arXiv:hep-th/0109126 v2 20 Dec 2001

September 2001

Stringy Domain Walls of N = 1, D = 4 Supergravity

J. Gutowski

Department of Physics, Queen Mary College, Mile End, London, E1 4NS

Abstract

We examine domain wall solutions of N = 1, D = 4 supergravity which preserve half of the supersymmetry and arise from Euclidean M2-brane instantons on M5-branes wrapping associative 3-cycles of G_2-holonomy manifolds. We also investigate composite solutions which break an additional half of the supersymmetry.

1 Introduction

There has been considerable interest shown in recent months in the geometry of sevendimensional manifolds with holonomy G_2. At the level of ten and eleven dimensional supergravity theories, the fact that such manifolds preserve a proportion of supersymmetry and possess parallel spinors means that new solutions corresponding to branes in non-trivial backgrounds may be constructed. In this context, new non-compact G_2 metrics are particularly important [1], [2], [3]; and they are related to various types of domain wall geometries [4]. Furthermore, such solutions may be used to probe possible dualities between supergravity theories and field theory [5], [6], [7], [8]. Another important aspect of G_2 holonomy manifolds is the fact that eleven dimensional supergravity compactified on a 7-manifold of G_2 holonomy reduces to N = 1, D = 4 supergravity, which is of special significance phenomenologically.

In this paper we shall examine some aspects of supersymmetric solutions of a N = 1, D = 4 supergravity theory obtained from such a G_2 compactification. This investigation is a continuation of that presented in [9], in which some aspects of the moduli space of G_2 structures examined in [10] and [11] were used to simplify the couplings of the four-dimensional theory, and some solutions were presented. The examples we consider are motivated by M-brane configurations in eleven dimensions wrapped in various fashions on a compact G_2 holonomy manifold. We shall concentrate on solutions which are associated with the wrapping of M5-branes on supersymmetric cycles of the G_2 manifold associated with calibrated geometries. For example, the geometry of a M5-brane in directions 012389 wrapping an associative supersymmetric 3-cycle of the G_2 manifold along 1234567 may be represented schematically as M5 : 0 , 1 , 2 , 3 , ∗ , ∗ , ∗ , ∗ , 8 , 9 , ∗ G_2 : − , X , X , X , X , X , X , X , − , − , − , (1) and compactifying on the G_2 manifold produces a 2-brane solution, i.e. a domain wall. We remark that such solutions do not possess, a priori from these constraints, the physical properties of domain walls summarized in [12], such as disconnected supersymmetric extrema of the potential. This depends on the form of the superpotential used in the theory, and we shall examine this in more detail later.

It is also possible for an M5-brane to wrap a co-associative supersymmetric calibrated 4-cycle of the G_2 manifold. Using the same notation this is given by M5 : 0 , 1 , ∗ , 3 , 4 , ∗ , 6 , ∗ , 8 , ∗ , ∗ G_2 : − , X , X , X , X , X , X , X , − , − , − . (2) This solution corresponds to a stringy cosmic string solution in four dimensions [13], [14]. Both (1) and (2) preserve^1_{16} of the D = 11 supersymmetry, i.e.^1_2 of the D = 4 supersymmetry. It is also possible to take the orthogonal intersection of two M5-branes over a 3-brane, wrapping one of the M5-branes on a co-associative cycle, and the other on an associative cycle. This gives M5 : 0 , 1 , 2 , 3 , ∗ , ∗ , ∗ , ∗ , 8 , 9 , ∗ M5 : 0 , 1 , ∗ , 3 , 4 , ∗ , 6 , ∗ , 8 , ∗ , ∗ G_2 : − , X , X , X , X , X , X , X , − , − , − . (3)

This solution breaks another half of the eleven dimensional supersymmetry, and preserves only^1_4 of the D = 4 supersymmetry. It is a composite string and domain wall solution.

The plan of this paper is as follows. In section 2 we present the truncated N = 1, D = 4 supergravity action together with its field equations and supersymmetry constraints. We also summarize how geometric constraints imposed by requiring that the compactifying 7-manifold has G_2 holonomy simplify the couplings, and discuss some properties of superpotentials. In section 3 we derive various supersymmetry constraints associated with domain wall and composite string and domain wall solutions preserving 1 2 and^1_4 of the N = 1, D = 4 supersymmetry respectively. In section 4 we investigate numerically the properties of domain wall type solutions obtained from various M2- brane instanton superpotentials. In section 5 we present some conclusions.

2 N = 1 D = 4 Supergravity

In this section we summarize some important details of N = 1, D = 4 supergravity. We also present the constraints obtained on the various couplings when the four dimensional theory is obtained from compactification of eleven-dimensional supergravity on a manifold of G_2 holonomy.

2.1 Supergravity Action and Killing Spinor Equations

The geometric data that determine the various couplings of the N = 1 four-dimensional supergravity theory consists of n vector and m chiral multiplets together with

• (i) A Kähler-Hodge manifold M of complex dimension m with Kähler potential K. • (ii) A vector bundle E over M of rank n for which its complexified symmetric product admits a holomorphic section h.

• (iii) A locally defined holomorphic function f on M.

• (iv) Sigma model maps, z, from the four-dimensional spacetime Σ into the manifold M.

• (v) A principal bundle P on the four-dimensional spacetime Σ with fibre the abelian group U(1)^n such that the pull back of E with respect to z is isomorphic to P ×_{U (1)}n LU(1)^n , where LU(1)^n is the Lie algebra of U(1)^n.

