arXiv:hep-th/0109119 v3 30 Oct 2001

DIPLOMA THESIS

Quantization of Supersymmetric Solitons

submitted to the Fakultät für Technische Naturwissenschaften und Informatik der TU Wien Vienna, 12 September 2001

Author: Robert Wimmer

Supervisor: Ao. Univ.-Prof. Dr. Anton Rebhan

Institut für Theoretische Physik, Technische Universität Wien, Wiedner Hauptstr. 8-10, A-1040 Vienna, Austria

Abstract

We investigate the issue of regularization/renormalization in the presence of a nontrivial background in the case of 1+1-(supersymmetric) solitons. In particular we study and compare the commonly employed regularization methods (mode- energy/momentumcutoff and derivative regularization). We show that the main point for a consistent regularization/renormalization is to find a relation between the “cutoffs” in the vacuum and the nontrivial sector so that they can be related in a consistent manner. For each scheme we give a principle to derive this relation and to perform calculations in a consistent way. These principles are simple and not restricted to two dimensions or supersymmetric theories.

Contents

1 Introduction 1 1.1 Historical . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Current status of research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.3 Organization of this work and conventions . . . . . . . . . . . . . . . . . . . . 3

2 Classical Solitons 3 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2.1.1 Klein-Gordon equation in D=1+1 . . . . . . . . . . . . . . . . . . . . . 4 2.1.2 Nonlinear equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.3 Solitons and solitary waves . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 General properties of scalar solitons in D=1+1 . . . . . . . . . . . . . . . . . . 6 2.2.1 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2.2 Static solutions and the mechanical analogue . . . . . . . . . . . . . . . 8 2.3 ϕ^4 - theory, the kink . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3.1 Spontaneous symmetry breaking . . . . . . . . . . . . . . . . . . . . . . 10 2.3.2 Moving kinks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.4 Topological indices and topological conservation laws . . . . . . . . . . . . . . 13 2.4.1 Topological charge and conserved current . . . . . . . . . . . . . . . . . 15 2.5 The sine - Gordon system in D=1+1 . . . . . . . . . . . . . . . . . . . . . . . 16 2.5.1 Time dependent solitons . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.6 Stability and zero modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.6.1 Static non-trivial solutions . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.6.2 Periodic time dependent solutions . . . . . . . . . . . . . . . . . . . . . 23 2.7 Existence of non-singular finite-energy solutions . . . . . . . . . . . . . . . . . 25

3 Quantization of Solitons 26 3.1 The path integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.1.1 Green functions, propagators and the spectral function . . . . . . . . . 27 3.1.2 Stationary phase approximation (SPA) and perturbation theory . . . . 31 3.1.3 One exactly solvable problem, the harmonic oscillator . . . . . . . . . . 36 3.1.4 Field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.1.5 Quantum energy levels for static solitons . . . . . . . . . . . . . . . . . 41 3.1.6 The zero mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 3.2 Standard perturbation theory and renormalization . . . . . . . . . . . . . . . . 47 I

3.2.1 Analytical structure of G(x, y) and field strength renormalization . . . 48 3.2.2 The systematics of renormalization . . . . . . . . . . . . . . . . . . . . 50 3.2.3 Renormalization of ϕ^4- and SG- model . . . . . . . . . . . . . . . . . . 53 3.2.4 Quantum action for solitons . . . . . . . . . . . . . . . . . . . . . . . . 58

4 Quantum masses of static solitons 60 4.1 Renormalized spectral function . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.2 Mode regularization (MNC) for bosonic kinks . . . . . . . . . . . . . . . . . . 61 4.2.1 Regularized kink mass . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.2.2 Vacuum contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 4.2.3 Kink sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 4.2.4 sine-Gordon-kink . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.2.5 ϕ^4-kink . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 4.3 Hilbert space of the soliton sector . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.4 Continuum calculation (EMC) for bosonic kinks . . . . . . . . . . . . . . . . . 72 4.4.1 Vacuum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 4.4.2 Kink sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 4.4.3 Sine-Gordon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 4.4.4 Quantum mass of the kink . . . . . . . . . . . . . . . . . . . . . . . . . 79 4.4.5 The large Λ limit and comparison with the results of [34] . . . . . . . . 80 4.4.6 Robustness of the procedure . . . . . . . . . . . . . . . . . . . . . . . . 81

5 Fermions 82 5.1 Grassmann calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 5.1.1 Grassmann algebras. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 5.1.2 Variation and integration . . . . . . . . . . . . . . . . . . . . . . . . . . 85 5.2 The Grassmann oscillator, fermionic boundary conditions . . . . . . . . . . . . 86 5.2.1 Variation principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 5.2.2 Spectral function and energy spectrum . . . . . . . . . . . . . . . . . . 88 5.3 Mode regularization including fermions . . . . . . . . . . . . . . . . . . . . . . 89 5.3.1 Classical properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89 5.3.2 Vacuum sector and renormalization . . . . . . . . . . . . . . . . . . . . 90 5.3.3 Spectral function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 5.3.4 Kink sector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 5.3.5 Sine Gordon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 II

5.3.6 ϕ^4-model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 5.3.7 Anti/periodic spin structures P/AP . . . . . . . . . . . . . . . . . . . . 100 5.4 Aspects of derivative regularization . . . . . . . . . . . . . . . . . . . . . . . . 101 5.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6 Conclusion 105

7 Appendix 107 7.1 Stability equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 7.2 Fermionic eigen modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 7.3 Euler-MacLaurin formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

III

To Brigitte and my friends

Acknowledgements

First of all I want to thank in cordial friendship my supervisor Anton "Toni" Rebhan. He introduced me the enormously interesting problem of the quantum theory of solitons and without the financial support, which he organized for me, it would have been impossible to write this work and to pay so much attention to the wonderful world of physics. He always was there for me, independently if I was in seventh heaven because of a new idea or if I was frustrated because it did not work. He also invested a lot of nights for proofreading my drafts to apply in time for a FWF-project and to achieve a "photo finish" in the race of ideas with the Stony Brook group around van Nieuwenhuizen. Sorry for my English Toni.

I also want to thank the members of the Institute for Theoretical Physics for the friendly atmosphere and the fruitful and helpful discussions. I am sure this institute is one of the best places in the world to work at. I render special thanks to Herbert Balasin, Martin Ertl, Peter Fischer, Daniel Grumiller, Manfred Herbst, Daniel Hofmann, Alexander Kling, Max Kreuzer, Erwin Riegler, Paul Romatschke, Axel Schwarz, Dominik Schwarz and Professor Wolfgang Kummer, for financing my participation at the HEP 2001 conference in Budapest by the Institute, which was a great experience for me. I also thank the secretaries Franz Hochfellner, Elfriede Mössmer and Roswitha Unden who always treated me as if I was the head of the Institute. Specially I have to thank Christian Weber for his wonderful friendship, helping me with the figures and discussing about physics and the rest of the world with me, as well Wolfgang “Waldi” Waltenberger and Max Wellenzohn.

Especially I want to thank Brigitte for her love, patience and her moral and financial support. She gave me the power to work so hard in physics.

I also want to thank my friends Christian, Charlotte, Flori, Gerti, Hugo, Ines, Joachim, Mani, Michelle, Olzi, Peter, Sabine, Tanja, Tina, Ulli, which accompany me, some longer some shorter, through my life and always were my family, and my brother Kristoffer.

I also thank my mother for her financial support, who always helped me when I thought there was no way out.

1 Introduction

1.1 Historical

In August 1834 the technician and marine-engineer John Scott Russell rode along the Edinburgh- Glasgow-channel and watched a boat which was pulled by two horses. Ten years later (1844) he described his observations in a report to the British Association for the Advancement of Science [1]. He wrote that as the boat stopped a large single wave-amplitude with large velocity and constant shape was running down the channel. He followed the wave on his horse and lost it after two miles. This was his first encounter with this “singular and beautiful phenomena” which he called “wave of translation”. This is the first known (at least to me) mention of what we today call “soliton” or a “solitary wave” and it was forgotten for more than a century. In 1895 Diederik Korteweg and his PhD-student Hendrik de Vries discovered a nonlinear equation, describing water waves, the so called KdV-equation. They showed that their equation posses a solitary wave as solution. But at this time it was seen as an accident that nonlinear equations could be solved explicitly and therefore their discovery was almost forgotten.

In the twentieth century the invention of computers made it possible to investigate nonlinear problems with prospect of success. In 1965, seventy years after its discovery, Norman Zabusky and Martin Kruskal [2] investigated the KdV-equation, which was found to describe different systems. In numerical calculations they discovered that a solitary wave can overtake a slower one and after a complicated, nonlinear interaction the two waves continue moving with unchanged velocity and shape. The residual effect of the interaction is a phase shift in the relative position of the two waves, an effect which is impossible for linear waves. Because of the individual character of these nonlinear waves Zabusky and Kruskal coined the notion soliton.

After this work an intensive investigation of nonlinear soliton-bearing equations began and rich connections between different branches of physics and mathematics - scattering theory, lattice dynamic, Kac-Moody-algebras, Verma-modules, cohomology, topology, Pontrjagin numbers - were found.

1.2 Current status of research

During the last decade an enormous flurry of activity and also substantial progress has taken place in understanding non-perturbative effects in both supersymmetric field theories and superstring theories [4]. Central to this is the occurrence of extended objects such as solitons and instantons [3], whose masses and actions, respectively, are inversely proportional to coupling constants so that they gain importance in the strongly coupled regime. As first observed in the two-dimensional sine-Gordon theory ([7],[25],[26]), there is the possibility of an intriguing duality between the ordinary elementary quanta of quantum field theory and bound states of solitons.

The consistent regularization and renormalization in the quantization of (supersymmetric) solitons is still an active area of research (see [33],[34],[35] and references therein) with a number of not completely resolved issues. In some special cases certain properties of the quantum theory in the presence of a non-trivial background can be decided without doing explicit calculations of the quantum corrections, such as the saturation of the BPS bound in two-dimensional minimal supersymmetric theories with kink-solitons (SUSY- sine-Gordon and ϕ^4 model) by the use of the residual supersymmetry [36] or the quantum mass of the kink in the case of the minimal SUSY-sine-Gordon model obtained from Yang-Baxter equation assuming factorization of the S-matrix [37],[38]. These methods provide highly non-trivial cross-checks, but depend on special properties of the considered theories and give no general insight into the impact of the presence of a nontrivial background on the renormalization procedure and thus different aspects of the Quantum Field Theory associated to nontrivial classical solutions. These aspects are overruled by “higher” knowledge such as supersymmetry. In this work we deliberately do not make use of supersymmetry at each step (which does not mean that we neglect or violate it unnecessarily). We mostly carry out the calculations for bosons and fermions separately to point out the different aspects of the influence of the nontrivial background on fermions and bosons. We investigate different regularization schemes (mode-, energy- cutoff and derivative regularization) within the renormalization procedure which are well known in standard perturbation theory and adapt it to the requirements of the presence of a non-trivial background. Besides the resolution of various subtleties we are able to show that the considered regularization schemes, which are very successful and popular in standard perturbation theory, with the necessary modifications are still well working techniques even in the presence of a non-trivial background. The investigations demonstrate that different schemes emphasize different aspects of the nontrivial background for quantum corrections but all of them eventually give the same unambiguous results. We thus are able to solve certain outstanding problems in the computation of the quantum mass of (SUSY) solitons. Over a long period of time different methods gave different answers ([39], [5]) and there seemed to be no convergence in the results. More recent works [38],[39] cleared up a lot of things in this discussion but also posed new questions, which are still in discussion [33],[34]. Clearly, the resolution of the remaining open points is an important step for reliable further investigations.

The modifications that have to be applied to the different regularization schemes are based on very simple principles which are not restricted to two dimensions or supersymmetric theories. The generality and simplicity of these principles thus pave the way for further investigations in more general cases than 2D-SUSY solitons. Nevertheless minimal 2D-SUSY solitons are still of particular interest. Firstly, the discussion on the consistent renormalization in the presence of exact static classical solutions is concentrated on these models, secondly there exists a “higher” knowledge due to supersymmetry or exact S-matrices which makes it possible to verify these principles “a posteriori” and above all because of their simplicity, so that one can focus on the problem of consistent regularization and renormalization in the presence of a static nontrivial background.

The new principles are formulated and used for the calculation of the quantum correction to the soliton mass. When they are respected, all considered methods give the (one loop) mass corrections, now “accepted by all workers in this field” [34], (m = √ lμ, where μ is the minimal renormalized mass parameter and l = 1, 2 for SG, ϕ^4): (susy) − SG : ΔM_B = − ℏm π ΔM_F = ℏm 2π ΔM_{susy} = ΔM_F + ΔM_B = − ℏm 2π

(susy) − ϕ^4 : ΔM_B = ℏm ( 1 4 √ 3 − 3 2π )

ΔM_F = ℏm ( 1 π − 1 4 √ 3 )

ΔM_{susy} = ΔM_F + ΔM_B = − ℏm 2π Although in the supersymmetric case the bosonic and fermionic corrections ΔM_B, ΔM_F have no physical meaning by themselves we have calculated them separately due to the reasons mentioned above. Only the sum ΔM_{susy} has a physical meaning and that it is the same in both theories is related to its supersymmetric origin.

1.3 Organization of this work and conventions

In section 2 we review some properties of solitons. This section mostly follows reference [3]. In section 3 we first discuss general principles of the quantization of (static) solitons and renormalization. This will be used to calculate the (one loop) quantum corrections to masses of the ϕ^4- and sine-Gordon- kink-soliton solutions in section 4. The main point of this section is a consistent regularization in different “topological” sectors. In section 5 we consider solitons coupled to fermions. Especially the supersymmetric extensions of the bosonic theories of the foregoing sections are considered and the additional (one loop) fermionic quantum corrections to the kink masses are calculated.

Throughout this work we use, except stated otherwise, units so that c = 1 and ℏ ≠ 1, because ℏ will be our main perturbative parameter. The metric signature is (+, −).

2 Classical Solitons

2.1 Introduction

1First we consider the massless Klein-Gordon equation in 1+1 dimensions □ϕ(x, t) = ( 1 c^2

∂^2_t − ∂^2_x)ϕ(x, t) = 0

This equation and its solutions have well known properties

* It is linear and dispersionless.

* Each “well behaved” function of the form f(x ± ct) is a solution.

* It is a second order equation, and the plane waves cos(kx + ωt) and sin(k ± ωt) with ω = kc form a basis in the space of general solutions.

1This is the only section where we use units in which c ≠ 1.

Thus each “well behaved” function can be expanded according to this basis: f(x − ct) = ∫ dk[a(k) cos(kx − ωt) + b(k) sin(kx − ωt)]. (1) For proper functions a(k) and b(k) this is a wave packet traveling in positive x -direction with the velocity c and since all modes have the same velocity the shape of the wave packet is stable, i.e. constant in time, and thus dispersionless.

Because of the linearity of the massless Klein-Gordon equation a linear combination of solutions is again a solution. Thus one can construct a solution built of several wave packets which can travel with different (opposite) velocities. Consider, for instance, two wave packets: f_3(x, t) = f_1(x − ct) + f_2(x + ct) This solution has following properties: t → ∞ : Two widely separated wave packets. t = finite : Collision of the wave packets.

t → −∞ : Again two widely separated wave packets with the same shapes and velocities as before the collision.

Solutions with several wave packets have analogous properties. For the massless Klein-Gordon equation we conclude, that it is linear and dispersionless and from this follows: (i) Shape and velocity conservation of a wave packet.

(ii) Asymptotic shape and velocity conservation after collision of several wave packets.

2.1.1 Klein-Gordon equation in D=1+1 The Klein-Gordon equation, (□ + m^2c^2)ϕ(x, t) = 0, is also linear and a solution basis is again given by plane waves cos(kx ± ωt) and sin(k ± ωt). (2) But now for (2) being a solution ω and k must fulfill the following equation: ω^2 = k^2c^2 + m^2c^4.

From this follows that different modes (different k’s in (1)) of the wave packet move with different (phase)velocities v(k) = ω(k) k = c √ 1 + m^2c^2 k^2 and a wave packet with a certain shape at time t = 0, f(x, 0) = ∫ dk[a(k) cos(kx) + b(k) sin(kx)], will spread as time moves on. The Klein-Gordon-equation is dispersive. Thus solutions of the Klein-Gordon- equation have neither property (i) nor property (ii) of the solutions of the massless Klein-Gordon-equation.

2.1.2 Nonlinear equations

If we neglect the dispersive mass term of the Klein-Gordon-equation and add a nonlinear term instead to get something new, for example

□ϕ(x, t) + ϕ^3(x, t) = 0, (3)

we also get wave packet solutions which spread with time. For (3) this can be observed by numerical calculations.

In equations with dispersive and nonlinear terms, these two effects can balance each other, so that special solutions occur that have the property (i) or even the properties (i) and (ii). Solutions of nonlinear equations with property (i) are called solitary waves. Solutions of nonlinear equations with properties (i) and (ii) are called solitons. It is common to call both, solitons and solitary waves, solitons (or “lumps” [8]). We will give a more precise definition in the next chapter. These non-dissipative solutions which do not spread out with time form lumps of energy holding themselves together by their own self-interaction.

2.1.3 Solitons and solitary waves

The definition of solitons and solitary waves vary from author to author, but the several definitions are very similar, they differ only for special cases in the characterization of solutions of nonlinear wave equations. We give a definition which is appropriate for our interests and equivalent to other definitions in the cases treated here.

We characterize localized solution by the energy density (Hamiltonian density) of the field configuration (composite function of the fields) ε(x, t) = F (ϕ_i(x, t)). Connected to the energy density is the total energy (Hamiltonian) of the system by

E[ϕ_i] = ∫ space dxε(x, t)

For physical systems the energy is bounded below and we can shift the minimum to zero, i.e. E_{min} = 0 . With this normalization we define localized solution as follows:

Definition We call solutions of nonlinear wave equations localized solutions if the associated energy densities ε(x, t) have following properties:

ε(x, t) is localized in space for finite times t, i.e.

(i) lim_{x→∞}ε(x, t) → 0 fast enough to be integrable

(ii) ε(x, t) is finite in finite regions of space

For systems with E[ϕ_i] = 0 iff ϕ_i(x, t) ≡ 0 this definition of localized solutions is equivalent to localized fields, i.e. if one requires lim_{x→∞}ϕ(x, t) = 0 = lim_{x→∞}∂_μϕ(x, t).

Definition A solitary wave is a non-singular localized solution of nonlinear field equations whose energy density has a space-time dependency of the form ε(x, t) = ε(x − ut) where u is an arbitrary velocity(vector).

This means that the energy density moves with constant velocity and constant shape, i.e. undistorted. From this follows that any static localized solution is a solitary wave with u = 0. For relativistic or Galilean invariant systems one obtains moving solutions by boosting the static ones. Therefore static nontrivial solutions with localized and finite energy will be of central interest for us.

Definition A solution of nonlinear field equations with N solitary waves with energy densities ε_0(x − ut) is called a soliton if the energy density has following properties:

(i) ε(x, t) →^N ∑ i=1 ε_0(x − a_i − u_it) as t → −∞

(ii) ε(x, t) →^N ∑ i=1 ε_0(x − a_i − u_it + δ_i) as t → +∞

Where a_i and u_i are the initial positions and velocities and δ_i are constants or constant vectors for higher dimensions.

So solitons are solitary waves whose velocities and shapes of energy densities are asymptotically (t → +∞ ) restored to their initial, i.e. pre-collision, ones. The constants (vectors) δ_i represent the displacement of the pre-collision trajectories and should be the sole residual effect of the collision. It is clear that all solitons are solitary waves but not vice versa.

2.2 General properties of scalar solitons in D=1+1

We give a qualitative discussion of possible solutions of nonlinear field equations for scalar fields. We consider the simplest cases, i.e. only one field in D = 1 + 1 dimensions. Of special interest are static solutions with localized energy, which are transformed by a boost into moving localized energy-lumps. This fits to the concept of a particle, but with finite extension. The quantum theory of these objects (see part 2) will validate the particle-picture of these extended objects.

The dynamics of such a simple system is described by the Lagrangian (density), L = 1 2 (∂ϕ)^2 − U(ϕ) = 1 2 ϕ̇^2 − 1 2 ϕ^{′2} − U(ϕ) (4)

for which we set up following assumptions

(i) L is 2D-Lorentz-invariant

(ii) U(ϕ) is a positive semidefinite function of ϕ and does not depend on the derivatives ∂ϕ of the field.

(iii) absolute minima of U are zero, i.e. U_{min} = 0

The equations of motion (e.o.m.) are obtained by a variation principle: δ ∫ dx^2L = 0 ⇒ □ϕ(x, t) + ∂U ∂ϕ (ϕ) = 0. (5)

In this case the variation of the fields and its derivatives vanish per definition at possible boundaries of the considered space-time interval (for an unbounded space-time R^n this is always automatically true). This variation principle is consistent with the second order e.o.m. This is not true for first order systems like fermions, where one needs a modified variation principle (see below).

The Hamiltonian (energy) of systems like (4) is given by E[ϕ] = ∫ dxε(x, t) = ∫ dx( ∂L ∂ϕ̇ ϕ̇ − L) = ∫ dx[ 1 2 ϕ̇^2 + 1 2 ϕ^{′2} + U(ϕ)] (6)

where time independent Lagrangian’s give time independent Hamiltonians,i.e.^{∂L}_{∂t} = 0 ⇒ dE dt = 0.

From (6) one can see that the energy E[ϕ] is the sum of positive definite terms. Thus to get the minimum of the energy, i.e. the ground state (the vacuum in the quantized theory) of the theory, each term must be minimal. This is achieved by constant fields ϕ(x, t) = g^{(i)} for which the potential U(ϕ) has an absolute minimum, i.e. U(g^{(i)}) = U_{min} = 0 because of our assumptions.

2.2.1 Boundary conditions

The requirement of localized and finite energy solutions implies strong restrictions on the spatial boundary conditions for these fields. For a localized energy density ε(x, t) i.e. for finite energy E[ϕ] the energy density ε(x, t) must vanish (fast enough) with |x| → ∞ for the considered field-configuration. From (6) one can see that this is only possible if asymptotically (|x| → ∞) ∂_μϕ ≡ 0 and U(ϕ) ≡ 0, since all quantities in ε(x, t) and E[ϕ], respectively, are positive.

Let ϕ = g^{(i)}, i = 1...M ≥ 1 be the absolute minima of potential, i.e. U(ϕ = g^{(i)}) = 0. A necessary condition for ε(x, t) to vanish asymptotically is that ϕ approaches one of the (constant) minima g^{(i)} . Thus the localized energy condition ε(x → ±∞) → 0 implies for the field the following solitary wave-boundary conditions: lim x→±∞ ϕ(x, t) = g^{(i±)} (7) lim x→±∞ ∂_μϕ(x, t) = 0 (8)

One has to distinguish between the case of one minimum (M = 1) and the case of several minima (M > 1). If M = 1 then for both limits (x → +∞ and x → −∞) the field converges to the same value g^{(i±)} = g. For M > 1 one can have different limits g^{i+} ≠ g^{i−} or the equal ones, g^{i+} = g^{i−} .

Figure 1: The potential U(ϕ) (solid) of the field theory and its (one degree of freedom)-mechanical analogue V (q) (dashed) in the case of static fields in D = 1 + 1 dimensions. (a) For a field theory with a unique ground state and (b) for degenerated absolute minima of the potential U(ϕ).

2.2.2 Static solutions and the mechanical analogue

For static solutions the e.o.m. (5) simplify, in our D = 1 + 1 case, to an ordinary differential equation: □ϕ(x, t)_{|static} = −ϕ^{′′}(x) = − ∂U ∂ϕ (x). (9)

This equation is analogous to the Newton equation of motion of a unit mass in a potential V = −U (see fig.1), if one considers ϕ as the coordinate and x as the time, i.e. ϕ(x) ≡ q(t). Therefore we discuss the familiar mechanical analogue instead of the original field system and solve the e.o.m. (9) simply by quadrature. This is only possible in D = 1 + 1 dimensions . At the end of this section we make some comments on the situation in more general cases. The mechanical analogue has the following properties:

Energy : W = q̇^2 2 + V (q) ≡ 1 2 ( dϕ dx )^2 − U(ϕ) = constant (10) Boundary conditions : lim_{x→±∞}W = 0 (11)

Action : S[q] ≡ ∫ dx[ 1 2 ( dϕ dx )^2 + U(ϕ)] = E[ϕ]_{|static} (12)

The boundary condition (11) follows from (7) and (8), (12) follows from (6). Virial theorem. Integrating (9) with ∫_y −L dxϕ^′(x) gives: 1 2 ϕ^{′2} = U ⇒ ϕ^′ = ± √ 2U(ϕ). (13)

This is the virial theorem for the mechanical analogue and in connection with non-trivial static field configurations it is called the Bogomol’nyi equation.

Thus static solutions of the field system are trajectories with finite action, (12), and zero energy, (10) and (11), of the mechanical analogue. We consider these trajectories for two classes of potentials:

a) From fig.1 one can see that for potentials U with a unique minimum there exists no nonsingular, nontrivial trajectory with boundary condition (11). A particle starting at the “time” x = −∞ at ϕ_1 = 0 will never return. The only solution is the trivial one ϕ(x) ≡ ϕ_1, i.e. there exists no static solitary wave (the field is constant in space).

b) In the case of several degenerated minima of U according to (11) the particle must start at one of the minima of U, ϕ_i, and move to one of the neighboring minima ϕ_{i±1}(the field varies in space). It cannot return or go further since all derivatives of ϕ, i.e. “velocities”, “accelerations”, etc, vanish at the ϕ_i’s due to the equation of motion (9) and (13) and boundary the conditions (11):

U(ϕ_i) = 0 ⇒ ϕ_i^′ = 0 ∂U ∂ϕ (ϕ_i) = 0 = ϕ_i^{′′} a.s.o.

From the mechanical analogue one concludes for the existence of static solitons for theories of the form L=^1_2 (∂_μϕ)^2 − U(ϕ) (one field):

1. U(ϕ) has an unique minimum ⇒ ∃ one trivial static solution ϕ_1 and ∄ static solitary waves.

2. U(ϕ) has n minima ⇒ ∃ 2(n − 1) nontrivial static solutions with ϕ(x → −∞) = ϕ_k and ϕ(x → ∞) = ϕ_{k+1} or ϕ_{k−1}, and n trivial solutions ϕ_i.

From the mechanical analogue one can also see that the “particle” moves monotonically from one minimum of U (top of the hill) to a neighboring one. Therefore the static solitary wave is a monotonicly increasing or decreasing function. The above considerations are not restricted to a special shape of the potential U(ϕ). The main point is the existence of several (at least more than one) degenerated ground states (absolute minima of U(ϕ)) which can be accompanied by spontaneous breakdown of a symmetry (see below).

Solving by quadrature. As mentioned above, in the simple D = 1 + 1 case static solutions are obtained by quadrature. Integration of the virial theorem gives

x − x_0 = ± ∫_{ϕ(x)} ϕ(x_0) dϕ √ 2U(ϕ) (14)

Because of the boundary conditions the integrand is regular except for x_0 → −∞ and x → ∞, where x_0 is the integration constant.

Next we consider two special models and investigate further features of solitons (solitary waves) on the basis of them. These two models will also be considered in the quantization procedure (section 3).

2.3 ϕ^4 - theory, the kink

We consider the ϕ^4 - theory in D = 1 + 1 dimensions (not dimensionally reduced) with a mass (quadratic) term which causes “spontaneous symmetry breaking”. The ϕ^4-model with the opposite sign of the mass term generates only one unique minimum so that there exist no static solitary solutions, as mentioned above. The Lagrangian, which also fulfills our assumptions (2.2) is given by

L =^1_2 (∂_μϕ)^2 − U(ϕ) , (15)

U(ϕ) =^λ_4 (ϕ^2 −^{μ2}_λ )^2. (16)

The potential (16) has the shape of the potential (b) in fig.1. The e.o.m. of this system are

□ϕ(x, t) − μ^2ϕ + λϕ^3 = 0, (17)

and for static solutions they read

−ϕ^{′′} − μ^2ϕ + λϕ^3 = 0. (18)

The minima of the potential have the value zero for ϕ_±, where the ground state configurations ϕ ≡ ϕ_± of the system are dU dϕ = 0 ⇒ ϕ_± = ± μ √ λ . (19)

From our solitary waves- (localized energy) boundary conditions (7) follows that the field must asymptotically approach these values, i.e. ϕ(x → ±∞) → ϕ_±. Thus we have two possible non-trivial static solutions. One evolving with x from ϕ_− to ϕ_+ and a second one in the opposite direction.

Integration, static localized solutions With the potential (16) the general integral (14) reads (σ = ±1) x − x_0 = −σ ∫_{ϕ(x)} ϕ(x_0) dϕ √ λ/2(ϕ^2 − μ^2/λ) .

This is a standard integral. For fields satisfying |^{√λ}_μ ϕ |< 1 and by setting the integration constant ϕ(x_0) = 0, one obtains by elementary integration and solving for ϕ: ϕ_{Kσ} (x) = σ μ √ λ tanh[ μ √ 2 (x − x_0)]. (20)

For later considerations we have introduced the sign variable σ. One can easily prove by inserting in (18) that this is a solution. For fields satisfying |^{√λ}_μ ϕ |> 1 one gets functions involving coth. These cannot satisfy the boundary conditions. Thus we have two nontrivial static solutions which are called kink (σ = +) and antikink (σ = −), and shown in fig.2. These two solutions can be traced back to the two signs of the Bogomol’nyi equation (13): ϕ^′_{Kσ} = −σ √ 2U(ϕ_{Kσ} ). As one can see, these solutions are singular for λ → 0. Thus they cannot be obtained by perturbation theory starting from the linear equations (λ = 0). Thus the kink ϕ_{K+} and the antikink ϕ_{K−} are non-perturbative results.

2.3.1 Spontaneous symmetry breaking

We give some comments on the symmetry and its spontaneous breakdown of this model. Spontaneous symmetry breaking will be of importance in the quantization procedure but it is a feature which is already present at the classical level and does not come from quantization. In (quantum) perturbation theory one generally expands the Lagrangian around a fixed

Figure 2: kink and antikink

(classical) field-configuration ϕ_{cl} (see below). Thus the Lagrangian becomes a function of the perturbations η around the fixed configuration ϕ_{cl}, i.e.^2 L(ϕ) = L(ϕ_{cl} + η) = L̃(η). Now assume that the theory has a linear symmetry, so that the Lagrangian is invariant (up to total divergences) under the linear transformations T ϕ of the field, i.e

L(T ϕ) = L(ϕ) = L(ϕ_{cl} + η) = L̃(η). (21)

On the other hand, if the “ground state” ϕ_{cl} is not invariant under this transformation (if the boundary conditions do not respect the symmetry), i.e T ϕ_{cl} = ϕ̄_{cl} ≠ ϕ_{cl}, one has L(T ϕ) = L(T ϕ_{cl} + T η) = L(ϕ̄_{cl} + T η) ≠ L̃(T η) =⇒ L̃(T η) ≠ L̃(η). This effect is called spontaneous symmetry breaking. Actually it is just hidden symmetry, since by writing the Lagrangian as a function of the perturbations η the symmetry of the system is no longer visible although still present as one can see in (21). The effect of spontaneous symmetry breaking gives rise to a rich structure in quantum field theory and particle physics (Higgs effect, Goldstone theorem). In the quantum theory the “ground states” ϕ_{cl} are usually one of the minima of the potential, i.e. the configuration with the lowest energy, and the associated quantum mechanical state is the vacuum |0⟩. Therefore in quantum theory on calls a symmetry spontaneously broken if the vacuum state is not annihilated by the symmetry transformation, i.e. T |0⟩ ≠ 0. A less trivial “ground state” is a non-trivial classical solution like our kinks. Their quantum theory will be the main part of this work.

Let us return to the ϕ^4 model. The Lagrangian (15) and the associated action is symmetric under the parity transformations x → P x = −x and separately for the Z_2 (gauge) transformation ϕ → Zϕ = −ϕ. By the Z_2 (gauge) transformation the two minima ϕ_±(19) are not invariant but transformed into each other, i.e. Zϕ_± = ϕ_∓ . This is the “classical” situation of spontaneous symmetry breaking. But from (20) one can see that for the kink and antikink ϕ_{Kσ} both symmetries transform the two solutions into each other:

parity : ϕ_{Kσ} (P x) = ϕ_{Kσ} (−x) = −ϕ_{Kσ} (x) = ϕ_{K−σ} (x) Z_2 : Zϕ_{Kσ} (x) = −ϕ_{Kσ} (x) = ϕ_{K−σ} (x)

2All equations resp. inequalities are to be understood modulo total divergences.

Figure 3: The energy density for the kink and antikink. It is localized around the center x_0 of the (anti)kink an characterized by its half-width d 1_2 =^1_μ .

This is typical for systems with spontaneous symmetry breaking, since the localized energy solutions connect the different vacua. That the (anti)kink is not invariant also under parity transformation (antisymmetric), will have interesting consequences for the fermionic boundary conditions in the quantum theory of supersymmetric solitons.

Energy density, classical kink mass By the use of the virial theorem (13) and the (anti)kink-solution one obtains for the energy density ε(x)_{|static} = 1 2 ϕ^{′2} + U(ϕ) = 2U(ϕ) = ϕ^{′2} = μ^4 4λ 1 cosh^4[^{μ√}_2 (x − x_0)] , which is regular for real x and satisfies the conditions of the definition for solitary waves (see fig 3). So the kink and antikink are solitary waves. In analogy to the rest mass of a particle the total energy E[ϕ] for the (anti)kink is called the classical kink mass, since they are static. It is given by M_{cl} = ∫ dxε(x)_{|static} = μ^4 4λ ∫ dx cosh^4[^{μ√}_2 (x − x_0) = 2 √ 2μ^3 3λ . (22)

2.3.2 Moving kinks

By a 2D-Lorentz boost to a system moving with velocity u one obtains a moving (anti)kink. Since ϕ is a scalar field we only have to transform the coordinate: x → γ(x − ut) = x − ut √ 1 − u^2 . In these new coordinates the kink reads as follows ϕ_u(x, t) = μ √ λ tanh[ μ √ 2 (x − x_0) − ut √ 1 − u^2

] , u ∈ (−1, 1) (23)

It is easy to check that this is a solution of the equation of motion (17). The energy density and kink mass are obtained by inserting (23) into (6): ε(x, t) = 2 1 − u^2 [ μ^4 4λ − μ^2 2 ϕ^2_u + λ 4 ϕ^4_u].

For the total energy this gives with a variable substitution x →^{μ√}_λ^{(x−x0 )−ut√}_{1−u2} in the integral of (22):

E[ϕ_u] = 2 √ 2μ^3 4λ √ 1 − u^2 ∫ dx[ 1 cosh^2 x − sinh^2 x cosh^4 x ] = 1 √ 1 − u^2 2 √ 2μ^3 3λ = M_{cl} √ 1 − u^2 . This is a very nice result, since it is the relativistic energy-mass-relation for a particle. So one can expect that the quantized theory will give one particle states associated with the classical extended object.

2.4 Topological indices and topological conservation laws

It is often possible to make a topological classification of the solutions of a system. Specifically if one can define a topological index which is conserved in time it will play an important role of a quantum number in the quantum theory as other conserved quantities. But its origin is different from that of familiar conserved quantities. Again we consider a special class of theories in 2D, namely L = 1 2 (∂_μϕ)^2 − U(ϕ),

where U(ϕ) has a discrete set of absolute minima U(ϕ)_{min} = 0. We are interested in nonsingular solutions with finite energy which also include solitary waves and solitons. The requirement of finite energy at any time t_0 implies the following boundary conditions: lim x→±∞ ϕ(x, t_0) ≡ ϕ(±∞, t_0) = ϕ_± (24)

where at ϕ_± the potential U has an absolute minimum, i.e. U(ϕ_±) = 0. Since this must be true for all t_0 (all terms in E[ϕ] are positive, see (6)) and the discrete minima of U are separated, the field ϕ(∞, t) = ϕ_± must be stationary, i.e. conserved: ∂_tϕ(±∞, t) = 0. (25) Thus we can divide the space of all non-singular finite-energy solutions into sectors, characterized by two time independent indices, namely ϕ(−∞) and ϕ(∞). These sectors are not topological connected. Fields of one sector cannot be deformed continuously into fields of another sector without violating the finite-energy-condition. This emphasizes the difference between the conserved indices (25) and familiar conservation laws which are a consequences of continuous symmetries of the theory. The fact that different sectors are not connected is a consequence of the topological property of the space of non-singular finite energy solutions. For this reason (25) is called a topological conservation law.

