ(x)) + log ψ^′(x) ) = h_ϕ( ~ψ(x, y)) + h_ψ(x, y), so that h_{ϕψ} = ~ψ^∗h_ϕ + h_ψ, and the derivation property of λ_1 follows:

λ_1(fU^†_ψ gU^†_ϕ) = ( ~ψ^∗h_ϕ + h_ψ) f(g ∘ ~ψ)U^†_{ϕψ} = f ((h_ϕg) ∘ ~ψ)U^†_{ϕψ} + h_ψ fU^†_ψ gU^†_ϕ = (fU^†_ψ )(h_ϕgU^†_ϕ) + (h_ψfU^†_ψ )(gU^†_ϕ).

Consider now the Lie algebra obtained from the operators X, Y and λ_1. The vector fields X, Y have the commutator [y ∂/∂y, y ∂/∂x] = y ∂/∂x and the corresponding operators on A satisfy [Y, X] = X. Next, [Y, λ_1](fU^†_ψ ) = f(Y h_ψ )U^†_ψ, and from Y h_ψ = h_ψ we get [Y, λ_1] = λ_1. Similarly, [X, λ_1](fU^†_ψ) = f(Xh_ψ )U^†_ψ, where Xh_ψ = y ∂/∂x ( y ψ^{′′}(x)/ψ^′(x) ) = y^2 ∂^2/∂x^2 ( log ψ^′(x) ) . Introduce

h^n_ψ = y^n d^n dx^n log ψ^′(x),

for n = 1, 2, . . . , and define λ_n(fU^†_ψ ) := fh^n_ψ U^†_ψ, then λ_2 = [X, λ_1] and by induction we obtain λ_{n+1} = [X, λ_n] for all n. Clearly Y h^n_ψ = nh^n_ψ, which implies [Y, λ_n] = nλ_n . The operators λ_n commute among themselves. We have constructed a Lie algebra, linearly generated by X, Y , and all the λ_n.

We can make the associative algebra with these same generators into a Hopf algebra [33] by defining their coproducts as follows. Since Y and λ_1 act as derivations, they must be primitive:

ΔY := Y ⊗ 1 + 1 ⊗ Y, (1.24a) Δλ_1 := λ_1 ⊗ 1 + 1 ⊗ λ_1. (1.24b)

The coproduct of X can be read off from (1.22):

ΔX := X ⊗ 1 + 1 ⊗ X + λ_1 ⊗ Y. (1.24c)

Moreover, ε(Y ) = ε(λ_1) = 0 since Y and λ_1 are primitive, and ε(X) = 0 since X = [Y, X] is a commutator; moreover, ε(λ_n) = 0 for all n ≥ 2 for the same reason. The commutation relations yield the remaining coproducts; for instance,

Δλ_2 := [ΔX, Δλ_1] = λ_2 ⊗ 1 + 1 ⊗ λ_2 + λ_1 ⊗ λ_1.

The antipode is likewise determined: S(Y ) = −Y and S(λ_1) = −λ_1 since Y and λ_1 are primitive, and (ι ∗ S)(X) = ε(X)1 = 0 gives X + S(X) + λ_1Y = 0, so S(X) = −X + λ_1Y . The relation S(λ_{n+1}) = [S(λ_n), S(X)] yields all S(λ_n) by induction.

Definition 1.10. The Hopf algebra H_{CM} generated as an algebra by X, Y and λ_1, with the coproduct determined by (1.24) and the indicated counit and antipode, will be called the Connes–Moscovici Hopf algebra.

Exercise 1.4. Show that the commutative subalgebra generated by { λ_n : n = 1, 2, 3, . . . } is indeed a Hopf subalgebra which is not cocommutative. ♦

The example H_{CM} arose in connection with a local index formula computation, which is already very involved when the base space M has dimension 1 (the case treated above). In higher dimensions, one may start [111] with the vertical vector fields Y^i_j = y^μ_j ∂/∂y^μ_i and a matrix-valued connection 1-form ω^i_j = (y^{−1})^i_μ(dy^μ_j + Γ^μ_{αβ} y^α_j dx^β ), which may be chosen torsion-free, with Christoffel symbols Γ^μ_{αβ} = Γ^μ_{βα}. With respect to this connection form, there are horizontal vector fields X_k = y^μ_k (∂/∂x^μ −Γ^ν_{αμ}y^α_j ∂/∂y^j_ν ). One obtains the Lie algebra relations [Y^j_i , Y^l_k ] = δ^j_kY^l_i − δ^l_iY^j_k and [Y^j_i , X_k] = δ^j_kX_i, involving “structure constants”; however, [X_k, X_l] = R^i_{jkl} Y^j_i where R^i_{jkl} are the components of the curvature of the connection ω, and these coefficients are in general not constant, for n > 1.

At first, Connes and Moscovici decided to use flat connections only [33], which entails [X_k, X_l] = 0; then, on lifting the Y^i_j and the X_k using (1.20), a higher-dimensional analogue of H_{CM} is obtained. For instance, one gets [111]:

ΔX_k = X_k ⊗ 1 + 1 ⊗ X_k + λ^i_{kj} ⊗ Y^j_i ,

where the λ^i_{kj} are derivations of the form (1.23).

A better solution was later found [36]: one can allow commutation relations like [X_k, X_l] = R^i_{jkl} Y^j_i if one modifies the original setup to allow for “transverse differential operators with nonconstant coefficients”. The algebra A remains the same as before, but the base field C is replaced by the algebra R = C^∞(F ) of smooth functions on F . Now A is an R-bimodule under the commuting left and right actions

α(b) : fU^†_ψ → b · (fU^†_ψ) := (bf)U^†_ψ, (1.25a)

β(b) : fU^†_ψ → (fU^†_ψ ) · b := (b ∘ ~ψ) · (fU^†_ψ ) = (f(b ∘ ~ψ))U^†_ψ. (1.25b)

Letting H now denote the algebra of operators on A generated by these operators (1.25) and the previous ones (1.20), then we no longer have a Hopf algebra over C , but (H, R, α, β) gives an instance of a more general structure called a Hopf algebroid over R [66]. For instance, the coproduct is an R-bimodule map from H into H ⊗_R H, where elements of this range space satisfy (h · b) ⊗_R k = h ⊗_R (b · k) by construction, for any b ∈ R. Just as Hopf algebras are the noncommutative counterparts of groups, Hopf algebroids are the noncommutative counterparts of groupoids: see [66,112] for instance. For the details of these recent developments, we refer to [36].

2 The Hopf Algebras of Connes and Kreimer

2.1 The Connes–Kreimer algebra of rooted trees

A very important Hopf algebra structure is the one found by Kreimer [60] to underlie the combinatorics of subdivergences in the computation of perturbative expansions in quantum field theory. Such calculations involve several layers of complication, and it is no small feat to remove one such layer by organizing them in terms of a certain coproduct: indeed, the corresponding antipode provides a method to obtain suitable counterterms. Instead of addressing this matter from the physical side, the approach taken here is algebraic, in order first to understand why the Hopf algebras which emerge are in the nature of things.

A given Feynman graph represents a multiple integral (say, over momentum space) where the integrand is assembled from a definite collection of Rules, and before renormalization will often be superficially divergent, as determined by power counting. Even if not itself divergent, it may well contain one or several subgraphs which yield divergent partial integrations: the first order of business is to catalogue and organize the various graphs according to this nesting of subdivergences. Kreimer’s coproduct separates out the divergences of subgraphs from those of the overall graph. In consequence, when expressed in terms of suitable generators of a Hopf algebra, the coproduct turns out to be polynomial in its first tensor factor, but merely linear in the second factor, and is therefore highly noncocommutative. Our starting point is to find a source of Hopf algebras with this kind of noncocommutativity.

▶ We start with an apparently unrelated digression into the homological classification of (associative) algebras.

There is a natural homology theory for associative algebras, linked with the name of Hochschild. Given an algebra A over any field F of scalars, one forms a complex by setting C_n(A) := A^{⊗(n+1)}, and defining the boundary operator b : C_n(A) → C_{n−1}(A) by

b(a_0 ⊗ a_1 ⊗ · · · ⊗ a_n) := n−1∑ j=0 (−1)^j a_0 ⊗ · · · ⊗ a_j a_{j+1} ⊗ · · · ⊗ a_n + (−1)^na_na_0 ⊗ a_1 ⊗ · · · ⊗ a_{n−1},

where the last term “turns the corner”. By convention, b = 0 on C_0(A) = A. One checks that b^2 = 0 by cancellation. For instance, b(a_0 ⊗ a_1) := [a_0, a_1], while

b(a_0 ⊗ a_1 ⊗ a_2) := a_0a_1 ⊗ a_2 − a_0 ⊗ a_1a_2 + a_2a_0 ⊗ a_1.

There are two important variants of this definition. One comes from the presence of a “degenerate subcomplex” D_•(A) where, for each n = 0, 1, 2, . . . , the elements of D_n(A) are finite sums of terms of the form a_0 ⊗ · · · ⊗ a_j ⊗ · · · ⊗ a_n, with a_j = 1 for some j = 1, 2, . . . , n; elements of the quotient Ω^nA := C_n(A)/D_n(A) = A ⊗ A^{⊗n}, where A = A/F, are sums of expressions a_0 da_1 . . . da_n where d(ab) = da b + a db. The direct sum Ω^•A = ⨁ n≥0 Ω^nA is the universal graded differential algebra generated by A in degree zero; using it, b can be rewritten as

b(a_0 da_1 . . . da_n) := a_0a_1 da_2 . . . da_n + n−1∑ j=1 (−1)^j a_0 da_1 . . . d(a_j a_{j+1}) . . . da_n

+ (−1)^na_na_0 da_1 . . . da_{n−1}. (2.1)

The second variant involves replacing the algebra A in degree 0 by any A-bimodule E, and taking C_n(A, E) := E ⊗ A^{⊗n}; in the formulas, the products a_na_0 and a_0a_1 make sense even when a_0 ∈ E. We write its homology as H_•(A, E) and abbreviate HH_n(A) := H_n(A, A).

Hochschild cohomology, with values in an A-bimodule E, is defined using cochains in C^n = C^n(A, E), the vector space of n-linear maps ψ : A^n → E; this itself becomes an Abimodule by writing (a^′ · ψ · a^{′′})(a_1, . . . , a_n) := a^′ · ψ(a_1, . . . , a_n) · a^{′′}. The coboundary map b : C^n → C^{n+1} is given by

bψ(a_1, . . . , a_{n+1}) := a_1 · ψ(a_2, . . . , a_{n+1}) + n∑ j=1 (−1)^j ψ(a_1, . . . , a_ja_{j+1}, . . . , a_{n+1})

+ (−1)^{n+1}ψ(a_1, . . . , a_n) · a_{n+1}. (2.2)

The standard case is E = A^∗ as an A-bimodule, where for ψ ∈ A^∗ we put (a^′ · ψ · a^{′′})(c) := ψ(a^{′′}ca^′). Here, we identify ψ ∈ C^n(A, E) with the (n + 1)-linear map φ : A^{n+1} → C given by φ(a_0, a_1, . . . , a_n) := ψ(a_1, . . . , a_n)(a_0); then, from the first summand in (2.2) we get a_1 · ψ(a_2, . . . , a_{n+1})(a_0) = ψ(a_2, . . . , a_{n+1})(a_0a_1) = φ(a_0a_1, . . . , a_{n+1}), while the last summand gives ψ(a_1, . . . , a_n) · a_{n+1}(a_0) = ψ(a_1, . . . , a_n)(a_{n+1}a_0) = φ(a_{n+1}a_0, . . . , a_n). In this case, (2.2) reduces to

bφ(a_0, . . . , a_{n+1}) := n∑ j=0 (−1)^j φ(a_0, . . . , a_ja_{j+1}, . . . , a_{n+1}) + (−1)^{n+1}φ(a_{n+1}a_0, . . . , a_n). (2.3)

The n-th Hochschild cohomology group is denoted H^n(A, E) in the general case, and we also write HH^n(A) := H^n(A, A^∗).

Suppose that μ : A → F is a character of A. We denote by A_μ the bimodule obtained by letting A act on itself on the left by the usual multiplication, but on the right through μ: a^′ · c · a^{′′} := a^′c μ(a^{′′}) for all a^′, a^{′′}, c ∈ A. In (2.2), the last term on the right must be replaced by (−1)^{n+1}φ(a_1, . . . , a_n)μ(a_{n+1}).

▶ We return now to the Hopf algebra setting, by considering a dual kind of Hochschild cohomology for coalgebras. Actually, we now consider a bialgebra B; the dual of the coalgebra (B, Δ, ε) is an algebra B^∗, and the unit map η for B transposes to a character η^t of B^∗. Thus we may define the Hochschild cohomology groups H^n(B^∗, B^∗_{ηt} ). An “n-cochain” now means a linear map ℓ : B → B^{⊗n} which transposes to an n-linear map φ = (B^∗)^n → B^∗ by writing φ(a_1, . . . , a_n) := ℓ^t(a_1 ⊗ · · · ⊗ a_n). Its coboundary is defined by ⟨a_1 ⊗ · · · ⊗ a_{n+1}, bℓ(x)⟩ := ⟨bφ(a_1, . . . , a_{n+1}), x⟩, x ∈ B. We compute bℓ using (2.2). First, ⟨a_1 · φ(a_2, . . . , a_{n+1}), x⟩ = ⟨a_1 ⊗ φ(a_2, . . . , a_{n+1}), Δx⟩ = ⟨a_1 ⊗ a_2 ⊗ · · · ⊗ a_{n+1}, (ι ⊗ ℓ)Δx⟩. Next, if Δ_j : B^{⊗n} → B^{⊗(n+1)} is the homomorphism which applies the coproduct on the jth factor only, then ⟨φ(a_1, . . . , a_ja_{j+1}, . . . , a_{n+1}), x⟩ = ⟨a_1 ⊗ · · ·⊗ a_{n+1}, Δ_j (ℓ(x))⟩. Finally, notice that ⟨φ(a_1, . . . , a_n)η^t(a_{n+1}), x⟩ = ⟨a_1 ⊗· · · ⊗a_{n+1}, ℓ(x)⊗1⟩. Thus the Hochschild coboundary operator simplifies to

bℓ(x) := (ι ⊗ ℓ)Δ(x) + n∑ j=1 (−1)^j Δ_j (ℓ(x)) + (−1)^{n+1}ℓ(x) ⊗ 1. (2.4)

In particular, a linear form λ : B → F is a 0-cochain, and bλ = (ι ⊗ λ)Δ − λ ⊗ 1 is its coboundary; and a 1-cocycle is a linear map ℓ : B → B satisfying

Δℓ = ℓ ⊗ 1 + (ι ⊗ ℓ)Δ. (2.5)

The simplest example of a nontrivial 1-cocycle obeying (2.5) come from integration of polynomials in the algebra B = F[X]; we make F[X] a cocommutative coalgebra by declaring the indeterminate X to be primitive, so that Δ(X) = X ⊗ 1 + 1 ⊗ X and ε(X) = 0. We immediately get the binomial expansion Δ(X^k ) = (ΔX)^k = ∑_k j=0 (_k j ) X^{k−j} ⊗ X^j . If λ is any linear form on F[X], then

bλ(X^k ) = (ι ⊗ λ)Δ(X^k ) − λ(X^k ) ⊗ 1 = k∑ j=1 ( k j ) λ(X^{k−j} ) X^j , so bλ is a linear transformation of polynomials which does not raise the degree. Therefore, the integration map ℓ(X^k ) := X^{k+1}/(k + 1) is not a 1-coboundary, but it is a 1-cocycle:

Δ(ℓ(X^k )) = 1 k + 1 k+1∑ j=0 ( k + 1 j ) X^{k+1−j} ⊗ X^j =

X^{k+1} k + 1

⊗ 1 + k+1∑ j=1 1 j ( k j − 1 ) X^{k+1−j} ⊗ X^j

= ℓ(X^k ) ⊗ 1 + k∑ r=0 1 r + 1 ( k r ) X^{k−r} ⊗ X^{r+1} = ℓ(X^k ) ⊗ 1 + (ι ⊗ ℓ)(Δ(X^k )).

This simple example already shows what the “Hochschild equation” (2.5) is good for: it allows a recursive definition of the coproduct Δ, with the assistance of a degree-raising operation ℓ. Indeed, F[X] is a simple example of a connected, graded bialgebra.

Definition 2.1. A bialgebra H = ⨁_∞ n=0 H^{(n)} is a graded bialgebra if it is graded both as an algebra and as a coalgebra:

H^{(m)}H^{(n)} ⊆ H^{(m+n)} and Δ(H^{(n)}) ⊆ ⨁ p+q=n H^{(p)} ⊗ H^{(q)}. (2.6)

It is called connected if the degree-zero piece consists of scalars only: H^{(0)} = F 1 = im η.

In a connected graded bialgebra, we can write the coproduct with a modified Sweedler notation: if a ∈ H^{(n)}, then

Δa = a ⊗ 1 + 1 ⊗ a + ∑ a^′_{:1} ⊗ a^′_{:2}, (2.7) where the terms a^′_{:1} and a^′_{:2} all have degrees between 1 and n − 1. Indeed, for the counit equations (1.9a) to be satisfied, Δa must contain the terms a ⊗ 1 in H^{(n)} ⊗ H^{(0)} and 1 ⊗ a in H^{(0)} ⊗ H^{(n)}; the remaining terms have intermediate bidegrees. On applying ε ⊗ ι, we get a = (ε ⊗ ι)(Δa) = ε(a)1 + a + ∑ ε(a^′_{:1}) a^′_{:2}, so that ε(a) = 0 when n ≥ 1: in a connected graded bialgebra, the “augmentation ideal” ker ε is ⨁_∞ n=1 H^{(n)}, so that H = F 1 ⊕ ker ε.

In fact, H is a Hopf algebra, since the grading allows us to define the antipode recursively [70, §8]. Indeed, the equation m(S ⊗ ι)Δ = ηε may be solved thus: if a ∈ H^{(n)}, we can obtain 0 = ε(a) 1 = S(a) + a + ∑ S(a^′_{:1}) a^′_{:2}, where each term a^′_{:1} has degree less than n, just by setting S(a) := −a − ∑ S(a^′_{:1}) a^′_{:2}. (2.8)

Likewise, m(ι ⊗ T )Δ = ηε is solved by setting T (1) := 1 and recursively defining T (a) := −a − ∑ T (a^′_{:2}) a^′_{:1}. It follows that T = S ∗ ι ∗ T = S, so we have indeed constructed a convolution inverse for ι.

In the same way, if there is a 1-cocycle ℓ which raises the degree, then (2.5) gives a recursive recipe for the coproduct: start with Δ(1) := 1 ⊗ 1 in degree zero (since H is connected, that will suffice), and use

Δ(ℓ(a)) := ℓ(a) ⊗ 1 + (ι ⊗ ℓ)Δ(a)

as often as necessary. The point is that, at each level, coassociativity is maintained:

(ι ⊗ Δ)Δ(ℓ(a)) = (ι ⊗ Δ)(ℓ(a) ⊗ 1 + (ι ⊗ ℓ)(Δa)) = ℓ(a) ⊗ 1 ⊗ 1 + (ι ⊗ Δℓ)(Δa) = ℓ(a) ⊗ 1 ⊗ 1 + (ι ⊗ ℓ)(Δa) ⊗ 1 + (ι ⊗ ι ⊗ ℓ)(ι ⊗ Δ)(Δa),

whereas

(Δ ⊗ ι)Δ(ℓ(a)) = (Δ ⊗ ι)(ℓ(a) ⊗ 1 + (ι ⊗ ℓ)(Δa)) = ℓ(a) ⊗ 1 ⊗ 1 + (ι ⊗ ℓ)(Δa) ⊗ 1 + (ι ⊗ ι ⊗ ℓ)(Δ ⊗ ι)(Δa),

where we have used the trivial relation (Δ ⊗ ι)(ι ⊗ ℓ) = (ι ⊗ ι ⊗ ℓ)(Δ ⊗ ι). The only remaining issues are (i) whether such a 1-cocycle ℓ exists; and (ii) whether any c ∈ H^{(n+1)} is a sum of products of elements of the form ℓ(a) with a of degree at most n.