The bosonic part of the N = 1, D = 4 supergravity action is [15], [16], [17] L = √ −g[ 1 2 R(g) − 1 4 Reh_{ab}F^a_{M N} F^{bM N} + 1 4 Imh_{ab}F^a_{M N}^⋆F^{bM N} − γ_i¯_j ∂_M z^i∂^M z^{j̄} − V ] (4)

where V = e^K [γ^{ij̄} D_ifD¯_j f̄ − 3|f|^2] + 1 2 D_aD^a , (5)

F^a_{M N} = ∂_M A^a_N − ∂_N A^a_M , (6) D_if = ∂_if + ∂_iKf , (7) A^a_N are U(1) (Maxwell) gauge potentials and the D_a are constants associated to a Fayet-Iliopoulos term. The gauge indices a, b = 1, . . . , n are raised and lowered with Reh_{ab}; i, j = 1, . . . , m and M, N = 0, . . . , 3 are holomorphic sigma model manifold and spacetime indices, respectively.

In this paper, we shall consider solutions of N = 1, D = 4 supergravity which preserve some proportion of the supersymmetry. The Killing spinor equations of (4) in a bosonic background are most conveniently expressed in terms of a real 4-component Majorana spinor ϵ as

2(∂_M + 1 4 ω_{M AB}Γ^{AB} )ϵ − (Im(K_i∂_M z^i) + e^{K2} (Ref − ImfΓ^5)Γ_M ϵ = 0 , (8) ( − 1 2 F^a_{M N} Γ^{M N} + Γ^5D^a)ϵ = 0 (9) and (Re(∂_M z^i) − Γ^5Im(∂_M z^i))Γ^M ϵ − e^{K2} (Re(γ^{ij̄} D¯_jf̄ ) − Γ^5Im(γ^{ij̄} D¯_jf̄ ))ϵ = 0 , (10)

where underlined indices A, B denote tangent frame indices and Γ^5 = Γ^0Γ^1Γ^2Γ^3. For our spinor conventions see the appendix.

The field equations of the supergravity action (4) are the following:

• (1) The Einstein equations are:

G_{M N} − Reh_{ab}F^a_{M L}F^b_N^L − 2γ_i¯_j ∂_{(M} z^i∂_{N )}z^{j̄}

+g_{M N} ( 1 4 Reh_{ab}F^a_{LP} F^{bLP} + γ_i¯_j ∂_Lz^i∂^Lz^{j̄} + V ) = 0 .

(11)

• (2) The Maxwell field equations are:

∂_M [ √ −g(Reh_{ab}F^{bM N} − Imh_{ab}^⋆F^{bM N} )] . (12) • (3) The scalar equations; varying z^ℓ gives the equation − 1 8 ∂_ℓh_{ab}F^a_{M N} F^{bM N} − ∂_ℓV − i 8 ∂_ℓh_{ab}F^a_{M N}^⋆F^{bM N} +γ_ℓ¯_j (∇_M ∂^M z^{j̄} + Γ^{j̄}¯_i¯_k∂_M z^ī∂^M z^{k̄}) = 0 ,

(13)

where ∇_M is the covariant derivative with respect to the Levi-Civita connection of the spacetime metric and

∂_ℓV = ∂_ℓ(e^K γ^{ij̄} D_if)D¯_jf̄ − 2e^Kf̄ D_ℓf + 1 2 ∂_ℓ(D_aD^a) . (14)

Taking the conjugate of this equation, one obtains the field equation for z^{ℓ̄}.

We remark that stringy cosmic string solutions with non-vanishing Fayet-Iliopoulos terms arising from taking D^a ≠ 0 have been found in [18]. For the remainder of this paper we shall set D^a = 0.

2.2 M-Theory Compactification on G_2 Manifolds

The relationship between the supergravity action (4) and the action of eleven dimensional supergravity compactified on manifolds of G_2 holonomy has been examined in detail in [19] and [9]. We shall summarize some of the results which are of particular use for our purposes. Suppose that the G_2-holonomy manifold is N; {ϕ_i; i = 1, . . . , m = b_3} is a basis of H^3(N, R) and {ω_a; a = 1, . . . , n = b_2} is a basis of H^2(N, R). Then the complex sigma model co-ordinates may be written as z^i = −^1_2 (s^i + ip^i) for s^i, p^i ∈ R. Setting ϕ = s^iϕ_i (15) the various couplings of the four dimensional theory obtained from the compactification of eleven dimensional supergravity are ds^2 = γ_i¯_j dz^idz̄^j = k_{ij} (s)ds^ids^j + m_{ij} (s)dp^idp^j m_{ij} (s) = 1 4 ∫ N √ G d^7y ∫ N √ G d^7y (ϕ_i, ϕ_j )

Reh_{ab}(s) = 1 2 ∫ N √ G d^7y (ω_a, ω_b) = 1 2 ∫ ω_a ∧ ∗ω_b = − 1 2 ∫ N ω_a ∧ ω_b ∧ ϕ Imh_{ab}(p) = − 1 2 p^i ∫ N ω_a ∧ ω_b ∧ ϕ_i = − 1 2 p^iC_{iab} .

