arXiv:hep-th/0109114 v2 29 Oct 2001

Off–Diagonal Metrics and Anisotropic Brane Inflation

Sergiu I. Vacaru^1 and Denis Gontsa^2

1 Dept. of Phys., CSU Fresno, 2345 East San Ramon Ave. M/S 37 Fresno, CA 93740-8031, USA sergiuvacaru@venus.nipne.ro, sergiu−vacaru@yahoo.com

2Department of Physics, St. Petersbourg State University, P. O. Box 122, Peterhoff, St. Petersbourg, 198904, Russia d−gontsa@yahoo.com (September 15, 2001)

We study anisotropic reheating (entropy production) on 3D brane from a decaying bulk scalar field in the brane–world picture of the Universe by considering off–diagonal metrics and anholonomic frames. We show that a significant amount of, in general, anisotropic dark radiation is produced in this process unless only the modes which satisfy a specific relation are excited. We conclude that subsequent entropy production within the brane is required in general before primordial nucleosynthesis and that the presence of off–diagonal components (like in the Salam, Strathee and Petracci works [1]) of the bulk metric modifies the processes of entropy production which could substantially change the brane–world picture of the Universe.

PACS Numbers: 98.80.Cq; 04.50.+h; 11.25.Mj; 12.10.-g

The brane world picture of the Universe [2] resulted in a number of works on brane world cosmology [3,4] and inflationary solutions and scenaria [5–9]. Such solutions have been constructed by using diagonal cosmological metrics with respect to holonomic coordinate frames.

In Kaluza–Klein gravity there were also used off–diagonal five dimensional (in brief, 5D) metrics beginning Salam and Strathee and Perrachi works [1] which suggested to treat the off–diagonal components as some coefficients including U (1), SU (2) and SU (3) gauge fields. Recently, the off–diagonal metrics were considered in a new fashion both in Einstein and brane gravity [10,11], by applying the method of anholonomic frames with associated nonlinear connection, which resulted in a new method of construction of exact solutions of Einstein equations describing, for instance, static black hole and cosmological solutions with ellipsoidal or torus symmetry, soliton–dilaton and wormhole–flux tube configurations with anisotropic polarizations and/or running of constants.

The aim of this paper is to investigate reheating after anisotropic inflation in the brane world with generic local anisotropy induced by off–diagonal metrics in the bulk [11]. In this scenario, our locally anisotropic Universe is described on a 4D boundary (3D anisotropic brane) of Z_2–symmetric 5D space–time with a gravitational vacuum polarization constant and its computed renormalized effective value. In the locally isotropic limit the constant of gravitational vacuum polarization results in a negative cosmological constant Λ_5 ≡ −6k^2, where k is a positive constant. Our approach is in the spirit of Horava–Witten theory [12,13] and recovers the Einstein gravity around the brane with positive tension [2,14,15], the considerations being extended with respect to anholonomic frames.

Theories of gravity and/or high energy physics must satisfy a number of cosmological tests including cosmological inflation [16] which for brane models could directed by anisotropic renormalizations of parameters [11]. We shall develop a model of anisotropic inflation scenarios satisfying the next three requirements: 1) it is characterized by a sufficiently long quasi–exponential expansion driven by vacuum–like energy density of the potential energy of a scalar field; 2) the termination of accelerated anisotropic expansion is associated with an entropy production or reheating to stisfy the conditions for the initial state of the classical hot Big Bang cosmology, slightly anisotropically deformed, before the primordial nucleosynthesis [17] and 3) generation of primordial fluctuations with desired amplitude and spectrum [18].

We assume the 5D vacuum Einstein equations written with respect to anholonomic frames which for diagonal metrics with respect to holonomic frames contains a negative cosmological constant Λ_5 and a 3D brane at the 5th coordinate w = 0 about which the space–time is Z_2 symmetric and consider a quadratic line interval

δs^2 = Ω^2(t, w, y)[dx^2 + g_2 (t, w) dt^2 + g_3 (t, w) dw^2 + h_4(t, w, y)δy^2 + h_5 (t, w) dz^2], (1)

where the ’elongated’ differential δy = dy + ζ_2(t, w, y)dt + ζ_3(t, w, y)dw, together with dx, dt and dw define an anholonomic co–frame basis (dx, dt, dw, δy, δz = dz) which is dual to the anholonomic frame basis [10,11] (δ_1 =^∂_{∂x} , δ_2 =^∂_{∂t} − ζ_2^∂_{∂y} , δ_3 =^∂_{∂t} − ζ_3^∂_{∂y} , ∂_4 =^∂_{∂y} , ∂_5 =^∂_{∂z} ); we denote the 4D space–time coordinates as (x, t, w, y, z) with t being the time like variable. The metric ansatz for the interval (1) is off–diagonal with respect to the usual coordinate basis (dx, dt, dw, dy, dz).