One can show that the existence of a topological conservation law is sufficient for the existence of non-dissipative solutions. This is important in more complicated theories, for which the direct integration is not so easy as for a single scalar field in D = 1 + 1 dimensions (this will be shortly discussed in section 2.7). By means of the ϕ^4 model we want give an idea how this works. Instead of nonsingular solutions of finite energy we consider non-singular initial-value data ϕ(x, t_0) and ∂_tϕ(x, t_0) at some fixed time t_0 (for the existence of nonsingular solutions for this initial value problem we refer to the reference in [8]). For these initial-value data, just as for the time-independent solutions (the kinks) the finite energy condition implies the relations (24) and (25). If U has more than one absolute minimum equation (25) is non-trivial. Now one can show [8] that any solution with the conserved indices ϕ(∞, t) = −ϕ(−∞, t), is non-dissipative, i.e. that the energy density does not spread indefinitely with time ( lim_{t→∞}max_x ε(x, t) ≠ 0). By continuity in x, for any t, there must be some x_0 for which ϕ(x_0, t) = 0. At this point the energy density (6) is

ε(x_0, t) ≥ U(0) = μ^4 4λ . Thus for all times the maximum of the energy density is unequal zero, max_x ε(x, t) ≥ μ^4 4λ , and therefore the energy density does not dissipate but stays localized. In an analogous way the existence of nontrivial topological conservation laws can be used to prove the existence of non-dissipative solutions.

Topological indices of the (anti)kink

The potential U(ϕ) = 1/4λ(ϕ^2 − μ^2/λ)^2 has two minima at ϕ_{min} = ±μ/ √ λ . This gives rise to four topological sectors of non-singular finite-energy solutions with the following indices set (writing only the signs) {(ϕ(∞), ϕ(−∞))} = {(−, +), (+, −), (−, −), (+, +)}. The kink, the antikink and the two trivial solutions ϕ = ±^{m√}_λ are elements of the four sectors respectively. Another example is a kink from x → −∞ and a antikink from x → ∞ approaching each other. This field configuration lies in the (trivial) (−^{m√}_λ , −^{m√}_λ ) sector. Even though one cannot easily calculate the collision, we know that the resulting field will always stay in that sector. In fact the (anti)kink is only a solitary wave and not a soliton. These topological constraints also stabilize the (anti)kink and because of this these nontrivial solutions will become fundamental particles in the quantum theory, since they cannot decay. For a decay the (anti)kink would be deformed into a trivial topological sector, which would need an infinite amount of energy. For the existence of such topological solutions it is necessary that the quantum corrections do not lift the degeneration of neighbouring ground states and thus spoil the requirements for theire existence. This effect usually occurs in the case of an accidental degeneration, i.e. if the minima of the potential are not related to a spontaneously broken symmetry. Since the classical theory is just a limit of the quantized theory no such solutions exists in that case [6].

This fact, that the (anti) kink cannot be deformed continuously into the trivial sector without violating the finite energy condition is the origin of misunderstandings in the use of boundary conditions in the trivial and nontrivial sector during the quantization procedure. Also because of this one temporarily uses the kink-antikink configuration for the quantization procedure which is an intractable trick in more complicated cases ([33],[34],[48]). This will be clarified up later.

2.4.1 Topological charge and conserved current

Although the conserved topological indices come from the finite-energy-condition and not from a continuous symmetry, one can define a conserved current and a corresponding charge connected to the topological indices

Q := c [(ϕ(x = ∞) − (ϕ(x = −∞)] , k^μ := c ε^{μν} ∂_ν ϕ (26)

where ε^{μν} is the antisymmetric epsilon symbol and c is an arbitrary constant. This is trivial in D=1+1. With these definitions one has

∂_μk^μ = 0 and Q = ∫ dxk_0. (27)

Note that plane waves e^{ipμxμ} do not change the topological charge. Assume a field configuration ϕ_{top} with a definite topological charge Q_{top}, like the kink or the vacuum. Then the topological current k^μ in (26) and the topological charge Q (27) get an additional contribution from the plane wave for the field ϕ_{top} + e^{ipμxμ} as follows δk^μ = ε^{μν} ∂_ν (e^{ipμxμ} ) = ε^{μν} ip_ν (e^{ipμxμ} ) (28) δQ = ip_1 e^{ip0t} ∫ dx e^{−ip1x} = p_1δ(p_1)2πi e^{ip0t} = 0. (29)

Thus small (quantum) fluctuations will not change the topological charge and the topological sector of the classical finite energy field configuration with a certain topological charge.

To classify the topological sector one needs ϕ(x = ∞) and ϕ(x = −∞), so that the knowledge of Q is not enough, but for quantities which depend only on the difference of the conserved indices Q is sufficient.

For our ϕ^4-theory we set c = √ λ/m so that Q ∈ {−1, 0, 1}. Solitary waves are called topological if Q ≠ 0 , otherwise non-topological. This terminology says that the nontrivial solutions of the ϕ^4-theory are topological.

Symmetry breaking and topological indices. Suppose the Lagrangian L is invariant under some transformation T of the fields. Then one can distinguish two cases:

1. U has a unique minimum at ϕ_0 ⇒ ϕ_0 itself must be invariant under T , i.e. T ϕ_0 = ϕ_0, since a symmetry transformation does not change the energy of a solution.

2. U has several degenerated minima at ϕ_i , i = 1, ...M > 1 ⇒ the full set {ϕ_i} must be invariant under T , i.e. T ϕ_i ∈ {ϕ_i}, but not each ϕ_i itself. If not each ϕ_i itself is invariant under T one calls this a spontaneously broken symmetry (see above).

In order to get non-trivial topological sectors the existence of more than one degenerated minimum of U is necessary and sufficient (see ref. in [8] for the existence of nonsingular solutions for nonsingular initial-value data of finite energy). Thus a spontaneous symmetry breaking gives rise to nontrivial topological sectors. The converse is not always true, since the ϕ_i^′s could nevertheless be invariant under T .

2.5 The sine - Gordon system in D=1+1

The ϕ^4 - theory discussed above yields only solitary waves, but not solitons. The sine - Gordon system also yields solitons, as we will see. The sine-Gordon equation has a long story. In the last quarter of the nineteenth century it was extensively studied by geometers since it describes a two dimensional Riemann-surface of constant negative Gaussian curvature K = −1 [10]. It entered particle physics through works of Skyrme (1958,1960) who studied simple nonlinear field theories. Its name is a pun and seems to belonging to either Finkelstein and Rubinstein (Klein-Gordon → sine-Gordon) or Kruskal who investigated numerical solutions of nonlinear field equations and also discovered solitonic solutions of the Korteweg-de Vries equation (see [11] and references therein. The history of this name is not completely clear but it has prevailed over other names). A mechanical system which is also described by the sine-Gordon equation is realized by a continuous chain of elastic connected pendular on a horizontal line in a constant gravity field (or an infinite ribbon with a load at one edge [11]). The field ϕ(x, t) in this case describes the angular amplitude of the pendulum. The sine-Gordon equation also describes an infinite Jefferson contact [12]. As one can see a lot of systems are described by the sine-Gordon equation.

The Lagrangian of the sine-Gordon system is given by L = 1 2 (∂_μϕ)^2 + μ^2 γ [cos( √ γϕ) − 1] . A series expansion shows that approximations of this Lagrangian are well known systems L = 1 2 (∂_μϕ)^2 − 1 2 μ^2ϕ^2 + μ^2 γ 4! ϕ^4 + O(γ^2).

For γ → 0 this is just the free Klein - Gordon field and including the O(γ) - term one has the (attractive) ϕ^4 - theory. The equations of motions are □ϕ + μ^2 √ γ sin( √ γϕ) = 0. With a change in variables x^α →^1_μ x^α and the rescaling ϕ →^1√_γ ϕ the Lagrangian and equation of motion writes as L = μ^2 γ [ 1 2 (∂ϕ)^2 + cos ϕ − 1] (30)

□ϕ + sin ϕ = 0. (31)

As one can see, in principle the system can be described by only one parameter β :=^{μ2}_γ , which does not enter the classical e.o.m. It is a generic property that the classical field equations are independent of the coupling γ. Also for the ϕ^4 theory (15) this can be achieved by rescaling the field as ϕ̄ = λϕ. This can also be seen by the fact that in classical physics γ (λ) is a dimensionful parameter and thus can be used to set the scale. Of course, γ (λ) is relevant in quantum physics, since quantum physics contains a new constant, ℏ, and the important object in quantum theory is^1_ℏ L and the relevant dimensionless parameter is^ℏ_β or ℏλ, respectively (see section. 3).

Energy and energy density are given by (note that dx → 1/μ dx) E[ϕ] = ∫ dxε(x, t) = ∫ dx μ γ [ 1 2 ϕ̇^2 + 1 2 ϕ^{′2} + (1 − cos ϕ)] (32)

The Lagrangian L and so the equations of motion have the following discrete symmetries ϕ → −ϕ and ϕ → ϕ + 2πN, N ∈ Z (33) Since the overall factor μ^2/γ does not enter the classical e.o.m. (31) we consider the potential U(ϕ) = (1 − cos ϕ), whose minima are given by (note that U ≥ 0) dU dϕ = sin ϕ^!= 0 ⇒ ϕ_M = 2πM, M ∈ Z

Thus we have a countably infinite set of absolute minima for which the energy E[ϕ_M ] vanishes, since U(ϕ_M ) = 0. The minima ϕ_M are transformed into each other by the discrete symmetries (33) and therefore this symmetry, except for a Z_2 transformation, is also spontaneously broken. For finite energy - solutions, i.e. lim_{x→±∞}ε(x, t) = 0, we get the following boundary condition

ϕ(x → ±∞) = 2πM_± (34) Thus, according to (34) we can characterize our topological sectors by the conserved pair of integer indices (M_+, M_−). If only fields modulo 2π are physically relevant (this depends on the “interpretation” of the particle states [8]), then only the topological charge

Q ≡ M_+ − M_− = 1 2π ∫ dx∂_xϕ matters.

From our analysis of the mechanical analogue we know that a nontrivial finite-energy solution must move with x from one absolute minimum of U to a neighboring one, i.e. they must carry the charge Q = ±1. From (14) we get the static solution as follows:

x − x_0 = ± ∫_{ϕ(x)} ϕ(x_0) dϕ √ 2(1 − cos ϕ) with^1_2 (1 − cos y) = sin^{2 y}_2 and setting the integration constant ϕ(x_0) = π one obtains by solving for^3ϕ ϕ_{S±} (x) = 4 arctan[e^{±(x−x0)}] + 4kπ , k ∈ Z (35) The solution ϕ_{S+} with the (+) sign is called the soliton, the solution ϕ_{S−} with (−) sign is called the antisoliton of the system. Their graphs are plotted in fig.4 and are very similar to the kink and antikink of the ϕ^4 model (for both models we will often call them simply kinks ϕ_K ). As one can see, for both, ϕ_S and ϕ_{S−} , there exists an infinite set of solutions which connect different neighboring minima ϕ_M of the potential. Their topological charges are

Q_{S+} = 1 2π [ϕ_{S+} (x = ∞) − ϕ_{S+} (x = −∞)] = (2k + 1) − 2k = 1 Q_{S−} = 1 2π [ϕ_{S−} (x = ∞) − ϕ_{S−} (x = −∞)] = 2k − (2k + 1) = −1.

Figure 4: The “fundamental” (k = 1) soliton ϕ_{S+} and antisoliton ϕ_{S−} of the sine-Gordon system.

For the mechanical realization this solution describes a chain of pendular which is turned around once at the position x_0. The sign of the topological charge describes the orientation of the winding and is opposite for soliton and antisoliton. one obtains the classical mass of each (anti)soliton using the virial theorem (13) and (32) :

M^S_{cl} = ∫ dxε(x)_{|static} = μ γ ∫ dx[ 1 2 ϕ^{′2} + U] = 4μ γ ∫ dx 1 cosh^2(x − x_0) = 8μ γ (36)

2.5.1 Time dependent solitons

Again one obtains moving solutions by a 2D Lorentz-boost, i.e. a coordinate transformation (the γ used here has nothing to do with coupling, it is the usual parameter of relativistic kinematics): x → γ(x − ut) = x − ut √ 1 − u^2 . From this we get the moving (anti)soliton ϕ_{S±,u}(x, t) = 4 arctan[e^{±γ(x−x0−ut)}] + 4kπ , k ∈ Z. We already called these solutions (anti)solitons because the sine - Gordon system provides several soliton-solutions according to our definition of solitons. We only can mention some examples here:

Soliton-antisoliton-scattering. This solution of (31) is

ϕ_{SA}(x, t) = 4 arctan[ u cosh(γx) sinh(γut) ] = 4 arctan[ sinh(γut) u cosh(γx) ] ± 2π where γ is defined above and the sign in the second form depends on the quadrant of the argument of arctan. That this is an exact solution can be proved by insertion in the e.o.m. The asymptotic behavior shows that this is a soliton solution (with the abbr. δ =^{ln u}_{γu} ): ϕ_{SA}(x, t) −→_{t→−∞} 4 arctan[2u cosh(γx)e^{γut}] −→_{x→∞} 4 arctan[e^{γ(x+u(t+δ))}] = ϕ_{S+} (γ[x + u(t + δ)]) −→ x→−∞ 4 arctan[e^{−γ(x−u(t+δ))}] = ϕ_{S−} (γ[x − u(t + δ)])

3In the “old” literature one uses different branches of the inverse tangens. We follow [9] and use the unique arctan to avoid misunderstandings.

Figure 5: Soliton-antisoliton scattering at the times t << 0, t ≈ 0_− and t >> 0

Thus for t → −∞ we have a soliton moving with velocity −u from x → ∞, i.e. to the center x = 0, and a antisoliton moving with velocity u from x → −∞, i.e. an soliton and antisoliton approaching each other. For the asymptotic future we have

ϕ_{SA}(x, t) −→_{t→∞} 4 arctan[^1_{2u}^{eγut}_{cosh(γx)} ] + 2π −→_{x→∞} 4 arctan[e^{−γ(x−u(t−δ))}] + 2π = ϕ_{S−} (γ[x − u(t − δ)]) −→ x→−∞ 4 arctan[e^{γ(x+u(t−δ))}] + 2π = ϕ_{S+} (γ[x + u(t − δ)])

which are again a soliton and antisoliton with the same shape and velocities, but now departing from each other. The only change from the initial condition is the time delay δ which remains the sole residual effect of the collision. Since in our units u < 1, the delay δ is negative. This indicates that the soliton and antisoliton attract each other. This can be seen very illustrative by the mechanical realization, where the two different windings attract each other.

At t = 0, ϕ_{SA} vanishes (the two opposite windings come together and unwind each other), i.e. the approaching (anti)solitons tend to annihilate each other until t = 0, but the field re-emerges for growing t and asymptotically restore the soliton and antisoliton (fig.5). Since every solution of the sine-Gordon system is a solution modulo 2π the graph can be shifted up and down by 2π-steps.

Soliton-soliton scattering. This solution is given by

ϕ_{SS} (x, t) = 4 arctan[ u sinh(γx) cosh(γut) ] An analogous procedure as above shows that asymptotically two solitons approach each other for t → −∞ and departing from each other with same shape and speed, but with opposite velocity and a time delay. Thus they bounce back (backward scattering). At any instant of time the field ranges from −2π to +2π as x goes from −∞ to ∞. So the solution lies in the Q = 2 -sector (= total winding number of the pendular-chain). If we do not distinguish between fields modulo 2π, then there is no difference asymptotically between backward and forward scattering (see fig.6). The discrete symmetry under ϕ → −ϕ gives us an analogous solution for two antisolitons, namely ϕ_{AA} = −ϕ_{SS} .

The doublet or breather solution. This solution is obtained by setting u = iv in the solution ϕ_{SA} (omitting the modulo-constant 2π)

ϕ_v (x, t) = 4 arctan[ sin(^{vt√}_{1+v2} ) v cosh(^{x√}_{1+v2} )

] (37)

Figure 6: The soliton-soliton scattering at t < 0, t = 0, i.e. their maximum approach and t > 0. After this they disappear from each other again in the opposite direction of their approach.

Figure 7: The famous sine-Gordon breather for different times t_1 > t_2 > t_3 > t_4. It is periodic in time with the period τ.

this is still a real exact solution of sine-Gordon system. The parameter v is now not a velocity but it is connected to the period τ of this periodic solution τ = 2π √ 1 + v^2 v . The breather solution can be considered as a soliton and antisoliton oscillating about each other (see fig.7). In contrast to the scattering solution ϕ_{SA} the soliton and antisoliton input does not separate arbitrarily far apart as t → ±∞ but rather separate only up to a finite distance and never become fully free and undistorted. Thus this can be seen as a bound solution. The solution is given in its rest frame, i.e. it is centered around x = 0 for all time. Moving breather-solutions are again obtained by a 2D-Lorentz boost. But also in its rest frame the breather has nontrivial time dependence in contrast to the former solutions which are static in their rest frame. The breather does not fit into our definition of solitary waves but the field and the energy density is localized.

2.6 Stability and zero modes

2.6.1 Static non-trivial solutions

We have already mentioned that the static finite energy solutions will become new fundamental particles(states) in the quantum theory. Therefore we investigate the stability of these objects to see if they “survive” the quantization procedure. We have already seen that the existence of a topological conservation law leads to non-dissipative solutions, i.e. solutions for which the energy density does not dissipate to zero. Now we investigate the solutions explicitly according to their behavior under small perturbations. The equations of motion for our models are

□ϕ + U^′(ϕ) = 0. (38)

Next we consider a small perturbation of a static solution ϕ_{cl}(x) of this e.o.m. ϕ(x, t) = ϕ_{cl}(x) + η(x, t), (39) and investigate the development with time of the perturbation η(x, t), which is determined by e.o.m. Inserting (39) into (38) one gets the following e.o.m for the perturbation η:

□η + U^{′′}[ϕ_{cl}(x)]η = 0 + O(η^2). (40)

The linearized e.o.m. for the perturbation is separable for static solutions (invariant under time translations) and the general solution for η is a superposition of normal modes: η(x, t) = Re ∑ a_n e^{iωnt}ξ_n(x) (41) The sum has to be treated as an integral for continuum modes. The coefficients a_n are arbitrary complex numbers and the frequencies ω_n and modes ξ_n have to solve the eigenvalue problem (inserting the ansatz (41) into the linearized equation (40)): ( −∂^2_x + U^{′′}(ϕ_{cl}) ) ξ_n = ω^2_nξ_n. (42)

This is a Schrödinger equation with the potential U^{′′}(ϕ_{cl}) and in this context called stability equation. If one can explicitly solve this equation, as it is possible for the SG - and ϕ^4- model, one obtains (in the linear approximation) a rich set of solutions of the e.o.m. In (41) one can make the following classification for the perturbation w.r.t. the eigen-values ω^2_n of (42):

ω^2_n > 0 : The mode ξ_n stays oscillatory in time.

ω^2_n < 0 : The mode ξ_n grows exponentially with time and thus also the perturbation, the linearized equation is only valid for short times.

ω^2_n = 0 : The mode ξ_n is a so called zero mode, the perturbation is constant in time.

First of all we can see that the static solution ϕ_{cl}(x) can only be stable if all eigenvalues of the stability equation (42) are positive, i.e. ω_n ≥ 0 for all n. The occurrence of zero modes is connected with symmetries of the system. In our special case it is the translation symmetry of the ϕ^4 and the SG- kinks^4. The explicit solution of the stability equation of the ϕ^4 and the SG- kink are given in the appendix (section 7.1). In general one can show that because of the spatial translation invariance all eigenvalues are positive and therefore the solution ϕ_{cl} is stable [8]. Because of the spatial translation invariance, also the boundary conditions (7,8) are translational invariant; also ϕ_{cl}(x + x_0) is a solution if ϕ_{cl}(x) is one. For infinitesimal translations one has

ϕ_{cl}(x + x_0) = ϕ_{cl}(x) + x_0∂_xϕ_{cl}(x) + O(x^2_0),

inserting this into the e.o.m. (38) one gets as zero mode of the stability equation (42), i.e. the eigen-function to the eigen-value ω^2 = 0, the function ∂_xϕ_{cl}(x). As mentioned above the static finite energy solutions ϕ_{cl}, connecting neighboring minima of the potential U(ϕ), are monotonic functions. Therefore the derivative ∂_xϕ_{cl} has no nodes. It is well known that for one-dimensional Schrödinger equations with arbitrary potentials the eigen-function with no

4Here we use as mentioned above for both models the notion kink for the static finite energy solutions.

nodes is the eigen-function with the lowest energy. Since this eigenvalue is equal to zero, all eigenvalues ω^2 are positive, and thus the perturbation η stays oscillatory in time and the static finite energy solutions are stable.

The occurrence of the zero mode will cause troubles in the quantization procedure. Another way of writing the stability-operator in (42) and (40) is to express it through the action S[ϕ] = ∫ dtdxL. For the classical solution ϕ_{cl}(x) the action is stationary, thus the e.o.m.

writes as: δS δϕ |_{ϕcl} = 0. (43)

Expanding the action around ϕ_{cl} one obtains^5

S[ϕ_{cl} + η] = S(ϕ_{cl}) + 1 2 ∫ dtdx η [ δ^2S δϕ^2 |_{ϕcl} ] η + O(η^3). (44)

The linear term is absent because of the e.o.m. (43) and the spatial part of the operator

δ^2S δϕ^2 |ϕ^{cl} is exactly the operator in (42). The second term in (44) will be the central object in

the quantization procedure.

To see that the occurrence of zero modes is in general connected with symmetries we consider a very general theory with an arbitrary number of fields {ϕ_i}:

L = A^{μν}_{ij} ∂_μϕ_i∂_ν ϕ_j + B^μ_{ij} ϕ_i∂_μϕ_j − U(ϕ_i). (45)

For special constant matrices A^{μν}_{ij} , B^μ_{ij} and potentials U(ϕ_i) this theory also includes fermions and gauge fields . The equations of motion are given as

D_{ij} ϕ_j + ∂U(ϕ_k) ∂ϕ_i ϕ_i = 0, (46)

where D_{ij} is the matrix-valued differential operator, including first and/or second order derivatives in general, of the coupled system (46). For fermions (Grassmann fields) one has to take care of signs of course. Assume that the field “vector” {ϕ^{cl}_i (x)} = ⃗ϕ^{cl} is a static solution of the e.o.m. (46) for certain boundary conditions, i.e. D_{ij} ϕ^{cl}_j + ∂U(ϕ_k) ∂ϕ_i |_ϕcl ϕ^{cl}_i = 0 with ⃗ϕ^{cl}(±∞) = ⃗C_±, where ⃗C_± is some constant vector in the field-space. Now assume the existence of a continuous (internal or space-time) symmetry R of the theory (45) which does not involve the time and leaves the boundary conditions invariant. Since under a symmetry transformation the e.o.m. are invariant, the field configuration ϕ̃_i = Rϕ^{cl}_k is also a static solution. Since R is a continuous symmetry it is also possible to consider infinitesimal transformations. By an infinitesimal transformation one obtains a static solution of the form ϕ̃_i = Rϕ^{cl}_k = ϕ^{cl}_i + δ_Rϕ^{cl}_k .

Since ϕ̃_i is a classical solution, the deviation δ_Rϕ^{cl}_k fulfills the full stability equation (40), and since ϕ̃_i and ϕ^{cl}_i is static also the deviation δ_Rϕ^{cl}_k must be static and therefore the frequency of

5For the moment we neglect subtleties connected with surface terms. For the exact treatment see section 3.

this mode in (41) must be zero. Thus δ_Rϕ^{cl}_k is a zero mode of the Schrödinger equation (42). The invariance of the boundary condition ⃗C_± ensures that ϕ̃_i is also a finite energy solution. This restriction is not really needed since because of the topological conservation law it is impossible for a continuous (symmetry) transformation to change the topological sector of a field configuration. If there are more, independent symmetries present which fulfill the above requirements, then each of them has its own zero mode. We call two symmetries independent if the Poisson bracket of their Noether charges vanishes. It is clear that in the presence of such a symmetry one does not only have one classical solution but a continuous set of such classical solutions.

If the classical solution ϕ^{cl}_i is an absolute minimum of the potential U(ϕ_i), i.e. the trivial (vacuum) solution, the associated “zero-mode” δ_Rϕ^{cl}_k is the Goldstone mode, which is connected with spontaneous symmetry breaking and arises from the “valley” of continuous degenerated vacua. We want to distinguish this case from the occurrence of zero eigen-values connected with nontrivial solutions. Therefore we reserve the notion zero modes for the nontrivial case.

For our static kinks the continuous symmetry is the space-translation invariance and the continuous family of solutions is parametrized by the position (center) of the kink x_0. As can be seen in the appendix this leads to a zero mode and the fact that the classical solution is not isolated will spoil some requirements in the quantization procedure (see below).

2.6.2 Periodic time dependent solutions

For time-dependent solitons things are not as simple as for the static ones and therefore one needs somewhat more advanced mathematical techniques. We consider non-trivial solutions ϕ_T (x, t) which are periodic in time, even in their rest-frame, with the period T :

□ϕ_T + U^′(ϕ_T ) = 0 with ϕ_T (x, t + T ) = ϕ_T (x, t). (47)

For a small perturbation η(x, t) the linearized e.o.m. again gives the stability equation

[□ + U^{′′}(ϕ_T )] η(x, t) = 0, (48)

but now the stability operator in (48) is no longer separable (invariant under time translations), since the potential U^{′′}(ϕ_T ) is now time-dependent through ϕ_T (x, t). Because of the periodicity of ϕ_T the stability equation (48) is periodic with the same period T and thus invariant under time translations t → t+T . Therefore (48) is the field theoretical analogue of the Hill equation, known from point-mechanics in connection with the stability of periodic orbits [13]. Because of the residual time translation invariance the solutions of the stability equations have special properties, described by Floquet’s theorem [15]. The solutions of the stability equation are of the form (no summation over indices) e^{±iμn t}ξ_n(x, t) with ξ_n(x, t + T ) = ξ_n(x, t) (49) where T is the period of the stability operator. Because of the reality of the stability equation the solutions come in complex conjugated pairs. A perturbative mode (49) after a time T has the form η_n(x, t + T ) = e^{±i(μnt+μn T )}ξ_n(x, t) =: e^{±iνn} η_n(x, t)

The phases ν_n := μ_nT are called stability angles [26], characteristic exponents [15] or phase advance [13], and in general consist of a discrete and a continuous set, like the eigenvalues ω^2_n in the static case. They are the generalized analogue of the frequencies ω and characterize the periodic “orbit” ϕ_T (x, t). If one knows all stability angles ν_n, this means to know all solutions of the stability equation, and one can decide for the stability of the periodic solution as follows:

ν_n = real: The mode ξ_n stays oscillatory in time.

ν_n = complex: The mode ξ_n grows exponentially with time and thus also the perturbation, the linearized equation is only valid for short times.

ν_n = 0 : The mode ξ_n is a so called zero mode, the perturbation is constant in time.

This classification is quite analogous to the above one for static solutions. As one can see, for the classical solution ϕ_T (x, t) to be stable all stability angles ν_n must be real. Modes with vanishing stability angles ν_n = 0 are called zero modes and their occurrence again leads to problems in the quantization procedure. As in the static case, these zero modes are connected with the symmetries of the system:

Assume the existence of a continuous symmetry R of the theory which leaves the e.o.m. and the boundary conditions (47) invariant. Thus if ϕ_T (x, t) is a solution of (47) then ϕ̃_T = Rϕ_T is also a solution, i.e.

□ϕ̃_T + U^′(ϕ̃_T ) = 0 with ϕ̃_T (x, t + T ) = ϕ̃_T (x, t).

Since R is a continuous symmetry there exists an infinitesimal transformation of ϕ_T which is again a solution of (47) and has the form

ϕ̃_T (x, t) = Rϕ_T = ϕ_T (x, T ) + δ_Rϕ_T .

Since ϕ̃_T is a classical solution the deviation δ_Rϕ_T fulfills the stability equation (48) and since ϕ̃_T and ϕ_T are periodic with the period T the deviation δ_Rϕ_T is also periodic with the period T . By Floquets theorem δ_Rϕ_T must be of the form (49) and since it is periodic with period T the phase μ must be zero. Thus δ_Rϕ_T has a zero stability angle ν = μT and is therefore a zero mode. For all independent symmetries fulfilling the above requirements there exists a separate zero mode. In the presence of such a symmetry there exists not an isolated but a continuous set of periodic solutions of periodicity T.

An illustrative example is the Kepler problem (the above statements are of course also true for discrete systems). Because of the rotational symmetry one can rotate the Kepler ellipse in the plane and each ellipse is a periodic solution with the same period and same angular momentum. So one has a continuous set of ellipses and not an isolated periodic orbit of given period. With the time translationally invariant classical e.o.m. and BC (47), the time derivative ∂_tϕ_T (x.t) is always a zero mode.

As a summary one can say that if one can explicitly solve the stability equations one has a rich set of solutions of the (linearized) equations of motions. For the static case the explicit solutions for the ϕ^4- and SG- model are given in the appendix. For the periodic time-dependent SG- breather solution (37) this was done by Dashen, Hasslacher and Neveu in [26]. Of special interest are solutions with discrete eigenvalues ω^2 (or stability angles ν), other than the zero mode. The associated solution ϕ_{cl} + η yields a solution to the (linearized) e.o.m. which is of finite energy and periodic in time, also for static solitons. In quantum theory one can think of this situation as a meson bound to a soliton. From the continuum eigen-functions one can only form a solution of finite energy by forming a wave packet (this is possible for the linearized e.o.m.). In quantum theory this wave packet can be seen as a meson scattering off a soliton.

2.7 Existence of non-singular finite-energy solutions

An obvious extension of the models investigated above is to consider scalar field theories in more then one spatial dimension and perhaps with more than one scalar field. Unfortunately this does not lead to new static non-trivial solutions which is expressed in the no-go theorem [8]:

Derrick’s theorem. Let ⃗ϕ = {ϕ_i} be a set of scalar fields in D = 1 + d dimensions whose dynamics is described by L = 1 2 ∂_μ ⃗ϕ · ∂^μ ⃗ϕ − U(⃗ϕ), and let U be positive and zero for the ground state(s) (minima) of the theory. Then the only non-singular time-independent solutions of finite energy are the ground states. Proof. Define

V_1 = 1 2 ∫ d^dx(⃗∇ϕ)^2 V_2 = ∫ d^dxU(⃗ϕ). Both functionals V_1 and V_2 are non-negative and are simultaneously zero only for the ground states. Let ⃗ϕ(x) be a static solution. Consider the one-parameter family of field configurations defined by ⃗ϕ_λ(x) := ⃗ϕ(λx), where λ is a positive number. For this family the energy is given as

E_λ = λ^{(2−d)}V_1(⃗ϕ_λ) + λ^{−d}V_2(⃗ϕ_λ).

Since ϕ(x) is per assumption a solution oft the e.o.m., it follows by Hamilton’s principle that the energy E_λ must be stationary at λ = 1. Thus,

(d − 2)V_1(⃗ϕ(x)) + dV_2(⃗ϕ(x)) = 0.

For d > 2 this implies that both V_1 and V_2 vanish, which is only possible for the trivial ground states ⃗ϕ(x) = const. For two spatial dimensions only V_2 must vanish. Since U is per definition a positive function this implies again that ⃗ϕ(x) is the trivial ground state for which U and thus V_2 vanishes, q.e.d.

Well, Derrick’s theorem only denies the existence of static finite energy solutions in more than one spatial dimension. But these kind of solutions are of special interest since they appear as new particle states in the quantum theory, as mentioned above. For scalar fields the D = 1 + 1 dimensions are very special^6. The existence of nonsingular finite energy solutions

61+1 dimensions are of course in general very special.

is also connected with the existence of topological conserved quantities (see above). In one spatial dimension there is “no way out” for the spatial asymptotic field values and thus leads to conserved topological indices.

A way to circumvent Derrick’s no-go theorem is to consider gauge fields. For completeness we just give some comments^7, but for the rest of this work this topic is beyond our scope. As discussed in sect. 2.4, the existence of non-trivial finite energy solutions can be proved by the use of topological conservation laws and is connected with spontaneous symmetry braking. The main results for gauge theories in three dimensions are:

1. If the theory has no spontaneously broken gauge symmetry, the space of non-singular finite-energy solutions has only one component, and there are no non-trivial topological conservation laws.

2. The same situation as in (1) is present if the symmetry breakdown is total, i.e. if no massless gauge mesons survive.

3. If only one massless gauge boson survives (photon), the space of non-singular finiteenergy solutions has an infinite number of components and there are non-trivial topological conservation laws, except when the gauge group contains a U(1) factor whose generator enters into the expression of the electrical charge (e.g. Weinberg-Salam model).

4. Similar results as in (3) hold if many massless gauge bosons survive symmetry breakdown.

Note that topological conservation laws enable us to establish the existence of non-dissipative solutions, not necessarily time-independent ones. Also topological conservation laws are sufficient but not necessary conditions for the existence of such solutions. It is quite possible that there exist non-dissipative solutions even when there are no non-trivial topological conservation laws. Nevertheless topological conservation laws give us important informations without exactly solving the e.o.m., which in higher dimensions is generally not as simple as for a static D = 1 + 1 scalar field, where it can be obtained by quadrature.

3 Quantization of Solitons

In standard quantum field theory the perturbative approach starts with solutions of the free field equation, i.e. solutions of linear equations. Quantum effects around these free solutions are calculated order by order. In the case of solitons we start even classically with solutions of the non linear equations and then quantize around these non-perturbative solutions. The appropriate formalism to implement any classical fields into the quantization procedure is the path integral. In standard perturbation theory, by this point of view, one quantizes around the trivial classical solution, i.e. the solution of lowest energy called the vacuum.

7For more see for example [3] and [8].

3.1 The path integral

To calculate the quantum corrections to the energy spectrum of classical nontrivial solutions we will use for static solitons the trace of the time-evolution operator or the “propagator”. For periodic time-dependent solitons one uses the trace of the Green function (WKB method). Therefore we shortly review some fundamental relations.

3.1.1 Green functions, propagators and the spectral function

The time evolution of a quantum system is determined by the time dependent Schrödinger equation (Schrödinger picture) H |ψ(t)⟩ = iℏ∂_t |ψ(t)⟩ . (50) Equivalent to the knowledge of the states |ψ(t)⟩ is the knowledge of the unitary time-evolution operator U(t, t_0) of the system, which fulfills the initial data problem (H − iℏ∂_t)U(t, t_0) = 0 U(t_0, t_0) = 1,

and the composition law U(t^{′′}, t^′) = U(t^{′′}, t)U(t, t^′). (51) Knowing U(t, t_0) means having a solution of the time-dependent Schrödinger equation (50) in the sense that for a given initial state |ψ(t_0)⟩, the state of the system at the time t is given by

|ψ(t)⟩ = U(t, t_0) |ψ(t_0)⟩ . (52)

Closely related to the time-evolution operator is the propagation kernel (short: kernel) K = θ(t − t_0)U, which fulfills the inhomogeneous equation (H − iℏ∂_t)K(t, t_0) = −iℏδ(t − t_0)1 lim_{t→t0}K(t, t_0) = 1 .

Thus the kernel K is a Green-operator of the Schrödinger equation (50). Since K and U differ only by a step function, the following relations are very similar for U. For time independent Hamiltonians^8 H for the kernel one immediately obtains the explicit solution K(t, t_0) = θ(t − t_0)e^{− iℏ H(t−t0)}. (53) For time-dependent Hamiltonians K is a time-ordered product of infinitesimal versions of (53). For time-independent Hamiltonians, K or U only depends on the difference T := t − t_0. There are many systems for which it is more comfortable to work with the Fourier transformed kernel (ϵ > 0)

G(E) := i ℏ ∫ dT e^{iℏ (E+iϵ)T} K = i ℏ ∫_∞ 0 dT e^{iℏ (E+iϵ−H)T} = 1 (H − E − iϵ) , (54)

8In the Schrödinger picture H is always time-independent for fundamental theories. This not true for the Dirac picture.

which fulfills the inhomogeneous Schrödinger equation (H − E)G(E) = 1. In mathematics, the operator (A − z)^{−1}, z ∈ C \ spec(A), is called the resolvent of a given operator A. Therefore G is the resolvent kernel of H and its analytical structure gives the spectrum of H. We have added a small imaginary part to the energy (“pole-prescription”) to ensure convergence of the integral. The singularities of G are at ϵ = 0, which means that the spectrum spec(H) of the Hamiltonian is real. In view of (54) G can equivalently be obtained by a Laplace transformation of the time-evolution operator U.