(16)

We shall denote the volume of the compact G_2 holonomy manifold by Θ. With respect to the G_2 moduli co-ordinates described here, Θ = Θ(s^i) is homogeneous of degree^7_3 with respect to the s^i, and the Kähler potential is related to Θ by K = − 3 7 log Θ . (17)

It remains to consider the role played by the superpotential f. Such terms do not arise from direct compactifications of eleven dimensional supergravity using the ansatz presented above to four dimensions. However, a superpotential may originate from some non-vanishing 4-form flux F^0 along the compact directions. Such a superpotential has been considered in [20], [21] and [22]. In this case, the potential is specified via

Re f(z) = ∫ N ϕ ∧ F^0 . (18)

However, it has been argued that obtaining f from the 4-form flux is not consistent with the compactness of the G_2 manifold [23]. An alternative mechanism for generating potentials is the wrapping of M2-branes on associative 3-cycles of G_2 manifolds. The contribution to the superpotential from such an M2-brane instanton is [24]

△f(z) = μe^z (19)

where μ > 0 is constant and z = z^iδ_i for real constants δ_i. It has however been argued that there generically exist obstructions to the construction of a locally smooth moduli space of associative cycles [25], although there are special cases when there does exist a smooth moduli space. More recently, it has been proposed in [26] and [24] that the contribution from multiple M2-brane instantons may be obtained by taking the sum f(z) = μ ∞∑ n=1 e^{nz} n^2

. (20)

We shall concentrate on supergravity solutions corresponding to (19) and (20) .

3 Stringy Domain Wall Solutions

In order to investigate domain wall solutions, and composite string and domain wall solutions we shall consider the following ansatz;

ds^2 = A^2(w, w̄)ds^2(R^{1,1}) + ds^2_{(2)} z^i = z^i(w, w̄) A^a = 0

(21) where ds^2_{(2)} is a metric on the manifold spanned by w, w̄ where w = x+iy and w̄ = x−iy for x, y ∈ R. Without loss of generality, we shall take

ds^2_{(2)} = B^2(x, y)(dx^2 + dy^2) (22)

to be diagonal, using the fact that any metric on a Riemann surface is locally conformally flat.

Substituting this ansatz into the Killing spinor equations, we find that

∂_xAΓ_x + ∂_y AΓ_yϵ + ABe^{K2} (Ref + ImfΓ^5)ϵ = 0 (23)

together with

2∂_xϵ − ∂_xlogAϵ + ∂_y log B A Γ_xΓ_y ϵ − Γ^5Im(K_i∂_xz^i)ϵ = 0

2∂_y ϵ − ∂_ylogAϵ − ∂_xlog B A Γ_xΓ_y ϵ − Γ^5Im(K_i∂_y z^i)ϵ = 0

(24)

and (Re∂_xz^i − Γ^5Im∂_xz^i)Γ_xϵ + (Re∂_y z^i − Γ^5Im∂_y z^i)Γ_y ϵ −Be^{K2} (Re(γ^{ij̄} D¯_jf̄) − Γ^5Im(γ^{ij̄} D¯_jf̄ ))ϵ = 0

(25)

The solutions which we shall concentrate on have f ≠ 0 and preserve^1_4 of the supersymmetry. We may begin by examining (25) . If we work in a real basis, so that ϵ = ( ϵ_1 ϵ_2 ) (26)

with ϵ_1, ϵ_2 real; then (25) implies

(σ^1 − 1)[2i∂_wz^iη̄ + Be^{K2} γ^{ij̄} D¯_jf̄η] = 0 (σ^1 + 1)[ − 2i∂_{w̄}z^iη̄ + Be^{K2} γ^{ij̄} D¯_jf̄η] = 0

(27)

where η = ϵ_1 + iϵ_2. Suppose now that there exists i such that γ^{ij̄} D¯_jf̄ = 0. Then for these i, these equations may be solved by taking z^i constant. Alternatively, one may have z^i = z^i(w) non-constant holomorphic with Γ^5Γ_xΓ_y ϵ = −ϵ; or z^i = z^i(w̄) nonconstant anti-holomorphic with Γ^5Γ_xΓ_y ϵ = ϵ (however if there exists more that one value of i such that γ^{ij̄} D¯_jf̄ = 0 then one cannot have a supersymmetric solution with a mixture of corresponding non-constant holomorphic and anti-holomorphic complex scalars).

Suppose now we consider i for which γ^{ij̄} D¯_jf̄ ≠ 0. Define

ψ^i = 2i∂_wz^i[Be^{K2} γ^{ij̄} D¯_jf̄ ]^{−1} τ^i = −2i∂_{w̄}z^i[Be^{K2} γ^{ij̄} D¯_jf̄]^{−1}

(28)

Then one requires for these i;

(1 − σ^1)(ψ^iη̄ + η) = 0 (1 + σ^1)(τ^iη̄ + η) = 0

(29)

There are several possibilities. Firstly, note that one cannot have a supersymmetric solution with both ψ^i = τ^i = 0. If ψ^i = 0 then it turns out that Γ^5Γ_xΓ_y ϵ = −ϵ. If τ^i = 0, however, then Γ^5Γ_xΓ_y ϵ = ϵ. Alternatively, one may have ψ^i, τ^i both nonzero. It turns out that if both |ψ^i| ≠ 1 and |τ^i| ≠ 1 then the solution cannot be supersymmetric. If however, |ψ^i| ≠ 1 but |τ^i| = 1 then one has Γ^5Γ_xΓ_y ϵ = −ϵ. Another possibility is to take |τ^i| ≠ 1 and |ψ^i| = 1; then Γ^5Γ_xΓ_y ϵ = ϵ. We shall see that these solutions generically preserve^1_4 of the supersymmetry. They correspond to a superposition of string and domain wall solutions. Before considering this case, we shall consider the remaining case in which we take |τ^i| = |ψ^i| = 1. These conditions have been examined previously in [9] and they give solutions which preserve half of the supersymmetry. It is useful to recap these results here.

