arXiv:hep-th/0109149 v1 19 Sep 2001

NONPERTURBATIVE FORMULATIONS OF SUPERSTRING THEORY

BY LUBOŠ MOTL

A dissertation submitted to the Graduate School—New Brunswick Rutgers, The State University of New Jersey in partial fulfillment of the requirements for the degree of Doctor of Philosophy Graduate Program in Physics and Astronomy Written under the direction of Thomas Banks and approved by

New Brunswick, New Jersey October, 2001

ABSTRACT OF THE DISSERTATION

Nonperturbative Formulations of Superstring Theory

by Luboš Motl Dissertation Director: Thomas Banks

After a short introduction to Matrix theory, we explain how can one generalize matrix models to describe toroidal compactifications of M-theory and the heterotic vacua with 16 supercharges. This allows us, for the first time in history, to derive the conventional perturbative type IIA string theory known in the 80s within a complete and consistent nonperturbative framework, using the language of orbifold conformal field theory and conformal perturbation methods. A separate chapter is dedicated to the vacua with Hořava-Witten domain walls that carry E_8 gauge supermultiplets. Those reduce the gauge symmetry of the matrix model from U(N) to O(N). We also explain why these models contain open membranes. The compactification of M-theory on T^4 involves the so-called (2, 0) superconformal field theory in six dimensions, compactified on T^5. A separate chapter describes an interesting topological contribution to the low energy equations of motion on the Coulomb branch of the (2, 0) theory that admits a skyrmionic solution that we call “knitting fivebranes”. Then we return to the orbifolds of Matrix theory and construct a formal classical matrix model of the Scherk-Schwarz compactification of M-theory and type IIA string theory as well as type 0 theories. We show some disastrous consequences of the broken supersymmetry. Last two chapters describe a hyperbolic structure of the moduli spaces of one-dimensional M-theory.

Acknowledgements

I am grateful to the many people who helped me along the way, explained many things to me and to those that have shared their friendship and love. For example, I am grateful to Micha Berkooz, Michael Dine, Rami Entin, Michal Fabinger, Tomeu Fiol, Willy Fischler, Ori Ganor, David Gross, Petr Hořava, Marcos Mariño, Greg Moore, Arvind Rajaraman, Christian Römelsberger, Moshe Rozali, Steve Shenker, Andy Strominger, Lenny Susskind, Herman Verlinde, Edward Witten and many others.

A lot of thanks goes to my advisor Tom Banks who not only taught me a lot of things about physics but who was also a significant source of my support in the USA.

My work was supported in part by the Department Of Energy under grant number DE- FG02-96ER40559. I would like to thank the ITP in Santa Barbara for hospitality during the final stages of this work.

Dedication

For the victims of 20th century totalitarian regimes, those who have been executed, jailed or dismissed from schools by fascists and communists.

Table of Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x 1. Introduction to M(atrix) theory . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1. Basics of M(atrix) theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.1.1. Membranes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2. Matrix string theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.1. Reflections on the second quantization and its matrix competitor . . . . . . 6 2.2. M(atrix) theory in 0 + 0 and 0 + 1 dimensions . . . . . . . . . . . . . . . . . 9 2.2.1. An old-fashioned approach to the compactification of one spatial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.2.2. Limits of the resulting type IIA theory . . . . . . . . . . . . . . . . . 13 2.3. Representation of the “long” strings, screwing strings to matrices . . . . . . 14 2.4. The origin of the level matching conditions and the interactions . . . . . . . 16 2.4.1. The DVV interaction vertex . . . . . . . . . . . . . . . . . . . . . . . 17 2.4.2. Compactification to nine dimensions . . . . . . . . . . . . . . . . . . 19 3. Heterotic matrix models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.2. Heterotic matrix models in ten and eleven dimensions . . . . . . . . . . . . 23

3.2.1. Heterotic string theory as an orientifold of M-theory . . . . . . . . . 23 3.2.2. Open membranes in M(atrix) theory . . . . . . . . . . . . . . . . . . 24 3.2.3. Additional degrees of freedom . . . . . . . . . . . . . . . . . . . . . . 25 3.2.4. Screwing heterotic strings . . . . . . . . . . . . . . . . . . . . . . . . 29 3.3. Multidimensional cylinders . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3.3.1. Type IA strings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.4. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.4.1. Cosmological constant problem . . . . . . . . . . . . . . . . . . . . . 36

4. Knitted fivebranes in the (2,0) theory . . . . . . . . . . . . . . . . . . . . . 38 4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 4.2. Review of the (2,0) theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.2.1. Realization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 4.2.2. Equations of motion for a free tensor multiplet . . . . . . . . . . . . 40 4.3. Low-energy correction terms – derivation from SUGRA . . . . . . . . . . . 42 4.4. Compactification . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4.4.1. Dimensional reduction of the correction term . . . . . . . . . . . . . 46 4.4.2. Interpolation between 3+1D and 5+1D . . . . . . . . . . . . . . . . 47 4.4.3. A derivation from 4+1D SYM . . . . . . . . . . . . . . . . . . . . . 48 4.4.4. Component form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 4.5. Conserved quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.5.1. Traceless stress tensor and supercurrent . . . . . . . . . . . . . . . . 53 4.6. Speculations about the fundamental formulation . . . . . . . . . . . . . . . 56 4.7. String-like solution of the (2,0) theory . . . . . . . . . . . . . . . . . . . . . 57 4.7.1. A rough picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 4.7.2. The Ansatz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 4.7.3. Numerical solution, tension and speculations . . . . . . . . . . . . . 59 4.8. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 4.9. Appendix A: Formulae for SUSY transformations . . . . . . . . . . . . . . . 61

4.9.1. SUSY transformation . . . . . . . . . . . . . . . . . . . . . . . . . . 61 4.10. Appendix B: Quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 4.10.1. Commutators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 4.10.2. Correspondence to Super Yang Mills . . . . . . . . . . . . . . . . . . 65 4.10.3. Normalization of the current . . . . . . . . . . . . . . . . . . . . . . 67 4.11. Appendix C: Identities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 4.11.1. Identities for gamma matrices . . . . . . . . . . . . . . . . . . . . . . 67 4.11.2. Fierz rearrangments . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 4.11.3. A few notes about spin(5, 1) . . . . . . . . . . . . . . . . . . . . . . 70

5. Nonsupersymmetric matrix models . . . . . . . . . . . . . . . . . . . . . . . 72 5.1. The conformal field theory description . . . . . . . . . . . . . . . . . . . . . 72 5.2. The matrix model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 5.2.1. The U(N) × U(N) formalism . . . . . . . . . . . . . . . . . . . . . . 78 5.2.2. Actions for the local and nonlocal formulations . . . . . . . . . . . . 79 5.3. Alternative derivation and connection with type 0 theories . . . . . . . . . . 81 5.4. The matrix string limits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 5.4.1. Rohm compactified type IIA strings . . . . . . . . . . . . . . . . . . 83 5.4.2. Dependence on the fluxes . . . . . . . . . . . . . . . . . . . . . . . . 84 5.4.3. Type 0 matrix strings . . . . . . . . . . . . . . . . . . . . . . . . . . 87 5.4.4. Breakdown of the cluster property . . . . . . . . . . . . . . . . . . . 88 5.5. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6. Asymptotic limits in the moduli space of M-theory . . . . . . . . . . . . 94 6.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 6.2. Moduli, vacua, quantum cosmology and singularities . . . . . . . . . . . . . 96 6.2.1. Some idiosyncratic views on general wisdom . . . . . . . . . . . . . . 96 6.2.2. Quantum cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . 98 6.2.3. Kasner singularities and U-duality . . . . . . . . . . . . . . . . . . . 100 6.3. The moduli space of M-theory on rectangular tori . . . . . . . . . . . . . . . 103

6.3.1. The 2/5 transformation . . . . . . . . . . . . . . . . . . . . . . . . . 104 6.3.2. Extreme moduli . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 6.3.3. Covering the moduli space . . . . . . . . . . . . . . . . . . . . . . . . 108 6.4. Moduli spaces with less SUSY . . . . . . . . . . . . . . . . . . . . . . . . . . 112 6.5. Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 6.6. Appendix A: The appearance of Γ_8 and Γ_{9,1} . . . . . . . . . . . . . . . . . . 117

7. Hyperbolic structure of the heterotic moduli space . . . . . . . . . . . . . 120 7.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 7.1.1. The bilinear form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 7.1.2. Moduli spaces and heterotic S-duality . . . . . . . . . . . . . . . . . 124 7.2. Covering the SO(32) moduli space . . . . . . . . . . . . . . . . . . . . . . . 127 7.2.1. Heterotic strings, type I, type IA and d ≥ 9 . . . . . . . . . . . . . . 127 7.2.2. Type IA^2 and d = 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 7.2.3. Type IA^3, M-theory on K3 and d = 7 . . . . . . . . . . . . . . . . . 130 7.2.4. Type IA^{4,5}, type IIA/B on K3 and d = 6, 5 . . . . . . . . . . . . . . 133 7.2.5. Type IA^6 and S-duality in d = 4 . . . . . . . . . . . . . . . . . . . . 134 7.2.6. The infinite groups in d ≤ 2 . . . . . . . . . . . . . . . . . . . . . . . 136 7.2.7. The lattices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 7.3. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 Vita . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

List of Tables

3.1. Matrix representations of Z_2 orbifolds of the sphere S^2 and the torus T^2:

here Y_{lm} are the spherical harmonics and J_{r,s} are the Fourier modes on the torus. Both are represented by some matrix generators in the regularized case. 25

List of Figures

5.1. One-loop diagrams. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 5.2. Non-vanishing two-loop contributions to the effective potential. Here V^′_2 ≡ (ϵ(p) − 1)V_2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 6.1. The structure of the moduli space for T^2. . . . . . . . . . . . . . . . . . . . 107 7.1. The limits in d = 9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

Chapter 1 Introduction to M(atrix) theory

Superstring theory has been known to lead to a consistent perturbative S-matrix for a decade or so, since the discoveries of Green and Schwarz in the middle 80s. Superstring theory is only consistent in ten spacetime dimensions and it can be approximated by supergravity theories at low energies (or supergravities coupled to supersymmetric Yang-Mills theories). However the most symmetric supergravity theory required eleven spacetime dimensions and seemed to be disconnected from superstring theory completely. Green, Schwarz and Witten wrote [1] in 1987: “Eleven-dimensional supergravity remains an enigma. It is hard to believe that its existence is just an accident, but it is difficult at the present time to state a compelling conjecture for what its role may be in the scheme of things.”

The state of affairs changed drastically in 1995 when Witten ignited the second superstring revolution [84], building upon previous works by Duff [85] and Hull and Townsend [86]. It turned out that M-theory, a consistent completion of 11-dimensional supergravity at all energy scales, can be defined as the strong coupling limit of type IIA superstring theory: the radius of the new (circular) eleventh dimension increases with the coupling and D0-branes and their bound states become light degrees of freedom at strong coupling and play the role of the Kaluza-Klein modes in this new direction. Type IIA fundamental strings themselves are membranes (that couple to the three-form potential A_{M N P} of M-theory) wrapped on the circle. M-theory also contains five-branes, magnetic duals of membranes.

This line of reasoning led physicists to find an overwhelming evidence for dualities that imply that what has been thought of as several independent string theories are really just perturbative expansions of the same theory around different points in the moduli space. A full nonperturbative and background-independent definition of the theory was still missing.

However in 1996, Banks, Fischler, Shenker and Susskind [9] found the first nonperturbative definition of M-theory. A recent review can be found in [10].

1.1 Basics of M(atrix) theory

While the nature of M-theory in 11 dimensions was a complete enigma in 1995, exactly this eleven-dimensional vacuum became the first one to be described in so-called Discrete Light Cone Quantization (DLCQ) [56, 45] (the authors of [9] originally formulated their model in terms of the Infinite Momentum Frame). The theory is defined as a large N limit of a quantum mechanical model with a U(N) symmetry that can be derived as the dimensional reduction of N = 1 ten-dimensional supersymmetric Yang-Mills theory into 0 + 1 dimensions. This model has been known for some years [43] as the regularization of supermembrane theory in the light cone gauge.

Using a slightly more modern logic explained in [63] (see also [64]) we can derive the M(atrix) theory as the description of M-theory in the light cone gauge as follows.

We want to compactify M-theory on a lightlike circle i.e. identify points (x^+, x^−, x^i) and (x^+ + 2πkR, x^−, x^i) where k ∈ Z, i = 1...9 are the transverse directions and x^± = (x^0 ± x^{10})/ √ 2 are the lightlike directions; x^+ plays the role of time in the light cone gauge.

The component of the momentum p^+ must then be quantized,

p^+ = N R , N ∈ Z (1.1)

and furthermore this quantity must be positive (except for the vacuum with p^+ = 0). Because p^+ is conserved, we can study subspaces of the full Hilbert space with different values of N separately. In order to find a description of this sector of the Hilbert space, we identify the points in an almost lightlike (but spacelike) direction:

(x^+, x^−, x^i) ≈ (x^+ + 2πkR, x^− − kϵ, x^i), ϵ → 0^+. (1.2)

If we chose ϵ negative, closed timelike curves would appear and the theory would not be causal. However for a very small positive ϵ we can make a large boost to convert the almost lightlike vector (2πR, −ϵ, 0) into a spacelike vector (R^′, −R^′, 0) with a very small R^′. Therefore the physics is equivalent to the physics of M-theory compactified on a small circle i.e. type IIA superstring theory, and the original longitudinal momentum p^+ = N/R is translated to N D0-branes of type IIA superstring theory. Because of the large boost, the D0-branes have very small velocities. This limit of their dynamics was studied by DKPS [8]. We obtain a quantum matrix Hamiltonian

H = p^− = p^2 + m^2 2p^+

= RTr ( 1 2 Π_iΠ_i −

M^6_{11} 16π^2

[X_i, X_j]^2 −

M^3_{11} 4π λΓ^0Γ^i[X^i, λ] ) . (1.3)

Here X_i, i = 1 . . .9, are N × N Hermitean matrices, Π_i are their canonical duals and λ are Hermitean fermionic matrices that have 16 components forming a spinor of spin(9). The model is supersymmetric, i.e. the Hamiltonian equals an anticommutator of supersymmetries, and physical states are required to be U(N) invariant.

BFSS explained [9] that this model describes graviton multiplets with any value of p^+ = N/R: it is generally believed that there is a unique bound state of the SU(N) quantum mechanics for any value of N (we will present some evidence in the next chapter) and that the traces (the U(1) part) are responsible for the transverse momentum (Tr Π_i) and for the 128+128 polarizations of the supergraviton (Tr λ). A state containing several well-separated subsystems is described by a set of block-diagonal matrices, so that each subsystem (cluster) lives in one of the blocks. The existence of the exactly flat directions of the potential is guaranteed by supersymmetry. The off-diagonal degrees of freedom (“W-bosons”) stay in their ground states if the distances are large enough, but generally, they are responsible for the interactions between the two blocks. Many nontrivial tests of the interactions between the gravitons have been made in the framework of M(atrix) theory and an agreement with supergravity has been found. We should emphasize that the “unphysical” lightlike compactification becomes harmless and goes away in the limit R → ∞ which implies (for a fixed p^+) large N, and also that some quantities are required to agree with supergravity for large N only.

1.1.1 Membranes The matrix model contains also two-dimensional objects, membranes. The simplest example is to show that the model contains membranes of toroidal topology. We start with n×n matrices U, V that satisfy

U^n = V^n = 1, UV = V Uα, α = exp(2πi/n). (1.4)

In a convenient basis they can be represented as the clock and the shift operator:

U =

1 ∘ ∘ . . . ∘ ∘ α ∘ . . . ∘ ∘ ∘ α^2 . . . ∘ . . . . . . ... ∘ ∘ ∘ ∘ . . . α^{n−1}

, V =

∘ ∘ ∘ . . . 1 1 ∘ ∘ . . . ∘ ∘ 1 ∘ . . . ∘ . . . . . . ... ∘ ∘ ∘ ∘ . . . ∘

. (1.5)

Then a general n × n matrix X^i can be decomposed as

X^i = n−[n/2] ∑ r,s=1−[n/2] X^i_{rs}U^rV^s. (1.6)

The coefficients X^i_{rs} can be represented as the modes in the Fourier expansion and we can define a periodic function of p, q (with periods 2π) by X^i(p, q) = n−[n/2] ∑ r,s=1−[n/2] X^i_{rs}exp(ipr + iqs). (1.7)

We assume that the function X^i(p, q) is smooth enough, or equivalently, that the coefficients X^i_{rs} decrease sufficiently with |r| , |s|. In this map between matrices and functions, trace is identified with the integral (the expressions below are the “average” values of a function or diagonal entries of a matrix) Tr n = ∫ dp dq (2π)^2

(1.8) and the commutator becomes the Poisson bracket (to understand it, compute the commutators of expressions like U^rV^s):

[X^i, X^j] → 2πi n (∂_pX^i∂_qX^j − ∂_qX^i∂_pX^j) + O(n^2) (1.9)

In this new language, the BFSS Hamiltonian becomes R ∫ dp dq (2π)^2 ( n 2 Π_iΠ_i +

M^6_{11} 4n {X_i, X_j}^2_{P B} − i M^3_{11} 2 λΓ^0Γ^i{X^i, λ}_{P B} ) ... (1.10)

This is the Hamiltonian for a supermembrane in the light cone gauge; it reduces to a Hamiltonian for a superstring in ten dimensions after the dimensional reduction. It is useful to realize that the matrix model contains closed oriented membranes of arbitrary topology; the existence of flat directions is related to the fact that we can always join two membranes by a very thin throat without modifying the Hamiltonian.

Chapter 2 Matrix string theory

In this chapter I show why the maximally supersymmetric Yang-Mills theory in 1 + 1 dimensions captures the nonperturbative physics of type IIA superstrings in the light cone gauge. The relevant approximation of the SYM theory is an orbifold conformal field theory. The original U(N) gauge symmetry is broken to a semidirect product of U(1)^N and the permutation group S_N . The boundary conditions of the fields involve a general permutation; each cycle of this permutation is uniquely associated with a “long” string whose longitudinal momentum p^+ is determined by the length of the cycle. The multi-string states are therefore represented by block-diagonal matrices as is usual in M(atrix) theory. The condition L_0 = ~L_0 arises in the large N limit from the requirement of the invariance of the physical Hilbert space under a Z_N subgroup of the local group. The interactions can be understood via the so-called DVV vertex operator, and the correct scaling law between the radius of the 11^{th} circle and the type IIA coupling constant can be derived.

2.1 Reflections on the second quantization and its matrix competitor

For a long time, the second quantization has been the only way to accomodate multi-particle states that expressed naturally the fact that they were identical. The first candidate to replace this machinery turned out to have the form of matrix models [9] that we sketched in the first chapter. Different particles “live” in different blocks of a block diagonal matrix and their permutation symmetry (either Bose or Fermi) is contained in the gauge group of the theory which is U(N) in [9]. The Hamiltonian contains squares of all the possible commutators, and thus for large distances the physical states (of not too high energies) can be described by almost commuting matrices which can be simultaneously diagonalized. Only when the distances are small, the commutators are not so dominant and the classical positions of particles make no sense. This mechanism offers a natural and very specific realization of the old paradigm that on distances smaller than the Planck length the usual concepts of geometry do not work and are replaced by something more general that can perhaps be called “noncommutative geometry” in the sense that coordinates become (noncommuting) matrices.

The phrase “the second quantization” is usually used in an inaccurate meaning – as the canonical (first) quantization of a classical field which has an infinite number of degrees of freedom, for example the electromagnetic or the Dirac field. The machinery of quantizing is however the same as the machinery for quantizing one classical particle. In a sense, a classical field carries the same number of degrees of freedom as a wave function of one particle.

But the procedure of the second quantization can be also presented in a more orthodox fashion. The first quantization makes classical observables such as x, p become operators and leads to a state vector (wave function). The second quantization is based on the next step: we lift the values of the wave function evaluated at different points to operators. The whole procedure can be written independently of basis: the first quantized state vector |ψ⟩ is replaced by an operator vector |Ψ⟩ and the relation of orthonormality becomes the (anti)commutation relation [⟨u|Ψ⟩ , ⟨Ψ|v⟩]_{grad} = ⟨u|v⟩ . (2.1) The graded commutator is an anticommutator if both states |u⟩; |v⟩ are Grassmann-odd, otherwise it is just a commutator. The operator-ket-vector |Ψ⟩ contains annihilation operators a_i = ⟨i|Ψ⟩, while the conjugate bra-vector ⟨Ψ| contains the Hermitean conjugate operators i.e. creation operators a^†_i = ⟨Ψ|i⟩. Then we usually postulate the existence of a ground state |0⟩ annihilated by the whole |Ψ⟩, and the excited states are built by application of ⟨Ψ|u⟩ creation operators.

Then we often write the free part of the second quantized Hamiltonian as the “pushforward” of the first quantized Hamiltonian to the multiparticle Hilbert space. For example, the first quantized operator f is lifted to the second quantized F :

F = ⟨Ψ| f |Ψ⟩ (2.2)

Namely the identity operator 1 is replaced by the number operator N that counts the particles. It is easy to show that graded commutators of the second quantized operators arise from the corresponding first quantized ones. [⟨Ψ|f|Ψ⟩ , ⟨Ψ|g|Ψ⟩]_{grad} = ⟨Ψ|[f, g]_{grad}|Ψ⟩ . (2.3) Exactly this second quantization was used for strings in the light cone gauge in papers by Green, Schwarz and others as well as in the cubic covariant string field theory where the classical spacetime fields are formally elements of the first quantized Fock space of a string, too. We build the canonical second quantized Hamiltonian from the one-string (firstquantized) Hamiltonian and then we are adding interaction terms reponsible for splitting and joining the strings (as well as the crossing-over interactions and others required by a stringy version of locality). These terms are proportional to the coupling constant (and in the light-cone gauge we also need “contact terms” proportional to its higher powers in order to cover the whole moduli space of Riemann surfaces), which itself is a modulus of the theory. For a long time only perturbative calculations were possible.

An important physical property of this second-quantized scheme is the cluster property: the states formed by two (or more) sufficiently distant (and thus almost non-interacting) subsystems are represented by the tensor product of these subsystems. In this sense, there is a qualitative difference between a one-string state and multistring states.

On the contrary, from an aesthetical and intuitive point of view there should be no qualitative difference between e.g. a state with two touching closed strings and a state with one closed string going along the same curve in space: just like the number of particles in quantum field theory depends on the energy scales at which we measure the system, there should be no general definition of the number of strings in string theory; we probably cannot write the number of strings as some integral of a local quantity.

Therefore our desire is a formulation making no qualitative distinction between oneand multi-string states. Of course, we must preserve the cluster property. Matrix models obey both of these requirements: the difference between states with different numbers of gravitons (or strings) really becomes well-defined only in the limit of large distances (or in the free string limit) and the cluster property is realized in terms of a block decomposition of matrices. The permutation group of particles S_N is naturally contained in the U(N) gauge group of these models.

2.2 M(atrix) theory in 0 + 0 and 0 + 1 dimensions

Let us begin almost at the beginning of the world – in 0 + 0 dimensions. We write the action as the dimensional reduction of the 9 + 1-dimensional Super-Yang-Mills theory to 0 + 0 dimensions (this action, formally describing a collection of D-instantons in type IIB theory in a certain energetic regime, is often called the IKKT model – or the “Japanese matrix model” – and has been claimed to be related to type IIB strings [37]):

S = Tr ( 1 4 [X_μ, X_ν][X^μ, X^ν] + θ^T γ_0γ_μ[X^μ, θ] + β · 1 ) (2.4)

Here the X’s and θ’s are Hermitean matrices, θ is a real spinor of spin(9, 1) constrained to contain sixteen components of one chirality only. The auxiliary constant β term corresponds in some sense to P^+ (or P_{11} in the infinite momentum language): its trace is the total P^+, proportional to the size of matrices. Physical systems must be invariant under the group fixing a quantity like v^† · P^+ · v = v^†e^{iX †} P^+e^{−iX} v. (2.5) The X’s must be Hermitean, because here, P^+ is a multiple of the unit matrix. Other choices of P^+ would be inequivalent only if P^+ had a different signature. Such systems, naively describing branes and antibranes, have been studied as well. The symmetry group is then noncompact and the analytic continuation from U(N) to U(N − k, k) might be related to the crossing symmetry [38].

Because the appearance of γ_0, which must be included in the 32 × 32 language (while in the 16 × 16 language it can be replaced by the unit matrix), may look unfamiliar, let us say a few words about it: the invariants made out of spinors are formed using the Dirac conjugate spinor ψ̄ = ψ^†γ_0, just like in four dimensions. The 32 × 32 matrices γ_μ can be written using the 16 × 16 ones of spin(9) denoted by g_μ as

γ_0 =

0 −1 1 0 , γμ=1..9 = 0 g_μ g_μ 0 , γchir = 1 0 0 −1

(2.6)

All the matrices are real, γ_0 is antisymmetric while the other nine are symmetric as is clear from the following explicit form of those. These 16 × 16 matrices can be written as the following tensor products of Pauli (or unit) matrices. Note the even number of y ≡ σ^2 in each of them (which implies reality) and the fact that they anticommute with each other: g_{1...9} = z111, x111, yz1y, yx1y, yyz1, yyx1, y1yz, y1yx, yyyy. (2.7) Now we are at the level of the action; we do not have a Hilbert space yet. In spite of that we can perform a formal variation of the machinery described by Taylor [31] to obtain the theory in 0 + 1 dimensions of BFSS [9].

We wish to mod out by a continuous symmetry isomorphic to R containing all the shifts of X_0:

X_0 → X_0 + ΔX_0. (2.8) According to [31] we must represent this group by a subgroup of the gauge group. So we add two continuous indices t_m, t_n ∈ R. The matrices X^μ_{mn} are now upgraded to X^μ_{mn}(t_m, t_n). Here t_m plays a similar role as m and t_n as n. In other words, t_m and m together form the left index, while t_n and n represent the right one. In other words, the matrices are tensored with operators on the space of complex functions of a real variable. Thus, for instance, the hermiticity condition takes the form

X^μ_{mn}(t_m, t_n)^† = X^μ_{nm}(t_n, t_m). (2.9)

These indices are sufficient to represent the ΔX_0 shift as the operator exp(iΔX_0 · t), which has matrix elements

Shift(t_m, t_n) = δ(t_m − t_n)exp(iΔX_0 · t_m). (2.10)

Note that if t should be interpreted as a “time” then the ΔX_0 and thus also X_0 should be understood as the dual quantity (“energy”).

Let us now write down the conditions of [31] that restrict the operators. The shift of X_0 has no influence on the other matrices Y , so they should obey (here Y is understood as the operator on the space of functions of t here)

exp(iΔX_0t)Y exp(−iΔX_0t) = Y. (2.11)

It means that Y ’s commute with all the Fourier modes and thus with all the functions of t – therefore these matrices are functions of t i.e. they have matrix elements proportional to δ(t_m − t_n). Therefore we can omit one of the two indices t. In the case of X_0 we must make one modification only – take the X_0 shift into account: exp(iΔX_0t)X_0 exp(−iΔX_0t) = X_0 + ΔX_0. (2.12) Therefore X_0 has the form of a function of t plus the derivative with respect to t, creating the ΔX_0 term. X_0 = x_0(t) + i ∂ ∂t . (2.13) At this moment we derived the BFSS model [9], the t-derivative is generated properly and the function x_0 plays the role of the A gauge potential in [9]. The trace in the 0 + 0 model now includes also the trace over the continuous indices t_m, t_n and thus the action will change to a t-integral. (We must be careful and normalize the action properly; essentially we must divide it by an infinite factor δ(0) in order for this procedure to work.)