Coordinate-representation. For notational simplicity and since the generalization to more degrees of freedom (DOF) is obvious, we first consider a one-dimensional quantum mechanical system, described by the Hamiltonian H = 1 2m p̂^2 + V (q̂). (55)

For practical calculations one works in the so called coordinate- or q- representation of the abstract Hilbert space. In this representation the spectrum of the operator q̂ is defined as q̂ |q⟩ = q |q⟩ q ∈ R, and ⟨q| 1 |q^′⟩ = δ(q − q^′) (56) where we have assumed that the one-dimensional motion of the particle takes place on the whole real line, without additional topological constraints^9. Because of the normalization in (56), both K and U fulfill first-order equations with distributional initial conditions. This representation of the kernel gives the (retarded) Feynman kernel also called propagator (this is not the “Feynman propagator” which occurs in field theory) as follows (q^′ = q(t^′), q^{′′} = q(t^{′′})): K(q^{′′}, T |q^′) = θ(T ) ⟨q^{′′}| U(t^{′′}, t^′) |q^′⟩ = θ(T ) ⟨q^{′′}| e^{− iℏ HT} |q^′⟩ (57) = θ(T )_H ⟨q^{′′}, t^{′′}|q^′, t^′⟩_H . (58) In the last equation we have expressed the kernel in terms of Heisenberg coordinate-states, which are eigen-states of the time-dependent Heisenberg operators q̂_H (t) |q, t⟩_H = q_H (t) |q, t⟩_H . Thus K(q^{′′}, T |q^′) is the amplitude that a particle starting at the position q^′ at the time t^′ is at the position q^{′′} at the time t^{′′}. With (52), the time evolution of the Schrödinger wave function, defined by ψ(q, t) := ⟨q|ψ(t)⟩ (59) is given by the kernel as follows (T = t^{′′} − t^′ > 0) ψ(q^{′′}, t^{′′}) = ∫ dq^′K(q^{′′}, T |q^′)ψ(q^′, t^′). The composition law (51) implies for the kernel K (t^{′′} > t_1 > t^′) K(q^{′′}, t^{′′}|q^′, t^′) = ∫ dq_1K(q^{′′}, t^{′′}|q_1, t_1)K(q_1, t_1|q^′, t^′), 9In the regularization procedure of the field theory we will consider such topological constraints.

the law for the composition of amplitudes for events which occur successively in time [24].

One can derive the path integral representation of the kernel (amplitude) K by multiple insertion of unity ∫ dq(t_i) |q, t_i⟩ ⟨q, t_i| =: ∫ dq_i |q_i⟩ ⟨q_i| between the Heisenberg states in (58) on a time-lattice {t_i}. With the abbreviation t_{i+1} −t_i = ε and Nε = T and after renaming positions, i.e. the initial (q_0 = q^′) and the final (q_N = q^{′′}) one, (58) can be written as (for details see e.g. [22],[23])

K(q^{′′}, T | q^′) = lim_{N →∞}B_N (T ) ∫ dq_1...dq_{N −1} exp{ i ℏ N −1∑

i=0 ε[ m 2 ( q_{i+1} − q_i ε )^2 − V (q_i)]}

=: ∫_q′′_{,t}′′ q^′,t^′ Dq(t) e i ℏ ∫ T dt[^1_2 q̇^2−V (q)] = ∫_q′′_{,t}′′ q^′,t^′ Dq(t) e^{iℏ S[q(t),T ]}. (60) The factor B(T ), which determines the “measure” of the path integral, will be adjusted to make the integral finite and suitably normalized as N → ∞. Thus the path integral is defined as a limiting process of a discrete lattice calculation. This “derivation” suffers from certain problems (for details see [23]). (i) The “H(p, q)-symbol” [23] in general depends on the ordering-prescription for the operators q̂ and p̂ (this is no problem for Hamiltonians of the form (55)) and can differ from the classical Hamiltonian and therefore the classical action, by terms proportional to ℏ. This problem exists already in the operator formalism where the derivation starts. (ii) There also exists a time ordering ambiguity for the momentum integrations, which are already carried out in (60). For a different prescription of the integrations one would have to change the ordering prescription for the operators, i.e. choose a different H-symbol, to get the same amplitude. Thus the ordering ambiguities when passing from the classical Hamiltonian H to the operator H do not disappear. (iii) The existence of the (complex) measure for the functional integration. The problem can be skipped by evaluating the Euclidean path integral and analytic continuation, if it exists, to the (real-time) Minkowski space. But the existence of the measure is still in question.

Nevertheless we will see that the path integral is a comfortable tool for our calculations. The theories which we consider here do not suffer from the operator ordering problem in the derivation above and thus are free from the evaluation prescription problems on the lattice.

The q- representation of the Fourier transformed kernel, which depends on the period T instead of the energy E, gives the (outgoing) Green function (also called propagator)^{10} G(q^{′′}|q^′, E) = ⟨q^{′′}| 1 (H − E − iϵ) |q^′.⟩ (61) Thus the singularities (for ϵ → 0) are poles of the Green function. The kernel K is related to the Green function G by the inverse Fourier transformation of (61): K(q^{′′}, T |q^′) = ∫_∞ −∞ dE 2πi e^{− iℏ ET} G(q^{′′}|q^′, E). 10The names for K and G are author dependent. We use the notion kernel for K and Green function for the Fourier transformed version G.

Spectral representation and energy levels. In general the spectrum of the Hamiltonian will consist of a discrete part (bound states) and a continuous part (scattering states), i.e H |n⟩ = E_n |n⟩ n = 0, 1, 2 . . . N (62) H |p⟩ = E(p) |p⟩ p ∈ B , (63) where the “domains” N and B will depend on the considered system, usually is B = R . The states in (62, 63) are orthonormal and fulfill the completeness relation N∑ n |n⟩ ⟨n| + ∫ B dp |p⟩ ⟨p| = 1 (64) with the wave functions u_n(x) := ⟨q|n⟩ and φ(p, x) := ⟨q|p⟩ . By inserting the completeness relation (64) into the expressions for the kernel (58) and the Green function (61) one obtains a sum of the discrete and the continuous part: K(q^{′′}, T |q^′) = N∑ n u_n(q^{′′})u^∗_n(q^′) e^{− iℏ En T} θ(T ) + ∫ B dpφ(p, q^{′′})φ^∗(p, q^′) e^{− iℏ E(p)T} θ(T ) (65)

G(q^{′′}|q^′, E) = N∑ n u_n(q^{′′})u^∗_n(q^′) E(p) − E − iϵ + ∫ B dp φ(p, q^{′′})φ^∗(p, q^′) E(p) − E − iϵ . (66)

As one can see, for the discrete spectrum we identify the poles with the bound state energies and the residues with the bound state wave functions. For the continuous spectrum of H the Green function G has a branch cut. In the following we will use a more symbolic notation and write a single infinite sum for both, the discrete and the continuous spectrum. The generalization of the above formulas to more DOF is straightforward. The coordinate q, q(t) simply becomes q_m, q_m(t). For the Schrödinger wave functions (59) this means ψ(q_1, . . . , q_N , t) = ⟨q_1, . . . , q_N |ψ(t)⟩ . (67) In field theory, which can formally be obtained by the limit lim_{N →∞}{q_1(t), . . . , q_N (t)} → ϕ(x, t), the wave function (67) becomes a functional of the field ϕ (“state functional”), an exceedingly complicated object, especially for nontrivial field configurations such as solitons. Therefore we will not calculate the kernel K (U) or the Green function G, but their trace, so one never has to construct any state functionals. These methods are based on the work of Dashen et.al [25].

Spectral function and Feynman-Kac-formula. We are interested in the energy-spectrum of a system, especially the lowest energy in the presence of a nontrivial classical solution, to calculate the correction to the classical (kink) masses. In the case of static classical solutions this is done by investigating the trace of the time-evolution operator U or the kernel K (note that for T > 0, which we assume in the following, U = K). If in (65) we set q^{′′} = q^′ := q_0, i.e. we consider closed paths, and integrate over all possible initial conditions q_0, one obtains for the trace^{11} , using (65) Tr e^{− iℏ HT} = ∫ dq_0K(q_0, T | q_0) = ∑ n e^{− iℏ EnT} ∫ dq_0 | u_n(q_0) |^2 . (68)

11We use the symbolic notation for the discrete and continuous spectrum, as mentioned above.

This is the spectral function of the theory, defined by H. Analytic continuation, which is related to the Euclidean path integral, to complex variable τ =^i_ℏ t and taking the limit τ → ∞ picks out the ground state energy of the sum in (68), thus lim_{τ →∞}e^{E0τ} ∫ dq_0K(q_0, −iℏτ |) = k, where k is the multiplicity of the ground state, i.e. the degree of degeneration. For a nondegenerated ground state (k = 1) one obtains for the limit of the logarithm

E_0 = lim_{τ →∞} 1 τ ln ∫ dxK(q_0, −iℏτ | q_0) = lim_{τ →∞} −1 τ ln Tr e^{−Hτ} .

This is the Feynman-Kac-formula and it allows to calculate the ground state energy without detailed knowledge of K. Nevertheless we will directly calculate the spectral function (68), in a perturbative calculation, and read off the energy spectrum.

The trace in (68) can be written as a path integral (60) for closed paths with an additional integration over the initial=final position q_0 = q_N :

K(T ) := Tr e^{− iℏ HT} = ∫ dq_0K(q_0, T | q_0) = ∫ dq_0 ∫_{q0,t}′′ q_0,t^′ D q(t)e^{iℏ S[q(t),T ]}. (69) To evaluate the trace we use approximation techniques for the path integral and obtain in this way approximate energy levels of the system.

3.1.2 Stationary phase approximation (SPA) and perturbation theory

In general it is not possible to exactly evaluate the kernel K. Thus one has to use some approximation techniques (perturbation theory) to calculate K. As can be seen from the path integral representation of K, one has to deal with functional generalization integrals of the form:

F (β) = ∫ dx e^{iβf (x)}. (70) This is also true in field theory. The idea is to get the dominant contribution of these integrals for β → ∞. In quantum theory the perturbation parameter is β =^1_ℏ or by a rescaling of the fields the dimensionless parameter^1_{λℏ} , respectively (see section 2.5). The limit β → ∞ either corresponds to limit ℏ → 0, which means that the action S ≫ ℏ (semi-classical expansion) or λ → 0 (weak coupling), which is the situation in standard perturbation theory, and there is no need for the action to be S ≫ ℏ. In this limit the integrand oscillates very fast and by the lemma of Riemann-Lebesgue the integral vanishes. The leading contribution comes from the stationary region of the phase f(x) (this corresponds to δS = 0), i.e. from those values of x near x_0, with f^′(x_0) = 0. In a first approximation we expand f(x) around x_0 and neglect terms of O((x − x_0)^3). This gives for (70) F (β) = e^{iβf (x0)} √ 2πi βf^{′′}(x_0)

+ O( 1 β ), (71) where we have assumed that f^{′′}(t_0) ≠ 0. The f^{′′}(t_0) = 0 - case needs an extra examination^{12}. That regions of x for which f^′(x) ≠ 0 only give contributions of O(^1_β ) can be seen as follows: Let f^′(x) ≠ 0 for a < x < b, then we can change to the variable z = f(x) in (70). Thus F_{ab} = ∫_b a dx e^{iβf (x)} = 1 iβ [ 1 f^′ e^{iβz}|^{f (b)}_{f (a)} − ∫_{f (b)} f (a) dz e^{iβz} d dz (f^′)^{−1} ] . Hence F_{ab} goes to zero like^1_β as β → ∞, where regions having f^′ = 0 are of order^{1√}_β and therefore dominate in this limit. To illustrate the difference and the connection between standard perturbation theory, respectively, i.e. perturbation theory around the vacuum, and perturbation theory around a nontrivial stationary point (soliton) we examine exponents of the form

f(x) = x^2 + v(x; λ) with v(x; λ) = 1 λ v(λx) and v = O(≥ x^3).

v(x; λ) is the “interaction-term” (for example v(x; λ) = −λx^4). We assume that f(x) has two stationary points. The trivial one (“vacuum”), x = x_V = 0 with f(x_V ) = 0 being the absolute minimum and a nontrivial one, x_s ≠ 0 and x_s = O(^{1√}_λ ) (“soliton”), for which f(x_s) is large relatively to the scale β (“^1_ℏ “). Expanding the exponent around the trivial stationary point x = 0 (“the vacuum”) one obtains (y = x − x_V ) F ∼ ∫ dy e^{iβy2} ∞∑ n=0 (iλβ)^n n! (P (x))^n , (72)

where P (x) is a polynomial which one gets by expanding the “interaction” v(x; λ) around x_V and factoring out the coupling λ. This is a perturbative expansion in the coupling λ which is reasonable in the weak-coupling regime (^β_λ ≪ 1) for which also the integrand is oscillating very fast, although the “action” f(x) for the vacuum is zero as mentioned above, and thus the stationary phase approximation is applicable. The symbol ∼ indicates that this perturbative expansion is in general only an asymptotic series and not a convergent one [22]. Expanding now the “action” around the nontrivial stationary point x_s one obtains (y = x − x_s) F ∼ e^{iβf (xs)} ∫_∞ 0 dy e^{iβ 12 f ′′ (xs)y2} ∞∑ n=0 i^n n! ( βP̃ (y) )_n ,

where P̃ (y) is a polynomial of O(≥ y^3), obtained by expanding the ”interaction” v around x_s. Again this perturbative expansion is in general only an asymptotic series. This expansion is reasonable if βP̃ is small, i.e. the contributions of the deviations y of the nontrivial classical solution x_s to the action are small relative to the scale β (“^1_ℏ ”). That the integrand oscillates very fast is due to the nontrivial solution x_s for which the action f(x_s) is large relative to the scale β (“^1_ℏ ”), i.e that βf(x_s) ≫ 1 ⇔ β → ∞.

We can collect the ingredients of these perturbation expansion as follows

1. Standard perturbation theory (= weak coupling). The action is expanded around the trivial classical solution x_v = O(λ^0), the action f(x_v) and the energy of this solution is

12This case is related to the zero mode problem.

zero ⇒ x_v is the vacuum. For a weak coupling λ (dimensionless^λ_β ≪ 1 ⇔ β → ∞) the integrand is oscillating very fast ⇒ both, stationary phase approximation (expansion around f(x_v) ) as higher order perturbative expansion (= expansion in λ) is reasonable. The perturbative expansion is an expansion around the free “field modes” (the Gaussian integration in (72) respects only the quadratic action (λ = 0) which gives the free Feynman propagator in field theory).

2. Non-trivial perturbation theory (= “large action”). The action is expanded around a nontrivial classical solution x_s = O(^{1√}_λ ) ⇒ non perturbative, the action f(x_s) is large relative to the scale β ≡^1_ℏ ⇒ f(x_s)β ≫ 1 ⇔ β → ∞, therefore the stationary phase approximation is reasonable. The contributions of the “paths” nearby the non-trivial classical solution to the action are small, i.e with f(x) = f(x_s) + f^{′′}(x_s)y^2 + Δf(y) is βΔf(y) ≡^{Δf (y)}_ℏ ≪ 1, therefore the “semi-classical perturbative expansion” (= expansion in ℏ) is reasonable, even in a strong coupling regime as long as this does not violate the above requirements. The asymptotic states are not free fields as in standard perturbation theory.

3. SPA, semi-classical approximation. For the quadratic term f^{(2)}(y) := f^{′′}(x_s)y^2 being the dominant correction, it should be of order^1_β ≡ ℏ, i.e. βf^{(2)} = O(1). In this case (71) gives the leading correction and is called stationary phase approximation (SPA) or semi-classical approximation^{13}.

We will be mostly interested in the second case, where the nontrivial stationary points of the action will be the solitonic solutions of section 2.

In the case of multiple integrals where f depends on N variables q_i the expansion of f around an extremum at ⃗q = ⃗a writes as (y_i = q_i − a_i) f(⃗q) = f(⃗a) + 1 2 y_iA_{ij} y_j + O(y^3) , A_{ij} =

∂^2f ∂q_i∂q_j (⃗a) (73)

and the integral gives ∫ dq_1...dq_N e^{iβf (⃗q)} = e^{iβf (⃗a)}(2πi)^{N/2}( 1 β )^{N/2} 1 √ detA + O( 1 β )^N .

Here again we have assumed that no eigen-value of the matrix A is zero. Closely related to the method of stationary phase is Laplace’s method for integrands of the form exp(−βg(t)), where g(t) is bounded from below. Laplace’s method takes the place of the SPA in the Euclidean path integral formulation.

Stationary phase approximation for the path integral. The “phase” in the path integral is the action S[q]. Thus an approximation around the stationary phase means an approximation around classical paths q_{cl}(t) for which the action is stationary,

δS|_{qcl} = 0 with q_{cl}(t^′) = q^′ and q_{cl}(t^{′′}) = q^{′′},

13In the literature also the notion WKB method is used, but we want to reserve this notion for special cases of the SPA.

and the values q^′, q^{′′} are the initial and the final position for the kernel (60). For simplicity we consider D = 1 quantum mechanics with the particle-action S[q] = ∫_T 0 dt[ 1 2 q̇^2 − V (q)].

Expanding this action around the classical path q_{cl}(t) (shifting method) gives S[q] = S[q_{cl} + η] = S(q_{cl}) + q̇η|^T_0 + [ 1 2 ∫_T 0 dtη ( −∂^2_t − V^{′′}|_{qcl} (t) ) η + ηη̇|^T_0 ] + N∑ k=3 ∫_T 0 dt 1 k! V^{(k)}|_{qcl} (t)(η)^k

=: S(q_{cl}) + δS|_{qcl} + 1 2 δ^2S|_{qcl} + N∑ k=3 1 k! δ^kS|_{qcl} = S(q_{cl}) + δS|_{qcl} + 1 2 δ^2S|_{qcl} + ΔS The surface terms^1_2 ηη̇|^T_0 and q̇η|^T_0 vanish if the classical path connects the initial and final position q^′, q^{′′} in the kernel (60), since in this case is η(0) = 0 = η(T ). This is not always true^{14}. The classical action S(q_{cl}) is the action evaluated for the classical path q_{cl} and thus an ordinary function of T . Therefore we will often write S_{cl}(T ) for this term. The first variation δS is of course zero (up to possible boundary terms) for the classical path. The operator O = −∂^2_t − V^{′′}(t) is the analogue of the matrix A_{ij} of (73). The term ΔS_I gives higher order corrections. Thus we approximate the path integral of the kernel (60) as follows: K(q^{′′}, T | q^′) = ∫_q′′_{,t}′′ q^′,t^′ Dq(t)e^{iℏ S[q,T ]} ≈ e^{iℏ Scl (T )} ∫_{0,t}′′ 0,t^′ Dη(t) e^{iℏ 12 ∫T dtηOη} (74) = e^{iℏ Scl(T )}B^′(T ) 1 √ detO . (75)

The pre-factors and the measure constant B(T ) are absorbed in the new constant B^′(T ). This approximation is also called semi-classical approximation since the sum over all paths is approximated by the sum over the classical path q_{cl}(t) and paths in its neighborhood. The quantum effects (corrections) are included in the factor

B^′(T ) 1 √ detO When calculating the determinant detO one has to respect boundary conditions, in this case the homogeneous one, η(0) = η(T ) = 0. In more general cases, i.e. if the classical path does not exactly connect the positions q^′, q^{′′}, one has to choose the boundary conditions in a way, so that the set of fluctuations {η} form a linear space, in which the operator O acts. This is the advantage of the “shifting method”, that the “path integration domain” (P ID) becomes a linear space. If no classical solution is available, the P ID can be turned into a linear space by the following variable transformation in the path integral [21]

q̂(t) := q(t) − [ q^{′′}(t − t^′) + q^′(t^{′′} − t) (t^{′′} − t^′) ]. 14When using functional derivatives one has to be very careful if they really exist, this is only true if such boundary terms do not occur. Otherwise one loses automatically these boundary terms. This is also different from a variation principle, which is defined by fixing the variation at the endpoints and corresponds to the boundary conditions for the e.o.m. In standard perturbation theory one does not have to care about surface terms, since one considers an unbounded time interval (−∞, ∞).

Again for this approximation we have assumed that no eigen-value of the operator O vanishes. Vanishing eigenvalues will lead us to the zero-mode problem and spoil the conditions for the validity of the SPA.

If the action has several stationary points then each gives an additional separate contribution, provided the paths which make the action stationary are not too “close” to each other, since otherwise the condition for the SPA, that paths near the classical one, the fluctuations η, give only small contributions to the action (^{ΔS}_ℏ ≪ 1, see point 2. above), is not fulfilled. A characteristic length for the validity of the SPA is heuristically obtained as follows: If the quadratic term dominates, then we have

δ^2S[η] ℏ = O(1) as ℏ → 0

This means that η is on the order of √ ℏ, i.e. η = O( √ ℏ) as ℏ → 0

This is a relevant length for the SPA. Assuming that there exist several classical paths q_α, q_β, ..., their distance must be larger than the characteristic length. Well, the distance is measured by the action. Let be q = q_α + η = q_β, then an expansion of the action gives

S[q_α + η] = S(q_α) + δ^2S_α + ΔS_α = S(q_β ).

In order not to spoil the conditions of the SPA, for the difference in the actions of two classical paths must satisfy:

S(q_β) − S(q_α) = δ^2S_α + ΔS_α ≫ ℏ (76) ⇒ ∫ dt(q_α − q_β) δ^2S δq^2 |_{qα} (q_α − q_β) ≫ ℏ. (77)

Otherwise the paths are near a focal point which also leads to the zero-mode problem. Especially in the presence of continuous symmetries these problems occur (see section 2.6), since an infinitesimal transformation of a classical path q_α can give a continuous set of neighboring paths with the same action.

Higher order corrections. The higher order corrections one gets from perturbation theory using the “rest” of the action. The interaction which is treated perturbative reads ΔS =: S[q] − S_{SP A} = N∑ k=3 1 k! δ^kS = N∑ k=3 ∫_T 0 dt 1 k! V^{(k)}|_{qcl} (t)(η)^k (78)

With this definition the path integral can be written as K(q^{′′}, T | q^′) = ∫_q′′_{,T} q^′,0 Dq(t) e^{iℏ SSP A} e^{iℏ ΔS} = ∫_{qb,T} q_a,0 Dq(t) e^{iℏ SSP A} ∞∑ m=0 1 m! ( iΔS ℏ )_m . Thus for further perturbation theory ΔS < ℏ must be valid. This leads to generalized Feynman graphs, but of course more complicated since the “couplings” V^{(k)}|q_{cl}(t) are time dependent. In field theory this was done in [25].

3.1.3 One exactly solvable problem, the harmonic oscillator

We now calculate the spectral function (69), i.e. the trace of the kernel, for the harmonic oscillator. Although this is a well known and trivial system we treat it in some more detail. Especially we are interested in the explicit expression of the measure, since we will end up with the harmonic oscillator every time. The Lagrangian and the e.o.m. (obtained by a variation principle, i.e. an extremum of the action, with vanishing variation of the endpoints δq(0) = δq(T ) = 0) are given by:

L =^1_2 (q̇^2 − ω^2q^2) .. q + ω^2q = 0

The classical solution with the closed path BC q(0) = q(T ) = q_0 for the trace, and the associated action-function S_{cl}(q_0, T ) for these trajectories are given by (assuming ωT ≠ nπ, n ∈ N)^{15}

q_{cl}(t) = q_0 ( cos ωt +^{2 sin2 ωT2}_{sin ωT} sin ωt ) (79)

S^{cl}(q_0, T ) =^1_2 ∫_T 0 dt(q̇^2_{cl} − ω^2q^2_{cl}) = −2ωq^2_0^{sin2( ωT2 )}_{sin ωT} (80)

Here and and in the following we use a mode-expansion method to evaluate the path integral, rather than a lattice calculation. For this we expand the exponent in (69), i.e the action S[q] = 1 2 ∫_T 0 dt[q̇^2(t) − ω^2q^2(t)] (81)

around the classical solution (79), i.e. q(t) = q_{cl}(t) + η(t). The expansion terminates after the second order since (81) is quadratic in q(t). So the following is exact and so is the semi-classical calculation^{16}:

S[q] = S[q_{cl} + η] = S^{cl}(q_0, T ) +^1_2 ∫_T 0 dtη(t){−∂^2_t − ω^2}η(t) (82) with η(0) = 0 = η(T ) . . . closed path BC (83)

Because of the closed path BC the fluctuations fulfill Dirichlet boundary conditions. The advantage of the shifting of the path integration over the paths q(t) to a path integration over fluctuations η(t) around the classical path is that the set of fluctuations η(t) form a linear space, as long the boundary conditions are linear relations, in contrast to the class of paths from q(0) = q_0 to q(T ) = q_T (the sum of two paths goes from 2q_0 to 2q_T ). This is necessary for the functional integration of the exponent (83), since this is done by diagonalization of the differential operator O = −∂^2_t − ω^2 in the path integration domain P ID. Thus the path integration domain must be a linear space.

The diagonalization is done by solving the homogeneous (BC) eigenvalue problem for the differential operator O. O is a Schrödinger-like operator and thus has an ordered spectrum (λ_1 < λ_2 . . . ) and a complete orthonormal set (in the sense of the space L^2(R) ) of eigenfunctions. The homogeneous (BC) eigenvalue problem reads

(−∂^2_t − ω^2)ψ_n = ϵ_nψ_n , ψ_n(0) = ψ_n(T ) = 0 (84)

15For our purposes this singular situation can always be avoided, since we can choose the period T arbitrary. 16Surface terms again vanishes because of the closed path BC

The solution is easily obtained:

ϵ_n = k^2_n − ω^2 k_n = nπ T n = 1, 2, . . . (85) ψ_n(t) = θ(T − t) √_2 T sin k_nt ∫_T 0 dtψ_nψ_n′ = δ_{n,n}′ (86) The set of fluctuations P ID = {η ∈ C[0, T ] | η(0) = η(T ) = 0} is “larger” than the space {L^2([0, T ], homogenous Bc)} in which the set {ψ_n | n = 1, 2, . . . } forms a basis, since one has to consider all fluctuations η, even those which are not square-integrable on the interval [0, T ]. Anyhow, we expand each deviation η(t) according to the basis {ψ_n(t)}. The correctness of the final result seems to say that the set of fluctuations not included in this expansion is of “measure” zero. The reason for this is that the paths far away from the stationary point interfere destructively (see also the comments on the characteristic length of the SPA, which is exact here). To have well defined expressions we make a finite expansion, which is called a mode regularization: η(t) = N∑ n=1 a_nψ_n(t) =⇒ η(0) = η(T ) = 0. (87)

As one can see, because of the implementation of the (linear) BC on the individual modes ψ_n the full fluctuation field η automatically fulfills the required BC. The coefficients are completely free since the information on the BC is encoded in the eigen-values ϵ_n. By this expansion according to the fixed basis {ψ_n} a variation in the function η(t) means a variation in its coefficients a_n. Thus a path integration over η(t) means an integration over the coefficients a_n. For the action (82)we get

S[q] = S[q_{cl} + y] = S^{cl}(q_0, T ) + 1 2 N∑ n=1 ϵ_na^2_n.

For the trace of the time-evolution-operator (=Kernel for T > 0) one obtains Tre^{− iℏ HT} = ∫ dq_0 ∫_{q0,T} q_0,0 Dq e^{iℏ S[q]} = ∫ dq_0e^{iℏ Scl(q0,T )} ∫_{0,T} 0,0 Dη(a_n) e^{iℏ ∑n ϵna2n} . The measure Dη is given as

Dη := B_N (T ) N∏ n=1 da_n where B(T ) is an appropriate normalization constant which will be defined below. It is important to note that the mode-expansion-evaluation is independent of the lattice calculation although there exists a one-to-one correspondence at least for bosons, between them. But the expansion (87) is not an ordinary variable transformation from the lattice points q(t_i) = q_i to the mode coefficients a_n [24]. Therefore the measure B(T ) must be defined by proper normalization conditions independent of the measure given on the lattice; it cannot be obtained by the Jacobian of a transformation q_i → a_n . The trace is now Tre^{− iℏ HT} = ∫ dq_0 e^{iℏ Scl (q0,T )}B_N (T ) N∏ n=1 ∫ da_n e^{iℏ ϵna2n} = ∫ dq_0e^{iℏ Scl(q0,T )}B_N (T )(iπℏ)^{N2} N∏ n=1 1 √ ϵ_n .

The finite product of eigen-values ϵ_n of the operator −∂^2_t − ω^2 is the regularized functional determinant of this operator in the space spanned by {ψ_n}. For the eigenvalues of the harmonic oscillator (86) the product can written down in closed form B_N (T )(iπℏ)^{N2} N∏ n=1 1 √ ϵ_n = B_N (T )(iπℏ)^N2 √ detO_{BC} = B_N (T )(iπℏ)^{N2} N∏ n=1 ( n^2π^2 T^2 − ω^2 )_− 1_2

= B_N (T ) ( iℏ π ) N_2 T^N N! N∏ n=1 ( 1 − ω^2T^2 n^2π^2

)_− 1_2 −→ lim_{N →∞} [ B_N (T ) ( iℏ π ) N_2 T^N N! ] √ ωT sin ωT For the limit N → ∞ we have used that both factors exist by themselves. For the second product, involving the dynamics through ω, this is a standard formula [9]. For the first product we have assumed that the measure B_N (T ) is chosen in such a way that the product also exists, and in the final normalization we will see that this is true. Finally one obtains for the trace Tre^{− iℏ HT} = lim_{N →∞} [ B_N (T ) ( iℏ π ) N_2 T^N N! ] ∫ dq_0e^{−i 2ωq} 2 0 sin ωT sin 2 (ωT /2) √ ωT sin ωT = lim_{N →∞} [ B_N (T ) ( iℏ π ) N_2 T^N N! ] √ 2πiT 1 2i sin(ωT/2) . Writing the sine as exponentials and using the formula for the geometric series one obtains Tre^{− iℏ HT} = lim_{N →∞} [ B_N (T ) ( iℏ π ) N_2 T^N N! ] √ 2πi ∞∑ ν=0 e^{−iω(ν+ 12 )T} . (88)

Finally we have to fix the measure by a normalization condition. For obvious reasons we choose lim_{N →∞} [ B_N (T ) ( iℏ π ) N_2 T^N N! ] √ 2πi = 1 ⇒ B_N (T ) = 1 √ 2πi ( π iℏ ) N_2 N! T^N . (89)

Here we can see that the suggestive notation B(T ) for the measure constant is justified, since it does not depend on the dynamics, i.e. on ω, and is thus purely kinetic and for all harmonic oscillators (different ω’s) the same. With this normalization we can read off the energy spectrum of the harmonic oscillator from its spectral function (88) as follows E_ν = ℏω(ν + 1 2 ) , ν = 0, 1, . . . This is the well known spectrum of the harmonic oscillator. The normalization-condition for the measure (89) is unique up to factors of the form e^{−icT} , where c is a constant, since this would shift the energy spectrum by the constant c which corresponds to the freedom of choosing the ground state energy. Up to this freedom the normalization is unique and corresponds to the wave-function normalization, as can be seen from (68). As one can also see the measure constant B(T ) does not exist by itself, but this is a well known situation which also occurs in Wiener integrals and the reason for this is that the exponential of the velocity term in the action is part of the functional measure [32].

We have treated these fundamental, perhaps trivial affairs like 1D quantum mechanics and the harmonic oscillator in such detail because the more complicated (field) systems, which we will consider in the following, will always be traced back to these “simple” foundations.

3.1.4 Field theory

In field theory one changes from functions q(t), depending on one parameter, to functions ϕ(⃗x, t), depending on the parameters {⃗x, t}. Or one can say that instead of the correlation of one number q(t) for each t one has an infinite set of numbers ϕ(⃗x, t) for each t. This “view” of quantum field theory is sometimes very helpful (see e.g. the lattice resp. the mode-expansion formulation of the path integral). But of course relativistic field theory is more than the formal limit to an infinite number of degrees of freedom (DOF).

Field representation. The formulas of the above sections are straightforward to generalize to field theory. The analogue of the coordinate representation (56), defined by eigen-states of the position operators in the Schrödinger picture, is the field representation, defined by the field operator in the Schrödinger picture (i.e. at a fixed time): ϕ̂(⃗x) |ϕ(⃗x)⟩ = ϕ(⃗x) |ϕ(⃗x)⟩ , or alternatively one cane use (time-dependent) Heisenberg operators ϕ̂_H (⃗x, t) |ϕ(⃗x), t⟩_H = ϕ(x, t) |ϕ(⃗x), t⟩_H These two pictures are connected as usually by |ϕ(⃗x), t⟩_H = e^{iℏ Ht} |ϕ(⃗x)⟩ . The kernel (propagator) is now the amplitude that the system evolves from a field configuration ϕ_a(⃗x) at t = t^′ to a field configuration ϕ_b(⃗x) at a (later) time t = t^{′′} (T = t^{′′} − t^′), and reads: K(ϕ_b(⃗x), T |ϕ_a(⃗x)) = ⟨ϕ_a(⃗x)| e^{− iℏ HT} |ϕ_b(⃗x)⟩ = ∫_{ϕb(⃗x),t}′′ ϕ_a(⃗x),t^′ Dϕ(⃗x, t)e^{iℏ S[ϕ,T ]} (90) =_H ⟨ϕ(⃗x), t^{′′}|ϕ(⃗x), t^′⟩_H (91) where the action is given by S[ϕ, T ] = ∫_T 0 dt ∫ space dxL(ϕ(⃗x, t))

The field representation is useful only for general (formal) considerations. For a lattice calculation the path integral is now defined on a space-time lattice. To show that there exists a unique Lorentz-invariant limit on the space-time lattice is of course a nontrivial problem, since there are a lot of possible kinds of lattice-structures in D > 1 dimensions. We will again use the mode-expansion method and assume that the functional integral exists uniquely.

For the following paragraph we use ⃗x = x.

Spectral function. For the trace formula (68) one needs one more integration over the initial=final field configuration. This is again a functional integral in the case of fields. For the trace we again evaluate the kernel for closed paths. In field theory this means ϕ(x, t^′) = ϕ(x, t^{′′}) =: ϕ_a(x), and integrate in addition over the initial=final field configuration ϕ_a(x). As before we insert a complete set of energy eigen-states (symbolic notation) in (90). So we get: ∫ Dϕ_a(x) ∑ n ⟨ϕ_a(x)|n⟩ ⟨n|ϕ_a(x)⟩ e^{− iℏ EnT} (92) = ∑ n ⟨n| (∫ Dϕ_a(x) |ϕ_a(x)⟩ ⟨ϕ_a(x)| ) |n⟩ e^{− iℏ EnT} (93) = ∑ n e^{− iℏ EnT} = Tr e^{− iℏ H}. (94) Here we have used the completeness relation ∫ Dϕ_a(x) |ϕ_a(x)⟩ ⟨ϕ_a(x)| = 1, (95) which can be obtained by the limit lim_{N →∞} of the unit in the Hilbert space of N degree of freedom 1 = ∫ dq_1...dq_n|q_1...q_N >< q_1...q_N | for all t by identifying the q_i’s with the values ϕ_i on the space lattice and the continuum state |ϕ(x)⟩ = lim_{N →∞} |ϕ_1...ϕ_N ⟩. One can also read this in a different way. (93) also shows the normalization of the state functional, i.e. the wave function in the field representation, the exceedingly complicated object which one wants to get rid of: ∫ Dϕ(x)Ψ^∗[ϕ(x)]Ψ[ϕ(x)] = 1.