3.1 Half Supersymmetric Solutions

Writing ψ^i = e^{iθi} , τ^i = e^{iϕi} for real θ^i, ϕ^i, the supersymmetry constraint (25) for |τ^i| = 1 and |ψ^i| = 1 is satisfied by taking

ϵ_1 = sin ϕ^i ( λ^i λ^i ) + sin θ^i ( −μ^i μ^i )

ϵ_2 = −(1 + cos ϕ^i) ( λ^i λ^i ) − (1 + cos θ^i) ( −μ^i μ^i ) (30)

for real μ^i, λ^i. Analogous reasoning may be used to consider (23) . In particular, (23) may be written as (σ^1 − 1)[2i∂_wAη̄ − ABe^{K2} f̄η] = 0 (σ^1 + 1)[ − 2i∂_{w̄}Aη̄ − ABe^{K2} f̄η] = 0 .

(31)

Defining Ω = −2i∂_wA(ABe^{K2} f̄ )^{−1} Λ = 2i∂_{w̄}A(ABe^{K2} f̄)^{−1}

(32)

we note that (23) is equivalent to

(σ^1 − 1)(Ωη̄ + η) = 0 (σ^1 + 1)(Λη̄ + η) = 0

. (33)

Hence the reasoning used to determine the various possible values of ψ^i, τ^i also applies to Ω and Λ.

So, we have shown that (23) and (25) imply that Γ^5Γ_xΓ_y ϵ ≠ ±ϵ. Furthermore, if γ^{ij̄} D¯_jf̄ = 0 then z^i is constant, and if γ^{ij̄} D¯_jf̄ ≠ 0 then ψ^i = Ω and τ^i = Λ with |Ω| = |Λ| = 1. ϵ is given by (30) .

It is also necessary to examine (24) . This constraint may be rewritten as

4∂_{w̄}ϵ̂ − 2i∂_{w̄}log B A Γ_xΓ_yϵ̂ + iΓ^5(−∂_{w̄}K + 2K_i∂_{w̄}z^i)ϵ̂ = 0 , (34)

where ϵ̂ = A^{− 12} ϵ. In this case τ^i = Λ and ψ^i = Ω imply (for f ≠ 0)

−∂_{w̄}z^i = A^{−1}∂_{w̄}Af̄^{−1}γ^{ij̄} D¯_jf̄ −∂_wz^i = A^{−1}∂_wAf̄^{−1}γ^{ij̄} D¯_jf̄

(35)

and we solve the supersymmetry constraints by taking Λ = e^{iϕ}, Ω = e^{iθ}, for θ, ϕ ∈ R with ϵ̂_1 = sin ϕ ( λ̂ λ̂ ) + sin θ ( −μ̂ μ̂ )

ϵ̂_2 = −(1 + cos ϕ) ( λ̂ λ̂ ) − (1 + cos θ) ( −μ̂ μ̂ ) (36)

where λ̂, μ̂ ∈ R. Then (24) implies that

4∂_{w̄} (λ̂ sin ϕ) + i(1 + cos ϕ)(∂_{w̄}(K + 2log B A ) − 2K_i∂_{w̄}z^i)λ̂ = 0

−4∂_{w̄}((1 + cos ϕ)λ̂) + i sin ϕ(∂_{w̄}(K + 2log B A ) − 2K_i∂_{w̄}z^i)λ̂ = 0

4∂_{w̄} (μ̂ sin θ) + i(1 + cos θ)(∂_{w̄} (K − 2log B A ) − 2K_i∂_{w̄}z^i)μ̂ = 0

−4∂_{w̄}((1 + cos θ)μ̂) + i sin θ(∂_{w̄} (K − 2log B A ) − 2K_i∂_{w̄}z^i)μ̂ = 0 .

(37)

This is solved by taking λ̂ = ξ √ 1 + cos ϕ

μ̂ = ζ √ 1 + cos θ

(38)

for constant ξ, ζ ∈ R and B, ϕ and θ are determined by

∂_{w̄}(2ϕ + i(K + 2log B A )) = 2iK_i∂_{w̄}z^i

∂_w(−2θ − i(K + 2log B A )) = −2iK_i∂_wz^i (39)

We note that these solutions generically preserve^1_2 of the supersymmetry.

It is straightforward to check that these conditions ensure that the scalar and Einstein field equations hold.

3.2 Quarter Supersymmetric Solutions

We shall concentrate on the case Γ^5Γ_xΓ_y ϵ = −ϵ for which |τ^i| = 1, as the case Γ^5Γ_xΓ_y ϵ = +ϵ follows by analogous reasoning. When Γ^5Γ_xΓ_y ϵ = −ϵ, the Killing spinor can be written as ϵ_1 = sin ϕ^i ( λ^i λ^i )

ϵ_2 = −(1 + cos ϕ^i) ( λ^i λ^i ) . (40)

In addition, (23) may be written as (σ^1 + 1)[ − 2i∂_{w̄}Aη̄ − ABe^{K2} f̄η] = 0 . (41) Then defining Λ = 2i∂_{w̄}A(ABe^{K2} f̄ )^{−1} (42) we note that (23) is equivalent to (σ^1 + 1)(Λη̄ + η) = 0 . (43) So, for the case Γ^5Γ_xΓ_y ϵ = −ϵ, (23) and (25) imply that z^i = z^i(w) is holomorphic iff γ^{ij̄} D¯_jf̄ = 0 . If however γ^{ij̄} D¯_jf̄ ≠ 0 then τ^i = Λ and Λ = e^{iϕ} (44) for ϕ = ϕ^i ∈ R.