▶ Both questions are answered by producing a universal example of a pair (H, ℓ) consisting of a connected graded Hopf algebra and a 1-cocycle ℓ. It was pointed out by Connes and Kreimer [28] that their Hopf algebra of rooted trees gives precisely this universal example. (Kreimer had first introduced a Hopf algebra of “parenthesized words” [60], where the nesting of subdivergences was indicated by parentheses, but rooted trees are nicer, and both Hopf algebras are isomorphic by the same universality.)

Definition 2.2. A rooted tree is a tree (a finite, connected graph without loops) with oriented edges, in which all the vertices but one have exactly one incoming edge, and the remaining vertex, the root, has only outgoing edges.

Here are the rooted trees with at most four vertices (up to isomorphism). To draw them, we place the root at the top with a ∘ symbol, and denote the other vertices with • symbols:

t_1 t_2 t_{31} t_{32} t_{41} t_{42} t_{43} t_{44}.

The algebra of rooted trees H_R is the commutative algebra generated by symbols T , one for each isomorphism class of rooted trees, plus a unit 1 corresponding to the empty tree. We shall write the product of trees as the juxtaposition of their symbols. There is an obvious grading making H_R a graded algebra, by assigning to each tree T the number of its vertices #T . The counit ε : H_R → F is the linear map defined by ε(1) := 1 and ε(T_1T_2 . . . T_n) = 0 if T_1, . . . , T_n are trees; this ensures that H_R = F 1 ⊕ ker ε. To get a coproduct satisfying (2.7), we must give a rule which shows how a tree may be cut into subtrees with complementary sets of vertices. A simple cut c of a tree T is the removal of some of its edges, in such a way that along the path from the root to any vertex, at most one edge is removed. Here, for instance, are the possible simple cuts of t_{44}: ≡ ≡ ≡ ≡ ≡ Among the subtrees of T produced by a simple cut, exactly one, the “trunk” R_c(T ), contains the root of T . The remaining “pruned” branches also form one or more rooted trees, whose product is denoted by P_c(T ). The formula for the coproduct can now be given, on the algebra generators, as

ΔT := T ⊗ 1 + 1 ⊗ T + ∑ c P_c(T ) ⊗ R_c(T ), (2.9)

where the sum extends over all simple cuts of the tree T ; as well as Δ1 := 1 ⊗ 1, of course. Here are the coproducts of the trees listed above:

Δt_1 = t_1 ⊗ 1 + 1 ⊗ t_1, Δt_2 = t_2 ⊗ 1 + 1 ⊗ t_2 + t_1 ⊗ t_1, Δt_{31} = t_{31} ⊗ 1 + 1 ⊗ t_{31} + t_2 ⊗ t_1 + t_1 ⊗ t_2, Δt_{32} = t_{32} ⊗ 1 + 1 ⊗ t_{32} + 2t_1 ⊗ t_2 + t^2_1 ⊗ t_1, Δt_{41} = t_{41} ⊗ 1 + 1 ⊗ t_{41} + t_{31} ⊗ t_1 + t_2 ⊗ t_2 + t_1 ⊗ t_{31}, Δt_{42} = t_{42} ⊗ 1 + 1 ⊗ t_{42} + t_1 ⊗ t_{32} + t_2 ⊗ t_2 + t_1 ⊗ t_{31} + t_2t_1 ⊗ t_1 + t^2_1 ⊗ t_2. Δt_{43} = t_{43} ⊗ 1 + 1 ⊗ t_{43} + 3t_1 ⊗ t_{32} + 3t^2_1 ⊗ t_2 + t^3_1 ⊗ t_1, Δt_{44} = t_{44} ⊗ 1 + 1 ⊗ t_{44} + t_{32} ⊗ t_1 + 2t_1 ⊗ t_{31} + t^2_1 ⊗ t_2. (2.10)

In this way, H_R becomes a connected graded commutative Hopf algebra; clearly, it is not cocommutative. In order to prove that this Δ is coassociative, we need only produce the appropriate 1-cocycle L which raises the degree by 1. The linear operator L —also known as B^+ [28]— is defined, on each product of trees, by sprouting a new common root.

Definition 2.3. Let L : H_R → H_R be the linear map given by L(1) := t_1 and

L(T_1 . . . T_k) := T, (2.11)

where T is the rooted tree obtained by conjuring up a new vertex as its root and extending edges from this vertex to each root of T_1, . . . , T_k. Notice, in passing, that any tree T with n + 1 vertices equals L(T_1 . . . T_k), where T_1, . . . , T_k are the rooted trees, with n vertices in all, formed by removing every edge outgoing from the root of T .

For instance, L ( ) = and L ( ) = . Checking the Hochschild equation (2.5) is a matter of bookkeeping: see [28, p. 229] or [49, p. 603], for instance. Here, an illustration will suffice: Δ ( L ( )) = Δ ( ) = ⊗ 1 + 1 ⊗

+ ⊗ + 2 ⊗

+ ⊗ = L ( ) ⊗1 + (ι ⊗ L) ( 1 ⊗ + ⊗ 1 + 2 ⊗ + ⊗ )

= L ( ) ⊗1 + (ι ⊗ L)Δ ( ) . Finally, suppose that a pair (H, ℓ) is given; we want to define a Hopf algebra morphism ρ : H_R → H such that

ρ(L(a)) = ℓ(ρ(a)), (2.12)

where a is a product of trees. Since L(a) may be any tree of degree #a + 1, we may regard this as a recursive definition (on generators) of an algebra homomorphism, starting from ρ(1) := 1_H . The only thing to check is that it also yields a coalgebra homomorphism, which again reduces to an induction on the degree of a:

Δ(ρ(L(a))) = Δ(ℓ(ρ(a))) = ℓ(ρ(a)) ⊗ 1 + (ι ⊗ ℓ)Δ(ρ(a)) = ℓ(ρ(a)) ⊗ 1 + (ι ⊗ ℓ)(ρ ⊗ ρ)(Δa) = ρ(L(a)) ⊗ 1 + (ρ ⊗ ρ)(ι ⊗ L)(Δa) = (ρ ⊗ ρ) ( L(a) ⊗ 1 + (ι ⊗ L)(Δa) ) = (ρ ⊗ ρ)Δ(L(a)), where in the third line, by using ℓ(ρ(a^′_{:2})) = ρ(L(a^′_{:2})), we have implicitly relied on the property (2.7) that the nontrivial components of the coproduct Δa have lower degree than a.

▶ Since the Hopf algebra H_R is commutative, we may look for a cocommutative Hopf algebra in duality with it. Now, there is a structure theorem for connected graded cocommutative

Hopf algebras, arising from contributions of Hopf, Samelson, Leray, Borel, Cartier, Milnor, Moore and Quillen,^2 commonly known as the Milnor–Moore theorem, which states that such a Hopf algebra H is necessarily isomorphic to U(g), with g being the Lie algebra of primitive elements of H.

This dual Hopf algebra is constructed as follows. Each rooted tree T gives not only an algebra generator for H_R, but also a derivation Z_T : H_R → F defined by

⟨Z_T , T_1 . . . T_k⟩ := 0 unless k = 1 and T_1 = T ; ⟨Z_T , T ⟩ := 1. Also, ⟨Z_T , 1⟩ = 0 since Z_T ∈ Der_ε(H) (Definition 1.6). Notice that the ideal generated by products of two or more trees is (ker ε)^2, and any derivation δ vanishes there, since δ(ab) = δ(a)ε(b) + ε(a)δ(b) = 0 whenever a, b ∈ ker ε. Therefore, derivations are determined by their values on the subspace H^{(1)}_R spanned by single trees —which equals L(H_R), by the way— and reduce to linear forms on this subspace; thus Der_ε(H) can be identified with the (algebraic) dual space H^{(1)∗}_R . We denote by h the linear subspace spanned by all the Z_T .

Let us compute the Lie bracket [Z_R, Z_S ] := (Z_R ⊗Z_S −Z_S ⊗Z_R)Δ of two such derivations. Using (2.9) and ⟨Z_R, 1⟩ = ⟨Z_S , 1⟩ = 0, we get ⟨Z_R ⊗ Z_S , ΔT ⟩ = ∑ c ⟨Z_R, P_c(T )⟩ ⟨Z_S , R_c(T )⟩, where ⟨Z_R, P_c(T )⟩ = 0 unless P_c(T ) = R and ⟨Z_S , R_c(T )⟩ = 0 unless R_c(T ) = S; in particular, the sum ranges only over simple cuts which remove just one edge of T . Let n(R, S; T ) be the number of one-edge cuts c of T such that P_c(T ) = R and R_c(T ) = S; then ⟨[Z_R, Z_S ], T ⟩ = ⟨Z_R ⊗ Z_S − Z_S ⊗ Z_R, ΔT ⟩ = n(R, S; T ) − n(S, R; T ), and this expression vanishes altogether except for the finite number of trees T which can be produced either by grafting R on S or by grafting S on R. Evaluation of the derivation [Z_R, Z_S ] on a product T_1 . . . T_k of two or more trees gives zero, since each T_j ∈ ker ε. Therefore, [Z_R, Z_S ] = ∑ T ( n(R, S; T ) − n(S, R; T ) ) Z_T , which is a finite sum. In particular, [Z_R, Z_S ] ∈ h, and so h is a Lie subalgebra of Der_ε(H). The linear duality of H^{(1)}_R with h then extends to a duality between the graded Hopf algebras H_R and U(h).

It is possible to give a more concrete description of the Hopf algebra U(h) in terms of another Hopf algebra of rooted trees H_{GL}, which is cocommutative rather than commutative. This structure was introduced by Grossman and Larson [50] and is described in [49, §14.2]; here we mention only that the multiplicative identity is the tree t_1 and that the primitive elements are spanned by those trees which have only one edge outgoing from the root. Panaite [76] has shown that h is isomorphic to the Lie algebra of these primitive trees —by matching each Z_T to the tree L(T )— so that U(h) ≃ H_{GL}.

2The historical record is murky; this list of contributors is due to P. Cartier.

In [28], another binary operation among the Z_T was introduced by setting Z_R ⋆ Z_S := ∑ T n(R, S; T ) Z_T . This is not the convolution (Z_R ⊗ Z_S )Δ, nor is it even associative, although it is obviously true that Z_R ⋆ Z_S − Z_S ⋆ Z_R = [Z_R, Z_S ]. This nonassociative bilinear operation satisfies the defining property of a pre-Lie algebra:

(Z_R ⋆ Z_S ) ⋆ Z_T − Z_R ⋆ (Z_S ⋆ Z_T ) = (Z_R ⋆ Z_T ) ⋆ Z_S − Z_R ⋆ (Z_T ⋆ Z_S ).

Indeed, both sides of this equation express the formation of new trees by grafting both S and T onto the tree R. The combinatorics of this operation are discussed in [14], and several computations with it are developed in [16] and [57].

▶ The characters of H_R form a group G(H_R) (under convolution): see Definition 1.6. This group is infinite-dimensional, and can be thought of as the set of grouplike elements in a suitable completion of the Hopf algebra U = U(h). To see that, recall that U is a graded connected Hopf algebra; denote by e its counit. Then the sets (ker e)^m = ∑ k≥m h^k, for m = 1, 2, . . . , form a basis of neighbourhoods of 0 for a vector space topology on U, and the grading properties (2.6) entail that all the Hopf operations are continuous for this topology. (The basic neighbourhoods of 0 in U ⊗ U are the powers of the ideal 1 ⊗ ker e + ker e ⊗ 1.) We can form the completion ^U of this topological vector space, which is again a Hopf algebra since all the Hopf operations extend by continuity; an element of ^U is a series ∑ k≥0 z_k with z_k ∈ h^k for each k ∈ N, since the partial sums form a Cauchy sequence in U. The closure of h within ^U is Der_ε(H).

For example, consider the exponential given by φ_T := exp Z_T = ∑ n≥0(1/n!) Z^n_T ; in any evaluation φ_T (T_1 . . . T_k) = ∑ n≥0 1 n! ⟨Z^{⊗n}_T , Δ^{n−1}(T_1 . . . T_k)⟩, the series has only finitely many nonzero terms. More generally, φ := exp δ ∈ ^U makes sense for each δ ∈ Der_ε(H); and φ ∈ G(H_R) since Δφ = exp(Δδ) = exp(ε ⊗ δ + δ ⊗ ε) = φ ⊗ φ by continuity of Δ. In fact, the exponential map is a bijection between Der_ε(H) and G(H_R), whose inverse is provided by the logarithmic series log(1 − x) := − ∑ k≥1 x^k/k; for if μ is a character, the equation μ = exp(log μ) holds in ^U , and

Δ(log μ) = Δ(log(ε − (ε − μ)) = log(ε ⊗ ε − Δ(ε − μ)) = log(μ ⊗ μ) = log(ε ⊗ μ) + log(μ ⊗ ε) = ε ⊗ log μ + log μ ⊗ ε,

so that log μ ∈ Der_ε(H). See [52, Chap. X] or [53, Chap. XVI] for a careful discussion of the exponential map. In view of this bijection, we can regard the commutative Hopf algebra H_R as an algebra of affine coordinates on the group G(H_R), in the spirit of Tannaka–Kreĭn duality.

▶ In any Hopf algebra, whether cocommutative or not, the determination of the primitive elements plays an important part. If in any tree T , the longest path from the root to a leaf contains k edges, then the coproduct ΔT is a sum of at least k+1 terms. In the applications to renormalization, T represents a possibly divergent integration with k nested subdivergences, while the primitive tree t_1 corresponds to an integration without subdivergences. A primitive algebraic combination of trees represents a collection of integrations where some of these divergences may cancel. For that reason alone, it would be desirable to describe all the primitive elements of H_R and then, as far as possible, to rebuild H_R from its primitives. This is a work in progress [11, 16, 43], which deserves a few comments here.

To begin with, since t_1 is primitive and Δt_2 = t_2 ⊗ 1 + 1 ⊗ t_2 + t_1 ⊗ t_1, the combination p_2 := t_2 −^1_2 t^2_1 is also primitive. One can check that p_3 := t_{31} − t_1t_2 +^1_3 t^3_1 is primitive, too.

For each k = 1, 2, . . . , let t_k denote the “stick” tree with k − 1 edges and k vertices in a vertical progression. (In particular, t_3 and t_4 are the trees previously referred to as t_{31} and t_{41}, respectively.) A simple cut severs t_k into two shorter sticks, and so

Δt_k = ∑ 0≤r≤k t_r ⊗ t_{k−r} , (2.13)

with t_0 := 1 by convention. Thus the sticks generate a cocommutative graded Hopf subalgebra H_l of H_R.

To find the primitives in H_l, we follow the approach of [16]. Consider the formal power series g(x) := ∑ k≥0 t_kx^k whose coefficients are sticks. Then the equation (2.13) can be read as saying that g(x) is grouplike in H_l[[x]], that is, Δg(x) = g(x)⊗g(x). If we can find a power series p(x) = ∑ r≥1 p_rx^r, where each p_r is homogeneous of degree r in the grading of H_l, such that exp(p(x)) = g(x), the corresponding equation will be Δp(x) = p(x) ⊗ 1 + 1 ⊗ p(x); on comparing coefficients of each x^r, we see that each p_r is primitive. The equation exp(p(x)) = g(x) is solved as ∑ r≥1 p_rx^r = log ( 1 + ∑ k≥1 t_kx^k ) , by developing the Taylor series of log(1 + x). Since a monomial t^{m1}_1 t^{m2}_2 . . . t^{mr}_r has degree m_1 + 2m_2 + · · · + rm_r, the general formula [43, Prop. 9.3] is quickly found to be

p_r = ∑ m_1 +2m_2+···+rm_r =r (−1)^{m1 +···+mr +1} (m_1 + · · · + m_r − 1)!

m_1! . . . m_r! t^{m1}_1 . . . t^{mr}_r , where the sum ranges over the partitions of the positive integer r.

▶ Nonstick primitives are more difficult to come by, but an algorithm which provides many of them is found in [16], based on formal differential calculus. Indeed, this “differential” approach can be extended, in principle, to deal efficiently with the more elaborate Hopf algebras of Feynman diagrams discussed in the next subsection.

For each a ∈ H_R, the expression

Π_a := ∑ S(a_{:1}) da_{:2} (2.14)

where d denotes an ordinary exterior derivative, may be regarded as a 1-form on G; it is a straightforward generalization of the familiar (matrix-valued) 1-form g^{−1} dg on a group manifold, whose matrix elements are ∑ j (g^{−1})_{ij} dg_{jk} . We can treat such expressions algebraically, as a “first-order differential calculus” on a Hopf algebra, in the sense of Woronowicz [109]. The commutativity of H_R shows that these 1-forms have the following derivation property:

Π_{ab} = ∑ S(a_{:1}b_{:1}) d(a_{:2}b_{:2}) = ∑ S(b_{:1})S(a_{:1})a_{:2} db_{:2} + S(b_{:1})b_{:2}S(a_{:1}) da_{:2} = ε(a) Π_b + Π_a ε(b).

In particular, Π_a = 0 for a ∈ (ker ε)^2, so we need only consider Π_a for a ∈ H^{(1)}_R . Each Π_a can be thought of as a “left-invariant” 1-form, as follows.

Exercise 2.1. Let G be a compact Lie group and let R(G) be its Hopf algebra of representative functions. If L_t denotes left translation by t ∈ G, then L^∗_t f(x) = f(t^{−1}x) = Δf(t^{−1}, x) = ∑ f_{:1}(t^{−1}) f_{:2}(x), so that L^∗_t f = ∑ f_{:1}(t^{−1}) f_{:2} for f ∈ R(G). Let Π_f be the smooth 1-form on G defined by (2.14); prove that L^∗_t Π_f = Π_f for all t ∈ G. ♦

Each left-invariant 1-form (2.14) satisfies a “Maurer–Cartan equation”:

dΠ_a = − ∑ Π_{a:1} ∧ Π_{a:2} .

Indeed, since 0 = d(ε(a) 1) = ∑ d(S(a_{:1}) a_{:2}) = ∑ d(S(a_{:1})) a_{:2} + S(a_{:1}) da_{:2}, we find that d(S(a)) = ∑ d(S(a_{:1}) ε(a_{:2})) = ∑ d(S(a_{:1})) ε(a_{:2}) = ∑ d(S(a_{:1})) a_{:2} S(a_{:3}) = − ∑ S(a_{:1}) da_{:2} S(a_{:3}),

in analogy with d(g^{−1}) = −g^{−1} dg g^{−1}. Therefore,

dΠ_a = ∑ d(S(a_{:1})) ∧ da_{:2} = − ∑ S(a_{:1}) da_{:2} ∧ S(a_{:3}) da_{:4} = − ∑ Π_{a:1} ∧ Π_{a:2} .

Suppose now that we are given some element a ∈ H^{(1)}_R for which dΠ_a = 0. The bijectivity of the exponential map for G(H_R) suggests that this closed 1-form should be exact: Π_a = db for some b ∈ H_R. It is clear from (2.14) that the equation Π_a = db can hold only if b is primitive. Theorem 2 of [16] uses the Poincaré lemma technique to provide a formula for b, namely, b := −Φ^{−1}(S(a)),

where Φ is the operator which grades H_R by the number of trees in a product: Φ(T_1 . . . T_k) := k T_1 . . . T_k. Notice that b = a + c, where c ∈ (ker ε)^2 is a sum of higher-degree terms.