Thus one obtains for the spectral function:

K(T ) = Tr e^{− iℏ H} = ∫ Dϕ_a(x)K(ϕ_a, T |_a, 0) = ∫ Dϕ_a(x) ∫_{ϕa,T} ϕ_a,0 Dϕ(x, t)e^{iℏ S[ϕ,T ]}. (96) For the calculation of the functional integral we again use the stationary phase approximation. By the integration over the field space one also has to respect spatial boundary conditions for the fields.

Spatial boundary conditions. We shortly examine the influence of the spatial boundary conditions on (96) for theories in D=1+1 of the form L = 1 2 (∂_μϕ)^2 − U(ϕ) (97)

where for all minima U_{min} = 0 is valid. (i) unbroken symmetry:

In the case of a unique minimum of U the minimum should lie at ϕ ≡ 0, which can always be reached by shifting the field. From (6) one can see, that for ϕ ≡ 0 also the energy is zero. Thus we expect the quantum vacuum state |vac⟩_{[ϕ]} at ϕ ≡ 0, i.e. |vac⟩_{[ϕ]} = |ϕ(x, t) ≡ 0⟩. The boundary conditions for finite energy solutions are (7) ϕ(x → ±∞, t) = 0 (98) and so the Fock space should only exists over functions satisfying (98), i.e. we have (Fock) states |ψ⟩_{[ϕ]} which are located around functions ϕ(x → ±∞) = 0. Correspondingly in the functional integral one has to integrate only over fluctuations around a stationary point satisfying (98) for all t. Thus in the case of an unbroken symmetry one can only perform a perturbation theory around the vacuum, i.e. standard perturbation theory in our framework. (ii) spontaneously broken symmetry:

In this case one has several minima U(ϕ_i) = 0 , i = 1...M which gives rise to nontrivial topological sectors (see section 2.4). The boundary conditions for finite energy solutions classify the fields topological and are denoted by (7) ϕ(x → ±∞, t) = ϕ_i± . Since the different topological sectors are not connected the trace and thus the functional integral (96) has to be evaluated for each sector separately. The topological charge, which is not changed by "quantum fluctuations" (see (29)), acts as a super-selection quantum number. One has to integrate over fields appropriate to the sector, i.e. over fluctuations around a stationary point of definite topological charge. The completeness relation (95) holds in the subspace according to the topological sector. This will be justified below, where we construct the Hilbert space of the nontrivial sector.

3.1.5 Quantum energy levels for static solitons

We now consider the SPA for theories of the form (97) which permits one static soliton solution ϕ_{cl} = ϕ_{cl}(x) in a topological sector S, i.e. we neglect the zero-mode problem^{17}. We also restrict our considerations to a finite space region, which has to do with the regularization procedure (see below). Thus the action is given by S[ϕ] = ∫ B dtdxL(ϕ), where B = LxT is the finite space-time region. The spectral function is given by the

Trace-cum-path integral

K(T ) = Tr_S e^{− iℏ HT} = ∫ D[ϕ_a(x)] ∫_{ϕa,T} ϕ_a,0 top. sector D[ϕ(x, t)]e^{iℏ S[ϕ]}.

The first integration sums up all contributions of closed paths with start- and end- point ϕ_a(x) in the considered topological sector. The second one adds all these contributions for all starting (end) points in the topological sector. The SPA will pick out the contribution of fields in the neighborhood of ϕ_{cl}. This set is characterized by the closed path condition ϕ(x, 0) = ϕ(x, T ) = ϕ_a(x) and that only second order deviations O(ϕ(x, t) − ϕ_{cl})^2 count. Stationary phase approximation. We approximate the action (the phase), which is stationary for ϕ_{cl}(x), around this classical solution to evaluate the functional integral and the trace. Therefore we consider fields ϕ(x, t) = ϕ_{cl}(x) + η(x, t). 17If there are more, well separated classical solutions in a topological sector, the spectral function is the sum of each contribution. This case has to be distinguished from the existence of zero modes.

Since ϕ_{cl}(x) is static, the closed-path condition implies for the fluctuations η: ϕ(x, 0) = ϕ(x, T ) = ϕ_a(x) ⇒ η(x, 0) = η(x, T ) = η_a(x). The spatial BC will be determined below. They are essential ingredients of the regularization process. Expanding the action around the stationary point ϕ_{cl}, according the considered topological sector, one obtains S[ϕ, T ] = S[ϕ_{cl} + η] = S(ϕ_{cl}, T ) − 1 2 ∫ LxT dtdx η (□ + U^{′′}(ϕ_{cl})) η (99) + [ ( 1 2 ∂η + ∂ϕ_{cl})η ] |_{∂B} + O(||η||^3). (100) The boundary terms are not vanishing, in contrast to the above sections, since the classical solution ϕ_{cl} are not exactly identical with the initial=final field configuration ϕ_a(x). Since ϕ_{cl} is static, the classical part of the action gives (using (6)) S(ϕ_{cl}, T ) = − ∫_T 0 dt ∫ dx[ 1 2 ϕ_{cl}^{′2} + U(ϕ_{cl})] = − ∫_T 0 dtE[ϕ_{cl}] = −E[ϕ_{cl}]T = −M_{cl}T. (101) With the translation ϕ(x, t) → η(x, t) = ϕ(x, t) − ϕ_{cl} of the integration variable we get for the trace K(T )_{SP A} = e^{iℏ S(ϕcl)} ∫ D[η_a(x)] ∫_{ηa,T} η_a,0 D[η(x, t)] e^{− iℏ 12 ∫LxT dtdx η(□+U ′′)η+...}. (102) The dots stands for the boundary term. The operator in the exponent, O(x, t) = ∂^2_t − ∂^2_x + U^{′′}|_{ϕcl} (x) =: ∂^2_t + SO(x) is separable since ϕ_{cl} depends only on x. Therefore we expand, analogous to the harmonic oscillator, the paths according to eigen-functions of the spatial part, but now with time dependent coefficients. So we have ( −∂^2_x + U^{′′}(ϕ_{cl}) ) ξ_n(x) = ω^2_nξ_n(x) with ∫ L dxξ^∗_mξ_n = δ_{m,n} (103) η(x, t) = ∑ n c_n(t)ξ_n(x) and η_a(x) = ∑ n c_{a,n}ξ_n(x). (104) The operator in (103) is a Schrödinger operator, and thus the eigen-functions {ξ_n} form a complete set. The spatial BC i.e., ξ(−L/2), ξ(L/2), will be specified below. Also we leave the explicit form of the sums in (104) open, since this will also be part of the regularization procedure. So we get for the spatial part of the exponent in (102) ∫ dxη(x, t)Oη(x, t) = ∑ l,k c^∗_l (t) (∫ dxξ^∗_l (x)(∂^2_t + SO)ξ_k (x) ) c_k(t) (105) = ∑ l c_l(t)(∂^2_t + ω^2_l )c_l(t). (106)

18For the boundary term we assume that the spatial boundary conditions do not introduce any contributions, which will be justified in concrete calculations e.g. by the use of topological

18In the second line we gave set c^∗_l = c_l. From the eigen-functions in the appendix (7.1) one can see that the reality condition for the field η for the continuum modes is c^∗_l = c_{−l}. But by a unitary transformation c_l → U_{lk} c_k, which leaves the path integral invariant, one gets real oscillators c_l. In (106) and in the following, it is assumed that this transformation is already carried out, after the spatial integrations.

boundary conditions (see below). Nevertheless the time-like boundaries induce contributions, because the fluctuations are only closed paths and not periodic ones. With this assumption and the time-independence of ϕ_{cl} the boundary contribution in (100) is ∫ B dtdx ∂_μ[∂^μ(ϕ_{cl} + 1 2 η)η] = 1 2 ∫_{L/2} −L/2 dxη_a(x)[η̇(t^{′′}, x) − η̇(t^′, x)] = 1 2 ∑ l,k ∫_{L/2} −L/2 dxc^∗_{a,k}[ċ_l(t^{′′}) − ċ_l(t^′)]ξ^∗_k (x)ξ_l(x) = 1 2 ∑ l ∫_t′′ t^′ dt∂_t(c_lċ_l). Together with (106) this gives for the exponent in the path integral (102) − 1 2 ∑ l ∫ T dtc_l(t)(∂^2_t + ω^2)c_l(t) + 1 2 ∑ l ∫ T dt∂_t(c_lċ_l) = 1 2 ∑ l ∫ T dt ( ċ^2_l (t) − ω^2_l c^2_l (t) ) . This is the sum of harmonic oscillators, each with the action as given by (81) and with the closed path BC c_l(0) = c_l(T ) = c_{a,l} which is the analogue of q(0) = q(T ) = q_0 and therefore no further boundary contributions occur as shown for the harmonic oscillator above. The measure is therefore given by a product of harmonic oscillator measures Dη(x, t) = ∏ l Dc_l(t) = ∏ l [ B_N (T ) N∏ n=1 dc_{l,n} ] , where for each oscillator the measure constant is the same, since it is independent of the oscillator frequency ω_l as discussed above. The occurrence of a zero mode, i.e. ω_l = 0 must be treated separately, since in this case the action of this mode is no longer that of an harmonic oscillator but that of a free propagating particle in one dimension. So we get for the trace (102) K_{SP A} (T ) = Tr e^{− iℏ HT} |_{SP A} = e^{− iℏ E[ϕcl]T} ∏ l ∫ dc_{al} ∫_{cal ,T} c_{al} ,0 Dc_l(t) e^{iℏ ∫T dt( 12 ċ2l − 12 ω2l c2l )}, (107) where the sum in the exponent is now written as product of exponentials. Comments: (I) In the SPA the trace is a product of the classical part with an “infinite” set of harmonic oscillators. (II) the system was made discrete by the introduction of spatial BC which has to be specified and will be an essential part of the regularization procedure. They should be chosen in such a way that no spatial boundary contributions (100) to the action occur. This means that they should be “topological” (see below). (III) The derivation above is also valid for constant, i.e. trivial, classical solutions ϕ_{cl} = ϕ_V = const. and therefore the trace for the vacuum sector gives analogous results. The only difference is the eigen-value problem (103), which in the case of a trivial solution is of course much simpler and gives different eigen-values ω^2. (IV) We have excluded the possibility of a zero mode ω^2 = 0, which leads to subtle problems and must be investigated separately.

Energy levels. Assuming that no eigenvalue vanishes (no zero mode) we get with the result of the harmonic oscillator (88) for the spectral function (107) in the topological sector S Tr_S e^{− iℏ HT} |_{SP A} = e^{− iℏ E[ϕScl]T} ∏ l ∞∑ ν_l=0 e^{−iωSl (νl+ 12 )T} , where l is the mode index and ν_l is the excitation index of the l’th mode. Thus a general state |{ν_l}⟩^{19} has the energy-spectrum^{20}

E_S [{ν_l}] = E[ϕ^S_{cl}] + ℏ ∑ l ω^S_l (ν_l + 1 2 ) + O(ℏ^2). (108)

This energy-spectrum formula is valid for trivial solutions ϕ_{cl}, like the vacuum, and nontrivial solutions, i.e. solitons. In both cases the lowest energy-level is given by the state where no mode l is excited, i.e. ν_l = 0 for all l. These are the ground states in the considered sectors S and given as

E_S = E[ϕ^S_{cl}] + ℏ 2 ∑ l ω^S_l + O(ℏ^2). (109)

We have now all ingredients to calculate the energy correction for solitons except the renormalization contributions to the quantum-action. As we will see, the semi-classical approximation (=SP A) in the nontrivial sector (the soliton) is already a one-loop result, i.e. order ℏ, and thus one has to renormalize the theory to get control of UV-divergences. This will be considered in one of the following sections.

In a last comment we want to outline the quantum nature of the SP A-correction, beside the occurrence of ℏ. Since the quadratic part of the action (103) is exactly the stability equation (42), the functions ϕ_{cl} + c_n(t)ξ_n(x) are well behaved nearby classical solutions (see 41) if the eigen-value ω^2_n is positive. The quantum nature of these fluctuations, beside that their action occurs as a phase, is that the oscillations are not classical oscillations ∼ e^{iωt} but treated as quantum-oscillators through the path integral in (107). This can also be seen from the full stability equation (40), where the classical nearby-solutions are those with “eigen-value” zero of this equation and for the diagonalization of the quadratic action in the path integral we are treating the eigen-modes of this equation with non-zero eigen-values.

3.1.6 The zero mode

We have shown above (section 2.6) that the occurrence of zero modes is connected with symmetries of the system and the classical solution. For our special models, the SG and ϕ^4 theory, such a zero mode occurs in the kink sector. It is the lowest eigen-value of the stability equation (7.1). These zero modes are connected with the translational symmetry of the kink solutions (35,20). For any position of the kinks x_0 the equations of motions are fulfilled. In both cases the zero modes are proportional to the spatial derivative of the kinks, i.e.

η_0(x) ∼ ∂_xϕ_K (x),

and thus are a result of a small translation of the kink. In the path integral quantization this results in zero frequency ω_0 = 0 in (107) and thus the associated degree of freedom c_0 is not a harmonic oscillator but rather like a free particle of unit mass. The reason for this is that the kink solution is only a local minimum of the action and the potential energy(density) U(ϕ),

19That also with the nontrivial sector, i.e. for ϕ_{cl} a soliton solution, are quantum states associated will be considered below.

20The notion “energy-spectrum” should make clear that this is not the energy of the state |{ν_l}⟩, since there are some more ingredients for the energy like renormalization and zero-point energy (see below).

respectively. Thus a fluctuation in the symmetry direction does not change the energy and feels no restoring “force”. Fluctuations transverse to this symmetry direction (in field space) feel the restoring force of the increasing potential, which is in first order that of a harmonic oscillator.

The trace integration of the zero mode gives a divergent result. The only closed path with initial = finial position c_{a0} for a free propagating particle is the constant solution c_{cl} = c_{a0} . The classical action ∫ dt^{ċ20}_2 is zero for this solution. Thus the trace integration of the zero mode c_0 in (107) gives

B̃_N (T ) ∫ dc_{a0} → ∞. The factor B̃_N (T ) is the measure constant of a free unit mass particle. The breakdown of the SP A is no surprise, since for its validity we had required that two classical solutions are not too close to each other (77). But because of the translational invariance of the kink solutions we have a continuous family of solutions, parametrized by the kink position x_0. The free propagation of the zero mode degree of freedom corresponds to a collective motion of the kink and its internal quantum fluctuations. It is customary to treat the zero mode by the use of appropriate coordinates to describe the symmetry, called collective coordinates. This is analogous to for example atomic physics where the collective center of mass motion is separated from the internal motions described by relative coordinates. The idea is to find coordinates which describe the motion in the symmetry direction, i.e in the “valley” (surface) in field space which forms the relative minimum of the action, these are the collective coordinates. The method of SP A is only applicable to the residual coordinates, which describes the internal motion. The integration for the collective coordinates has to be carried out exactly. We demonstrate this for a simple integral: I = ∫ d^nx e^{⃗x2−λ(⃗x2)2} . (110) The exponent is stationary for the “classical” solution ⃗x_{cl}(1 − 2λ⃗x^2_{cl}) = 0 ⇒ |⃗x| = 1 √ 2λ . This is an n − 1 parameter family of solutions, each vector with the length^{1√}_{2λ} . This corresponds to the O(n) symmetry of the exponent in (110). If we single out one stationary (saddle) point and evaluate its contribution in a Gaussian approximation we would get n − 1 zero eigenvalues and thus a catastrophic, divergent result. The solution to this problem is to use angular variables and integrate them exactly. Only for the radial variable one expands around the stationary point. Thus one obtains I = ∫ dΩ_{n−1}r^{n−1}dr e^{r2−λr4} = V_Sn−1 ∫ drr^{n−1} e^{r2−λr4} . The radial integral can now be evaluated using Gaussian approximation. The angular integral is evaluated exactly and gives the volume of a n − 1 dimensional sphere. Here the angular variables are the analogue of collective coordinates or cyclic coordinates, as they are called in classical mechanics.

The proper collective coordinate for the kinks is of course the position of the kink, which we will call X(t). This means that we change from the coordinates {c_l(t); l = 0, . . . } to coordinates {X(t), c_l(t); l = 1 . . . } to get rid of the problematic zero mode c_0(t). This is done by expanding the field according to ϕ(x, t) = ϕ_K (x − X(t)) + ∑ l=1 c_l(t)ξ_l(x − X(t)), (111)

where ϕ_K and ξ are the same functions, i.e. the kink functions and the eigen-functions of the stability equation except for the zero mode, as before. That the new coordinate X(t) consistently replaces c_0 and is thus independent of the other coordinates can be seen as follows: A small variation of X(t) adds to ϕ(x, t) a term proportional to ∂_xϕ_K (x − X(t)), i.e. δ_X ϕ(x, t) ≈ ∂_xϕ_K (x − X(t))δX. But the derivative of the kink is proportional to the zero mode ξ_0, and thus ∫ dx∂_xϕ_K (x − X(t))ξ_l(x − X(t)) = 0 ∀ l. Therefore a variation in the collective coordinate X(t) is orthogonal to the other coordinate directions and the set {X(t), c_l(t); l = 1 . . . } consists only of independent variables. Because of the translational invariance the new expansion (111) only changes the kinetic part of the action and the Lagrange function, respectively, i.e. the spatial integral of the Lagrangian: L = ∫ dxL = ∫ dx [ (∂_tϕ)^2 − (∂_xϕ)^2 − U(ϕ) ] = L_{Kin}(Ẋ, ċ_l) + L_{P ot}(c_l). Thus the Lagrange function is independent of the coordinate X(t), it depends only on the velocity Ẋ(t). This is true for the full Lagrange function and action. Especially the quadratic part of L_{P ot} gives the same quadratic action as in (107) except for the zero mode c_0(t). Since L depends only on the derivative Ẋ(t), the collective coordinate is a cyclic coordinate [16] and thus the proper coordinate to describe symmetries of the system. From the Euler-Lagrange e.o.m. it follows that the canonical momenta of cyclic coordinates are conserved, i.e. on a classical trajectory (on shell): ∂L ∂φ_i = 0 ⇐⇒ φ_i cyclic ⇐⇒ d dt ( ∂L ∂φ̇_i ) = d dt p_{φ,i} = 0. Thus the canonical conjugated momenta of cyclic coordinates are the Noether charges of the associated symmetries. And as expected the canonical momentum of X(t) is equal to the conserved total field momentum P [3], i.e. the Noether charge of the spatial translation symmetry:

Π_X = ∂L ∂Ẋ = P with d dt P = 0. Since we are considering relativistic theories the classical energy of the kinks has the form

E(P ) = √ M^2_{cl} + P^2. (112)

Therefore the integration of the collective coordinate in the path integral gives only kinetic contributions which one can neglect in the considered order in (107) [3]. This means that the kink is effectively at rest. This is a reasonable approximation especially for the calculation of the quantum mass of the kink in this order . In higher orders the different modes in the spectral function are no longer independent. For (107) this means that the fluctuations for l > 0 interact with the zero mode fluctuation which is then no longer a free (zero) mode. But for the one-loop (= SP A) calculation of the kink masses we simply omit the integration over this mode. Thus, because of the translational zero mode, one has one mode less in the kink spectrum. This has a completely different origin than the discrete excited mode ξ_1 of the ϕ^4-kink (see appendix (7.1)) but an similar consequences in the bosonic case, as we will see.

The interplay between cyclic (collective) coordinates and the conserved associated momenta is to be expected to be more subtle in the case of constrained systems like fermions. And indeed we will see that this naive counting of the zero mode in the energy spectrum leads to wrong results in the case of fermions.

3.2 Standard perturbation theory and renormalization

We shortly survey the main points in the renormalization procedure. For simplicity we do this mostly for the ϕ^4 - model. One crucial point for a consistent renormalization is that one renormalizes the theory only once (at a given perturbation order) and uses this then fixed renormalized theory to calculate the desired quantities also in different topological sectors. It is customary to renormalize the theory by setting up renormalization conditions in standard perturbation theory, i.e. relations between scattering process contributions. This associates the parameters of the theory with certain measurable physical processes. So one can (must!) determine them by experiments. In renormalizable theories a finite number of such conditions also eliminates the divergences in the standard perturbation theory.

The standard perturbation theory is tailored for calculation of amplitudes in scattering processes, which are related to (vacuum) n-point correlation (Green) functions or their Fourier transformation, respectively, which are given as (x = x^μ)

G_n(x_1, . . . , x_n) = ⟨Ω| T ϕ_H (x_1) . . . ϕ_H (x_n) |Ω⟩ = ⟨0| T ϕ_D(x_1) . . . ϕ_D(x_n) S |0⟩ ⟨0| S |0⟩ . (113)

The index H/D stands for the Heisenberg/ Dirac -picture and T is the time-ordering symbol. S is the S-matrix (operator) which is related to the time-evolution operator of the Schrödinger equation (50), ánd reads in the Dirac-picture as follows S := lim_{ε→0+} U(−∞, ∞) = lim_{ε→0+}T e^{− iℏ ∫ ∞−∞ dtHεD(t)}. The limit ε → 0_+ indicates the adiabatic “switch on” of the interaction, i.e. H^ε_D := H_De^{−ε|t|}, and corresponds to the boundary conditions (preparation) for scattering processes (asymptotic free particles (fields)). For details see e.g. [28]. This is the reason why in standard perturbation theory soliton contributions are not seen. Of particular interest is the two-point function G(x, y) = ⟨Ω| T ϕ_H (x)ϕ_H (y) |Ω⟩:

Figure 8: The spectrum of H plotted against the spectrum of P. At the origin sits the vacuum state |Ω⟩. On the ordinate lie the “masses” of the discrete one-particle- and bound- states, as well as a continuum of multi-particle- states (above the highest hyperboloid). For non-zero momentum they form hyperboloids according to the relativistic energy relation E(p) = √ ⃗p^2 + m^2_λ , which asymptotically approach to light cones. There may be also more bound states bellow the threshold of two free particles-creation.

3.2.1 Analytical structure of G(x, y) and field strength renormalization

First we consider the spectrum of the Hamilton operator H and the momentum operator P_i (we consider a D = 1 + 3 space-time, so that P_i is a three-vector and P^μ = P = (H, P_i)^T ). Since they commute, i.e. [H, P_i] = 0, they have common eigen-states. The vacuum state |Ω⟩ is the eigen-state to the eigenvalue zero, i.e. H |Ω⟩ = 0 = P_i |Ω⟩. Let |λ_0⟩ be eigen-states of zero momentum, i.e.

H |λ_0⟩ = m_λ |λ_0⟩ (114) P_i |λ_0⟩ = 0, (115)

then the boosted states U_{boost}(⃗p) |λ_0⟩ = |λ_{⃗p}⟩ are also eigen-states, but with momentum ⃗p and, because of relativistic invariance, energy E(⃗p) = √ ⃗p^2 + m^2_λ . Thus the eigen values m_λ are the energies in the rest-frame. In general the spectrum consists of the vacuum, the oneparticle state (m_λ = m, particle mass), possible bound states (m_λ = m_B) and a continuum of multi-particle states (see fig.8). Thus the completeness relation, expressed in relativistically normalized states, in the Hilbert space reads as [30]

1 = |Ω⟩ ⟨Ω| + ∑ λ ∫ dp^3 (2π)^3 1 2E_λ(⃗p) |λ_{⃗p}⟩ ⟨λ_{⃗p}| . (116) For the following we assume that x^0 > y^0. Inserting the unit (116) we thus get for the two-point function

G(x, y) = ⟨Ω| ϕ_H (x)ϕ_H (y) |Ω⟩ (117) = ∑ λ ∫ dp^3 (2π)^3 1 2E_λ(⃗p) ⟨Ω| ϕ_H (x) |λ_{⃗p}⟩ ⟨λ_{⃗p}| ϕ_H (y) |Ω⟩ , (118) where we have dropped the uninteresting constant ⟨Ω| ϕ_H (x) |Ω⟩ ⟨Ω| ϕ_H (y) |Ω⟩, which is usually zero [30]. The matrix elements in (118) can be written as follows ⟨Ω| ϕ_H (x) |λ_{⃗p}⟩ = ⟨Ω| e^{iP·x}ϕ_H (0)e^{−iP·x} |λ_{⃗p}⟩ = ⟨Ω| ϕ_H (0) |λ_{⃗p}⟩ e^{−ip·x}|_p0_{=E(⃗p)} = ⟨Ω| ϕ_H (0) |λ_0⟩ e^{−ip·x}|_p0_{=E(⃗p)}.

Figure 9: The spectral density for a typical interacting theory. The one-particle states contribute a delta function at m^2. Multi-particle states have a continuous spectrum, starting at (2m)^2. There may also discrete contributions of bound states.

In the first line we have written the field operator at space-time position x as a translation of the operator at the space-time origin. In the second line we have used the translational invariance, ⟨Ω| e^{iP·x} = ⟨Ω| e^0, of the vacuum and the Lorentz invariance of ϕ_H (0) and ⟨Ω|, i.e. U_{boost}(⃗p)ϕ_H (0)U^{−1}_{boost}(⃗p) = ϕ_H (0)^{21}, so that ⟨Ω| ϕ_H (0)U_{boost}(⃗p) |λ_0⟩ = ⟨Ω| U_{boost}(⃗p)ϕ_H (0) |λ_0⟩ = ⟨Ω| ϕ_H (0) |λ_0⟩.

Källén-Lehmann spectral representation. By introducing an p^0 -integration the momentum p becomes off-shell and the two point function can be written as (x^0 > y^0) ⟨Ω| ϕ_H (x)ϕ_H (y) |Ω⟩ = ∑ λ ∫ d^4p (2π)^4 i e^{−ip·(x−y)} p^2 − m^2_λ + iϵ

| ⟨Ω| ϕ_H (0) |λ_0⟩ |^2. (119)

Here the Feynman propagator D_F (x − y, m^2_λ) appears but with m_λ instead of only the particle mass m. An analogous expression holds for x^0 < y^0 so that the full two point function is given by G(x, y) = G(x, y) = ⟨Ω| T ϕ_H (x)ϕ_H (y) |Ω⟩ = ∫_∞ 0 dM^2 2π ρ(M^2)D_F (x − y, M^2).

This is the Källén-Lehman spectral representation, where ρ(M^2) is a positive spectral density function,

ρ(M^2) = ∑ λ 2πδ(M^2 − m^2_λ)| ⟨Ω| ϕ_H (0) |λ_0⟩ |^2,

For a typical interacting theory it is given by fig.9. Stable one-particle states | |λ^m_p ⟩ contribute an isolated delta function to the spectral density:

ρ(M^2) = 2πδ(M^2 − m^2)Z + terms with M^2 ≥ m^2_B,

where Z = | ⟨Ω| ϕ_H (0) |λ^m_0 ⟩ |^2 is the field-strength renormalization factor. The quantity m is the exact mass of a single particle, since it is the exact energy eigen-value of the full interacting theory, as can seen by (114). This quantity in general differs from the mass-parameter used in the Lagrangian (see below) and we refer to it the physical mass of the ϕ-boson.

21For fields with spin one has to respect the nontrivial internal transformations of the field, which are of the form U ϕ_αU^{−1} = S_{αβ} ϕ_β. For spinor fields this gives the matrix structure ̸p + m in the propagator.

A Fourier transformation of the two-point function (119) gives ∫ dx^4e^{ip·x} ⟨Ω| T ϕ_H (x)ϕ_H (0) |Ω⟩ = ∫_∞ 0 dM^2 2π ρ(M^2) i p^2 − M^2 + iϵ = iZ p^2 − m^2 + iϵ + ∫_∞ ∼m^2_B dM^2 2π ρ(M^2) i p^2 − M^2 + iϵ . The analytical structure of the Fourier transformed two-point function is as follows: The first term gives a simple pole at p^2 = m^2 with the residue Z, while the second term contributes a branch cut beginning at p^2 = (2m)^2 and additional poles for possible bound states below the cut. Thus contributions of from one-particle and multi-particle intermediate states can be distinguished by the strength of their analytic singularities. This analysis relies only on general principles of relativity and quantum mechanics , it does not depend on the nature of interaction or on perturbation theory, except that we have used scalar fields due to notational simplicity. The only input of standard perturbation theory is that we have considered the vacuum-correlation function and thus soliton contributions do not occur, since the Hilbert space built around the soliton is not connected with the “vacuum” Hilbert space. There exists no operator which connects states between these two sectors (see below). This analysis generalizes to higher order n-point functions. The analytical structure shows that the (Fourier transformed) n-point functions are the multi-particle (field theoretical) analogue of the kernel resp. the Green function of section 3.1.1.

In the case of free fields, or zeroth order perturbation theory, the Fourier transformed two point function writes as ∫ dx^4e^{ip·x} ⟨0| T ϕ_D(x)ϕ_D(0) |0⟩ = i p^2 − m^2_{f ree} + iϵ . For x^0 > 0 this can be interpreted as the amplitude that a particle created at the spacetime position y = 0 propagates to x. It is similar to the full two-point function except two differences: There are no multi-particle contributions since free fields can only create single particle states. The field strength renormalization constant Z = | ⟨Ω| ϕ_H (0) |λ^m_0 ⟩ |^2, i.e. the probability for ϕ_H (0) to create an exact one particle state, is in the free case equal to one, i.e. ⟨p| ϕ_D(0) |0⟩ = 1. Note that by a renormalization of the field strength this probability can be normalized to one also for the interacting theory: ϕ_H → ϕ^{ren}_H := 1 √ Z ϕ_H ⇒ | ⟨Ω| ϕ^{ren}_H (0) |λ^m_0 ⟩ |^2 = 1 Z | ⟨Ω| ϕ_H (0) |λ^m_0 ⟩ |^2 = Z Z = 1.

With this renormalization also the residue of the single-particle pole in the two-point function (propagator) is normalized to one: ∫ dx^4e^{ip·x} ⟨Ω| T ϕ^{ren}_H (x)ϕ^{ren}_H (0) |Ω⟩ = 1 Z ∫ dx^4e^{ip·x} ⟨Ω| T ϕ_H (x)ϕ_H (0) |Ω⟩ = i p^2 − m^2 + iϵ + . . .

3.2.2 The systematics of renormalization

Primarily the renormalization has nothing to do with the occurrence of divergences (in perturbation theory), but to express the theory (action) in terms of measurable quantities, i..e. in terms of parameters which are related to certain (reference) experiments. In he following we assume that the theory is regularized in some way, so that all considered quantities are well defined. This we will indicate with an index Λ. We indicate the unrenormalized (not adjusted to the reference-experiments) parameters with an index 0 to distinguish them from the renormalized ones (parameters which are related to the reference experiments). The selected reference experiments and their relations to the renormalized parameters define the values of these parameters in the measurement and are called renormalization conditions. For simplicity we consider the ϕ^4 theory without spontaneous symmetry breaking, The fields can be viewed as ordinary functions, since we will use the path integral for further calculations:

L_Λ = 1 2 (∂ϕ_0)^2 − 1 2 m^2_0ϕ^2_0 − λ_0 4! ϕ^4_0. (120)

This Lagrangian and the associated action has all symmetries which are not destroyed by the regularization. We have seen that we can renormalize the field-strength. Therefore we set ϕ = 1 √ Z_1 ϕ_0 ⇔ ϕ_0 = √ Z_1ϕ, (121)

where the constant Z_1 need not be equal to Z above, although this would be a natural choice. Its actual value will be defined by a renormalization condition. One can also use the freedom in fixing Z_1 to make calculations simpler instead of getting a simple relation to the reference experiment. With this first renormalization the Lagrangian writes as

L_Λ = 1 2 Z_1(∂ϕ) − 1 2 m^2_0Z_1ϕ^2 − λ_0 4! Z^2_1 ϕ^4.

We have just inserted (121) in the Lagrangian, thus it is still the same theory. Next we split the mass and coupling parameter into a renormalized (measured) part and a part which will be fixed by the renormalization conditions in concrete calculations, i.e. we divide them into a part which will be measured and a part which will be calculated. We also write Z_1 as such a sum, i.e we define

m^2_0Z_1 := m^2 + δm^2 (122) λ_0Z^2_1 := λ + δλ (123) Z_1 := 1 + δZ_1. (124)

Inserting this into the Lagrangian we get

L_Λ = 1 2 (∂ϕ)^2 − 1 2 m^2ϕ^2 − λ 4! ϕ^4 + 1 2 δZ_1(∂ϕ)^2 − 1 2 δm^2ϕ^2 − δλ 4! ϕ^4. (125)

Of course this Lagrangian has the same symmetries as (120), i.e. those symmetries which despite regularization are still present. The Lagrangian consists of the “classical” part, expressed in terms of the renormalized parameters, and counter terms (the δ-terms) which are treated as interaction terms in the perturbation theory. Thus classical properties, as for example the classical kink masses (22) in the model considered above, are not affected. Also the fundamental ingredient of the standard perturbation theory, the Feynman propagator (see below), is not affected, since it is derived from the quadratic part of the classical action. In this view the counter terms are the quantum contributions to the full quantum action (125) relative to the classical action which is expressed in renormalized parameters. The additional interaction terms, the counter terms, lead to additional Feynman graphs in the perturbation theory:

= i(p^2δZ_1 − δm^2) = −iδλ Until now the splittings of the parameters (122) - (124) are purely formal. To give them a physical meaning we have to set up renormalization conditions which relate the renormalized parameters to certain scattering processes so that they can be determined by experiments. As an example we choose:

|_p2_{→m}2 =^i_{p2−m2} +(terms regular at p^2 = m^2) ⇒ δm^2, δZ

|_{s=4m}2_{, t=u=0} = −iλ ⇒ δλ These relations for the “scattering amplitudes” displayed by the graphs above determine the explicit form of the counter terms. Especially the first renormalization condition is very “natural”, since it renormalizes the residue (the probability of a single particle creation of the vacuum) to one and sets the renormalized mass parameter m to the pole of the single particle contribution of the two point function. As we have seen above, this is the exact physical particle mass, i.e. the eigen-value to the one-particle eigen-state of the full Hamiltonian (114). But there is no need to choose these “physical” renormalization conditions. One can also choose less simple relations between the two-point function and the renormalized parameters, which are more comfortable for other calculations for example. The second renormalization condition has no “natural” or obviously best definition. The renormalization condition is set up for the scattering amplitude at zero momentum, which means in Mandelstam variables s = 4m^2 and t = u = 0. The values of the variables p, s, t, u at which the renormalization conditions are defined are called renormalization point. Different renormalization points leads to different renormalization schemes. They are of course all equivalent, since a different renormalization point only changes the division between the renormalized parameters and the counter term constants in (122) - (124). One can always put a finite piece of e.g. m^2 into δm^2. Thus a different renormalization point (different renormalization condition) only results in

m^2 + δm^2 → m̃^2 + δm̃^2 = (m^2 + Δ) + (δm^2 − Δ).

This of course gives the same results but expressed in terms of m̃^2.

Renormalizable theories. We were cheating as we said that the renormalization procedure has nothing to do with the occurrence of divergences, since this procedure was developed to control divergences in the perturbation theory. The classical part of the Lagrangian (125) produces divergent contributions (if the regularization is removed) in the perturbation theory. Thus also the counter terms must be divergent (without regularization) to compensate the divergent contributions by the renormalization conditions. A theory is called renormalizable if all divergences in the perturbation theory can be compensated by a finite number of renormalization conditions, thus the results are finite even if the regularization is removed at the end of the calculation. In a perturbative expansion the counter terms must be determined order by order, this means in each order one has to solve the renormalization conditions, given above.

Symmetries. If all divergences can be compensated by counter terms obtained by renormalization of the parameters, as above, the quantum corrections do not violate any of the symmetries which are left in the regularized theory L_Λ. The question is weather the symmetries which are broken by the regularization are reestablished when the regularization is removed after calculations. If a symmetry can not be reestablished one calls this an anomaly. In a perturbative expansion in ℏ (loop-expansion) each symmetry of the theory, which does not involve ℏ, is fulfilled in each order, i.e. if one respects all contribution up to the considered order. If not all divergences are canceled by counter terms of the form of the Lagrangian one needs additional counter terms, which must be added “by hand”, e.g. a term Cϕ^3. The additional parameters must be determined by experiment and the symmetry of the theory is probably broken.