We should perhaps emphasize that the physical time t arises as the dual variable to X_0 of the 0 + 0-dimensional model in our construction. In a similar way, M(atrix) theory describing M-theory on a torus of dimension smaller than four is described as the maximally supersymmetric Yang-Mills theory on a dual torus.

As the IKKT model has no Hamiltonian, we can have serious doubts whether it has any physical meaning, and therefore we might consider the previous paragraphs to be just a motivation. Nevertheless the final product of this construction is the BFSS model that certainly does allow a Hamiltonian treatment. The general idea of the construction above – that gauging a symmetry is guaranteed by requiring the matrix to be gauge-equivalent to their transforms – has been already understood in [9] and we can apply it to study type IIA string theory, i.e. M-theory on a circle.

2.2.1 An old-fashioned approach to the compactification of one spatial coordinate Now we will compactify the coordinate X^1 on a circle with period R_1. In other words, we will mod [52] the theory in 0+1 dimensions by the group (isomorphic to Z) of all the shifts by multiples of R_1:

X^1 → X^1 + k · R_1, k ∈ Z. (2.14) We will Fourier-transform the procedure of [31] directly to the continuous basis. The construction in [31] involves D0-branes copied to all the locations identified by the symmetry and therefore two integer-valued indices m, n ∈ Z must be added to the matrices. We will present a direct Fourier transformation of this procedure and add two indices σ^m_1 , σ^n_1 parametrizing a circle in the same fashion as in the previous section. The period of σ^m_1 , σ^n_1 is taken to be 2π.

In other words, we tensor the matrices with the space of operators on the space of functions of an angular variable.

We represent the symmetry X^1 → X^1 + k · R_1 by the operator (gauge transformation) exp(ikσ_1). Note again that the σ_1 is a momentum-like variable. (Its period should be ≈ 1/R_1 if we want to make the dual torus manifest.)

Now we can repeat the arguments of the previous section and show that all the operatormatrices except for X^1 are ordinary functions of σ_1. They contain δ(σ^m_1 − σ^n_1 ), so again, we can erase one σ_1 “index”. And we can also show that the X^1 operator contains a sum of a function of σ_1 and the derivative with respect to σ_1 (understood to be multiplied by the unit matrix): X^1 = x^1(σ_1) + iR_1 ∂ ∂σ_1 . (2.15) This derivative acts on the other matrices, for instance

[X^1, X^2] = [x^1, x^2] + iR_1 ∂x^2 ∂σ_1 . (2.16)

The Hamiltonian was written as a trace and now the trace must include also the trace (the integral) over the σ_1 variable. Therefore the Hamiltonian has the form H ≈ ∫_{2π} 0 dσ_1Tr ( Π_i(σ_1)Π_i(σ_1) 2 − [X^i(σ), X^j(σ)]^2 4 + θ^T (σ_1)γ_i[X^i(σ_1), θ(σ_1)] ) . (2.17)

Since X^1 is understood to contain also iR_1∂/∂σ_1, a commutator with such a “matrix” is equal to (iR_1 times) the covariant derivative.

We had to divide the trace by an infinite factor, namely the trace of the unit matrix over the continuous σ_1. (The same was true even in the first step which gave us the

0 + 1-dimensional theory from the 0 + 0-dimensional theory.) But this factor should be compensated by the same factor by which we must rescale the longitudinal momentum P^+ (or P_{11} in the infinite momentum frame formulation): the P^+ should be also proportional to that trace and thus we can scale P^+ to be only a product of the minimal quantum and the size N of the matrices at each point.

This procedure has been essentially known to the authors of [9] although it was not clear from the beginning that a different background requires a different matrix model.

2.2.2 Limits of the resulting type IIA theory Let us now have a look at the Hamiltonian we got in the case of a single D-brane with the gauge group U(1). The model is always a description of D1-branes of type IIB string theory on a circle (we start with type IIA string theory and D0-branes on a subplanckian circle and therefore we must T-dualize the circle to get D1-branes in type IIB string theory) at low energies. For a single D1-brane, we get a free theory in which the S-duality of type IIB string theory is manifest: the Hamiltonian is nothing else than the light cone gauge Green-Schwarz Hamiltonian of a type IIA string.

The 16-component spinor θ of spin(9) includes 8-component spinors of spin(8) of both chiralities γ_1; one chirality becomes left-moving, the other chirality becomes right-moving, just like for a type IIA string.^1 In the N = 1 case all the commutators are zero and the Hamiltonian equals H ≈ ∫_{2π} 0 dσ_1 Π^i(σ^1)Π^i(σ^1) 2 + R^2_1 4 9∑ j=2 ( ∂X^j(σ) ∂σ_1 )_2 + iR_1 · θ^T (σ_1)γ_1

∂θ(σ_1) ∂σ_1 . (2.18)

The limits R_1 → 0 and R_1 → ∞ behave as expected. In the case R_1 → ∞, from the [X^1 + iR_1 · d/dσ, X^i] the most important term is the ∂/∂σX^i term which causes the X’s to be essentially independent of σ_1. We can replace X^i(σ_1) by X^i and we are back to the original D0-branes model of [9]. This is the decompactification, strongly coupled limit of type IIA string theory.

1You might be puzzled why a description of type IIB D1-branes, which are S-dual to type IIB fundamental strings, contains left-moving and right-moving spinors of the opposite spin(8) chirality. But do not forget that while the type IIA matrix strings are described in the light cone gauge, the type IIB D1-branes are in the static gauge.

In the case R_1 → 0 the σ_1 derivative terms are negligible. Then the typical configuration should have the commutators sufficiently small because otherwise they dominate the energy. Therefore for every σ_1, X^i(σ), i = 2 . . .9 can be approximated by commuting matrices. But the basis in which they are simultaneously diagonalizable can differ as we change σ_1 and the derivative of the basis is stored in the gauge field X^1(σ_1). This change can be fixed together with the gauge but there is a very important global effect which we will discuss in the following section.

2.3 Representation of the “long” strings, screwing strings to matrices

In Czech there is a single word both for a matrix and a nut: “matice”. This provides the motivation for the phrase “screwing strings to matrices” (in Czech “šroubování strun do matic”). Some people prefer to call this model matrix strings [58]. But what is the idea?

If we ask how the multistring states are represented, we find the usual answer of [9] with a natural modification: in an appropriate gauge, the matrices X^i(σ_1) whose matrix elements are the functions X^i_{mn}(σ_1) have a (block) diagonal form where each block corresponds to one string. (The real physical state is obtained from such an idealized one by the symmetrizing over all the gauge group and other procedures.)

But now we face a new question: the longitudinal momentum P^+ in the light cone gauge (or P_{11} in the infinite momentum frame ideology) is naturally given again by the size N of the matrices. Note that in the light cone gauge superstring field theories the total p^+ was always proportional to the length of strings. Now the length is a multiple of the minimal quantum.

So the question is: how can we represent a string with P^+ greater than the quantum of P^+ carried by the N = 1 string? We have already said that in the R_1 ≪ 1 case the matrices X^i(σ), i = 2 . . .9 should be simultaneously diagonalizable but the basis in which all of them have the diagonal form can change with σ_1. This evolution with σ_1 is stored in X^1(σ) which plays the role of a component of the vector gauge field. Typically, because of the local U(N) symmetry of the model, the basis can be locally chosen to be independent of σ_1, but there can also be certain global effects.

We have the condition that after adding a period 2π to σ_1, the basis transforms again into a basis where X’s are diagonal. But does it mean that the monodromy must be the identity? Are there other transformations keeping the diagonal form?

Of course, there are: these transformations are the permutations of the eigenvectors: if we conjugate a diagonal matrix by a permutation of its eigenvectors, we obtain another diagonal matrix. Every permutation can be decomposed into a product of cycles. And what does a cycle permuting k eigenvectors represent? It simply represents a string of length (P^+) equal to k (times the length of the minimal string).

It is perhaps useful to write down some explicit formulae for the classical configuration describing long strings. Let X^i, i = 2 . . .9 denote the functions with period 2πk in which the embedding of a string of length k into spacetime is encoded. How does the matrix model store the information about these functions in the simultaneously diagonalizable k × k matrix variables X^i_{k×k} (σ) of period 1 · 2π? The answer is

X^i_{k×k} (σ) = U(σ) X^i(σ + 2π) ∘ . . . ∘ ∘ X^i(σ + 4π) . . . ∘ ∘ ∘ ... . . ∘ ∘ . . . X^i(σ + 2kπ) U^{−1}(σ) (2.19)

where the unitary matrix-valued function U(σ) must obey the following relation in order to make X^i_{k×k}(σ) periodic with the period 2π (written for the k = 4 case for the sake of simplicity)

U(σ + 2π) = U(σ) ∘ 1 ∘ ∘ ∘ ∘ 1 ∘ ∘ ∘ ∘ 1 1 ∘ ∘ ∘ (2.20)

Here ∘ denotes 0. In the last matrix we could write arbitrary phases e^{iαj} instead of 1’s. Such a matrix function U(σ) can be explicitly found for finite k because U(N) is connected. Note that the connection X^1 is pure gauge and carries the information about the dependence of U(σ) on σ X^1 ∼ i( ∂U(σ) ∂σ )U^{−1}(σ) (2.21)

In other words, generic diagonal expectation values of the matrices X^i(σ) break the group U(N) into a semidirect product of U(1)^N and the permutation group S_N . Configurations involving a nontrivial bundle with the permutations of the eigenvalues are part of the theory and are responsible for the existence of the long strings. States of a long string can be also understood as a bound state of k D-branes. Namely the type IIA string of a general length k has a massless supergraviton multiplet as its ground state and this state is continuously connected to the bound state of k D0-branes in the SU(k) BFSS model: if we accept that the number of the ground states (or at least the index) is independent of the coupling constant and that the 1+1-dimensional matrix model becomes the free type IIA string theory or the BFSS model in the two respective limits, we can view the existence of long strings as a proof of the existence of the D0-brane bound states.

2.4 The origin of the level matching conditions and the interactions

The correct explanation of the condition L_0 = ~L_0 that a closed type IIA string must satisfy has been clarified by Dijkgraaf, Verlinde and Verlinde [58] and it holds for very long strings only.

The cyclic permutation matrix in (2.20) is a global element of the gauge group. The matrices X in the adjoint of U(N) transform under this permutation matrix and we can see in (2.19) that the transformation has the effect of shift of σ by 2π which is 1/k of the circumference of the long string. Because the stringy wave functional must be invariant under this gauge transformation and this shift can be written as exp(2πik(L_0− ~L_0)), L_0 − ~L_0 must be a multiple of k (in the usual normalization) for all physical states and we see that for large k L_0 − ~L_0 must vanish, otherwise the state would have an infinite energy.

The fact that the 1 + 1-dimensional supersymmetric Yang-Mills theory reproduces type IIA string theory holds beyond the free theory approximation. At weak type IIA string coupling, the Hilbert space contains states with an arbitrary number of free type IIA strings of length k (whose sum equals N); these are described by a conformal field theory. How do the strings interact? Two strings of lengths k_1, k_2 can join into a string of length k_1 + k_2 (or vice versa, a longer string can split into two). At the level of the permutations, we see that two cycles should merge into one: this happens if we compose the permutation, containing two cycles, with a transposition. Physically such an interaction can occur on the “worldsheet” (on which the gauge theory is defined) if two strings touch: then two vectors of the eigenvalues X^i(σ) are equal and a U(2) symmetry is restored. The approximation of free strings breaks down, the basis in which the matrices are diagonal is not well defined near the interaction point and the strong dynamics can change the permutation monodromy associated with a given state. This is the origin of the interactions.

Can we derive the correct scaling law between the radius of the 11-th circle of M-theory and the string coupling constant? The circumference of the circle in the gauge theory scales like (R_{11}/l_{11})^{−3/2} in the gauge-theoretical natural units of 1/g^2_{Y M} as we have seen before. In a revised version of [56] I argued that the amplitude for an interaction to occur is inversely proportional to this length: a collection of long type IIA strings can be embedded in the theories with different values of the coupling constant (i.e. of the circumference of the circle in the gauge theory in units of 1/g^2_{Y M} ) and a different value of N, so that the total length of the string in units of 1/g^2_{Y M} is identical in both cases (this corresponds to fixing R_{11} in string units): but the shorter the circumference of this circle is, the more the long string must be “wound” around it and consequently the greater is number of the points which a given point on the worldsheet can interact with (in the large N limit, the interaction can effectively occur between any two points and the density makes the only difference). Therefore the coupling constant is inversely proportional to the circumference of the circle in the gauge theory (if we set g^2_{Y M} = 1 so that locally the interaction, based on the restoration of the U(2) symmetry, looks the same regardless of what the coupling constant is), i.e. g_s ∼ R^{3/2}_{11} as expected. This argument holds for the E_8 × E_8 heterotic strings, too.

2.4.1 The DVV interaction vertex DVV offered a derivation that allows one to check more technical details [58]. They used the language of conformal perturbation theory. The free theory is the conformal field theory describing free type IIA strings in various sectors determined by the permutation. Let us scale σ again to have a circumference 2π, independent of R_{11}; the dimensionful coupling g^2_{Y M} has dimension of mass and scales like (R_{11}/l_{11})^{−3/2}. The theory is perturbed by some corrections because a gauge group U(2) or more generally U(M) can be restored. S = S_{CF T} + λ ∫ d^2σ V_{int} + . . . (2.22)

These corrections are irelevant in the infrared and we should look for the “least irelevant” one. This correction is nothing else than the DVV vertex.

To explain its nature, consider first the case of the “bosonic matrix string”, i.e. the 1+1- dimensional purely bosonic U(N) gauge theory with 24 transverse scalars X^2 . . . X^{25}. (The lack of supersymmetry makes a spacetime interpretation of such a matrix model impossible, but let us not worry about it.) Two vectors of eigenvalues X^i_a(σ) and X^i_b(σ), corresponding to strings a, b, can suddenly permute for σ > σ_I , if an interaction occurs at σ_I . It means that the sum X^i_a + X^i_b remains constant while the X^i_a − X^i_b flips the overall sign. Such a twist is generated by the twist field τ associated with the X^i_a − X^i_b degrees of freedom – the vertex operator of the ground state of the sector where X^i_a − X^i_b are antiperiodic. This τ is the product τ = 24∏ i=1 τ_i (2.23) of the twist fields associated with each scalar. Each twist field has dimension 1/16, and there are 24 of them, so the total weight of such a field is (24/16, 24/16) = (3/2, 3/2), if we take the product of the twist fields in both the left-moving and the right-moving sectors of the CFT. The total scaling dimension is therefore 3. The vertex operator is integrated over ∫ d^2σ so the coefficient still must have a dimension of length^1. The only local length scale in the problem is 1/g^2_{Y M} (the masses of the W-bosons that we integrate out when we use the low energy description of CFT are inversely proportional to 1/g^2_{Y M} ), which scales like (R_{11}/l_{11})^{3/2}, and therefore also the coefficient of the interaction will scale in this way.

And we know that this is the correct scaling of the string coupling g_s in the superstring case, both in type IIA and heterotic E_8 × E_8. Actually the dimension of the DVV vertex is always (3/2, 3/2). In the heterotic case we must replace the right-moving bosonic twist field by its supersymmetric counterpart. In the type IIA superstring case we must do it for the left-movers, too. In both cases the supersymmetric partner τ_S has again weight equal to 3/2. It can be written as τ_S = τ^i_{exc}Σ^i, (2.24) where the sum is over the vector indices i = 1 . . .8. The symbol τ^i_{exc} denotes the vertex operator for the first excited state in the antiperiodic sector of X’s (an excited twist field), namely the state α^i_{−1/2} |0⟩_{antiper}. The α^i_{−1/2} excitation contributes 1/2 to the weight, the ground state itself carries 1/2 = 8 × 1/16, and the remaining 1/2 is the weight of the spin field Σ^i which is the vertex operator for the degenerate ground state of the periodic sector of the spinorial fermions. The ground state for θ_α transforming in 8_s transforms as 8_c + 8_v . The familiar fact that the Ramond-Ramond ground state of ψ^μ transforms as 8_s + 8_c is related to the fact we need here by triality. Anyway, half of the spin fields associated with the spinorial fermion transform as a vector 8_v. This is the reason why we must contract them with the excited τ^i_{exc}. Once again, the total dimension is (3/2, 3/2) and we reproduce the correct relation between the string coupling and the size of the eleventh dimension. The total action in the conformal perturbative expansion is S = S_{CF T} + g_s N∑ i<j=1 ∫ d^2σ τ^k_{exc,i,j} (σ)Σ^k_{i,j}(σ) ⊗ ~τ^l_{exc,i,j} (σ) ~Σ^l_{i,j}(σ) + . . ., (2.25) where the sum goes over all pairs of the eigenvalues i, j and the tilde denotes the rightmoving sector of the CFT. The interaction operator, essentially known to Mandelstam decades ago, is known to respect the SO(9, 1) Lorentzian symmetry. This might be viewed as a hint that also the original BFSS model restores this symmetry in the large N limit.

2.4.2 Compactification to nine dimensions It is possible to compactify M(atrix) theory on T^2 and T^3, too. For instance M-theory on a subplanckian T^2 should be described by type IIB strings. In M(atrix) theory we can see this as follows. The matrix model for M-theory on T^2 is a 2 + 1-dimensional maximally supersymmetric U(N) gauge theory on a dual torus. If the spacetime torus shrinks, the worldvolume torus of the matrix model becomes infinite. Therefore the physics is dominated by the infrared fixed point of the gauge theory which is a 2 + 1-dimensional superconformal field theory where the spin(7) R-symmetry enhances to spin(8). The M-theoretical reason is that 2 + 1-dimensional supersymmetric Yang-Mills theory describes D2-branes (for α^′ → 0) and the D2-branes of type IIA string theory become M2-branes of M-theory at strong coupling. The gauge field can be electromagnetically dualized in 2 + 1 dimensions to a scalar F^{μν} = ϵ^{μνλ}∂_λϕ_8 (2.26) and this ϕ_8 is nothing else than the extra dimension appearing in the type IIB description, corresponding to M2-branes wrapped on the small two-torus. Matrix theory offers quite rigorous explanations of many conjectures associated with string duality. This should not be surprising because M(atrix) theory is a nonperturbative definition of M-theory in certain backgrounds, in fact the first definition that people found. But now we want to move on to the question of heterotic strings. Do they admit a description in terms of matrix models?

Chapter 3 Heterotic matrix models

In this chapter I propose a nonperturbative definition of heterotic string theory on multidimensional tori and discuss the question of their matrix string limits and the origin of open membranes.

3.1 Introduction

The matrix model of uncompactified M-theory [43], [44], [9] has been generalized to arbitrary toroidal compactifications of type IIA and IIB string theory. For M-theory on T^k, k ≤ 3 (i.e. type II strings on T^{k−1}), one describes the physics by a k + 1-dimensional supersymmetric Yang-Mills theory on a dual T^k . For k = 4, the “4+1-dimensional SYM” is replaced by a 5+1-dimensional (2, 0) theory on T^5 (the momentum in the new, sixth dimension represents the winding number of the longitudinal fivebranes on the four-torus in spacetime, Z_{−ijkl}, this is the first time where the total fivebrane charge can be nonzero). In the case k = 5 one needs a little string theory on T^5 and for k > 5 the matrix models do not decouple from gravity anymore. All these models can be understood as particular large M limits of the original matrix model, in the sense that they may be viewed as the dynamics of a restricted class of large M matrices, with the original matrix model Lagrangian.

A separate line of reasoning has led to a description of the Hořava-Witten domain wall in terms of matrix quantum mechanics [49]-[52]. Here, extra degrees of freedom have to be added to the original matrix model. As we will review below, if these new variables, which transform in the vector representation of the gauge group, are not added, then a potential causes that the model does not live in an eleven dimensional spacetime, but only on its boundary. Although it is, by construction, a unitary quantum mechanics, it probably does not recover ten dimensional Lorentz invariance in the large M limit. Its nominal massless particle content is the ten dimensional N = 1 supergravity (SUGRA) multiplet, which is anomalous.

With the proper number of vector variables added, the theory does have an eleven dimensional interpretation. It is possible to speak of states far from the domain wall and to show that they behave exactly like the model of [9]. Our purpose in the present paper is to compactify this model on spaces of the general form S^1/Z_2 × T^d. We begin by reviewing the argument for the single domain wall quantum mechanics, and generalize it to an S^1/Z_2 compactification. The infinite momentum frame Hamiltonian for this system is practically identical to the static gauge O(M) Super Yang Mills (SYM) Hamiltonian for M heterotic D strings in type I string theory. They differ only in the boundary conditions imposed on the fermions which transform in the vector of O(M). These fermions are required for O(M) anomaly cancellation in both models, but the local anomaly does not fix their boundary conditions. Along the moduli space of the O(M) theory, the model exactly reproduces the string field theory Fock space of the E_8 × E_8 heterotic string theory. The inclusion of both Ramond and Neveu-Schwarz boundary conditions for the matter fermions, and the GSO projection, are simple consequences of the O(M) gauge invariance of the model.

Generalizing to higher dimensions, we find that the heterotic matrix model on S^1/Z_2 × T^d is represented by a U(M) gauge theory on S^1 ×T^d/Z_2. On the orbifold circles, the gauge invariance reduces to O(M). We are able to construct both the heterotic and open string sectors of the model, which dominate in different limits of the space of compactifications.

In the conclusions, we discuss the question of whether the heterotic models which we have constructed are continuously connected to the original uncompactified eleven dimensional matrix model. The answer to this question leads to rather surprising conclusions, which inspire us to propose a conjecture about the way in which the matrix model solves the cosmological constant problem. It also suggests that string vacua with different numbers of supersymmetries are really states of different underlying theories. They can only be continuously connected in limiting situations where the degrees of freedom which differentiate them decouple.

3.2 Heterotic matrix models in ten and eleven dimensions

In [51] an O(M) gauged supersymmetric matrix model for a single Hořava-Witten domain wall embedded in eleven dimensions was proposed. It was based on an extrapolation of the quantum mechanics describing D0-branes near an orientifold plane in type IA string theory [49]. The model was presented as an orbifold of the original [9] matrix model in [52].

3.2.1 Heterotic string theory as an orientifold of M-theory There exists a formal way how to derive a matrix description of an orbifold theory. If we start with M-theory in 11 dimensions and divide it by a group G, physical states should be invariant under G. Therefore the elements of G must be identified with some elements of the gauge group: the matrices X^i and θ^i are constrained to satisfy this identification. In the previous chapter we saw that the procedure for the case of the compactification on a circle, G = Z, has the effect of the dimensional “oxidation” of the matrix model: a new circular spatial dimension appears and the matrix X^i where i points along the circle is lifted to a component of the covariant derivative with respect to the new dimension of the matrix model.

Can we apply the same logic to construct the R/Z_2 (and then S^1/Z_2) compactification of M-theory? Yes, we can. First we must realize how does the symmetry Z_2 act. It flips the sign of X^1, the direction perpendicular to the domain wall at X^1 = 0, and correspondingly multiplies the spinors θ by ±γ^1 (the sign in front of γ^1 determines the chirality of the E_8 multiplet as well as gravitino on the boundary, let us consider the plus sign). What we have said so far is not a symmetry: in M-theory we know that we must also change the sign of the 3-potential (to keep ∫ C_3 ∧ F_4 ∧ F_4 invariant, for example): the Hořava-Witten domain wall is really an orientifold plane since it flips the orientation of membranes. In the matrix model we can see this because the term of the form Tr θ[X, θ] in the matrix model Hamiltonian is odd under the Z_2 generator described so far. It is easy to fix this problem. The true symmetry must also transpose all the matrices. Matrices must be invariant under this combined operation. As a result, X^1 (and Π^1) as well as the spinors with γ^1θ = −θ become antisymmetric Hermitean matrices and X^2 . . .X^9, their conjugate momenta and the rest of the spinors become symmetric Hermitean matrices. Clearly, X^1 and its superpartners transform in adjoint of a restricted gauge group O(N) while the remaining fields transform in the symmetric tensor representation of O(N). We can see that the number of bosonic degrees of freedom exceeds the number of the fermionic degrees of freedom (since most of the bosons are symmetric and the symmetric tensor has more components than the antisymmetric tensor, by N): this can be viewed as the first hint that we need to add some more fermions transforming in the fundamental representation and we will explain details in one of the subsections below.

3.2.2 Open membranes in M(atrix) theory What is the interpretation of the transposition of matrices explained in the previous subsection in terms of membranes? We see that while the matrix U from the Chapter 1 is symmetric, the transposition of the matrix V is V^{−1}. Because V represents exp(iq) where q is a spatial coordinate of the membrane, the transposition corresponds to a reflection of the membrane (of its coordinate q, more precisely). And because the matrices X^2 . . . X^9 must be invariant under this reflection (they are symmetric), the corresponding functions X^i(p, q) defined on the toroidal membrane also satisfy X^i(p, −q) = X^i(p, q) and the toroidal membrane is effectively reduced to a cylinder. The matrix X^1 is antisymmetric, therefore it is an odd function of q and X^1(q = 0) = X^1(q = π) = 0: the open membrane must terminate on the end of the world.

A more detailed analysis was subsequently made by Kim and Rey [49]. The orthogonal and symplectic group was shown to be capable to describe the Z_2 orbifolds of the sphere S^2 and the torus T^2 summarized in the table below.

Table 3.1: Matrix representations of Z_2 orbifolds of the sphere S^2 and the torus T^2: here Y_{lm} are the spherical harmonics and J_{r,s} are the Fourier modes on the torus. Both are represented by some matrix generators in the regularized case.

Gauge group Matrix generators Membrane topology SO(2N) and SO(2N + 1) Y_{lm} − (−1)^{l+m}Y_{lm} Disk USp(2N) Y_{lm} − (−1)^lY_{lm} Projective plane SO(2N) and SO(2N + 1) J_{r,s} − J_{r,−s} Cylinder SO(2N) J_{r,s} − (−1)^sJ_{r,−s} Cylinder SO(2N) and USp(2N) J_{r,s} − (−1)^rJ_{r,−s} Klein bottle SO(2N) and USp(2N) J_{r,s} − (−1)^{r+s}J_{r,−s} Klein bottle SO(2N) and SO(2N + 1) J_{r,s} − J_{s,r} Möbius strip SO(2N) J_{r,s} − (−1)^{r+s}J_{s,r} Möbius strip

3.2.3 Additional degrees of freedom The orbifold derivation presented above has a formal character and one should rather follow Seiberg’s more rigorous derivation of the matrix model. In order to describe Mtheory near a Hořava-Witten domain wall, we need to consider type IIA string theory near the corresponding orientifold plane i.e. type IA string theory. Since the dilaton is constant, there must be eight D8-branes stuck at this orientifold plane. In the type IA context it is necessary to add to the matrix model the low-energy degrees of freedom transforming in the vector of O(M) and corresponding to the existence of D8-branes and the 08-strings connecting them to the D0-branes. Since D8-branes are movable in type IA theory, there are consistent theories both with and without these extra degrees of freedom. That is, we can consistently give them masses, which represent the distances between the D8-branes and the orientifold. However, as first pointed out by [49], unless the number of D8-branes sitting near the orientifold is exactly 8, the D0-branes feel a linear potential (resulting from the dilaton gradient) which either attracts them to or repels them from the orientifold. This is the expression in the quantum mechanical approximation, of the linearly varying dilaton first found by Polchinski and Witten [54]. This system was studied further by Kim and Rey and by Banks, Seiberg and Silverstein in [49]-[50]. In the latter work the supersymmetry and gauge structure of model were clarified, and the linear potential was shown to correspond to the fact that the “supersymmetric ground state” of the model along classical flat directions representing excursions away from the orientifold was not gauge invariant.