Exercise 2.2. Show that a = + − 2 satisfies dΠ_a = 0, and compute that

b = + − 2 − + . Verify directly that b is indeed primitive. ♦

It is still not a trivial matter to find linear combinations of trees satisfying dΠ_a = 0, but it clearly is much easier to verify this property than to check primitivity directly on a case-by-case basis.

▶ Finally, we comment on the link between H_R and the Hopf algebra H_{CM} of differential operators, developed in [28]. This is found by extending H_R to a larger (but no longer commutative) Hopf algebra ~H_R. Since H_R is graded by the number of vertices per tree, we regard the subspace H^{(1)}_R of single trees as an abelian Lie algebra, and introduce an extra generator Y with the commutation rule

[Y, T ] := (#T ) T.

For each simple cut c of T , it is clear that #P_c(T ) + #R_c(T ) = #T ; a glance at (2.9) then shows that Δ[Y, T ] = (#T ) ΔT = [Y ⊗ 1 + 1 ⊗ Y, ΔT ]. This forces Y to be primitive:

ΔY := Y ⊗ 1 + 1 ⊗ Y, (2.15)

in order to get Δ[Y, T ] = [ΔY, ΔT ] for consistency.

Another important operator on H_R is the so-called natural growth of trees. We define N(T ), for each tree T with vertices v_1, . . . , v_n, by setting N(T ) := T_1 + T_2 + · · · + T_n, where each T_j is obtained from T by adding a leaf to v_j . For example, N ( ) := , N ( ) := + ,

N ( + ) := + 3 + + . In symbols, we write these relations as

N(t_1) = t_2, N^2(t_1) = N(t_2) = t_{31} + t_{32}, N^3(t_1) = N(t_{31} + t_{32}) = t_{41} + 3t_{42} + t_{43} + t_{44}.

We rename these δ_1 := t_1, δ_2 := N(δ_1), δ_3 := N^2(δ_1), δ_4 := N^3(δ_1), and in general δ_{n+1} := N^n(δ_1) for any n. Notice that δ_{n+1} is a sum of n! trees.

N, defined on the algebra generators, extends uniquely to a derivation N : H_R → H_R. Now, we can add one more generator X with the commutation rule [X, T ] := N(T ). The Jacobi identity forces [Y, X] = X, as follows:

[[Y, X], T ] = [[Y, T ], X] + [Y, [X, T ]] = (#T ) [T, X] + [Y, N(T )] = −(#T ) N(T ) + (#T + 1) N(T ) = N(T ) = [X, T ].

What must the coproduct ΔX be? Proposition 3.6 of [28] —see also Proposition 14.6 of [49]— proves that

ΔN(T ) = (N ⊗ ι)ΔT + (ι ⊗ N)ΔT + [δ_1 ⊗ Y, ΔT ] (2.16)

for each rooted tree T . The argument is as follows: to get ΔN(T ), we grow an extra leaf on T and then cut the resulting trees in every allowable way. If the new edge is not cut, then it belongs either to a pruned branch or to the trunk which remains after a cut has been made on the original tree T ; this amounts to (N ⊗ι)ΔT +(ι⊗N)ΔT . On the other hand, if the new edge is cut, the new leaf contributes a solitary vertex δ_1 to P_c; the new leaf must have been attached to the trunk R_c(T ) at any one of the latter’s vertices. Since (#R_c)R_c = [Y, R_c], the terms wherein the new leaf is cut amount to [δ_1 ⊗ Y, ΔT ]. The equation (2.16) accounts for both possibilities. Then, since Δ[X, T ] = [ΔX, ΔT ] must hold, we get

ΔX = X ⊗ 1 + 1 ⊗ X + δ_1 ⊗ Y. (2.17)

Let ~H_R be the algebra generated by X, Y and H_R. We can extend the counit and antipode to it as follows. Since Y is primitive, we must take ε(Y ) := 0 and S(Y ) := −Y . Then, on applying (ι ⊗ ε) to (2.17), ε(X) := 0 follows; and by applying m(ι ⊗ S) or m(S ⊗ ι) to it, we also get 0 = X + S(X) − δ_1Y , which forces S(X) := −X + δ_1Y .

Now (2.15) and (2.17) reproduce exactly the coproducts (1.24) for the differential operators Y and X of the Hopf algebra H_{CM} . Indeed, since δ_1, like λ_1 ∈ H_{CM} , is primitive and since δ_{n+1} = N(δ_n) = [X, δ_n], the correspondence X → X, Y → Y , λ_n → δ_n maps H_{CM} isomorphically into ~H_R.

2.2 Hopf algebras of Feynman graphs and renormalization

In this subsection, we shall describe briefly some other Hopf algebras which underlie the structure of a renormalizable quantum field theory. Rather than going into the details of perturbative renormalization, we shall merely indicate how such Hopf algebras are involved.

In a given QFT, one is faced with the problem of computing correlations (Green functions) from a perturbative expansion whose terms are labelled by Feynman graphs Γ, and consist of multiple integrals where the integrand is completely specified by the combinatorial structure of Γ (its vertices, external and internal lines, and loops) according to a small number of Feynman rules. Typically, one works in momentum space of D dimensions, and a preliminary count of the powers of the momenta in the integrand indicates, in many cases, a superficially divergent integral; even if the graph Γ itself passes this test, it may contain subgraphs corresponding to superficially divergent integrals. The main idea of renormalization theory is to associate a “counterterm” to each superficially divergent subgraph, in order to obtain a finite result by subtraction.

The first step in approaching such calculations is to realize that all superficially divergent subgraphs must be dealt with, in a recursive fashion, before finally assigning a finite value to the full graph Γ. Thus, each graph Γ determines a nesting of divergent subgraphs: this nesting is codified by a rooted tree, where the root represents the full graph, provided that the Γ does not contain overlapping divergences. (Even if overlapping divergences do occur, one can replace the single rooted tree by a sum over rooted trees after disentangling the overlaps: see [61] for a detailed analysis.) A “leaf” is a divergent subgraph which itself contains no further subdivergences.

The combinatorial algebra is worked out in considerable detail in a recent article of Connes and Kreimer [29]: the following remarks can be taken as an incentive for a closer look at that paper. See also the survey of Kreimer [62] for a detailed discussion of the conceptual framework. The authors of [29] consider ϕ^3 theory in D = 6 dimensions; but one could equally well start with ϕ^4 theory for D = 4 [46], or QED, or any other well-known theory.

Definition 2.4. Let Φ stand for any particular QFT. The Hopf algebra H_Φ is a commutative algebra generated by one-particle irreducible (1PI) graphs: that is, connected graphs with at least two vertices which cannot be disconnected by removing a single line. The product is given by disjoint union of graphs: Γ_1Γ_2 means Γ_1 ⊎ Γ_2. The counit is given by ε(Γ) := 0 on any generator, with ε(∅) := 1 (we assign the empty graph to the identity element). The coproduct Δ is given, on any 1PI graph Γ, by

ΔΓ := Γ ⊗ 1 + 1 ⊗ Γ + ∑ ∅⊊γ⊊Γ γ ⊗ Γ/γ, (2.18)

where the sum ranges over all subgraphs which are divergent and proper (in the sense that removing one internal line cannot increase the number of its connected components); γ may be either connected or a disjoint union of several connected pieces. The notation Γ/γ denotes the (connected, 1PI) graph obtained from Γ by replacing each component of γ by a single vertex.

To see that Δ is coassociative, we may reason as follows. We may replace the right hand side of (2.18) by a single sum over ∅ ⊆ γ ⊆ Γ, allowing γ = ∅ or γ = Γ and setting Γ/Γ := 1. We observe that if γ ⊆ γ^′ ⊆ Γ, then γ^′/γ can be regarded as a subgraph of Γ/γ; moreover, it is obvious that (Γ/γ)/(γ^′/γ) ≃ Γ/γ^′. (2.19) The desired relation (Δ ⊗ ι)(ΔΓ) = (ι ⊗ Δ)(ΔΓ) can now be expressed as ∑ ∅⊆γ⊆γ^′ ⊆Γ γ ⊗ γ^′/γ ⊗ Γ/γ^′ = ∑ ∅⊆γ⊆Γ, ∅⊆γ^{′′} ⊆Γ/γ γ ⊗ γ^{′′} ⊗ (Γ/γ)/γ^{′′},

so coassociativity reduces to proving, for each subgraph γ of Γ, that ∑ γ⊆γ^′⊆Γ γ^′/γ ⊗ Γ/γ^′ = ∑ ∅⊆γ^{′′}⊆Γ/γ γ^{′′} ⊗ (Γ/γ)/γ^{′′}.

Choose γ^′ so that γ ⊆ γ^′ ⊆ Γ; then ∅ ⊆ γ^′/γ ⊆ Γ/γ. Reciprocally, to every γ^{′′} ⊆ Γ/γ there corresponds a unique γ^′ such that γ ⊆ γ^′ ⊆ Γ and γ^′/γ = γ^{′′}; the previous equality now follows from the identification (2.19).

We have now defined H_Φ as a bialgebra. To make sure that it is a Hopf algebra, it suffices to show that it is graded and connected, whereby the antipode comes for free. Several grading operators Υ are available, which satisfy the two conditions (2.6):

Υ(Γ_1Γ_2) = Υ(Γ_1) + Υ(Γ_2) and Υ(γ) + Υ(Γ/γ) = Υ(Γ)

whenever γ is a divergent proper subgraph of Γ. One such grading is the loop number ℓ(Γ) := I(Γ) − V (Γ) + 1, if Γ has I(Γ) internal lines and V (Γ) vertices. If ℓ(Γ) = 0, then Γ would be a tree graph, which is never 1PI; thus ker ℓ consists of scalars only, so H_Φ is connected. The antipode is now given recursively by (2.8):

S(Γ) = −Γ + ∑ ∅⊊γ⊊Γ S(γ) Γ/γ. (2.20)

As it stands, the Hopf algebra H_Φ corresponds to a formal manipulation of graphs. It remains to understand how to match these formulas to expressions for numerical values, whereby the antipode S delivers the counterterms. This is done in two steps. First of all, the Feynman rules for the unrenormalized theory can be thought of as prescribing a linear map f : H_Φ → A, into some commutative algebra A, which is multiplicative on disjoint unions: f(Γ_1Γ_2) = f(Γ_1) f(Γ_2). In other words, f is actually a homomorphism of algebras. For instance, A is often an algebra of Laurent series in some (complex) regularization parameter ε: in dimensional regularization, after adjustment by a mass unit μ so that each f(Γ) is dimensionless, one computes the corresponding integral in dimension d = D + ε, for ε ≠ 0. We shall also suppose that A is the direct sum of two subalgebras:

A = A_+ ⊕ A_−.

Let T : A → A_− be the projection on the second subalgebra, with ker T = A_+. When A is a Laurent-series algebra, one takes A_+ to be the holomorphic subalgebra of Taylor series and A_− to be the subalgebra of polynomials in 1/ε without constant term; the projection T picks out the pole part, as in a minimal subtraction scheme. Now T is not a homomorphism, but the property that both its kernel and image are subalgebras is reflected in a “multiplicativity constraint”:

T (ab) + T (a) T (b) = T (T (a) b) + T (a T (b)) for all a, b ∈ A. (2.21)

Exercise 2.3. Check (2.21) by examining the four cases a ∈ A_±, b ∈ A_± separately. ♦

The second step is to invoke the renormalization scheme. It can now be summarized as follows. If Γ is 1PI and is primitive (i.e., it has no subdivergences), we set

C(Γ) := −T (f(Γ)), and then R(Γ) := f(Γ) + C(Γ),

where C(Γ) is the counterterm and R(Γ) is the desired finite value: in other words, for primitive graphs one simply removes the pole part. Next, we may recursively define Bogoliubov’s R-operation by setting R(Γ) = f(Γ) + ∑ ∅⊊γ⊊Γ C(γ) f(Γ/γ), with the proviso that

C(γ_1 . . . γ_r) := C(γ_1) . . . C(γ_r), (2.22)

whenever γ = γ_1 . . . γ_r is a disjoint union of several components. The final result is obtained by removing the pole part of the previous expression: C(Γ) := −T (R(Γ)) and R(Γ) := R(Γ) + C(Γ). In summary,

C(Γ) := −T [ f(Γ) + ∑ ∅⊊γ⊊Γ C(γ) f(Γ/γ) ] , (2.23a)

R(Γ) := f(Γ) + C(Γ) + ∑ ∅⊊γ⊊Γ C(γ) f(Γ/γ). (2.23b)

The equation (2.23a) is what is meant by saying that “the antipode delivers the counterterm”: one replaces S in the calculation (2.20) by C to obtain the right hand side, before projection with T . From the definition of the coproduct in H_Φ, (2.23b) is a convolution in Hom(H_Φ, A), namely, R = C ∗ f. To show that R is multiplicative, it is enough to verify that the counterterm map C is multiplicative, since the convolution of homomorphisms is a homomorphism because A is commutative. In other words, we must check that (2.22) and (2.23a) are compatible.

This is easy to do by induction on the degree of the grading of H_Φ. We shall use the modified Sweedler notation of (2.7), to simplify the calculation. Starting from C(1) := 1_A, we define, for a ∈ ker ε, C(a) := −T [ f(a) + ∑ C(a^′_{:1}) f(a^′_{:2}) ] , (2.24)

assuming C(b) to be already defined, and multiplicative, whenever b has smaller degree than a. By comparing the expansions of Δ(ab) and (Δa)(Δb), we see that ∑ (ab)^′_{:1} ⊗ (ab)^′_{:2} = a ⊗ b + b ⊗ a + ∑ ab^′_{:1} ⊗ b^′_{:2} + b^′_{:1} ⊗ ab^′_{:2} + a^′_{:1}b ⊗ a^′_{:2} + a^′_{:1} ⊗ a^′_{:2}b + a^′_{:1}b^′_{:1} ⊗ a^′_{:2}b^′_{:2}.

Using the multiplicativity constraint (2.21) and the definition C(a) := −T (R(a)), we get C(a)C(b) = T [ R(a) ] T [ R(b) ] = −T [ R(a) R(b) + C(a) R(b) + R(a) C(b) ] = −T [ f(a)f(b) + C(a)f(b) + f(a)C(b) + ∑ C(a)C(b^′_{:1})f(b^′_{:2}) + f(a)C(b^′_{:1})f(b^′_{:2}) + ∑ C(a^′_{:1})f(a^′_{:2})C(b) + C(a^′_{:1})f(a^′_{:2})f(b) + C(a^′_{:1})f(a^′_{:2})C(b^′_{:1})f(b^′_{:2}) ] = −T [ f(a)f(b) + C(a)f(b) + C(b)f(a) + ∑ C(ab^′_{:1})f(b^′_{:2}) + C(b^′_{:1})f(ab^′_{:2}) + ∑ C(a^′_{:1}b)f(a^′_{:2}) + C(a^′_{:1})f(a^′_{:2}b) + C(a^′_{:1}b^′_{:1})f(a^′_{:2}b^′_{:2}) ] = −T [ f(ab) + ∑ C((ab)^′_{:1})f((ab)^′_{:2}) ] = C(ab), where, in the penultimate line, we have used the assumed multiplicativity of C in lower degrees.

▶ The decomposition R = C ∗f has a further consequence. Assume that the unrenormalized integrals, although divergent at ε = 0, make sense on the circle S in the complex plane where |ε| = |d − D| = r_0, say. Evaluation at any d = z defines a character χ_z : A → C of the Laurent-series algebra. Composing this character with f : H_Φ → A gives a loop of characters of H_Φ:

γ(z) := χ_z ∘ f, for any z ∈ S.

Likewise, γ_−(z) := χ_z ∘ C and γ_+(z) := χ_z ∘ R define characters of H_Φ —here is where we use the multiplicativity of C and R— and R = C ∗ f entails γ_+(z) = γ_−(z)γ(z), or equivalently,

γ(z) = γ_−(z)^{−1} γ_+(z), for all z ∈ S. (2.25)

The properties of the subalgebras A_+ and A_− show that γ_+(z) extends holomorphically to the disc |z − D| < r_0, while γ_−(z) extends holomorphically to the outer region |z − D| > r_0 with γ_−(∞) being finite. Since a function holomorphic on both regions must be constant

(Liouville’s theorem), we can normalize the factorization (2.25) just by setting γ_−(∞) := 1. The renormalization procedure thus corresponds to replacing the loop { γ(z) : z ∈ S } by the finite evaluation γ_+(D).

The decomposition (2.25) of a group-valued loop is known as the Birkhoff factorization, and arises in the study of linear systems of differential equations y^′(z) = A(z) y(z), where A(z) is a meromorphic n × n matrix-valued function with simple poles. The solution involves constructing a loop around one of these poles z_0 with values in the Lie group GL(n, C ). We refer to [79, Chap. 8] for an instructive discussion of this problem. Any such loop factorizes as follows: γ(z) = γ_−(z)^{−1} λ(z) γ_+ (z),

where γ_+(z) is holomorphic for |z − z_0| < r_0, γ_−(z) is holomorphic for |z − z_0| > r_0 with γ_−(∞) = 1, and { λ(z) : |z − z_0| = r_0 } is a loop with values in the n-torus of diagonal matrices. The loop λ provides clutching functions for n line bundles over the Riemann sphere, and these are obstructions to the solvability of the differential system. However, in our context, the Lie group GL(n, C ) is replaced by the topologically trivial group G(H_Φ), so that the loop λ becomes trivial and the decomposition (2.25) goes through as stated, thereby providing a general recipe for computing finite values in renormalizable theories.

3 Cyclic Cohomology

3.1 Hochschild and cyclic cohomology of algebras

We have already discussed briefly, in subsection 2.1, the Hochschild cohomology of associative algebras. Recall that a Hochschild n-cochain, for an algebra over the complex field, is a multilinear map φ : A^{n+1} → C , with the coboundary map given by (2.3). These n-cochains make up an A-bimodule C^n = C^n(A, A^∗); the n-cocycles Z^n = { φ ∈ C^n : bφ = 0 } and the n-coboundaries B^n = { bψ : ψ ∈ C^{n−1} } conspire to form the Hochschild cohomology module HH^n(A) := Z^n/B^n. A 0-cocycle τ is a trace on A, since τ (a_0a_1) − τ (a_1a_0) = bτ (a_0, a_1) = 0.

In the commutative case, when A = C^∞(M) is an algebra of smooth functions on a manifold M (we take A unital and M compact, as before), there is a theorem of Connes [19], which dualizes an older result in algebraic geometry due to Hochschild, Kostant and Rosenberg [54], to the effect that Hochschild classes for C^∞(M) correspond exactly to de Rham currents on M. (Currents are the objects which are dual to differential forms, and can be thought of as formal linear combinations of domains for line and surface integrals within M.) The correspondence [φ] → C_φ is given by skewsymmetrization of φ in all arguments but the first: ∫ C_φ a_0 da_1 ∧ · · · ∧ da_k := 1 k! ∑ π∈S_k (−1)^π φ(a_0, a_{π(1)}, . . . , a_{π(k)}).

Dually, Hochschild homology classes on C^∞(M) correspond to differential forms on M; that is, HH_k (C^∞(M)) ≃ A^k(M) for k = 0, 1, . . . , dim M.