It is also necessary to examine (24) . This constraint may be rewritten as

4∂_{w̄}ϵ̂ − 2i∂_{w̄}log B A Γ_xΓ_yϵ̂ + iΓ^5(−∂_{w̄}K + 2K_i∂_{w̄}z^i)ϵ̂ = 0 . (45)

where ϵ̂ = A^{− 12} ϵ. Then τ^i = Λ implies that −∂_{w̄}z^i = A^{−1}∂_{w̄}Af̄^{−1}γ^{ij̄} D¯_jf̄ . (46) The supersymmetry constraints are solved by taking

ϵ̂_1 = sin ϕ ( λ̂ λ̂ )

ϵ̂_2 = −(1 + cos ϕ) ( λ̂ λ̂ ) (47)

for λ̂ ∈ R. Hence (24) is equivalent to

4∂_{w̄} (λ̂ sin ϕ) + i(1 + cos ϕ)(∂_{w̄}(K + 2log B A ) − 2K_i∂_{w̄}z^i)λ̂ = 0

−4∂_{w̄}((1 + cos ϕ)λ̂) + i sin ϕ(∂_{w̄}(K + 2log B A ) − 2K_i∂_{w̄}z^i)λ̂ = 0

. (48)

This is solved by taking λ̂ = ξ √ 1 + cos ϕ

(49) for constant ξ ∈ R and B and ϕ are determined by

∂_{w̄}(2ϕ + i(K + 2log B A )) = 2iK_i∂_{w̄}z^i (50)

From these expressions, it follows that these solutions preserve^1_4 of the supersymmetry. Again, it is straightforward to check that the conditions (44) , (46) and (50) are sufficient to ensure that the scalar and Einstein field equations hold.

4 Half-Supersymmetric G_2-Instanton Solutions

Further simplifications of the supersymmetry constraints may be obtained in the special case when the N = 1, D = 4 supergravity theory arises from the compactification of M-theory on a manifold with holonomy G_2. In particular, as a consequence of the homogeneity properties of the G_2 manifold volume, we have γ^{ij̄} K¯_j = s^i . (51) The conditions presented in the previous section imply that ∂_w(θ − ϕ) = 0 , (52) so that θ − ϕ = const. Furthermore, we note that ∂_{w̄}Ae^{iθ} + ∂_wAe^{iϕ} = 0, so it follows that A depends only on some linear combination of x and y. Without loss of generality we shall take A = A(x). Then (35) implies that z^i = z^i(x), and hence all fields depend only on x. This then fixes the constant to be θ − ϕ = (2n + 1)π , (53) for n ∈ Z. In addition, we require that

∂_x(2ϕ + i(K + 2log B A )) = 2iK_i∂_xz^i , (54)

∂_xz^i = −A^{−1}∂_xA(s^i + f̄^{−1}γ^{ij̄} ∂¯_jf̄) , (55) and ABe^{K2} f̄ e^{iϕ} = i∂_xA . (56) Now, (54) implies that B = A and 2∂_xϕ = K_i∂_xp^i, (57) where we recall for the G_2 ansatz under consideration here, K_i ∈ R. It is straightforward to see that contracting the imaginary portion of (55) with K_i one obtains the relation 1 2 K_i∂_xp^i − ∂_x(Arg f) = 0 , (58)

and so (57) and (56) are consistent, as we expect. We shall set ϕ = Argf +^π_2 so that

A^{−2}∂_xA = e^{K2} |f| , (59)

and we observe that a discontinuity jump of π in ϕ induces a sign change in (59) .

4.1 Instantonic Solutions

We proceed to solve the half-supersymmetric constraints (55) and (56) using the instanton induced superpotentials (19) and (20) . Taking first the single instanton cover (19) we note that (55) implies that ∂_xp^i = 0. We solve this by setting without loss of generality p^i = 0 and as with this choice f ∈ R we take ϕ =^π_2 (θ = −^π_2 ). In addition, (55) may be rewritten as K_i = A^{−2}χ_i − δ_i (60) for real constants χ_i and (56) is

fe^{K2} = −∂_xA^{−1} . (61)

We note that in the case when χ_i = 0 for i = 1, . . . , b_3, K_i, s^i and Θ are constants and A = ζx^{−1} for constant ζ, so the spacetime is simply anti-de-Sitter. For χ_i ≠ 0, it is clear from (60) that at supersymmetric extrema for which D_if = 0, we require A → ∞. A more interesting solution is obtained if we take δ_i = αχ_i ≠ 0 for constant α. Then the solution obtained is a scaling solution with

s^i = (A^{−2} − α)^{−1}χ^i (62)

for constants χ^i satisfying χ^iχ_i = 1. Then the Kähler potential, and the scalar potential and its derivatives are given in terms of A by

K = log|A^{−2} − α| + σ_1 V = σ^2|A^{−2} − α|e^{−α(A−2 −α)−1} [ A^{−4} (A^{−2} − α)^2

− 3] ∂V ∂z^ℓ = α^{−1}σ^2A^{−2}|A^{−2} − α|e^{−α(A−2 −α)−1} [ α^2 (A^{−2} − α)^2 − 2]δ_ℓ , (63) for constants σ_1, σ = μ^2e^{σ1} . The spacetime dependence is fixed by (61) via ∂_xA = σA^2 √ |A^{−2} − α|e^{− α2 (A−2 −α)−1} . (64) It is not possible to obtain a closed form for this solution, however we may examine its generic properties. We begin with the case α > 0. This solution has two branches; one with x_2 < x < x_1 and α^{− 1}2 < A < ∞ and the other with −∞ < x < ∞ and 0 < A < α^{− 12} .