3.2.3 Renormalization of ϕ^4- and SG- model

Generating functional. The n-point vacuum correlation functions (113) can be written as a path integral as follows [30] G_n(x_1, . . . , x_n) = lim_{T →∞(1−iϵ)} ∫ Dϕ ϕ(x_1) . . . ϕ(x_n) e^{iℏ ∫ T−T dx4L} ∫ Dϕ e^{iℏ ∫ T−T dx4L} . (126)

The denominator is the analogue of ⟨0| S |0⟩ in (113) , which connects the Dirac-vacuum |0⟩ with the Heisenberg-vacuum |Ω⟩. The path integrals have to be evaluated in the vacuum sector, this means that lim T →∞(1−iϵ) ∫ Dϕ = ∫_{ϕΩ,T} ϕ_Ω,−T Dϕ = lim T →∞(1−iϵ) ∫_{ϕV ,T} ϕ_V ,−T Dϕ. (127) The n-point function (126) can be written as functional derivatives of a generating functional

G_n(x_1, . . . x_n) = 1 Z[0] ( ℏ i )_n δ^nZ[j] δj(x_n) . . . δj(x_1) |_{j=0}, (128)

where the generating functional is given by Z[j] = ∫ Dϕ e i ℏ ∫ d^4x ( L+jϕ+iϵ^{ϕ2}_2 ) , (129)

and must be calculated perturbatively for nontrivial theories. The iϵ-term is the analog of the small imaginary part of the time in (126) to ensure vacuum boundary conditions. It acts as a damping factor and gives the pole-description for the Feynman propagator. In the following we will suppress this term in our notation.

ϕ^4 -model. The full quantum action of the ϕ^4 model (15) is the Lagrangian expressed in unrenormalized parameters

L_Λ = 1 2 (∂ϕ_0) − λ_0 4 (ϕ^2_0 − μ^2_0 λ_0

)^2. (130)

Since in two dimensions only the mass receives a divergent contribution (see below, “educated guessing”) it is enough to choose a minimal renormalization scheme:

δZ = 0 ⇒ ϕ_0 = ϕ, δλ = 0 ⇒ λ_0 = λ, μ^2_0 = μ^2 + δμ^2.

Since we have to evaluate the path integral (126) in the vacuum sector, and to fulfill the asymptotic boundary conditions (127), we expand the Lagrangian (action) around one of the classical vacua (19). We choose ϕ_V =^{μ√}_λ so that ϕ =^{μ√}_λ + η. Thus by this perturbation theory one will never “see” soliton contributions. Also inserting μ^2_0 = μ^2 + δμ^2 we get^{22}

L_Λ = 1 2 [(∂η)^2 − 2μ^2η^2] − √ λμη^3 − λ 4 η^4 − 1 2 δμ^2 ( η^2 + 2μ √ λ η ) + O(ℏ^2). (131)

We have put the constant^{(δμ2)2}_{4λ} into the higher order terms indicated by O(ℏ^2), since we will determine δμ^2 only in one loop (ℏ) order. The physical boson mass at tree level is m = √ 2μ, as one can read off the quadratic part of the Lagrangian, and has the correct sign. The vacuum boundary condition (pole prescription) in (129) is respected implicitly by a small imaginary part of the squared mass, i.e. m^2 ≡ m^2 − iϵ. With this Lagrangian we get for the generating functional (129), but with the source coupled to the “physical” field η Z[j] = ∫ Dη e^{iℏ ∫ dx4}(^{12 [(∂η)2−m2 η2]+jη+LI} ) (132) = ∫ Dη [_∞ ∑ k=0 1 k! ( i ℏ )_k (∫ dx^4L_I )_k] e^{iℏ ∫ dx4}(^{12 [(∂η)2−m2 η2]+jη}). (133)

This is the perturbative expansion, where L_I is the “quantum” interaction Lagrangian

L_I = − √ λμη^3 − λ 4 η^4 − 1 2 δμ^2 ( η^2 + 2μ √ λ η ) + O(ℏ^2).

The perturbative expansion can also be written as functional derivatives of the free generating functional Z[j] = e^{iℏ} ∫ dx^4L_I (^ℏ_i^δ_{δj} )Z

0[j] with Z_0[j] = ∫ Λ Dη e^{iℏ ∫ dx4} (^{12 [(∂η)2−m2 η2]+jη}), (134)

where the index Λ indicates that the free generating functional has to be evaluated in a regularized way. The regularization takes place in the set of considered fluctuations η, i.e. the “path integration domain” P ID. We consider two possibilities which are very similar in the trivial sector.

Energy-momentum cutoff. We restrict the P ID to a regularized one, which is characterized by the cutoff Λ or the projector, respectively,

δ̂(x) = ∫ dk^2 (2π)^2 θ(Λ − |k_1|) e^{ik·x}, which is the (regularized) unit in the regularized domain P ID_{Reg} = {η | δ̂ · η = η}. Also the sources j(x) must be functions in this domain, i.e. ∫ dy^2δ̂(x − y)j(y) = j(x). The regularized set of fluctuations P ID_{Reg} are functions which have a compact support in the spatial Fourier transformed variable, i.e. η ∈ P ID_{Reg} ⇒ η(x) = ∫ dk^2 (2π)^2 θ(Λ − |k_1|) η̃(k) e^{ik·x}. 22Since we are considering an unbounded space-time, no surface terms contribute to the action in this expansion.

The free generating functional (134) can be evaluated in several ways. One is to expand the fluctuations η around the configuration η_0, i.e. η → η_0 + η, where η_0 fulfills:

(□ + m^2)η_0(x) = j(x) (135)

⇒ η_0(x) = − ∫ dy^2Δ^{reg}_F (x − y)j(y) with (□ + m^2)Δ^{reg}_F (x) = δ̂(x). (136)

The differential equation for the free field in (135) is solved by the method of Green functions. The Green function Δ^{reg}_F (x) in (136) is called Feynman propagator and is characterized by the vacuum boundary conditions which is encoded in the pole prescription. Its Fourier representation is given by

Δ^{reg}_F (x) = ∫ dk^2 (2π)^2 θ(Λ − |k_1|) e^{−ik·x} k^2 − m^2 + iϵ . We have written the pole prescription explicitly. Inserting (136) into the free generating functional (134) one obtains Z_0[j] = N e^{− iℏ 12 ∫ dx2dy2 j(x)ΔregF (x−y)j(y)}, (137) where the constant N is a number which will be canceled by the denominator in (128). From (134) and with the form of the interaction Lagrangian (131) a general n-point function is a composition of Feynman graphs which are given by:

iℏΔ(x − y) propagator i ℏ √ λμ ∫ dz^2 3-vertex −^i_ℏ λ ∫ dz^2 4-vertex

−^i_ℏ δμ^2 ∫ dz^2 seagull-counter-term i ℏ μ√ λ δμ^2 ∫ dz^2 tadpole-counter-term

Because of the spontaneous symmetry breaking also a three-vertex interaction occurs. The integrations for the vertices lead to momentum conservation in momentum space. The disconnected graphs are canceled by the denominator Z[0] in (128). This gives the usual Feynman rules (see for example [31]). The order in ℏ of an amputated graph is as follows (external lines are replaced by wave functions in the S-matrix) [29]: Because of the expansion of the exponential function in (133), each vertex V contributes a factor ℏ^{−1}. From each internal line I, ∼ ℏ^{2 δ2}_{δj2}^1_ℏ ∫ jΔj, comes a factor ℏ. Therefore^i_ℏ W [j] = O(ℏ^{I−V} ), where Z[j] = e^iℏ^{W [j]}.

The functional W [j] is the generating functional for connected Green functions. Therefore the contribution of an connected amputated graph to W [j] is proportional to ℏ^{I−V +1} = ℏ^ℓ, where ℓ is the loop number of this graph.

Renormalization conditions. With the Feynman rules the two-point function has the following graphical representation:

+ O(ℏ^2) (138)

In two dimensions only the seagull (third graph) and the tadpole-pole (fifth) graphs are divergent if the regularization is removed. We fix δμ^2 by the requirement that the tadpole vanishes exactly. This means

⇒ iℏ3 √ λμΔ(0) + μ √ λ δμ^{2 !}= 0 (139)

Thus the mass-counter term is given by δμ^2 = −iℏ3λΔ(0) = −iℏ3λ ∫ dk^2 (2π)^2 θ(Λ − |k_1|) k^2 − m^2 + iϵ = 3λℏ 2π ∫_Λ 0 dk √ k^2 + m^2

, (140)

where in the last step we have carried out the k_0-integration and set k^1 = k. This is the one loop counter term and from (140) one can see that it is of order O(ℏ) and depends on the regularization cutoff Λ. By this renormalization condition also the seagull-self-energy graph is canceled.The sum of the seagull- and the mass-counter- graph (graph three and four in 138) reads as

(iℏ)^23λΔ(0) + iℏδμ^2 = (iℏ)^23λΔ(0) − (iℏ)^23λΔ(0) = 0.

This renormalization scheme is the most simple one from the technical point of view, but one must not forget that the second graph in (138), a three vertices self energy diagram, gives a finite contribution to the pole of the one loop propagator. Thus the renormalized parameter m, defined by the renormalization condition (139) is not the pole of the propagator. For the physical one-loop mass, i.e. the pole of the propagator, one must take this finite contribution into account. Summing up the series in (138) as usual [31] the loop of the three vertex self energy diagram contributes to the pole. Thus the physical one loop mass is given by [39]

m^2_P = m^2 + 9λiℏ ∫ dk^2 (2π)^2 m^2 (k^2 − m^2 + iϵ)((k − p)^2 − m^2 + iϵ)

|_p2_{→m}2 = m^2 − √ 3 2 ℏλ. We also could have renormalized the coupling, e.g. through low-energy limit of scattering amplitudes, i.e. an analogous renormalization condition as in (3.2.2), to get simpler relations between the renormalized parameters and physical measured quantities. But our renormalization condition (139) is an equivalent scheme and for concrete calculations is the most comfortable one.

The renormalization condition (139) gives the explicit expression for the counter term parameter δμ^2 and defines the renormalized parameter μ resp. m = √ 2μ. Its concrete value must be determined by experiment of course. But all quantities expressed through this parameter get their explicit meaning by the renormalization condition. With the explicit expression for δμ^2 and the definition of μ through the renormalization condition also the one-loop renormalized Lagrangian (130) has an explicit meaning (ϕ_0 = ϕ, λ_0 = λ, μ^2_0 = μ^2 + δμ^2:

L_Λ = L(μ) + δL_Λ, where L(μ) is the classical Lagrangian expressed through the renormalized parameter, and δL_Λis the (one-loop) counter term Lagrangian, the quantum corrections, which in our scheme is given by

δL_Λ = δμ^2 2 ( ϕ^2 − μ^2 λ ) + O(ℏ^2). (141)

The classical action can be thought of as renormalized at zero loop level, with the renormalization condition δμ^2 = 0. Therefore all classical quantities are expressed through the finite, regularization independent, parameter μ^2. This parameter must of course also be determined by experiment, for example by classical scattering amplitudes of solitons. In general this is a hypothetic issue, since the classical meaning of a quantum field theory is not always evident (see for example fermions).

Mode number cutoff. The regularized evaluation of the fundamental ingredient of the perturbation theory, the free generating functional Z_0[j] and thus the Feynman propagator Δ^{reg}_F , can also be carried out in a discrete manner. For this one compactifies the spatial dimension to a circle of (large) perimeter L or considers a compact interval of length L and introduces appropriate boundary conditions (periodic or antiperiodic are proper ones, see below). The path integration domain P ID_{Reg} is then defined by a finite Fourier expansion according to the discrete Fourier modes. In the vacuum sector there is no big difference between an energy momentum cutoff (EMC) and a mode number cutoff (MNC). Only the finite spatial momentum integrations are replaced by finite sums, i.e. one has the correspondence

∫_Λ −Λ dk 2π f(k) ←→ N∑ −N f(k_n ) with Lk_n = (2n + A)π.

Ţhe value of A = 0, 1 depends on the boundary conditions. The two expressions coincide up to order O(^1_L ) and the two cutoffs EMC and MNC are related as Λ = (2N + A)π L . These relations between EMC-integrals and MNC-sums are not so simple in the soliton sector as we shall see. But the counter term parameter δμ^2 (140), defined in the vacuum sector is simply

δμ^2 = 3λℏ 1 2 1 L N∑ −(N −A) 1 √ k^2_n + m^2 = 3λℏ 2π ∫_Λ 0 dk √ k^2 + m^2

+ O( 1 L , 1 Λ ).

Therefore we will always write the counter term in the integral representation, independent of the used regularization scheme.

Renormalization of the sine-Gordon model. Since we were so explicit above we can treat the SG-model relatively quickly. The full quantum Lagrangian, i.e. expressed in unrenormalized parameters, is given by

L_Λ = 1 2 (∂ϕ)^2 + μ^2_0 γ [cos( √ γϕ) − 1] , where we have used that only the mass gets divergent contributions (if the regularization is removed), as we shall see. Thus we have the following minimal renormalization scheme:

δZ = 0, δγ = 0, , μ^2_0 = μ^2 + δμ^2.

Expanding the Lagrangian around the vacuum ϕ = 0 and inserting μ^2_0 = μ^2 + δμ^2 one obtains

L_Λ = 1 2 [ (∂η)^2 − μ^2η^2 ] + μ^2 γ 4! η^4 − μ^2 γ^2 6! η^6 · · · − δμ^2 2 η^2 + . . . . (142)

Only the seagull loops, which are for example of the form

, are divergent [39], and thus our minimal renormalization scheme is enough to get rid of the divergences. The tree-level boson mass is μ as one can see from the quadratic part of (142). At one-loop the renormalization condition, that the seagull loops vanishes reads as

+^!= 0

⇒ δμ^2 = ℏ μ^2γ 2 ∫_Λ 0 dk 2π 1 √ k^2 + μ^2 . Since at one-loop order the one-loop seagull graph is the only contribution, the mass parameter μ, defined by the above renormalization condition, coincides at one loop with the pole of the propagator, i.e. the physical mass of the boson. The one loop counter term Lagrangian is given by

δL_Λ = δμ^2 γ [cos( √ γϕ) − 1] + O(ℏ^2). (143)

The renormalization condition that all seagull loops vanish gives the complete counter term as follows [7]

δL_Λ = − μ^2 γ ( e^{δμ2/μ2} − 1 ) [cos( √ γϕ) − 1] .

3.2.4 Quantum action for solitons

With the counter term contributions δL_Λ and the explicit expressions the counter term parameters δμ we can write down the renormalized (quantum) action in the soliton sector. The classical kink masses (22,36) and all other quantities are expressed through the renormalized parameters μ, which are defined by the renormalization conditions from above. It is important to use the action renormalized in the vacuum sector, also to calculate the desired quantities in the soliton sector, since this ensures that if one compares quantities of the two sectors one talks about the same things, i.e. one uses the same renormalized parameters, defined by the same renormalization conditions. The one-loop mass counter terms for the SG- and ϕ^4- model, as calculated above are given by δμ^2_{SG} = ℏ γm^2 4π ∫_Λ 0 dk √ k^2 + m^2

(144)

δμ^2_ϕ = ℏ 3λ 2π ∫_Λ 0 dk √ k^2 + m^2

, (145) where m is the tree-level boson mass, and related to the renormalized mass parameter μ by (l = 1/2 for SG/ϕ^4)^{23} m = √ lμ. The one-loop counter term Lagrangians are given by (143), (141) δL_{SG}(δμ) = δμ^2 γ [cos( √ γϕ) − 1] + O(ℏ^2) (146) δL_ϕ(δμ) = δμ^2 2 ( ϕ^2 − m^2 2λ ) + O(ℏ^2), (147)

these counter term Lagrangians lead to additional contributions to the action also in the kink sector. To calculate these contributions we expand (146),(147) around the kink solutions (20,35) of the two models (σ = 1/ − 1 for kink/antikink),

ϕ^4 : ϕ_{Kσ} = σ m √ 2λ tanh [ m(x − x_0) 2 ] (148) SG : ϕ_{Kσ} = 4 √ γ arctan[e^{σm(x−x0)}], (149)

and keep terms up to order O(ℏ). For the SG kink we have re-introduced the original coordinate and field relatively to (35). For nontrivial classical solutions the classical action is non-zero, in contrast to the vacuum solutions, and therefore already gives contributions of order O(ℏ^0). Thus the quadratic fluctuations (the semi-classical amplitude) are already of order O(ℏ). So the nontrivial contribution of the classical action S[ϕ_K ] shifts the order by one, relatively to the vacuum sector, in the expansion of quantum fluctuations. Thus the one-loop counter term contribution in the kink sector is given by δL(ϕ_K + η; δμ) = δL(ϕ_K; δμ) + O(ℏ^2). The interaction of the fluctuations with the counter term ∼ δμ = O(ℏ) give higher order contributions. Thus the one-loop quantum corrections to the action in the kink sector are given by δS_{SG}(δμ) = δμ^2 γ ∫ LxT dtdx [cos( √ γϕ_{Kσ} ) − 1] + O(ℏ^2) = −T 4 mγ δμ^2 + O(ℏ^2) δS_ϕ(δμ) = δμ^2 2 ∫ LxT dtdx ( ϕ^2_{Kσ} − m^2 2λ ) + O(ℏ^2) = −T m λ δμ^2 + O(ℏ^2).

For SG we have used that δL_{SG} = −^{δμ2}_{μ2} U(ϕ) and the mass formula for static solutions. In the SP A calculation of the energy spectrum this gives additional contributions to the mass of static solutions. In addition to the classical mass of static solutions (101), such as kinks, the counter terms give, besides the quantum fluctuations, contributions to the quantum mass. For SG and ϕ^4 kinks this gives

S_{cl}(ϕ_K ) + δS(ϕ_K) = −T (M_{cl} + δM(δμ)) with : (150) SG : δM_{SG} = 4 mγ δμ^2 (151)

ϕ^4 : δM_ϕ = m λ δμ^2. (152)

23For the SG-model it is even the one-loop physical (pole) boson mass.

Now we have all ingredients to calculate the one-loop quantum corrections to the classical masses of static solitons like the SG and ϕ^4 kinks.

4 Quantum masses of static solitons

We have now all ingredients to calculate the quantum corrections to the classical kink masses (22,36) in a semi-classical approximation, i.e. at one loop order. The one loop corrections to the masses, especially for the supersymmetric extension of the here considered models (see below), are of particular interest, since they are connected with the possible occurrence of an anomaly in the supersymmetry algebra. The main question is whether the Bogomolnyi bound stays saturated by N = 1 supersymmetric solitons including quantum corrections resp. whether there exists an anomaly in the central charge of the SUSY algebra ([39],[38],[36]). This can be decided already at one-loop level.

As one can see from (109) the ground state energies include for both, the vacuum and the kink sector, divergent sums over the mode energies ω^S_l . This corresponds to the ambiguity (freedom) in the choice of the energy zero point in ordinary (no gravity) quantum field theory (only energy differences are measurable). The absolute energy-zero point must be fixed for the vacuum ground-state. The natural choice is to normalize vacuum ground-state to zero energy. Thus we have to subtract the zero-point energy of the vacuum (no state is excited) from the energy calculated for any state. As long as one considers only the (undistorted) vacuum sector this procedure is trivial and respected by the normal ordered Hamiltonian, i.e. : H := H − ⟨0| H |0⟩ ⟨0| : H : |0⟩ = 0. Thus the vacuum ground-state |0⟩ has zero energy. The same reference-point for the energy must be used for all other states, also for the soliton^{24}, i.e. ⟨sol| : H : |sol⟩ = ⟨sol| H |sol⟩ − ⟨0| H |0⟩ . To evaluate this difference in the presence of a nontrivial background such as a kink is a highly nontrivial issue and object of controversial discussions for years (see [39] and references therein). Thus the one-loop kink ground-state energy is given by E_K − E_V , where the ground-state energies E_K , E_V are given by (109). In the discrete version, as given in (109), one has to evaluate the difference of two infinite, divergent sums. Thus they (the theory) must be regularized in a consistent manner. This will be the subject of the following sections. The calculation of the difference of these ground-state energies is very similar to the Casimir effect but much more involved, since the kink background is of course much more complicated than conducting plates, which set up certain boundary conditions.

4.1 Renormalized spectral function

To evaluate the spectral function (102) in one-loop order one has to do a semi-classical expansion of the one-loop renormalized action^{25} S = ∫ T xL dtdx (L(m) + δL(δμ)) around the classical

24That with the soliton also a quantum state is associated will be discussed below. 25Here we introduced the interval L for the spatial integration. The range of L depends on the regularization scheme and will be finite or equal R

solution, i.e. ϕ(x, t) = ϕ_{cl} + η(x, t) up to order O(ℏ). The classical quantities are expressed in terms of renormalized parameters. For static solutions ϕ_{cl} one obtains

S[ϕ_K + η(x, t)] = − (M(ϕ_K ) + δM(δμ)) T (153) − 1 2 ∫ T xL dtdx η(x, t) (□ + U^{′′}(ϕ_{cl})) η(x, t) + O(ℏ^2). (154) The first two terms in (154) are the classical energy (i.e. the classical mass for static solutions) and the counter-term contribution and given by the renormalized Lagrangian with the counter terms (141,143). In the vacuum sector (ϕ_{cl} = ϕ_V = const) both terms vanish. In the kink sector one obtains the classical kink mass M_{cl} and the counter-term contribution to the quantum correction of the mass (151,152) δM_{SG} = 4δm^2 γm = 2ℏ

∫_Λ 0 dz 2π 1 √ z^2 + 1

(155)

δM_ϕ4 = mδm^2 λ = 3ℏ

∫_Λ 0 dz 2π 1 √ z^2 + 1

. (156)

In the integrals (156) we have transformed to the variable z =^k_m so that the now dimensionless cutoff Λ is large (or small) relative to the scale m. The linear term in (154) is absent since ϕ_{cl} is a classical solution. In dimensionless spatial coordinates z =^m_l x the spatial part of the operator in (154) for the vacuum and the kink sector, respectively, is given as (l = 1/2 for SG/ϕ^4)^{26}

V acuum : O_{Vl} (z) = (−∂^2_z + l^2), (157) Kink : O_{Kl} (z) = ( −∂^2_z + l^2 − l(l + 1) cosh^2 z ) . (158)

Therefore in the kink sector one has exactly the stability operator (see appendix). To evaluate the spectral function one has to diagonalize these two operators and one is left with the following expression Tr_S [e^{− iℏ HT} ] = e^{− iℏ (Mcl+δM )T} ∫ Dη_a {P ID_{reg} } ∫_{ηa,t}′′ η_a,t^′ Dη e^− i ℏ 1 2 ∫ T xL̃ dtdz^m_l η[∂^2_t +O_S (z)]η + O(ℏ^2) (159)

The exponent of the first factor in (159) is only non-zero in the kink sector. The only difference to (102) is the counter term contribution. With {P ID_{Reg}} (for “path integration domain”) we indicate that the set of considered paths and therefore the spectral function depends on the regularization which will be used. This will be discussed in detail in the next sections. In the quadratic part of the action the field- degrees of freedom are the fluctuations η, the classical solution ϕ_{cl} is a fixed background which is nontrivial in the kink sector.

4.2 Mode regularization (MNC) for bosonic kinks

Mode regularization proceeds by making the system discrete by a finite volume L and thus countable (so one is not involved with functional analytical subtleties as in the continuum)

26In principle there are also surface terms because of the finite time interval T (see above). But at the end they are transformed back to total derivative to get the harmonic oscillator action. This is a trivial step and we suppress it here.

and introduces a mode number cutoff (MNC) to regularize otherwise divergent expressions. This is very analogous to a lattice regularization and, at least for bosons, there exists a oneto-one correspondence even though both schemes are not related by an ordinary coordinate transformation in the path integral [24]. There a two main points in a MNC-scheme that become crucial in the presence of a nontrivial background: (I) the boundary conditions should not induce effects that do not vanish in the limit L → ∞. (II) The number of discrete states and the correct evaluation of the sums over mode energies. The relation between the “cutoffs” in different topological sectors is given by the requirement that in both sectors an equal number of modes is taken into account. Thus the two Hilbert spaces P ID^{V ac}_{Reg} and P ID^{Kink}_{reg} have the same dimension and therefore this two spaces are isomorphic. Thus the correct counting of the discrete states is essential for mode regularization.

(I) Boundary Conditions

In those cases where boundary conditions are essential in the regularization process, we adopt a new principle, which is closely related to but less restrictive than the “topological boundary conditions” of [38]. To ensure that the BC do not introduce a force which contributes to the energy we compactify the spatial direction to a circle of perimeter L (L̃ =^m_l L in our coordinates). The fields must therefore fulfill a matching condition which leads to certain BC, depending on the topology of the line bundle one chooses. According to (159) the fields that have to fulfill this matching condition are the fluctuations η. First of all the resulting BC must be a linear relation so that the considered set of paths in (159) form a linear space. We require now that the BC must be chosen in a way that the transport of the quadratic Lagrangian L^{(2)}(η) around the compactified dimension leaves L^{(2)}(η) invariant. This means

z → z + L̃ : L^{(2)}(η) → L^{(2)}(η) ⇒ δL^{(2)}(η) = 0

Otherwise the action would get an additional contribution ∼

∫_~ L dzδL^{(2)} by the spatial integration. Thus the topology of the line bundle on which η lives must be chosen in a way so that a surrounding of the compact dimension (z → z + L̃) induces a linear symmetry transformation of δL^{(2)}. In both topological sectors the influence of the classical solution (158) is symmetric, thus on the circle one has O_S (z + L̃) = O_S (z). Therefore in both sectors one can use the following line bundles:

z → z + L̃ ⇒ η(z + L̃) = (−)^Aη(z) A = 0, 1

The values of A = 0, 1 corresponds to periodic P and antiperiodic AP BC. This is the Z_2 symmetry which is despite spontaneous symmetry breaking conserved in the quadratic part of the Lagrangian. The BC can be chosen independently in both sectors, all combinations (V ac|kink) = (P, AP |P, AP ) are allowed since our symmetry principle ensures that no contributions due to the BC occur. There is no need to use common BC in both sectors (in contrary to [33],[34]). This is the physical principle for mode regularization. It is rather simple and not restricted to two dimensional theories. In the case of fermions it will become more exciting.^{27}

27Also homogeneous BC are allowed is by the symmetry principle although they are not topological. For the sake of simplicity we do not consider them here although in principle possible.

4.2.1 Regularized kink mass

To carry out the path integral in (159) one has to diagonalize the quadratic action. In a mode regularization scheme this is done by a finite expansion of the fluctuations according to eigen-functions of the operator O_S (z). For this one has to solve the eigen-value problem ( −∂^2_z + O_S (z) ) ξ_n = ω^2_nξ_n (160)

with proper boundary conditions. A finite expansion of the fluctuations according to the eigen-functions of (160) η(x, t) = M_+∑

−M_− c_n(t)ξ_n(x) (161)

leads to a finite, countable set of harmonic oscillators with eigen-frequencies ω_n (see above). The mode number cutoffs M_−, M_+will be determined for each special case below. Therefore the path integral in (159) reduces to a finite product of harmonic oscillators of frequency ω_n:

M_+ Π_{M−} ∫ dc_{an} ∫_{can ,t}′′ c_{an} ,t^′ B_n(T )Dc_n(t) e^{iℏ ∫T dt( 12 ċ2n − 12 ω2nc2n)} (162) The measure B_n(T ) is the same for each oscillator n, independent of the sector: the measure of a harmonic oscillator. Thus for an equal number of modes in the vacuum- and kink sector one has the same measure in both sectors. There is a subtlety connected with possible zero modes. For the zero mode integration one has to use collective coordinates. In the purely bosonic case this is a fairly trivial thing and connected with breaking of the translation invariance by a given kink position. As showed above, in the considered order one can omit the integration of the zero mode.^{28}

The residual integration is easily performed. Putting all things of (159) together one obtains for the difference between the kink ground state energy and the vacuum ground state energy the following one loop kink mass

M_K = E_K − E_V = M^{cl}_K + ℏ 2 ∑ bound ω^K_b + ℏ 2 M_+∑

−M_− ω^K_n − N_+∑

−N_− ω^V_n + δM(δm) + O(ℏ^2). (163)

The mode energies ω^{K,V}_n are given by the eigen values of (160) for the kink (K) and vacuum (V ) sector.

28In the supersymmetric case this issue is much more involved, since fermionic zero modes have the same origin and should be treated by a common collective coordinates (see below).

4.2.2 Vacuum contribution

For the vacuum the calculations and results are rather simple and in both cases given by (A_V = 0/1 for P/AP BC):

BC − quantization Lmk_n = (2n + A_V )π (164)

groundstate energy : E_V = ℏm 2 N∑ −(N −A_V ) √( (2n + A_V )π Lm )_2

+ 1 (165)

mode number : #_V = 2N + 1 + A_V (166)

energy cutoff : Λ_A = k^A_N =

(2N + A_V )π Lm := Λ + A_V π Lm . (167)

In the vacuum the conversion of the sum (167) into an integral is straightforward. Nevertheless we use the Euler-MacLaurin formula which will be the appropriate technique in the kink sector. So one obtains

E_V = ℏm 2 (1 − A_V ) + 2 Λ+^{AV π}_{Lm}∫

(2−AV )π Lm dz 2π Lm √ z^2 + 1 + ( 1 + √ Λ^2 + 1 ) + O( 1 L , 1 Λ ). (168)

In the last term within braces, the “surface term”, we have already carried out the limit L → ∞.

4.2.3 Kink sector

In the kink sector all calculations become much more involved. First we outline the general principles. In the following subsections we carry out the calculation for the considered models. A very sensitive point is the evaluation of the (potentially) infinite sum. The appropriate and mathematically exact tool to do this is the Euler-MacLaurin formula, which is given in the appendix (318).

In both cases the continuum states (314),(315) are asymptotically of the form ξ(q, z → ±∞) = Z^±(q) e^{iqz} = |Z^±|e^i[^{qz+φ± (q)}] (169) where Z^±(q) are complex valued functions of the momentum q. For SG and ϕ^4, respectively, they have the explicit form

Z^±_{sG}(q) = ±1 − iq (170) Z^±_{ϕ4} (q) = (2 − q^2) ∓ i3q. (171)

The absolute values |Z^±| are not interesting (can be absorbed in the normalization) but the argument functions arg[Z^±(q)] =: φ^±(q) will become very important. Their explicit forms depend in a crucial way on the position of the branch cut chosen for the argument function. From the asymptotic form (169) one can see that going once around the (large) space-circle one picks up a total phase

qL̃ + [φ^+(q) − φ^−(q)] =: qL̃ + δ(q). (172)

Figure 10: The Sine-Gordon scattering phase δ(q) for different branch cuts. (a) cut = Im_+, arg(z) ∈ (−^{3π}_2 ,^π_2 ]. (b) cut ≠ Im_±, arg(z) ∈ (α, α + 2π]. (c) cut = Im_−, arg(z) ∈ (−^π_2 ,^{3π}_2 ].

where L̃ is the perimeter in z-coordinates from above, i.e. L̃ =^m_l L . The analytical structure of the scattering phase δ(q) := φ^+(q)−φ^−(q) and its asymptotic values depend on the position of the branch cut. By setting up boundary conditions the momenta get quantized as follows

q_nL̃ + δ(q_n) = (2n + A_K )π (173)

This is a transcendental equation for the allowed q_n’s and we will solve them by iteration . The constant A_K again determines the kind of boundary conditions (A_K = 0/1 for P |AP BC). To apply the Euler-MacLaurin formula (318) to evaluate the ground state energy

E_K = ℏm 2 M_+∑

−M_− √ ( q_n l )^2 + 1

we have to know the addend as an explicit function of n. Therefore we have to resolve (173) to get q_n as an explicit function of n, at least up to sufficient orders in L and the mode number cutoff M_±. This is done by an iteration, where the second step gives

q_n =

(2n + A_K )π L̃ − 1 L̃δ( (2n + A_K )π L̃ ) + O( 1 L̃2 ). (174)

That this is a reasonable approximation is guaranteed by the Banach fixed point theorem. The scattering phase δ is bounded for all values of n (its maximum range is 4π as the difference of two angles (172)) and therefore the iteration (174) is a contraction if L̃ > δ_{max}. This is of course true since we are interested in the limit L̃ → ∞. Next we do the explicit calculations for the SG and ϕ^4 model.

4.2.4 sine-Gordon-kink

From the asymptotic states (314) one obtains for the scattering phase

δ(q) = φ^+(q) − φ^−(q) = −2 arctan q + Cut

where Cut stands for branch cut position dependent constants. The scattering phase varies in range of 2π. Its branch cut dependent shape is given in fig.10. With the position of the branch cut also the discontinuity moves. At the discontinuity the phase jumps by 2π and this is also the vertical distance between two neighboring straight lines (2n + A_K )π − L̃q_n which must intersect the graph δ for q_n being a solution of (173). Therefore in the case of a discontinuous phase always one mode has no solution and thus does not exist.^{29}

29Note that at the discontinuity the phase takes only one value which corresponds to the semi-open intervals for the range of angles

From the continuous version of the scattering phase one can obtain by Levinson’s theorem the number of discrete states as δ(−∞) − δ(∞) 2π = #_{discrete} = 1. This is exactly the translational zero mode of the SG kink, which counts as a full mode.^{30} Therefore the continuous spectrum in the kink sector is shifted down by one mode relative to the vacuum sector. For a discontinuous phase it is a low lying mode (in the sense that M_± → ∞) which has no solution, whereas the phase goes asymptotically to zero (δ(±∞) = 0). For a continuous phase one has to omit one of the high modes, but now the phase takes asymptotically the finite value 2π. This interplay between the asymptotic values of the scattering phase and the omitted modes explains that even though a mode at the threshold of the continuum states becomes a “bound” state it is possible to subtract a high or a low mode of the continuum. These are the general rules which apply in all considered cases, also for fermions.

We calculate the kink mass for the discontinuous phase with the branch cut at R_+, so that the phase jumps at q = 0 and is symmetric.^{31} For a more general branch cut position the calculation is quite analogous but one has to write a little bit more. The case of a continuous phase will be considered in the ϕ^4 model. We leave the combination of boundary conditions of the two sectors arbitrary. For the sum over “continuous” kink mode energies we make a symmetric ansatz N∑ −(N +A_K ),≠0 ω^K_n .

Therefore the “continuous” mode numbers are given as follows

vacuum : #_V = 2N + 1 + A_V (175) kink : #_K = 2N + A_K . (176)

Now independent of the BC one must have #_V − #_K = 1 due to the discrete zero mode in the kink sector. For equal BC (A_V = A_K ) one can see that this is already fulfilled. In the case of different BC one has to add (A_K = 0 and A_V = 1) or subtract (A_K = 1 and A_V = 0) in addition one of the high modes. So different BC compensate the effect of the discontinuity of the scattering phase. Thus for the kink modes we have N∑ −(N +A_K ),≠0 √ q^2_n + 1 + (A_V − A_K )m √ Λ^2 + 1.

For the additional high mode we have already taken the limit L → ∞, but a detailed calculation shows that the result is independent of the sequence of the limits L → ∞ and Λ → ∞. Inserting the iterative solution (174) and using the Euler-MacLaurin formula we get with the

30This is not as obvious as it seems. This will become clear in the case of fermions. 31We choose the semi-open interval for angles so that the phase takes the negative value at q = 0. Therefore in both cases P/AP BC the mode n = 0 has no solution.

variable transformation z =^{(2n+AK )π}_{Lm} N∑ −(N +A_K ),≠0 ω^K_n = mA_K + 2 N∑ 1 ω^K_n + (A_V − A_K)m √ Λ^2 + 1

= mA_K + 2m Λ+^{AK π}_{Lm}∫

(2+AK )π Lm dz 2π Lm √( z − 1 Lm δ(z) )_2 + 1

+m ( 1 + √ Λ^2 + 1 ) + (A_V − A_K )m √ Λ^2 + 1

In the surface term we have already carried out the limit L → ∞ . As a next step we expand the root √ z^2 −^{2z}_{Lm} δ(z) + O(^1_{L2} ) + 1, where^{2z}_{Lm} δ(z) is, for all z, a small quantity if L is large enough, since δ goes to zero sufficiently fast. But for branch cut positions where the phase takes finite asymptotic values one has to take care at this point. Let us consider such an example for the ϕ^4 model. Putting all together we get with (168) and (156) for the kink mass

M = M_{cl} + ℏm 2 (A_K − (1 − A_V )) + ℏm Λ+^{AK π}_{Lm}∫

(2+AK )π Lm − Λ+^{AV π}_{Lm}∫

(2−AV )π Lm dz 2π Lm √ z^2 + 1

+ ℏm 2 (A_V − A_K) √ Λ^2 + 1 − ℏm (∫_Λ 0 dz 2π zδ(z) √ z^2 + 1 + ∫_Λ 0 dz π 1 √ z^2 + 1 ) + O( 1 L ) + O(ℏ^2)

In the second line we have already carried out L → ∞ since the integrand is independent of L. The surface terms of the Euler-MacLaurin formula have canceled each other. This is always the case, so we do not write them down in the further calculations. Doing the integrals and taking the limit L → ∞ one obtains M_{cl} + ℏm 2 ( A_K + A_V − 1 − (A_K + A_V ) + (A_K − A_V ) √ Λ^2 + 1 + (A_V − A_K ) √ Λ^2 + 1 )

−ℏm 1 2π (2 − π). So the divergences cancel each other nicely and we finally obtain for the kink mass M_K = M_{cl} − ℏm π + O(ℏ^2)

We have been so explicit to show that even in the case of different BC the correct mode counting gives the correct and finite result. The calculations for the continuous scattering phase are quite analogous and give exactly the same result.