As a particular case we can parametrize from (1) the metric near an locally isotropic brane like a flat Robertson– Walker metric with the scale factor a(t) [9] if we state the values

Ω^2 = (aQ)^2, g_2 = −(aQ)^{−2}N^2, g_3 = (aQ)^{−2}, h_4 = 1, h_5 = 1, ζ_{2,3} = 0, for N^2(t, w) = Q^{−2}(t, w) cosh(2kw) + 1 2 k^{−2} ( H^2 + Ḣ ) (cosh(2kw) − 1) −

1 +^1_2 k^{−2} ( 2H^2 + Ḣ ) √ 1 + k^{−2}H^2 + Ca^{−4} sinh(2k|w|)

Q^2(t, w) = cosh(2kw) + 1 2 k^{−2}H^2 (cosh(2kw) − 1) − √ 1 + k^{−2}H^2 + Ca^{−4}, (2)

when the bulk is in a vacuum state with a negative cosmological constant Λ_5, C is an integration constant [19]. One takes N = Q = 1 on the brane w = 0. The function H (t) and constants k and C from (2) are related with the evolution equation on the brane in this case is given by

H^2 = ( ȧ a )_2 = κ^4_5σ 18 ρ_{tot} +

Λ_4 3 + κ^4_5 36 ρ^2_{tot} − k^2C a^4

, Λ_4 ≡ 1 2 ( Λ_5 + κ^2_5 6 σ^2 ) , (3)

where κ^2_5 is the 5D gravitational constant related with the 5D reduced Planck scale, M_5, by κ^2_5 = M^{−3}_5 ; σ is the brane tension, the total energy density on the brane is denoted by ρ_{tot}, and the last term of (3) represents the dark radiation with C being an integration constant [15,20,19]. We recover the standard Friedmann equation with a vanishing cosmological constant at low energy scales if σ = 6k/κ^2_5 and κ^2_4 = κ^4_5σ/6 = κ^2_5k, where κ^2_4 is the 4D gravitational constant related with the 4D reduced Planck scale, M_4, as κ^2_4 = M^{−2}_4 . We find that M^2_4 = M^3_5 /k. If we take k = M_4, all the fundamental scales in the theory take the same value, i. e. k = M_4 = M_5. The the scale above is stated by constant k which the nonstandard term quadratic in ρ_{tot} is effective in (3). One suppose [9] that k is much larger than the scale of inflation so that such quadratic corrections are negligible.

For simplicity, in locally isotropic cases one assumes that the bulk metric is governed by Λ_5 and neglect terms suppressed by k^{−1} and Ca^{−4} and writes ds^2_5 = −e^{−2k|w|}dt^2 + e^{−2k|w|}a^2(t) ( dx^2 + dy^2 + dz^2 ) + dw^2. (4)

The conclusion of Refs [11] is that the presence of off–diagonal components in the bulk 5D metric results in locally anisotropic renormalizations of fundamental constants and modification of the Newton low on the brane. The purpose of this paper is to analyze the basic properties of models of anisotropic inflation on 3D brane with induced from the bulk local anisotropy of metrics of type (1) which define cosmological solutions of 5D vacuum Einstein equations depending on variables (w, t, y) , being anisotropic on coordinate y (see details on construction of various classes of solutions by applying the method of moving anholonomic frames in Ref [10,11]).