For the first branch, as x → x_2^+, A → α^{− 1}2 and V → ∞. As x increases V decreases and A increases. There is a global minimum of V = V_{min} = −2e^{√2}ασ^2 at x = x_0, at which A = √ 2 + √ 2α^{− 12} . For x > x_0, as A → ∞, V increases with x to attain a (local) maximum value of V = V_{max} = −3eασ^2. We observe that as a consequence of (64) , A → ∞ at some finite x = x_1 > x_0. Furthermore, setting x_1 = 0 (after perhaps making some constant translation), we note that A ∼^κ_x as x → 0 for κ < 0 constant. The behaviour of A and V is sketched in Figure 1.

It is useful to examine motion of a test particle in this background. If ρ is the affine parameter along the geodesic then dρ dA = 1 σ √ |(ϵA^2 + E^2)(A^{−2} − α)| e^{α2 (A−2 −α)−1} , (65)

where ϵ = 0 or ϵ = −1 according to whether we consider a photon or massive particle and E is the constant energy. From this we observe that the particle reaches both x = 0 and x = x_2 in a finite affine parameter, say ρ = 0 and ρ = ρ_2 respectively. As ρ → ρ_2 the scalars s^i, and the potential V and all of their derivatives are unbounded, and the G_2 manifold has a singularity as the G_2 volume Θ vanishes. As ρ → 0 the geometry becomes anti-de-Sitter and all derivatives of V vanish. From this it is apparent that the unique (partial) smooth extension of the solution through ρ = 0 gives a solution defined on a finite interval of affine parameter ρ with a reflection symmetric double-well potential (Figure 2).

At both of the boundaries of this interval where V → ∞, there is a naked curvature singularity at which R → ∞. Although the potential has two minima, they are not supersymmetric. The only supersymmetric (AdS) extremum is the local maximum at x = 0.

For the second branch of the α > 0 solution, A → 0 as x → −∞ and A → α^{− 1}2 as x → ∞. V increases from −∞ to a global maximum of V_{max} = 2σ^2αe^{−√2} at A = α^{− 1}2 √ 2 − √ 2 and then decreases to 0 as A → α^{− 1}2 . The global maximum is not supersymmetric, nor is the Minkowski minimum; indeed at the minimum the scalars become unbounded and the G_2 volume tends to infinity. Furthermore, an analysis of the test particle motion shows that A = 0 is reached in finite affine parameter. This is a naked singularity. The behaviour of A and V for this branch of the solution is sketched in Figure 3.

For the case of α < 0, A is monotonic increasing from 0 as x → −∞ and A → ∞ as x → 0 as A ∼^κ_x for κ < 0 constant. A = 0 is a naked curvature and G_2 singularity. Just as in the first branch of the α > 0 solution, this solution may be smoothly extended through x = 0 to give a reflection symmetric potential bounded by two disconnected naked singularities. In this case, however, V has only one extremum, a global supersymmetric maximum at x = 0 of V_{max} = 2σ^2αe. The behaviour of this solution is sketched in Figure 4.

For more general solutions where χ_i and δ_i are linearly independent, the analysis is considerably more complicated due to the non-linear structures on the G_2-manifold. However, as a consequence of the supersymmetry constraints it is possible to derive the following useful identities; R 6 = V + μ^2e^{K−si δi} R 6 = μ^2e^{K−sℓ δℓ} [γ^{ij̄} δ_iδ¯_j + 2s^j δ_j − 2]

(66)

and from these it is apparent that if V → ∞ then R → ∞ and there is a G_2 manifold singularity. It is unclear if this necessarily implies that A → 0, which is a G_2 singularity as the K_i become unbounded; for linearly independent χ_i and δ_i it is no longer possible for a G_2 singularity to arise from all of the K_i vanishing.

We can also examine the solutions obtained when one takes the sum of multiple M2-brane instanton contributions to the superpotential given by (20) . In this case, the equations are considerably more complicated. We define P(z) = ∞∑ i=1 e^{nz} n^2

(67)

so that f = μP. In particular, from this form of f it is apparent that (55) no longer implies that ∂_xp^i = 0. If, however, we restrict the solution to s > 0 then we may again set p^i = 0 and ϕ =^π_2 . The equations simplify even further if we take a scaling solution ansatz s^i = s(x)δ^i K_i = s^{−1}(x)δ_i

(68)

where δ^i are real constants such that δ_iδ^i = 1. The Kähler potential is given by

e^{K2} = σ̃s^{− 12} (69)

for constant σ̃ > 0 , and the supersymmetry constraints are solved by imposing

∂_xs = 2σAs^{12} (P − slog(1 − e^{− s2} )) A^{−2}∂_xA = σPs^{− 12} , (70)

where σ = μ √ σ̃. The potential may be written as

V = σ^2s^{−1}[s^2log(1 − e^{− s2} )^2 − 2s(Plog(1 − e^{− s2} )) − 2P^2] . (71)

A numerical analysis of these equations shows that A and V behave just as in the second branch of the α > 0 solution for the single cover instanton superpotential.