4.2.5 ϕ^4-kink

In the ϕ^4 model everything is straightforward, but more involved since ϕ^4 - kink is one “degree” higher than the SG - kink^{32}. From the asymptotic states (315) one obtains for the scattering

32SG- and ϕ^4- kink are two special cases of a class of kinks whose zero mode is of the form ∼^1_{coshl z} [43]. In this sense SG/ϕ^4 is of degree l = 1/2.

Figure 11: The ϕ^4 scattering phase for different branch cuts: (a) cut = R_−, arg(z) ∈ [−π, π). (b) cut ≠ R_− ∨ R_+, arg(z) ∈ [α, α + 2π). (c) cut = R_+, arg(z) ∈ [0, 2π). With the position of the branch cut the discontinuities are moving.

phase

δ(q) = −2 arctan ( 3q 2 − q^2 ) + Cut (177)

Cut again stands for branch cut dependent contributions. The scattering phase (177) takes its values always in the semi open interval [−2π, 2π) (if the upper or lower interval bound is the open one depends on the convention). For different branch cut positions the phase has the form as shown in fig.11. For discontinuous phases two modes do not have a solution and therefore do not occur in the sum over mode energies. The information on the discrete modes is again encoded in its asymptotic values. Levinson’s theorem gives for the number of discrete states δ(−∞) − δ(∞) 2π = #_{discrete} = 2 These are the zero mode and the excited bound state of the ϕ^4 kink (315). Therefore the continuous spectrum of the kink shifts down by two modes relative to the vacuum.

We now calculate the kink mass using the continuous phase to show how to deal with the non-zero asymptotic values of the phase. We again do not fix the BC combination of the two sectors to show that there is no need to use the same BC in the two sectors. The above consideration (176) showed that the subtlety in mode counting only depends on the use of different or equal BC. Thus, to reduce the notational costs, we choose periodic BC for the vacuum and let the BC in the kink sector unspecified. For the sum over “continuous” kink mode energies we again make a symmetric ansatz N −1∑

−(N −1+A_K ) ω^K_n

Therefore the “continuum” mode numbers are given as follows

vacuum : #_V = 2N + 1 kink : #_K = 2N − 1 + A_K

Now independently of the BC in the kink sector one must have two continuum modes less than in the vacuum sector, i.e. #_V − #_K = 2. In the case of equal BC (here periodic, i.e. A_K = 0) this is already fulfilled. For different BC, i.e antiperiodic BC in the kink sector (A_K = 1) one has to subtract in addition one of the high modes. Therefore with the use of (315) we get for the kink sum ∑ ω^K_n = −(1 − A_K )m + m ( 2 N −1∑

0 √ ( q_n 2 )^2 + 1 − A_K √ ( q_N 2 )^2 + 1 ) (178)

The (dimensionless) momenta q_n are given by the iterative solution (174) and therefore the root in (178) can be written as (L̃ =^m_2 L) √( (2n + A_K)π Lm − 1 Lm δ(2 (2n + A_K )π Lm ) )_2 + 1

= √( (2n + 2 + A_K )π Lm − 1 Lm [δ(2

(2n + A_K)π Lm ) + 2π]

)_2

+ 1,

where we have shifted^{2π}_{Lm} from the phase term to the first term. The reason for this is that now one can consistently expand the root in the following integral since^{z[δ+2π]}_{Lm} is even for z → ∞ a small quantity. Without this shift by 2π the approximation would break down and result in a divergence.

Putting all together (156),(167),(315) and inserting in the Euler-MacLaurin formula one gets with the variable transformation z =^{(2n+2+AK )π}_{Lm} :

M_K = M_{cl} + ℏm √ 3 4 + ℏm 2 (A_K − 1) − ℏm 2 + ℏm Λ+^{AK π}_{Lm}∫

(2+AK )π Lm − Λ∫ 2π Lm dz 2π Lm √ z^2 + 1

− ℏm 2 A_K √ Λ^2 + 1 − ℏm (∫_Λ 0 dz 2π z[δ(2z) + 2π] √ z^2 + 1 + 3 ∫_Λ 0 dz 2π 1 √ z^2 + 1 ) + O( 1 L ) + O(ℏ^2)

In the second line we have already carried out L → ∞ since the integrand is independent of L. The surface terms of Euler-MacLaurin formula have canceled each other. Doing the integrals and taking the limit L → ∞ one obtains M_K = M_{cl} + ℏm √ 3 4 + ℏm 2 ( A_K − 1 − 1 − A_K + A_K √ Λ^2 + 1 − A_K √ Λ^2 + 1 )

−ℏm 1 2π (3 − 2π) − ℏm 1 2 √ 3 So again the divergences cancel each other by correct mode counting, and one obtains, independently of the BC-combination, for the kink mass M_K = M_{cl} + ℏm ( 1 4 √ 3 − 3 2π ) + O(ℏ^2)

Similarly, other choices of the branch cut positions lead to exactly the same result. This is as it should be, since the choice of a certain branch cut position is completely unphysical and a purely mathematical convention. So no calculations and results should depend on it.

4.3 Hilbert space of the soliton sector

Since we now know the spectrum of the soliton sector (up to order ℏ) we can consider the particle content of this sector. The energy spectrum in the kink sector is of the form^{33}

E[{ν_l}] = M_K + ω_dν_d + ∑ n ω_nν_n, where, in contrast to (108), M_K is the one-loop quantum mass of the kink. Thus these are the excitations of the kink at rest. For the ϕ^4 there also exists a discrete mode (the zero mode is not included). This is the spectrum if the kink is at rest. Like in the vacuum sector, to each mode {d, n} and their multiple excitation a state in the Hilbert (Fock) space is associated. Single excitations (ν_n = 1) correspond to the fundamental quanta (in the presence of the kink) or even to new particles (ν_d = 1 or the kink itself). This states are different from the vacuum states, as we will show. Thus in addition to the vacuum Hilbert space (vacuum and multi meson states) there exists a kink sector Hilbert space. In the vacuum sector, besides the vacuum state |0⟩ only continuum states (plane wave eigen-functions) |k_1, . . . k_n⟩ exists, which correspond to the fundamental quanta of the theory. To perform localized (normalizable) particle states one has to built up wave packets of these states. In the kink sector besides the continuum modes there exists the kink, which has a localized energy density, and also a discrete mode (for ϕ^4), which is normalizable. Thus the kink sector Hilbert space consists of the following elements (particle states)

1. The lowest state is the kink particle |P ⟩ with the momentum P and the energy E = √ P^2 + M^2_K (see (112)).

2. The excited state of the kink |P^∗⟩ (only for ϕ^4) of momentum P and energy E = √ P^2 + (M_K + ω_d)^2.

3. The scattering states |P, k_1, . . . , k_n⟩ consisting of the kink particle and n mesons scattering of the kink with asymptotic momenta P, k_1, . . . k_n.

4. The scattering states |P^∗, k_1, . . . , k_n⟩ consisting of the excited kink and n mesons of asymptotic momenta P, k_1, . . . k_n.

For the state |P^∗⟩ one discrete mode ω_1 = m^{√3}_2 is excited (see appendix). Higher excitations of this mode (ν_1 > 1) will be unstable against decay into kink and meson since its energy ν_1ω_1 = ν_1m^{√3}_2 lie for ν_1 > 1 above the meson mass m. Note that with the zero mode no new state is associated, since it reflects only the collective motion of the kink and is therefore contained in the energy-momentum relation of the kink in point 1.

We have already seen that the kinks are stable under small perturbations (all eigen-values of the stability equation are positive) and that the stability or the existence of non-dissipative solutions, respectively, is connected with the existence of a topological conservation law (there also exist localized finite energy solutions whose stability arises from ordinary conservation laws. These solutions are necessarily time-dependent, like the sine-Gordon breather [41]). We have also seen, that the different topological sectors are not connected. We show that this is

33In this section we use units so that ℏ = 1.

also true in the quantized theory. In terms of Hilbert space this is expressed by the following two postulates [40], [3]:

I. The kink sector Hilbert space is orthogonal to the vacuum Hilbert space, i.e. for all amplitudes ⟨kink sector|vacuum sector⟩ = 0. This can be shown as follows: The topological charge operator^{34} Q = ∫ dxJ_0 = c [ ϕ̂(∞, t) − ϕ̂(−∞, t) ] , (179)

is conserved in time since J_0 is the zero component of the conserved current

J^μ = ε^{μν} ∂_νϕ̂ with ∂_μJ^μ = 0.

Since ϕ̂ is hermitian also Q is a hermitian operator and thus its eigen-states are orthogonal. In addition Q is conserved in time and translationally invariant (see (179)) , i.e. it commutes with the energy-momentum operator P_μ. Thus, independent of the considered sector there exists a basis in the Hilbert space so that P_μ and Q have common eigenstates. Therefore the eigenvalues of Q are “good” quantum numbers and each state in the Hilbert space can be characterized by them. Thus the existence of conserved topological charge Q has, due to the existence of a conserved current, analogous consequences as usual Noether charges, following from continuous symmetries. Now the action of the field operator on vacuum states are of the form

ϕ̂(x, t) |k_1, . . . k_n⟩ = ϕ_V + η̂_V (x, t) |k_1, . . . k_n⟩ −→_{x→±∞} ϕ_V + rapidly oscillating terms.

The rapidly oscillating terms do not contribute to the charge Q (see (29)), so that for all states of the vacuum sector the topological quantum number Q = 0. Whereas the action on kink sector states is of the form [40] ϕ̂(x, t) |P, k_1, . . . k_n⟩ = ϕ_K (x, t) + η̂_K (x, t) |P, k_1, . . . k_n⟩ −→_{x→±∞} ϕ_K (±∞, t) + rapidly oscillating terms. The rapidly oscillating terms in the kink sector are the same as in the vacuum sector, up to linear combinations (see appendix), and therefore also do not contribute to the charge. But the kink function ϕ_K gives a non-trivial contribution, so that all states in the kink sector have the topological charge Q = 1. Since states with different topological charge are orthonormal one obtains for the amplitudes ⟨kink sector|vacuum sector⟩ = ⟨Q = 1|Q = 0⟩ = 0. Since Q is a conserved operator the kink and the vacuum sector are not only orthogonal but cannot evolve into one another. Thus, despite all kink sector states, built around the local minimum ϕ_K , have higher energy (in the weak coupling limit, since M_{cl} = O(^1_λ )) than any vacuum sector state, they do not decay into the vacuum vector states, built around the lower minimum, as expected a priori, purely from energetics. In the quantized theory this is apparently due to the existence of the conserved topological charge.

34c is a normalization constant, see (26).

II. The different topological Hilbert space sectors are not connected by any localized operator. Consider any localized physical observable A(t). That is, let A(t) = ∫ dxâ(x, t), where â(x, t) is a local function of the field and its derivatives with finite spatial support at any given time t. Then the equal time commutator [A(t), Q(t)] = lim_{L→∞}c { [A(t), ϕ̂(L, t)] − [A(t), ϕ̂(−L, t)] } = 0 because of the causality condition, i.e. that all commutators of space-like separated operators vanish. Thus, any such operator A cannot connect sectors with different topological charges Q. This suggests that Q is something like a super-selection quantum number, separating the kink sector from the vacuum sector.

4.4 Continuum calculation (EMC) for bosonic kinks

In [39] it was shown that the widely used (see e.g. [5, 6]) common strict energy-momentum-cutoff regularization (EMC) leads to results for the kink masses which differ from that obtained by a mode regularization. In [39] the EMC were identified as incorrect by comparing the calculated masses with exact results known for the SG breather solution. In recent works ([34],[35]) a remedy has been suggested using an analogy to the Casimir effect, which in any physically realistic situation has a natural UV cutoff. There are however several reasons why we think that this solution is not satisfying: (i) In a discretized calculation this would impose the (as we have seen) unnecessary requirement of identical boundary conditions in the topologically distinct sectors; (ii) It also depends in a crucial way on the position of the branch cut of the scattering phase which is completely unphysical. The procedure works only for discontinuous phases which go asymptotically to zero. However, as we shall see, in the supersymmetric case this is impossible because of the presence of half-bound states.

In our opinion, the deeper question behind this whole issue which has to be solved is how to regularize/renormalize two different topological sectors (sectors with trivial and non-trivial background) in a consistent way. Therefore one needs a principle that tells one how to regularize two sectors in the “same way” so that one can compare them in a consistent manner (the prescription of a common energy cutoff evidently does not achieve this). The principle must determine in particular how to relate regularization parameters (cutoffs) in the two sectors. In a mode regularization scheme this is done by mode counting, i.e by the requirement that both sectors below a certain energy/momentum have the same dimension in field-configuration space. In a continuum calculation, the dimension can be measured by the spectral density. But these spectral densities are the quantities to be determined. So one needs an independent principle which relates the cutoff in the kink sector to the cutoff in the vacuum sector. We show that the requirement that the regularized units in the two sectors can be matched will achieve this.

Required accuracy

In the discrete case one has two approximation parameters L and Λ which can be used in calculations. In the continuum calculation the only regularization parameter is the cutoff Λ.

This cutoff is fixed in the vacuum sector and by renormalization, i.e. the counter-terms defined by renormalization conditions. The important thing is, that the theory should be renormalized only once to be consistent. Therefore all other regularization quantities especially in the nontrivial sector must be given by Λ in a unique way. These relations and other approximations must be accurate to sufficiently high orders, so that no finite contributions are lost and finite errors survive. For calculating the energy they are given as follows:

Cutoffs: The integration boundaries in the soliton sector, must be correct up to order O(^1_{Λ2} ) since the mode energies, i.e the integrand are of order O(Λ) for high momenta and therefore orders O(^1_Λ ) in the cutoff give finite contributions even in the limit Λ → ∞. Spectral densities: The spectral density ρ = ρ_{kink} − ρ_{vac} measures the (difference of the) number of states in the continuum. Since in the kink sector, there are also discrete states, its integral should give the negative number of these discrete states. The integral of the spectral density must give the correct number of discrete states up to order O(^1_{Λ2} ) so that the error in the number of continuum states does not contribute to the energy. An error of order O(^1_Λ ) would result in a finite error in the energy since the wrongly counted modes are multiplied with the mode energies which are at the high end of order O(Λ). This is the analogue of mode counting in the discrete case where it is of course much simpler.

4.4.1 Vacuum

To calculate the ground state energy of the vacuum fluctuations one has to path-integrate the the quadratic part of the action 1 2ℏ ∫ T xR dtdx η(x, t) δ^2S δϕ^2 |_{ϕV} η(x, t) (180) Therefore one diagonalizes the operator in (180) as follows (z =^{mx}_l , l = 1, 2 for SG, ϕ^4)

(−∂^2_z + l^2)ξ_V (k, z) = ω^2_V (k)ξ_V (k, z) (181) ξ_V (k, z) = 1 √ 2π e^{ikz} ω^2(k) = k^2 + l^2 (182)

The energy of a mode is then given as

E_V (k) = ℏm 2l ω(k) = ℏm 2l √ k^2 + l^2 (183)

To diagonalize the quadratic part of the action one has to expand the quantum fluctuations η(z, t) according to the eigen-functions (182). Here the cutoff regularization takes place as follows η(z, t) = ∫ dkΘ(Λ − |k|)ξ_V (k, z)α(k, t) (184) After spatial integration in (180) the quadratic part of the action is a continuous set of harmonic oscillators α(k, t) with the energies (183). The continuous set is strictly cut off at the momentum |k| = Λ. This cutoff characterizes the set of fluctuations which are considered in the path integration (159). In this sense regularization means to restrict the path integration on a subset of the continuous functions P ID = {C[RxT ] | η(x, t^′) = η(x, t^{′′}) = η_a(x)} −→ P ID_{Reg}

The regularized subset of the considered functions is characterized by the eigen-functions which are taken into account in (184). The subset P ID_{Reg} is obtained by the action of a projection operator in the whole space P ID which is the identity in P ID_{reg} and we therefore call the regularized unit:

δ̂_V (z − z^′) = ∫ dkΘ(Λ − |k|)ξ^∗_V (k, z^′)ξ_V (k, z) = 1 2π ∫_Λ −Λ dke^{ik(z−z′ )} = 1 π sin[Λ(z − z^′)] (z − z^′) (185)

The proof that this is a projector and it is the unit in P ID_{Reg} is straightforward

δ̂^2_V = ∫ dyδ̂_V (z − y)δ̂(y − z^′) = δ̂_V (z − z^′) = δ̂_V δ̂_V η = ∫ dz^′δ̂_V (z − z^′)η(z^′, t) = η, where in the second line we have inserted (184) for η. There are two interesting limits of (185)

lim_{Λ→∞}δ̂_V (z − z^′) = δ(z − z^′) (186)

lim_{z′ →z}δ̂_V (z − z^′) = Λ π (187)

The first line is obvious since in this limit (185) is a representation of the Dirac deltadistribution; the second limit provides the diagonal elements which will be needed later.

4.4.2 Kink sector

In the nontrivial sector the quadratic part of the action is given by 1 2ℏ ∫ T xR dtdx η(x, t) δ^2S δϕ^2 |_{ϕK} η(x, t)

The operator^{δ2S}_{δϕ2} |_{ϕK} which must be diagonalized is the stability operator. Its spectrum is given in the appendix (314, 315). The mode energies are given as in the vacuum (182) by

E_K (k) = ℏm 2l ω_K (k) = ℏm 2l √ k^2 + l^2 (188)

The difference to the vacuum is given by the different eigen and continuum states which will lead to a spectral density which differs from that in the vacuum sector. The spectral density for the continuous spectrum of a differential operator relative to its “free” part, i. e. the associated vacuum operator is given by the diagonal elements of their density matrices ([44],[45]): ρ(k) = ∫_∞ −∞ dz [ξ^∗_K (k, z)ξ_K (k, z) − ξ^∗_V (k, z)ξ_V (k, z)] (189) This spectral density without cutoff regularization is usually used for zeta-function regularization [42]. Setting up the same strict cutoff in both sectors, i.e. multiplying (189) with a common step-function, one obtains the same spectral density as in [39] ρ_{com}(k) = Θ(Λ − |k|) δ^′(k) 2π (190)

Usual this spectral density is calculated by starting from a mode regularization (see [39] and references therein). Also in [34] this detour has been taken. This is the reason why one gets problems with the BC and the branch cut position, since the modifications in [34] only lead to a certain mode number cutoff scheme (certain BC and branch cut position). Other combinations cannot be produced by the Casimir trick.

In the next sections we calculate the correction to (190) appropriate for an EMC scheme. First we construct the analogue to the regularized unit (185) in the kink sector assuming a different cutoff Λ_K . The requirement of a consistent regularization will define Λ_K as a function of the given cutoff Λ, defined by the vacuum. The consistency of the regularization is given by the requirement that the path integration over quantum fluctuations must be restricted in both sectors to the same subset P ID_{reg} (“regularized path integration domain”). To make this notion more concrete is the subject of the following sections.

4.4.3 Sine-Gordon

For the sine-Gordon model the normalized eigen states are given by

ξ_0 = 1 √ 2 1 cosh z

(191) ξ(k, z) = e^{ikz} √ 2π tanh z − ik √ k^2 + 1

(192)

The regularized unit is given as

δ̂_K (z, z^′) = 1 2 1 cosh z cosh z^′ + ∫ dkΘ(Λ_K − |k|) e^{ik(z−z′ )} 2π (tanh z^′ + ik)(tanh z − ik) k^2 + 1

(193)

Because the eigen-values (314) are symmetric (degenerated) in k we made a symmetric ansatz for the cutoff Λ_K , i.e. we choose the same for positive and negative momenta. For the calculation of the spectral density we only need the diagonal elements of the density matrix ξ^∗(k^′, z^′)ξ(k, z). Therefore it is sufficient to know Λ_K at the point z^′ → z:

lim_{z′ →z}δ̂_K (z, z^′) = 1 2 cosh^2 z + ∫_{ΛK} −Λ_K dk 2π tanh^2 z + k^2

k^2 + 1

(194)

The integration is easily performed and one obtains

δ̂_K(z, z) = Λ^K π + 1 cosh^2 z ( π − 2 arctan Λ_K 2π ) = Λ_K π + 1 2π 1 cosh^2 z δ(Λ_K ) (195)

It is interesting that the scattering phase arises here. In the discrete calculation the scattering phase δ comes in by setting up boundary conditions on the asymptotic states. And indeed as shown in [39] the shift in the cutoff is connected with the scattering phase. Note that the function δ(Λ_K) = π − 2 arctan Λ_K is uniquely given by the integration (194). Thus there is no ambiguity in choosing a certain branch cut position.

To determine the cutoff Λ_K we require that the regularized subset P ID_{Reg} of paths in the kink sector is in a certain sense the same as in the vacuum. To establish this we require that the two projectors δ̂_V and δ̂_K must coincide (in the sense of distributions). Since for the spectral density we need only the diagonal elements it is sufficient to use (195) and (185). The requirement of the equivalence of the off diagonal elements can be understood as an equivalence of the two operators in higher orders of O(^1_Λ ), which however is not needed for our purpose. Thus we get

δ̂_K^!= δ̂_V =⇒ Λ_K + 1 cosh z^2 δ(Λ_K) 2 != Λ (196)

This is an implicitly given function for Λ_K since the cutoff Λ is given and defined by the vacuum and renormalization. Therefore we have to solve (196) for Λ_K . This we do by application of the Banach fixed point theorem in an iteration up to sufficient order in Λ. After the first iteration we are at sufficient order

Λ_K = Λ − 1 2 cosh^2 z δ(Λ) + O([ 1 2 cosh^2 z

]^2, 1 Λ^3

) (197)

In (197) both factors^1_{2 cosh2 z} and^1_Λ are smaller than one (if Λ > 1) and therefore one has independently of z a contraction so that the Banach fixed point theorem is applicable and (197) is a reasonable approximation. In the limit Λ → ∞ the unit defined in the kink sector (193) and the kink cutoff Λ_K (197) converge to the vacuum quantities as

lim_{Λ→∞}Λ_K = Λ + O( 1 Λ ) lim_{Λ→∞}δ̂_K (z, z^′) → δ(z − z^′)

Thus the kink cutoff Λ_K approaches Λ as^1_Λ and therefore this difference can never be neglected (see section 4.4). The second relation is nothing else than the completeness relation for the spectrum of the self adjoint stability operator. Relation (196) is the analogue of the requirement of equal number of modes in the discrete case. This ensures that the considered subset of paths has in both cases the same dimension.

We are now in the position to calculate the cutoff-regularized spectral densities. First we define some notational abbreviation to keep the calculations readable.

Θ_Λ(|k|) := Θ(Λ − |k|) δ := δ(Λ)

Θ_{ΛK} (|k|) := Θ ( Λ − 1 cosh^2 z δ 2 − |k| )

Θ_{(Λ−} 1_{2 δ,Λ)}(|k|) = 1 for k ∈ (Λ − 1 2 δ, Λ) ; else 0

Respecting the different cutoffs one gets the spectral density in an analogous way to (189) as ρ(k) = ∫ dz [Θ_{ΛK} (|k|)ξ^∗_K ξ_K − Θ_Λ(|k|)ξ^∗_V ξ_V ]_{(k,z)} (198)

= Θ_Λ(|k|) ∫ dz [ξ^∗_K ξ_K − ξ^∗_V ξ_V ] + ∫ dz [Θ_{ΛK} (|k|) − Θ_Λ(|k|)] ξ^∗_K ξ_K (199)

=: ρ_{com}(k) + Δρ(k), (200)

where we have split the spectral density into the conventional part obtained by a strict common cut off ρ_{com} and the correction Δρ. The integration for ρ_{com} is elementary and give the well known result

ρ_{com}(k) = Θ_Λ(|k|) ∫ dz 2π [ tanh^2 z + k^2 k^2 + 1

− 1] = (201)

= Θ_Λ(|k|) 1 2π −2 k^2 + 1

= Θ_Λ(|k|) 1 2π δ^′(k). (202)

To show that the spectral density ρ_{com} is not correct at the order of interest we integrate (202) over k, which gives ∫ dkρ_{com} = − 2 π arctan Λ = −1 + 2 π 1 Λ + O( 1 Λ^2

) (203)

In the last step we have expanded arctan Λ around Λ = ∞. From (203) one can see that the conventional spectral density gives the correct (negative) number of discrete states (1 in the sine-Gordon model) only up to errors of order O(^1_Λ ). Next we calculate the correction Δρ to the spectral density ρ_{com}. It is symmetric in z and therefore we can restrict the considerations to positive z with a factor two. With (192), (200) one obtains

Δρ(k) = 1 π ∫_∞ 0 dz [Θ_{ΛK} (|k|) − Θ_Λ(|k|)] tanh^2 z + k^2 k^2 + 1

(204)

With a variable transformation x = cosh z (204) can be written as

Δρ(k) = 1 π 1 k^2 + 1 ∫_∞ 1 dx [ Θ(Λ − 1 2x^2 δ − |k|) − Θ(Λ − |k|) ] (√ x^2 − 1 x^2 + k^2 √ x^2 − 1 ) (205)

Because of the step functions in (205) the integral is only unequal zero if |k| < Λ. In this case the first bracket in (205) takes the values 0 . . . Λ − |k| − δ 2x^2

> 0 (206) −1 . . . Λ − |k| − δ 2x^2

< 0 (207)

Therefore the integration in (205) is restricted to values

x^2 < δ(Λ) 2(Λ − |k|) (208)

The smallest possible value of x is the lower integration boundary in (205), i.e. x = 1. This leads to a constraint for the possible k values (else Δρ = 0) 1 < δ(Λ) 2(Λ − |k|) ⇒ |k| > Λ − δ(Λ) 2 Therefore the correction is only nonzero if |k| ∈ (Λ −^δ_Λ , Λ). With (208) and (207) we get

Δρ(k) = −Θ_{(Λ−} δ_{2 ,Λ)}(|k|) 1 π 1 k^2 + 1 ∫^√ δ_{2(Λ−|k|)} 1 dx (√ x^2 − 1 x^2 + k^2 √ x^2 − 1 ) (209)

Figure 12: The spectral density correction Δρ(k) for the values Λ = 10, Λ = 100 and Λ = 1000 of the dimensionless vacuum cutoff.

The integration in (209) can be carried out exactly. The final result for the correction is using the abbreviation α_Λ(k) :=^{δ(Λ)}_{2(Λ−|k|)} :

Δρ(k) = −Θ_{(Λ−} δ_{2 ,Λ)}(|k|) 1 π ( ln[ √ α_Λ(k) + √ α_Λ(k) − 1] − 1 k^2 + 1 √ 1 − 1 α_Λ(k) ) (210)

Although this expression is rather complicated it is not exact. When solving the implicit given function for Λ_K (196) after Λ we had to approximate the solution up to order O(^1_{Λ3} ) (197). The correction is a smooth function of k and its graph is shown in fig. 12 for different cutoffs Λ. Let us now verify that the approximate solution (197) is sufficiently accurate. As a test we show that the integral of the spectral density gives the correct number of bound states at least to the sufficient order O(^1_{Λ2} ): ∫ dkΔρ(k) = 2 ∫_∞ 0 dkΔρ(k) (211) = − 2 π ∫_Λ

Λ−^δ_2 dk ( ln[ √ α_Λ(k) + √ α_Λ(k) − 1] − 1 k^2 + 1 √ 1 − 1 α_Λ(k) ) (212)

The logarithm can be integrated exactly by a variable transformation z =^{2(Λ−k)}_{δ(Λ)} and gives − δ(Λ) π ∫_1 0 dz[ln(1 + √ 1 − z) − ln √ z] = − δ(Λ) π (213)

The second term in (212) we can only estimate as follows 2 π ∫_Λ

Λ−^δ_2 dk 1 k^2 + 1 √ 1 − 1 α_Λ(k) < 2 π ∫_Λ

Λ−^δ_2 dk 1 k^2 + 1

= (214)

= 2 π [arctan Λ − arctan(Λ − δ 2 )] = 2 π 1 Λ^3

+ O( 1 Λ^5

) (215)

Therefore we can neglect this contribution to the spectral density test since it is of order O(^1_{Λ3} ) and so does not contribute as discussed in section 4.4. Thus we have for the complete spectral density integral the following result (202),(213) ∫ dk(ρ_{com} + Δρ) = − 2 π arctan Λ − 1 π (π − 2 arctan Λ) + O( 1 Λ^3

) = −1 + O( 1 Λ^3

) (216)

Thus the integral of the corrected spectral density gives the correct number of discrete states up to the sufficient order O(^1_{Λ3} ). The remaining error is only due to our effort to express Λ_K through the the regularization/renormalization defining vacuum cutoff Λ. Therefore we had to solve (196) in a reasonable approximation. Setting up Λ_K as the fundamental cutoff and expressing Λ as a function of it one obtains a slightly different correction to the spectral density ρ_{com} (ρ = ρ_{com} − Δ̃ρ(k)):

Δ̃ρ(k) = ∫ dz [ Θ(Λ_K + 1 2 cosh^2 z δ(Λ_K ) − |k|) − Θ(Λ_K − |k|) ] ξ^∗_V (k, z)ξ_V (k, z) An analogous (and simpler) calculation as above gives

Δ̃ρ(k) = 1 π Θ_{(ΛK ,ΛK +} 1_{2 δ(ΛK ))}(|k|) ln [√ δ(Λ_K ) 2(|k| − Λ_K + √ δ(Λ_K) 2(|k| − Λ_K ) − 1 ]

The integral of the spectral density gives now ∫ dkρ(k) = 1 2π (−2 arctan Λ_K ) − 1 + 1 π arctan Λ_K = −1

This is indeed the exact (negative) number of discrete states. Thus, a complete matching of the diagonal elements of the regularized units gives even an exact result for the sum rule to be satisfied by the spectral density.

4.4.4 Quantum mass of the kink

The correction Δρ results in a additional contribution to quantum mass of the kink compared to the mass calculated with the spectral density with a strict common cutoff ρ_{com}. With (183) and (188) one obtains

ΔM = ℏm 2 ∫ dk √ k^2 + 1Δρ(k) (217) = ℏm( −1 π ) ∫_Λ

Λ−^δ_2 dk √ k^2 + 1 ( ln[ √ α_Λ(k) + √ α_Λ(k) − 1] − 1 k^2 + 1 √ 1 − 1 α_Λ(k) ) .(218)

The second term in (218) can be estimated as follows ℏm π ∫_Λ

Λ−^δ_2 dk 1 √ k^2 + 1 √ 1 − 1 α_Λ(k) < ℏm π ∫_Λ

Λ−^δ_2 dk 1 √ k^2 + 1 = ℏm π (arsinhΛ − arsinh(Λ − δ(Λ) 2 )^{Λ→∞}−→ 0. To integrate the logarithm we transform to the variable z =^{2(Λ−k)}_δ . This gives − ℏm π δ(Λ) 2 ∫_1 0 dz √ (Λ − δ 2 z)^2 + 1 ( ln(1 + √ 1 − z) − ln √ z )

Expanding the root and with

∫_1 0 dz(ln(1 + √ 1 − z) − ln √ z) = 1 one obtains for the correction ΔM = −ℏm 1 2π δ(Λ)Λ + O( 1 Λ^2 )^{Λ→∞}−→ − ℏm π (219)

This is exactly the missing contribution in the strict common cutoff calculation [39].

4.4.5 The large Λ limit and comparison with the results of [34]

We want to demonstrate that the correction to the spectral density obtained by [34] which is sharply located at |k| = Λ can be obtained by a large Λ limit keeping the necessary orders. Therefore one must respect that the correction Δρ (210) for varying Λ is a sequence of distributions acting on “test-functions” like the mode energy (183)is one. So we investigate the action of Δρ on test-functions in the large Λ limit. As test-functions we use smooth symmetric functions φ(k) = φ(−k) like the mode energy (183) is one, which grow at most linearly with k and for |k| > Λ we can assume that they vanish fast enough to be a test-function, since we are considering large but still finite Λ. This symmetry is not really necessary but so we don’t have to treat the k < 0-domain separately. Thus we consider the following expression for large Λ: l_{Δρ}(φ) = ∫ dkΔρ(k)φ(k) = 2 ∫_Λ 0 dkφ(k)Δρ(k) (220) First we calculate the logarithmic part of (220). With (210) and a variable transformation z =^{2(Λ−k)}_δ we get − δ(Λ) π ∫_1 0 dzφ(Λ − δ 2 z)[ln(1 + √ 1 − z) − ln √ z] (221) = − δ(Λ) π ∫_1 0 dz[φ(Λ) − φ^′(Λ) δ(Λ) 2 z + O(δ^2, z^2)][ln(1 + √ 1 − z) − ln √ z] (222) = − δ(Λ) π [φ(Λ) + 1 3 φ^′(Λ) δ(Λ) 2 + O( 1 Λ^2

)] = − δ(Λ) π φ(Λ) + O( 1 Λ^2

). (223)

The action of the second part of (210) we estimate as follows 2 π ∫_Λ

Λ−^δ_2 φ(k) 1 k^2 + 1 √ 1 − 2(Λ − k) δ < 2 π |φ(Λ)| ∫_Λ

Λ−^δ_2 1 k^2 + 1

(224)

= 2 π |φ(Λ)| 1 Λ^3

+ O( 1 Λ^6

) (225)

Therefore get for (220) with (223),(225)

l_{Δρ}(φ) = − δ(Λ) π φ(Λ) + O( 1 Λ^2 ) Thus in the large Λ limit the distribution Δρ approaches Δρ(k) → − δ(Λ) π δ^D(Λ − |k|) = − 1 π δ(k)δ^D(Λ − |k|) This is exactly the additional term in the spectral density obtained by [34] using an analogy to the Casimir effect. Therefore we understand the results of [34] as a large Λ limit of the smooth correction Δρ (210). But the calculation in [34] suffers from the problem that it works only for certain branch cut positions of the scattering phase. Other branch cut positions lead to a divergent result for the kink mass. This ambiguity cannot be fixed without the use of mode number cutoff considerations. In our case the occurrence of the function π − 2 arctan Λ, which equals the scattering phase δ(Λ) with a certain branch cut position, in (195) is completely unique. It simply comes from a uniquely defined integral.