From this discussion it is clear that the only way to obtain a model with an eleven dimensional interpretation is to add sixteen massless real fermions transforming in the vector of O(M), which is the model proposed in [51]. In this case, D0-branes can move freely away from the wall, and far away from it the theory reduces to the U([^M_2 ]) model of [9]^1.

Our task now is to construct a model representing two Hořava-Witten end of the world 9-branes separated by an interval of ten dimensional space. As in [52] we can approach this task by attempting to mod out the 1 + 1 dimensional field theory [9], [31], [56], [57], [58] which describes M-theory compactified on a circle. Following the logic of [52], this leads to an O(M) gauge theory. The 9-branes are stretched around the longitudinal direction of the infinite momentum frame (IMF) and the 2 − 9 hyperplane of the transverse space. X^1 is the differential operator R_1 i ∂ ∂σ − A_1 where σ is in [0, 2π], and A_1 is an O(M) vector potential. The other X^i transform in the

M(M+1)

2 of O(M). There are two kinds of fermion multiplet. θ is an 8_c of the spacetime SO(8), a symmetric tensor of O(M) and is the superpartner of X^i under the eight dynamical and eight kinematical SUSYs which survive the projection. λ is in the adjoint of O(M), the 8_s of SO(8), and is the superpartner of the gauge potential. We will call it the gaugino.

As pointed out by Kim and Rey [49] and [50], this model is anomalous. One must add 32 Majorana-Weyl fermions χ in the M of O(M). For sufficiently large M, this is the

1Actually there is a highly nontrivial question which must be answered in order to prove that the effects of the wall are localized. In [50] it was shown that supersymmetry allowed an arbitary metric for the coordinate representing excursions away from the wall. In finite orders of perturbation theory the metric falls off with distance but, as in the discussion of the graviton scattering amplitude in [9], one might worry that at large M these could sum up to something with different distance dependence. In [9] a nonrenormalization theorem was conjectured to protect the relevant term in the effective action. This cannot be the case here.

only fermion content which can cancel the anomaly. The continuous SO(M) anomaly does not fix the boundary conditions of the χ fields. There are various consistency conditions which help to fix them, but in part we must make a choice which reflects the physics of the situation which we are trying to model.

The first condition follows from the fact that our gauge group is O(M) rather than SO(M). That is, it should consist of the subgroup of U(M) which survives the orbifold projection. The additional Z_2 acts only on the χ fields, by reflection. As a consequence, the general principles of gauge theory tell us that each χ field might appear with either periodic or antiperiodic boundary conditions, corresponding to a choice of O(M) bundle. We must also make a projection by the discrete transformation which reflects all the χ’s. What is left undetermined by these principles is choice of relative boundary conditions among the 32 χ’s.

The Lagrangian for the χ fields is

χ(∂_t + 2πR_1∂_σ − iA_0 − iA_1)χ. (3.1)

In the large R_1 limit, the volume of the space on which the gauge theory is compactified is small, and its coupling is weak, so we can treat it by semiclassical methods. In particular, the Wilson lines become classical variables. We will refer to classical values of the Wilson lines as expectation values of the gauge potential A_1. (We use the term expectation value loosely, for we are dealing with a quantum system in finite volume. What we mean is that these “expectation values” are the slow variables in a system which is being treated by the Born-Oppenheimer approximation.) An excitation of the system at some position in the direction tranverse to the walls is represented by a wave function of n × n block matrices in which A_1 has an expectation value breaking O(n) to U(1) × U([n/2]). In the presence of a generic expectation value, in A_0 = 0 gauge, the χ fields will not have any zero frequency modes. The exceptional positions where zero frequency modes exist are A_1 = 0 (for periodic fermions) and A_1 = πR_1 (for antiperiodic fermions). These define the positions of the end of the world 9-branes, which we call the walls. When R_1 ≫ l_{11}, all of the finite wavelength modes of all of the fields have very high frequencies and can be integrated out. In this limit, an excitation far removed from the walls has precisely the degrees of freedom of a U([^n_2 ]) gauge quantum mechanics. The entire content of the theory far from the walls is U([^M_2 ]) gauge quantum mechanics. It has no excitations carrying the quantum numbers created by the χ fields, and according to the conjecture of [9] it reduces to eleven dimensional M-theory in the large M limit. This reduction assumes that there is no longe range interaction between the walls and the rest of the system.

In order to fulfill this latter condition it must be true that at A_1 = 0, and in the large R_1 limit, the field theory reproduces the O(M) quantum mechanics described at the beginning of this section (and a similar condition near the other boundary). We should find 16 χ zero modes near each wall. Thus, the theory must contain a sector in which the 32 1 + 1 dimensional χ fields are grouped in groups of 16 with opposite periodicity. Half of the fields will supply the required zero modes near each of the walls. Of course, the question of which fields have periodic and which antiperiodic boundary conditions is a choice of O(M) gauge. However, in any gauge only half of the χ fields will have zero modes located at any given wall. We could of course consider sectors of the fundamental O(M) gauge theory in which there is a different correlation between boundary conditions of the χ fields. However, these would not have an eleven dimensional interpretation at large R_1. The different sectors are not mixed by the Hamiltonian so we may as well ignore them.

To summarize, we propose that M-theory compactified on S^1/Z_2 is described by a 1 + 1 dimensional O(M) gauge theory with (0, 8) SUSY. Apart from the (A_μ, λ) gauge multiplet, it contains a right moving X^i, θ supermultiplet in the symmetric tensor of O(M) and 32 left moving fermions, χ, in the vector. The allowed gauge bundles for χ (which transforms under the discrete reflection which leaves all other multiplets invariant), are those in which two groups of 16 fields have opposite periodicities. In the next section we will generalize this construction to compactifications on general tori.

First let us see how heterotic strings emerge from this formalism in the limit of small R_1. It is obvious that in this limit, the string tension term in the SYM Lagrangian becomes very small. Let us rescale our X^i and time variables so that the quadratic part of the Lagrangian is independent of R_1. Then, as in [57], [56], [58], the commutator term involving the X^i gets a coefficient R^{−3} so that we are forced onto the moduli space in that limit. In this O(M) system, this means that the X^i matrices are diagonal, and the gauge group is completely broken to a semidirect product of Z_2 (or O(1)) subgroups which reflect the individual components of the vector representation, and an S_M which permutes the eigenvalues of the X^i. The moduli space of low energy fields^2 consists of diagonal X^i fields, their superpartners θ_a (also diagonal matrices), and the 32 massless left moving χ fields. The gauge bosons and their superpartners λ^{α̇} decouple in the small R_1 limit. All of the χ fields are light in this limit.

3.2.4 Screwing heterotic strings As first explained in [56] and elaborated in [57], and [58], twisted sectors under S_N lead to strings of arbitrary length^3. The strings of conventional string theory, carrying continuous values of the longitudinal momentum, are obtained by taking N to infinity and concentrating on cycles whose length is a finite fraction of N. The new feature which arises in the heterotic string is that the boundary conditions of the χ fields can be twisted by the discrete group of reflections.

A string configuration of length 2πk, X^i_S (s), 0 ≤ s ≤ 2πk, is represented by a diagonal matrix:

X^i(σ) =

X^i_S (σ) X^i_S (σ + 2π) ... X^i_S (σ + 2π(N − 1))

. (3.2)

2We use the term moduli space to refer to the space of low energy fields whose effective theory describes the small R1 limit (or to the target space of this effective theory). These fields are in a Kosterlitz-Thouless phase and do not have expectation values, but the term moduli space is a convenient shorthand for this subspace of the full space of degrees of freedom.

3These observations are mathematically identical to considerations that arose in the counting of BPSstates in black hole physics [55].

This satisfies the twisted boundary condition X^i(σ + 2π) = E^{−1}_O X^i(σ)E_O with

E_O = ϵ_k ϵ_1 ϵ_2 ... ϵ_{N −1}

, (3.3)

and ϵ_i = ±1. The latter represent the O(1)^k transformations, which of course do not effect X^i at all.

To describe the possible twisted sectors of the matter fermions we introduce the matrix r^a_b = diag(1 . . .1, −1 . . .− 1), which acts on the 32 valued index of the χ fields. The sectors are then defined by χ^a(σ + 2π) = r^a_b E^{−1}_O χ^b(σ) (3.4) As usual, inequivalent sectors correspond to conjugacy classes of the gauge group. In this case, the classes can be described by a permutation with a given set of cycle lengths, corresponding to a collection of strings with fixed longitudinal momentum fractions, and the determinants of the O(1)^k matrices inside each cycle. In order to understand the various gauge bundles, it is convenient to write the “screwing formulae” which express the components of the vectors χ^a in terms of string fields χ^a_s defined on the interval [0, 2πk]. The defining boundary conditions are

χ^a_i (σ + 2π) = ϵ_ir^a_b χ^b_{i+1}(σ) (3.5)

where we choose the gauge in which ϵ_{i<k} = 1 and ϵ_k = ±1 depending on the sign of the determinant. The vector index i is counted modulo k. This condition is solved by

χ^a_i (σ) = (r^{i−1})^a_b χ^b_S (σ + 2π(i − 1)) (3.6)

where χ_S satisfies χ^a_S (σ + 2πk) = (r^k)^a_b ϵ_k χ^b_S (σ) (3.7) For k even, this gives the PP and AA sectors of the heterotic string, according to the sign of the determinant. Similarly, for k odd, we obtain the AP and PA sectors. As we explained in a paper with Susskind [47], the E_8 symmetry is broken to SO(16) by a longitudinal Wilson line around the light-like direction that is equivalent to a 2π rotation in SO(16): therefore the states containing an odd number of spinors of SO(16) appear in the models with odd k. Recall that 248 of E_8 decomposes as the adjoint 120 plus a chiral spinor 128 under SO(16).

As usual in a gauge theory, we must project on gauge invariant states. It turns out that there are only two independent kinds of conditions which must be imposed. In a sector characterized by a permutation S, one can be chosen to be the overall multiplication of χ fields associated with a given cycle of the permutation (a given string) by −1. This GSO operator anticommuting with all the 32 χ fields is represented by the −1 matrix from the gauge group O(N). The other is the projection associated with the cyclic permutations themselves. It is easy to verify that under the latter transformation the χ_S fields transform as χ^a_S (σ) → r^a_b χ^b_S (σ + 2π) (3.8) Here σ ∈ [0, 2πk] and we are taking the limit M → ∞, k/M fixed. In this limit the 2π shift in argument on the righthand side of (3.8) is negligible, and we obtain the second GSO projection of the heterotic string.

Thus, 1 + 1 dimensional O(M) SYM theory with (0, 8) SUSY, a left moving supermultiplet in the symmetric tensor representation and 32 right moving fermion multiplets in the vector (half with P and half with A boundary conditions) reduces in the weak coupling, small (dual) circle limit to two copies of the Hořava-Witten domain wall quantum mechanics, and in the strong coupling large (dual) circle limit, to the string field theory of the E_8 × E_8 heterotic string.

3.3 Multidimensional cylinders

The new feature of heterotic compactification on S^1/Z_2 × T^d is that the coordinates in the toroidal dimensions are represented by covariant derivative operators with respect to new world volume coordinates. We will reserve σ for the periodic coordinate dual to the interval

S^1/Z_2 and denote the other coordinates by σ^A. Then, X^A = 2πR_A i ∂ ∂σ^A − A_A(σ); A = 2 . . .k + 1. (3.9) Derivative operators are antisymmetric, so in order to implement the orbifold projection, we have to include the transformation σ^A → −σ^A, for A = 2 . . .d + 1, in the definition of the orbifold symmetry. Thus, the space on which SYM is compactified is S^1 × (T^d/Z_2). There are 2^d orbifold circles in this space, which are the fixed manifolds of the reflection. Away from these singular loci, the gauge group is U(M) but it will be restricted to O(M) at the singularities. We will argue that there must be a number of 1 + 1 dimensional fermions living only on these circles. When d = 1 these orbifold lines can be thought of as the boundaries of a dual cylinder. Note that if we take d = 1 and rescale the σ^A coordinates so that their lengths are 1/R_A then a long thin cylinder in spacetime maps into a long thin cylinder on the world volume, and a short fat cylinder maps into a short fat cylinder. As we will see, this geometrical fact is responsible for the emergence of Type IA and heterotic strings in the appropriate limits.

The boundary conditions on the world volume fields are X^i(σ, σ^A) = X̄^i(σ, −σ^A), A_a(σ, σ^A) = Ā_a(σ, −σ^A), (3.10) A_1(σ, σ^A) = −Ā_1(σ, −σ^A) (3.11) θ(σ, σ^A) = θ̄(σ, −σ^A), λ(σ, σ^A) = −λ̄(σ, −σ^A) (3.12) All matrices are Hermitean, so transposition is equivalent to complex conjugation. The right hand side of the boundary condition (3.11) can also be shifted by 2πR_1, reflecting the fact that A_1 is an angle variable.

Let us concentrate on the cylinder case, d = 1. In the limits R_1 ≪ l_{11} ≪ R_2 and R_2 ≪ l_{11} ≪ R_1, we will find that the low energy dynamics is completely described in terms of the moduli space, which consists of commuting X^i fields. In the first of these limits, low energy fields have no σ^2 dependence, and the boundary conditions restrict the gauge group to be O(M), and force X^i and θ to be real symmetric matrices. Anomaly arguments then inform us of the existence of 32 fermions living on the boundary circles. The model reduces to the E_8 × E_8 heterotic matrix model described in the previous section, which, in the indicated limit, was shown to be the free string field theory of heterotic strings.

3.3.1 Type IA strings The alternate limit produces something novel. Now, low energy fields are restricted to be functions only of σ^2. Let us begin with a description of closed strings. We will exhibit a solution of the boundary conditions for each closed string field X_S (σ) with periodicity 2πk. Multiple closed strings are constructed via the usual block diagonal procedure.

X^i(σ^2) = U(σ^2)DU^{−1}(σ^2), (3.13) D = diag(X^i_s(σ^2), ϵX^i_s(2π − σ^2), X^i_s(2π + σ^2), ϵX^i_s(4π − σ^2), . . . , X^i_s(2π(N − 1) + σ^2), ϵX^i_s(2πN − σ^2)).

(3.14)

where ϵ is +1 for X^{2...9} and θ’s, −1 for A^1 and λ’s. From this form it is clear that the matrices will commute with each other for any value of σ^2. We must obey Neumann boundary conditions for the real part of matrices and Dirichlet conditions for the imaginary parts (or for ϵ = −1 vice versa), so we must use specific values of the unitary matrix U(σ^2) at the points σ^2 = 0, π. Let us choose

U^′(0+) = U^′(π−) = 0 (3.15)

(for instance, put U constant on a neighbourhood of the points σ^2 = 0, π) and for a closed string,

U(π) = m m ... m , U(0) = C · U(π) · C^{−1}, (3.16)

where C is a cyclic permutation matrix

C =

1 1 ... 1 1

(3.17)

where m are 2 × 2 blocks (there are N of them) (while in the second matrix the 1’s are 1 × 1 matrices so that we have a shift of the U(π) along the diagonal by half the size of the

Pauli matrices. The form of these blocks guarantees the conversion of τ_3 to τ_2: m = τ_2 + τ_3 √ 2 . (3.18)

This 2 × 2 matrix causes two ends to be connected on the boundary. It is easy to check that the right boundary conditions will be obeyed.

To obtain open strings, we just change the U(0) and U(π). An open string of odd length is obtained by throwing out the last element in (3.14) and taking

U(0) =

1_{1×1} m m . . . m

, U(π) = m m m . . . 1_{1×1}

(3.19)

Similarly, an open string of even length will have one of the matrices U(0), U(π) equal to what it was in the closed string case m ⊗ 1 while the other will be equal to

U(0) =

1_{1×1} m m . . . m 1_{1×1}

(3.20)

Similar constructions for the fermionic coordinates are straightforward to obtain. We also note that we have worked above with the original boundary conditions and thus obtain only open strings whose ends are attached to the wall at R_1 = 0. Shifting the boundary condition (3.11) by 2πR_1 (either at σ^2 = 0 or σ^2 = π or both) we obtain strings attached to the other wall, or with one end on each wall. Finally, we note that we can perform the gauge transformation M → τ_3Mτ_3 on our construction. This has the effect of reversing the orientation of the string fields, X_S (σ^2) → X_S (−σ^2). Thus we obtain unoriented strings.

We will end this section with a brief comment about moving D8-branes away from the orientifold wall. This is achieved by adding explicit SO(16) × SO(16) Wilson lines to the Lagrangian of the χ^a fields. We are working in the regime R_2 ≪ l_{11} ≪ R_1, and we take these to be constant gauge potentials of the form χ^aA_{ab}χ^b, with A of order R_1. In the presence of such terms χ^a will not have any low frequency modes, unless we also shift the O(M) gauge potential A_1 to give a compensating shift of the χ frequency. In this way we can construct open strings whose ends lie on D8-branes which are not sitting on the orientifold.

In this construction, it is natural to imagine that 16 of the χ fields live on each of the boundaries of the dual cylinder. Similarly, for larger values of d it is natural to put 32 2^d fermions on each orbifold circle, a prescription which clearly runs into problems when

d > 4. This is reminiscent of other orbifold constructions in M theory in which the most symmetrical treatment of fixed points is not possible (but here our orbifold is in the dual world volume). It is clear that our understanding of the heterotic matrix model for general d is as yet quite incomplete. We hope to return to it in a future paper.

3.4 Conclusions

We have described a class of matrix field theories which incorporate the Fock spaces of the the E_8 × E_8 heterotic/Type IA string field theories into a unified quantum theory. The underlying gauge dynamics provides a prescription for string interactions. It is natural to ask what the connection is between this nonperturbatively defined system and previous descriptions of the nonperturbative dynamics of string theories with twice as much supersymmetry. Can these be viewed as two classes of vacua of a single theory? Can all of these be obtained as different large N limits of a quantum system with a finite number of degrees of freedom?

The necessity of introducing the χ fields into our model suggests that the original eleven dimensional system does not have all the necessary ingredients to be the underlying theory. Yet we are used to thinking of obtaining lower dimensional compactifications by restricting the degrees of freedom of a higher dimensional theory in various ways. Insight into this puzzle can be gained by considering the limit of heterotic string theory which, according to string duality, is supposed to reproduce M-theory on K3. The latter theory surely reduces to eleven dimensional M-theory in a continuous manner as the radius of K3 is taken to infinity. Although we have not yet worked out the details of heterotic matrix theory on higher dimensional tori, we think that it is clear that the infinite K3 limit will be one in which the χ degrees decouple from low energy dynamics.

The lesson we learn from this example is that decompactification of space time dimensions leads to a reduction in degrees of freedom. Indeed, this principle is clearly evident in the prescription for compactification of M-theory on tori in terms of SYM theory. The more dimensions we compactify, the higher the dimension of the field theory we need to describe the compactification. There has been some discussion of whether this really corresponds to adding degrees of freedom since the requisite fields arise as limits of finite matrices. However there is a way of stating the principle which is independent of how one chooses to view these constructions. Consider, for example, a graviton state in M-theory compactified on a circle. Choose a reference energy E and ask how the number of degrees of freedom with energy less than E which are necessary to describe this state, changes with the radius of compactification. As the radius is increased, the radius of the dual torus decreases. This decreases the number of states in the theory with energy less than E, precisely the opposite of what occurs when we increase the radius of compactification of a local field theory

3.4.1 Cosmological constant problem It seems natural to speculate that this property, so counterintuitive from the point of view of local field theory, has something to do with the cosmological constant problem. In [108] one of the authors suggested that any theory which satisfied the ’t Hooft-Susskind holographic principle would suffer a thinning out of degrees of freedom as the universe expanded, and that this would lead to an explanation of the cosmological constant problem. Although the speculations there did not quite hit the mark, the present ideas suggest a similar mechanism. Consider a hypothetical state of the matrix model corresponding to a universe with some number of Planck size dimensions and some other dimensions of a much larger size, R. Suppose also that SUSY is broken at scale B, much less than the (eleven dimensional) Planck scale. The degrees of freedom associated with the compactified dimensions all have energies much higher than the SUSY breaking scale. Their zero point fluctuations will lead to a finite, small (relative to the Planck mass) R independent, contribution to the total vacuum energy. As R increases, the number of degrees of freedom at scales less than or equal to B will decrease. Thus, we expect a corresponding decrease in the total vacuum energy. The total vacuum energy in the large R limit is thus bounded by a constant, and is dominated by the contribution of degrees of freedom associated with the small, compactified dimensions. Assuming only the minimal supersymmetric cancellation in the computation of the vacuum energy, we expect it to be of order B^2l_{11}. This implies a vacuum energy density of order B^2l_{11}/R^3, which is too small to be of observational interest for any plausible values of the parameters. If a calculation of this nature turns out to be correct, it would constitute a prediction that the cosmological constant is essentially zero in the matrix model.

It should not be necessary to emphasize how premature it is to indulge in speculations of this sort (but we couldn’t resist the temptation). We do not understand supersymmetry breaking in the matrix model and we are even further from understanding its cosmology. Indeed, at the moment we do not even have a matrix model derivation of the fact^4 that parameters like the radius of compactification are dynamical variables. Perhaps the most important lacuna in our understanding is related to the nature of the large N limit. We know that many states of the system wander off to infinite energy as N is increased. Our discussion above was based on extrapolating results of the finite N models, without carefully verifying that the degrees of freedom involved survive the limit. Another disturbing thing about our discussion is the absence of a connection to Bekenstein’s area law for the number of states. The Bekenstein law seems to be an integral part of the physical picture of the matrix model. Despite these obvious problems, we feel that it was worthwhile to present this preliminary discussion of the cosmological constant problem because it makes clear that the spacetime picture which will eventually emerge from the matrix model is certain to be very different from the one implicit in local field theory.

4Indeed this “fact” is derived by rather indirect arguments in perturbative string theory.

Chapter 4 Knitted fivebranes in the (2,0) theory

In this chapter which results from a collaboration with Ori Ganor [2] we study non-linear corrections to the low-energy description of the (2,0) theory. We argue for the existence of a topological correction term similar to the C_3 ∧ X_8(R) in M-theory. This term can be traced to a classical effect in supergravity and to a one-loop diagram of the effective 4+1D Super Yang-Mills. We study other terms which are related to it by supersymmetry and discuss the requirements on the subleading correction terms from M(atrix) theory. We also speculate on a possible fundamental formulation of the theory.

4.1 Introduction

During the last four years a lot of attention has been devoted to the newly discovered 5+1D theories [3]. The version of these theories with (2,0) supersymmetry arises as a low-energy description of type-II B on an A_{N −1} singularity [3] or as the dual low-energy description of N coincident 5-branes in M-theory [4]. Part of the attention [5, 6, 7] is due to the rôle they play in compactified M(atrix) theory [9], part is because they provide testing grounds to M(atrix) theory ideas [11, 12, 13, 14, 15], and another part is because they shed light on non-perturbative phenomena in 3+1D gauge theories [3]. These theories are also very exciting on their own right. They lack any parameter which will allow a classical perturbative expansion (like the coupling constant of SYM). Thus, these theories have no classical limit (for finite N). The only possible classical expansion is a derivative expansion where the energy is the small parameter.

One of our goals will be to explore the low-energy description of the (2,0) theory. At low energies, and a generic point in moduli space the zeroth order approximation is N free tensor multiplets which contain the chiral anti-self-dual 2-forms. Since the theory contains chiral 2-forms it is more convenient to write down the low-energy equations of motion rather than the non-manifestly covariant Lagrangian (there is the other option of using the manifestly covariant formulation of [16, 17], but using the equations of motion will be sufficient for our purposes). These equations are to be interpreted à la Wilson, i.e. as quantum equations for operators but with a certain unspecified UV cutoff. The leading terms in the Wilsonian low-energy description are the linear equations of motion for the N free tensor multiplets. We will be looking for the first sub-leading corrections. Those corrections will be non-linear and are a consequence of the interacting nature of the full (2,0) theory. In general at high enough order in the derivative expansion the terms in the Wilsonian action are cutoff dependent. However, we will see that the first order corrections are independent of the cutoff. We will argue that the low-energy equations contain a topological term somewhat analogous to the subleading C_3∧X_8(R) term of Mtheory [18, 19] and which describes a topological correction term to the anti-self-dual string current. We will then study the implications of supersymmetry.

The chapter is organized as follows. Section 4.2 is a review of the (2,0) theory. In section 4.3 we derive the topological term from the supergravity limit of N 5-branes of M-theory. Our discussion will be an implementation of results described in [20]. In section 4.4 we discuss the implied correction terms after compactification to 3+1D, and we find related terms which are implied by supersymmetry. In section 4.5 we discuss the currents in 5+1D. Finally, in sections 4.6, 4.7 we speculate on a possible “deeper” meaning of these correction terms.

4.2 Review of the (2,0) theory

This section is a short review of some facts we will need about the (2,0) theory.

4.2.1 Realization The (2, 0)_N theory is realized either as the low-energy decoupled degrees of freedom from an A_{N −1} singularity (for N ≥ 2) of type IIB [3] or from the low-energy decoupled degrees of freedom of N 5-branes of M-theory [4]. This is a conformal 5+1D theory which is interacting for N > 1. It has a chiral (2,0) supersymmetry with 16 generators. One can deform the theory away from the conformal point. This corresponds to separating the N 5-branes (or blowing up the A_{N −1} singularity). If the separation scale x is much smaller than the 11D Planck length M^{−1}_p then at energies E ∼ M^{3/2}p x^{1/2} one finds a massive decoupled theory whose low-energy description is given by N free tensor multiplets.

Each free tensor multiplet in 5+1D comprises of 5 scalar fields Φ^A with A = 1 . . .5, one tensor field B^{(−)}μν where the (−) indicates that its equations of motion force it to be anti-self-dual, and 4 multiplets of chiral fermions Θ. The (2,0) supersymmetry in 5+1D has Sp(2) = Spin(5)_R R-symmetry. The scalars Φ^A are in the 5 whereas the fermions are in the (4, 4) of SO(5, 1) × Sp(2) but with a reality condition. Thus there are 16 real fields in Θ.

For the low-energy of the (2, 0)_N theory there are N such tensor multiplets. The moduli space, however, is not just (R^5)^N because there are discrete identifications given by the permutation group. It is in fact (R^5)^N /S_N . Let us discuss what happens for N = 2. The moduli space can be written as R^5 × (R^5/Z_2). The first R^5 is the sum of the two tensor multiplets. In 5+1D this sum is described by a free tensor multiplet which decouples from the rest of the theory (although after compactification, it has some global effects which do not decouple). The remaining R^5/Z_2 is the difference of the two tensor multiplets. This moduli space has a singularity at the origin where the low-energy description is no longer two free tensor multiplets but is the full conformal theory.

4.2.2 Equations of motion for a free tensor multiplet To write down the lowest order equations of motion for a free tensor multiplet we use the field strength H_{αβγ} = 3∂_{[α}B^{(−)}_{βγ]} .

This equation does not imply that H is anti-self-dual but does imply that H is a closed form. It is possible to modify this equation such that H will be manifestly anti-self-dual. We will define H to be anti-self-dual part of dB according to, H_{αβγ} = 3 2 (∂_{[α}B_{βγ]}) − 1 4 ϵ_{αβγ}^{α′β′γ′} (∂_α′ B_β′_γ′ ) . (4.1)

This definition is the same as the previous one for anti-self-dual dB, it trivially implies that H is anti-self-dual and it does not lead to the equation dH = 0 which we will find useful later on. In any case, we will use the equations of motion for H only and B will therefore not appear. For the fermions it is convenient to use 11D Dirac matrices Γ^μ, μ = 0 . . .5 , Γ^A, A = 6 . . .10 , with commutation relations {Γ^μ, Γ^ν } = 2η^{μν} , {Γ^A, Γ^B} = 2δ^{AB} , {Γ^A, Γ^μ} = 0 .