For simplicity, we shall develop a model of inflation on 3D brane with induced from the bulk local anisotropy by considering the ansatz

δs^2_5 = e^{−2(k|w|+ky|y|)}a^2(t)[dx^2 − dt^2] + e^{−2ky |y|}dw^2 + e^{−2(k|w|+ky|y|)}a^2(t)(δy^2 + z^2) (5)

which is a particulcar case of the metric (1) with Ω^2(w, t, y) = e^{−2(k|w|+ky|y|)}a^2(t), g_2 = −1, g_3 = e^{2k|w|}, h_4 = 1, h_5 = 1 and ζ_2 = k/k_y, ζ_3 = (da/dt)/k_ya taken as the ansatz (5) would be an exact solution of 5D vacuum Einstein equations. The constants k and k_y have to be established experimentally. We emphasize that the metric (5) is induced alternatively on the brane from the 5D anholonomic gravitational vacuum with off–diagonal metrics. With respect to anholonomic frames it has some diagonal coefficients being similar to those from (4) but these metrics are very different in nature and describes two types of branes: the first one is with generic off–diagonal metrics and induced local anisotropy, the second one is locally isotropic defined by a brane configuration and the bulk cosmological constant. For anisotropic models, the respective constants can be treated as some ’receptivities’ of the bulk gravitational vacuum polarization.

The next step is to investigate a scenarios of anisotropic inflantion driven by a bulk scalar field ϕ with a 4D potential V [ϕ] [21,22]. We shall study the evolution of ϕ after anisotropic brane inflation expecting that reheating is to proceed in the same way as in 4D theory with anholonomic modification (a similar idea is proposed in Ref. [23] but for locally isotropic branes). We suppose that the scalar field is homogenized in 3D space as a result of inflation, it depends only on t and w and anisotropically on y and consider a situation when ϕ rapidly oscillates around ϕ = 0 by expressing V [ϕ] = m^2ϕ^2/2. The field ϕ(t, w, y) is non–homogeneous because of induced space–time anisotropy. Under such assumptions he Klein–Gordon equation in the background of metric (5) is written

□_5ϕ(f, t, y) − V^′[ϕ(f, t, y)] = 1 √ |g| [ δ_t (√ |g|g^{22}δ_tϕ ) + δ_w (√ |g|g^{33}δ_f ϕ ) + ∂_y (√ |g|h^{44}∂_yϕ )] − V^′[ϕ] = 0, (6)

where δ_w =^∂_{∂w} − ζ_2^∂_{∂y} , δ_t =^∂_{∂t} − ζ_3^∂_{∂y} ,, □_5 is the d’Alambert operator and |g| is the determinant of the matrix of coefficients of metric given with respect to the anholonomic frame (in Ref. [9] the operator □_5 is alternatively constructed by using the metric (4)).

The energy release of ϕ is modeled by introducing phenomenologically a dissipation terms defined by some constants Γ^w_D, Γ^y_D and Γ_B representing the energy release to the brane and to the entire space, □_5ϕ(w, t, y) − V^′[ϕ(w, t, y)] = Γ^w_D 2k δ(w) 1 N δ_tϕ + Γ^y_D 2k_y δ(y) 1 N δ_tϕ + Γ_B 1 N δ_tϕ. (7) Following (6) and (7) together with the Z_2 symmetries on coordinates w and y, we have

δ_wϕ^+ = −δ_w ϕ^− =

Γ^w_D 4k δ_tϕ(0, y, t), ∂_yϕ^+ = −∂_y ϕ^− =

Γ^y_D 4k_y δ_tϕ(w, 0, t), (8) where superscripts + and − imply values at w, y −→ +0 and −0, respectively. In this model we have two types of warping factors, on coordinates w and y. The constant k_y characterize the gravitational anisotropic polarization in the direction y.

Comparing the formulas (7) and (8) with similar ones from Ref. [9] we conclude the the induced from the bulk brane anisotropy could result in additional dissipation terms like that proportional to Γ^y_D. This modifies the divergence of divergence T^{(ϕ)C}_{A;C} of the energy–momentum tensor T^{(ϕ)}_{MN} of the scalar field ϕ: Taking T^{(ϕ)}_{MN} = δ_M ϕδ_N ϕ − g_{MN} ( 1 2 g^{P Q} δ_P ϕδ_Qϕ + V [ϕ] ) , with five dimensional indices, M, N, ... = 1, 2, ..., 5 and anholonomic partial derivative operators δ_P being dual to δ^P we compute T^{(ϕ)C}_{A;C} = {□_5ϕ(w, t, y) − V^′[ϕ(w, t, y)]} ϕ_{,A} = [ Γ^w_D 2k δ(w) 1 N δ_tϕ + Γ^y_D 2k_y δ(y) 1 N δ_tϕ + Γ_B 1 N δ_tϕ ] δ_Aϕ. (9) We can integrate the A = 0 component of (9) from w = −ϵ to w = +ϵ near the brane, than we integrate from y = −ϵ_1 to y = +ϵ_1, in the zero order in ϵ and ϵ_1, we find from (8) that δρ_ϕ(0, 0, t) ∂t = −(3H + Γ_B )(δ_tϕ)^2(0, 0, t) − J_ϕ(0, 0, t), (10)