On the de Rham side, the vector spaces D_k (M) of currents of dimension k form a complex, but with zero maps between them, so that each Hochschild class [φ] matches with a single current C_φ rather than with its homology class. To deal with the homology classes, we must bring in an algebraic expression for the de Rham boundary. This turns out to be a degree-lowering operation on Hochschild cochains: if ψ ∈ C^k, then Bψ ∈ C^{k−1}, given by Bψ(a_0, . . . , a_{k−1}) := k−1∑ j=0 (−1)^{j(k−1)}ψ(1, a_j , . . . , a_{k−1}, a_0, . . . , a_{j−1}) + (−1)^{(j−1)(k−1)}ψ(a_j, . . . , a_{k−1}, a_0, . . . , a_{j−1}, 1), (3.1) does the job. Indeed, if C is a k-current and φ_C is the (already skewsymmetric) cochain

φ_C (a_0, a_1, . . . , a_k) := ∫ C a_0 da_1 ∧ · · · ∧ da_k, then φ_C (a_0, . . . , a_{k−1}, 1) = 0, and therefore Bφ_C (a_0, . . . , a_{k−1}) = k−1∑ j=0 (−1)^{j(k−1)} ∫ C da_j ∧ · · · ∧ da_{k−1} ∧ da_0 ∧ · · · ∧ da_{j−1}

= k−1∑ j=0 ∫ C da_0 ∧ · · · ∧ da_{k−1} = k ∫ ∂C a_0 da_1 ∧ · · · ∧ da_{k−1}, by using Stokes’ theorem; thus Bφ_C = k φ_{∂C} . Up to the normalization factor k = deg C, the algebraic operator B delivers the de Rham boundary. Thus, the algebraic picture for de Rham homology involves a cohomology of algebras which uses both b and B. ▶ Dually, the Hochschild homology of algebras supports a degree-raising operator, also called B, which is closely related related to the de Rham coboundary (that is, the exterior derivative). Indeed, if we use the version of Hochschild homology where the chains belong to the universal graded differential algebra Ω^•A, with b given by (2.1), then B : Ω^kA → Ω^{k+1}A is given simply by

B(a_0 da_1 . . . da_k) := k∑ j=0 (−1)^{kj} da_j . . . da_k da_0 . . . da_{j−1}. (3.2) which mimics the operation ω → k dω on differential k-forms. In the manifold case, the various da_j anticommute, but for more general algebras they do not, so the cyclic summation in (3.2) is unavoidable. From the formula, it is obvious that B^2 = 0. One checks easily that bB + Bb = 0, too.

Exercise 3.1. If e ∈ A is an idempotent element, that is, e^2 = e, and k is even, check that b(e (de)^k) = e (de)^{k−1}, b((de)^k) = (2e − 1) (de)^{k−1}, B(e (de)^k) = (k + 1) (de)^{k+1}, B((de)^k) = 0.

If k is odd, show that instead, b(e(de)^k) = b((de)^k) = 0 and B(e(de)^k) = B((de)^k) = 0. ♦ Moving back to cohomology, one can check that b^2 = 0, B^2 = 0, and bB + Bb = 0 hold there, too. This gives rise to a bicomplex : . . . . . . . . b b b b C^{3 B}−−−→ C^{2 B}−−−→ C^{1 B}−−−→ C^0 b b b C^{2 B}−−−→ C^{1 B}−−−→ C^0 b b C^{1 B}−−−→ C^0 b C^0 Folding this up along the diagonals, we get a “total complex” whose coboundary operator is b + B, and whose module in degree n is C^n ⊕ C^{n−2} ⊕ C^{n−4} ⊕ · · · ⊕ C^{#n}, where #n = 0 or 1 according as n is even or odd. The cohomology of this total complex is, by definition, the cyclic cohomology HC^•(A) of the algebra A. (The letters HC stand for “homologie cyclique”: on replacing C^k by Ω^k (A) and running all the arrows backwards, we get a dual bicomplex; the homology HC_•(A) of its total complex is the cyclic homology of A.)

▶ There is an alternative description of cyclic cohomology, which in some ways is simpler. Let τ be the operation of cyclic permutation of the arguments of a Hochschild cochain:

τ φ(a_0, . . . , a_n) := φ(a_n, a_0, . . . , a_{n−1}). (3.3)

We say that φ is cyclic if τ φ = (−1)^nφ —notice that (−1)^n is the sign of this cyclic permutation— and denote the subspace of cyclic n-cochains by C^n_λ = C^n_λ (A) (the notation λ = (−1)^nτ is often used). If Z^n_λ (A) and B^n_λ (A) are the respective cyclic n-cocycles and cyclic n-coboundaries, an exercise in homological algebra shows that HC^n(A) ≃ Z^n_λ (A)/B^n_λ (A).

Let us compute HC^•(A) for a simple example: the algebra A = C , which is the coordinate algebra of a single point. The module C^n is one-dimensional, since φ(a_0, . . . , a_n) = a_0 . . . a_nφ(1, 1, . . . , 1); it has a basis element φ^n determined by φ^n(1, 1, . . . , 1) := 1. Clearly, bφ^n = ∑_{n+1} j=0 (−1)^j φ^{n+1} = 0 or φ^{n+1}, according as n is even or odd. We also find that Bφ^n = 0 or 2nφ^{n−1}, according as n is even or odd. The total complex is of the form

C^0−→ C^{d1}−→ C^{2 0}−→ C^{2 d2}−→ C^{3 0}−→ C^{3 d3}−→ · · ·

each d_j being injective with range of codimension 1; for instance, d_2(φ^3, φ^1) = (φ^4, 7φ^2, 2φ^0). The alternative approach, using cyclic n-cocycles, argues more simply that τ φ^n = φ^n, so that Z^n_λ (C ) = C or 0 according as n is even or odd, while B^n_λ (C ) = 0 for all n. Either way, HC^n(C ) = C if n is even, and HC^n(C ) = 0 if n is odd.

This periodicity might seem surprising: the de Rham cohomology of a one-point space is C in degree zero, and 0 in all higher degrees. Now we may notice that there is an obvious “shifting operation” S on the bicomplex, moving all modules right and up by one step (and pushing the total complex along by two steps); it leaves behind the first column, which is just the Hochschild complex of A. At the level of cohomology, we get a pair of maps HC^{n−2}(A)^S−→ HC^n(A)^I−→ HH^n(A), which actually splice together into a long exact sequence: · · · −→ HC^n(A)^I−→ HH^n(A)^B−→ HC^{n−1}(A)^S−→ HC^{n+1}(A)^I−→ HH^{n+1}(A) −→ · · · whose connecting homomorphism comes from the aforementioned B at the level of cochains. The detailed calculations which back up these plausible statements are long and tedious; they are given in [65, Chap. 2] for cyclic homology, and in [49, §10.1] is the cohomological setting. The upshot is that, by iterating the periodicity operator S, one can compute two direct limits, which capture the main algebraic invariants of A.

Definition 3.1. The periodicity maps S : HC^n → HC^{n+2} define two directed systems of abelian groups; their inductive limits

HP^0(A) := lim−→ HC^{2k}(A), HP^1(A) := lim−→ HC^{2k+1}(A),

are called the even and odd periodic cyclic cohomology groups of the algebra A. In particular, HP^0(C ) = C and HP^1(C ) = 0.

In the commutative case A = C^∞(M), it turns out that HC^•(A) does not quite capture the de Rham homology of M. The exact result —see [22, Thm. III.2.2] or [49, Thm. 10.5]— is HC^k(C^∞(M)) ≃ Z^{dR}_k (M) ⊕ H^{dR}_{k−2}(M) ⊕ H^{dR}_{k−4}(M) ⊕ · · · ⊕ H^{dR}_{#k} (M),

where Z^{dR}_k (M) is the vector space of closed k-currents on M, H^{dR}_r (M) is the rth de Rham homology group of M, and #k = 0 or 1 according as k is even or odd. However, one may use S to promote the closed k-currents, two degrees at a time, until the full de Rham homology is obtained, since Z^{dR}_k (M) = 0 for k > dim M; then we get de Rham homology exactly, albeit rolled up into even and odd degrees:

HP^0(C^∞(M)) ≃ H^{dR}_{even}(M), HP^1(C^∞(M)) ≃ H^{dR}_{odd}(M).

There is also a dual result, which matches a periodic variant of the cyclic homology of C^∞(M) with the even/odd de Rham cohomology of M.

▶ The importance of this algebraic scheme for de Rham co/homology is that it provides many Chern characters, even for highly noncommutative algebras. Generally speaking, Chern characters are tools to compute algebraic invariants from the more formidable Ktheory and K-homology of algebras. The idea is to associate, to any pair of classes [x] ∈ K_•(A) and [D] ∈ K^•(A) another pair of classes ch_• x ∈ HC_•(A) and ch^• D ∈ HC^•(A), given by explicit and manageable formulas, so that the index pairing ⟨[x], [D]⟩ can be computed from a cyclic co/homology pairing ⟨ch_• x, ch^• D⟩, which is usually more tractable. We look at the K-theory version first, and distinguish the even and odd cases.

Suppose first that e = e^2 is an idempotent in A, representing a class [e] ∈ K_0(A); we define ch e := ∑_∞ k=0 ch_k e ∈ Ω^{even}A, where the component chains are

ch_k e := (−1)^k

(2k)! k! (e −^1_2 ) (de)^{2k} ∈ Ω^{2k}A,

It follows from Exercise 3.1 that (b + B)(ch e) = 0. Next, if u ∈ A is invertible, representing a class [u] ∈ K_1(A); we define ch u := ∑_∞ k=0 ch_{k+} 1_2 u ∈ Ω^{odd}A, with components

ch_{k+} 1_2 u := (−1)^kk! u^{−1} du (d(u^{−1}) du)^k = k! (u^{−1} du)^{2k+1} ∈ Ω^{2k+1}A.

Again, one checks that (b + B)(ch u) = 0. Actually, it is fairly rare that K-theory classes arise from idempotents or invertibles in the original algebra A; more often, e and u belong to M_r(A), the algebra of r × r matrices with entries in A, for some r = 1, 2, 3, . . . ; so in the definitions we must insert a trace over these matrix elements; the previous equations must be modified to

ch_k e := (−1)^k

(2k)! k! tr ( (e −^1_2 ) (de)^{2k} ) ∈ Ω^{2k}A, (3.4a)

ch_{k+} 1_2 u := k! tr(u^{−1} du)^{2k+1} ∈ Ω^{2k+1}A. (3.4b)

For instance, tr(e de de) = ∑ e_{ij} de_{jk} de_{ki}. The pairing of, say, the 2-chain ch_1 e and a 2- cochain φ is given by ⟨φ, ch_1 e⟩ = −2 ∑ φ(e_{ij} −^1_2 δ_{ij} , e_{jk}, e_{ki}). ▶ The Chern character from K-homology to cyclic cohomology is trickier to define. First of all, what is a K-cycle over the algebra A? It turns out that it is just a spectral triple (A, H, D), of Definition 1.1: an even spectral triple is a K^0-cycle, an odd spectral triple is a K^1-cycle. The unboundedness of the selfadjoint operator D may cause trouble, but one can always replace D (using the homotopy D → D |D|^{−t} for 0 ≤ t ≤ 1) with its sign operator F := D |D|^{−1}, which is a symmetry, that is, a bounded selfadjoint operator such that F^2 = 1. The compactness of |D|^{−1} translates to the condition that [F, a] be compact for each a ∈ A; in the even case, F anticommutes with the grading operator χ, just like D does. The triple (A, H, F ), satisfying these conditions, is called a Fredholm module; it represents the same K-homology class as the spectral triple (A, H, D).

Although F is bounded, it is analytically a much more singular object than D, as a general rule. For instance, if D = (2πi)^{−1} d/dθ is the Dirac operator on the unit circle S^1, one finds that F is given by a principal-value integral:

F h(α) = P

∫_1 0 i h(α − θ) cot πθ dθ, which is a trigonometric version of the Hilbert transform on L^2(R), F h(x) = i π P ∫ h(x − t) t dt := i π lim_{ε↓0} ∫ |t|>ε h(x − t) t dt. This can be seen by writing both operators in a Fourier basis for H = L^2(S^1): D(e^{2πikθ} ) = k e^{2πikθ}, F (e^{2πikθ}) = (sign k) e^{2πikθ} , with the convention that sign 0 = 1. This analytic intricacy of F must be borne in mind when regarding the formula for the Chern character of its K-homology class, which is given by the cyclic n-cocycle

τ^n_F (a_0, . . . , a_n) :=

Γ(^n_2 + 1) 2 n! Tr ( χF [F, a_0] . . . [F, a_n] ) , (3.5)

provided n is large enough that the operator in parentheses is trace-class. (The Fredholm module is said to be “finitely summable” if this is true for a large enough n.) One can always replace n by n + 2, because it turns out that Sτ^n_F and τ^{n+2}_F are cohomologous, so that the

Chern character is well-defined as a periodic class. Much effort has gone into finding more tractable “local index formulas” for this Chern character, in terms of more easily computable cocycles: see [32] or [4].

▶ An important example of a cyclic 1-cocycle —historically one of the first to appear in the literature [1, 2]— is the Schwinger term of a 1 + 1-dimensional QFT. In that context, there is a fairly straightforward “second quantization” in Fock space: we recall here only a few aspects of the formalism. In “first quantization”, one starts with a real vector space V of solutions of a Dirac-type equation (i ∂/∂t − D)ψ = 0, together with a symmetric bilinear form g making it a real Hilbert space. If E_+ and E_− denote the orthogonal projectors on the subspaces of positive- and negative-frequency solutions, respectively, the sign operator is F := E_+ − E_−; moreover, J := iF = iE_+ − iE_− is an orthogonal complex structure on V (in other words, J^2 = −1), which can be used to make V into a complex Hilbert space V_J with the scalar product ⟨u | v⟩_J := g(u, v) + ig(Ju, v). (In examples representing charged fields, V is already a complex Hilbert space with an “original” complex structure Q = i; the construction of the new Hilbert space with complex structure J is equivalent to “filling up the Dirac sea”, and Q is the charge, a generator of global gauge transformations.)

The fermion Fock space F_J (V ) is simply the exterior algebra over V_J ; the scalars in Λ^0V are the multiples of the vacuum vector |0⟩. If {u_j } is an orthonormal basis for V_J , there are corresponding creation and annihiliation operators on F_J (V ):

a^†_i (u_1 ∧ · · · ∧ u_k ) := u_i ∧ u_1 ∧ · · · ∧ u_k,

a_i(u_1 ∧ · · · ∧ u_k ) := k∑ j=1 (−1)^{j−1}⟨u_i | u_j ⟩_J u_1 ∧ · · · ∧ ^u_j ∧ · · · ∧ u_k . Any real-linear operator B on V can be written as B = B_+ + B_− where B_+ :=^1_2 (B − JBJ) gives a complex-linear operator on V_J because it commutes with J, but B_− :=^1_2 (B + JBJ) is antilinear: JB_− = −B_−J. A skewsymmetric operator B is quantizable, by a result of Shale and Stinespring [93], if and only if [J, B] = 2JB_− is Hilbert–Schmidt operator, and the second-quantization rule is B → μ̇(B), where μ̇(B) is the following operator on Fock space:

μ̇(B) := 1 2 ∑ k,l ⟨u_k | B_−u_l⟩_J a^†_ka^†_l + 2 ⟨u_k | B_+u_l⟩_J a^†_ka_l − ⟨B_−u_l | u_k⟩_J a_la_k. (3.6)

The rule complies with normal ordering, because ⟨0|μ̇(B)|0⟩ = 0, i.e., the vacuum expectation value is zero. However, this implies that (3.6) is not quite a representation of the Lie algebra { B = −B^t : B_− is Hilbert–Schmidt }. The anomalous commutator, or Schwinger term, is given by [μ̇(A), μ̇(B)] − μ̇([A, B]) = −^1_2 Tr[A_−, B_−].

This is a well-known result: see [48] or [49, Thm. 6.7] for a proof. The trace here is taken on the Hilbert space V_J ; notice that, although [A_−, B_−] is a traceclass commutator, its trace need not vanish, because it is the commutator of antilinear operators.

The claim is that α(A, B) := −^1_2 Tr[A_−, B_−] defines a cyclic 1-cocycle on the algebra generated by such A and B. For that, we rewrite it in terms of a trace of operators on the complexified space V^C := V ⊕ iV ; any real-linear operator B on V extends to a C -linear operator on V^C in the obvious way: B(u + iv) := B(u) + iB(v). For instance, F := E_+ − E_− where E_+ and E_− now denote complementary orthogonal projectors on V^C . Taking now the trace over V^C , too, we find that

α(A, B) =^1_8 Tr(F [F, A][F, B]). (3.7)

To see that, first notice that F [F, B] = B − F BF = −[F, B]F , and so Tr(F [F, A][F, B]) = Tr([F, B]F [F, A]) = − Tr(F [F, B][F, A]). The right hand side of (3.7) is unchanged under skewsymmetrization:^1_8 Tr(F [F, A][F, B]) =^1_2 Tr(A_−F B_−) = −^1_4 Tr(F [A_−, B_−]). Thus, in turn, equals

−^1_4 Tr(F [A_−, B_−]) = −^1_4 Tr(E_+[A_−, B_−]E_+) +^1_4 Tr(E_−[A_−, B_−]E_−) = −^1_2 Tr(E_+A_−E_−B_−E_+ − E_+B_−E_−A_−E_+) = α(A, B).

This is a cyclic cochain, since α(A, B) = −α(B, A); and it is a cocycle because bα(A, B, C) =^1_8 Tr(F [F, AB][F, C] − F [F, A][F, BC] + F [F, CA][F, B]) =^1_8 Tr(F A[F, B][F, C] − F [F, A][F, B]C + F C[F, A][F, B] + F [F, C]A[F, B]) =^1_8 Tr(F A[F, B][F, C] − [F, A][F, B]F C + F C[F, A][F, B] − [F, C]F A[F, B]) = 0.

The Schwinger term is actually just a multiple of the Chern character τ^1_F , as specified by (3.5), of the Fredholm module defined by F . The Shale–Stinespring condition shows that F [F, A][F, B] is trace-class, so that, in this case, the character formula makes sense already for n = 1.

3.2 Cyclic cohomology of Hopf algebras We now take a closer look at the algebraic operators b and B, in the cohomological setting. They can be built up from simpler constituents. First of all, the coboundary b : C^{n−1} → C^n may be written as b = ∑_n i=0(−1)^iδ_i, where δ_iφ(a_0, . . . , a_n) := φ(a_0, . . . , a_ia_{i+1}, . . . , a_n), i = 0, 1, . . . , n − 1, δ_nφ(a_0, . . . , a_n) := φ(a_na_0, . . . , a_{n−1}). We also introduce maps σ_j : C^{n+1} → C^n, for j = 0, 1, . . . , n, given by σ_j φ(a_0, . . . , a_n) := φ(a_0, . . . , a_j , 1, a_{j+1}, . . . , a_n), and recall the “cyclic permuter” τ : C^n → C^n of (3.3): τ φ(a_0, . . . , a_n) := φ(a_n, a_0, . . . , a_{n−1}).

Notice that τ^{n+1} = 1 on C^n. The operator B is built from the σ_j and τ , as follows. The “cyclic skewsymmetrizer” N := ∑_n k=0(−1)^{nk} τ^k acts on C^n as Nφ(a_0, . . . , a_n) = φ(a_0, . . . , a_n) + n∑ k=1 (−1)^{nk} φ(a_{n−k+1}, . . . , a_n, a_0, . . . , a_{n−k}). The formula (3.1) now reduces to

B = (−1)^nN(σ_0τ^{−1} + σ_n) : C^{n+1} → C^n.