We define ~Γ = Γ^{012345} = Γ^0Γ^1 · · ·Γ^5 = Γ^6Γ^7 · · · Γ^{10} .

The spinors have positive chirality and satisfy Θ = ~ΓΘ .

The Spin(5)_R acts on Γ^A while SO(5, 1) acts on Γ^μ. The free equations of motion are given by H^{μνσ} = 1 6 ϵ_{τ ργ}^{μνσ} H^{τ ργ} ≡ − 1 6 ϵ^{μνσ}_{τ ργ} H^{τ ργ} , (4.2) ∂_{[τ} H_{μνσ]} = 0, (4.3) □Φ^A = 0 , (4.4) ∂̸Θ = 0 . (4.5) The supersymmetry variation is given by δH_{αβγ} = − i 2 ϵ̄Γ_δ Γ_{αβγ} ∂^δΘ (4.6) δΦ_A = −iϵ̄Γ_AΘ (4.7) δΘ = ( 1 12 H_{αβγ}Γ^{αβγ} + Γ^α∂_αΦ_AΓ^A)ϵ . (4.8)

The quantization of the theory is slightly tricky. There is no problem with the fermions Θ and bosons Φ^A, but the tensor field is self-dual and thus has to be quantized similarly to a chiral boson in 1+1D. This means that we second-quantize a free tensor field without any self-duality constraints and then set to zero all the oscillators with self-dual polarizations. The action that we use in 5+1D is: A = − 1 4π ∫ { ∂_μΦ^A∂^μΦ_A + 3 2 ∂_{[μ}B_{στ ]}∂^{[μ}B^{στ ]} + iΘ̄∂̸Θ } d^6σ . Here we have defined Θ̄ = Θ^T Γ^0. The normalization is such that integrals of B_{στ} over closed 2-cycles live on circles of circumference 2π. In appendix A we list some more useful formulae.

4.3 Low-energy correction terms – derivation from SUGRA

In this section we will derive a correction term to the zeroth order low-energy terms.

Let us consider two 5-branes in M-theory. Let their center of mass be fixed. The fluctuations of the center of mass are described by a free tensor multiplet. Let us assume that the distance between the 5-branes at infinity |M^{−2}_p Φ_0| is much larger than the 10+1D Planck length M^{−1}_p and let us consider the low-energy description of the system for energies E ≪ |Φ_0|. The description at lowest order is given by supergravity in the 10+1D bulk and by a 5+1D tensor multiplet with moduli space R^5/Z_2 (we neglect the free tensor multiplet coming from the overall center of mass). The lowest order equations of motion for the tensor multiplet are the same linear equations as described in the previous section. We would like to ask what are the leading nonlinear corrections to the linear equations.

We will now argue that according to the arguments given in [20] there is a topological contribution to the dH equation of motion (here Φ^{(ij)} ≡ Φ^{(i)} − Φ^{(j)})

∂_{[α}H^{(i)}_{βγδ]} = (j≠i)∑

j=1...N 3ϵ^{ABCDE} 16π|Φ^{(ij)}|^5

Φ^{E,(ij)}∂_{[α}Φ^{A,(ij)}∂_βΦ^{B,(ij)}∂_γ Φ^{C,(ij)}∂_{δ]}Φ^{D,(ij)} . (4.9)

Here A . . .E = 1 . . .5. Φ^A are the scalars of the tensor multiplet and H_{αβγ} is the anti-self-dual field strength. Note that the RHS can be written as a pullback π^∗ω_4 of a closed form on the moduli space which is M ≡ R^5/Z_2 − {0} .

Here π : R^{5,1} −→ M = R^5/Z_2 − {0} is the map Φ^A from space-time to the moduli space and

ω_4 = 3 8π^2|Φ|^5 ϵ^{ABCDE} Φ^E dΦ^A∧dΦ^B∧dΦ^C ∧dΦ^D is half an integral form in H_4(^1_2 Z), i.e. ∫ S^4 /Z_2

ω_4 = 1 2 . Let us explain how (4.9) arises. When Φ^A changes smoothly and slowly, the supergravity picture is that each 5-brane “wraps” the other one. Each 5-brane is a source for the (dual of the) F_4 = dC_3 4-form field-strength of 10+1D supergravity. When integrated on a sphere S^4 surrounding the 5-brane we get ∫ S^4 F4 = 2π. The other 5-brane now feels an effective C3

flux on its world-volume. This, in turn, is a source for the 3-form anti-self-dual low-energy field-strength dH = dC_3. It follows that the total string charge measured at infinity of the R^{5,1} world-volume of one 5-brane is, ∫ dH = ∫ dC_3 = ∫ F_4 .

The integrals here are on R^4 which is a subspace of R^{5,1} and they measure how much effective string charge passes through that R^4. The integral on the RHS can now be calculated. It is the 4D-angle subtended by the R^4 relative to the second 5-brane which was the source of the F_4. But this angle can be expressed solely in terms of Φ^A and the result is the integral over ω_4.

These equations can easily be generalized to N 5-branes. We have to supplement each field with an index i = 1 . . .N. We can also argue that there is a correction □Φ^{D,(i)} = − (j≠i)∑

j=1...N ϵ^{ABCDE} 32π|Φ^{(ij)}|^5 Φ^{E,(ij)}∂_αΦ^{A,(ij)}∂_β Φ^{B,(ij)}∂_γ Φ^{C,(ij)}H^{αβγ,(ij)} + · · · (4.10)

Here Φ^{(ij)} ≡ Φ^{(i)} − Φ^{(j)} and similarly H^{(ij)} = H^{(i)} − H^{(j)}. The term (· · ·) contains fermions and other contributions.

The equation (4.10) for □Φ can be understood as the equation for force between a tilted fivebrane and another fivebrane which carries an H_{αβγ} flux. As far as BPS charges go, the H flux inside a 5-brane is identified in M-theory with a membrane flux. This means that (after compactification) as a result of a scattering of a membrane on a 5-brane an H-flux can be created and the membrane can be annihilated. The identification of the H-flux with the membrane charge is also what allows a membrane to end on a 5-brane [4]. Consistency implies that a 5-brane with an H flux should exert the same force on other objects as a 5-brane and a membrane. This is indeed the case, as follows from the C_3∧H interaction on the 5-brane world-volume [4].

The Lorentz force acting on a point like particle equals (in its rest frame) m d^2 dt^2 x^i = e · F^{0i} . (4.11)

As a generalization for a force acting on the fivebrane because of the flux H in the other 5-brane, we can replace d^2/dt^2 by □ and write

□Φ_A = F_{Aαβγ} H^{αβγ} . (4.12)

But we must calculate the four-form supergravity field strength at the given point. Only components with one Latin index and three Greek indices are important. We note that the electric field strength in the real physical 3+1-dimensional electrostatics is proportional to F_{0A} ∝ r_A r^3 ∝ 1 r^2

. (4.13)

The power 3 denotes 3 transverse directions, F contains all the indices in which the “worldvolume” of the particle is stretched. As an analogue for fivebrane stretched exactly in 012345 directions, ∗F_{012345A} ∝

Φ^{(ij)}_A |Φ_{(ij)}|^5 ∝ 1 |Φ_{(ij)}|^4

. (4.14) We wrote star because we interpret the fivebrane as the “magnetic” source. F in (4.12) has one Latin index and three Greek indices, so its Hodge dual has four Latin indices and three Greek indices. ∗F in (4.14) contains only one Latin index but when the 5-branes are tilted by infinitesimal angles ∂_γ Φ_C we get also a contribution to the desired component of F : ∗F_{αβγABCD} = ∗F_{αβγδστ D}∂^δΦ^{(ij)}_A ∂^σΦ^{(ij)}_B ∂^τ Φ^{(ij)}_C . (4.15) Now if we substitute (4.14) to (4.15) and the result insert to (4.12), we get the desired form of the □Φ equations.

Similarly, there is an equation for Θ, ∂̸Θ^i ∝ (j≠i)∑

j=1...N ϵ^{ABCDE} | |Φ(ij) | |^5

(Φ^{(ij})_E ∂_α(Φ^{(ij)})_A∂_β (Φ^{(ij)})_B∂_γ (Φ^{(ij)})_C Γ^{αβγ} Γ_DΘ^{(ij)} . (4.16)

Our goal in this chapter is to deduce the corrections in the derivative expansion in the low-energy of the (2,0) theory. We cannot automatically deduce that (4.9), (4.10) and (4.16) can be extrapolated to the (2,0) theory because this description is valid only in the opposite limit, when |Φ| ≪ M_p, and supergravity is not a good approximation. However, the RHS of (4.9) is a closed 4-form on the moduli space M = R^5/Z_2 − {0} which is also half integral, i.e. in H_4(M,^1_2 Z). It must remain half-integral as we make |Φ| smaller. Otherwise, Dirac quantization will be violated. (Note that the wrapping number is always even.) Eqn. (4.10) follows from the same term in the action as (4.9). As for other correction terms, if we can show that they are implied by (4.9) and supersymmetry, then we can trust them as well. This will be the subject of the next section.

We would like to point out that this reasoning is somewhat similar to that of [62, 61] who related the R^4 terms in 11D M-theory to the C∧X_8(R) term of [18, 19].

4.4 Compactification

In this section we will study the reduction of the terms to 3+1D by compactifying on T^2. Let A be the area of T^2 and τ be its complex structure. At low-energy in 3+1D we obtain a free vector multiplet of N = 4 with coupling constant τ. We are interested in the subleading corrections to the Wilsonian action. We will study these corrections as a function of A. Let us first note a few facts (see [22] for a detailed discussion).

When one reduces classically a free tensor multiplet from 5+1D down to 3+1D one obtains a free vector-multiplet with one photon and 6 scalars. Out of the 6 scalars one is compact. This is the scalar that was obtained from B_{45}. We denote it by σ.

σ = (Imτ)^{−1/2}A^{−1/2} ∫ T^2

B_{45} .

We have normalized its kinetic energy so as to have an Imτ in front, like 3+1D SYM. The radius of σ is given by σ ∼ σ + 2π(Imτ)^{−1/2}A^{−1/2} . (4.17)

In 5+1D there was a Spin(5)_R global symmetry. N = 4 SYM has Spin(6)_R global symmetry but the dimensional reduction of the (2,0)-theory has only Spin(5)_R. Let us also denote by Φ_0 the square root of sum of squares of the VEV of the 5 scalars other than σ.

Now let us discuss the interacting theory. When Φ_0A ≪ 1 we can approximate the 3+1D theory at energy scales E ≪ A^{−1} by 3+1D SYM. In this case the Spin(5)_R is enhanced, at low-energy, to Spin(6)_R. For Φ_0A ≫ 1 the “dynamics” of the theory occurs at length scales well below the area of the T^2 where the theory is effectively (5+1)-dimensional. The 3+1D low-energy is therefore the classical dimensional reduction of the 5+1D low-energy. Thus, from our 3+1D results below we will be able to read off the 5+1D effective low-energy in this regime.

4.4.1 Dimensional reduction of the correction term Let us see what term we expect to see at low-energy in 3+1D. We take the term, ∂_{[α}H_{βγδ]} = 3 16π|Φ|^5 ϵ_{ABCDE} Φ^E∂_αΦ^A∂_βΦ^B ∂_γ Φ^C ∂_δΦ^D ,

and substitute 0123 for αβγδ. The field H_{βγδ} is, H_{βγδ} = −ϵ_{βγδ}^αH_{α45} = −(Imτ)^{1/2}A^{−1/2}ϵ_{βγδα}∂^ασ . The equation becomes ∂^μ∂_μσ = − 1 32π (Imτ)^{−1/2}A^{1/2} 1 |Φ|^5 ϵ_{ABCDE} Φ^E∂_αΦ^A∂_βΦ^B ∂_γ Φ^C ∂_δΦ^Dϵ^{αβγδ} .

Here Φ^A . . . Φ^E are the six-dimensional fields. The 4-dimensional fields are defined by

Φ^A = (Imτ)^{1/2}A^{−1/2}φ^A . (4.18)

Thus, the action should contain a piece of the form 1 32π (Imτ) ∫ d^4x ∂_μσ∂^μσ− − 1 32π (Imτ)^{1/2}A^{1/2}ϵ_{ABCDE} ∫ d^4x σ |φ|^5 ϵ^{αβγδ}φ^E∂_αφ^A∂_β φ^B∂_γ φ^C ∂_δφ^D . (4.19)

Note that this is the behavior we expect when Φ_0A ≫ 1. When Φ_0A ∼ 1 the approximation of reducing the 5+1D effective action is no longer valid as explained above.

Let us first see how to write such a term in an N = 1 superfield notation. Let us take three chiral superfields, Φ and Φ^I (I = 1, 2). We assume that

Φ = φ_0 + δφ + iσ .

σ is the imaginary part of Φ and φ_0 is the VEV of the real part. Below, the index I of Φ^I is lowered and raised with the anti-symmetric ϵ_{IJ} .

4.4.2 Interpolation between 3+1D and 5+1D In the previous section we assumed that we are in the region Φ_0A ≫ 1. This was the region where classical dimensional reduction from 5+1D to 3+1D is a good approximation. However, the question that we are asking about the low-energy effective action makes sense for any A. For Φ_0A ∼ 1 quantum effects are strong. Let us concentrate on another possible term which appears in the 5+1D effective action and behaves like, ∫ d^6x

(∂Φ)^4 |Φ|^3 . (4.20)

This term is of the same order of magnitude as (4.19) and its existence in the 5+1D effective action is suggested by M(atrix) theory. It would give the correct v^4/r^3 behavior for the potential between far away gravitons in M-theory compactified on T^4. We will also see below how terms similar in structure to (4.20) are related to (4.19) by supersymmetry.

After dimensional reduction to 3+1D we obtain a term which behaves like

(Imτ)^{1/2}A^{1/2} ∫ d^4x

(∂φ)^4 |φ|^3 . (4.21)

This is valid when Φ_0A ≫ 1. On the other hand, when Φ_0A ≪ 1, N = 4 SYM with a coupling constant given by the combination τ is a good approximation, at low enough energies (around the scale of Φ_0A^{1/2}). In SYM, 1-loop effects can produce a term that behaves like (see [25]), ∫ d^4x

(∂φ)^4 |φ|^4 . (4.22) Note that this term contains no τ, and no A.

How can we interpolate between (4.19) and (4.22)?

The answer lies in the periodicity of σ. For any value of Φ_0A the formula must be periodic in the 6th scalar σ, according to (4.17). Thus, we propose to write ∫ d^4x(∂φ)^4 ∑ k∈Z 1 [ ∑_5

A=1 |φ_A|^2 + (σ + 2kπ(Imτ)^{−1/2}A^{−1/2})^2]^2

. (4.23) For small A we can keep only the term with k = 0 and recover (4.22). For large A we have to approximate the sum by an integral and we obtain ∑ k∈Z 1 [ ∑_5 A=1 |φ_A|^2 + (σ + 2kπ(Imτ)^{−1/2}A^{−1/2})^2]^2 ∼ ∫_∞ −∞ dk [ ∑_5 A=1 |φ_A|^2 + (σ + 2kπ(Imτ)^{−1/2}A^{−1/2})^2]^2 = 1 4 (Imτ)^{1/2}A^{1/2} 1 ( ∑_5 A=1 |φ_A|^2)^{3/2} . Thus we recover roughly (4.21). One can make a similar conjecture for the generalization of (4.19) by changing the power of the denominator in the denominator from 2 to 5/2 and modifying the numerator according to (4.19). It is also easy to see, by Poisson resummation, that the corrections to the integral fall off exponentially like (using (4.18)), exp { −(Imτ)^{1/2}A^{1/2}( 5∑ A=1 |φ_A|^2)^{1/2}} } = e^{−Φ0 A} , and so are related to instantons made by strings wrapping the T^2. There are no corrections which behave like Yang-Mills instantons, i.e. e^{2πiτ} . The reason for this was explained in [25], in the SYM limit.

4.4.3 A derivation from 4+1D SYM When we compactify the (2, 0)_{(N =2)} theory on S^1 of radius L, we find a low-energy description of U(1)^2 SYM. When Φ_0L^2 ≪ 1 and when the energies are much smaller than L^{−1}, the effective 4+1D SYM Lagrangian with U(2) gauge group is a good approximation.

The moduli space is R^5/Z_2 and the term (4.9) implies that there is a term in the Lagrangian which is proportional to (we have switched to physical units), gϵ_{ABCDE} ∫ d^5x 1 |φ|^5 ϵ^{αβγδμ}A_μφ^E ∂_αφ^A∂_β φ^B∂_γ φ^C ∂_δφ^D . This term can actually be seen as a 1-loop effect! Let us consider a loop of a charged gluino with 4 external legs of scalars and 1 external leg of a photon. Let the external momenta be k_1, k_2, · · ·, k_5

The loop behaves as,

g^5tr{t^1t^2t^3t^4} ∫ d^5p tr{γ_μ 1 p̸ − m · 1 p̸ + k̸_1 − m · · · 1 p̸ + k̸_1 + · · · k̸_4 − m } . (4.24) Here m is the mass of the gluino and is proportional to gφ_0. The coupling constant g is proportional to √ L (see appendix). The term with ϵ^{αβγδμ} comes from expanding (4.24) in the k̸_i. We find

g^5tr{t^1t^2t^3t^4}tr{γ_μk̸_1k̸_2k̸_3k̸_4}m ∫ d_5p (p^2 + m^2)^5

∼ g^5m^{−4}ϵ^{ABCDE} ϵ_{αβγδμ}k^α_1 k^β_2 k^γ_3 k^δ_4 .

This is the behavior that we want. It would be interesting to check if a similar term appears in the low energy description of the M-theory on T^6 as a matrix model [30]-[68]. In a certain regime we can approximate by 6+1D Yang-Mills. For the SU(2) case the moduli space is R^3/Z_2. A similar effect could generate term of the form below. ∫ A∧F ∧F ∧ϵ_{ABC} ϕ^Adϕ^B∧dϕ^C |ϕ|^3 . After completion of this work, we have found out that such terms were indeed calculated in [71]. We are grateful to G. Thompson for pointing this out to us.

4.4.4 Component form Let us see how to write the term (4.19) in an N = 1 superfield notation. Let us take three chiral superfields, Φ and Φ^I (I = 1, 2). We assume that Φ = φ_0 + δφ + iσ .

σ is the imaginary part of Φ and φ_0 is the VEV of the real part. Below, the index I of Φ^I is lowered and raised with the anti-symmetric ϵ_{IJ} .

Let us examine the following term: I_1 = 1 32π (Imτ)^{1/2}A^{1/2} ∫ d^4xd^4θ 1 (ΦΦ + Φ^I Φ_I )^{3/2}

D̄^{α̇}Φ^I D^αΦ_I σ^μ_{αα̇}Φ^J ∂_μΦ_J + c.c.(4.25)

We can expand ∫ d^4xd^4θ 1 (ΦΦ + Φ^I Φ_I )^{3/2}

D̄^{α̇}Φ^I D^αΦ_I σ^μ_{αα̇}Φ^J ∂_μΦ_J = 1 φ_0^3 ∫ d^4xd^4θD̄^{α̇}Φ^I D^αΦ_I σ^μ_{αα̇}Φ^J ∂_μΦ_J − 3 2φ_0^4 ∫ d^4xd^4θ(Φ + Φ − 2φ_0)D̄^{α̇}Φ^I D^αΦ_I σ^μ_{αα̇}Φ^J ∂_μΦ_J + O( 1 φ_0^5

) . (4.26)

Let us denote

I_2 = i 8φ_0^3 ∫ d^4xd^4θD̄^{α̇}Φ^I D^αΦ_I σ^μ_{αα̇}Φ^J ∂_μΦ_J + c.c. , I_3 = i 8φ_0^4 ∫ d^4xd^4θ (Φ + Φ − 2φ_0)D̄^{α̇}Φ^I D^αΦ_I σ^μ_{αα̇}Φ^J ∂_μΦ_J + c.c. , (4.27)

Let us check the bosonic part of I_1. We use ~φ and ~φ^I for the scalar components of Φ and Φ^I . We will expand in inverse powers of φ_0 and keep only leading terms.

It is easy to see that I_3 contains the term 1 φ_0^4 ∫ d^4x σϵ^{αβγδ}∂_α ~φ^I ∂_β ~φ_I ∂_γ ~φ^J ∂_δ ~φ_J (4.28) At the order of 1/φ_0^3 there are a few more terms that do not include Φ. They are listed below.

J_1 = 1 φ_0^3 ∫ d^4θ∂_μΦ^I ∂^μΦ^J Φ_I Φ_J + 1 φ_0^3 ∫ d^4θ∂_μΦ^I ∂^μΦ^J Φ_I Φ_J , J_2 = 1 φ_0^3 ∫ d^4θ∂_μΦ^I ∂^μΦ_I Φ^J Φ_J , J_3 = 1 φ_0^3 ∫ d^4θ∂_μΦ^I ∂^μΦ^J Φ_I Φ_J , J_4 = 1 φ_0^3 ∫ d^4θσ^μ_{αα̇}D^αΦ^ID̄^{α̇}Φ_I ∂_μΦ^J Φ_J , (4.29)

We now write down the bosonic terms of the above

J_3 = 1 φ_0^3 ∫ d^4x { ~φ_I ∂^μ ~φ^I ∂^ν ~φ_J ∂_μ∂_ν ~φ^J − ~φ_I ∂_μ∂_ν ~φ^I ~φ_J ∂^μ∂^ν ~φ^J } J_2 = 1 2φ_0^3 ∫ d^4x {−4 ~φ_I ∂_μ∂_ν ~φ_J ~φ^I ∂^μ∂^ν ~φ^J + 2 ~φ_I ∂_μ∂_ν ~φ_J ~φ^J ∂^μ∂^ν ~φ^I −2 ~φ_I ∂_μ∂_ν ~φ_J ∂^ν ~φ^I ∂^μ ~φ^J − 3 ~φ_I ~φ_J ∂_μ∂_ν ~φ^I ∂^μ∂^ν ~φ^J + ~φ_I ∂_μ ~φ^I ∂_ν ~φ_J ∂^μ∂^ν ~φ^J } J_1 = 1 2φ_0^3 ∫ d^4x {6 ~φ_I ∂_μ∂_ν ~φ_J ∂^μ ~φ^I ∂^ν ~φ^J + 3 ~φ_I ∂_μ∂_ν ~φ_J ~φ^J ∂^μ∂^ν ~φ^I +3 ~φ_I ∂_μ∂_ν ~φ_J ~φ^I ∂^μ∂^ν ~φ^J + ~φ_I ~φ_J ∂_μ∂_ν ~φ^I ∂^μ∂^ν ~φ^J } J_4 = 8 φ_0^3 ∫ d^4x {∂_μ ~φ_I ∂_ν ~φ^I ∂^μ ~φ_J ∂^ν ~φ^J + ∂_ν ~φ_J ∂^ν ~φ^I ∂^μ ~φ_I ∂_μ ~φ^J −2 ~φ_J ∂^μ ~φ^I ∂^ν ~φ_I ∂_μ∂_ν ~φ^J } . (4.30)

We will now check which combination has the following symmetry which is part of SO(5) and doesn’t involve ~φ and ~φ, δ ~φ^I = ~φ^I . (4.31)

We find

δJ_1 = 1 φ_0^3 ∫ d^4x {4 ~φ_I ~φ_J ∂_μ∂^ν ~φ^I ∂_ν ∂^μ ~φ^J − 4 ~φ_I ∂_μ ~φ^I ∂_ν ~φ_J ∂^μ∂^ν ~φ^J } δJ_2 = 1 2φ_0^3 ∫ d^4x {5 ~φ_I ∂_μ ~φ^I ∂_ν ~φ_J ∂^μ∂^ν ~φ^J − 3 ~φ_I ~φ_J ∂_μ∂_ν ~φ^I ∂^μ∂^ν ~φ^J +8 ~φ_I ∂_ν ~φ^I ∂_μ ~φ_J ∂^μ∂^ν ~φ^J } δJ_3 = 1 φ_0^3 ∫ d^4x {2 ~φ_I∂_μ ~φ^I ∂_ν ~φ_J ∂^μ∂^ν ~φ^J + 2 ~φ_I ∂_μ ~φ^I ∂_ν ~φ_J ∂^μ∂^ν ~φ^J } δJ_4 = 8 φ_0^3 ∫ d^4x {2 ~φ_I∂_ν ~φ_J ∂_μ ~φ^I ∂^μ∂^ν ~φ^J + 2 ~φ_I ~φ_J ∂_μ∂_ν ~φ^I ∂^μ∂^ν ~φ^J } . (4.32)

This puts some restrictions on the possible 1/Φ_0^3 term

φ_0^3δ(C_1J_1 + C_2J_2 + C_3J_3 + C_4J_4) = (4C_1 − 3 2 C_2 + 16C_4) ~φ_I ~φ_J ∂_μ∂^ν ~φ^I ∂_ν ∂^μ ~φ^J +( 5 2 C_2 + 2C_3 + 16C_4) ~φ_I ∂_μ ~φ^I ∂_ν ~φ_J ∂^μ∂^ν ~φ^J +(−4C_1 + 4C_2 + 2C_3) ~φ_I ∂_ν ~φ^I ∂_μ ~φ_J ∂^μ∂^ν ~φ^J . (4.33)

We see that 5 2 C_2 + 2C_3 + 16C_4 = 0 , 4C_1 − 3 2 C_2 + 16C_4 = 0 .

Thus, we need to take the following SO(4) invariant combination:

C(3J_1 + 8J_2 − 10J_3) + C^′(4J_1 + 8J_3 − J_4) ,

where C, C^′ are undetermined. We have not checked if one can extend it to a supersymmetric and SO(5) invariant combination by including interactions with Φ. We thank Savdeep Sethi for discussions on this point.

4.5 Conserved quantities

We can check that the overall “center of mass” decouples. We can write it as a conservation equation for the total dissolved membrane charge (j_Z), total transverse momentum (j_Φ) and kinematical supersymmetry (j_Θ): j^{α,βγ}_Z = 1 2π N∑ i=1 H^{αβγ}_i , j^{α,A}_Φ = 1 2π N∑ i=1 ∂^αΦ^A_i , j^α_Θ = 1 2π N∑ i=1 Γ^αΘ_i . (4.34)

They are conserved simply because ∂_αj^α gives the sum over i, j of the right hand sides of (4.9, 4.10, 4.16) but the summand is ij antisymmetric. The charges are defined as the integrals of the α = 0 (lowered index) components Z^{IJ} = ∫ d_5σ 2π N∑ i=1 H^{i,IJ}_0 , P^A = ∫ d_5σ 2π N∑ i=1 ∂_0Φ^A_i , Q^{KIN} = ∫ d_5σ 2π N∑ i=1 Γ_0Θ_i . (4.35)

We use the terms “dissolved membranes” and “thin membranes” for membranes of Mtheory with 0 or 1 directions transverse to the fivebranes, respectively. The thin membrane charge appears as a central charge in the supersymmetry algebra [24]. The reason is that {Q, Q̄} in M-theory contains momenta, twobrane and fivebrane charges. But in (2,0) theory, only the generators with ~ΓQ = Q i.e. Q̄~Γ = −Q̄ survive. So we see that {Q, Q̄} is a matrix anticommuting with ~Γ (i.e. containing an odd number of Greek indices). For momenta it means that only momenta inside the fivebrane worldvolume appear on RHS of supersymmetry algebra because Γ_μ anticommutes with ~Γ while the transverse Γ_A commutes with ~Γ.