with ρ_ϕ ≡^1_2 (δ_tϕ)^2 + V [ϕ], J_ϕ ≡ −^{δtϕ}√_{|g|} δ_f (√ |g|δ_f ϕ ) −^{δtϕ}√_{|g|} δ_y (√ |g|δ_yϕ ) , which states that the energy dissipated

by the Γ^f_D and Γ^y_D terms on anisotropic brane is entirely compensated by the energy flows (locally isotropic and anisotropic) onto the brane. In this paper we shall model anisotropic inflation by considering that ϕ looks like homogeneous with respect to anholonomic frames; the local anisotropy and induced non–homogeneous effects are modeled by additional terms like Γ^y_D and elongated partial operators with a further integration on variable y.

Now we analyze how both the isotropic and anisotropic energy released from ϕ affects evolution of our brane Universe by analyzing gravitational field equations [15,22] written with respect to anholonomic frames. We consider that the total energy–momentum tensor has a similar structure as in holonomic coordnates but with the some anholonomic variables, including the contribution of bulk cosmological constant,

T_{MN} = −κ^{−2}_5 Λ_5g_{MN} + T^{(ϕ)}_{MN} + S_{MN} δ(w),

where S_{MN} is the stress tensor on the brane and the capital Latin indices M, N, ... run values 1, 2, ...5 (we follow the denotations from [9] with that difference that the coordinates are reordered and stated with respect to anholonomic frames). One introduces a further decomposition as S_{μν} = −σq_{μν} + τ_{μν} , where τ_{μν} represents the energy–momentum tensor of the radiation fields produced by the decay of ϕ and it is of the form τ^μ_ν = diag(2p_r, −ρ_r, p_r, 0) with p_r = ρ_r /3 which defines an anisotropic distribution of matter because of anholonomy of the frame of reference.

We can remove the considerations on an anisotropic brane (hypersurface) by using a unit vector n_M = (0, 0, 1, 0, 0) normal to the brane for which the extrinsic curvature of a w = const hypersurface is given by K_{MN} = q^P_M q^Q_N n_{Q;P} with q_{MN} = g_{MN} −n_M n_N . Applying the Codazzi equation and the 5D Einstein equations with anholonomic variables [10,11], we find

D_ν K^ν_μ − D_μK = κ^2_5T_{MN} n^N q^M_μ = κ^2_5T_{μw} = κ^2_5(δ_tϕ)(δ_w ϕ)δ^2_μ, (11)

where δ^1_μ is the Kronecker symbol, small Greek indices parametrize coodinates on the brane, D_ν is the 4D covariant derivative with respect to the metric q_{μν}. The above equation reads

D_ν K^{ν+}_0 − D_0K^+ = κ^2_5 [ Γ_D 4k (δ_tϕ)^2(0, t, 0) +

Γ_D 4k_y (∂_yϕ)^2(0, t, 0) ] , (12)

near the brane w −→ +0 and neglecting non–homogeneous behaviour, by putting y = 0. We have

D_ν K^{ν+}_μ − D_μK^+ = − κ^2_5 2 D_ν S^ν_μ = − κ^2_5 2 D_ν τ^ν_μ . (13)

which follows from the junction condition and Z_2–symmetry with K^+_{μν} = −^{κ25}_2 ( S_{μν} −^1_3 q_{μν}S ) . Using (12) and (13), we get

D_ν τ^ν_μ = −

Γ_D 2k (δ_tϕ)^2δ^2_μ −

Γ^y_D 2k_y (∂_yϕ)^2δ^3_μ,

i. e.,

δ_tρ_r = −3H(ρ_r + p_r) +

Γ_D 2k (δ_tϕ)^2 +

Γ^y_D 2k_y (∂_yϕ)^2 = −4Hρ_r +

Γ_D 2k (δ_tϕ)^2 +

Γ^y_D 2k_y (∂_yϕ)^2,

on the anisotropic brane. This equation describe the reheating in an anisotropic perturbation theory (for inflation in 4D theory see [24]).