So, for these scaling solutions with Imz^i = 0, we have shown that the spacetimes typically possess naked curvature and G_2 singularities. It is apparent that they do not produce supersymmetric AdS minima of the potential, and they do not as they stand readily have an interpretation as domain wall solutions.

More interesting scaling solutions may be obtained by allowing Imz^i to vary. In particular, we shall examine the behaviour of the multiple cover superpotential with the scaling solution s^i = s(x)δ^i p^i = p(x)δ^i K_i = s^{−1}(x)δ_i

(72)

where δ^i are real constants such that δ_iδ^i = 1. We allow p(x) to vary and allow for s < 0 by taking the appropriate analytic continuation of the superpotential. To be specific, we shall restrict P to the principal branch of the polylogarithm function. The discontinuities of this function give curvature discontinuities in the spacetime geometry which in turn give rise to domain wall solutions. The Kähler potential is given by

e^{K2} = σ̃|s|^{− 12} (73)

for constant σ̃ > 0. Setting ϕ = Arg P(x) + π 2 (74)

where z = −^1_2 (s + ip), (55) and (56) imply

∂_xs = 2σAs|P||s|^{− 12} (1 − sRe(P^{−1}log(1 − e^z ))) ∂_xp = 2σAs^2|s|^{− 12} Im(P^{−1}log(1 − e^z)) A^{−2}∂_xA = σ|P||s|^{− 12} , (75)

where σ = μ √ σ̃. The potential may be written as

V = σ^2|s|^{−1}[s^2log(1 − e^z )^2 − 2sRe(Plog(1 − e^z )) − 2|P|^2] . (76)

We have been unable to find an analytic solution to the equations (75) . The problem may be simplified somewhat by considering A and s as functions of p. Then (75) implies that s d dp (ImlogP) = 1 2 A^{−1} dA dp = 1 2s^2Im(P^{−1}log(1 − e^z))

(77)

Although we have been unable to solve these equations analytically, they may be solved numerically. Of particular interest is a solution with s_1 < s < s_0 for s_0, s_1 < 0, so unlike the other solutions, there are no G_2 singularities. Furthermore, A > A_0 for some A_0 > 0 constant and when A → ∞ the divergence is according to A ∼^κ_x for finite x and κ constant, so this portion of the spacetime may be continued through this coordinate singularity into another copy of itself. This divergence of the conformal factor corresponds to a supersymmetric minimum of the potential and A = A_0 corresponds to a non-supersymmetric maximum of the potential. Although A and ∂_xA are smooth at A = A_0 there is a discontinuity jump in the curvature and in ϕ corresponding to a branch cut in the polylogarithm function P. The behaviour of this solution for −2π < p < 2π is sketched in Figure 5.

We remark that restricting the superpotential to one particular branch (and so picking up discontinuities at certain points) is essentially equivalent to truncating the spacetime. Indeed, if we instead continue smoothly through to another branch of the polylogarithm, a numerical analysis indicates that just as for the other cases considered previously, s → 0 in a finite affine parameter, and a curvature and G_2 singularity is encountered.

5 Conclusions

In this letter we have investigated a class of supergravity solutions obtained from M2- brane instantons wrapping associative cycles which produce supersymmetric extrema of the potential. For solutions preserving half of the supersymmetry arising from the single cover of M2-brane instantons on an associative 3-cycle, we have demonstrated that there are no solutions with AdS minima. However, one may, for example, construct an array of supersymmetric AdS maxima by truncating by hand the first branch of the α > 0 solution at the minima of the potential and excising the portions of the spacetime containing the singularities. Gluing on copies of the portion containing the maximum one obtains a solution in which V is C^1 smooth but there is an array of curvature discontinuities at the minima. For the multiple cover superpotential, the solution is more promising. In particular, there exists a scaling solution which does have supersymmetric AdS minima. It describes an array of domain walls interpolating between these minima. However, it is clear that for the solution presented here there is no well-defined finite non-zero charge.

It is apparent that some aspects of solutions to the supersymmetry constraints presented in section 3 remain to be addressed. In particular, we have only been able to construct numerically solutions in which the G_2 moduli scale uniformly. More general solutions, even for the simple superpotential (19) satisfying (60) may have more interesting spacetime geometries.

In addition, we might expect there to be a quarter supersymmetric solution which corresponds to a superposition of a stringy cosmic string solution (which has f = 0 and breaks half of the supersymmetry) with a domain wall solution which will have a more complicated spacetime geometry than the examples considered here. Solutions to the quarter supersymmetric differential equations are more difficult to find. It is perhaps most convenient to eliminate the fields B and ϕ; this then gives

−∂_{w̄}z^i = A^{−1}∂_{w̄}Af̄^{−1}γ^{ij̄} D¯_jf̄ ∂_w∂_{w̄}A = −|f|^{−2}|∂_wA|^2γ^{ij̄} D_ifD¯_jf̄ . (78)

In principle, given the appropriate boundary conditions for a string-domain wall superposition, one may solve these equations numerically.

Acknowledgements

I thank G. Papadopoulos for useful conversations. J.G. is supported by a EPSRC postdoctoral grant This work is partially supported by SPG grant PPA/G/S/1998/00613.