The algebraic structure of cyclic cohomology is essentially determined by the relations between the elementary maps δ_i, σ_j and τ . For instance, the associativity of the algebra A is captured by the rule δ_{i+1}δ_i = δ^2_i as maps from C^{n−1} to C^{n+1}. Here is the full catalogue of these composition rules:

δ_j δ_i = δ_iδ_{j−1} if i < j; σ_j σ_i = σ_iσ_{j+1} if i ≤ j;

σ_j δ_i = δ_iσ_{j−1} if i < j, ι if i = j or j + 1, δ_{i−1}σ_j if i > j + 1;

τ δ_i = δ_{i−1}τ : C^{n−1} → C^n for i = 1, . . . , n, and τ δ_0 = δ_n, τ σ_j = σ_{j−1}τ : C^{n+1} → C^n for j = 1, . . . , n, and τ σ_0 = σ_nτ^2, τ^{n+1} = ι on C^n. (3.8)

The first three rules, not involving τ , arise when working with simplices of different dimensions, where the “face maps” δ_i identify an (n − 1)-simplex with the ith face of an n-simplex, while the “degeneracy maps” σ_j reduce an (n + 1)-simplex to an n-simplex by collapsing the edge from the jth to the (j + 1)st vertex into a point. A set of simplices, one in each dimension, together with maps δ_i and σ_j complying with the above rules, forms the so-called “simplicial category” Δ —see [65], for instance— and any other instance of those rules defines a functor from Δ to another category: in other words, Δ is a universal model for those rules.

By bringing in the next three rules involving τ also, Connes defined a “cyclic category” Λ which serves as a universal model for cyclic cohomology [18]. Essentially, one supplements Δ with the maps which cyclically permute the vertices of each simplex (an ordering of the vertices is given). The point of this exercise is its universality, so that any system of maps complying with (3.8) gives a bona-fide cyclic cohomology theory, complete with periodicity properties and so on. Indeed, one can show [49, Lemma 10.4] that if γ : C^{n−1} → C^n is defined by γ := ∑_n k=1(−1)^kk δ_k, then S := (n^2 + n)^{−1}bγ defines the periodicity operator on cyclic (n − 1)-cocycles.

▶ Important cyclic cocycles, such as the characteristic classes for the algebras which typically arise in noncommutative geometry, can be quite difficult to compute. This is especially true for crossed product algebras, such as those of subsection 1.3. It is time to discuss how this problem may be addressed by transfer from cyclic cocycles of an associated Hopf algebra which acts on the algebra in question.

We recall from subsection 1.3 that such a crossed product algebra A, obtained from the action of local diffeomorphisms on the frame bundle over a manifold, carries an action of a certain Hopf algebra H of differential (and multiplication) operators, where the Hopf action itself codifies the generalized Leibniz rules for these operators. To define characteristic classes in HC^•(A), we introduce a new cyclic cohomology for H and then show how to map H-classes to A-classes.

This cyclic cohomology for H was introduced in [33] and developed further in [34–36] and also in [37, 38]. Its definition will make full use of the Hopf algebra structure, so we proceed in a “categorical” fashion. We shall first assume that the antipode S is involutive, that is, S^2 = ι_H . As indicated earlier, this holds true for commutative or cocommutative Hopf algebras, although not for the Hopf algebra H_{CM} of subsection 1.3; but that case can be handled by making a suitable adjustment later on.

To set up the cyclic cohomology of H, we start with the algebras C^n(H) := H^{⊗n} for n = 1, 2, 3, . . . and C^0(H) := C (or F, if one prefers other kinds of scalars). This looks superficially like the chain complex for associative algebras, but we shall make it a cochain complex by (once again) taking advantage of duality to replace products by coproducts, and so on. The “simplicial” operations are defined by

δ_0(h^1 ⊗ · · · ⊗ h^{n−1}) := 1 ⊗ h^1 ⊗ · · · ⊗ h^{n−1}, δ_i(h^1 ⊗ · · · ⊗ h^{n−1}) := h^1 ⊗ · · · ⊗ Δ(h^i) ⊗ · · · ⊗ h^{n−1}, i = 1, . . . , n − 1, δ_n(h^1 ⊗ · · · ⊗ h^{n−1}) := h^1 ⊗ · · · ⊗ h^{n−1} ⊗ 1, σ_j (h^1 ⊗ · · · ⊗ h^{n+1}) := ε(h^{j+1}) h^1 ⊗ · · · ⊗ h^j ⊗ h^{j+2} ⊗ · · · ⊗ h^{n+1}. (3.9)

For n = 0, these reduce to δ_0(1) := 1, δ_1(1) := 1, and σ_0(h) := ε(h). The relation δ_{i+1}δ_i = δ^2_i of (3.8) expresses the coassociativity of Δ and the equation Δ(1) = 1 ⊗ 1; the relations σ_j δ_j = σ_j δ_{j+1} = ι are equivalent to (ι ⊗ ε)Δ = (ε ⊗ ι)Δ = ι; and the remaining relations involving the δ_i and the σ_j only are trivial.

To define the cyclic permuter τ , we first note that H^{⊗n} is itself an H-module algebra under the “diagonal” action of H:

h · (k^1 ⊗ · · · ⊗ k^n) := (Δ^{n−1}h) (k^1 ⊗ · · · ⊗ k^n) = ∑ h_{:1}k^1 ⊗ h_{:2}k^2 ⊗ · · · ⊗ h_{:n}k^n.

We then define

τ (h^1 ⊗ · · · ⊗ h^n) := S(h^1) · (h^2 ⊗ · · · ⊗ h^n ⊗ 1) = Δ^{n−1}(S(h^1)) (h^2 ⊗ · · · ⊗ h^n ⊗ 1) = ∑ S(h^1_{:n})h^2 ⊗ S(h^1_{:n−1})h^3 ⊗ · · · ⊗ S(h^1_{:2})h^n ⊗ S(h^1_{:1}). (3.10)

The cyclicity property of τ is a consequence of the following calculation.

Proposition 3.1. The map τ : H^{⊗n} → H^{⊗n} satisfies

τ^{n+1}(h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) = S^2(h^1) ⊗ S^2(h^2) ⊗ · · · ⊗ S^2(h^n). (3.11)

Proof. First we compute τ^2(h^1 ⊗ h^2 ⊗ · · · ⊗ h^n). The diagonal action of S(S(h^1_{:n}) h^2) = S(h^2) S^2(h^1_{:n}) gives

τ^2(h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) = ∑ S(h^2_{:n}) S^2(h^1_{:n}) S(h^1_{:n−1}) h^3 ⊗ S(h^2_{:n−1}) S^2(h^1_{:n+1}) S(h^1_{:n−2}) h^4 ⊗ · · · ⊗ S(h^2_{:2}) S^2(h^1_{:2n−2}) S(h^1_{:1}) ⊗ S(h^2_{:1}) S^2(h^1_{:2n−1}).

Observe that ∑ S^2(h_{:2}) S(h_{:1}) = S (∑ h_{:1} S(h_{:2}) ) = S(ε(h) 1) = ε(h) 1. A further simplification is ∑ ε(h_{:2})S^2(h_{:3}) S(h_{:1}) = ∑ S^2(h_{:2}) S(h_{:1}) = ε(h) 1, so the terms S^2(h^1_{:n+k} ) S(h^1_{:n−k−1}) telescope from left to right, leaving

τ^2(h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) = ∑ S(h^2_{:n}) h^3 ⊗ S(h^2_{:n−1}) h^4 ⊗ · · · ⊗ S(h^2_{:2}) ⊗ S(h^2_{:1}) S^2(h^1),

where the sum runs over the terms in Δ^{n−1}S(h^2). After n − 1 iterations of this process, we obtain

τ^n(h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) = ∑ S(h^n_{:n}) ⊗ S(h^n_{:n−1}) S^2(h^1) ⊗ · · ·⊗ S(h^n_{:2}) S^2(h^{n−2}) ⊗ S(h^n_{:1}) S^2(h^{n−1}),

and, since Δ^{n−1}(S(1)) = 1 ⊗ · · · ⊗ 1, the final iteration gives (3.11).

This shows that the condition S^2 = ι_H is necessary and sufficient to give τ^{n+1} = ι on C^n(H). We leave the remaining relations in (3.8) to the reader.

▶ However, it turns out that S^2 is not the identity in the Hopf algebra H_{CM} . For instance,

S^2(X) = S(−X + λ_1Y ) = (X − λ_1Y ) + S(Y ) S(λ_1) = X + [Y, λ_1] = X + λ_1.

The day is saved by the existence of a character δ of H_{CM} such that the “twisted antipode” S_δ := ηδ ∗ S is involutive. Indeed, since X and λ_1 are commutators, any character satisfies δ(X) = δ(λ_1) = 0, so any character is determined by its value on the other algebra generator, Y . We set δ(Y ) := 1. (Recall that ε(Y ) = 0.) Now

S_δ(h) := (ηδ ∗ S)(h) = ∑ δ(h_{:1}) S(h_{:2}),

so the twisted antipode does satisfy S^2_δ = ι_H .

Exercise 3.2. Show this by verifying S^2_δ (X) = X, S^2_δ (Y ) = Y , and S^2_δ (λ_1) = λ_1 directly. ♦

The relation with the coproduct is given by

Δ(S_δ(h)) = ∑ S(h_{:2}) ⊗ S_δ(h_{:1}), Δ^2(S_δ(h)) = ∑ S(h_{:3}) ⊗ S(h_{:2}) ⊗ S_δ(h_{:1}),

and more generally, Δ^{n−1}(S_δ(h)) = ∑ S(h_{:n}) ⊗ · · · ⊗ S(h_{:2}) ⊗ S_δ(h_{:1}). It is also worth noting that ∑ S_δ(h_{:1}) h_{:2} = ∑ δ(h_{:1}) S(h_{:2}) h_{:3} = ∑ δ(h_{:1}) ε(h_{:2}) 1 = δ(h) 1.

The crossed product algebra A on which H_{CM} acts carries a distinguished faithful trace, given by integration over the frame bundle F with the Γ-invariant volume form ν:

φ(fU^†_ψ ) := 0 if ψ ≠ ι, φ(f) := ∫ F f dν. (3.12)

It follows from (1.18) that, for a = fU^†_ψ and b = gU_ψ , the equality φ(ab) = φ(ba) reduces to ∫ F f(g ∘ ~ψ) dν = ∫ F (f ∘ ~ψ^{−1})g dν, so that the Γ-invariance of ν yields the tracial property of φ.

If f ∈ C^∞_c (F ), it is easily checked that ∫ F (Xf) dν = 0 and that ∫ F (Y f) dν = ∫ F f dν, using integration by parts. Moreover, since λ_1(f) := h_ιf from (1.23) and h_ι = 0, we also get ∫ F (λ_1f) dν = 0. These identities are enough to confirm that φ(h · a) = δ(h) φ(a), for all h ∈ H_{CM} , a ∈ A. It is standard to call a functional μ on A “invariant” under a Hopf action if the relation μ(h · a) = ε(h) μ(a) holds. Since the character δ takes the place of the counit here, we may say that the trace φ is a δ-invariant functional.

This δ-invariance may be reformulated as a rule for integration by parts, as pointed out in [35]:

φ((h · a) b) = φ(a (S_δ(h) · b)). (3.13)

Indeed, one only needs to observe that φ((h · a) b) = ∑ φ((h_{:1} · a) ε(h_{:2}) b) = ∑ φ((h_{:1} · a) (h_{:2} S(h_{:3}) · b)) = ∑ φ(h_{:1} · (a (S(h_{:2}) · b))) = ∑ δ(h_{:1}) φ(a (S(h_{:2}) · b)) = φ(a (S_δ(h) · b)).

The cyclic permuter τ must be redefined to take account of the twisted antipode S_δ, as follows:

τ (h^1 ⊗ · · · ⊗ h^n) := S_δ(h^1) · (h^2 ⊗ · · · ⊗ h^n ⊗ 1) = Δ^{n−1}(S_δ(h^1)) (h^2 ⊗ · · · ⊗ h^n ⊗ 1) = ∑ S(h^1_{:n})h^2 ⊗ S(h^1_{:n−1})h^3 ⊗ · · · ⊗ S(h^1_{:2})h^n ⊗ S_δ(h^1_{:1}).

A straightforward modification of the proof of Proposition 3.1 yields the following identity [37, Prop. 4.4]:

τ^{n+1}(h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) = S^2_δ (h^1) ⊗ S^2_δ (h^2) ⊗ · · · ⊗ S^2_δ (h^n).

Thus, S^2_δ = ι_H entails τ^{n+1} = ι on C^n(H).

▶ The cyclic cohomology HC^•_δ (H) is now easily defined. The maps b : C^{n−1}(H) → C^n(H) and B : C^{n+1}(H) → C^n(H) are given by the very same formulae as before:

b := n∑ i=0 (−1)^iδ_i, B := (−1)^nN(σ_0τ^{−1} + σ_n),

where N := ∑_n k=0(−1)^{nk} τ^k on C^n(H).

Exercise 3.3. Show that h ∈ H is a cyclic 1-cocycle if and only if h is primitive and δ(h) = 0. ♦

It remains to show how HC^•_δ (H) and HC^•(A) are related; the trace φ provides the link. For each n = 0, 1, 2, . . . , we define a linear map γ_φ : C^n(H) → C^n(A, A^∗) by setting γ_φ(1) := φ and

γ_φ(h^1 ⊗ · · · ⊗ h^n) : (a_0, . . . , a_n) → φ(a_0 (h^1 · a_1) . . . (h^n · a_n)).

Following [35], we call γ_φ the characteristic map associated to φ.

It is easy to check that γ_φ intertwines the maps δ_i, σ_j and τ defined on the two cochain complexes. For instance, if i = 1, 2, . . . , n − 1, then

γ_φδ_i(h^1 ⊗ · · · ⊗ h^n) : (a_0, . . . , a_{n+1}) → γ_φ(h^1 ⊗ · · · ⊗ Δ(h^i) ⊗ · · · ⊗ h^{n−1}) (a_0, . . . , a_{n+1}) = φ(a_0 (h^1 · a_1) . . . (h^i_{:1} · a_i) ((h^i_{:2} · a_{i+1}) . . . (h^n · a_{n+1})) = φ(a_0 (h^1 · a_1) . . . (h^i · (a_ia_{i+1})) . . . (h^n · a_{n+1})) = δ_iγ_φ(h^1 ⊗ · · · ⊗ h^n) (a_0, . . . , a_{n+1}).

To match the cyclic actions, we first recall that

τ (h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) = S_δ(h^1) · (h^2 ⊗ · · · ⊗ h^n ⊗ 1) = ∑ S(h^1_{:2}) · (h^2 ⊗ · · · ⊗ h^n) ⊗ S_δ(h^1_{:1}).

Write b := (h^2 · a_1) . . . (h^n · a_{n−1}); then, using the “integration by parts” formula, we get

γ_φτ (h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) (a_0, . . . , a_n) = ∑ φ ( a_0 (S(h^1_{:2}) · b) S_δ(h^1_{:1}) · a_n ) = ∑ φ ( h^1_{:1} · (a_0 S(h^1_{:2}) · b) a_n ) = ∑ φ ( a_n (h^1_{:1} · a_0) (h^1_{:2} S(h^1_{:3}) · b) ) = ∑ φ ( a_n (h^1_{:1} · a_0) ε(h^1_{:2})b ) = φ(a_n (h^1 · a_0) b) = φ ( a_n (h^1 · a_0) (h^2 · a_1) . . . (h^n · a_{n−1}) ) = τ γ_φ(h^1 ⊗ h^2 ⊗ · · · ⊗ h^n) (a_0, . . . , a_n).

In retrospect, we can see what lies behind the definition of τ on C^n(H): on reading the last calculation backwards, we see that the formula for τ is predetermined in order to fulfil γ_φτ = τ γ_φ for any δ-invariant trace φ.

▶ We conclude with two variations on this algorithm for characteristic classes. The first concerns algebras which support a Hopf action but have no natural δ-invariant trace. In the theory of locally compact quantum groups [63], another possibility arises, namely that instead of a trace the algebra supports a linear functional φ such that φ(ab) = φ(b(σ · a)) where σ is a grouplike “modular element” of the Hopf algebra. If φ is also δ-invariant for a character δ such that δ(σ) = 1, only two further modifications of the elementary maps (3.9) and (3.10) are needed: δ_n(h^1 ⊗ · · · ⊗ h^{n−1}) := h^1 ⊗ · · · ⊗ h^{n−1} ⊗ σ, τ (h^1 ⊗ · · · ⊗ h^n) := S_δ(h^1) · (h^2 ⊗ · · · ⊗ h^n ⊗ σ).

This time, the computation in Proposition 3.1 leads to

τ^{n+1}(h^1 ⊗ · · · ⊗ h^n) = σ^{−1}S^2_δ (h^1) σ ⊗ · · · ⊗ σ^{−1}S^2_δ (h^n) σ.

Thus, the necessary and sufficient condition for τ^{n+1} = ι is S^2_δ (h) = σhσ^{−1} for all h. See [34] and [49, §14.7] for the detailed construction of the characteristic map in this “modular” case.

The other variant concerns the application to the original problem of finding characteristic classes for foliations, in the higher-dimensional cases, as discussed at the end of subsection 1.3. What is needed is a cohomology theory which takes account of the Hopf algebroid structure, when the coefficient is R = C^∞(F ) instead of C . The formula (3.12) continues to define a Γ-invariant faithful trace on the algebra A. Now, however, instead of seeking a special character δ, the main role is taken by the integration-by-parts formula (3.13). The twisted antipode in that formula is replaced by a map ~S : H → H, subject to four requirements: (a) that it be an algebra antihomomorphism; (b) which is involutive, that is, ~S^2 = ι_H ; (c) that it exchange the algebroid actions of (1.25), namely, ~S β = α; and (d) that m( ~S ⊗_R ι)Δ = βε ~S. Connes and Moscovici show in [36] that a unique map ~S satisfying these properties exists, and with its help one can again build a cyclic cohomology theory for the Hopf algebroid of transverse differential operators, which provides the needed invariants of A.

4 Noncommutative Homogeneous Spaces

4.1 Chern characters and noncommutative spheres

A fundamental theme of noncommutative geometry is the determination of geometric quantities from the spectra of certain operators on Hilbert space. An early precursor is Weyl’s theorem on the dimension and volume of a compact Riemannian manifold: these are determined by the growth of the eigenvalues of the Laplacian. For spin manifolds, one can obtain the same data from the asymptotics of the spectra of the Dirac operator D/ . This phenomenon forms the background for the study of spectral triples. We know, for instance, that a spectral triple (A, H, D) over the algebra A = C^∞(M), complying with the seven requirements listed in subsection 1.1, provides a spin structure and a Riemannian metric on M for which D equals D/ plus a torsion term.

A question raised in the paper which introduced these seven conditions [23] is whether the manifold itself —or its algebra of smooth coordinates— may be extracted from spectral data. The key property here is the orientation or volume-form condition:

π_D(c) = χ, with c ∈ C_n(A) such that b c = 0, (4.1)

where n is the classical dimension of the spin geometry. In view of the isomorphism between HH_n(C^∞(M)) ≃ A^n(M), there is a unique n-form ν matched to the class [c] of the Hochschild n-cycle. It turns out that (4.1) entails that ν is nonvanishing on M, so that, suitably normalized, it is a volume form; in fact, it is the Riemannian volume for the metric associated to the Dirac-type operator D.