The 4D Einstein equations with the Einstein tensor G^{(4)ν}μ were proven [22] to have the form

G^{(4)ν}_μ = κ^2_4 ( T^{(s)ν}_μ + τ^ν_μ ) + κ^4_5π^ν_μ − E^ν_μ,

with T^{(s)ν}_μ ≡^1_{6k} [ 4q^{νζ}(δ_μϕ)(δ_ζ ϕ) +

(_3 2 (δ_ζ ϕ)^2 −^5_2 q^{ξζ} (δ_ξϕ)(δ_ζ ϕ) −^3_2 m^2ϕ^2 ) q^ν_μ ] , where π^ν_μ contains terms quadratic in τ^β_α which are higher order in ρ_r /(kM_4)^2 and are consistently neglected in our analysis. E^ν_μ ≡ C^{wν}_{μw} is a component of the 5D Weyl tensor C^{MN}_{P Q} treated as a source of dark radiation [19].

With respect to anholonomic frames the 4D Bianchi identities are written in the usual manner,

D_ν G^{(4)ν}_μ = κ^2_4 ( D_ν T^{(s)ν}_μ + D_ν τ^ν_μ ) − D_ν E^ν_μ = 0, (14)

with that difference that D_ν G^{(4)ν}_μ = 0 only for holonomic frames but in the anholonomic cases, for general constraints one could be D_ν G^{(4)ν}_μ ≠ 0 [10,11]. In this paper we shall consider such constraints for which the equalities (14) hold which yield

D_ν E^ν_2 = − κ^2_4 4k δ ∂t [ (δ_tϕ)^2 − (δ_w ϕ)^2 − (∂_yϕ)^2 + m^2ϕ^2 ] − 2κ^2_4H k (δ_tϕ)^2 − κ^2_4 2k Γ_D(δ_tϕ)^2 − κ^2_4 2k y Γ^y_D(∂_yϕ)^2.

Putting on the anisotropic brane (δ_wϕ)^2 =Γ^2_D (δ_tϕ)^2/(16k^2) and (∂_yϕ)^2 = (Γ^y_D)^2(δ_tϕ)^2/(16k^2_y) similarly to Ref. [9], by substituting usual partial derivatives into ’elongated’ ones and introducing φ(t) ≡ ϕ(0, t.y)/ √ 2k, b = a(t)e^{−ky |y|} and ε ≡ E^2/κ^2_4 we prove the evolution equations in the brane universe w = 0

H^2 = ( δ_tb b )_2 = κ^2_4 3 (ρ_φ + ρ_r + ε) , ρ_φ ≡ 1 2 (δ_tφ)^2 + 1 2 m^2φ^2 = ρ_ϕ 2k , δ_tρ_φ = −(3H + Γ_B )(δ_tφ)^2 − J_φ, J_φ ≡ J_ϕ 2k , δ_tρ_r = −4Hρ_r + Γ_D(δ_tφ)^2 + Γ^y_D(δ_tφ)^2, δ_tε = −4Hε − (H + Γ_D + Γ^y_D − Γ_B)(δ_tφ)^2 + J_φ.

We find the solution of (6) in the background (5) in the way suggested by [25,9] by introducing an additional factor depending on anisotropic variable y, ϕ(t, w) = ∑ n+n^′ c_{n+n}′ T_{n+n}′ (t)Y_n(w)Y_n′ (y) + H.C. with T_{n+n}′ (t) ∼= a^{− 32} (t)e^{−i(mn +mn′ )t}, Y_n(w) = e^{2k|w|} [ J_ν ( m_n k e^{k|w|} ) + b_nN_ν ( m_n k e^{k|w|} )] , Y_n′ (y) = e^{2ky|y|} [ J_ν ( m_{n′} k e^{ky |y|} ) + b_n′ N_ν ( m_n k e^{ky |y|} )] , for ν = 2 √ 1 +^{m2}_{4k2} ∼= 2 +^{m2}_{4k2} , and considering that the field oscillates rapidly in cosmic expansion time scale. The values m_n and m_n′ are some constants which may take continuous values in the case of a single brane and b_n and b_n′ are some constants determined by the boundary conditions, δ_wϕ = 0 at w = 0 and ∂_yϕ = 0 at y = 0. We write