Only membrane charges contain Γ_μΓ_A which anticommutes with ~Γ while Γ_{μν} and Γ_{AB} commute with ~Γ. This is an explanation why the thin membranes (looking like strings) with one direction transverse to the fivebrane occur on the RHS of the supersymmetry algebra. There are also 3-form central charges which appear with Γ_{μνσ} Γ_A in the SUSY algebra. These correspond to tensor fluxes of the 3-form H (analogous to electric and magnetic fluxes in Yang-Mills theories). But let us return to the thin membranes. We should be able to find the corresponding current. The answer is (up to an overall normalization) M^A_{α,β} = − 1 12π ϵ_{αβγδϵζ} N∑ i=1 ∂^γ (Φ^A_i H^{δϵζ}_i ) = 1 2π N∑ i=1 ∂^γ (H^i_{αβγ}Φ^A_i ) . (4.36)

The conservation law ∂^αM^A_{αβ} is a simple consequence of αγ anti-symmetry of ϵ_{αβγδϵζ} . It is also easy to see that for a configuration containing a membrane, the total integral ∫ d^5σM^A_{0I} = W_I · ΔΦ^A measures the membrane charge. Here W_I is the winding vector of the induced string and ΔΦ^A is the asymptotic separation of the two fivebranes.

There must be also a current corresponding to the SO(5) R-symmetry. It is given by R^{AB}_α = 1 2π N∑ i=1 ( 2Φ^{[A}_i ∂_αΦ^{B]}_i − i 2 Θ̄_iΓ_αΓ^{AB} Θ_i ) + corrections. (4.37)

It is also quite remarkable that the corrected equations conserve the stress energy tensor known from free theory. For the initial considerations, let us restrict our attention to the bosonic part of the stress tensor and choose the sign so that T_{00} > 0 i.e. T^0_0 < 0. Ignoring the requirement of the vanishing trace (i.e. without the second derivatives that we discuss below), the bosonic part of our stress tensor is given by T^{try}_{αβ} = 1 2π N∑ i=1 ( 1 4 H^i_{αγδ}H^{i,γδ}_β + ∂_αΦ^i_A∂_β Φ^i_A − 1 2 η_{αβ}∂_γ Φ^i_A∂^γ Φ^i_A ) . (4.38)

Note that the Φ part has nonzero trace. The divergence of this symmetric tensor can be written as ∂^αT^{try}_{αδ} = 1 2π N∑ i=1 ( 1 2 H^i_{δγδ}′ (∂_αH^{i,αγδ′} ) + (□Φ^i_D)∂_δΦ^i_D ) . (4.39)

If we substitute □Φ_D from (4.10) and ∂_αH^{i,αγδ′} from (4.9) we obtain ∂^αT^{try}_{αδ} = 0.

We should note one thing that could be confusing. In the M-theory containing N fivebranes, the stress tensor is not equal to zero but rather to^1

T^M_{αβ} = −Nτ^{(5)}η_{αβ} + T_{αβ} , (4.40)

where our T_{αβ} is just a small correction to the infinite first term given by the tension of the fivebrane τ^{(5)}. The first term is in the limit of (2,0) theory infinite because τ^{(5)} is of order l^{−6}_{P lanck} and l_{P lanck} is much smaller than a typical distance inside fivebranes studied by (2,0) theory. Nevertheless, gravity in this limit decouples and thus the “cosmological” term in (4.40) plays no role.

4.5.1 Traceless stress tensor and supercurrent In this subsection, we exhibit a traceless version of the stress tensor and the supercurrent. We will use the adjective “traceless” both for the supercurrent J_α and the stress tensor T_{αβ} which means that Γ^αJ_α = 0, T^α_α = 0 . (4.41) The supercurrent has positive chirality (~Γ − 1)J_α = 0 – it means that the total supercharges have positive chirality as well. We will also require continuity for stress tensor and

1The minus sign in (4.40) is because our choice of the spacelike metric and T00 > 0.

supercurrent.

∂^αJ_α = 0, ∂^αT_{αβ} = 0 . (4.42)

Our definition of the stress tensor will be finally T_{αβ} = 1 2π {_N ∑ i=1 1 4 H^i_{αγδ}H^{i,γδ}_β +

+ N∑ i=1 3 5 ( ∂_αΦ^i_A∂_βΦ^i_A − 1 6 η_{αβ}∂_γ Φ^i_A∂^γ Φ^i_A ) − 2 5 Φ^i_A ( ∂_α∂_β − 1 6 η_{αβ}□ ) Φ^i_A +

+ N∑ i=1 (−i) 2 Θ̄^i ( Γ_{(α}∂_{β)} − 1 6 η_{αβ}∂̸ ) Θ^i } . (4.43)

We fixed a normalization for H, Φ, Θ in this equation. The factors 1/6 inside the parentheses

guarantee the tracelessness while the relative factor −3/2 between the parentheses ensures

vanishing of the dangerous terms in ∂^αT_{αβ} which cannot be expressed from the equations

of motion, namely ∂^αΦ∂_{αβ}Φ. The H^2 part of the stress tensor is traceless identically. An

explicit calculation shows that for the divergence of the stress tensor we get ∂^αT_{αβ} = 1 2π N∑ i=1 [ 1 2 (∂^αH^i_{αγδ})H^{i,γδ}_β + 2 3 (∂_βΦ^i_A)(□Φ^A_i ) − 1 3 Φ^i_A(∂_β□Φ^A_i )+ + 7i 12 (∂_βΘ̄^i)(∂̸Θ^i) − i 4 Θ̄^iΓ_β □Θ^i − i 6 Θ̄^i∂_β ∂̸Θ^i ] . (4.44)

A similar approach can be used for the supercurrent as well. Here also the HΘ part is

traceless identically while for the other parts it is ensured by the 1/6 factors. The relative

factor −3/2 between the parentheses is again chosen to cancel the dangerous ∂^αΦ∂_αΘ terms

in ∂^αJ_α. Note that the structure of J_α mimics the form of T_{αβ}.

J_α = 1 24π N∑ i=1 H^{βγδ}_i Γ_{βγδ}Γ_αΘ^i +

+ 1 π N∑ i=1 [ 3 5 ( ∂_αΦ^i_A − 1 6 Γ_α∂̸Φ^i_A ) Γ_AΘ^i − 2 5 Φ^i_A ( ∂_α − 1 6 Γ_α∂̸ ) Γ^AΘ^i ] . (4.45)

We can compute also a similar continuity equation for the supercurrent as we did for the

stress tensor. The result is

∂^αJ_α = 1 4π ∂_αH^{αβγ}Γ_{βγ} Θ + 1 24π H^{βγδ}Γ_{βγδ}∂̸Θ + 1 2π [ (□Φ_A)Γ^AΘ − 1 3 ∂̸Φ_AΓ^A(∂̸Θ) − 2 3 Φ_AΓ^A(□Θ) ] . (4.46)

Using the equations of motion and the integration by parts, the Hamiltonian and the total

supercharge defined as H = ∫ d^5σT_{00} , Q = ∫ d^5σJ_0 (4.47)

can be easily expressed as H = 1 2π ∫ d^5σ ( 1 2 ( Π^2 + (∇Φ)^2 ) + 1 12 H_{KLM} H^{KLM} + (−i) 2 Θ̄Γ^J ∂_J Θ ) . (4.48)

(we use conventions with [Π(x), Φ(y)] = −2πiδ^{(5)}(x − y) and {Θ^s(x), Θ̄_s′ (y)} = π((1 + ~Γ)Γ_0)s_{s′} δ(5)(x − y)) and Q = 1 2π ∫ d^5σ ( 1 6 H^{IJK} Γ_{IJK} Γ_0Θ − ∂_β Φ_AΓ^β Γ^0Γ^AΘ ) . (4.49)

For convenience, we can also easily compute

Q̄ = 1 2π ∫ d^5σ ( 1 6 Θ̄Γ^0Γ_{IJK} H^{IJK} + Θ̄Γ^0Γ^β Γ^A∂_βΦ_A ) (4.50)

using a simple identity

(ΘΓ_{μ1} . . .Γ_{μN} ) = (−1)^NΘ̄Γ_{μN} . . .Γ_{μ1} . (4.51)

Now we can consider the supersymmetry transformation. A variation of a field F will be

written as

δF = [ϵ̄Q, F ] = [Q̄ϵ, F ] . (4.52)

Note that ϵ̄Q is an antihermitean operator because the components of Q or ϵ are hermitean

anticommuting operators or numbers, respectively. Using the canonical commutation rela-

tions we can easily compute the variations of the fields δΘ = −[Θ, Q̄ϵ] = ( 1 6 Γ_{IJK} H^{IJK} + Γ^β Γ^A∂_βΦ_A ) ϵ . (4.53)

This agrees with the transformations written before. This, together with the normalization

of {Q, Q̄} is how we determined the relative coefficients. Similarly

δΦ_A = [ϵ̄Q, Φ_A] = ϵ̄[Q, Φ_A] = ϵ̄[ 1 2π ∫ d^5σΠ_BΓ^B Θ, Φ_A] = −iϵ̄Γ_AΘ , (4.54)

which agrees with previous definitions. A similar but more tedious calculation gives us δH_{IJK} = i 2 ϵ̄ · ϵ_{0J} ′_K′_{IJK} Γ^{I ′ J ′K′} Γ_0∂_I ′ Θ , (4.55) which also agrees with the previous definition.

Let us summarize some formulae that are useful in understanding the commutator of two supersymmetry transformations:

δf = [ϵ̄Q, f] = [Q̄ϵ, f], ∂_αf = −i[P_α, f], P^0 = H > 0 (4.56) {Q_s, Q̄^{s′} } = −2P^μ((1 + ~Γ)/2 · Γ_μ)_s^{s′} + thin (4.57) ⇒ δQ = −[Q, Q̄ϵ] = 2P^μΓ_μϵ + thin (4.58) δJ_α = −2T_{αβ}Γ^β ϵ + thin (4.59) (δ_1δ_2 − δ_2δ_1)f = [ϵ̄_1Q, [ϵ̄_2Q, f]] − [ϵ̄_2Q, [ϵ̄_1Q, f]] = [[ϵ̄_1Q, ϵ̄_2Q], f] (4.60) = [ϵ̄^s_1{Q_s, Q̄^{s′} }ϵ_{2,s}′ , f] = −2[P^μϵ̄_1Γ_μϵ_2, f] + thin (4.61) = −2i(ϵ̄_1Γ^μϵ_2)∂_μf + thin (4.62)

4.6 Speculations about the fundamental formulation In this section we would like to speculate on whether a fundamental formulation of the (2,0) theory can be constructed from the equations we discussed above. We warn the reader in advance that this section could cause some gritting of teeth! Of course, the correction terms are not renormalizable if treated as “fundamental” but let us go on, anyway. Perhaps some hidden symmetry makes them renormalizable after all?

The model has the following virtues:

• there are absolutely no new fields. We use only N copies of the field strength H_{M N P} , five scalars Φ_A and the 16 component fermion Θ. Because of that, restriction to N copies for distant fivebranes is almost manifest.

• the string current automatically satisfies the quantization condition as a right winding number. This is related to the fact that our current is automatically conserved (obeys the continuity equation) which is necessary to allow us to insert it to equation dH = J – and it has the correct dimension mass^4.

• the total charge (sum over 1...N) vanishes. The string (membrane connecting fivebranes) brings correctly minus source to one fivebrane and plus source to the other which agrees with the fact that the oriented membrane is outgoing from one fivebrane and incoming to another fivebrane – and with e_i − e_j roots of U(N)

• the model is symmetric with respect to the correct Hořava-Witten symmetry [48] that accompanies the reflection Φ^i_A → −Φ^i_A by changing sign of C_{M N P} (i.e. of H_{M N P} ).

• string states are given by strange configuration of fivebranes so that the vector of direction between two Φ’s draws whole S^4 (surface of ball in R^5) if one moves in the 4 transverse directions of the string.

• U(N) is not manifest, it arises due to the string states – perhaps in analogy with the way enhanced symmetries appear in string theory because of D-brane bound states.

What does a string look like? It is a solution constant in the time and in one spatial direction, with a given asymptotical value of ΔΦ = | |Φ^i − Φ^j | | in infinity. We can show that such solution will have typical size of order ΔΦ^{−1/2} in order to minimize the tension (energy per unit of length of the string).

The value of ∂Φ is of order ΔΦ/s, integral of its square over the volume s^4 is of order (sΔΦ)^2. On the contrary, such a topological charge makes the field H to behave like 1/r^3 where r is the distance from the center of the solution. Therefore H inside the solution is of order 1/s^3 which means that the contribution of H^2 to the tension is of order s^4/s^6 = 1/s^2. The total tension (sΔΦ)^2 + 1/s^2 is minimal for s = (ΔΦ)^{−1/2} and the tension is therefore of order ΔΦ. The field Φ tries to shrink the solution while H attempts to blow it up. In the next section we will describe the solution more concretely.

4.7 String-like solution of the (2,0) theory

We will try to describe the string-like solution of the bosonic part of the equations, considering only the topological term of dH and the corresponding term in □Φ equation. The following discussion is somewhat reminiscent of a related discussion in [26] for the effect of higher order derivative terms on monopole solutions in N = 2 Yang-Mills but our setting is different.

4.7.1 A rough picture Our solution will be constant in σ^0, σ^5 coordinates but it will depend on the four coordinates σ^1, σ^2, σ^3, σ^4. We are looking for a solution that minimizes the energy. If the size of the solution in these four directions is of order s, then the “electric” field, going like 1/r^3, is of order 1/s^3 inside the solution and therefore the integral d^4σ(H^2), proportional to the tension, is of order s^4/(s^3)^2.

On the contrary, for the asymptotic separation ΔΦ quantities ∂Φ are of order ΔΦ/s inside the typical size of the solution and therefore the contribution to the tension d^4σ(∂Φ)^2 is of order s^4(ΔΦ/s)^2.

Minimizing the total tension 1/s^2 + s^2ΔΦ^2 we get the typical size s = (ΔΦ)^{−1/2} and the tension of order ΔΦ. In this reasoning, we used the energy known from the free theory because the bosonic part of the interacting stress energy tensor equals the free stress energy tensor. The fact that the solution corresponds to the interacting theory (and not to the free theory) is related to the different constraint for (dH)_{IJKL}.

4.7.2 The Ansatz We will consider N = 2 case of the (2,0) theory, describing two fivebranes. Our solution will correspond to the membrane stretched between these two fivebranes. Denoting by (1) and (2) the two fivebranes, we will assume Φ_{(1)} = −Φ_{(2)}, H_{(1)} = −H_{(2)} and we denote Φ_{(1)} and H_{(1)} simply as Φ and H.

Our solution will be invariant under SO(4)_D rotating spacetime and the transverse directions together. The variable r = √ σ^2_1 + σ^2 + σ^2_3 + σ^2_4

measures the distance from the center of the solution. We choose the asymptotic separation to be in the 10th direction and we denote it as

Φ^{10}(∞) = 1 2 ΔΦ .

Now there is an arbitrariness in the identification of the coordinates 1, 2, 3, 4 and 6, 7, 8, 9.

So there is in fact a moduli space of classical solutions, corresponding to the chosen identification of these coordinates. According to our Ansatz, the solution will be determined in the terms of the three functions.

Φ^{I+5} = σ^I f_1(r), I = 1, 2, 3, 4 Φ^{10} = f_2(r) , B_{05} = f_3(r).

We set the other components of B_{μν} to zero and define H as the anti-self-dual part of dB, H_{αβγ} = 3 2 ∂_{[α}B_{βγ]} − dual expression .

It means that H_{05I} = 1/2 · ∂_I f_3 and the selfduality says

H_{051} = −H_{234}, H_{052} = H_{134}, H_{053} = −H_{124}, H_{054} = H_{123}.

Now we can go through the equations. dH equations for 1, 2, 3, 4 determines −4∂_{[1}H_{234]} = ∂_I H_{05I} =^1_2 Δf_3 where we used Δ = □ because of the static character. Therefore dH equation says Δf_3 = −8c_1 f^3_1 (f^2_2 + r^2f^2_1 )^{5/2}

(−rf_1f^′_2 + f_1f_2 + rf^′_1f_2).

The three factors f_1 arose from ∂_2Φ_7, ∂_3Φ_8, ∂_4Φ_9, we calculated everything at σ^{1,2,3,4} = (r, 0, 0, 0). At this point, only EABCD = 10, 6789 and 6, 10, 789 from ϵ symbol contributed. Here Δ always denotes the spherically symmetric part of the laplacian in 4 dimensions, i.e. Δ = ∂^2 ∂r^2 + 3 r ∂ ∂r . Similarly, we get hopefully two equations from □Φ. For Φ^{10} (in the direction of asymptotic separation), we seem to get

Δf_2 = 6 c_2 2 ∂_1(−B_{05}) ϵ^{7,8,9,10,6} (f^2_2 + r^2f^2_1 )^{5/2} rf^4_1 .

Similarly, for the four other components we have

Δ(rf_1) = −3c_2f^′_3 f_2f^3_1 (f^2_2 + r^2f^2_1 )^{5/2} .

4.7.3 Numerical solution, tension and speculations The functions f_1, f_2, f_3 are all even, therefore their derivatives are equal to zero for r = 0. The value of f_2(0) finally determines f_2(∞) which we interpret as ΔΦ/2. The value of f_1(0) must be fixed to achieve a good behavior at infinity and f_3(0) has no physical meaning, because only derivatives of f_3 = B_{05} enter the equations.

We can calculate the tension and we can compare the result with the BPS formula. If we understand our equations just as some low energy approximation, there should be no reasons to expect that the calculated tension will be precise, because the approximation breaks down at the core.

The tension expected from SYM theory is something like

M_W /L_5 = ΔΦ^{SY M} · g/L_5 = √ 2π/L_5ΔΦ^{SY M} = √ 2πΔΦ^{(2,0)} .

We just used simple formula for W boson masses, W bosons are string wound around 5th direction and the Φ fields of SYM and (2,0) are related by √ L_5 ratio as well.

The tension from our (2,0) theory is just twice (the same contribution from two fivebranes) the integral 2 ∫ d^4σ 1 4π ( H^2_{05I} + (∂_I Φ^A)^2 ) . Because of the spherical symmetry, we can replace ∫ d^4σ by ∫_∞ 0 dr · 2π^2r^3. Work is in progress.

4.8 Discussion

Recently, a prescription for answering questions about the large N limit of the (2,0) theory has been proposed [28]. In particular, the low-energy effective description for a single 5- brane separated from N 5-branes has been deduced [28]. The topological term that we have discussed is, of course, manifestly there. This is because a 5-brane probe in an AdS_7 × S^4 feels the 4-form flux on S^4 and and this will induce the anomalous dH term.

What does M(atrix) theory have to say about non-linear corrections to the low-energy of the (2,0) theory? This is a two-sided question as the (2,0) theory is a M(atrix) model for M-theory on T^4 [5, 6] and has a M(atrix) model of its own [11, 12].

In order to be able to apply our discussion of the uncompactified 5+1D (2,0) theory to the M(atrix) model for M-theory on T^4 we need to be in a regime such that the VEV of the tensor multiplet is much larger than the size of T̂^5. This means that for a scattering process of two gravitons in M-theory on T^4 the distance between the gravitons must remain much larger than the compactification scale which we assume is of the order of the 11D Planck scale. In this regime we expect the potential to behave as v^4/r^3 (in analogy with v^4/r^7 in 11D). Thus, things would work nicely if there were a term (∂Φ)^4 |Φ|^3 (4.63)

in the effective low-energy description in 5+1D. In the large N limit, the existence of this term has been observed in [28]. The term (4.63) will also be the leading term in the amplitude for a low-energy scattering of two massless particles in the (2,0) theory. It should thus be possible to calculate it from the M(atrix) model of the (2,0) theory, with a VEV turned on.

It is also interesting to ask whether a term like (4.63) is renormalized or not. An analysis which addresses such a question in 0+1D will appear in [27]. Perhaps a similar analysis in 5+1D would settle this question.

4.9 Appendix A: Formulae for SUSY transformations

In this text, we will use the SO(10, 1) formalism for spinors, inherited from the M-theory containing N fivebranes, and the space-like metric (in 5, 6 and 11 dimensions)

η_{μν} = diag(− + + + + + + + + + +) , μ, ν = 0, 1, . . .10. ds^2 = η_{αβ}dx^αdx^β = −dx^2_0 + dx^2_1 + dx^2 + dx^2_3 + dx^2_4 + dx^2_5 . (4.64)

4.9.1 SUSY transformation The SUSY transformations of the free tensor multiplet in 5+1D is given by δH_{αβγ} = − i 2 ϵ̄Γ_δΓ_{αβγ} ∂^δΘ = −3iϵ̄Γ_{[αβ}∂_{γ]}Θ + i 2 ϵ̄Γ_{αβγ} Γ_δ∂^δΘ δΦ_A = −iϵ̄Γ_AΘ δΘ = ( 1 12 H_{αβγ}Γ^{αβγ} + Γ^α∂_αΦ_AΓ^A)ϵ .

Since we are dealing with corrections to the low-energy equations of motion, it is important to keep terms which vanish by the equations of motion. The SUSY commutators are thus given by

(δ_1δ_2 − δ_2δ_1)H_{αβγ} = −2i(ϵ̄_1Γ^μϵ_2)∂_μH_{αβγ} − i 2 ϵ_{[αβ}^{δα′β′γ′}ϵ̄_1Γ_{γ]}ϵ_2∂_{[δ}H_α′_β′_γ′_] + 4i(ϵ̄_1Γ^δϵ_2)∂_{[δ}H_{αβγ]} (δ_1δ_2 − δ_2δ_1)Θ = −2i(ϵ̄_1Γ^μϵ_2)∂_μΘ − i 24 { 18(ϵ̄_2Γ_μϵ_1)Γ^μ − 6(ϵ̄_2Γ_μΓ_Aϵ_1)Γ^μΓ^A } Γ_β ∂^β Θ (δ_1δ_2 − δ_2δ_1)Φ_A = −2i(ϵ̄_1Γ^μϵ_2)∂_μΦ_A .

The equations of motion transform according to, δ ( Γ_δ ∂^δΘ ) = 1 6 Γ^{δαβγ}ϵ∂_{[δ} H_{αβγ]} + Γ^Aϵ∂_α∂^αΦ_A , δ ( ∂_{[μ}H_{αβγ]} ) = i 2 ϵ̄Γ_{[αβγ} ∂_{μ]} ( Γ_δ ∂^δΘ ) , δ (∂_μ∂^μΦ_A) = −iϵ̄Γ_A ( Γ_δ′ ∂^{δ′} ) Γ_δ ∂^δΘ = −iϵ̄Γ_A□Θ .

4.10 Appendix B: Quantization

The quantization of the free tensor multiplet was discussed at length in [29]. There is no problem with the fermions Θ and bosons Φ^A, but the tensor field is self-dual and thus has to be quantized similarly to a chiral boson in 1+1D. This means that we second-quantize a free tensor field without any self-duality constraints and then set to zero all the oscillators with self-dual polarizations.

The analogy with chiral bosons is made more explicit if we compactify on T^4 and take the low-energy limit we we can neglect Kaluza-Klein states. We obtain a 1+1D conformal theory. This theory is described by compact chiral bosons on a (3, 3) lattice. This is the lattice of fluxes on T^4. For T^4 which is a product of four circles with radii L_i (i = 1 . . .4), we get 3 non-chiral compact bosons with radii L_1L_2 L_3L_4 , L_1L_3 L_2L_4 , L_1L_4 L_2L_3 . Of course, in 1+1D, T-duality can replace each radius R with 1/R and thus SL(4, Z) invariance is preserved.

If we further compactify on T^5 the zero modes will be described by quantum mechanics on T^{10}, where T^{10} is the unit cell of the lattice of fluxes.

4.10.1 Commutators Let us write down the commutation relations.

We want to reproduce the equations of motion by the Heisenberg equations

∂_0(L) = i[H, L] where H = ∫ d^5σT_{00} . (4.65)

We should be allowed to substitute H, Φ, Θ for the operator L. In the following text we will use indices I, J, K, . . . for the spatial coordinates inside the fivebrane. We will keep the spacelike metric and the convention

ϵ_{12345} = ϵ^{12345} = 1 . (4.66)

We have the equations H = − ∗ H and dH = 0. Among the fifteen equations for the vanishing four-form dH = 0 we find ten equations with index 0. These will be satisfied as the Heisenberg equations (4.65). Remaining five equations with space-like indices will only play a role of some constraints that are necessary for consistent quantization as we will see. Let us take the example of equations of motion for (dH)_{0345}.

0 = ∂_0H_{345} − ∂_3H_{450} + ∂_4H_{503} − ∂_5H_{034} = ∂_0H_{345} + ∂_3H_{123} + ∂_4H_{124} + ∂_5H_{125} . (4.67)

It means that we should have the commutator

i[H, H_{345}(σ^′)] = −∂^{(σ′)}_I H_{12I} (σ^′) , (4.68)

where the important part of hamiltonian is

H_H = 1 8π ∫ d^5σH_{0IJ} H^{IJ}_0 = ∫ d^5σ 1 24π H_{KLM} H^{KLM} . (4.69) But it is straightforward to see that the relation (4.68) will be satisfied if the commutator of H’s will be

[H_{IJK} (σ), H_{LM N}(σ^′)] = −6πi∂^{(σ)}_{[I} δ^{(5)}(σ − σ^′)ϵ_{JK]LM N} . (4.70)

What does all this mean for the particles of the H field? Let us study Fourier modes of H’s with ±p_I where p_I = (0, 0, 0, 0, p). Then we can see that H_{125}(p) = H_{125}(−p)^† is a dual variable to H_{345}(−p) = H_{345}(p)^† and similarly for two other pairs which we get using cyclic permutations 12, 34 → 23, 14 → 31, 24. So totally we have three physical polarizations of the tensor particle (which is of course the same number like that of polarizations of photon in 4 + 1 dimensional gauge theory).

We can also easily see from (4.70) that the p-momentum modes of variables that do not contain index “5”, namely H_{123}, H_{124}, H_{134}, H_{234} commute with everything. They (more precisely their ∂_5 derivatives) exactly correspond to the components of dH, namely (dH)_{1235}, (dH)_{1245}, (dH)_{1345}, (dH)_{2345} (4.71) that we keep to vanish as the constraint part of dH = 0. Let us just note that (∗_5dH)_I = 0 contains four conditions only because d(dH) = 0 is satisfied identically. Anyhow, there are no quantum mechanical variables coming from the components of (dH)_I . The variables dH are the generators of the two-form gauge invariance B_{IJ} → B_{IJ} + ∂_I λ_J − ∂_J λ_I . (4.72) Note that for λ_I = ∂_I ϕ we get a trivial transformation of B’s which is the counterpart of the identity d(dH) = 0.

But what about the zero modes, the integrals of H_{IJK} over the five-dimensional space? These are the ten fluxes that should be quantized, i.e. they should belong to a lattice. In the 4+1 dimensional SYM theory they appear as four electric and six magnetic fluxes. In the matrix model of M-theory on T^4 these ten variables are interpreted as four compact momenta and six transverse membrane charges.