4.4.6 Robustness of the procedure

We now investigate the z-dependence and the stability of the relation between the cutoffs Λ_K , Λ (197) and the spectral density correction Δρ (204). For this purpose we approximate the factor cosh^{−2} z by a rectangle of width 2b and high a which is also symmetric around z = 0. The area under cosh^{−2} z is given as ∫ dz cosh^{−2} z = 2; nevertheless we shall leave the area of the rectangle unspecified for now. Therefore (197) changes to

cosh^{−2} z → aΘ(b − |z|) (226) Λ_K = Λ − aΘ(b − |z|) δ(Λ) 2 (227)

Here we must require that^a_2 ≤ 1 to ensure that (197) is still a contraction for finite Λ and the Banach fixed point theorem is still applicable. With this the correction (204) changes to

Δρ(k) = −Θ_{(Λ−}^a_{2 δ,Λ)}(|k|) ∫_b −b dz 2π −aΘ(b − |z|) + k^2 + 1

k^2 + 1

(228)

= −Θ_{(Λ−}^a_{2 δ,Λ)}(|k|) 1 π [b − ab k^2 + 1

] (229)

The integral of the spectral density correction is now given by ∫ dkΔρ = − 1 π 2 ∫_Λ

Λ−^a_2 δ dk[b − ab k^2 + 1

] (230)

= − 1 π ab[δ(Λ) − 2[arctan Λ − arctan(Λ − a δ 2 )] (231) = − 1 π [abδ(Λ) − 2ab a Λ^3

+ O( a^2 Λ^5

)] (232)

In the last step we have expanded the second term around Λ = ∞. The first term in the bracket corresponds to (213) and the second term to (215). This coincides with the undeformed result (213) if and only if ab = 1 and thus when the area of the rectangle 2ab = 2 equals the area under the function cosh^{−2} z. Analogously, the correction to the quantum mass of the kink does not change if ab = 1. The analogue of (218) using (229) reads:

ΔM = ℏm 2 ∫ dk √ k^2 + 1Δρ(k) = − ℏm π ∫_Λ

Λ−^a_2 δ dk ( b √ k^2 + 1 − ab √ k^2 + 1 ) (233)

= − ℏm π ( b 2 [Λ √ Λ^2 + 1 − Λ √ (Λ − a δ 2 )^2 + 1] + ab δ(Λ) 4 √ (Λ − a δ 2 )^2 + 1 (234) + b 2 [arcsinhΛ − arcsinh(Λ − a δ 2 )] − ab[arcsinhΛ − arcsinh(Λ − a δ 2 )]) (235) Λ→∞−→ − ℏm π ab( 1 2 + 1 2 + 0 + 0) = − ℏm π ab (236)

This gives again the correct result (219) if and only if the area of the rectangle equals the area of cosh^{−2} z, i.e. if ab = 1. It seems to be arbitrary where to locate spatially the modification of the kink spectrum as long as the average is the same. Therefore the equality between the two projectors (196) does not have to be a strong relation, i.e. a identity between operators, but rather a weak relation, i.e. an identity between their action on states, that is, a relation between distributions.

All the above considerations work in full analogy for the ϕ^4 model and give also the correct results.

Discussion

In conclusion we can say that we have a working principle that relates the regularization parameter of the nontrivial Λ_K to that of the trivial sector Λ in a way that both sectors are regularized in a consistent way, i.e. so that one can really compare them with each other. This is the main point in our opinion: to find such a relation so that one can regularize the nontrivial sector consistent with the vacuum sector, in which also the renormalization is fixed and defines the physical parameters (mass, coupling,..) of the theory. Again the big advantage of our principle is, besides that it gives the correct results in a consistent way, that it is not restricted to two dimensions or supersymmetric theories. It is to expect that it also works for fermions. This work is in progress.

Nevertheless further investigations are in order. Especially the identification of the regularized units has to be investigated from a mathematical point of view. For the “off diagonal” term these are very complicated integral equations, similar to Fredholm equations, for the unknown function Λ_K (Λ). It would be worth to investigate this further to find out under what conditions a solution for Λ_K (Λ) exists. It is conceivable that in general a strict cutoff-function (step function) as used in our ansatz does not solve this problem.

5 Fermions

Until now we have only considered bosonic fields and treated them in the path integral as classical functions. The nature (physics) of fermionic fields is completely different. While classical Bose fields are found in nature (e.g. electromagnetic waves, gravitational fields, etc.) classical Fermi fields are not, at least not in the same sense. From the quantum-point of view a collection of a very large number of bosons in more or less the same quantum state, i.e. a coherent state, can be described by a classical (on-shell) field and also observed as such fields, if one does not look too closely. The same cannot happen for fermionic fields since the Pauli exclusion principle forbids more than one fermion per state. This “strange” behavior is respected in description of “classical” (not operators) fermionic fields by a “strange” algebra of the fermionic degrees of freedom, namely Grassmann algebras. Heuristically this can be obtained by the formal limit ℏ → 0 in the anticommutation relations of Dirac fields: {ψ_α(x, t), ψ^†_β(x^′, t)} = ℏδ_{αβ}δ(x − x^′) {ψ_α(x, t), ψ_β(x^′, t)} = {ψ^†_α(x, t), ψ^†_β(x^′, t)} = 0. By this point of view classical fermionic fields are functions over the space-time, parametrized by (x, t) which have their values in a Grassmann algebra. This limit does not describe the physical world in an approximative sense as mentioned above. To describe the (quantum) dynamics of a system we not only need the functional dependence of the degrees of freedom (DOF) on the the space-time parameters but we also need the dependence of dynamical quantities like the action or the Hamiltonian on the fields (coordinates for finite systems). Since fermionic DOF are elements of a Grassmann algebra we need a generalization of operations like variation and path-integration to “functions” on a Grassmann algebra. For this we consider some basic properties.

5.1 Grassmann calculus

5.1.1 Grassmann algebras.

A finite dimensional Grassmann algebra G_N (K) over the field^{35} K can be constructed from a set of N elements {a_1, . . . , a_N }, called generators which fulfill the following algebra: {a_i, a_j } = 0 ∀i, j = 1, . . . , N. This relation is invariant under general linear transformations a_i → G_{ij} a_j , where the matrix entries G_{ij} ∈ K. The whole algebra is a 2^N dimensional vector space in which the ordered products 1 {a_i|i = 1 . . . N} {a_ia_j |i < j; i, j = 1 . . . N} {a_ia_j a_k|i < j < k; i, j, k = 1 . . . N} . . a_1a_2 . . . a_N ,

form a basis. Concrete realizations of this algebra are for example the exterior algebra of forms over a N-dimensional vector space or the algebra of N fermionic excitation operators acting on a Fock space. The algebra is the direct sum of an even and an odd part,

G = G_+ ⊕ G_−,

and thus a Grassmann algebra is a Z_2 graduated algebra. The even part consists of all linear combinations of basis-elements which consists of an even number of generators and analogously the odd part is the linear hull of basis-elements consisting of an odd number of generators. Both, G_±, have special features.

The even part G_+ is a commutative sub algebra, i.e.

for f_+, g_+ ∈ G_+ ⇒ f_+g_+ ∈ G_+ [f_+, g_+] = 0.

Therefore one can define functions on G_+ and multiply and add them in the usual way. For example an element of “degree” two W = N∑ i,j=1,i<j Δ_{ij} a_ia_j ,

35K will be mostly equal to C

where the coefficients Δ_{ij} ∈ K are ordinary numbers and antisymmetric in the indices i, j, one can define an exponential function, e.g. e^{iW} = ∑ m≥0 (i)^m m W^m ∈ G_+, (237)

where W^0 := 1 per definition. For a finite dimensional Grassmann algebra this series truncates at 2m ≥ N. Also usual function-equations like

e^S e^T = e^{S+T} for S, T ∈ G_+ (238)

are meaningful. Only the existence of an inverse element is not guaranteed in general. But for the exponential (237) even the inverse exists, i.e. e^{iW} e^{−iW} = 1. The dynamical quantities like the action (Lagrangian) will be such even functions, so that we can work with them in the usual way.

The odd part G_− whereas is not closed under multiplication (the product of two odd numbers can be even) but the elements of G_− are nilpotent, i.e

ψ ∈ G_− ⇒ (ψ)^2 = ψψ = 0

The above considerations are also valid for the infinite dimensional case N → ∞ and this is the case of interest for quantized fermionic degrees of freedom. For pure “classical” (on shell) considerations one can describe a system of N fermionic DOF within the framework of Grassmann mechanics (pseudo-classical mechanics) as elements of an N-dimensional Grassmann algebra ([19],[17]). This is not possible for quantum considerations within the path integral, where the fermionic DOF do not become operators, even for finite degrees of freedom (not field theory) as we will see. To describe the evolution of a system we are of course interested in Grassmann valued functions, i.e. objects of the form f : B → G_∞ x → f(x), where B is the parameter domain. With regard to path integral quantization we have already chosen an infinite dimensional Grassmann algebra. For a N-dimensional (pseudo) mechanical system thus one has to consider functions of the form

q^i(t) = ∑ k f^i_k(t)a_k, where {f^i_k} form a complete set in a infinite dimensional function space. The use of the sum is a priori a symbolic notation, but will coincide with concrete expressions due to regularization. Analogously one obtains for fermionic fields ψ(x, t) = ∑ k ψ_k(x, t)a_k, where again the the functions {ψ_k(x, t)} form a complete set in an infinite dimensional function space. The index set {k} in the case of fields is of course larger than for finite DOF. Of particular interest are spinor fields ψ_α(x, t) on a D-dimensional Minkowski space, so that the underlying function space is the set of square integrable functions ψ : M_D → C^{2[D/2]} in which the components {ψ_{α,k}(x, t)} form a complete set. The hermitian adjoint field writes as ψ^†(x, t) = ∑ k ψ^†_k(x, t)ā_k, where the {ā_k} are independent of the {a_k}, so that the algebra G_∞ is generated by the infinite set of generators {a_k, ā_k|k = 1, . . . }. By this the fields ψ and ψ^† are treated as independent degrees of freedom. Usually one decomposes the spinors ψ_k into positive and negative frequency parts as well as according to different spin. This is absorbed in the “master” index k. When one studies the Dirac equation in the sense of “first quantization”, i.e. a one particle wave equation, one solves the Dirac equation for the components ψ_k(x, t). These solution, as for example for hydrogen-like atoms, are in the sense of path integral quantization “classical” solutions of the system. Thus “second” quantization is the path integration of quantum fluctuations around these classical solutions.

5.1.2 Variation and integration

The Lagrangian of a theory is a composite object of the degrees of freedom. In the bosonic case thus it can be treated as an ordinary function depending on the fields or coordinates. To adopt Lagrangian methods to Grassmann valued fields we have to consider functions defined on the Grassmann algebra, i.e. L : D(G) → I(G) g → L(g), where D(G), I(G) are the domain and the image, respectively. In general each analytic function can be generalized to a super-analytic one [14]. For a general Grassmann number of degree N, which includes L and g, which are of the form (to make this expansion unique the coefficients have to be antisymmetric)

f = f_0 + f_ia_i + 1 2! f_{ij} a_ia_j + · · · + 1 p! f_{i1,...,ip} a_{i1} . . . a_{ip} , (239) one can define a norm || || as follows [14]: ||f|| = |f_0| + N∑ p=1 ∑ i_1<...i_p |f_{i1...ip} |^2. Thus one has a topology on G and therefore the concept of “being close to”. In the following the Lagrangian L will exclusively be bilinear in fermionic DOF. Thus we restrict ourselves to the consideration of Lagrangians of the form L(f_α, ḟ_α, g_α, ġ_α) = f_αD_{αβ} g_β , where D_{αβ} is a matrix valued differential operator and f_α, g_α are tuples (e.g. spinors) of Grassmann valued functions of the form

f_α = ∑ i (f_α)_ia_i , g_α = ∑ i (g_α)_ib_i. (240)

Thus the Grassmann algebra is generated by the set {a_i, b_i} where a priori all a_i, b_i are different. Thus under a variation δf_α = ∑ i δ(f_α)_ia_i the Lagrangian changes by δL = δf_αD_{αβ}g_β = −D_{αβ}g_β δf_α, and analogously for a variation of g_α, where derivatives must be partially integrated in the action as usual. Thus the variational calculus is very similar to bosonic DOF, the only thing one has to care for is the ordering of the DOF. One can also define differentiations w.r.t. Grassmann variables, which act as derivations on the algebra, but these are rather formal operations, i.e. they are defined purely algebraically (see for example [18],[20]). The reason for this is that it is not possible to define differentiation as a limit of differential quotients, since the inverse of a Grassmann number, especially for Grassmann numbers like (240), is in general not defined (the inverse exists only if the body f_0 is unequal zero [14]). One can also define a formal integration on the Grassmann algebra, which like differentiation is purely algebraic. The so called Berezin integral is defined by the following axioms ([18], [20]): On a N- dimensional Grassmann algebra G_N , generated by {a_i}, the linear functionals ∫ da_i : G_+ → K are defined as follows 1. ∫ da_i(1) = 0 2. ∫ da_i(a_i) = 1 3. {da_i, a_j} = 0 for i ≠ j 4. {da_i, da_j } = 0 for i ≠ j With this definitions one has for example ∫ da_1· · · ∫ da_N f := ∫ da_1 . . . da_N f = f_{1,...,N} , where f_{1,...,N} is the “highest” component in the expansion analogous to (239) of f. Of particular interest are integrations of exponential functions of the form ∫ da_1db_1 . . . da_N db_N e^{− ∑ λkak bk} = ∫ da_1db_1 . . . da_N db_N^NΠ_{k=1}e^{−λk akbk} (241) =^NΠ_{k=1} ∫ da_kdb_k(1 − λ_ka_kb_k) (242)

=^NΠ_{k=1}λ_k ∫ da_ka_kdb_kb_k =^NΠ_{k=1}λ_k . (243)

In the first two lines we have used (238) and (237). In the last line we have applied the rules 1, 3 and 2.

5.2 The Grassmann oscillator, fermionic boundary conditions

We consider a hermitian fermionic oscillator. Its Lagrangian is given by L = i 2 ( a^†ȧ − ȧ^†a ) − ωa^†a (244) = 1 2 a^†(i∂_t − ω)a + 1 2 a(i∂_t + ω)a^†. (245)

The fermionic DOF a^†, a are elements of the infinite dimensional Grassmann algebra G_∞ which is generated by the infinite set {a_k, ā_k}. Thus a^†(t), a(t) are of the form a(t) = ∑ k f_k(t)a_k , a^†(t) = ∑ k f^∗_k (t)ā_k. (246)

5.2.1 Variation principle

There exists a fundamental difference between fermionic and and bosonic DOF. Besides being anticommuting fermionic DOF are first order systems, i.e. the e.o.m are first order differential equations. In the Lagrangian this is reflected in the fact that the velocities occur linearly. In the canonical formalism this leads to so called constraints. For the variation principle this results in the need of introducing surface terms for the action to be able to define a consistent variation principle [23]. Variation principles fit perfectly to the principles of quantum theory, since they fix initial and final positions (vanishing variation) rather than position and velocity at the same time. Thus they lead to boundary value problems rather than to initial value problems. But for first order systems this is problematic, since fixing the initial and final values overconstrains a first order differential equation. For field systems this generalizes to spatial boundaries. Therefore one needs a modified variation principle which is consistent with first order systems and leads to the classical e.o.m. This is done by fixing a linear combination of the boundary values rather than each of them separately, for example a(t^′) + σa(t^{′′}) = ξ = const ⇒ δ[a(t^′) + σa(t^{′′})] = 0 a^†(t^′) + σa^†(t^{′′}) = ξ^† = const ⇒ δ[a^†(t^′) + σa^†(t^{′′})] = 0,

where ξ, ξ^† are constant Grassmann numbers. But for this variation principle to give the correct e.o.m. one has to introduce surface terms in the action. For the action S = ∫_t′′ t^′ dtL + σ i 2 [a(t^′)a^†(t^{′′}) + a^†(t^′)a(t^{′′})]

this variation principle leads to following e.o.m.:

δa^† : iȧ − ωa = 0 with BC a(t^′) + σa(t^{′′}) = ξ δa : iȧ^† + ωa^† = 0 with BC a^†(t^′) + σa^†(t^{′′}) = ξ^†.

As one can see for the classical “paths” a, a^† only the boundary term contributes to the action: S_{cl} = i 2 [a(t^′)ξ^† + a^†(t^′)ξ]. (247)

For Dirac fields this generalizes as follows: The variation principle is defined as ψ|_B′′_μ − Γ_{(μ)}ψ|_B′_μ = ξ_{Bμ} ⇒ δ [ ψ|_B′′_μ − Γ_{(μ)}ψ|_B′_μ ] = 0 ψ^†|_B′′_μ − Γ_{(μ)}ψ^†|_B′_μ = ξ^†_{Bμ} ⇒ δ [ ψ^†|_B′′_μ − Γ_{(μ)}ψ^†|_B′_μ ] = 0,

where B^′_μ, B^{′′}_μ are the boundaries, spatial or of the time interval, and ξ_{Bμ} , ξ^†_{Bμ} are constant Grassmann spinors, for the particular boundaries of the “direction” B_μ. Γ_{(μ)} are constant matrices^{36}. It can be shown that for classical fields, i.e. those fulfilling the classical e.o.m., again

36Depending on the explicit form of the Lagrangian the matrices Γ_{(μ)} have to fulfill certaint relations, so that the above variation principle give the e.o.m.

only boundary terms contribute to the action and this contribution are again proportional to the constant spinors, i.e. S_{cl} ∼ ξ_{Bμ} , ξ^†_{Bμ} . Thus the fields fulfilling “homogeneous” boundary conditions, i.e. ξ = 0 = ξ^† give no boundary contributions to the action., even if they do not fulfill the e.o.m. For unbounded space-time regions one does not have to care about these things, since because of natural boundary conditions all contributions vanish at infinity.

5.2.2 Spectral function and energy spectrum

As can be shown in the holomorphic representation of the Grassmann algebra of a, a^†, the trace of the time evolution operator and thus the spectral function is given by the path integral of antiperiodic paths [24]. Thus the boundary contributions to the action are zero and one obtains for the oscillator Tr [ e^{− iℏ HT} ] = K(T ) ∫ Da^†Da antiperiodic e^{iℏ ∫T dtL}. (248)

The Lagrangian L is given by (245) and K(T ) is an appropriate measure constant. To perform the path integration we have to diagonalize the action. For this we determine the coefficient functions in (246) so that they solve the eigenvalue problem^{37}

(i∂_t − ω)f_k = ϵ_kf_k , f_k(t + T ) = −f_k(t).

The solution is easily obtained and given by

f_k(t) = 1 √ T e^{ipkt} with p_k =

(2k + 1)π T , (249)

ϵ_k = −(p_k + ω) , k = 0, ±1, ±2, . . . (250)

The complex conjugate coefficient function in (246) automatically fulfills

(i∂_t + ω)f^∗_k = −ϵ_kf^∗_k ,

where ϵ_k is given by (250). Inserting this into the Lagrangian (245) the action can be written as S = ∫ T dtL = ∑ k ā_ka_kϵ_k. For regularization k takes only a finite number of values, i.e. k = −N, . . . , N. The measure is defined as ∫ Da^†Da := K(T )^NΠ_{−N} ∫ dā_kda_k, 37Since the classical solutions do not contribute to the action, this is equivalent to an expansion arround around these classical solutions.

where K(T ) will be defined by a suitable normalization condition. With (243) one obtains for the trace (248)

K(T )^NΠ_{−N} ∫ dā_kda_k i ℏ ā_ka_kϵ_k (251) = [ K(T )^NΠ_{−N} i ℏ T (2k + 1)π ]_N Π_{−N} ( 1 + ωT (2k + 1)π ) (252) −→ N →∞ lim_{N →∞} [ K(T )^NΠ_{−N} −i ℏ T (2k + 1)π ] cos ωT 2 . (253)

The closed formula for the second product in (252) is given in [27]. As in the bosonic case, the measure constant K(T ) is purely kinetic and does not exist by itself. We normalize it as follows lim_{N →∞} [ K(T )^NΠ_{−N} i ℏ T (2k + 1)π ] = 2.

Thus we get for the trace Tr [ e^{− iℏ HT} ] = ∑ n e^{− iℏ En} = e^{i ωT2} + e^{−i ωT2} . (254) The spectrum of the fermionic oscillator consists only of two levels. From (254) one obtains the ground state (lowest level)

E_0 = − ℏω 2 , and it is same as for an bosonic oscillator but with opposite sign.

5.3 Mode regularization including fermions

Now we consider the supersymmetric extension of the SG and ϕ^4 model, respectively. As mentioned in the introduction we will not stress the supersymmetry of the system (up to some fundamental properties) and mainly concentrate on the influence of the nontrivial background on fermions in the regularization/renormalization procedure.

5.3.1 Classical properties

The supersymmetric extension of Lagrangians of the form L = 1 2 [(∂ϕ)^2 − V^2(ϕ)] (255)

is given by L = 1 2 [(∂ϕ)^2 − V^2(ϕ)] + 1 2 ψ̄[i ̸∂ − V^′(ϕ)]ψ where ψ is a Majorana spinor field and V (ϕ) is related to the original potential U(ϕ) via V = 2 √ U. For SG and ϕ^4 it is given by

V_ϕ(ϕ) = √ λ 2 (ϕ^2 − μ^2 λ ) (256)

V_{SG} (ϕ) = 2μ √ γ sin √ γϕ 2 (257)

The associated action is invariant under the (rigid) SUSY transformations ϕ → ϕ + δϕ : δϕ = ϵ̄ψ ψ → ψ + δψ : δψ = [i ̸∂ − V (ϕ)]ϵ where ϵ is a constant Grassmann spinor. The classical equations of motion are

□ϕ + V (ϕ)V^′(ϕ) + 1 2 ψ̄ψV^{′′}(ϕ) = 0 [i ̸∂ − V^′(ϕ)] ψ = 0

and there are the following classical (kink) solutions

fermion vacuum : ϕ = ϕ_{Kσ} ψ = 0 (258) fermionic zero − mode : ϕ = ϕ_{Kσ} ψ^σ = −σϕ^′_{Kσ} P_σ ϵ (259)

where ϕ_{Kσ} are the (anti)kinks (148). The second solution can be obtained by a SUSY transformation of the first one and was first given by [46],[47]. The projector P_σ =^1_2 [1l − σiγ^1] acts on the constant Grassmann spinor ϵ. From this one can see that the ground state {ϕ_{Kσ} , ψ = 0} is invariant under the half SUSY transformation with parameters P_σ ϵ = 0. For the following calculations we choose a Majorana representation γ^0 = σ_2 γ^1 = iσ_1 of the Clifford algebra. With this choice we have γ_⋆ := γ^0γ^1 = −σ_1. The intertwiners for spinors are ψ̄ = ψ^†γ^0 ψ^c = ψ^∗

The Majorana condition therefore simply becomes ψ^∗ = ψ.

5.3.2 Vacuum sector and renormalization

The trivial (vacuum) solutions are given as

SG : ψ_V = 0 ϕ_V = 0 (260) ϕ^4 : ψ_V = 0 ϕ_V = m √ 2λ (261)

Expanding the action around these solutions leads to standard perturbation theory (Feynman graphs) and one obtains in a minimal renormalization scheme (m^2 = m^2_0 − (δm^2)_{susy} ) the following counter-terms [39] SG : (δm^2)_{susy} = ℏ γm^2 8π ∫_Λ 0 dk √ k^2 + m^2

ϕ^4 : (δm^2)_{susy} = ℏ λ 2π ∫_Λ 0 dk √ k^2 + m^2

The renormalization conditions are that the bosonic seagull loop for the fermionic two-point function vanishes (SG) and the bosonic and fermionic tadpole do not contribute (ϕ^4), respectively. Because of the change of δm^2 also the counter-term contribution in the kink sector (156) is different in the SUSY case. In both cases one has δM_{susy} = ℏm

∫_Λ 0 dz 2π 1 √ z^2 +1 := δMB + δMF SG : δM_F = −ℏm ∫_Λ 0 dz 2π 1 √ z^2 +1 (262)

ϕ^4 : δM_F = −2ℏm

∫_Λ 0 dz 2π 1 √ z^2 +1 (263)

The quadratic part of the expanded fermionic Lagrangian is given as

L_ψ = 1 2 ψ̄[i ̸∂ − V^′(ϕ_V )]ψ + O(ψ̄ψη) (264)

In both models one has V^′(ϕ_V ) = m so that for SG and ϕ^4 the quadratic fermionic Lagrangian is given by

L^{(2)}_ψ = 1 2 ψ̄[i ̸∂ − m]ψ (265)

Boundary conditions

Applying our symmetry principle on (261) we get with the ansatz (A = 0, 1)

ψ(−L/2) = (−)^Aψ(L/2) (266)

for the change of the quadratic Lagrangian when transported around the compactified dimension x → x − L ⇒ δL = 0 Therefore we have to use P/AP BC in the vacuum sector so that the action gets no boundary contribution. By contrast, twisted (anti)periodic BC in the vacuum sector as used in [33], ψ(−L/2) = (−)^Aγ_⋆ψ(L/2), induce a boundary contribution to the quadratic action S^{(2)}_ψ = ∫ T xL dtdxL (2) ψ of the form ∼ ∫ L dxδL = ∫ L dx2mψ̄ψ and therefore also to the energy.

All the following results do not depend on the choice of our symmetry BC (266) as it should be for BC that do not induce boundary contributions. This is analogous to the bosonic case.

5.3.3 Spectral function

In the action expanded around the vacuum (261), S^{(2)}[η, ψ, ψ̄], no interaction between the bosonic and fermionic fluctuations occurs. So we can calculate the fermionic contribution to the spectral function separately: T r_V e^{− iℏ HT} |_ψ = ∫ Dψ̄Dψ antiperiodic e i ℏ ∫ dt LxT dx^1_2 ψ̄[i∂̸−m]ψ + O(ℏ^2) (267)

Here one has to integrate over fields which are antiperiodic in time [24]. We diagonalize the spatial part of the operator in the action ψ^†[i∂_t + iγ_⋆∂_x − γ^0m]ψ, which gives (with our representation of the γ^′s) the following spectrum ψ_±(k, x) = 1 √ 2L [ 1 ±^1_ω (k − im) ] e^{ikx} ω_± = ±ω = ± √ k^2 + m^2 (268)

The BC quantize the momenta as

ψ_±(k, x + L) = (−)^Aψ_±(k, x) → Lk^A_n = (2n + A)π (269)

so that a finite (symmetric) expansion gives for the fermionic field ψ(x, t) = N∑ −(N −A) (a_n(t)ψ_+(k_n, x) + b_n(t)ψ_−(k_n, x)) (270)

which now automatically fulfills the BC (266), i.e. ψ(x + L, t) = (−)^Aψ(x, t). The time dependent coefficients in (270) are Grassmann-valued functions.

Majorana condition

Now we have to set up the Majorana condition ψ^∗(x, t) = ψ(x, t). From (268) and (269) we see that ψ^∗_±(k_n, x) = ψ_∓(−k_n, x) −k^A_n = k^A_{−(n+A)} So the Majorana condition for (270) gives

a^∗_n(t)^!= b_{−(n+A)}(t) b^∗_n(t)^!= a_{−(n+A)}(t)

These two conditions are compatible and therefore the Majorana condition for the field is fulfilled for all times ψ(x, t) = N∑ −(N −A) ( a_n(t)ψ_+(k^A_n , x) + a^∗_n(t)ψ^∗_+(k_n, x) )

Inserting this field in the action in (267) one obtains

S^{(2)}_ψ = N∑ −(N −A) ∫ T dt [ i 2 (a^∗_nȧ_n + a_nȧ^∗_n) + ω(k^A_n )a^∗_na_n ]

This is the sum of 2N + 1 + A Grassmann-oscillators with the frequencies ω^V_F = ω(k^A_n ). Note that a complex conjugated pair forms one degree of freedom.

Ground-state energy

The measure in (267) is Dψ̄Dψ = (K(T ))^nΠda^∗_nda_n and as in the bosonic case independent of the considered topological sector. And also as in the bosonic case there exists a subtlety due to zero modes in the nontrivial sector. But now it weighs much more as in the bosonic case (see below). Performing the path integration one can read off the ground state energy of the vacuum:

ground − state energy : E_V = − ℏm 2 N∑ −(N −A) √( (2n + A)π Lm )_2 + 1 (271)

mode number : #_V = 2N + 1 + A (272)

energy cutoff : Λ_A = k^A_N = (2N + A)π Lm (273)

So one has up to the sign the same ground state energy as in the bosonic vacuum sector, as it would be expected by supersymmetry.

5.3.4 Kink sector

The treatment of the kink sector is analogous to the vacuum sector, but more involved and with some additional subtleties. For the semi-classical calculation (one loop) we expand the Lagrangian around the stable kink ground state^{38} {ϕ = ϕ_K , ψ = 0} The influence of the kink in the quadratic Lagrangian (264) is thus given by V^′(ϕ_K ) which reads in our dimensionless variables z =^{mx}_l for both models (l = 1, 2 for SG, ϕ^4)

V_l^′(ϕ^l_K ) = m tanh z (274)

Therefore the fermionic quadratic action is given by

S^{(2)}_ψ = 1 2 ∫ T dt l m ∫ L̃ dzψ^†(z, t)[i∂_t + iγ_⋆∂_z − γ^0m tanh z]ψ(z, t) (275) To perform the path integration (267), but now for the kink sector, we diagonalize the spatial part of (275), where we normalize the eigen-states properly, so that the factor^l_m in (275) is canceled. The eigen value-problem to be solved is thus [ 0 i^m_l A^†_l −i^m_l A_l 0 ] [ ξ ρ ] = ω [ ξ ρ ] (276)

with the operators

A_l = ∂_z + l tanh z A^†_l = −∂_z + l tanh z

38If one expands the action around the other classical configuration where ψ = ψ_{zero} ≠ 0 the fermionic and bosonic fluctuations interact already in the quadratic action.

The operator in (276) is self adjoint w.r.t. the scalar product < χ|ψ >= ∫ L̃ dzχ^†ψ = ∫ L̃ dz(χ^∗_1ψ_1 + χ^∗_2ψ_2)

if the surface term (χ^∗_1ψ_1 +χ^∗_2ψ_2)~_{L/2} −(χ^∗_1ψ_1 +χ^∗_2ψ_2)_−~_{L/2} vanishes. This is true for the following spin structures (anti/periodic and twisted anti/periodic, A = 0, 1) (P/AP ) : ψ(−L/2) = (−)^Aψ(L/2) → [ ξ ρ ] (− L̃ 2 ) = (−)^A [ ξ ρ ] ( L̃ 2 ) (T P/T AP ) : ψ(−L/2) = (−)^Aγ_⋆ψ(L/2) → [ ξ ρ ] (− L̃ 2 ) = −(−)^A [ ρ ξ ] ( L̃ 2 ) The extra minus for (T P/T AP ) is due to our metric signature (+, −). The coupled system of differential equations (276) can be decoupled by expressing the lower component ρ through the upper component ξ. So one obtains

A^†_l A_lξ = l^2 m^2 ω^2ξ =: E_{(l)}ξ → eigen values ω_± =: ±ω = ± m l √ E_{(l)} (277)

ρ_± =: ±ρ = ±( −i √ E_{(l)} A_lξ) iff E ≠ 0 (278)

The differential equation for ξ is the same as for the bosonic fluctuations and the lower component ρ is algebraically related to and thus uniquely determined by ξ. The case E = 0 (the zero mode) must be investigated separately and is given by the classical solution (259). Therefore in both models the eigen-functions come in pairs (except for the zero mode)

ψ_± = [ ξ ±ρ ] with ω_± = ± m l √ E_{(l)} For periodic boundary condition it is necessary to change the eigen-basis and work with “parity” eigen-functions ξ^{g,u} = 1 2 (ξ ± ξ^∗) , ρ^{g,u} = ( −i √ E_{(l)} A_lξ^{g,u}) iff E ≠ 0

which form the pairs of solutions

u_± = [ ξ^g ±ρ^g ] with ω_± = ±^m_l √ E_{(l)} ϕ_± = [ ξ^u ±ρ^u ] with ω_± = ±^m_l √ E_{(l)} The explicit expressions for ψ_± and u_±, ϕ_± are given in the appendix and will be needed to determine the scattering phases. The discrete states fall off fast enough so that they fit in all considered spin structures.

Boundary conditions and symmetry principle

The influence of the kink background on fermionic fluctuation V^′(ϕ_K ) is now in both cases an antisymmetric function (274) and lives therefore on a line bundle with the topology of a

Möbius-strip (like the kink itself). Thus one obtains with an ansatz for ψ for a surrounding of the compactified dimension

x → x + L : V^′(ϕ_K ) → −V^′(ϕ_K ) ψ → (−)^AΓψ For the different spin structures the Lagrangian, when transported around the compactified dimension, gets the additional contributions

P/AP : Γ = 1 δL = V^′(ϕ_K )ψ̄ψ (279) T P/T AP : Γ = γ_⋆ δL = 0 (280)

So for the T P/T AP - spin structures one does not pick up a BC-contribution to the action integral. This reflects the residual chiral symmetry of the quadratic part of the expanded action.

5.3.5 Sine Gordon

First we consider the SG- model with the T AP - spin structure [ ψ_1 ψ_2 ] (−L/2) = [ ψ_2 ψ_1 ] (L/2) (281)

(because of the extra minus due to our metric convention). But as we will see the T P - spin structure is automatically also treated by T P A. By setting up the BC for the modes ψ_± the whole field, expanded according to this modes, automatically fulfills the BC. For the ψ_+ modes (see appendix) one gets for the two components in (281)

− ie^{i[kL̃+θ− ]} = 1 ⇒ k^+L̃ + θ^− = 2nπ + π 2 (282)

ie^{i[kL̃+θ+ ]} = 1 ⇒ k^+L̃ + θ^+ = 2n^′π − π 2 (283)

where θ^± = arg(±1 − ik) are the arguments of the asymptotic ξ_+(z → ±∞). One can also absorb the factors ±i and the addend ±^π_2 in (283) in the angles θ^±, but this is pure convention. The two quantization conditions (283) are consistent if θ^+ +^π_2 = −(θ^− +^π_2 ) + 2πm in the considered momentum regime.

The analogous expressions for the ψ_− modes are given by ie^{i[kL̃+θ− ]} = 1 ⇒ k^−L̃ + θ^− = 2nπ − π 2 (284)

−ie^{i[kL̃+θ+ ]} = 1 ⇒ k^−L̃ + θ^+ = 2n^′π + π 2 (285)

The two quantization conditions are consistent if θ^+ −^π_2 = −(θ^− −^π_2 ) + 2πm for each k.

Quantization phase

We choose θ^+ for our quantization conditions. Its graph is given in fig.13. We consider the continuous phase (a) for which θ^− is also continuous and the consistence equations for the

Figure 13: The quantization phase θ^+ for the branch cut positions: (a) cut = Im_+, arg(z) ∈ [−3π/2, π/2]. Also plotted are the momenta-evens k^+_n (solid), k^−_n (dashed) with positive solution. (b) cut = R_+, arg(z) ∈ [0, 2π].

quantization are fulfilled for all momenta simultaneously which makes mode counting much simpler. The quantization condition for the modes ψ_± are

L̃k^±_n + θ^+(k^±_n ) = 2nπ ∓ π 2 because of the symmetry of the continuous phase the momenta are related as

−k^+_n = k^−_n (286)

This is the reason why we did not include the^π_2 into the phase, otherwise in this relation also an index shift occurs. The modes ψ_± are related to each other by complex conjugation (see appendix) so that with (286) one has

ψ^∗_±(k^±_n ) = ψ_∓(k^∓_{−n} )

So we expand the full fermion field as follows

ψ(z, t) = d_0(t)ψ_0(z) +

M_+∑

k^+_n ≥0 ( a_n(t)ψ_+(k^+_n , z) + a^∗_n(t)ψ^∗_+(k^+_n , z) ) (287)

+ M_−∑

k^−_n ≥0 ( b_n(t)ψ_−(k^−_n , z) + b^∗_n(t)ψ^∗_−(k^−_n , z) ) . (288)

The first term is the zero mode. Due to the Majorana-condition its Grassmann coefficient is real. Even if we would complexify ψ_0 by a complex normalization factor, d^∗_0 would depend linearly on d_0. By our choice of the basis and Grassmann valued coefficient functions the Majorana condition ψ^∗ = ψ is automatically fulfilled for all times.

Inserting (288) in the quadratic action (275) one obtains

S^{(2)}_ψ = ∫ T dt [ i 2 d_0ḋ_0 +

M_+∑

1 { i 2 (a^∗_nȧ_n + a_nȧ^∗_n) + ω(k^+_n )a^∗_na_n }

+ M_−∑

0 { i 2 (b^∗_nḃ_n + b_nḃ^∗_n) + ω(k^−_n )b^∗_nb_n }] . This is the sum of Grassmann oscillators except for the zero mode which has to be treated by collective coordinates. The path integral measure is up to the zero mode the same as in the vacuum sector if one takes equal numbers of modes. Neglecting for the moment the subtleties due to the zero mode one can read off of the spectral function the ground state energy contribution due to the fermions:

E^K_F = − ℏm 2 M_+∑

1 √ (k^+_n )^2 + 1 − ℏm 2 M_−∑

0 √ (k^−_n )^2 + 1 + δM_F (289)

Let us now verify that T P BC give exactly the same result. For T P BC the l.h.s of (281) is multiplied with −1. Therefore only the relations (283) and (285) are interchanged so that ψ_+ has now the momenta from ψ_− in (288) and vice versa so that in the energy (289) only the names +, − are interchanged. To see this directly was the reason why we used the somewhat “lengthy” basis in (288), with another choice, one sum over positive and negative momenta does the same job.