To see how this works, recall that the standard volume form on the 2-sphere S^2 is ν = x dy ∧ dz + y dz ∧ dx + z dx ∧ dy ∈ A^2(S^2). (4.2) The corresponding Hochschild 2-cycle is

c :=^i_2 ( x (dy dz − dz dy) + y (dz dx − dx dz) + z (dx dy − dy dx) ) ∈ Ω^2(C^∞(S^2)), (4.3)

and (4.1) becomes i 2 ( x [[D, y], [D, z]] + y [[D, z], [D, x]] + z [[D, x], [D, y]] ) = χ. (4.4)

The algebra A = C^∞(S^2) is generated by the three commuting coordinates x, y, z, subject to the constraint x^2+y^2+z^2 = 1. It is important to note that one can vary the metric on S^2 while keeping the volume form ν fixed; one usually thinks of the round metric g = dx^2 + dy^2 + dz^2 which is SO(3)-invariant, but one can compose g with any volume-preserving diffeomorphism of S^2 to get many another metric g^′ whose volume form is also ν. Therefore, the D in the equation (4.1) is not uniquely determined; it may be a Dirac operator D = D/_g′ obtained from any such metric g^′ (the Hilbert space H is the vector space of square-integrable spinors on S^2).

On the other hand, one may think of (4.4) as a (highly nonlinear) equation for the coordinates x, y, z. To see how this comes about, we collect the three coordinates for the

2-sphere into a single orthogonal projector (selfadjoint idempotent),

e := 1 2 ( 1 + z x − iy x + iy 1 − z ) , (4.5)

in the algebra of 2 × 2 matrices, M_2(C^∞(S^2)). This is actually the celebrated Bott projector, whose class [e] ∈ K_0(C^∞(S^2)) = K^0(S^2) is nontrivial. It is easy to check the following identity in exterior algebra:

tr((e −^1_2 ) de ∧ de) =^i_2 ν ∈ A^2(S^2).

Now, up to normalization and replacement of the exterior derivative by the differential of the universal graded differential algebra Ω^•(C^∞(S^2)), the left hand side is just the term ch_1 e of the cyclic-homology Chern character of [e]. Notice that ch_0 e = tr(e −^1_2 ) vanishes also. The cyclic homology computations preceding (3.4) show that, in full generality,

b(ch_1 e) = −B(ch_0 e),

so that the vanishing ch_0 e = 0 is enough to guarantee that ch_1 e is a Hochschild cycle: b(ch_1 e) = 0.

▶ We now switch to a different point of view. Suppose we wish to produce examples of spectral triples (A, H, D, C, χ) satisfying the seven conditions for a noncommutative spin geometry. We first fix the classical dimension, which for convenience we shall suppose to be even: n = 2m. Then we start from the orientation condition:

π_D(ch_m e) = χ, (4.6a)

subject to the constraints

ch_0 e = 0, ch_1 e = 0, . . . , ch_{m−1} e = 0, (4.6b)

which guarantee that ch_m e will be a Hochschild 2m-cycle.

Consider (4.6) as a system of equations for an “unknown” projector e ∈ M_r(A), r being a suitable matrix size. What does this system tell us about the coordinate algebra A?

In Connes’ survey paper [25], the answer is given in detail for the case n = 2, r = 2: it turns out that (4.6b) forces A to be commutative, and (4.6a) ensures that its character space is the 2-sphere. We summarize the argument, following our [49, §11.A]. First of all, the selfadjointness e^∗ = e and the equation ch_0 e = tr(e −^1_2 ) = 0 allow us to write e in the form (4.5), where x, y, z are selfadjoint elements of A. The positivity of the projector e implies −1 ≤ z ≤ 1 (here we are implicitly assuming that A is a dense subalgebra of a C^∗-algebra). The idempotence e^2 = e boils down to a pair of equations

(1 ± z)^2 + x^2 + y^2 ± i[x, y] = 2(1 ± z), (1 ∓ z)(x ± iy) + (x ± iy)(1 ± z) = 2(x ± iy), which simplify to [x, y] = [y, z] = [z, x] = 0 and x^2 + y^2 + z^2 = 1. Thus, x, y, z generate a commutative algebra A. Moreover, by regarding them as commuting selfadjoint operators in a faithful representation of A, the equation x^2 + y^2 + z^2 = 1 tells us that their joint spectrum in R^3 is a closed subset V of the sphere S^2: the C^∗-completion of A is C(V ).

This partial description of A has not yet used the main equation (4.6a), whose role is to confirm that V is all of S^2. For convenience, we abbreviate da := [D, a] (at this stage, d is just an unspecified derivation on A). Since

de = 1 2 ( dz dx − i dy dx + i dy −dz ) , a short calculation gives

χ = tr((e −^1_2 ) de de) =^i_2 ( x [dy, dz] + y [dz, dx] + z [dx, dy] ) . This is of the form π_D(c) = χ, where c is just the Hochschild 2-cycle of the formula (4.3). The corresponding volume form on V is precisely (4.2): but this volume is nonvanishing on all of S^2, so we conclude that V = S^2. The pre-C^∗-algebra A, generated by x, y, z, is none other than C^∞(S^2)!

▶ The odd-dimensional case n = 2m+1 uses the odd Chern character (3.4b), and its orientation condition is π_D(ch_{m+} 1_2 u) = 1, with constraints ch_{k+} 1_2 u = 0 for k = 0, 1, . . . , m − 1. The unitarity condition u^∗u = uu^∗ = 1 may be assumed. For instance, in dimension three, Connes and Dubois-Violette [27] have shown that, under the sole constraint ch_{1/2} u = tr(u^{−1} du) = 0, all solutions of the equation π_D(ch_{3/2} u) = 1 form a 3-parameter family of algebras; one of these is the commutative algebra C^∞(S^3), but the others are noncommutative.

▶ Moving on now to dimension 4, we take e = e^∗ = e^2 in M_4(A), and look for solutions of (4.6) with 2m = 4. In [25], a commutative solution is again found, by using a “quaternionic” prescription reminiscent of the Connes–Lott approach to the Standard Model (see [22, VI.5] or [68] for the story of how quaternions enter in that approach). One writes e in 2 × 2 blocks:

e := 1 2 ( (1 + z)1_2 q

q^∗ (1 − z)1_2 ) , where 1_2 = ( 1 0 0 1 ) , q = ( α β −β^∗ α^∗ ) . (4.7)

Here again, z is a selfadjoint element of A such that −1 ≤ z ≤ 1, and e^2 = e yields the equalities qq^∗ = (1 − z^2) = q^∗q and [z 1_2, q] = 0. Since qq^∗ = q^∗q is diagonal, we find that z, α, α^∗, β, β^∗ are commuting elements of A, subject to the constraint αα^∗ + ββ^∗ = 1 − z^2: these are coordinate relations for a closed subset of S^4. Once more, the equation (4.6a) produces the standard volume form supported on the full sphere, and the conclusion is that A = C^∞(S^4): the ordinary 4-sphere emerges as a solution to the cohomological equation (4.6) in dimension four.

Now, the particular quaternionic form of q in(4.7) is merely an Ansatz, and Landi soon pointed out that one could equally well try q = ( α β −λβ^∗ α^∗ ) , with λ ∈ C . The consequences are worked out in a recent paper by Connes and Landi [31] —see also [26]. One finds that qq^∗ = (1 − z^2) = q^∗q and [z 1_2, q] = 0 still hold, but these relations now lead to αβ = λ̄^{−1} βα, α^∗β = λ̄ βα^∗, ββ^∗ = β^∗β, αα^∗ + ββ^∗ = 1 − z^2 = α^∗α + λλ̄ β^∗β. (4.8a)

The computation of ch_1(e), carried out in [39], yields

ch_1(e) =^1_8 (1 − λλ̄) ( z [dβ, dβ^∗] + β^∗ [dz, dβ] + β [dβ^∗, dz] ) , which vanishes if and only if λ is a complex number of modulus one.

In particular, this scheme parts company with the ever-popular deformations where λ = q would be a real number other than ±1. Foremost among these are the well-known Podleś spheres S^2_{qc}, which were originally constructed [77] as homogeneous spaces of the quantum group SU_q(2). Other higher-dimensional q-spheres currently on the market are described in [8,13,39,55,95]; the C^∗-algebra construction of S^n_q by Hong and Szymański [55], in particular, is quite far-reaching. However, none of these arises from a Hochschild cycle in the manner described above. On the other hand, Aschieri and Bonechi [3] have constructed, with Rmatrix techniques, a multiparameter family of quantum spaces which yields the spheres described here as limiting cases.

By assuming |λ| = 1, λ = e^{2πiθ} from now on, the relations (4.8a) simplify to αβ = λ βα, α^∗β = λ̄ βα^∗, αα^∗ = α^∗α, ββ^∗ = β^∗β, αα^∗ + ββ^∗ = 1 − z^2, (4.8b)

which determines a noncommutative algebra A, baptized C^∞(S^4_θ) by Connes and Landi.

4.2 How Moyal products yield compact quantum groups

To construct a spin geometry over A = C^∞(S^4_θ), we need a representation of this algebra on a suitable Hilbert space. The key is to notice that the relation αβ = e^{2πiθ} βα of (4.8b), for normal operators α and β (that is, αα^∗ = α^∗α and ββ^∗ = β^∗β), is closely related to the definition of the noncommutative torus [17, 82]. This is a pre-C^∗-algebra C^∞(T^2_θ) with two generators u and v which are unitary: uu^∗ = u^∗u = 1, vv^∗ = v^∗v = 1, subject only to the commutation relation uv = e^{2πiθ} vu. (4.9) One can then define “spherical coordinates” (u, v, ϕ, ψ) for the noncommutative space S^4_θ by setting

α =: u sin ψ cos ϕ, β =: v sin ψ sin ϕ, z =: cos ψ, (4.10)

where ϕ, ψ are ordinary angular coordinates. It is clear that this is equivalent to (4.8), for λ = e^{2πiθ}. There is a canonical action of the ordinary 2-torus T^2 on the algebra C^∞(T^2_θ), obtained from the independent rotations u → e^{2πiϕ1} u, v → e^{2πiϕ2} v which respect (4.9). By substituting these rotations in (4.10), we also obtain an action of T^2 on C^∞(S^4_θ).

In the commutative case θ = 0, this becomes an action of the abelian Lie group T^2 by rotations on the compact manifold S^4, and these rotations are isometries for the round metric on S^4. Any smooth function on S^4 can be decomposed as a generalized Fourier series f = ∑ r f_r, indexed by r = (r_1, r_2) ∈ Z^2, where f_r satisfies (e^{2πiϕ1} , e^{2πiϕ2} ) · f_r = e^{2πi(r1ϕ1+r2 ϕ2)} f_r. Indeed, each f_r is of the form u^{r1} v^{r2} h(ϕ, ψ), in terms of the coordinates (4.10); all such functions form the spectral subspace E_r of C^∞(S^4). The same is true of C^∞(S^4_θ) when θ ≠ 0.

If g_s = u^{s1} v^{s2} k(ϕ, ψ), then g_s ∈ E_s and e^{2πiθr2s1} f_rg_s = u^{r1+s1} v^{r2+s2} hk lies in E_{r+s}, so we may identify the algebra C^∞(S^4_θ) with the vector space C^∞(S^4) of smooth functions on the ordinary 4-sphere, gifted with the new product:

f_r ∗ g_s := e^{2πiθr2s1} f_rg_s, (4.11a)

defined on homogeneous elements f_r ∈ E_r, g_s ∈ E_s. Since the Fourier series f = ∑ r f_r converges rapidly in the Fréchet topology of C^∞(S^4), one can show that this recipe defines a continuous bilinear operation on that space. A more symmetric-looking operation, which yields an isomorphic algebra, is given by

f_r × g_s := e^{πiθ(r2s1 −r1 s2)} f_rg_s. (4.11b)

This deserves to be called a Moyal product of functions on S^4. Indeed, suppressing the coordinates ϕ, ψ yields exactly the Moyal product on C^∞(T^2), which has long been recognized to give the smooth algebras C^∞(T^2_θ) of the noncommutative 2-tori [106].

The only nonobvious feature of the products (4.11) is their associativity. To check it, we generalize a little. Suppose that M is a compact Riemannian manifold on which an l-dimensional torus acts by isometries (there is no shortage of examples of that). Then one can decompose C^∞(M) into spectral subspaces indexed by Z^l. A “twisted” product of two homogeneous functions f_r and g_s may be defined by

f_r ∗ g_s := ρ(r, s) f_rg_s, (4.12)

where the phase factors { ρ(r, s) ∈ U(1) : r, s ∈ Z^l } make up a 2-cocycle on the additive group Z^l. The cocycle relation ρ(r, s + t)ρ(s, t) = ρ(r, s)ρ(r + s, t) (4.13) ensures that the new product is associative. To define such a cocycle, one could take [103]:

ρ(r, s) := exp { −2πi ∑ j<k r_j θ_{jk}s_k } , where θ = [θ_{jk}] is a real l ×l matrix. Complex conjugation of functions remains an involution for the new product provided that the matrix θ is skewsymmetric. (When l = 2, it is customary to replace the matrix θ by the real number θ_{12} = −θ_{21}and, rather sloppily, call this number θ, too; but in higher dimensions one is forced to deal with a matrix of parameters.) The product (4.12) defines a C^∗-algebra which, when M = T^l, is isomorphic to that of the noncommutative torus C(T^l_θ) with parameter matrix θ, as we shall soon see.

Moreover, we may define a “Moyal product”:

f_r × g_s := σ(r, s) f_rg_s, (4.14)

by replacing ρ by its skewsymmetrized version,

σ(r, s) := exp { −πi ∑_l j,k=1 rj θjk sk } , (4.15)

which is again a group 2-cocycle; in fact, ρ and σ are cohomologous as group cocycles [83], therefore they define isomorphic C^∗-algebras.

▶ To see why (4.14) should be called a Moyal product, let us briefly recall the real thing. The quantum product of two functions on the phase space R^{2m} was introduced by Moyal [72] using a series development in powers of ℏ whose first nontrivial term gives the Poisson bracket; later, it was noticed [78] that it could be rewritten in an integral form [47]:

(f ×_J g)(x) := (πℏ)^{−2m} ∫∫ f(x + s)g(x + t) e^{2is·Jt/ℏ} ds dt,

where J = ( 0 1 −1 0 ) is the skewsymmetric matrix giving the standard symplectic structure

on R^{2m} (and the dot is the usual scalar product). This is in fact the Fourier transform of the “twisted convolution” of phase-space functions which goes back to von Neumann’s work on the Schrödinger representation [75]. For suitable classes of functions and distributions on R^{2m}, it is an oscillatory integral, which yields Moyal’s series development as an asymptotic expansion in powers of ℏ [41, 104].

This integral form of the Moyal product is the starting point for a general deformation theory of C^∗-algebras, which was undertaken by Rieffel [84]. He gave it a mildly improved presentation by rewriting it as

(f ×_J g)(x) := ∫ ∫ f(x + Js)g(x + t) e^{2πis·t} ds dt, taking ℏ = 2 and rescaling the measure on R^{2m}. He then replaced the functions f, g by elements a, b of any C^∗-algebra A, and the translations f(x) → f(x + t) by a strongly continuous action α of R^l on A by automorphisms; and he replaced the original matrix J by any skewsymmetric real l × l matrix, still called J, ending up with

a ×_J b := ∫∫ R^l×R^l α_{Js}(a)α_t(b) e^{2πis·t} ds dt. (4.16) This formula makes sense, as an oscillatory integral, for elements a, b in the subalgebra A^∞ := { a ∈ A : t → α_t(a) is smooth }, which is a Fréchet pre-C^∗-algebra (as a subalgebra of the original C^∗-algebra A).

We wish to complete the algebra (A^∞, ×_J ) to a C^∗-algebra A_J , which in general is not isomorphic to A (for instance, A may be commutative while the new product is not). The task is to find a new norm ‖ · ‖_J on A^∞ with the C^∗-property ‖a^∗ ×_J a‖_J = ‖a‖^2_J ; then

A_J is just the completion of A^∞ in this norm. Rieffel achieved this by considering the left multiplication operators L^J_a = L^J (a) given by

L^J_a f(x) := ∫ ∫ α_{x+Js}(a)f(x + t) e^{2πis·t} ds dt, where f is a smooth A-valued function which is rapidly decreasing at infinity. A particular “Schwartz space” of such functions f is identified in [84], on which the obvious A-valued pairing (f | g) := ∫ R^l f(x) ∗g(x) dx yields a Hilbert-space norm by setting |||f|||^2 := ‖(f | f)‖_A.

It can then be shown that if a ∈ A^∞, L^J_a is a bounded operator on this Hilbert space; ‖a‖_J is defined to be the operator norm of L^J_a . Importantly, L^J is a homomorphism:

L^J (a ×_J b)f(x) = ∫∫ α_{x+Js}(a ×_J b)f(x + t) e^{2πis·t} ds dt = ∫∫ ∫∫ α_{x+Js+Ju} (a)α_{x+Js+v} (b)f(x + t) e^{2πi(s·t+u·v)} du dv ds dt = ∫∫ ∫∫ α_{x+Ju}′ (a)α_{x+v+Js} (b)f(x + v + t^′) e^{2πi(s·t′+u′ ·v)} ds dt^′ du^′ dv = ∫∫ α_{x+Ju}′ (a)L^J_b f(x + v) e^{2πiu′·v} du^′ dv = L^J_a L^J_b f(x), (4.17)

so that L^J (a ×_J b) = L^J (a)L^J (b). The calculation uses only the change of variable t^′ := t − v, u^′ := s + u, for which s · t + u · v = s · t^′ + u^′ · v.

Rieffel’s construction provides a deformation A → A_J of C^∗-algebras which is explicit only on the smooth subalgebra A^∞. This construction has several useful functorial properties which we now list, referring to the monograph [84] for the proofs.

• If A and B are two C^∗-algebras carrying the respective actions α and β of R^l, and if ϕ : A → B is a ∗-homomorphism intertwining them: ϕ α_t = β_t ϕ for all t, then ϕ(A^∞) ⊆ B^∞ and the restriction of ϕ to A^∞ extends uniquely to a ∗-homomorphism ϕ_J : A_J → B_J .

• The map ϕ_J is injective if and only if ϕ is injective, and ϕ_J is surjective if and only if ϕ is surjective.

• When A = B and α = β, we may take ϕ = α_s for any s, because α_sα_t = α_{s+t} = α_tα_s for all t; thus α_J : s → (α_s)_J is an action of R^l on A_J by automorphisms, whose restriction to A^∞ coincides with the original action α.

• Deforming (A_J , α_J ) with another skewsymmetric matrix K gives a C^∗-algebra isomorphic to A_{J+K} . In particular, if K = −J, the second deformation recovers the original algebra A.

• The smooth subalgebra (A_J )^∞ of A_J under the action α_J coincides exactly with the original smooth subalgebra A^∞ (although their products are different).

When the action α of R^l is periodic, so that α_t = ι_A for each t in a subgroup L, then α is effectively an action of the abelian group H = R^l/L, and H ≃ T^k × R^{l−k} for some k. Suppose that H is compact, i.e., k = l and H ≃ T^l. Then A^∞ decomposes into spectral subspaces { E_p : p ∈ L } where α_s(a_p) = e^{2πip·s}a_p for a_p ∈ E_p. If b_q ∈ E_q also, one can check [84, Prop. 2.21] that a_p ×_J b_q = e^{−2πip·Jq}a_pb_q. On comparing this with (4.14), we see that if A = C(T^l) and J :=^1_2 θ, then A_J is none other than the noncommutative l-torus C(T^l_θ). Moreover, if A = C(S^4) and θ is a real number, then the rotation action of T^2 on S^4 and the parameter matrix

Q := 1 2 ( 0 θ −θ 0 )

define a deformation such that C(S^4)_Q ≃ C(S^4_θ).

▶ We now apply this machinery to the case of the C^∗-algebra C(G), where G is a compact connected Lie group. The dense subalgebra R(G) is a Hopf algebra: we may ask how its coalgebra structure is modified by this kind of deformation. The answer is: not at all! It turns out that, for suitable parameter matrices J, the coproduct remains an algebra homomorphism for the new product ×_J . This was seen early on by Dubois-Violette [40] in the context of Woronowicz’ compact quantum groups: he noticed that the matrix corepresentations of C(SU_q(N)) and similar bialgebras could be seen as different products on the same coalgebra.