b_n = [ 2J_ν ( m_n k ) + m_n k J^′_ν ( m_n k )] [ 2N_ν (m_n k ) + m_n k N^′_ν ( m_n k )]_{−1} , b_n′ = [ 2J_ν ( m_n′ k_y ) + m_n′ k_y J^′_ν ( m_n′ k_y )] [ 2N_ν ( m_n′ k_y ) + m_n′ k_y N^′_ν ( m_n′ k_y )]_{−1} . The effect of dissipation on the boundary conditions is given by b_n ∼= [( 2 + im_nΓ_D 2k^2 ) J_ν ( m_n k ) + m_n k J^′_ν ( m_n k )] [( 2 + im_nΓ_D 2k^2 ) N_ν ( m_n k ) + m_n k N^′_ν (m_n k )]−1 , b_n′ ∼= [( 2 + im_n′ Γ^y_D 2k^2_y ) J_ν ( m_n′ k_y ) + m_n′ k_y J^′_ν ( m_n′ k_y )] [( 2 + im_n′ Γ^y_D 2k^2_y ) N_ν ( m_n′ k_y ) + m_n′ k_y N^′_ν ( m_n′ k_y )]_{−1} , where use has been made of ˙∂_tT_{n+n}′ (t) ∼= −im_{n+n}′ T_{n+n}′ (t).

For simplicity, let analyze the case when a single oscillation mode exists, neglect explicit dependence of φ on variable y (the effect of anisotropy being modeled by terms like m_n′ , k_y and Γ^y_Dand compare our results with those for isotropic inflation [9]. In this case we approximate δφ ≃ φ̇, where dot is used for the partial derivative ∂_t. We find

J_φ = (m^2_n + m^2_n′ − m^2)φφ̇. (15)

The evolution of the dark radiation is approximated in the regime when φ(t) oscillates rapidly, parametrized as φ(t) = φ_i ( a(t) a(t_i) )_{−3/2} e^{−iλn+n′ (t−ti)}, λ_{n+n}′ ≡ m_n + m_n′ − i 2 Γ_B,

with m_n + m_n′ ≫ H and Γ_B being positive constants which assumes that only a single oscillation mode exists.

Then the evolution equation of ε(t) ≡ κ^{−2}_4 E^2 is given by ∂ε ∂t = −4Hε − (Γ_D + Γ^y_D + H − Γ_B )φ̇^2 − (m^2 − m^2_n − m^2_n′ )φφ̇.

The next approximation is to consider φ as oscillating rapidly in the expansion time scale by averaging the right-hand-side of evolution equations over an oscillation period. Using φ̇^2(t) = (m^2_n +m^2_n′ )φ^2(t) and φφ̇(t) = −(3H +Γ_B )φ^2(t)/2, we obtain the following set of evolution equations in the anisotropic brane universe w = 0, for small non–homogeneities on y, where the bar denotes average over the oscillation period.

H^2 = ( ȧ a )_2

∼= κ^{24} 3 (ρ_φ + ρ_r + ε) , ∂ρ_φ ∂t = − 1 2 (3H + Γ_B)(m^2 + m^2_n + m^2_n′ )φ^2, ∂ρ_r ∂t = −4Hρ_r + ( Γ_Dm^2_n + Γ^y_Dm^2_n′ ) φ^2, (16) ∂ε ∂t = −4Hε − (Γ_D + H − Γ_B)m^2_nφ^2 − (Γ^y_D + H − Γ_B)m^2_n′ φ^2 + 1 2 (3H + Γ_B )(m^2 − m^2_n − m^2_n′ )φ^2, (17) with φ^2(t) ≡ φ^2_i (_{a(t)} a(t_i) )_{−3} e^{−ΓB (t−ti)}. The system (16) and (17) was analyzed in Ref. [9] for the case when m_n′ and Γ^y_D vanishes: It was concluded that if m_n ≥ m, we do not recover standard cosmology on the brane after inflation. The same holds true in the presence of anisotropic terms.

In the locally isotropic case it was proven that if m_n ≪ n the last term of (17) is dominant and we find more dark radiation than ordinary radiation unless Γ_B is extremely small with Γ_B /Γ_D < m^2_n/m^2 ≪ 1. The presence of anisotropic values m_n′ and Γ^y_D can violate this condition.