The fact that “unpaired” degrees of freedom are restricted to a lattice is an old story. For instance, in the bosonic formulation of the heterotic string in 1+1 dimensions we have 16 left-moving (hermitean) bosons (“anti-self-dual field strengths”) α^i, i = 1, . . ., 16 with commutation relations [α^i(σ), α^j(σ^′)] = iδ^′(σ − σ^′)δ^{ij} . (4.73) After combining them to Fourier modes α^i(σ) = √ 2 π ∑ n∈Z α^i_ne^{−2iσn} ⇔ α^i_n = 1 √ 2π ∫_π 0 α^i(σ)e^{2iσn}dσ , (4.74) we get relations [α^i_m, α^j_n] = mδ_{m+n}δ^{ij} , (α^i_m)^† = α^i_{−m} (4.75) and we can interpret α^i_n and α^i_{−n} for n > 0 as annihilation and creation operators respectively. The modes α^i_0 are then restricted to belong to a selfdual lattice. Roughly speaking, α^i_0 equals the total momentum and it equals to the total winding vector due to selfduality – but these two must belong to mutually dual lattices. The lattice must be even in order for the operator L =: 1 2 ∑ n∈Z α^i_{−m}α^i_m :=: 1 4 ∫_π 0 α(σ)^2dσ : (4.76)

to have integer eigenvalues. We see that the 480 ground level states |0⟩_αi_0 with (α^i_0)^2 = 2 give the same value L = 1 as the sixteen lowest excited states α^i_{−1}|0⟩_{α0=0}. These combine to the perfect number 496 of the states.

4.10.2 Correspondence to Super Yang Mills We will use the normalization of the gauge theory with Lagrangian and covariant derivative as follows L = − 1 4g^2

F^{μν} F_{μν} , D_α = ∂_α + iA_α . (4.77) The hamiltonian for the U(1) theory then can be written as (i, j = 1, 2, 3, 4) H_{SY M} = 1 2g^2 ∫ d^4σ ∑ i (E_i)^2 + ∑ i<j (F_{ij} )^2

. (4.78)

Let us consider compactification on a rectangular T^5 (the generalization for other tori is straightforward) of volume V = L_1L_2L_3L_4L_5. We should get (4.78) from our hamiltonian. Let us write d^5σ as L_5d^4σ (we suppose that the fields are constant in the extra fifth direction). H^{(2,0)}_{SY M} =

L_5 4π ∫ d^4σ ∑ I<J<K (H_{IJK} )^2 . (4.79)

So it is obvious that we must identify (up to signs) F_{αβ} with H_{αβ5} · g √ L_5/(2π) e.g.

H_{234} =

E_1 g √ L_5/(2π)

, H_{125} =

F_{12} g √ L_5/(2π)

. (4.80)

To change A_i of the SYM theory by a constant, we must take the phase ϕ of the gauge transformation to be a linear function of coordinates. But it should change by a multiple of 2π after we go around a circle. Thus ϕ = 2πn_i L_i σ_i , A_i → A_i + 2πn_i L_i . (4.81)

The dual variable to the average value of A_i is the integral of E_i/g^2. We just showed that the average value of A_i lives on a circle with radius and therefore L_1L_2L_3L_4 · E_i/g^2 belongs to the lattice with spacing L_i. Similarly, we can obtain a nonzero magnetic flux from the configuration (A_i can change only by a multiple of the quantum in (4.81))

A_i = 2πn_{ij} L_i · σ_j L_j , (4.82)

which gives the magnetic field F_{ij} = 2πn_{ij} L_iL_j . (4.83) Therefore for the spacings of the average values of E_i, F_{ij} we have

ΔE_i = g^2L_i L_1L_2L_3L_4 , ΔF_{ij} = 2π L_iL_j . (4.84)

Looking at (4.80) we can write for the averages of H’s e.g.

ΔH_{234} = gL_1 L_1L_2L_3L_4 √ L_5/(2π)

, ΔH_{125} = 2π L_1L_2g √ L_5/(2π)

, (4.85)

which can be extended to a six-dimensionally covariant form only using the following precise relation between the coupling constant and the circumference L_5 g = √ 2πL_5 , (4.86)

giving us the final answer for the spacing ΔH_{IJK} = 2π L_I L_J L_K . (4.87)

The formula (4.87) can be also written as 1 6 ∮ H_{IJK} dV^{IJK} ∈ 2π · Z , (4.88) or (using antiselfduality) as Δ ∫ d^5σH^{0IJ} = 2πL^I L^J , (4.89) in accord with the interpretation of H as the current of dissolved membranes (the integral in (4.89) is the total membrane charge).

4.10.3 Normalization of the current We can also work out the value of c_1 in (4.9). Let us write this equation for αβγδ = 1234.

∂_{[1}H_{234]} = 1 4 (∂_1H_{234} − ∂_2H_{341} + ∂_3H_{412} − ∂_4H_{123}) = 1 4 ∂_αH^{05α} = J_{1234} . (4.90) We see from (4.80) that J_{1234} = 1 4g √ L_5/(2π) 4∑ i=1 ∂_iE_i. (4.91) The integral of ∂_iE_i should be an integer multiple of g^2 (in these conventions) and because of (4.91), the integral of J_{1234} should be an integer multiple of π/2 which was the way we determined the coefficient in (4.9). 4.11 Appendix C: Identities 4.11.1 Identities for gamma matrices

Γ^αΓ^β = Γ^{αβ} + η^{αβ} (4.92) Γ^{α′} Γ^{β′γ′} = Γ^{α′β′γ′} + Γ^{γ′} η^{β′α′} − Γ^{β′} η^{γ′α′} , (4.93) Γ^{β′γ′} Γ^{α′} = Γ^{α′β′γ′} − Γ^{γ′} η^{β′α′} + Γ^{β′} η^{γ′α′} , (4.94)

Γ^{α′} Γ^{β′γ′} + Γ^{β′γ′} Γ^{α′} = 2Γ^{α′β′γ′} (4.95) Γ^{α′} Γ_{αβ} − Γ_{αβ} Γ^{α′} = 4δ^{α′}_{[α} Γ_{β]} (4.96) Γ^δΓ^{αβγ} = Γ^{δαβγ} + 3η^{δ[α}Γ^{βγ]} (4.97) Γ^δ Γ^{αβγ} + Γ^{αβγ} Γ^δ = 6η^{δ[α}Γ^{βγ]} (4.98) Γ^{α′β′γ′} Γ_{αβ} − Γ_{αβ}Γ^{α′β′γ′} = 12Γ^{δ′[β′γ′} δ^{α′]}_{[α} η_{β]δ}′ (4.99) Γ^{α′β′γ′} Γ_{αβ} + Γ_{αβ}Γ^{α′β′γ′} = −12δ^{[α′}_{[α} δ^{β′}_{β]} Γ^{γ′ ]} + 2Γ^{α′β′γ′}_{αβ} (4.100) ~ΓΓ_{μ1 μ2 ···μk} = (−1)^{k(k+1)/2} 1 (6 − k)! ϵ_{μ1 μ2 ···μk}^{ν1ν2 ···ν6−k} Γ_{ν1 ν2 ···ν6−k} (4.101) ϵ_{μ1μ2 ···μk}^{ν1ν2 ···ν6−k} = (−1)^kϵ^{ν1 ν2···ν6−k}_{μ1 μ2···μk} (4.102) ϵ_{μ1 ···μ6−k}^{ν1···νk} Γ^{μ1 ···μ6−k} = (−1)^{k(k−1)/2}(6 − k)! · ~ΓΓ^{ν1 ···νk} (4.103)

~Γ^2 = +1 (4.104)

Γ^{αβ}Γ_β = 5Γ^α (4.105) Γ^αΓ_α = 6I, (4.106) Γ^αΓ_μΓ_α = −4Γ_μ, (4.107) Γ^αΓ_{μ1 μ2 ···μk} Γ_α = (−1)^k(6 − 2k)Γ_{μ1μ2 ···μk} , (4.108) Γ^{α1 ···αl} Γ_{α1···αl} = 6! (6 − l)!

(−1)^{l(l−1)/2}I, (4.109) Γ^{α1···αl} Γ_μΓ_{α1···αl} = (−1)^{l(l+1)/2} (6 − 2l)5! (6 − l)!

Γ_μ . (4.110) Γ^{αβ} Γ_{αβ} = −30I, Γ^{αβγ} Γ_{αβγ} = −120I, Γ^{αβ}Γ_μΓ_{αβ} = −10Γ_μ, Γ^{αβγ} Γ_μΓ_{αβγ} = 0, Γ^{αβ} Γ_{μν} Γ_{αβ} = 2Γ_{μν} , Γ^{αβγ}Γ_{μν} Γ_{αβγ} = 24Γ_{μν} , Γ^{αβ} Γ_{μνσ} Γ_{αβ} = 6Γ_{μνσ} , Γ^{αβγ} Γ_{μνσ} Γ_{αβγ} = 0.

(4.111)

Derivation for last equations:

Γ^{αβγ} Γ_{μν(σ)}Γ_{αβγ} = (Γ^{βγ}Γ^α + Γ^γ η^{βα} − Γ^β η^{γα})Γ_{μν(σ)}Γ_{αβγ} = Γ^{βγ} Γ^αΓ_{μν(σ)}Γ_{αβγ} = Γ^{βγ} Γ^αΓ_{μν(σ)}(Γ_αΓ_{βγ} + Γ_β η_{αγ} − Γ_γ η_{αβ}) = Γ^{βγ} Γ^αΓ_{μν(σ)}Γ_αΓ_{βγ} + 2Γ^{γβ} Γ_β Γ_{μν(σ)}Γ_γ .

(4.112)

Γ^AΓ_A = 5I , Γ^AΓ_BΓ_A = −3Γ_B , Γ^AΓ_{BC} Γ_A = Γ_{BC} , Γ^AΓ_{B1B2···Bk} Γ_A = (−1)^k(5 − 2k)Γ_{B1B2···Bk} . (4.113)

tr{Γ^{μ1 μ2 ···μk} Γ_{ν1 ν2 ···νk} } = 32k!(−1)^{k(k−1)2} δ^{[μ1}_{[ν1} δ^{μ2}_{ν2} · · · δ^{μk ]}_{νk ]} . (4.114) tr{Γ^{μ1 ···μk} Γ^{A1 ···Al} Γ_{ν1 ···νk} Γ_{B1···Bl} } = 32k!l!(−1)^{(k+l)(k+l−1)2} δ^{[μ1}_{[ν1} δ^{μ2}_{ν2} · · · δ^{μk ]}_{νk ]} δ^{[A1}_{[B1} δ^{A2}_{B2} · · ·δ^{Ak ]}_{Bk ]} . (4.115)

4.11.2 Fierz rearrangments We need an identity of the form M_{mn} ≡ (ϵ_1)_m(ϵ̄_2)_n = ( 6∑ k=0 2∑ l=0 C_{μ1···μk A1 ···Al} Γ^{μ1 ···μk} Γ^{A1 ···Al} )_{mn} . (4.116)

(l ≤ 2 because Γ^{01...10} = 1.) We then get: C_{μ1···μk A1 ···Al} = (−1)^{(k+l)(k+l−1)}2 32k!l! tr{MΓ_{μ1 ···μk} Γ_{A1 ···Al} } . (4.117) Now we take

ϵ_2 = −~Γϵ_2 , ϵ_1 = −~Γϵ_1 . (4.118)

and rearrange M = ϵ_1ϵ̄_2. Now ~ΓM = −M = −M ~Γ and we see that only terms with odd k

survive.

M ≡ ϵ_1ϵ̄_2 = ( − (ϵ̄_2Γ_μϵ_1) 32 Γ^μ +

(ϵ̄_2Γ_μΓ_Aϵ_1) 32 Γ^μΓ^A +

(ϵ̄_2Γ_μΓ_{AB} ϵ_1) 64 Γ^μΓ^{AB} ) (1 + ~Γ) + 1 192 (ϵ̄_2Γ_{μνσ} ϵ_1)Γ^{μνσ} − 1 192 (ϵ̄_2Γ_{μνσ} Γ_Aϵ_1)Γ^{μνσ} Γ^A − 1 384 (ϵ̄_2Γ_{μνσ} Γ_{AB} ϵ_1)Γ^{μνσ} Γ^{AB} . (4.119)

N ≡ ϵ_1ϵ̄_2 − ϵ_2ϵ̄_1 = ( − 1 16 (ϵ̄_2Γ_μϵ_1)Γ^μ + 1 16 (ϵ̄_2Γ_μΓ_Aϵ_1)Γ^μΓ^A ) (1 + ~Γ) − 1 192 (ϵ̄_2Γ_{μνσ} Γ_{AB} ϵ_1)Γ^{μνσ} Γ^{AB} . (4.120)

L ≡ ϵ_1ϵ̄_2 + ϵ_2ϵ̄_1 = 1 32 (ϵ̄_2Γ_μΓ_{AB} ϵ_1)Γ^μΓ^{AB} (1 + ~Γ) + 1 96 (ϵ̄_2Γ_{μνσ} ϵ_1)Γ^{μνσ} − 1 96 (ϵ̄_2Γ_{μνσ} Γ_Aϵ_1)Γ^{μνσ} Γ^A . (4.121)

where we have used, e.g.

ϵ̄_2Γ_{μνσ} ϵ_1 = ϵ̄_1Γ_{μνσ} ϵ_2 . (4.122)

For opposite chirality spinors we have to replace ~Γ by −~Γ.

For, perhaps, future use, we will also calculate this for M = ψ_1ϵ̄_2 with

ϵ_2 = −~Γϵ_2, ψ_1 = ~Γψ_1 . (4.123)

M ≡ ψ_1ϵ̄_2 = ( − 1 32 (ϵ̄_2ψ_1)I − 1 32 (ϵ̄_2Γ_Aψ_1)Γ^A + 1 64 (ϵ̄_2Γ_{AB} ψ_1)Γ^{AB} + 1 64 (ϵ̄_2Γ_{μν} ψ_1)Γ^{μν} + 1 64 (ϵ̄_2Γ_{μν} Γ_Aψ_1)Γ^{μν} Γ^A − 1 128 (ϵ̄_2Γ_{μν} Γ_{AB} ψ_1)Γ^{μν} Γ^{AB} ) (1 + ~Γ) . (4.124) we also need

N ≡ Γ_{αβ}ψ_1ϵ̄_2Γ^{αβ} = ( 15 16 (ϵ̄_2ψ_1)I + 15 16 (ϵ̄_2Γ_Aψ_1)Γ^A − 15 32 (ϵ̄_2Γ_{AB} ψ_1)Γ^{AB} + 1 32 (ϵ̄_2Γ_{μν} ψ_1)Γ^{μν} + 1 32 (ϵ̄_2Γ_{μν} Γ_Aψ_1)Γ^{μν} Γ^A − 1 64 (ϵ̄_2Γ_{μν} Γ_{AB} ψ_1)Γ^{μν} Γ^{AB} ) (1 + ~Γ). (4.125) and K ≡ Γ_Aψ_1ϵ̄_2Γ^A = ( − 5 32 (ϵ̄_2ψ_1)I + 3 32 (ϵ̄_2Γ_Aψ_1)Γ^A + 1 64 (ϵ̄_2Γ_{AB} ψ_1)Γ^{AB} + 5 64 (ϵ̄_2Γ_{μν} ψ_1)Γ^{μν} − 3 64 (ϵ̄_2Γ_{μν} Γ_Aψ_1)Γ^{μν} Γ^A − 1 128 (ϵ̄_2Γ_{μν} Γ_{AB} ψ_1)Γ^{μν} Γ^{AB} ) (1 + ~Γ) . (4.126)

4.11.3 A few notes about spin(5, 1) We use the eleven-dimensional language for the spinors. But nevertheless one could be confused by some elementary facts concerning the reality condition for the spinor (4, 4) of spin(5, 1) × spin(5). The spinor representation 4 of spin(5) is quaternionic (pseudoreal). Therefore (4, 4) of spin(5) × spin(5) is a real 16-dimensional representation. But one might think that spinor 4 of spin(5, 1) is complex so that we cannot impose a reality condition for the (4, 4) representation.

But of course, this is not the case. The spinor representation 4 of spin(5, 1) is quaternionic as well since the algebra spin(5, 1) can be understood also as sl(2, H) of 2 × 2 quaternionic matrices with unit determinant of its 8 × 8 real form. This has the right dimension 4 · 4 − 1 = 15 =

6 · 5 2 · 1

. (4.127) In the language of complex matrices, there is a matrix j_1 so that

(j_1)^2 = −1 , j_1M_1 = M̄_1j_1 (4.128)

for all 4 × 4 complex matrices M_1 of spin(5, 1). Of course, for the 4 × 4 matrices M_2 in spin(5) there is also such a matrix j_2 that

(j_2)^2 = −1 , j_2M_2 = M̄_2j_2 . (4.129)

An explicit form for the equations (4.128)-(4.129) is built from 2 × 2 blocks

j_1 = ∘ 1 −1 ∘ , M_1 = α β −β̄ ᾱ . (4.130)

In the (4, 4) representation of spin(5, 1) × spin(5) the matrices are given by M = M_1 ⊗ M_2 and therefore we can define a matrix j that shows that M is equivalent to a real matrix

j = j_1 ⊗ j_2 , j^2 = 1 , jM = j_1M_1 ⊗ j_2M_2 = M̄_1j_1 ⊗ M̄_2j_2 = M̄j . (4.131)

The algebra spin(5, 1) is quite exceptional between the other forms of spin(6). The algebra so(6) is isomorphic to su(4), algebra so(4, 2) to su(2, 2) and algebra so(3, 3) to su(3, 1). The other form of su(4) isomorphic to so(5, 1) is sometimes denoted su^∗(4) but now we can write it as sl(2, H) as well (the generators are 2 × 2 quaternionic matrices with vanishing real part of the trace). From the notation sl(2, H) it is also obvious that u(2, H) = usp(4) forms a subgroup (which is isomorphic to so(5)).

Chapter 5 Nonsupersymmetric matrix models

In this chapter I construct the matrix description for a twisted version of the IIA string theory on S^1 with fermions antiperiodic around a spatial circle. The result is a 2 + 1- dimensional U(N) × U(N) nonsupersymmetric Yang-Mills theory with fermionic matter transforming in the (N, N̄). The the two U(N)’s are exchanged if one goes around a twisted circle of the worldvolume. Relations with type 0 theories are explored and we find type 0 matrix string limits of our gauge theory. We argue however that most of these results are falsified by the absence of SUSY nonrenormalization theorems and that the models do not in fact have a sensible Lorentz invariant space time interpretation.

5.1 The conformal field theory description

Matrix Theory [9] has been used to describe M-theory with 32 supercharges in 8,9,10 and 11 dimensions as well as various projections of this theory. In this chapter we would like to study a nonsupersymmetric Matrix model in order to obtain a better understanding of SUSY breaking in string theory. The problems of the model that we study show that SUSY breaking leads to rather disastrous consequences. However, we point out in the conclusions that the restriction to the light cone frame prevents us from abstracting completely clearcut lessons from this exercise.

Before proceeding, we note that after this chapter was completed (but before we had become convinced that the results were worth publishing) another paper on Matrix models of nonsupersymmetric string theories appeared [59]. We do not understand the connection between the model presented there and the one we study. Another recent paper on nonsupersymmetric compactifications, with considerations related to ours is [60]. Our results do not agree with the suggestion of these authors that nonsupersymmetric compactifications lead to Poincaré invariant physics.

Let us start with the description of the conformal field theory that describes the model we are interested in. We start with the type IIA theory. Compactification on a circle of radius R can be described as modding out the original theory by a symmetry isomorphic to Z, consisting of the displacements by 2πkR, k ∈ Z, in the chosen direction. We can write those displacement as exp(2πikRp̂). A “GSO-like” projection by this operator now guarantees that the total momentum of a string is a multiple of 1/R. We also have to add “twisted sectors” where the trip around the closed string is physically equivalent to any element of the group that we divided by. Those sectors are wound strings, X(σ + 2π) = X(σ) + 2πRw, where w ∈ Z is the winding number.

Such a compactification preserves all 32 supercharges. We will study a more complicated model which breaks the supersymmetry completely. The symmetry isomorphic to Z will be generated by (the direction of the circle is denoted by the index 2)

G = exp(2πiRp̂_2)(−1)^F , (5.1)

where (−1)^F counts the spacetime statistics (or spin; in the Green-Schwarz formalism it is also equivalent to the worldsheet spin). Because of this extra factor of (−1)^F the physics becomes very different. The fermionic fields of the spacetime effective field theory become antiperiodic with the period 2πR_2 while bosons are still periodic. Such a boundary condition of course breaks supersymmetry completely because it is impossible to define the (sign of the) supercharge everywhere. Those antiperiodic boundary conditions for the fermions are the same as those used in finite temperature calculations, with Euclidean time replaced by a spatial circle. This compactification, introduced in [35] is motivated by Scherk-Schwarz compactifications of supergravity [34]. The physical spectrum is obtained by requiring G |ψ⟩ = |ψ⟩ and in the twisted sectors corresponding to G^w, w ∈ Z, a trip around the closed string is equivalent the shift by 2πwR_2 times (−1)^{wF} . Because (−1)^{wF} for odd w anticommutes with fermions in the Green-Schwarz formalism, the fermions θ must be antiperiodic in the sectors with odd winding number. Similarly, the GSO projection G |ψ⟩ = |ψ⟩ now does not imply that p_2 must be a multiple of 1/R_2. Looking at (5.1) we see that there are two possibilities. Either (−1)^F is equal to +1 and p_2 = n/R_2 or (−1)^F = −1 and p_2 = (n + 1/2)/R_2. We have sectors with p_2R_2 both integer or half-integer, but for integer p_2R_2 we project out all the fermions and for half-integer p_2R_2 we project out all the bosonic states.

Thus we have four kinds of sectors; odd or even w can be combined with integer or halfinteger p_2R_2. For even w the boundary conditions are as in the untwisted theory but for odd values of w we must impose antiperiodic boundary conditions for the Green-Schwarz fermions θ.

Since the sectors with even values of w are well-known (we just keep only bosons or only fermions according to p_2), we note only that in the sectors with odd values of w the ground state has 8 × (−1/24 − 1/48) = −1/2 excitations both in the left-moving and right-moving sector (the same as the ground state of a NS-NS sector in the RNS formalism). In other words, the ground state is a nondegenerate bosonic tachyon. We must also take into the account the condition “L_0 = ~L_0”, more precisely (N_L = N_R = 0 for the ground state of even w and N_L = N_R = −1/2 for odd w and we define n = p_2R_2)

N_L = N_R + nw . (5.2)

Furthermore for integer n we must project all the fermions out of the spectrum. For even w (which means also even nw) this leaves us with the bosonic states of the untwisted IIA theory. For odd w (which implies integer nw) the fermionic modes are half-integers and we see that due to (5.2) the number of left-moving and right-moving fermionic excitations must be equal mod 2. Therefore the level matching condition (5.2) automatically projects out all the fermionic states.

Similarly for half-integer n we must get rid of all the bosonic states. If w is even, nw is integer and odd and apart from (5.2) we must also independently impose the condition (−1)^F = −1 and we get just the fermionic part of the spectrum of the type IIA string theory. However for w odd (which implies that nw is half-integer and the fermions are antiperiodic), we see a mismatch 1/2 modulo 1 between N_L and N_R in (5.2), so the bosons are projected out automatically as a result of the level-matching condition (5.2).

In both cases we saw that the (−1)^F projection was automatic in sectors with odd values of w. It is a general property of orbifolds that in the twisted sectors where a trip around the closed string is equivalent to the symmetry g, the GSO projection g |ψ⟩ = |ψ⟩ is a direct consequence of the level-matching condition.

What about the tachyons? For even values of w we have a part of the spectrum of type IIA strings, so there is no tachyon. However for odd values of w, we can find a tachyon. Recall that

m^2 = 4 α^′ N_L + ( n R_2 − wR_2 α^′ )_2 = 4 α^′ N_R + ( n R_2 + wR_2 α^′ )_2 . (5.3)

For n = 0, w = ±1, we see that the ground level N_L = N_R = −1/2 is really tachyonic for R^2/α^′ < 2. For sufficiently small radius R_2 there is a bosonic tachyon in the spectrum. If R_2 is really small, also states with ±w = 3, 5, . . . (but always n = 0) may become tachyons.

However for n = 1/2 (fermionic sector) and w = 1 we see from (5.2) that the lowest possible state has N_R = −1/2 and N_L = 0 (one θ_{−1/2} left-moving excitation) which means that m^2 expressed in (5.3) is never negative. This means that the tachyons can appear only in the bosonic spectrum (as scalars).

There are many interesting relations of such a nonsupersymmetric theory with other theories of this kind. For example, by a Wick rotation we can turn the twisted spatial circle into a time circle. The antiperiodic boundary conditions for the fermionic field then describe a path integral at finite temperature. The appearance of the tachyon in the spectrum for R_2 < √ 2α^′ is related to the Hagedorn phase transition. The infinite temperature, or zero R_2 limit of our model gives the type 0 theories.

The type 0 theories (-0A and -0B) are modifications of the type II theories containing bosonic states only in “diagonal sectors” NS-NS and RR; we have also only one GSO projection counting the number of left-moving minus right-moving fermionic excitations. The type II theories can be obtained as an Z_2 orbifold (making separate projections on left-moving fermions) of the type 0 theories in the R-NS formalism; the difference between type IIA and type IIB theories is a sign of the projection in the RR sector; type IIA is in a sense type IIB with a discrete torsion. Equivalently, we can also obtain type 0 theories by orbifolding type II theories but in the Green-Schwarz formalism: type 0A and 0B theories can be described in the Green-Schwarz formalism by the same degrees of freedom as the corresponding type II theories, but we must include both PP and AA sector and perform the corresponding (diagonal) GSO-projection.

5.2 The matrix model

In a first naive attempt to construct a model describing the type 0A theory, we would probably make a local orbifold (orbifolding in Matrix theory was described in [52]) of the original Matrix Theory, corresponding to the Z_2 orbifold of the worldsheet theory in the Green-Schwarz formalism. We would represent the operator (−1)^F by a gauge transformation e.g. σ_3 ⊗ 1 and the bosonic matrices would then be restricted to the block diagonal form, reducing the original group U(2N) into U(N) × U(N) with fermions in the off-diagonal blocks i.e. transforming as (N, N̄). However the coordinates X of the two blocks would suffer from an instability forcing the eigenvalues of the two blocks to escape from each other: the negative ground-state energy of the “off-diagonal” fermions is not cancelled by a contribution of bosons and therefore the energy is unbounded from below even for finite N.

Bergman and Gaberdiel however pointed out [40] that it is more appropriate to think about type 0A string theory as a type IIA theory orbifolded by a Z_2 group generated by the usual (−1)^F times the displacement by half of the circumference of the corresponding M-theoretical circle. Of course, this displacement could not be seen perturbatively. We are clearly led to the Scherk-Schwarz compactification of M-theory. We will thus attempt to construct a more sophisticated matrix model. We will find a model which naively incorporates all of the duality conjectures of Bergman and Gaberdiel and has type 0A,B and Rohm compactified type IIA,B matrix string limits. In the end, we will find that many of our naive arguments are false, due to the absence of SUSY nonrenormalization theorems, and that the model we construct does not have a Lorentz invariant large-N limit. We argue that this implies that Scherk-Schwarz compactified M-theory does not have a Lorentz invariant vacuum.

Let us start with a review of untwisted M-theory compactified on a circle. The algorithm [52] to mod out the BFSS model by a group of physical symmetries H is to enlarge the gauge group U(N) and identify elements of H with some elements g of the gauge group. It means that the matrices Y = X, Π, θ are constrained to satisfy

h(Y ) = g_hY g^{−1}_h , g_h ∈ U(N) , h ∈ H . (5.4)

We wrote gY g^{−1} because Y transform in the adjoint representation and the physical action of the symmetries on Y is denoted h(Y ). To obtain the O(N) matrix model describing a single Hořava-Witten domain wall, we can set g_h = 1 and just postulate Y to be symmetric with respect to the symmetry (consisting of the reflection of X^1, Π^1, multiplying spinors θ by γ_1 and transposing all the matrices). Therefore X^1 and half θ’s become antisymmetric hermitean matrices in the adjoint of O(N) while the other X’s and θ’s become symmetric real matrices. The naive matrix description of the heterotic strings on tori together with the sectors and GSO-like projections on the heterotic matrix strings was obtained in [53].