There are many ways in which a torus can act on G. Indeed, any connected abelian closed subgroup H of G is a torus; by the standard theory of compact Lie groups [12, 94], any such H is included in a maximal torus, and all maximal tori are conjugate. Thus H can act on G by left translation, right translation, or conjugation. In what follows, we shall focus on the action of the doubled torus H × H on G, given by

(h, k) · x := hxk^{−1}. (4.18)

The corresponding action on C(G) is [(h, k) · f](x) := f(h^{−1}xk). If h is the Lie algebra of H, we may pull this back to a periodic action of the h ⊕ h on C(G). For notational convenience, we choose and fix a basis for the vector space h ≃ R^l, which allows to write the exponential mapping as a homomorphism e : R^l → H whose kernel is the integer lattice Z^l. If λ := e(1, 1, . . . , 1), we may write λ^s := e(s) for s ∈ R^l; and the action of h ⊕ h on C(G) becomes

[α(s, t)f](x) := f(λ^{−s} xλ^t). (4.19)

The coefficient matrix J for the Moyal product (4.16) is now a skewsymmetric matrix in M_{2l}(R). It is argued in [87] —see also [102, §4]— that compatibility with the coalgebra structure is to be expected only if J splits as the direct sum of two opposing l × l matrices:

J := ( Q 0 0 −Q ) (4.20) where Q ∈ M_l(R) is evidently skewsymmetric. Here, we accept this as an Ansatz and explore where it leads.

The Moyal product on the group manifold G can now be written as

(f ×_J g)(x) := ∫ h^4 f(λ^{−Qs}xλ^{−Qt})g(λ^{−u}xλ^v ) e^{2πi(s·u+t·v)} ds dt du dv. (4.21) We remind ourselves that this makes sense as an oscillatory integral provided f, g ∈ C^∞(G), since the smooth subalgebra of C(G) for the action (4.19) certainly includes C^∞(G); it could, however, be larger, for instance if the torus H is not maximal.

In subsection 1.2, the coproduct, counit and antipode for the Hopf algebra R(G) are defined by

Δf(x, y) := f(xy), ε(f) := f(1), Sf(x) := f(x^{−1}). (4.22)

These formulas make sense in C^∞(G), which includes R(G) since representative functions are real-analytic, or even in C(G). In accordance with the remarks at the end of subsection 1.2, we shall now discard the algebraic tensor product and work in the smooth category. The coproduct may now be regarded as a homomorphism

Δ : C^∞(G) → C^∞(G × G),

the counit is a homomorphism ε : C^∞(G) → C , and the coalgebra relations (Δ ⊗ ι)Δ = (ι ⊗ Δ)Δ and (ε ⊗ ι)Δ = (ι ⊗ ε)Δ = ι continue to hold. Moreover, the antipode S is an algebra antiautomorphism of C^∞(G).

Let us check that all of those statements continue to hold when the pointwise product of functions in C^∞(G) is replaced by a Moyal product. The following calculations are taken from [85]; they all make use of changes of variable similar to that of (4.17). First of all, (Δf×_J Δg)(x, y) = ∫ h^8 f(λ^{−Qs} xλ^{−Qt−Qs′} yλ^{−Qt′} )g(λ^{−u}xλ^{v−u′} yλ^{v′} ) e^{2πi(s·u+t·v+s′ ·u′ +t′·v′)} ds . . . dv^′ = ∫ h^8 f(λ^{−Qs} xλ^{−Qt′′} yλ^{−Qt′} )g(λ^{−u} xλ^{−u′′} yλ^{v′} ) e^{2πi(s·u+t′′ ·v+s′ ·u′′+t′ ·v′)} ds . . . dv^′ = ∫ h^6 f(λ^{−Qs} xλ^{−Qt′′} yλ^{−Qt′} )g(λ^{−u} xλ^{−u′′} yλ^{v′} ) e^{2πi(s·u+t′·v′ )} δ(t^{′′}) δ(u^{′′}) ds . . . dv^′ = ∫ h^4 f(λ^{−Qs} xyλ^{−Qt′} )g(λ^{−u}xyλ^{v′} ) e^{2πi(s·u+t′ ·v′)} ds dt^′ du dv^′ = (f ×_J g)(xy) = Δ(f ×_J g)(x, y). Integrations like ∫ h e^{2πit′′·v} dv = δ(t^{′′}) are a convenient shorthand for the Fourier inversion theorem. Next,

(f ×_J g)(1) = ∫ h^4 f(λ^{−Q(s+t)})g(λ^{v−u} ) e^{2πi(s·u+t·v)} ds dt du dv, which simplifies to ∫ h^4 f(λ^{−Qs′} )g(λ^{v′} ) e^{2πi(s′·u+t·v′ )} ds^′ dt du dv^′ = ∫ h^2 f(λ^{−Qs′} )g(λ^{v′} ) δ(s^′) δ(v^′) ds^′ dv^′ = f(1) g(1), so ε(f ×_J g) = ε(f)ε(g). Finally, if Q is invertible, then (Sf ×_J Sg)(x) = ∫ h^4 f(λ^{Qt}x^{−1}λ^{Qs})g(λ^{−v} x^{−1}λ^u) e^{2πi(s·u+t·v)} ds dt du dv = (det Q)^{−2} ∫ h^4 f(λ^{−t′} x^{−1}λ^{s′} )g(λ^{−v} x^{−1}λ^{−u} ) e^{−2πi(Q−1t′·v+Q−1s′ ·u)} ds^′ dt^′ du dv = ∫ h^4 f(λ^{−t′} x^{−1}λ^{s′} )g(λ^{−Qv′} x^{−1}λ^{−Qu′} ) e^{2πi(t′·v′+s′ ·u′ )} ds^′ dt^′ du^′ dv^′ = (g ×_J f)(x^{−1}) = S(g ×_J f)(x),

where the skewsymmetry of Q has been used. On the other hand, if Q = 0, then f ×_J g = fg and the calculation reduces to (Sf ×_J Sg)(x) = f(x^{−1})g(x^{−1}) = S(g ×_J f)(x); since we may integrate separately over the nullspace of Q and its orthogonal complement, the relation Sf ×_J Sg = S(g ×_J f) holds in general.

Exercise 4.1. Show, by similar calculations, that m(ι ⊗ S)(Δf) = m(S ⊗ ι)(Δf) = ε(f) 1 whenever f ∈ C^∞(G). ♦

The functoriality of Rieffel’s construction then lifts these maps to the C^∗-level, without further calculation. That is: the maps Δ, ε and S, defined as above on smooth functions only, extend respectively to a ∗-homomorphism Δ_J : C(G)_J → C(G)_J ⊗C(G)_J (using the minimal tensor product of C^∗-algebras), a character ε_J : C(G)_J → C , and a ∗-antiautomorphism S_J : C(G)_J → C(G)_J .

However, the Moyal product itself on C^∞(G) generally need not extend to a continuous linear map from C(G)_J ⊗ C(G)_J to C(G)_J . This may happen because the product map m is generally not continuous for the minimal tensor product. (There is an interesting category of “Hopf C^∗-algebras”, introduced by Vaes and van Daele [99], which does have continuous products, but the link with Moyal deformations remains to be worked out.)

The C^∗-algebras C(G)_J , arising from Moyal products whose coefficient matrices are of the form (4.20), are fully deserving of the name compact quantum groups. Indeed, they are thus baptized in [85]. They differ from the compact quantum groups of Woronowicz [110] in that they explicitly define the algebraic operations on smooth subalgebras, and are thus well-adapted to the needs of noncommutative geometry.

4.3 Isospectral deformations of homogeneous spin geometries

The Connes–Landi spheres S^4_θ can now be seen as homogeneous spaces for compact quantum groups. The ordinary 4-sphere is certainly a homogeneous space; in fact, it is —almost by definition— an orbit of the 5-dimensional rotation group: thus, S^4 ≈ SO(5)/SO(4). Now, SO(5) is a compact simple Lie group of rank two; that is to say, its maximal torus is T^2. We can exhibit this maximal torus as the group of block-diagonal matrices

h = cos ϕ_1 sin ϕ_1 − sin ϕ_1 cos ϕ_1 cos ϕ_2 sin ϕ_2 − sin ϕ_2 cos ϕ_2 1 .

By regarding S^4 as the orbit of (0, 0, 0, 0, 1) in R^5, whose isotropy subgroup is SO(4), we see that the maximal torus of SO(4) is also T^2. When the 4-sphere is identified as the right-coset space SO(5)/SO(4), and the doubled torus T^2 × T^2 is made to act on SO(5) by left-right multiplication as in (4.18), then the right action of the second T^2 is absorbed in the cosets, but the left action of the first T^2 passes to the quotient. This is a group-theoretical description of how the 2-torus acts by rotations on the 4-sphere. The action is isometric since the left translations preserve the invariant metric on the group, and also preserve the induced SO(5)-invariant metric on the coset space.

There is an immediate generalization, proposed in [102], which highlights the nature of this torus action. Consider a tower of subgroups H ≤ K ≤ G, where G is a compact connected Lie group, K is a closed subgroup of G, and H is a closed connected abelian subgroup of K, i.e., a torus. The example we have just seen reappears in higher dimensions as T^l ≤ SO(2l) ≤ SO(2l + 1), with S^{2l} ≈ SO(2l + 1)/SO(2l). Odd-dimensional spheres yield a slightly different case:

T^l ≤ SO(2l + 1) ≤ SO(2l + 2), with S^{2l+1} ≈ SO(2l + 2)/SO(2l + 1).

This time, H is a maximal torus in K but not in G.

Since H ≤ K, the left-right action (4.18) of H ×H on both G and K induces a left action of H on the quotient space M := G/K, since the right action of H is absorbed in the right K-cosets. If we deform C(G), under the action of H × H, by means of a Moyal product with parameter matrix J = Q ⊕ (−Q), the natural thing to expect is that the C^∗-algebra C(G/K) undergoes a deformation governed by Q only. We now prove this, following [102].

It helps to recall the discussion of homogeneous spaces at the end of subsection 1.2. We are now in a position to replace the generic function space F(G) used there by either C^∞(G) or C(G), according to need. In particular, the algebra isomorphism ζ : C^∞(G)^K →

C^∞(G/K) given by ζf(x̄) := f(x) intertwines the coproduct Δ on C^∞(G) with the coaction ρ : C^∞(M) → C^∞(G) ⊗ C^∞(G/K) defined by ρf(x, ȳ) := f(xy).

We can distinguish three abelian group actions here. First there is action α of h ⊕ h on C(G), already given by (4.19). Next, the formula (β_th)(x̄) := h(λ^{−t}x) determines an action β of h on C(G/K). Then there is action γ of h on C(G)^K where (γ_tf)(x) := f(λ^{−t}x); it can be regarded as an action of h ⊕ h where the second factor acts trivially, so that γ is just the restriction of α to the subspace C(G)^K of C(G).

Let f, g ∈ C^∞(G)^K be smooth right K-invariant functions. Then

(f ×_J g)(x) = ∫ h^4 f(λ^{−Qs}xλ^{−Qt})g(λ^{−u}xλ^v ) e^{2πi(s·u+t·v)} ds dt du dv = ∫ h^4 f(λ^{−Qs}x)g(λ^{−u} x) e^{2πi(s·u+t·v)} ds dt du dv = ∫ h^2 f(λ^{−Qs}x)g(λ^{−u} x) e^{2πis·u} ds du = (f ×_Q g)(x), where the Q-product comes from the action γ on C(G)^K . On passing to C^∞(G/K) with the isomorphism ζ, which obviously intertwines the actions γ and β, this calculation shows that

ζ(f ×_J g) = ζf ×_Q ζg for all f, g ∈ C^∞(G)^K .

In other words, the J-product on C(G) induces the Q-product, as claimed.

The reason for this bookkeeping with actions and isomorphisms is to be able to lift everything to the C^∗-level, using Rieffel’s functoriality theorems. First, since ζγ_t = β_tζ for each t ∈ h, the isomorphism ζ^{−1} : C^∞(G/K) → C^∞(G)^K extends to a ∗-isomorphism of C(G/K)_Q onto C(G)^K_Q . Since γ is the restriction of α to C(G)^K , the inclusion C^∞(G)^K → C^∞(G) is equivariant for the actions γ and α, so it extends to an injective ∗-homomorphism from C(G)^K_Q to C(G)_J . We may summarize by saying that the isomorphism and inclusion C(G/K) ≃ C(G)^K → C(G) restricts to the smooth subalgebras C^∞(G/K) ≃ C^∞(G)^K → C^∞(G), and from there extends to an isomorphism and inclusion C(G/K)_Q ≃ C(G)^K_Q → C(G)_J . This shows that the deformed C^∗-algebra C(G/K)_Q is an embedded homogeneous space for the compact quantum group C(G)_J .

Example 4.1. To get the noncommutative spheres of Connes and Landi, just take G = SO(2l + 1), K = SO(2l) and let H = T^l be the maximal torus for both. Then let Q =^1_2 θ, where θ is any real skewsymmetric l × l matrix. The resulting deformation of C(S^{2l}) is the C^∗-algebra C(S^{2l}_θ ), and its smooth subalgebra (for the T^l-action) is just C^∞(S^{2l}_θ ) := C^∞(S^{2l}) with the Moyal product ×_Q.

The odd-dimensional spheres S^{2l+1} = SO(2l + 2)/SO(2l + 1) may be deformed in like manner, using, say, the maximal torus T^l of SO(2l + 1). However, in this case, since this torus is not maximal in the full group SO(2l + 2), one can regard the T^l-rotations as an action of the torus T^{l+1} that is trivial in one direction. The algebras C(S^{2l+1}_θ ), with their T^lactions and the corresponding deformations of C(SO(2l + 2)), have recently been discussed extensively by Connes and Dubois-Violette [27] from the cohomological standpoint.

The simplest nonspherical examples in even dimensions are C P^2 ≃ SU(3)/U(2) and the 6-dimensional flag manifold F^6 = SU(3)/T^2. With G = SU(3) and H = K = T^2 and any irrational θ = 2Q_{12}, one obtains a family of 6-dimensional quantized flag manifolds.

▶ We have outlined a general construction of noncommutative algebras, including all the Connes–Landi spheres, which come equipped with dense pre-C^∗-algebras. The final step is to build noncommutative spin geometries based on these algebras. This was done by Connes and Landi for their spheres [31] by means of an isospectral deformation. It was observed in [102], and likewise in [27], that their algorithm extends directly to any of the aforementioned quantum homogeneous spaces, with only notational changes.

The compact homogeneous manifold G/K can be regarded as a Riemannian manifold, since it has a G-invariant metric. We shall assume that G/K also has a homogeneous spin structure (this is not always the case; for instance, C P^2 is only spin^c, while SU(3)/SO(3) does not even admit a spin^c structure [44, §2.4]), and we let D/ be the corresponding Dirac operator; it is a selfadjoint operator on the Hilbert space H of square-integrable spinors. As we shall see, in the end we only need that the metric, and the Dirac operator, be invariant under the action of the torus H rather than the full group G.

It is important to remark that the action of H by isometries on G/K does not lift directly to the spinor space H (or, if one prefers, to the spinor bundle S). Rather, in view of the double covering Spin(n) → SO(n) where n = dim G/K, there is a double covering ~H^π−→ H and a homomorphism ~H → Aut(S) which covers the homomorphism H → Isom(G/K) [27, §13]. This yields a group of unitaries { V_{x̃} : x̃ ∈ ~H } on H which preserve the subspace Γ^∞(G/K, S) of smooth spinors and cover the isometries { I_x : x ∈ H } of G/K. More precisely: if ϕ, ψ ∈ Γ^∞(G/K, S) and f ∈ C^∞(G/K), then V_{x̃}(fψ) = I_x(f) V_{x̃}ψ, and (V_{x̃}ϕ)^†V_{x̃}ψ = I_x(ϕ^†ψ),

where x = π(x̃). Consequently, the Dirac operator D/ on H commutes with each V_{x̃}.

Now choose a basis X_1, . . . , X_l of the Lie algebra h, and for j = 1, . . . , l, let p_j be the selfadjoint operator representing X_j on H; if exp: h → H and Exp: h → ~H denote the exponential maps, then π(Exp(tX_j )) = exp(tX_j /2) and p_j = −i^d_{dt} | |_{t=0}V_{Exp(tXj )}. Therefore, the spectrum of each operator p_j lies either in Zor Z+^1_2 . For each r ∈ R^l, we may define a unitary operator

σ(p, r) := exp { −2πi ∑ j,k p_j Q_{jk}r_k } , (4.23)

by formally replacing half of the arguments of the group cocycle (4.15) with the operators p_j ; its inverse is the similarly defined operator σ(r, p). These operators commute with each other and also with D/ , but they do not commute with the representation of C^∞(G/K) on H (multiplication of spinors by functions).

The unitary conjugations T → σ(p, t)T σ(t, p) define an action of R^l on the algebra of bounded operators on H, which is periodic on account of the half-integer spectra of the p_j , and this action gives a grading of operators into spectral subspaces, indexed by Z^l. Therefore, any bounded operator T in the common smooth domain of these transformations has a decomposition T = ∑ r∈Z^l Tr, where the components satisfy the commutation rules σ(p, r) T_s = T_s σ(p + s, r) for r, s ∈ Z^l. For any multiplication operator f obtained from the representation of the algebra C^∞(G/K) on spinors, this grading coincides with the previous decomposition f = ∑ r∈Z^l fr. The operator Z^l-grading allows us to define a “left twist” of T by

L(T ) := ∑ r∈Z^l T_r σ(p, r). If f, g ∈ C^∞(G/K), the group cocycle property (4.13) of σ shows that L(f)L(g) = ∑ r,s f_r σ(p, r) g_s σ(p, s) = ∑ r,s f_r g_s σ(p + s, r) σ(p, s) = ∑ r,s f_r g_s σ(r, s) σ(p, r + s) = L(f ×_Q g), on account of (4.14). Therefore, L yields a representation of C^∞(G/K)_Q := (C^∞(G/K), ×_Q) on H. In other words, the Moyal product gives not only an abstract deformation of the algebra C^∞(G/K), but also —more importantly— it yields a deformation of the spinor representation of C^∞(G/K), without disturbing the underlying Hilbert space.

The recipe for creating new spin geometries should now be clear: one deforms the algebra (and its representation), while keeping unchanged all the other terms of the spectral triple: the Hilbert space H together with its grading χ if dim(G/K) is even, the operator D/ , and the charge conjugation C. This deformation is isospectral [31] in the tautological sense that the spectrum in question is that of the operator D/ , which remains the same.

It remains to check that the new spectral triple satisfies the conditions governing a spin geometry. First of all, each [D/ , L(f)], for f ∈ C^∞(G/K), must be a bounded operator; this is ensured by noting that [D/ , L(f)] = ∑ r [D/ , f_r] σ(p, r) = L([D/ , f]), since each [D/ , f] is bounded. The grading operator χ is unaffected by the torus action on G/K since the metric is taken to be H-invariant: this implies L(χ) = χ. In view of the previous equation, the orientation equation π_{D/} (c) = χ survives after application of L to both sides.

The reality condition is more interesting. The charge conjugation operator C on spinors [49, Chap. 9] commutes with all σ(p, r) (again, due to H-invariance of the metric). It follows from (4.23) and the antilinearity of C that Cp_j C^{−1} = −p_j for each j. We can now define a “right twist”

R(T ) := CL(T )^∗C^{−1} = ∑ r∈Z^l σ(r, p) CT^∗_r C^{−1} = ∑ r∈Z^l CT^∗_r C^{−1} σ(r, p).