The cases m_n, m_n′ <∼ m are the most delicate cases because the final amount of dark radiation can be either positive or negative depending on the details of the model parameters and the type of anisotropy. The amount of extra radiation–like matter have to be hardly constrained [17] if we wont a successful primordial nucleosynthesis. In order to have sufficiently small ε compared with ρ_r after reheating without resorting to subsequent both isotropic and anisotropic entropy production within the brane, the magnitude of creation terms of ε should be vanishingly small at the reheating epoch H ≃ Γ_B. This hold if only there are presented isotropic and/or anisotropic modes which satisfies the inequality | 2Γ_B(m^2 − m^2_n − m^2_n′ ) − Γ_Dm^2_n − Γ^y_Dm^2_n′ | ≪ Γ_Dm^2_n + Γ^y_Dm^2_n′ . (18)

We conclude that the relation (18) should be satisfied for the graceful exit of anisotropic brane inflation driven by a bulk scalar field ϕ. The presence of off–diagonal components of the metric in the bulk which induces brane anisotropies could modify the process of nucleosynthesis.

In summary we have analyzed a model of anisotropic inflation generated by a 5D off–diagonal metric in the bulk. We studied entropy production on the anisotropic 3D brane from a decaying bulk scalar field ϕ by considering anholonomic frames and introducing dissipation terms to its equation of motion phenomenologically. We illustrated that the dark radiation is significantly produced at the same time unless the inequality (18) is satisfied. Comparing our results with a similar model in locally isotropic background we found that off–diagonal metric components and anisotropy results in additional dissipation terms and coefficients which could substantially modify the scenary of inflation but could not to fall the qualitative isotropic possibilities for well defined cases with specific form of isotropic and anisotropic dissipation. Although we have analyzed only a case of anisotropic metric with a specific form of the dissipation, we expect our conclusion is generic and applicable to other forms of anisotropies and dissipation, because it is essentially an outcome of the anholonomic frame method and Bianchi identities (14). We therefore conclude that in the brane–world picture of the Universe it is very important what type of metrics and frames we consider, respectively, diagonal or off–diagonal and holonomic or anholonomic (i. e. locally isotropic or anisotropic). In all cases there are conditions to be imposed on anisotropic parameters and polarizations when the dominant part of the entropy we observe experimentally originates within the brane rather than in the locally anisotropic bulk. Such extra dimensional vacuum gravitational anisotropic polarizations of cosmological inflation parameters may be observed experimentally.

The authors are grateful to D. Singleton and E. Gaburov for useful communications. The work of S. V. is partially supported by the ”The 2000–2001 California State University Legislative Award”.

[1] A. Salam and J. Strathdee, Ann. Phys. (NY) 141, 316 (1982); R. Percacci, J. Math. Phys. 24, 807 (1983). [2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); . 83, 4690 (1999).

[3] C. Csaki, M. Graesser, C. Kolda and J. Terning, Phys. Lett. B 462, 34 (1999); J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83, 4245 (1999); D. J. Chung and K. Freese, Phys. Rev. D61, 023511 (2000); E.E. Flanagan, S.H.H. Tye and I. Wasserman, Phys. Rev. D62, 024011 (2000); ibid. D62, 044039 (2000); H. Stoica, S.H.H Tye and I. Wasserman, Phys. Lett. B 482, 205 (2000); H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D62, 064022 (2000); D. Langlois, Phys. Rev. D62, 126012 (2000); C.V.D Bruck, M. Dorca, R. Brandenberger and A. Lukas, Phys. Rev. D62, 123515 (2000); K. Koyama and J. Soda, Phys. Rev. D62, 123502 (2000); R. Maartens, Phys. Rev. D62, 084023 (2000). H.C. Kim, J.H. Yee and M.I. Park, hep-th/0006164; C.V.D Bruck, M. Dorca, C.J.A.P Martins and M. Parry, Phys. Lett. B495,183 (2000);

[4] P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477, 285 (2000); P. Kraus, J. High Energy Phys.

9912, 011 (1999); D. Ida, J. High Energy Phys. 0009, 014 (2000); S. Mukohyama, Phys. Lett. B 473, 241 (2000).

[5] A. Lukas, B.A. Ovrut and D. Waldram, Phys. Rev. D61, 023506 (2000); T. Nihei, Phys. Lett. B 465, 81 (1999); N.