Compactification of X^2 on a circle with radius R_2 can be done in a similar way. We just postulate the set of possible values of the U(N) indices to be {1, 2, . . ., N}×(0, 2π)_{circle} and represent the physical symmetry exp(2πiR_2p̂) by the gauge transformation 1 ⊗ exp(iσ_2). Note that the matrices now have two discrete and two continuous “indices”. Postulating (5.4) tells us that the matrices must commute with any function of σ:

X^2_{mn}(σ_2, σ^′_2) = X^2_{mn}(σ_2)δ(σ_2 − σ^′_2) − iδ^′(σ_2 − σ^′_2) (5.5)

and similarly for the other matrices X^i and θ (without the δ^′(σ_2 − σ^′_2) term). Now if we understand the summation over the sigma index as integration and ignore the factor δ(0) in the trace, the BFSS hamiltonian becomes precisely the hamiltonian of SYM theory with σ_2 being an extra coordinate.

“Matrices” of the form (5.5) can be also expressed in the terms of the Fourier modes as done first by Taylor [31]. The extra Fourier mode indices replacing σ_2, σ^′_2 are denoted M, N and (5.5) becomes

(X^2_{M +1,N +1})_{mn} = (X^2_{M,N} )_{mn} + 2πR_2δ_{M,N} δ_{mn} (5.6)

and similarly for the other matrices without the last term.

We will study a compactification of M-theory on a twisted T^2 so we will use two worldvolume coordinates σ_1, σ_2 to represent those two circles. What about the (−1)^F twist which modifies the compactification of X^2? Shifting both ends of the open strings M, N → M + 1, N + 1 as in (5.6) must be accompanied by (−1)^F which commutes with bosons but anticommutes with spacetime fermions. In the Green-Schwarz formalism it also anticommutes with the θ’s. So the structure of the bosonic matrices is unchanged and the condition for θ’s will be twisted:

(θ_{M +1,N +1})_{mn} = −(θ_{M,N} )_{mn}. (5.7)

In the continuous basis this is translated to

θ_{mn}(σ_2, σ^′_2) = θ_{mn}(σ_2)δ(σ_2 − σ^′_2 + π). (5.8)

This can be described by saying that θ has nonzero matrix elements between opposite points of the σ_2 circle. We will often use this “nonlocal” interpretation of the resulting theory even though the theory can be formulated as a conventional nonsupersymmetric gauge theory with fermionic matter, as we will show in a moment.

5.2.1 The U(N) × U(N) formalism In order to get rid of the nonlocality, we must note that if we identify the opposite points with σ_2 and σ_2 + π, so that σ_2 lives on a circle of radius π, everything becomes local. By halving the circle, we double the set of bosonic fields. The two U(N) groups at points σ_2 and σ_2 + π are completely independent, so that the gauge group becomes U(N) × U(N). We should also note that if we change σ_2 by π, the two factors U(N) exchange; this is an important boundary condition.

The bosonic fields thus transform in the adjoint representation of U(N) × U(N). What about the fermions θ? We saw that the two “matrix indices” σ_2 and σ^′_2 differ by π. One of them is thus associated with the gauge group U(N) at point σ, the other with the U(N) at point σ + π which is the other U(N) factor in the U(N) × U(N) formulation. In other words, θ’s transform as (N, N̄) under the U(N) × U(N). This is a complex representation of (complex) dimension N^2 and the complex conjugate θ^†s transform as (N̄, N). In the old language, θ and θ^† differed by π in σ_2 or in other words, they corresponded to the opposite orientations of the arrow between σ_2 and σ_2 + π. The number of real components is 2N^2

(times the dimension of the spinor 16), the same as the dimension of the adjoint representation. This should not surprise us since for R_2 → ∞ we expect that our nonsupersymmetric model mimics the physics of the supersymmetric model.

We could also check that the commutation relations derived from the “nonlocal” orbifold formulation agree with the canonical commutation relations of the U(N)×U(N) nonsupersymmetric gauge theory with the matter in (N, N̄). These theories are very similar to the “quiver” theories of Moore and Douglas [39], but with a peculiar boundary condition that exchanges the two U(N) groups as we go around the twisted circle.

5.2.2 Actions for the local and nonlocal formulations We will be considering both descriptions. In one of them, the Yang-Mills theory has gauge group U(N) and is defined on a time coordinate multiplied by a two-torus with circumferences 1/R_1, 1/R_2 (instead of 2π employed in the previous section) where R_1, R_2 are the radii of the spacetime circles in Planck units^1 and the fermions are nonlocal degrees of freedom (arrows) pointing from the point (σ_1, σ_2) to the point (σ_1, σ_2 + 1/2R_2). We will call this picture “nonlocal”.

We will also sometimes use a “local” picture where the coordinate σ_2 is wrapped twice and its circumference is only 1/2R_2. In the local picture, the gauge group is U(N) × U(N) and these two factors exchange when we go around the σ_2 circle so that the “effective” period is still equal to 1/R_2: A^α_{ij} ( σ_0, σ_1, σ_2 + 1 2R_2 ) = A^{1−α}_{ij} (σ_0, σ_1, σ_2) . (5.9)

Here α = 0, 1 is an index distinguishing the two factors in U(N) × U(N). We suppresed the worldvolume vector index μ = 0, 1, 2. Indices i, j run from 1 to N; here i spans N and j belongs to N̄. Similar boundary conditions are imposed on the scalars X which also transform in the adjoint of U(N) × U(N). Both satisfy the usual hermiticity conditions. Fermions θ (whose spacetime transformation rules are the same as in the supersymmetric theory) transform in (N, N̄). Writing them as θ_{ij} , the index i belongs to N of the first

1To simplify the presentation, we choose the convention for the numerical constants in various dimensionful quantities to agree with these statements.

U(N) and the index j belongs to N̄ of the second U(N). In the same way, in (θ^†)_{ij} = (θ_{ji})^†

the first index i belongs to N of the second U(N) and the second index j belongs to N̄ of

the first U(N) so that Tr θ^†θ = θ^†_{ij} θ_{ji} is invariant. The boundary condition for θs reads θ_{ij} ( σ_0, σ_1, σ_2 + 1 2R_2 ) = (θ^†)_{ij} (σ_0, σ_1, σ_2) . (5.10)

Of course, θ matrices are complex, they do not obey a hermiticity condition. The lagrangian

is (i = 1, . . ., 7) L = ∑ α=0,1 Tr [ − 1 4 F^{μν}_{(α)}F_{(α),μν} − 1 2 D_μX^i_{(α)}D^μX^i_{(α)} + 1 4 [X^i_{(α)}, X^j_{(α)}]^2 ] + (5.11) +Tr [ iθ^†γ^iX^i_{(α=0)}θ + iθγ^iX^i_{(α=1)}θ^† + θ^†γ_μ∂^μθ + iθ^†γ_μA^μ_{(α=0)}θ + iθγ_μA^μ_{(α=1)}θ^† ] . The trace always runs over N × N matrices. We have put the dimensionful quantity g_{Y M}

equal to one. The action is simply A = ∫ dσ^0 ∫_{1/R1} 0 dσ^1 ∫_{1/(2R2)} 0 dσ^2L(σ^0, σ^1, σ^2) . (5.12)

For the purposes of the calculations of Feynman diagrams it is also useful to write the

action in the nonlocal (nl) formulation of the theory. In this formulation, the period of σ^2

is doubled and equal to 1/R_2. The fields can be identified as follows (the dependences on

σ^0, σ^1 and indices μ, i are suppressed):

X_{(α)}(σ^2) = X_{nl} ( σ^2 + α (2R_2) ) , A_{(α)}(σ^2) = A_{nl} ( σ^2 + α (2R_2) ) , α = 0, 1, (5.13)

θ(σ^2) = θ_{nl}(σ^2) , θ^†(σ^2) = θ^†_{nl}(σ^2) = θ_{nl} ( σ^2 + 1 (2R_2) ) , 0 ≤ σ^2 ≤ 1 2R_2 . All the equalities are N × N matrix equalities. In this nonlocal language the action can be

written as A = ∫ dσ^0 ∫_{1/R1} 0 dσ^1 ∫_{1/R2} 0 dσ^2L_{nl}(σ^0, σ^1, σ^2) , (5.14)

where (the subscript “nl” of all fields is suppressed)

L_{nl} = Tr [ − 1 4 F^{μν} F_{μν} − 1 2 D_μX^iD^μX^i + 1 4 [X^i, X^j]^2 ] + +Tr [ θ^†γ_μ∂^μθ + iθ^†(γ^iX^i(σ^2) + γ_μA^μ(σ^2))θ ] + +Tr [ iθ ( γ^iX^i(σ^2 + 1 2R_2

) + γ_μA^μ(σ^2 + 1 2R_2 ) ) θ^† ] . (5.15)

We denoted the σ^2 dependence in which one of the fermionic terms is nonlocal.

5.3 Alternative derivation and connection with type 0 theories

It has long been known [32, 33] that the type 0_{A,B} string theories in ten dimensions can be viewed as infinite temperature limits of type II_{B,A} theories. Rotating the Euclidean time to a spacelike direction, this means that the zero radius limits of Rohm compactifications are the type 0 theories. It is less well known (but, we believe, known to many experts) that the finite radius Rohm compactifications are compactifications of the type 0 theories on dual circles with a certain orbifold projection. Indeed, both type 0 theories have two types of Ramond-Ramond fields which are related by a discrete symmetry. This doubled number is a consequence of having one GSO-projection only (the diagonal one). More precisely, the operator R = (−1)^{FR} which counts the right-moving fermionic excitations has eigenvalues (+1) for half of the RR-fields and (−1) for the other half. Therefore (−1)^{FR} is a generator of a Z_2 symmetry that exchanges the RR-fields in a basis rotated by 45 degrees, i.e. RR_{+1} + RR_{−1} with RR_{+1} − RR_{−1} where RR_{±1} denotes the fields with (−1)^{FR} = ±1.

Twisted compactification of type 0A or -0B with monodromy R i.e. the orbifold of type 0 string theory on a circle of circumference 2L by the symmetry R exp(iLp) gives a string model T-dual to the Rohm compactified type IIB or type IIA string, respectively. We will refer to the twisted circle as the Scherk-Schwarz circle when describing it from the type II point of view and as the R circle from the type 0 point of view.

This T-duality is not hard to understand at the level of the string spectrum. Because of the GSO projection, Scherk-Schwarz compactified type II theory contains bosonic states of integer momenta and fermionic states of half-integer momenta (in appropriate units). The dual type 0 string theory initially had bosonic excitations only (in NS-NS and RR sectors). But because of the extra orbifold by R exp(iLp), we obtain also fermions in NS-R and R-NS twisted sectors with a half-integer winding. This agrees with the assumption of T-duality. Apart from T-duality between type IIA/IIB on a Scherk-Schwarz circle and type 0B/0A on an R circle which we just mentioned, we should be aware of the T-duality between type 0A and type 0B string theory on a usual circle.

Now consider the DLCQ of M-theory compactified on a Scherk-Schwarz circle. Using the logic of [30], this is a zero coupling limit of type IIA string theory compactified on a Scherk-Schwarz circle of Planck size, in the presence of N D0-branes. Using the T-duality adumbrated in the previous paragraphs, this is weakly coupled type 0B string theory on an R circle in the presence of N D-strings of the first kind; since the R monodromy exchanges two types of D-strings, there must be an equal number of D-strings of the other type. In other words, the D-strings are compactified on a circle dual to the M-theory Scherk-Schwarz circle, with R twisted boundary conditions.

Now we can use the description of D-branes in type 0 theories discovered by Bergman and Gaberdiel [40]. As we have said, there are two types of D-strings in type 0B theory, each of which has a bosonic 1 + 1 dimensional gauge theory on its world volume: open strings stretched between two like D-strings contain bosonic states only. These two types are related (exchanged) by the R symmetry. In the presence of closely spaced D-strings of both types, there are additional fermionic degrees of freedom which transform in the (N, M̄)[⊕(N̄, M)] of the U(N) × U(M) gauge group: open strings stretched between two unlike D-strings contain fermions only. These fermions are spacetime spinors. In the corresponding Seiberg limit, all the closed string states (including tachyons) are decoupled and in the corresponding DKPS energy scale only the massless open string states survive.

The result is a 1 + 1 dimensional U(N) × U(N) gauge theory with fermions in the bifundamental and a boundary condition that exchanges the two U(N) groups as we go around the circle, a result of the R monodromy. This is the same gauge theory we arrived at by the orbifolding procedure of the previous section.

It is now easy to compactify an extra dimension on an ordinary circle and obtain the 2 + 1 dimensional gauge theory of the previous section as the matrix description of Rohm compactification. The double T-duality in Seiberg’s derivation can be done in two possible orders, giving always the same result. In the next section, we will see that at least formally we can rederive the various string theories as matrix string limits of the gauge theory. In particular, this will provide a derivation of the Bergman-Gaberdiel duality relation between Scherk-Schwarz compactification of M-theory, and type 0A strings.

5.4 The matrix string limits

5.4.1 Rohm compactified type IIA strings In the limit where the spacetime radius R_2 goes to infinity, the radius of the worldvolume torus 1/R_2 goes to zero so that we also have 1/R_1 ≫ 1/R_2. Therefore the fields become effectively independent of σ^2 up to a gauge transformation. Furthermore, because of the boundary conditions exchanging the two U(N)’s, the expectation values of scalars in both U(N)’s must be equal to each other (up to a gauge transformation). This can be also seen in the nonlocal formulation: in the limit R_2 → ∞ the fields must be constant (up to a gauge transformation) on the long circle of circumference 1/R_2.

Thus in this limit we can classify all the fields according to how they transform under the σ^2 independent gauge symmetry U(N). In the nonlocal language this U(N) is just a “global” (but σ^1 dependent) symmetry. In the U(N) × U(N) language this is the diagonal symmetry U(N). In both cases, we find that not only bosons but also fermions (transforming originally in (N, N̄)) transform in the adjoint (the same as N ⊗ N̄) of this U(N). There is only one set of fields: the σ^2 independence causes the bosons in both U(N)’s to be equal and the complex matrices θ to be hermitean.

In the matrix string limit we expect to get a matrix description of the Scherk-Schwarz compactification of type IIA strings on a long circle. The appearance of the matrix strings (at a naive level) can be explained as usual: most things work much like in the supersymmetric matrix string theory [56, 57, 58].

In the nonlocal formulation, U(N) gauge group is broken completely down to a semidirect product of U(1)^N and the Weyl group, S_N , of U(N). Therefore the classical configurations around which we expand are diagonalizable N × N matrices where the basis in which they can be diagonalized can undergo a permutation p ∈ S_N for σ^1 → σ^1 + 1/R_1:

X_i(σ^1) = U(σ^1) diag(x^1_i , x^2_i , . . .x^n_i )U^{−1}, U ( σ^1 + 1 R_1 ) = U(σ^1)p . (5.16)

This is the mechanism of matrix strings [56, 57, 58]. Every permutation p can be decomposed into a product of cycles and each cycle of length k then effectively describe a “long string” with the longitudinal momentum equal to p^+ = k/R^−. For instance, a single cyclic permutation of k entries (written as a k × k matrix p) describes a single string:

p = ∘ 1 ∘ . . . ∘ ∘ ∘ 1 . . . ∘ . . . . . . ... 1 1 ∘ ∘ . . . ∘ . (5.17)

The definition (5.16) of X_i creates effectively a string of length k (relatively to the circumference 1/R_1). We can write the eigenvalues as

x^m_i (σ^1) = x^{long}_i ( σ^1 +

(m − 1) R_1 ) , m = 1, 2, . . ., k (5.18) where x^{long}_i has period k/R_1. Assuming the k/R_1 periodicity of x^{long}_i we can show 1/R_1 periodicity of the matrix (5.16) with p defined in (5.17).

The matrix origin of the level-matching conditions was first explained in [58]: the residual symmetry Z_k rotating the “long” string is a gauge symmetry and because the states must be invariant under the gauge transformations, we find out that L_0 − ~L_0 must be a multiple of k (the length of the string) because the generator of Z_k can be written as exp(i(L_0 − ~L_0)/k). In the large-N limit such states are very heavy unless L_0 = ~L_0 and we reproduce the usual level-matching conditions. In this limit the discrete group Z_k approximates the continuous group quite well.

5.4.2 Dependence on the fluxes In the conformal field theory of the Rohm compactification, sectors with odd or even winding numbers should have antiperiodic or periodic spinors θ, respectively. We want to find the analog of this statement in the Matrix formulation.

Let us put w units of the magnetic flux in the nonlocal representation of our theory. The corresponding potential can be taken to be

A_{μ=1} = 2πR_1R_2σ_2 w N , A_{μ=2} = 0 (5.19) Recall that the periods of σ_1, σ_2 are 1/R_1, 1/R_2. In the local U(N) × U(N) formulation, the fields in the region 0 ≤ σ_2 ≤ 1/2R_2 from (5.19) define the block of the first U(N) and the region 1/2R_2 ≤ σ_2 ≤ 1/R_2 defines the second U(N). Note that for σ_2 → σ_2 + 1/R_2, Tr A_{μ=1} changes by 2πR_1w which agrees with the circumference of X^1.

Now if we substitute the background (5.19) into (5.11) we see that the contributions of the form θAθ from the last two terms give us a contribution coming from the difference σ_2 → σ_2 + 1/2R_2 which is equal to

iTr [θ^†γ_1θ] πwR_1 N . (5.20)

Such a term without derivatives would make the dynamics nonstandard. However it is easy to get rid of it by a simple redefinition (we suppress σ_0, σ_2 dependence)

θ(σ_1) → θ(σ_1)exp ( iσ_1R_1πw N ) . (5.21)

Note that under σ_1 → σ_1 + N/R_1 which corresponds to a loop around a matrix string of length N, θ changes by a factor of (−1)^w. This confirms our expectations: in the sectors with an odd magnetic flux (= winding number) the fermions θ are antiperiodic.

We might also wonder about the electric flux (= compact momentum p_2) in the direction of σ_2. As we have explained in the beginning, this flux should be allowed to take 1/2 of the original quantum so that the sectors with half-integer electric flux contain just fermions and the usual sectors with integer electric flux contain bosons only, the other being projected out by the GSO conditions in both cases. This behaviour should be guaranteed “by definition”: the operator exp(2πR_2p̂_2)(−1)^F is identified with a gauge transformation (namely exp(2πR_2σ_2) ⊗ 1_{N ×N} ).

However it might seem a little strange that the together with the θ excitations one must also change the electric flux; it might be useful to see the origin of the sectors of various electric flux “microscopically”. We propose the following way to think about this issue. The θ excitations in a compact space carry charge ± with respect to groups U(1) at the opposite points of σ_2. The total charge vanishes therefore we do not have an obstruction to excite θ. However the charge does not vanish locally, therefore we should accompany the excitation by an electric flux tube running between σ_2 and σ_2 + 1/2R_2 in a chosen direction (it is useful to think about it as a “branch-cut”) and the total electric flux induced by this excitation equals one half of the quantum in the supersymmetric (untwisted) theory.

As a consequence of these observations, we see that our model contains the string field theory Hilbert space of the Rohm compactification in the large-N limit. At a very formal level, the dynamics of the model in an appropriate limit of small radii and large Yang-Mills coupling, appears to reduce to that of free Rohm strings. However, this is not necessarily a correct conclusion. The analysis of the moduli space lagrangian is done at the classical level, but the apparent free string limit corresponds to a strongly coupled YM theory. In [57] it was emphasized that the derivation of Matrix string theory depends crucially on the nonrenormalization theorem for the moduli space lagrangian. We do not have such a theorem here and cannot truly derive the free Rohm string theory from out model. This is only the first of many difficulties.

A further important point is that the U(1) gauge theory (or U(1) × U(1) in the local formalism) leads to a free theory which is identical to the conformal field theory in the matrix string limit 1/R_1 ≫ 1/R_2. In particular we can see that the ground state in the sectors with an odd magnetic flux has negative light cone energy, and would have to be interpreted as a tachyon in a relativistic theory. Even if we assumed the clustering property to be correct (in the next section we show that this property is likely to be broken at the two-loop level), this tachyon would lead to inconsistency in the large-N limit: it would be energetically favoured for a configuration in the U(N) theory to emit the N = 1 tachyonic string — and compensate the magnetic flux by the opposite value of the flux in the remaining U(N − 1) theory. The energy of tachyon is of order −N^0 which is negative and N times bigger than the scale of energies we would hope to study in the large-N limit (only states with energies of order 1/N admit a relativistic interpretation in the large-N limit).

To make this more clear: in order to establish the existence of a relativistic large-N limit we would have to find states with dispersion relation^{p2+m2}_N in the model, as well as multiparticle states corresponding to separated particles which scatter in a manner consistent with relativity. The observation of the previous paragraph shows that such states would generally be unstable to emission of tachyons carrying the smallest unit of longitudinal momentum.^2 The only way to prevent this disaster is to lift the moduli space. However, once we imagine that the moduli space is lifted it is unlikely that multiparticle

2Note that in SUSY Matrix Theory the excitations along directions where the gauge group is completely broken down to U(1) factors have higher energy than the states with large longitudinal momentum.

states of any kind exist and the model loses all possible spacetime interpretation. We will investigate the cluster property of our model below. However, we first want to investigate the type 0 string limits of our model. As above, we will work in a purely classical manner and ignore the fact that the moduli space is lifted by quantum corrections.

5.4.3 Type 0 matrix strings The Rohm compactified IIA string is the formal limit of our 2+1 dimensional gauge theory when the untwisted circle of the Yang-Mills torus is much larger than the scale defined by the gauge coupling, while the twisted circle is of order this scale or smaller. We will now consider three other limits. The relation between the Yang-Mills parameters and the M-theory parameters is g^2_{Y M} = R L_1 L_2

Σ_i = l^3_{pl} R L_i , (5.22) where Σ_{1,2} is the untwisted (twisted) YM radius, L_{1,2} are the corresponding M-theory radii, and R is the lightlike compactification length. In the type 0 string limit, we want to take L_2 → 0, with Σ_2 fixed (it is the string length squared divided by R) and L_1 of order the string length). The latter restriction means that g^2_{Y M} Σ_1 is fixed. The limit is thus a 1 + 1 dimensional gauge theory on a fixed length twisted circle, with gauge coupling going to infinity.

Restricting ourselves to classical considerations, we are led to the classical moduli space of this gauge theory. The bosonic sector of the moduli space consists of two sets of independent N × N diagonalizable matrices. However, in order to obtain configurations which obey the twisted boundary conditions and have energy of order 1/N, one must consider only topological sectors in which the matrices in the two gauge groups are identical. Note however, that since the bosonic variables are in the adjoint representation, they are not affected by gauge transformations which are in the U(1) subgroup. This additional freedom becomes important when we consider the fermionic variables. The boundary conditions on these allow one other kind of configuration with energy of order 1/N: considering the fermions as N × N matrices, we can allow configurations in which the diagonal matrix elements come back to minus themselves (corresponding to the gauge transformation ±(1, −1) in U(N) × U(N)) after a cycle with length of order

N. The resulting low energy degrees of freedom are fermion fields on the “long string” with either periodic or antiperiodic boundary conditions. The gauge fields are vector like so in terms of left and right moving fields we get only the PP and AA combinations of boundary conditions. The O(8) chirality of the fermions is correlated to the world sheet chirality as in IIA matrix string theory. One also obtains a GSO projection on these fermionic degrees of freedom by imposing the gauge projection corresponding to the (1, −1) transformation. The resulting model is thus seen to be the type 0A string theory, written in light cone Green-Schwarz variables. Remembering that the 1 + 1 twisted gauge theory was the matrix description of Scherk-Schwarz compactification of M-theory, we recognize that we have derived the conjecture of Bergmann and Gaberdiel.

To obtain the 0B matrix string limit and the T-duality (on an untwisted circle) between the two type 0 theories, we simply follow the results of one of the present authors and Seiberg [57] and first take the strongly coupled Yang-Mills limit by going to the classical moduli space and performing a 2 + 1 dimensional duality transformation. This corresponds to both directions of the Yang-Mills torus being much larger than the Yang-Mills scale. We then do a dimensional reduction to a 1 + 1 dimensional theory to describe the 0B and IIB string limits. In the former, the twisted circle is taken much larger than the untwisted one, while their relative sizes are reversed in the latter limit. After the duality transformation and dimensional reduction the manipulations are identical to those reported above.

A serious gap in the argument is the absence of 2 + 1 superconformal invariance. In [57] this was the crucial fact that enabled one to show that the interacting type IIB theory was Lorentz invariant. Here that argument fails. We view this as an indication that the spacetime picture derived from free type 0 string theory is misleading. We will discuss this further below. Indeed, in the next subsection we show that the cluster property which is at the heart of the derivation of spacetime from Matrix Theory fails to hold in our model.

5.4.4 Breakdown of the cluster property The easiest way to derive the Feynman rules is to use the nonlocal formulation (5.15). It looks similar to a local lagrangian except that the gauge field in the last term (i.e. the whole third line) is taken from σ^2 + 1/2R^2. In the Feynman diagrams the propagators have (worldvolume) momenta in the lattice corresponding to the compactification, i.e. P_1, P_2 are multiples of 2πR_1 or 2πR_2 respectively. The last term in (5.15) gives us a vertex with two fermions and one gauge boson and the corresponding Feynman vertex contains a factor (−1)^{P 2/2πR2} .

In order to determine the cluster properties of our theory, we must calculate the effective action along the flat directions in the classical moduli space of the gauge theory. We will concentrate on a single direction in which (in the nonlocal formulation) the gauge group is broken to U(N_1) × U(N_2). That is, we calculate two body forces, rather than general k body interactions. There is a subtlety in this calculation which has to do with our lack of knowledge of the spectrum of this nonsupersymmetric theory.

In general, one may question the validity of the Born-Oppenheimer approximation for the flat directions because the individual nonabelian gauge groups appear to give rise to infrared divergences in perturbation theory. In the SUSY version of Matrix Theory this problem is resolved by the (folk) theorem that the general U(N) theory (compactified on a torus) has threshold bound states. These correspond to wave functions normalizable along the flat directions and should cut off the infrared divergences. In our SUSY violating model, we do not know the relevant theorems.

The most conservative way to interpret our calculation is to take N_1 = N_2 = 1 in the U(2) version of the model. If one finds an attractive two body force then it is reasonable to imagine that in fact the general U(N) theory has a normalizable ground state, thus justifying the Born-Oppenheimer approximation in the general case.

So let us proceed to calculate the potential in the U(2) case, and let R be the field which represents the separation between two excitations of the U(1) model. From the point of view of 2 + 1 dimensional field theory, R is a scalar field, with mass dimension 1/2. It is related to the distance measured in M-theory by powers of the eleven dimensional Planck scale. At large R, the charged fields of the U(2) model are very heavy. To integrate them out we must understand the UV physics of the model. The formulation in terms of a U(2) × U(2) theory with peculiar boundary conditions shows us that the UV divergences

Figure 5.1: One-loop diagrams.

Figure 5.2: Non-vanishing two-loop contributions to the effective potential. Here V^′_2 ≡ (ϵ(p) − 1)V_2.

are of the same degree as those of the SUSY model, though some of the SUSY cancellations do not occur, as we will see below. Ultraviolet physics is thus dominated by the fixed point at vanishing Yang-Mills coupling and we can compute the large R expansion of the effective action by perturbation theory.

The one loop contribution, figure 5.1, to the effective potential vanishes because it is identical to that in the SUSY model. The only difference between the models in the nonlocal formulation is the peculiar vertex described above. The leading contribution comes from two loops and is of order g^2_{Y M} (the squared coupling has dimensions of mass). It comes only from the diagrams containing fermion lines shown in figure 5.2. These diagrams should be evaluated in the nonlocal model and then their value in the SUSY model should be subtracted. The rest of the two loop diagrams in the model are the same as the SUSY case and they cancel (for time independent R) against the SUSY values of the diagrams shown. Taking R very large in the diagrams is, by dimensional analysis, equivalent to taking the volume large, and the potential is extensive in the volume in the large volume limit. The massive particles in the loops have masses of order g_{Y M} R and this quantity is kept fixed in the loop expansion.