Appendix: Spinor Notation

It is most convenient to present the supersymmetry transformations in terms of a 4-component Majorana spinor ϵ with real components. We define σ^M = (σ^M_α˙_β) as;

σ^0 = ( −1 0 0 − 1 ) σ^1 = ( 0 1 1 0 )

σ^2 = ( 0 − i i 0 ) σ^3 = ( 1 0 0 − 1 ) . (79)

We set η_{M N} = diag(−1, 1, 1, 1), ϵ^{12} = ϵ_{21} = 1, and to perform the supersymmetry calculations we define explicitly

Γ_x = ( 0 σ^1 σ^1 0 ) Γ_y = ( −1 0 0 1 )

Γ_0 = ( 0 − iσ^2 −iσ^2 0 ) Γ_z = ( 0 − σ^3 −σ^3 0

) (80)

so that Γ^5 = ( 0 1 −1 0 ) . (81)

With these definitions, the gamma matrices satisfy the Clifford algebra

Γ_M Γ_N + Γ_N Γ_M = 2η_{M N} . (82)

References

[1] M. Cvetic, G. W. Gibbons, H. Lu and C. N. Pope, Supersymmetric M3-branes and G_2 Manifolds;

hep-th/0106026.

[2] M. Cvetic, G. W. Gibbons, J. T. Liu, H. Lu and C. N. Pope, A New Fractional D2-brane, G_2 Holonomy and T-duality; hep-th/0106162.

[3] A. Brandhuber, J. Gomis, S. S. Gubser and S. Gukov, Gauge Theory at Large N and New G_2 Holonomy Metrics, Nucl. Phys. B611 (2001) 179; hep-th/0106034.

[4] G. W. Gibbons, H. Lu, C. N. Pope and K. S. Stelle, Supersymmetric Domain Walls from Metrics of Special Holonomy, hep-th/0108191.

[5] B. S. Acharya, On Realising N=1 Super Yang-Mills in M-Theory; hep-th/0011089. [6] M. Atiyah, J. Maldacena and C. Vafa, An M-theory Flop as a Large N Duality, J. Math. Phys.

42 (2001) 3209; hep-th/0011256.

[7] J. D. Edelstein and C. Nunez, D6 Branes and M Theory Geometrical Transitions from Gauged Supergravity, JHEP 0104 (2001) 028; hep-th/0103167.

[8] M. Atiyah and E. Witten, M-Theory Dynamics on a Manifold of G_2 Holonomy; hep-th/0107177. [9] J. Gutowski and G. Papadopoulos, Moduli Spaces and Brane Solitons for M-Theory Compactifications on Holonomy G_2 Manifolds; hep-th/0104105.

[10] D. D. Joyce, Compact Riemannian 7-Manifolds with Holonomy G_2, I, II, J. Diff. Geom. 43 (1996) 291 and 329; Compact Manifolds with Special Holonomy, Oxford University Press, (2000).

[11] N. Hitchin, The Geometry of three-forms in six and seven dimensions, math.DG/0010054. [12] M. Cvetic and H. H. Soleng, Supergravity Domain Walls, Phys. Rep. 282 (1997) 159; hepth/9604090.

[13] A. Comtet and G. W. Gibbons, Bogomolny Bounds for Cosmic Strings, Nucl. Phys. B299:719, 1988.

[14] B. R. Greene, A. Shapere, C. Vafa and S-T Yau, Stringy Cosmic Strings and Noncompact Calabi- Yau Manifolds, Nucl. Phys. B337:1, 1990.

[15] E. Cremmer, S. Ferrara, L. Girardello and A. Van Proeyen, Yang-Mills Theories with Local Supersymmetry: Lagrangian, Transformation Laws and Superhiggs Effect, Nucl. Phys. B212:413, 1983.

[16] E. Witten and J. Bagger, Quantization of Newton’s Constant in Certain SuperGravity Theories, Phys. Lett. B115:202, 1982.

[17] J. Bagger and J. Wess, Supersymmetry and Supergravity, Princeton University Press, (1992). [18] J. Gutowski and G. Papadopoulos, Magnetic Cosmic Strings of N=1, D=4 Supergravity with Cosmological Constant, Phys. Lett. B514 (2001) 371; hep-th/0102165.

[19] G. Papadopoulos and P. K. Townsend, Compactification of D=11 Supergravity on Spaces of Exceptional Holonomy, Phys. Lett. B357 (1995) 300; hep-th/9506150.

[20] S. Gukov, Solitons, Superpotentials and Calibrations, Nucl. Phys. B574 (2000) 169; hepth/9911011.

[21] R. Hernandez, Calibrated Geometries and Non Perturbative Superpotentials in M-Theory, Eur.

Phys. J. C18 (2001) 619; hep-th/9912022.

[22] B. S. Acharya and B. Spence, Flux, Supersymmetry and M Theory on 7-Manifolds, hepth/0007213.

[23] K. Becker and M. Becker, Compactifying M-Theory to Four-Dimensions, JHEP 0011 (2000) 029;

hep-th/0010282.

[24] J. A. Harvey and G. Moore, Superpotentials and Membrane Instantons; hep-th/9907026. [25] R. C. McLean, Deformations of Calibrated Submanifolds, Commun. in Analysis and Geometry 6 (1998) 705.

[26] H. Ooguri and C. Vafa, Knot Invariants and Topological Strings, Nucl. Phys. B577 (2000) 419;

hep-th/9912123.