Now, C intertwines multiplication operators from C^∞(G/K) with their complex conjugates: Cf^∗C^{−1} = f for f. Therefore, R(f) = ∑ r∈Z^l fr σ(r, p), from which one can check that

R(f)R(g) = R(f ×_{−Q} g); in other words, R gives an antirepresentation of C^∞(G/K)_Q on H. This commutes with the representation L: L(f)R(g) = ∑ r,s f_r σ(p, r) g_s σ(s, p) = ∑ r,s f_rg_s σ(p + s, r) σ(s, p) = ∑ r,s g_sf_r σ(s, p + r) σ(p, r) = ∑ r,s g_s σ(s, p) f_r σ(p, r) = R(g)L(f). The first-order property of the spin geometry is now immediate [[D/ , L(f)], R(g)] = ∑ r,s σ(p, r) [[D/ , f_r], g_s] σ(s, p) = 0,

since [[D/ , f_r], g_s] = 0 in the commutative case (the commutator [D/ , f_r] is an operator of order zero which commutes with multiplication operators). Regularity and finiteness are straightforward, since the smooth subalgebra C^∞(G/K) does not grow or shrink under deformations. Poincaré duality also goes through, on account of another theorem of Rieffel, to the effect that the K-theory of the pre-C^∗-algebras remains unaffected by deformations [86].

The construction is now complete. We sum up with the following Proposition.

Proposition 4.1. Let H ≤ K ≤ G be a tower of compact connected Lie groups where H is a torus, such that G/K admits a spin structure. Let (C^∞(G/K), H, D/ , C, χ) denote any commutative spin geometry over C^∞(G/K) where H is the spinor space and D/ is the Dirac operator for an H-invariant metric on G/K. Then there is a noncommutative spin geometry obtained from it by isospectral deformation, whose algebra C^∞(G/K)_Q is that of any quantum homogeneous space obtained from a Moyal product ×_Q on C^∞(G/K).

References

[1] H. Araki, “Bogoliubov automorphisms and Fock representations of canonical anticommutation relations”, in Operator Algebras and Mathematical Physics, P. E. T. Jørgensen and P. S. Muhly, eds., Contemp. Math. 62 (1987), 23–141.

[2] H. Araki, “Schwinger terms and cyclic cohomology”, in Quantum Theories and Geometry, M. Cahen and M. Flato, eds., Kluwer, Dordrecht, 1988; pp. 1–22.

[3] P. Aschieri and F. Bonechi, “On the noncommutative geometry of twisted spheres”, math/0108136, München, 2001.

[4] M.-T. Benameur, “Index theory and noncommutative geometry”, lecture notes, Villa de Leyva, Colombia, July 2001.

[5] N. Berline, E. Getzler and M. Vergne, Heat Kernels and Dirac Operators, Springer, Berlin, 1992.

[6] L. C. Biedenharn and J. D. Louck, Angular Momentum in Quantum Physics: Theory and Applications, Addison-Wesley, Reading, MA, 1981.

[7] B. Blackadar, K-theory for Operator Algebras, 2nd edition, Cambridge Univ. Press, Cambridge, 1998.

[8] F. Bonechi, N. Ciccoli and M. Tarlini, “Noncommutative instantons on the 4-sphere from quantum groups”, math/0012236, INFN, Firenze, 2000.

[9] J.-B. Bost, “Principe d’Oka, K-théorie et systèmes dynamiques non commutatifs”, Invent. Math. 101 (1990), 261–333.

[10] N. Bourbaki, Groupes et Algèbres de Lie, Hermann, Paris, 1972.

[11] D. J. Broadhurst and D. Kreimer, “Towards cohomology of renormalization: bigrading the combinatorial Hopf algebra of rooted trees”, Commun. Math. Phys. 215 (2000), 217–236; hep-th/0001202.

[12] T. Bröcker and T. tom Dieck, Representations of Compact Lie Groups, Springer, Berlin, 1985.

[13] T. Brzeziński and C. Gonera, “Noncommutative 4-spheres based on all Podleś 2-spheres and beyond”, Lett. Math. Phys. 54 (2000), 315–321; math/0101129.

[14] F. Chapoton and M. Livernet, “Pre-Lie algebras and the rooted trees operad”, Int.

Math. Res. Notices 2001 (2001), 395–408; math/0002069.

[15] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge Univ. Press, Cambridge, 1994.

[16] C. Chryssomalakos, H. Quevedo, M. Rosenbaum and J. D. Vergara, “Normal coordinates and primitive elements in the Hopf algebra of renormalization”, hep-th/0105259, ICN–UNAM, México, 2001.

[17] A. Connes, “C^∗-algèbres et géométrie différentielle”, C. R. Acad. Sci. Paris 290A (1980), 599–604; see also the English translation: “C^∗-algebras and differential geometry” hep-th/0101093, IHES, Bures-sur-Yvette, 2001.

[18] A. Connes, “Cohomologie cyclique et foncteurs Ext^n”, C. R. Acad. Sci. Paris 296 (1983), 953–958.

[19] A. Connes, “Noncommutative differential geometry”, Publ. Math. IHES 39 (1985), 257–360.

[20] A. Connes, “Cyclic cohomology and the transverse fundamental class of a foliation”, in Geometric Methods in Operator Algebras, H. Araki and E. G. Effros, eds., Pitman Research Notes in Mathematics 123 (Longman, Harlow, Essex, UK, 1986), pp. 52–144.

[21] A. Connes, “Compact metric spaces, Fredholm modules, and hyperfiniteness”, Ergod.

Thy. & Dynam. Sys. 9 (1989), 207–220.

[22] A. Connes, Noncommutative Geometry, Academic Press, London and San Diego, 1994.

[23] A. Connes, “Gravity coupled with matter and foundation of noncommutative geometry”, Commun. Math. Phys. 182 (1996), 155–176.

[24] A. Connes, “Brisure de symétrie spontanée et géométrie du point de vue spectral”, Séminaire Bourbaki, 48ème année, Exposé 816, 1996; J. Geom. Phys. 23 (1997), 206– 234.

[25] A. Connes, “A short survey of noncommutative geometry”, J. Math. Phys. 41 (2000), 3832–3866; hep-th/0003006.

[26] A. Connes, “Noncommutative geometry — Year 2000”, Geom. Funct. Anal. 2000 (2000), 481–559; math/0011193.

[27] A. Connes and M. Dubois-Violette, “Noncommutative finite-dimensional manifolds. I.

Spherical manifolds and related examples”, math/0107070, IHES, Bures-sur-Yvette, 2001.

[28] A. Connes and D. Kreimer, “Hopf algebras, renormalization and noncommutative geometry”, Commun. Math. Phys. 199 (1998), 203–242; hep-th/9808042.

[29] A. Connes and D. Kreimer, “Renormalization in quantum field theory and the Riemann–Hilbert problem I: the Hopf algebra structure of graphs and the main theorem”, Commun. Math. Phys. 210 (2000), 249–273; hep-th/9912092.

[30] A. Connes and D. Kreimer, “Renormalization in quantum field theory and the Riemann–Hilbert problem II: the β-function, diffeomorphisms and the renormalization group”, Commun. Math. Phys. 216 (2001), 215–241; hep-th/0003188.

[31] A. Connes and G. Landi, “Noncommutative manifolds, the instanton algebra and isospectral deformations”, Commun. Math. Phys. 221 (2001), 141–159; math/0011194.

[32] A. Connes and H. Moscovici, “The local index formula in noncommutative geometry”, Geom. Func. Anal. 5 (1995), 174–243.

[33] A. Connes and H. Moscovici, “Hopf algebras, cyclic cohomology and the transverse index theorem”, Commun. Math. Phys. 198 (1998), 198–246; math/9806109.

[34] A. Connes and H. Moscovici, “Cyclic cohomology, Hopf algebras and the modular theory”, math/9905013, IHES, Bures-sur-Yvette, 1999.

[35] A. Connes and H. Moscovici, “Cyclic cohomology and Hopf algebra symmetry”, Lett.

Math. Phys. 52 (2000), 1–28; math/0002125.

[36] A. Connes and H. Moscovici, “Differentiable cyclic cohomology and Hopf algebraic structures in transverse geometry”, math/0102167, IHES, Bures-sur-Yvette, 2001.

[37] M. N. Crainic, “Cyclic cohomology of Hopf algebras and a noncommutative Chern– Weil theory”, math/9812113, Utrecht, 1998.

[38] M. N. Crainic, “Cyclic cohomology and characteristic classes for foliations”, Ph. D.

thesis, Universiteit Utrecht, 2000.

[39] L. Da̧browski, G. Landi and T. Masuda, “Instantons on the quantum 4-spheres S^4_q ”, Commun. Math. Phys. 221 (2001), 161–168; math/0012103.

[40] M. Dubois-Violette, “On the theory of quantum groups”, Lett. Math. Phys. 19 (1990), 121–126.

[41] R. Estrada, J. M. Gracia-Bondía and J. C. Várilly, “On asymptotic expansions of twisted products”, J. Math. Phys. 30 (1989), 2789–2796.

[42] B. V. Fedosov, Deformation Quantization and Index Theory, Akademie Verlag, Berlin, 1996.

[43] L. Foissy, “Finite dimensional comodules over the Hopf algebra of rooted trees”, math/0105210, Reims, 2001.

[44] T. Friedrich, Dirac Operators in Riemannian Geometry, Amer. Math. Soc., Providence, RI, 2000.

[45] I. M. Gelfand and M. A. Naĭmark, “On the embedding of normed rings into the ring of operators in Hilbert space”, Mat. Sbornik 12 (1943), 197–213.

[46] J. M. Gracia-Bondía and S. Lazzarini, “Connes–Kreimer–Epstein–Glaser renormalization”, hep-th/0006106, Marseille and Mainz, 2000.

[47] J. M. Gracia-Bondía and J. C. Várilly, “Algebras of distributions suitable for phasespace quantum mechanics. I”, J. Math. Phys. 29 (1988), 869–879.

[48] J. M. Gracia-Bondía and J. C. Várilly, “QED in external fields from the spin representation”, J. Math. Phys. 35 (1994), 3340–3367.

[49] J. M. Gracia-Bondía, J. C. Várilly and H. Figueroa, Elements of Noncommutative Geometry, Birkhäuser, Boston, 2001.

[50] R. Grossman and R. G. Larson, “Hopf-algebraic structure of families of trees”, J.

Algebra 126 (1989), 184–210.

[51] A. Grothendieck, Produits Tensoriels Topologiques et Espaces Nucléaires, Memoirs of the Amer. Math. Soc. 16, Providence, RI, 1966.

[52] G. P. Hochschild, La Structure des Groupes de Lie, Dunod, Paris, 1968. [53] G. P. Hochschild, Basic Theory of Algebraic Groups and Lie Algebras, Springer, Berlin, 1981.

[54] G. Hochschild, B. Kostant and A. Rosenberg, “Differential forms on regular affine algebras”, Trans. Amer. Math. Soc. 102 (1962), 383–408.

[55] J. H. Hong and W. Szymański, “Quantum spheres and projective spaces as graph algebras”, unlisted preprint, Newcastle, NSW, 2001.

[56] C. Kassel, Quantum Groups, Springer, Berlin, 1995.

[57] D. Kastler, “Connes–Moscovici–Kreimer Hopf algebras”, CPT, Luminy, 2001, mathph/0104017; to appear in the Proceedings of the conference on “Mathematical Physics and in Mathematics and Physics”, Siena, 20–25 June 2000.

[58] A. U. Klimyk and K. Schmüdgen, Quantum Groups and their Representations, Springer, Berlin, 1997.

[59] A. W. Knapp, Representation Theory of Semisimple Groups, Princeton Univ. Press, Princeton, NJ, 1986.

[60] D. Kreimer, “On the Hopf algebra structure of perturbative quantum field theories”, Adv. Theor. Math. Phys. 2 (1998), 303–334; q-alg/9707029.

[61] D. Kreimer, “On overlapping divergences”, Commun. Math. Phys. 204 (1999), 669– 689; hep-th/9810022.

[62] D. Kreimer, “Combinatorics of (perturbative) quantum field theory”, hep-th/0010059, Harvard University, 2000, to appear in Physics Reports.

[63] J. Kustermans and S. Vaes, “Locally compact quantum groups”, Ann. Sci. Éc. Norm.

Sup. 33 (2000), 837–934.

[64] H. B. Lawson and M. L. Michelsohn, Spin Geometry, Princeton Univ. Press, Princeton, NJ, 1989.

[65] J.-L. Loday, Cyclic Homology, Springer, Berlin, 1992.

[66] J.-H. Lu, “Hopf algebroids and quantum groupoids”, Int. J. Math. 7 (1996), 47–70;

q-alg/9505024.

[67] S. Majid, Foundations of Quantum Group Theory, Cambridge Univ. Press, Cambridge, 1995.

[68] C. P. Martín, J. M. Gracia-Bondía and J. C. Várilly, “The Standard Model as a noncommutative geometry: the low energy regime”, Phys. Reports 294 (1998), 363– 406; hep-th/9605001.

[69] M. Mertens, “Hopfalgebren-Struktur und Quantisierung”, Diplomarbeit, Universität Mainz, 1996.

[70] J. W. Milnor and J. C. Moore, “On the structure of Hopf algebras”, Ann. Math. 81 (1965), 211–264.

[71] S. Montgomery, Hopf Algebras and their Actions on Rings, CBMS Regional Conference Series in Mathematics 82, American Mathematical Society, Providence, RI, 1993.

[72] J. E. Moyal, “Quantum mechanics as a statistical theory”, Proc. Cambridge Philos.

Soc. 45 (1949), 99–124.

[73] G. J. Murphy, C^∗-algebras and Operator Theory, Academic Press, San Diego, CA, 1990.

[74] S. B. Myers and N. Steenrod, “The group of isometries of a Riemannian manifold”, Ann. Math. 40 (1939), 400–416.

[75] J. von Neumann, “Die Eindeutigkeit der Schrödingerschen Operatoren”, Math. Ann.

104 (1931), 570–578.

[76] F. Panaite, “Relating the Connes–Kreimer and Grossman–Larson Hopf algebras built on rooted trees”, Lett. Math. Phys. 51 (2000), 211–219; math/0003074.

[77] P. Podleś, “Quantum spheres”, Lett. Math. Phys. 14 (1987), 193–202. [78] J. C. T. Pool, “Mathematical aspects of the Weyl correspondence”, J. Math. Phys. 7 (1966), 66–76.

[79] A. Pressley and G. B. Segal, Loop Groups, Clarendon Press, Oxford, 1986.

[80] A. Rennie, “Commutative geometries are spin manifolds”, Rev. Math. Phys. 13 (2001), 409–464; math/9903021.

[81] A. Rennie, “Poincaré duality and spin^c structures for complete noncommutative manifolds”, math-ph/0107013, Adelaide, 2001.

[82] M. A. Rieffel, “C^∗-algebras associated with irrational rotations”, Pac. J. Math. 93 (1981), 415–429.

[83] M. A. Rieffel, “Projective modules over higher-dimensional noncommutative tori”, Can. J. Math. 40 (1988), 257–338.

[84] M. A. Rieffel, Deformation Quantization for Actions of R^d, Memoirs of the Amer.

Math. Soc. 506, Providence, RI, 1993.

[85] M. A. Rieffel, “Compact quantum groups associated with toral subgroups”, in Representation Theory of Groups and Algebras, J. Adams et al, eds., Contemp. Math. 145 (1993), 465–491.

[86] M. A. Rieffel, “K-groups of C^∗-algebras deformed by actions of R^d”, J. Funct. Anal.

116 (1993), 199–214.

[87] M. A. Rieffel, “Noncompact quantum groups associated with abelian subgroups”, Commun. Math. Phys. 171 (1995), 181–201.

[88] M. A. Rieffel, “Metrics on states from actions of compact groups”, Doc. Math. 3 (1998), 215–229; math/9807084.

[89] M. A. Rieffel, “Metrics on state spaces”, Doc. Math. 4 (1999), 559–600; math/9906151.

[90] M. A. Rieffel, “Gromov–Hausdorff distance for quantum metric spaces”, Berkeley, CA, 2000, math/0011063.

[91] M. A. Rieffel, “Matrix algebras converge to the sphere for quantum Gromov–Hausdorff distance”, math/0108005, Berkeley, CA, 2001.

[92] J. Rosenberg, “The algebraic K-theory of operator algebras”, K-Theory 12 (1997), 75–99.

[93] D. Shale and W. F. Stinespring, “Spinor representations of infinite orthogonal groups”, J. Math. Mech. 14 (1965), 315–322.

[94] B. Simon, Representations of Finite and Compact Groups, Graduate Studies in Mathematics 10, American Mathematical Society, Providence, RI, 1996.

[95] A. Sitarz, “More noncommutative 4-spheres”, Lett. Math. Phys. 55 (2001), 127–131;

math-ph/0101001.

[96] R. G. Swan, “Vector bundles and projective modules”, Trans. Amer. Math. Soc. 105 (1962), 264–277.

[97] M. E. Sweedler, Hopf algebras, Benjamin, New York, 1969.

[98] M. E. Taylor, Partial Differential Equations, 3 volumes, Springer, Berlin, 1996.

[99] S. Vaes and A. Van Daele, “Hopf C^∗-algebras”, Proc. London Math. Soc. 82 (2001), 337–384; math/9907030.

[100] A. Van Daele, “Multiplier Hopf algebras”, Trans. Amer. Math. Soc. 342 (1994), 917– 932.

[101] A. Van Daele, “An algebraic framework for group duality”, Adv. Math. 140 (1998), 323–366.

[102] J. C. Várilly, “Quantum symmetry groups of noncommutative spheres”, Commun.

Math. Phys. 221 (2001), 511–523; math/0102065.

[103] J. C. Várilly and J. M. Gracia-Bondía, “On the ultraviolet behaviour of quantum fields over noncommutative manifolds”, Int. J. Mod. Phys. A 14 (1999), 1305–1323; hep-th/9804001.

[104] A. Voros, “An algebra of pseudodifferential operators and the asymptotics of quantum mechanics”, J. Funct. Anal. 29 (1978), 104–132.

[105] N. E. Wegge-Olsen, K-theory and C^∗-algebras —a friendly approach, Oxford Univ.

Press, Oxford, 1993.

[106] A. Weinstein, “Symplectic groupoids, geometric quantization and irrational rotation algebras”, in Seminaire sud-rhodanien à Berkeley (1989), P. Dazord and A. Weinstein, eds., Springer, Berlin, 1991; pp. 281–290.

[107] N. J. Wildberger, “Characters, bimodules and representations in Lie group harmonic analysis”, in Harmonic Analysis and Hypergroups, K. A. Ross et al, eds., Birkhäuser, Boston, 1998; pp. 227–242.

[108] S. L. Woronowicz, “Twisted SU(2) group. An example of a noncommutative differential calculus”, Publ. RIMS Kyoto 23 (1987), 117–181.

[109] S. L. Woronowicz, “Differential calculus on compact matrix pseudogroups (quantum groups)”, Commun. Math. Phys. 122 (1989), 125–170.

[110] S. L. Woronowicz, “Compact quantum groups”, in Quantum Symmetries, A. Connes, K. Gawȩdzki and J. Zinn-Justin, eds. (Les Houches, Session LXIV, 1995), Elsevier Science, Amsterdam, 1998; pp. 845–884.

[111] R. Wulkenhaar, “On the Connes–Moscovici Hopf algebra associated to the diffeomorphisms of a manifold”, math-ph/9904009, CPT, Luminy, 1999.

[112] P. Xu, “Quantum groupoids”, Commun. Math. Phys. 216 (2001), 539–581; math/ 9905192.