Mode counting

If we apply Levinson’s theorem to the (continuous) phase one obtains for the number of bound states θ^−(−∞) − θ^−(∞) 2π = #_{discrete} = 1 2 (290)

Thus the fermionic zero mode is a half bound state. Note that this has nothing to do with our convention to not include the^π_2 in the definition of the scattering phase in (283) since this constant cancels in the difference in (290). Therefore the continuous spectrum shifts down only by a half mode relative to the vacuum. This cannot be compensated by a discontinuous phase, where an integer number of modes does not have a solution. This information can only read off the asymptotic values of the scattering phase. For the continuous modes one has

vacuum : #_V = 2N + 1 + A kink : #_K = M_+ + M_− + 1

With the ansatz M_+ + M_− + 1 = 2N + 1 + A one has to subtract in addition the energy of one half high mode (note that the mode energies are negative). The fermionic contribution to the kink mass is therefore (using (271), (289),(263))

M_F = E^K_F − E^V_F = ℏm 2 N∑ −(N +A) √( (2n + A)π Lm )_2

+ 1 − ℏm 4 √ Λ^2 + 1

− ℏm 2 M_+∑

1 √ (k^+_n )^2 + 1 − ℏm 2 M_−∑

0 √ (k^−_n )^2 + 1 + δM_F

For the calculation of the sums we use exactly the same techniques as in the bosonic case (iterative solution for the kink momenta and Euler-MacLaurin). Independently of the splitting of the modes M_− and M_+ and of the vacuum BC (A = 0, 1) one obtains for the fermionic kink mass

M_F = ℏm 2π + O(ℏ^2) (291)

This is the expected and correct result. Note that if we would have counted the zero mode as a full mode the result would be divergent. Of course it is unsatisfactory that we have to, fall back on the Levinson theorem, like Graham and Jaffe [49], and cannot produce this as an implicit result of mode regularization which validate the Levinson theorem. We think that a proper treatment of both zero modes , bosonic and fermionic, with for example collective coordinates and the associated path integral measure will give the desired result and validate the Levinson theorem. This is work in progress.

5.3.6 ϕ^4-model

Next we consider the ϕ^4 model with the T P - spin structure. For the ψ_+ modes (see appendix) one gets for the two components in (281):

e^{i[kL̃+(α+−φ−)]} = −1 ⇒ k^+L̃ + (α^+ − φ^−) = (2n + 1)π (292) e^{i[kL̃+(φ+−α−)]} = −1 ⇒ k^+L̃ + (φ^+ − α^−) = (2n^′ + 1)π (293)

where α^± = arg(−k ∓ i) and φ^± = arg(2 − k^2 ∓ 3ik) are the arguments of the asymptotic state ρ_+(z → ±∞) and ξ_+(z → ±∞). The two quantization conditions (293) are consistent if (φ^+ − α^−) = (α^+ − φ^−) + 2πm in the considered momentum regime. Here again we must be more careful with the choice of the branch cut position as in the bosonic case. Doing this in a consistent way (the same for all angles) one can see that it is not possible to choose the same phase at −L/2 for upper and lower components.

The analogous expressions for the ψ_− modes are given by

e^{i[kL̃+(α+ −φ−)]} = 1 ⇒ k^−L̃ + (α^+ − φ^−) = 2nπ (294) e^{i[kL̃+(φ+ −α+)]} = 1 ⇒ k^−L̃ + (φ^+ − α^−) = 2n^′π (295)

The two quantization conditions are consistent if (φ^+ − α^−) = (α^+ − φ^−) + 2πm. Again the the T AP BC only interchange the two relations (293) and (295).

Phase shift

There are two branch cut positions for which the consistency of the quantization condition is fulfilled for all momenta simultaneously with m = 0, i.e. (φ^+ − α^−) = (α^+ − φ^−) =: δ_S (k) (S stands for SUSY to distinguish between the bosonic phase δ). This makes mode counting comfortable. Their graphs are given in fig.14. We choose the discontinuous phase. As one can see for both momenta k^± the mode n = 0 has no solution. For k → ∞ δ_S goes to zero but for k → −∞ δ_S approaches the value π. It is not possible to choose the branch cut so that the phase is zero for k = ±∞ as in [33],[34]. This can only be achieved if one, inconsistently, chooses different branch cuts for the angles α and φ. This finite value at k → −∞ carries the information of the half bound state as we will see. Because of the symmetry of the discontinuous phase and the quantization condition one has for the momenta

L̃k^+_n + δ_S (k^+_n ) = (2n + 1)π (296) L̃k^−_n + δ_S (k^−_n ) = 2nπ (297)

−k^+_n = k^−_n (298)

Figure 14: The phase shift δ_S and the momenta evens of the quantization conditions (k^+_n solid and k^−_n dashed lines) for different branch cut positions: (a) cut = R_−, arg(z) ∈ [−π, π). (b) cut = R_+, arg(z) ∈ [0, 2π).

Proceeding as in the SG case (ψ^∗_±(k) = ψ_∓(−k) and Majorana condition) we get for the full quantum field

ψ(z, t) = d_0(t)ψ_0(z) + d_1(t)ψ_1 + d^∗_1(t)ψ^∗_1(z) +

M_+∑

−M_− ,≠0 ( a_n(t)ψ_+(k^+_n , z) + a^∗_n(t)ψ^∗_+(k^+_n , z) ) (299)

where we have chosen a more convenient representation than in the SG-case since we already know that T P - BC give the same result. The quadratic action is again the sum of harmonic oscillators and in full analogy to SG (also with respect to the subtleties connected with the zero mode) one obtains for the fermionic kink ground state energy

E^K_F = − ℏm 2 √ 3 2 − ℏm 2 M_+∑

−M_− ,≠0 √ ( k^+_n 2 )^2 + 1 + δM_F

Mode counting

Applying Levinson’s theorem to the continuous phase in fig.14 one obtains δ_S (−∞) − δ_S (−∞) 2π = #_{discrete} = 1 + 1 2 Thus again the fermionic zero mode counts as a half mode (bound state), the excited bound state on the other hand counts as a full mode. From (299) the difference between these two modes becomes clear since the excited modes form a complex conjugated pair of degree of freedom (also in the action), in contrast to the zero mode.

The residual calculations are quite analogous to the SG-case. For the fermionic ϕ^4- kink mass one obtains M_F = ℏm ( 1 π − 1 4 √ 3 ) + O(ℏ^2)

Again this result is obtained independently of the combination of the (allowed) BC for the two sectors.

5.3.7 Anti/periodic spin structures P/AP

Since P/AP - BC induce an additional contribution to the action (279) they are unacceptable for a regularization. But they can be of interest for a nontrivial topology of the universe. As it is shown by [50] a nontrivial topology can violate the CP T symmetry but the derived effects vanish in the large limit of the compactified dimension and it is therefore questionable if such effects will be measurable. The calculation of the kink mass with P/AP on the other hand gives a result that differs from that for T P/T AP BC by a half low-lying mode [39] even in the limit L → ∞. The reason for this is that in the P/AP - spin structure the zero mode is counted as a full mode. For simplicity we consider the SG- model but all considerations and results are analogous for the ϕ^4 model.

Quantization phases. The processing is analogous to the T P/T AP calculation but for P/AP BC one needs the parity eigen states u_±, ϕ_± (see appendix). The parity eigen-states are of the form

u_± = [ ξ^g ±ρ^g ] , ϕ_± = [ ξ^u ±ρ^u ] , where the components are given in the appendix. In u_± the upper component ξ^g is an even and the lower component ρ^g a odd function. For ϕ_± the situation is reversed. Of interest are their asymptotic forms which are given by

u_± : ξ^g (z → ±∞) = iN_q(± sin qz − q cos qz) ρ^g(z → ±∞) = N_q √ q^2 + 1 sin qz ϕ_± : ξ^u(z → ±∞) = N_p(± cos pz + p sin pz) ρ^u(z → ±∞) = −iN_p √ p^2 + 1 cos pz.

Periodic BC gives no constraints for the even components ξ^g and ρ^u. The odd components must vanish at ±L/2. Thus we get from the asymptotic states:

periodic P : u_±(−L/2) = u_±(L/2) ⇒ qL̃ 2 = nπ, ϕ_±(−L/2) = ϕ_±(L/2) ⇒ tan pL̃ 2 = − 1 p . The second quantization condition can be resolved as

pL̃ + δ_P (p) = 2nπ with δ_P (p) = 2 arctan 1 p . Thus the eigen-states u_± have freely quantized momenta. For antiperiodic BC the odd components are not constrained but the even components must vanish at ±L/2. This gives

antiperiodic AP : u_±(−L/2) = −u_±(L/2) ⇒ tan qL̃ 2 = q, ϕ_±(−L/2) = ϕ_±(L/2) ⇒ pL̃ 2 = (2n + 1)π 2 . Again we can resolve the nontrivial quantization condition:

qL̃ + δ_{AP} (q) = 2nπ with δ_{AP} (q) = −2 arctan q.

Figure 15: The quantization-phases for (anti)periodic BC. (a) For periodic BC the momenta of ϕ_± are quantized w.r.t. to a nontrivial scattering phase δ_P . (b) For antiperiodic BC only the momenta of u_± are quantized in a nontrivial way by δ_{AP} .

For both cases (P/AP ) the scattering (quantization) phase is given in fig.15. The full Majoranafermion field can be written as

ψ(z, t) = d_0ψ_0 + M_u∑

1 ( a_n(t)u_+(q_n, z) − a^∗_n(t)u^∗_+(q_n, z) ) (300)

+ M_ϕ∑

1 ( α_n(t)ϕ_+(p_n, z) + α^∗_n(t)ϕ^∗_+(p_n, z) ) . (301)

Because of the linear dependence and the symmetry in the quantization conditions only the positive modes occur in the expansion. The modes n = 0 do not occur since the associated momentum has no solution or the eigen-mode is the trivial solution. In both cases Levinson’s theorem gives one for the number of bound states. But here (301) only half of the continuum modes contribute to the bound state. Therefore it is not completely clear how to really count this mode. Nevertheless only the naive counting of the zero mode as a full mode gives a finite result. This result differs exactly by one half low lying mode from the values calculated above (291) [39]:

M^K_F = M_{cl} + ℏm 2π + ℏm 4 This result is obtained independently of the combination of vacuum- and kink- BC, i.e. (V ac|Kink) = (P, AP |P, AP ). This is evident since the additional contribution to the action (5.3.2) is in both cases (kink P, AP ) the same.

As we have made clear, the origin of this subtlety is tight up with the requirements of a proper treatment of both, bosonic and fermionic zero modes. This suggest a connection to the Atiyah-Singer index theorem for Dirac-operators in a topologically nontrivial background and different topologies of the spin structure.

5.4 Aspects of derivative regularization

In this section we repeat the calculation of [38] for the SUSY-kink mass but in a more general way. The derivative regularization scheme developed in [38] is a proper method for the calculation of the kink mass. We will show now that it is indeed insensitive to the subtleties of mode counting encountered above and that it can therefore be used as a benchmark for other regularization methods which might be inevitable in the calculation of other quantities than the soliton mass.

Figure 16: The fermionic scattering phase δ_F of ref. [38] with the skipped modes n = −1, 0 (T P/T AP solid/dashed lines). It corresponds to the branch cut at R_+ and has a discontinuity at k = 0. The phase jumps by 4π so that two modes do not have a solution and fall out.

Like [38] we shall concentrate on the SUSY-ϕ^4 model. Since the derivative regularization involves the derivative w.r.t. the mass parameter m we re-introduce the physical momenta which are related to the dimensionless ones as k_{phys} = mk_{dim.−less} . We also make use of supersymmetry so that the vacuum energies cancel each other. Thus the SUSY- kink mass is given by

M_{susy} = (E^K_B − E^V_B ) + (E^K_F − E^V_F ) = E^K_B + E^K_F

For the evaluation of the sums we again use the Euler-MacLaurin formula (318). For ease of comparison with [38] we transform the integration variable n to the physical momentum k according to the quantization condition (T P/T AP -BC) Lk(n) + δ(k(n)) = (2n + A)π where the scattering phase δ is different for bosonic and fermionic fluctuations as will be specified below. Sums are thus evaluated through N∑ n=ν f(n) = ∫_N ν dnf(n) = 2N +A L π−^1_L δ(k_N ) ∫ 2ν+A L π−^1_L δ(k_ν ) dk 2π [L + δ^′(k)] f(k) (302)

We have omitted the surface terms since they always cancel each other. The integrand f(k) is now, for both fermionic and bosonic fluctuations, given by the derivative of the mode energies w.r.t. the mass m. Including the measure one has:

[L + δ^′(k)] f(k) = d dm ω^K (k) = Lm √ k^2 + m^2 + 1 m √ k^2 + m^2δ^′(k) + O( 1 L ) (303)

In principle the scattering phases for bosonic and fermionic fluctuations must be chosen in a consistent way, i.e. one has to select in both cases the same branch cut position. In [38] for the bosonic fluctuations phase (c) of fig.11 where chosen, i.e. the branch cut position cut = R_+. For the fermionic scattering phase [38] used the phase shown in fig.16. For negative k the phase differs by 2π from the phase (b) in fig.14, which is also obtained for a branch cut at R_+. The difference comes only from the fact that in [38] the lower component ρ of the spinor was calculated with the asymptotic values of the upper component ξ in (278). Since the difference is 2π this has no physical meaning and the phase used here also gives consistent quantization conditions like the phase in fig.14.

The choice of the scattering phase in [38] thus suggested that the fermionic zero mode has to be counted as full mode. We show now that the derivative regularization is completely independent of mode counting arguments and therefore also consistent with the half-counting fermionic zero mode.

For this we leave the magnitude of the discontinuity in the bosonic and fermionic scattering phase arbitrary and assume that the modes ν^′_{B,F} + 1, ...ν_{B,F} − 1 do not have a solution. Then the derivative of the supersymmetric kink mass reads dM_{susy} dm = d(δM_{susy} ) dm + ℏ 2 N_{B+}∑

N_{B−} ,≠ν^′_B +1,...ν_B −1 dω^K_B dm − N_{F+}∑

N_{F−} ,≠ν^′_F +1,...ν_F −1 dω^K_F dm (304)

From (303) one can see that the evaluation of the sums can be split in two parts. The second term in (303) is independent of L and only involves the derivative δ^′ of the scattering phase which is – for all branch cut positions – the same continuous function. So for this part one can perform the limit L → ∞ in the integral in (302). Together with the counter-term contribution this yields d(δM_{susy} ) dm + ℏ 2m ∫_Λ −Λ dk 2π √ k^2 + m^2 (δ_B^′ − δ_F^′) (305) = − ℏ 2π + ℏ ∫_Λ 0 dk 2π 1 √ k^2 + m^2 + ℏ 2m ∫_Λ −Λ dk 2π √ k^2 + m^2 (δ_B^′ − δ_F^′) →_{Λ→∞} − ℏ 2π (306)

This result is independent of the considered numbers of fermionic and bosonic modes as long as the difference between the mode numbers is “small” relative to the highest modes N_{B,F±} so that for L → ∞ this difference vanishes.

Now we have to show that also the L- proportional part of (303) is independent of mode counting arguments. First we investigate the required accuracy for our integration boundaries. In the following we use the abbreviation Λ =^{2N π}_L . Since the integrand is of order O(^L_k ) one has to respect the integration boundaries in (302) up to and including order O(^1_L ). Therefore we can use the following expressions for the scattering phase- contribution to the boundaries (we use the iterative solution for k_n) 1 L δ(k_n) = 1 L δ( 2n + A L π) + O( 1 L^2 ) For the different boundaries this gives

ν, ν^′ :^1_L δ(^{2ν(′)+A}_L π) =^1_L δ(0_±) + O(^1_{L2} ) (307) N_{B,F±} ≈ N :^1_L δ(^{2N +cB,F± +A}_L π) =^1_L δ(Λ) + O(^1_{L2} ) (308)

In the second line all numbers N_{B,F±} of (304) can differ by an arbitrary amount c_{B,F±} as long as it is not of the order of N, so that^{cB,F±}_L is not of the order Λ. So the residual integral of the difference for bosonic and fermionic contribution is of the form 1 L β_B∫

−Λ+^1_L α_B + Λ+^1_L b_B∫ 1 L a_B − 1 L β_F∫

−Λ+^1_L α_F + Λ+^1_L b_F∫ 1 L a_F dk_{2π}^{Lm}√_{k2 +m2} (309)

→_{Λ→∞}^1_{2π} (β_B − a_B + a_F − β_F ) (310)

The interesting thing is that in the limit Λ → ∞ the integration boundary-differences^1_L b_{B,F} , 1 L α_{B,F} do not contribute because of the derivative regularization and so the numbers c_{B,F±} can really be chosen arbitrarily, not only for their phase-contribution (308) but also for the other part of the integration boundary in (302). Without the additional derivative of the mode energies these terms would be of order O(Λ) instead O(^1_Λ ), and there would be potential linear divergences which cancel each other exactly only by a correct mode counting, especially the half counting of the fermionic zero mode. It is this improvement of convergence by derivative regularization that makes this scheme so robust. But for a complete proof of the independence of mode counting (not only at the high end) we also have to investigate the contribution (310) further. From (307) and (302) we have the following expressions

a_B = (2ν_B + A_B)π − δ_B(0_+) a_F = (2ν_F + A_F )π − δ_F (0_+) β_B = (2ν^′_B + A_B)π − δ_B(0_−) β_F = (2ν^′_F + A_F )π − δ_F (0_−)

Independently of the combination of BC for fermionic (A_F ) and bosonic (A_B) fluctuations we obtain for (310) [ (ν_F − ν^′_F ) − δ_F (0_+) − δ_F (0_−) 2π ] − [ (ν_B − ν^′_B) − δ_B(0_+) − δ_B(0_−) 2π ] (311)

This expression vanishes independently of branch cut positions and discontinuities of the scattering phase. This can be seen as follows: The jumps of the phases are always integer multiples of 2π, since different (consistent) conventions can only differ by an amount 2π for angles. So the phase terms in (311) is an integer number which is equal to the number #_{omit} of the modes which have no solution (for the two phases in fig.14 it is 0 for the continuous and 1 for the discontinuous one, and for the phase in fig.16 as used by [38] it is 2). On the other hand the difference of the mode numbers ν, ν^′, which are the first/last modes with a solution at the discontinuity of the phase, gives one more than the omitted modes #_{omit}. Thus for (311) one obtains

(#^F_{omit} + 1 − #^F_{omit}) − (#^B_{omit} + 1 − #^B_{omit}) = 0

So also near zero-momentum the derivative scheme is completely independent of mode counting and therefore insensitive to the subtlety connected with the half-bounded fermionic zero mode. The only contribution to (304) comes from (306), so that dM_{susy} dm = − ℏ 2π Integration w.r.t. m gives therefore the correct result for the SUSY-kink mass M_{susy} = − ℏm 2π + O(ℏ^2)

where the integration constant is fixed by the normalization M(m → 0) = 0 [38].

5.5 Discussion

We have shown that the derivative regularization scheme is very insensitive to subtleties connected with mode counting. The reason for this is that the potential linear divergence in the difference of the sums in the mode energies is by differentiation converted into vanishing contributions. Without the derivative this linear divergence is controlled by correct mode counting and the asymptotic values of the scattering phase which is very sensitive on the branch cut position. Also the information about half bounded states is encoded in the asymptotic values of the scattering phase and can as such never be seen in derivative regularization, because only terms with the derivative of the scattering phases contribute in this scheme. The derivative δ^′ is the same for all branch cut position. As can be seen from (306) it contains the logarithmic divergence which combines and cancels with the counter-term and the supersymmetric part of the fermionic and bosonic kink mass contribution. The non-supersymmetric contribution which despite SUSY gives a correction to the kink mass is completely given by the the derivative of the counter-term contribution.

Because this scheme is so stable against subtleties connected with mode counting it is a good benchmark for regularization schemes that might be required to calculate quantum corrections to other quantities then the kink mass.

6 Conclusion

We have seen that stable non-trivial classical solution play an important role also in the quantized theory. Of special interest are static topological solutions, since they become new particle states in the quantized theory. Their stability is guaranteed by the existence of a topological conservation law. Although we have considered only two-dimensional theories, the conclusions are dimension independent. The existence of a topological conserved current is sufficient for the existence of a Hilbert space sector, which is independent of the usual vacuum sector. Of course it is much more involved to find non-trivial solutions in higher dimensions and as mentioned (Derrick’s theorem) it is not possible within a simple scalar field theory but one needs gauge fields for a possible existence of topological non-trivial solution. Another important feature of solitonic solution is that they are non-perturbative results. That is that they are proportional to the inverse coupling constant and thus have an essential singularity in the weak coupling limit. From this is clear that they are not traceable within a standard perturbation theory. Thus they become important in the strongly coupled regime, where standard perturbation theory is not applicable. Especially the possible duality between ordinary quanta of the quantum field theory and bound states of solitons make them very interesting for perturbative quantum theoretical considerations in the strongly coupled regime. The discussion of the last decade has shown that the quantization procedure in the presence of a non-trivial background like solitons is a highly non-trivial issue. For the renormalization/regularization procedure one has to compare the trivial and non-trivial sector, respectively. The crux is to find a regularization scheme so that the two sectors can be compared in a consistent manner within the regularization procedure, i.e. one needs a consistency relation between the “cutoffs” of the two sectors. We considered mode- energy cutoff- and derivative regularization schemes. We excluded dimensional regularization since the existence of our considered solitonic solutions depends on the dimension. Also we did not consider zeta function regularization, although it is proved to be working perfectly to regularize functional determinants, but it is incompatible with symmetry transformations including fermionic degrees of freedom like supersymmetry [51].

One of the crucial points in mode regularization are the boundary conditions which one sets up in the two sectors. As we have shown they can be derived from a very simple symmetry principle. The power of this symmetry principle, besides its simplicity, is its generality. It is not restricted to two dimensions or supersymmetric theories. We were able to show that all combinations of boundary conditions, allowed by this principle, give the unambiguous and correct result for the quantum corrections of the kink masses. To compare the two sectors consistently one has to consider an equal number of modes in the both sectors. This is equivalent to the requirement that the two regularized Hilbert spaces, or path integration domains in functional-language, have the same dimension and are thus isomorphic. There is a profound subtlety connected with the occurrence of zero modes and their counting. Especially in the case of fermions we could resolve this with an additional knowledge gained by the Levinson theorem. This is still an unsatisfactory state within the regularization procedure, but the realization of the correct boundary conditions through our symmetry principle and the need of half counting of the fermionic zero mode is an important step towards the complete resolution of this issue. There seems to be an attractive connection to index theorems of Dirac operators in a non-trivial background in connection with non-trivial spin structures. This of course has to be investigated further and an important point will be the proper treatment of the fermionic zero mode within the framework of collective coordinates and respecting the constraints, which are always present for first order systems like fermions.

For the energy-momentum cutoff scheme we have given a heuristic principle to find a relation between the cutoffs in the different sectors. We think that also for the energy-momentum cutoff regularization scheme the consistency between the two sectors is given by the equal dimension (isomorphy) of the different (regularized) Hilbert spaces or path integration domains, respectively. It is impossible to set up in a consistent way a common strict cutoff since the presence of the kink changes in a nontrivial way the density of states which determine the dimension of the space in the continuous case. Our heuristic principle of the “equality” of the regularized units is of course only an idea of what really happens. Especially the space dependence of the cutoff is somewhat strange. That the procedure nevertheless works well seems to be a result of the decoupling of the infrared and UV modes. Also the stability against deformations of the space-dependence indicates that the space dependence information is redundant and that a more fundamental principle should not include it. Nevertheless it is questionable weather it is possible to base the energy-momentum cut off regularization on fundamental principles which are completely independent of mode counting arguments, at least for the discrete modes. A more constructive approach, relying on the requirement of isomorphic Hilbert spaces, relates the kink cutoff to the vacuum cut off by setting the integrals over the difference of the densities equal to the number of discrete states, i.e. ∫ dkρ_{reg} (k) = ∫ dk ∫_∞ −∞ dz [θ(Λ_K − |k|)ξ^∗_K (k, z)ξ_K (k, z) − θ(Λ_V − |k|)ξ^∗_V (k, z)ξ_V (k, z)]^!= −#_d. But in spite of the still open problems in energy-momentum cutoff regularization we have showed in an continuum calculation, i.e. independent of any boundary conditions, that there is no possibility to set up a common strict cutoff in both sectors.

In addition we have shown that the derivative regularization scheme, developed in [38], is completely independent of mode counting arguments. Most subtleties in the regularization procedure are connected with the potentially linearly divergent Casimir-like energy contributions. This is completely circumvented by the derivative regularization. Thus this scheme provides a very robust cross check for other schemes and principles. The disadvantage of the derivative regularization scheme is that it is not applicable for anomaly considerations and thus, although very comfortable and consistent, one has to use and consistently formulate other regularization schemes in addition.

Summarizing the results of this work we can say that the mode regularization scheme is the one with the most advantages. The invention of the symmetry principle to find the correct boundary conditions, the independence of the combination of the allowed boundary conditions and the realization of the half counting fermionic zero mode are very encouraging results for further investigations of the important issue of non-perturbative quantum field theory

7 Appendix

7.1 Stability equation

The Sine-Gordon and ϕ^4 kink are members of a family of kinks whose zero mode of the stability equation is η_{l,0}(z) = ϕ^′_K (z) ∝^1_{coshl z} , where l = 1 corresponds to the SG- kink and l = 2 to the ϕ^4- kink [43]. The stability equation for this family is given by [42] O_lξ = ( −∂^2_z − l(l + 1) cosh^2 z

+ l^2 ) ξ = Eξ and can be solved using supersymmetric methods [42]. The operator O_l can be factorized into O_l = A^†_l A_l with

A_l = ∂_z + l tanh z , A^†_l = −∂_z + l tanh z

The discrete spectrum (bound states) consists of the zero mode ξ_{l,0}(z) = N_l 1 cosh^l z

, E_0 = 0

and a set {m = 1, . . . , l − 1} of excited states ξ_{l,m}(z) = N_{l,m}A^†_l (z) . . . A^†_{l−m+1}(z) [ 1 cosh^{l−m} z ] , E_{l,m} = l^2 − (l − m)^2

The continuous spectrum has the form

ξ_l(q, z) = N_l(q)A^†_l (z)A^†_{l−1}(z) . . . A^†_1(z) [ e^{iqz} 2π ] , E_l(q) = q^2 + l^2 (312)

where the factors N are proper normalization constants ( ∫ dzξ^∗(q, z)ξ(q^′, z) = δ(q − q^′)). The eigen-functions form a complete set. The mode energies of the quantum fluctuations around the kink are therefore given as

ω^K_l = m √ E_l For SG the explicit form of the spectrum is:

ω^K_0 = 0 ξ_0(z) = N_0 1 cosh z

(313)

ω^K (q) = m √ q^2 + 1 ξ(q, z) = N(q) (tanh z − iq) e^{iqz} (314)

For the ϕ^4 model the spectrum is:

ω^K_0 = 0 ξ_0(z) = N_0 1 cosh^2 z

(315)

ω^K_1 = m √ 3 2 ξ_1(z) = N_1 sinh z cosh^2 z

(316)

ω^K (q) = m √ ( q 2 )^2 + 1 ξ(q, z) = N(q) ( 3 tanh^2 z − 1 − q^2 − i3q tanh z ) e^{iqz} (317)

7.2 Fermionic eigen modes

Complex waves ψ±:

SG − model ω = 0 ξ_0(z) = N_0 1 cosh z ρ_0 = 0 ω_±(k) = ±m √ k^2 + 1 ξ((k, z) = N_k(tanh z − ik)e^{ikz} ρ(k, z) = −iN_k √ k^2 + 1e^{ikz}

ϕ^4 − model ω = 0 ξ_0(z) = N_0 1 cosh^2 z ρ_0 = 0 ω_{1,±} = ±m √ 3 2 ξ_1(z) = N_1 sinh z cosh^2 z ρ_1(z) = −iN_1 1 √ 3 1 cosh z ω_±(k) = ±m √ ( k 2 )^2 + 1 ξ(k, z) = N_k(3 tanh^2 z − 1 − k^2 − i3k tanh z)e^{ikz} ρ(k, z) = −iN_k √ k^2 + 4(tanh z − ik)e^{ikz}

Parity eigen-functions u_±, ϕ_±(continuum states):

SG − model : u_± : ξ^g (k, z) = iN_k(tanh z sin kz − k cos kz) . . . even ρ^g(k, z) = N_k √ k^2 + 1 sin kz . . . odd ϕ_± : ξ^u(k, z) = N_k(tanh z cos kz + k sin kz) . . . odd ρ^u(k, z) = −iN_k √ k^2 + 1 cos kz . . . even

ϕ^4 − model : u_± : ξ^g = N_k [ (3 tanh^2 z − 1 − k^2) cos kz + 3k tanh z sin kz ] ρ^g = −iN_k √ k^2 + 4(tanh z cos kz + k sin kz) ϕ_± : ξ^u = iN_k [ (3 tanh^2 z − 1 − k^2) sin kz − 3k tanh z cos kz ] ρ^u = N_k √ k^2 + 4(tanh z sin kz − k cos kz)

7.3 Euler-MacLaurin formula

The Euler-MacLaurin formula is given by [9]:

N∑ n=ν f(n) = ∫_N ν dnf(n) + 1 2 (f(ν) + f(N)) + S_n (318)

with

S_n :=

B_2 2! f^′ +

B_4 4! f^{(3)} + · · · + B_{2p} (2p)!

f^{(2p−1)} |^N_ν +R_p, p = 2, 3, . . . ,

where B_k are the Bernoulli numbers and the rest is

R_p = 1 (2p + 1)! ∫_N ν f^{(2p+1)}(x)C_{2p+1}(x)dx.

The functions C_k (x) are the modified Bernoulli polynomials.

References

[1] I. Stewart, Mathematik, Probleme-Themen-Fragen, Birkhäuser 1990 [2] N.J. Zabusky and M. D. Kruskal, Phys. Rev. Lett. 15, 240 (1965) [3] R. Rajaraman, Solitons and Instantons, North-Holland, 1982 [4] N. Seiberg and E. Witten, Nucl. Phys. B431 (1994) 484; ibid. B426 (1994) 19; E: ibid.

B430 (1994) 485.

[5] A. d’Adda and P. di Vecchia, Phys. Lett. B73 (1978) 162; A. d’Adda, R. Horsley and P.

di Vecchia, Phys. Lett. B76 (1978) 289; R. Horsley, Nucl. Phys. B151 (1979) 399; R. K. Kaul and R. Rajaraman, Phys. Lett. B131 (1983) 357; C. Imbimbo and S. Mukhi, Nucl. Phys. B247 (1984) 471; H. Yamagishi, Phys. Lett. B147 (1984) 425; A. K. Chatterjee and P. Majumdar, Phys. Rev. D30 (1984) 844, Phys. Lett. 159B (1985) 37.

[6] R. K. Kaul and R. Rajaraman, Pramana 24:837,1985. [7] S. Coleman, Phys. Rev. D11 (1975) 2088 [8] S. Coleman, Aspects of Symmetry, Cambridge University Press, 1999 [9] E. Zeidler, Teubner-Taschenbuch der Mathematik, Teubner 1996 [10] S.S. Chern, W.H. Chen, K.S. Lam, Lectures on Differential Geometry, World Scientific, 1999 [11] J. Rubinstein, Sine-Gordon Equation, J. Math. Phys. 11, 258 (1970) [12] A. Scott, Nonlinear Science, Oxford 1999 [13] L.Hand, J. Finch, Analytical Mechanics, Cambridge University Press, 1998 [14] H. Kalka, G. Soff, Supersymmetrie, Teubner, Stuttgart,1997 [15] H. Knobloch, F. Kappel, Gewöhnliche Differentialgleichungen, Teubner, Stuttgart 1974 [16] W. Nolting, Grundkurs Theoretische Physik 2 Analytische Mechanik, Verlag Zimmermann-Neufang, Ulmen 1993 [17] F. A. Berezin and M. S. Marinov, Ann. Phys. 104, 336 (1977) [18] F. A. Berezin, The Method of Second Quantization, Pure and Applied Physics, Academic Press 1966 [19] P.G.O. Freund, Introduction to Supersymmetry, Cambridge 1968 [20] G. Roepstorff, Pfadintegrale in der Quantenphysik, Vieweg, Braunschweig 1991 [21] G. Rosen, Formulations of Classical and Quantum Dynamical Theory, Academic Press, New York and London 1969 [22] L. Schulman, Techniques and Applications of Path Integration, John Wiley & Sons, 1981

[23] M. Henneaux and C Teitelboim, Quantization of Gauge Systems, Princeton 1992 [24] C. Grosche, F. Steiner, Handbook of Feynman Path Integrals, Springer Tracts in Modern Physics 145, Berlin Heidelberg 1998 [25] R. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D10 4114 (1974); Phys. Rev. D10 4130-4138 (1974);Phys. Rev. D10 4138 (1974) [26] R. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D11 3424 (1975) [27] R. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D12 2443 (1975) [28] K. Huang, Quantum Field Theory. From Operators to Path Integrals, Wiley, New York, USA 1998 [29] K. Huang, Quarks, Leptons & Gauge Fields, world Scientific, Singapore 1992. [30] M. Peskin D. Schroeder, An Introduction to Quantum Field Theory, Addison-Wesley 1995 [31] L. H. Ryder, Quantum Field Theory, Cambridge 1996 [32] I. M. Gel’fand and A. M. Yaglom, Integration in Functional Spaces and its Application in Quantum Physics, Jour. Math. Phys 1, 48 (1960) [33] A. S. Goldhaber, A. Litvintsev and P. van Nieuwenhuizen, Mode regularization of the susy sphaleron and kink: zero modes and discrete gauge symmetry, Phys. Rev. D64 045013 (2001); hep-th/0011258 [34] A. Litvintsev and Peter van Nieuwenhuizen, Once more on the BPS bound for the susy kink, hep-th/0010051 [35] A. S. Goldhaber, A. Litvintsev and P. van Nieuwenhuizen, New results for the supersymmetric kink, hep-th/0011273 [36] M. Shifman, A. Vainshtein and M. Voloshin, Anomaly and Quantum Corrections to Solitons in Two-Dimensional Theories with Minimal Supersymmetry, Phys. Rev. D59 045016 (1999) [37] K. Schoutens, Nucl. Phys. B344 665 (1990) [38] H. Nastase, M. Stephanov, P. van Nieuwenhuizen and A. Rebhan, Topological boundary conditions, the BPS bound, and elimination of ambiguities in the quantum mass of solitons, Nucl. Phys. B542 (1999) 471-514, hep-th/9802074 [39] A. Rebhan and P. van Nieuwenhuizen, No saturation of the quantum Bogomolnyi bound by two-dimensional N=1 supersymmetric solitons, Nucl. Phys. B508, 449 (1997) [40] R. Jackiw, Quantum meaning of classical field theory, Rev. Mod. Phys. 49, 681 (1977) [41] R. Friedberg, T. D. Lee and A. Sirlin, Phys. Rev. D13, 2739 (1976) [42] J. Casahorrán. Quantum-mechanical tunneling: differential operators, zeta-functions and determinants, quant-ph/0011059

[43] L. Boya and J. Casahorrán, Quantum masses for a general family of bidimensional kinks, Phys. Rev. D41, 1342 (1990) [44] A. J. Niemi, Spectral density and a family of Dirac operators, Nucl. Phys. B253, 14 (1985) [45] A. J. Niemi and G. W. Semenoff, Fermion number fractionization in Quantum Field Theory, Phys. Rep. 135, 99 (1986) [46] P. Di Vecchia and S. Ferrara, Nucl.Phys. B130, 93 (1977) [47] J. Hruby, Nucl. Phys. B131, 275 (1977) [48] J.F. Schonfeld, Nucl. Phys. B161, 125 (1979) [49] N. Graham and R. L. Jaffe, Nucl. Phys. B544, 432 (1999) [50] F. R. Klinkhamer, Talk given at HEP 2001 Conference, Budapest 2001; F.R. Klinkhamer and C. Mayer, hep-th/0105310 [51] A. Rebhan, Phys. Rev. D39, 3101 (1989)