Kaloper, Phys. Rev. D60, 123506 (1999); H. A. Chamblin and H. S. Reall, Nucl. Phys. B562, 133 (1999); H.B. Kim, H.D. Kim, Phys. Rev. D61, 064003 (2000); J. Garriga and M. Sasaki, Phys. Rev. D62, 043523 (2000); L. Anchordoqui, C. Nunez and K. Olsen, J. High Energy Phys. 0010, 050 (2000); K. Koyama and J. Soda Phys. Lett. B 483, 432 (2000); S.W. Hawking, T. Hertog and H.S. Reall, Phys. Rev. D62, 043501 (2000); S. Nojiri and D. Odintsov, Phys. Lett. B 484, 119 (2000); D. Langlois, R. Maartens and D. Wands, Phys. Lett. B 489, 259 (2000); L. Anchordoqui and K. Olsen, hep-th/0008102;

[6] R. Maartens, D. Wands, B. Bassett and I. Heard, Phys. Rev. D62, 041301 (2000).

[7] S. Nojiri, O. Obregon and D. Odintsov, Phys. Rev. D62, 104003 (2000); S. Kobayashi, K. Koyama and J. Soda, Phys.

Lett. B501,157 (2001).

[8] Y. Himemoto and M. Sasaki, Phys. Rev. D63, 044015 (2001). [9] J. Yikoyama and Y. Himemoto, sl After bulky brane inflation hep–ph/ 0103115.

[10] S. Vacaru, JHEP 0104 (2001) 009; S. Vacaru, Ann. Phys. (NY) 290 (2001) 83; S. Vacaru, D. Singleton, V. Botan and D.

Dotenco, Phys. Lett. B 519, 249 (2001).

[11] S. Vacaru, Anisotropic black holes in Einstein and brane gravity, hep–th/ 0108065; S. Vacaru Off–diagonal 5D metrics and mass hierarchies with anisotropies and running constants, hep–ph/ 0106268.

[12] P. Horava and E. Witten, Nucl. Phys. B460, 506 (1996); B475, 94 (1996).

[13] A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, Phys. Rev. D59, 086001 (1999); Nucl. Phys. B552, 246 (1999). [14] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (1999); S.B. Gidding, E. Katz and L. Randall, J. High Energy Phys.

9903 (1999) 023.

[15] T. Shiromizu, K. Maeda and M. Sasaki, Phys. Rev. D62, 024012 (2000).

[16] A.H. Guth, Phys. Rev. D23, 347 (1981); K. Sato, Mon. Not. R. astr. Soc. 195, 467 (1981); for a review of inflation see, e.g. A.D. Linde, Particle Physics and Inflationary Cosmology (Harwood, 1990); D.H. Lyth and A. Riotto, Phys. Rep. 314, 1(1999).

[17] For a review of primordial nucleosynthesis see, e.g. K.A. Olive, G. Steigman, and T.P. Walker, Phys. Rep. 333, 389 (2000). [18] S.W. Hawking, Phys. Lett. 115B, 295 (1982); A.A. Starobinsky, Phys. Lett. 117B, 175 (1982); A.H. Guth and S-Y. Pi, Phys. Rev. Lett. 49, 1110 (1982).

[19] S. Mukohyama, Phys. Lett. B 473, 241 (2000).

[20] P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477, 285 (2000);P. Kraus, J. High Energy Phys.

9912, 011 (1999); D. Ida, J. High Energy Phys. 0009, 014 (2000).

[21] S. Nojiri, O. Obregon and D. Odintsov, Phys. Rev. D62, 104003 (2000); S. Kobayashi, K. Koyama and J. Soda, Phys.

Lett. B501,157 (2001).

[22] Y. Himemoto and M. Sasaki Phys. Rev. D63, 044015 (2001). [23] R. Maartens, D. Wands, B. Bassett and I. Heard, Phys. Rev. D62, 041301 (2000).

[24] A. Albrecht, P.J. Steinhardt, M.S. Turner, and F. Wilczek, Phys. Rev. Lett. 48, 1437 (1982); L. Abbott, E. Farhi, and M.

Wise, Phys. Lett. B 117, 29 (1982); A. Dolgov and A.D. Linde, Phys. Lett. B 116, 329 (1982).. [25] W.D. Goldberger and M.B. Wise, Phys. Rev. D60, 107505 (1999).