Our lagrangian has two gauge boson fermion vertices V_1 + ϵ(p)V_2. p is the momentum. In the SUSY theory, these are the two terms in the commutator. In our lagrangian, the first is identical to that in the SUSY theory while the second differs from it by the sign ϵ(p), which is negative for odd values of the loop momentum around the twisted circle. Schematically then, the nonvanishing two loop contribution has the form

⟨(V_1 + ϵ(p)V_2)^2⟩ − ⟨(V_1 + V_2)^2⟩ (5.23)

This can be rewritten as 2⟨(ϵ(p) − 1)V_1V_2⟩ . (5.24) The resulting loop integral is quadratically ultraviolet divergent. The leading divergence is independent of R, but there are subleading terms of order g^2_{Y M} Λ |g_{Y M} R| and g^2_{Y M} ln(Λ)(g_Y MR)^2. Corrections higher order in the Yang-Mills coupling, as well as those coming from finite volume of the Yang-Mills torus, are subleading both in R and Λ. Thus, the leading order contribution to the potential is either confining, or gives a disastrous runaway to large R. Which of these is the correct behavior is determined by our choice of subtractions. It would seem absurd to choose the renormalized coefficient of R^2 to be negative, and obtain a hamiltonian unbounded from below. If that is the case, then a confining potential prevents excitations from separating from each other in the would-be transverse spacetime. In other words, the theory does not have a spacetime interpretation at all, let alone a relativistically invariant one.

We also see that the fear expressed in the previous chapter that all excitations will decay into tachyons of minimal longitudinal momentum was ill founded. Instead it would appear that the entire system will form a single clump in transverse space. The U(1) part of the theory decouples, so we can give this clump transverse momentum and obtain an energy spectrum P^− ∼ RP^2 N + Δ . (5.25) where Δ is the ground state energy of our nonlocal SU(N) Yang-Mills theory.

If Δ were to turn out positive and of order 1/N, this dispersion relation would look like that of a massive relativistic particle. We might be tempted to say that the system looked like a single black hole propagating in an asymptotically flat spacetime. The stability of the black hole would be explained if its mass were within the Planck regime. This interpretation does not appear to be consistent, for semiclassical analysis of such a system indicates that it has excitations corresponding to asymptotic gravitons propagating in the black hole background. Our result about the lifting of the moduli space precludes the existence of such excitations.

Since the vacuum energy is divergent, the positivity of Δ is a matter of choice. However, large-N analysis suggests that it scales like a positive power of N, so we have another reason that the black hole interpretation does not seem viable.

5.5 Conclusions

What are we to make of all these disasters? We believe that our work is solid evidence for the absence of a Lorentz invariant vacuum of M-theory based on the Rohm compactification. The Rohm strings are certainly degrees of freedom of our matrix model, even if we cannot derive the (apparently meaningless because of the tachyon and unbounded effective potential) string perturbation expansion from it (as a consequence of the absence of a nonrenormalization theorem).

However, naive physical intuition based on the string perturbation series, suggest that if there is a stable solution corresponding to the Rohm model, it is not Lorentz invariant. While we cannot trust the perturbative calculations in detail, they at least imply that the vacuum energy of the system is negative at its (hypothetical) stable minimum. (We remind the reader that even at large radius, before the tachyon appears, the potential calculated by Rohm is negative and the system wants to flow to smaller radius). Perhaps there is a nonsupersymmetric antide Sitter solution of M-theory to which the Rohm model “flows”. There are many problems with such an interpretation, since it involves changing asymptotic boundary conditions in a generally covariant theory. Normally one would imagine that M-theory with two different sets of asymptotic boundary conditions breaks up into two different quantum mechanical systems which simply do not talk to each other. The finite energy states with one set of boundary conditions simply have no overlap with the finite energy states of another (the definition of energy is completely different).

As an aside we note that an extremely interesting question arises for systems (unlike the Rohm compactification) which have a metastable Minkowski vacuum. In the semiclassical approximation [36] one can sometimes find instantons which represent tunneling of a Minkowski vacuum into a “bubble of anti-de Sitter space”. Does this idea make any sense in a fully quantum mechanical theory, particularly if one believes in the holographic principle? Coleman and De Luccia argue that the system inside the AdS bubble is unstable to recollapse and interpret this as a disaster of cosmic proportions: Minkowski space fills up with bubbles, expanding at the speed of light, the interior of each of which becomes singular in finite proper time. It is hard to imagine how such a scenario could be described in a holographic framework.^3

At any rate, it is clear that the fate of the Rohm compactification depends crucially on a change in vacuum expectation values. In this sense one might argue that our attempt to study it in light cone frame was “doomed from the start”. It is a notorious defect of the light cone approach that finding the correct vacuum is extremely difficult. It involves understanding and cancelling the large-N divergences of the limiting DLCQ, by changing parameters in the light cone hamiltonian. If the correct vacuum is a finite distance away in field space from the naive vacuum from which one constructs the original DLCQ hamiltonian, this may simply mean that the true hamiltonian has little resemblance to the one from which one starts. If our physical arguments above are a good guide, the problem may be even more severe. The correct vacuum may not even have a light cone frame hamiltonian formulation.

We confess to having jumped in to the technical details of our construction before thinking through the physical arguments above. Nonetheless, we feel that our failure is a useful reminder that gravitational physics is very different from quantum field theory, and an indication of the extreme delicacy of SUSY breaking in M-theory.

3This should not be taken simply as an indication that a holographic description of asymptotically flat spacetimes is somehow sick. The Coleman-De Luccia instanton also exists in an asymptotically AdS framework, with two negative energy vacua. If the higher energy state has very small vacuum energy the semiclassical analysis is practically unchanged. So, if the Coleman-De Luccia phenomenon really exists in M-theory we should be able to find a framework for studying it within AdS/CFT.

Chapter 6 Asymptotic limits in the moduli space of M-theory

In this chapter which results from a work done together with Prof. Tom Banks and Prof. Willy Fischler from Texas [72], we show that a subgroup of the modular group of M-theory compactified on a ten torus, implies the Lorentzian structure of the moduli space, that is usually associated with naive discussions of quantum cosmology based on the low energy Einstein action. This structure implies a natural division of the asymptotic domains of the moduli space into regions which can/cannot be mapped to Type II string theory or 11D Supergravity (SUGRA) with large radii. We call these the safe and unsafe domains. The safe domain is the interior of the future light cone in the moduli space while the unsafe domain contains the spacelike region and the past light cone. Within the safe domain, apparent cosmological singularities can be resolved by duality transformations and we briefly provide a physical picture of how this occurs. The unsafe domains represent true singularities where all field theoretic description of the physics breaks down. They violate the holographic principle. We argue that this structure provides a natural arrow of time for cosmology. All of the Kasner solutions, of the compactified SUGRA theory interpolate between the past and future light cones of the moduli space. We describe tentative generalizations of this analysis to moduli spaces with less SUSY.

6.1 Introduction

There have been a large number of papers on the application of string theory and M-theory to cosmology [73]-[83]. In the present chapter we will study the cosmology of toroidally compactified M-theory, and argue that some of the singularities encountered in the low energy field theory approximation can be resolved by U-duality. We argue that near any of the singularities we study, new light states appear, which cannot be described by the low energy field theory. The matter present in the original universe decays into these states and the universe proceeds to expand into a new large geometry which is described by a different effective field theory.

In the course of our presentation we will have occasion to investigate the moduli space of M-theory with up to ten compactified rectilinear toroidal dimensions and vanishing three form potential. We believe that the results of this investigation are extremely interesting. For tori of dimension, d ≤ 8, we find that all noncompact regions of the moduli space can be mapped into weakly coupled Type II string theory, or 11D SUGRA, at large volume. For d ≤ 7 this result is a subset of the results of Witten [84] on toroidal compactification of string theory. The result for d = 9 is more interesting. There we find a region of moduli space which cannot be mapped into well understood regions. We argue that a spacetime cannot be in this regime if it satisfies the Bekenstein bound.

For the ten torus the moduli space can be viewed as a 9 + 1 dimensional Minkowski space. The interior of the future light cone is the region that can be mapped into Type II or 11D (we call the region which can be so mapped the safe domain of the moduli space). We again argue that the other regions violate the Bekenstein bound, in the form of the cosmological holographic principle of [87]. Interestingly, the pure gravity Kasner solutions lie precisely on the light cone in moduli space. The condition that homogeneous perturbations of the Kasner solutions by matter lie inside the light cone of moduli space is precisely that the energy density be positive.

However, every Kasner solution interpolates between the past and future light cones. Thus, M-theory appears to define a natural arrow of time for cosmological solutions in the sense that it is reasonable to define the future as that direction in which the universe approaches the safe domain. Cosmological solutions appear to interpolate between a past where the holographic principle cannot be satisfied and a future where it can.

We argue that the 9 + 1 dimensional structure, which we derive purely group theoretically,^1 is intimately connected to the De Witt metric on the moduli space. In particular, in the low energy interpretation, the signature of the space is a consequence of the familiar

1and thus presumably the structure of the (in)famous hyperbolic algebra E10 , about which we shall have nothing to say in this chapter, besides what is implicit in our use of its Weyl group.

fact that the conformal factor has a negative kinetic energy in the Einstein action. Thus, the fact that the duality group and its moduli space are exact properties of M-theory tells us that this structure of the low energy effective action has a more fundamental significance than one might have imagined. The results of this section are the core of the chapter and the reader of limited patience should concentrate his attention on them.

In the Section 4 of this chapter we speculatively generalize our arguments to moduli spaces with less SUSY. We argue that the proper arena for the study of M-theoretic cosmology is to be found in moduli spaces of compact ten manifolds with three form potential, preserving some SUSY. The duality group is of course the group of discrete isometries of the metric on moduli space. We argue that this is always a p + 1 dimensional Lorentz manifold, where p is the dimension of the moduli space of appropriate, static, SUSY preserving solutions of 11D SUGRA in 10 compact dimensions, restricted to manifolds of unit volume. We discuss moduli spaces with varying amounts of SUSY, raise questions about the adequacy of the 11D SUGRA picture in less supersymmetric cases, and touch on the vexing puzzle of what it means to speak about a potential on the moduli space in those cases where SUSY allows one. In the Appendix we discuss how the even self-dual lattices Γ_8 and Γ_{9,1} appear in our framework.

6.2 Moduli, vacua, quantum cosmology and singularities

6.2.1 Some idiosyncratic views on general wisdom M-theorists have traditionally occupied themselves with moduli spaces of Poincaré invariant SUSY vacua. It was hoped that the traditional field theoretic mechanisms for finding stable vacuum states would uniquely pick out a state which resembled the world we observe.

This point of view is very hard to maintain after the String Duality Revolution. It is clear that M-theory has multiparameter families of exact quantum mechanical SUSY ground states, and that the first phenomenological question to be answered by M-theory is why we do not live in one of these SUSY states. It is logical to suppose that the answer to this question lies in cosmology. That is, the universe is as it is not because this is the only stable endpoint to evolution conceivable in M-theory but also because of the details of its early evolution. To motivate this proposal, recall that in infinite Poincaré invariant space time of three or more dimensions, moduli define superselection sectors. Their dynamics is frozen and solving it consists of minimizing some effective potential once and for all, or just setting them at some arbitrary value if there is no potential. Only in cosmology do the moduli become real dynamical variables. Since we are now convinced that Poincaré invariant physics does not destabilize these states, we must turn to cosmology for an explanation of their absence in the world of phenomena.

The focus of our cosmological investigations will be the moduli which are used to parametrize SUSY compactifications of M-theory. We will argue that there is a natural Born-Oppenheimer approximation to the theory in which these moduli are the slow variables. In various semiclassical approximations the moduli arise as zero modes of fields in compactified geometries. One of the central results of String Duality was the realization that various aspects of the space of moduli could be discussed (which aspects depend on precisely how much SUSY there is) even in regions where the notions of geometry, field theory and even weakly coupled string theory, were invalid. The notion of the moduli space is more robust than its origin in the zero modes of fields would lead us to believe.

The moduli spaces of solutions of the SUGRA equations of motion that preserve eight or more SUSYs, parametrize exact flat directions of the effective action of M-theory. Thus they can perform arbitrarily slow motions. Furthermore, their action is proportional to the volume of the universe in fundamental units. Thus, once the universe is even an order of magnitude larger than the fundamental scale we should be able to treat the moduli as classical variables. They provide the natural definition of a semiclassical time variable which is necessary to the physical interpretation of a generally covariant theory. In this and the next section we will concentrate on the case with maximal SUSY. We relax this restriction in section 4. There we also discuss briefly the confusing situation of four or fewer SUSYs where there can be a potential on the moduli space.

In this chapter we will always use the term moduli in the sense outlined above. They are the slowest modes in the Born-Oppenheimer approximation to M-theory which becomes valid in the regime we conventionally describe by quantum field theory. In this regime they can be thought of as special modes of fields on a large smooth manifold. However, we believe that string duality has provided evidence that the moduli of supersymmetric compactifications are exact concepts in M-theory, while the field theoretic (or perturbative string theoretic) structures from which they were derived are only approximations. The Born-Oppenheimer approximation for the moduli is likely to be valid even in regimes where field theory breaks down. The first task in understanding an M-theoretic cosmology is to discuss the dynamics of the moduli. After that we can begin to ask when and how the conventional picture of quantum field theory in a classical curved spacetime becomes a good approximation.

6.2.2 Quantum cosmology The subject of Quantum Cosmology is quite confusing. We will try to be brief in explaining our view of this arcane subject. There are two issues involved in quantizing a theory with general covariance or even just time reparametrization invariance. The first is the construction of a Hilbert space of gauge invariant physical states. The second is describing the physical interpretation of the states and in particular, the notion of time evolution in a system whose canonical Hamiltonian has been set equal to zero as part of the constraints of gauge invariance. The first of these problems has been solved only in simple systems like first quantized string theory or Chern-Simons theory, including pure 2 + 1 dimensional Einstein gravity. However, it is a purely mathematical problem, involving no interpretational challenges. We are hopeful that it will be solved in M-theory, at least in principle, but such a resolution clearly must await a complete mathematical formulation of the theory.

The answer to the second problem, depends on a semiclassical approximation. The principle of time reparametrization invariance forces us to base our measurements of time on a physical variable. If all physical variables are quantum mechanical, one cannot expect the notion of time to resemble the one we are used to from quantum field theory. It is well understood [88]-[90] how to derive a conventional time dependent Schrödinger equation for the quantum variables from the semiclassical approximation to the constraint equations for a time reparametrization invariant system. We will review this for the particular system of maximally SUSY moduli.

In fact, we will restrict our attention to the subspace of moduli space described by rectilinear tori with vanishing three form. In the language of 11D SUGRA, we are discussing metrics of the Kasner form ds^2 = −dt^2 + L^2_i (t)(dx^i)^2 (6.1) where the x^i are ten periodic coordinates with period 1. When restricted to this class of metrics, the Einstein Lagrangian has the form L = V ∑ i L̇2_i L^2_i − ( ∑ i L̇_i L_i )_2 , (6.2)

where V , the volume, is the product of the L_i. In choosing to write the metric in these coordinates, we have lost the equation of motion obtained by varying the variable g_{00}. This is easily restored by imposing the constraint of time reparametrization invariance. The Hamiltonian E_{00} derived from (6.2) should vanish on physical states. This gives rise to the classical Wheeler-De Witt equation

2E_{00} = ( ∑ i L̇_i L_i )_2 − ∑ i ( L̇_i L_i )_2

= 0, (6.3)

which in turn leads to a naive quantum Wheeler-De Witt equation: 1 4V ( ∑ i Π^2_i − 2 9 ( ∑ i Π_i)^2 ) Ψ = 0. (6.4)

That is, we quantize the system by converting the unconstrained phase space variables (we choose the logarithms of the L_i as canonical coordinates) to operators in a function space. Then physical states are functions satisfying the partial differential equation (6.4). There are complicated mathematical questions involved in constructing an appropriate inner product on the space of solutions, and related problems of operator ordering. In more complex systems it is essential to use the BRST formalism to solve these problems. We are unlikely to be able to resolve these questions before discovering the full nonperturbative formulation of M-theory. However, for our present semiclassical considerations these mathematical details are not crucial.

We have already emphasized that when the volume of the system is large compared to the Planck scale, the moduli behave classically. It is then possible to use the time defined by a particular classical solution (in a particular coordinate system in which the solution is nonsingular for almost all time). Mathematically what this means is that in the large volume limit, the solution to the Wheeler De Witt equation takes the form ψ_{WKB} (c)Ψ(q, t[c_0]) (6.5) Here c is shorthand for the variables which are treated by classical mechanics, q denotes the rest of the variables and c_0 is some function of the classical variables which is a monotonic function of time. The wave function Ψ satisfies a time dependent Schrödinger equation i∂_tΨ = H(t)Ψ (6.6) and it is easy to find an inner product which makes the space of its solutions into a Hilbert space and the operators H(t) Hermitian. In the case where the quantum variables q are quantum fields on the geometry defined by the classical solution, this approximation is generally called Quantum Field Theory in Curved Spacetime. We emphasize however that the procedure is very general and depends only on the validity of the WKB approximation for at least one classical variable, and the fact that the Wheeler De Witt equation is a second order hyperbolic PDE, with one timelike coordinate. These facts are derived in the low energy approximation of M-theory by SUGRA. However, we will present evidence in the next section that they are consequences of the U-duality symmetry of the theory and therefore possess a validity beyond that of the SUGRA approximation.

From the low energy point of view, the hyperbolic nature of the equation is a consequence of the famous negative sign for the kinetic energy of the conformal factor in Einstein gravity, and the fact that the kinetic energies of all the other variables are positive. It means that the moduli space has a Lorentzian metric.

6.2.3 Kasner singularities and U-duality The classical Wheeler-De Witt-Einstein equation for Kasner metrics takes the form: ( V̇ V )^2 − 10∑ i=1 ( L̇_i L_i )^2 = 0 (6.7)

This should be supplemented by equations for the ratios of individual radii R_i;

∏_{10} i=1 R_i = 1.

The latter take the form of geodesic motion with friction on the manifold of R_i (which we parametrize e.g. by the first nine ratios)

∂^2_t R_i + Γ^i_{jk} ∂_tR_j ∂_tR_k + ∂_t(lnV )∂_tR_i (6.8) Γ is the Christoffel symbol of the metric G_{ij} on the unimodular moduli space. We write the equation in this general form because many of our results remain valid when the rest of the variables are restored to the moduli space, and even generalize to the less supersymmetric moduli spaces discussed in section 4. By introducing a new time variable through V (t)∂_t = −∂_s we convert this equation into nondissipative geodesic motion on moduli space. Since the “energy” conjugate to the variable s is conserved, the energy of the nonlinear model in cosmic time (the negative term in the Wheeler De Witt equation) satisfies

∂_tE = −2∂_t(ln V )E (6.9)

whose solution is E = E_0 V^2

(6.10) Plugging this into the Wheeler De Witt equation we find that V ∼ t (for solutions which expand as t → ∞). Thus, for this class of solutions we can choose the volume as the monotonic variable c_0 which defines the time in the quantum theory.

For the Kasner moduli space, we find that the solution of the equations for individual radii are R_i(t) = L_{planck} (t/t_0)^{pi} (6.11) where ∑ p^2_i = ∑ p_i = 1 (6.12) Note that the equation (6.12) implies that at least one of the p_i is negative (we have again restricted attention to the case where the volume expands as time goes to infinity).

It is well known that all of these solutions are singular at both infinite and zero time. Note that if we add a matter or radiation energy density to the system then it dominates the system in the infinite volume limit and changes the solutions for the geometry there. However, near the singularity at vanishing volume both matter and radiation become negligible (despite the fact that their densities are becoming infinite) and the solutions retain their Kasner form.

All of this is true in 11D SUGRA. In M-theory we know that many regions of moduli space which are apparently singular in 11D SUGRA can be reinterpreted as living in large spaces described by weakly coupled Type II string theory or a dual version of 11D SUGRA. The vacuum Einstein equations are of course invariant under these U-duality transformations. So one is lead to believe that many apparent singularities of the Kasner universes are perfectly innocuous.

Note however that phenomenological matter and radiation densities which one might add to the equations are not invariant under duality. The energy density truly becomes singular as the volume goes to zero. How then are we to understand the meaning of the duality symmetry? The resolution is as follows. We know that when radii go to zero, the effective field theory description of the universe in 11D SUGRA becomes singular due to the appearance of new low frequency states. We also know that the singularity in the energy densities of matter and radiation implies that scattering cross sections are becoming large. Thus, it seems inevitable that phase space considerations will favor the rapid annihilation of the existing energy densities into the new light degrees of freedom. This would be enhanced for Kaluza-Klein like modes, whose individual energies are becoming large near the singularity.

Thus, near a singularity with a dual interpretation, the contents of the universe will be rapidly converted into new light modes, which have a completely different view of what the geometry of space is^2. The most effective description of the new situation is in terms of the transformed moduli and the new light degrees of freedom. The latter can be described in terms of fields in the reinterpreted geometry. We want to emphasize strongly the fact that the moduli do not change in this transformation, but are merely reinterpreted. This squares with our notion that they are exact concepts in M-theory. By contrast, the fields whose zero modes they appear to be in a particular semiclassical regime, do not always make sense. The momentum modes of one interpretation are brane winding modes in another and there is no approximate way in which we can consider both sets of local fields at the same time. Fortunately, there is also no regime in which both kinds of modes are at low

2After this work was substantially complete, we received a paper, [91], which proposes a similar view of certain singularities. See also [92].

energy simultaneously, so in every regime where the time dependence is slow enough to make a low energy approximation, we can use local field theory.

This mechanism for resolving cosmological singularities leads naturally to the question of precisely which noncompact regions of moduli space can be mapped into what we will call the safe domain in which the theory can be interpreted as either 11D SUGRA or Type II string theory with radii large in the appropriate units. The answer to this question is, we believe, more interesting than the idea which motivated it. We now turn to the study of the moduli space.

6.3 The moduli space of M-theory on rectangular tori

In this section, we will study the structure of the moduli space of M-theory compactified on various tori T^k with k ≤ 10. We are especially interested in noncompact regions of this space which might represent either singularities or large universes. As above, the threeform potential A_{M N P} will be set to zero and the circumferences of the cycles of the torus will be expressed as the exponentials L_i L_{planck} = t^{pi} , i = 1, 2, . . ., k. (6.13) The remaining coordinates x^0 (time) and x^{k+1} . . .x^{10} are considered to be infinite and we never dualize them.

So the radii are encoded in the logarithms p_i. We will study limits of the moduli space in various directions which correspond to keeping p_i fixed and sending t → ∞ (the change to t → 0 is equivalent to p_i → −p_i so we do not need to study it separately).

We want to emphasize that our discussion of asymptotic domains of moduli space is complete, even though we restrict ourselves to rectilinear tori with vanishing three form. Intuitively this is because the moduli we leave out are angle variables. More formally, the full moduli space is a homogeneous space. Asymptotic domains of the space correspond to asymptotic group actions, and these can always be chosen in the Cartan subalgebra. The p_i above can be thought of as parametrizing a particular Cartan direction in E_{10}.^3

3We thank E.Witten for a discussion of this point.

6.3.1 The 2/5 transformation M-theory has dualities which allows us to identify the vacua with different p_i’s. A subgroup of this duality group is the S_k which permutes the p_i’s. Without loss of generality, we can assume that p_1 ≤ p_2 ≤ . . . ≤ p_9. We will assume this in most of the text. The full group that leaves invariant rectilinear tori with vanishing three form is the Weyl group of the noncompact E_k group of SUGRA. We will denote it by G_k . We will give an elementary derivation of the properties of this group for the convenience of the reader. Much of this is review, but our results about the boundaries of the fundamental domain of the action of G_k with k = 9, 10 on the moduli space, are new. G_k is generated by the permutations, and one other transformation which acts as follows:

(p_1, p_2, . . ., p_k) → (p_1 − 2s 3 , p_2 − 2s 3 , p_3 − 2s 3 , p_4 + s 3 , . . ., p_k + s 3 ). (6.14)

where s = (p_1 + p_2 + p_3). Before explaining why this transformation is a symmetry of M-theory, let us point out several of its properties (6.14).

• The total sum S = ∑_k i=1 p_i changes to S → S + (k − 9)s/3. So if s < 0, the sum increases for k < 9, decreases for k > 9 and is left invariant for k = 9.

• If we consider all p_i’s to be integers which are equal modulo 3, this property will hold also after the 2/5 transformation. The reason is that, due to the assumptions, s is a multiple of three and the coefficients −2/3 and +1/3 differ by an integer. As a result, from any initial integer p_i’s we get p_i’s which are multiples of 1/3 which means that all the matrix elements of matrices in G_k are integer multiples of 1/3.

• The order of p_1, p_2, p_3 is not changed (the difference p_1 − p_2 remains constant, for instance). Similarly, the order of p_4, p_5, . . ., p_k is unchanged. However the ordering between p_{1...3} and p_{4...k} can change in general. By convention, we will follow each 2/5 transformation by a permutation which places the p_i’s in ascending order.

• The bilinear quantity I = (9 − k) ∑ (p^2_i ) + ( ∑ p_i)^2 = (10 − k) ∑ (p^2_i ) + 2 ∑ i<j p_ip_j is left invariant by G_k .

The fact that 2/5 transformation is a symmetry of M-theory can be proved as follows. Let us interpret L_1 as the M-theoretical circle of a type IIA string theory. Then the simplest duality which gives us a theory of the same kind (IIA) is the double T-duality. Let us perform it on the circles L_2 and L_3. The claim is that if we combine this double T-duality with a permutation of L_2 and L_3 and interpret the new L_1 as the M-theoretical circle again, we get precisely (6.14).

Another illuminating way to view the transformation 2/5 transformation is to compactify M-theory on a three torus. The original M2-brane and the M5-brane wrapped on the three torus are both BPS membranes in eight dimensions. One can argue that there is a duality transformation exchanging them [93]. In the limit in which one of the cycles of the T^3 is small, so that a type II string description becomes appropriate, it is just the double T-duality of the previous paragraph. The fact that this transformation plus permutations generates G_k was proven by the authors of [94] for k ≤ 9, see also [95].

6.3.2 Extreme moduli There are three types of boundaries of the toroidal moduli space which are amenable to detailed analysis. The first is the limit in which eleven-dimensional supergravity becomes valid. We will denote this limit as 11D. The other two limits are weakly coupled type IIA and type IIB theories in 10 dimensions. We will call the domain of asymptotic moduli space which can be mapped into one of these limits, the safe domain.

• For the limit 11D, all the radii must be greater than L_{planck} . Note that for t → ∞ it means that all the radii are much greater than L_{planck}. In terms of the p_i’s , this is the inequality p_i > 0.

• For type IIA, the dimensionless coupling constant g^{IIA}_s must be smaller than 1 (much smaller for t → ∞) and all the remaining radii must be greater than L_{string} (much greater for t → ∞).

• For type IIB, the dimensionless coupling constant g^{IIB}_s must be smaller than 1 (much smaller for t → ∞) and all the remaining radii must be greater than L_{string} (much greater for t → ∞), including the extra radius whose momentum arises as the number of wrapped M2-branes on the small T^2 in the dual 11D SUGRA picture.

If we assume the canonical ordering of the radii, i.e. p_1 ≤ p_2 ≤ p_3 ≤ . . . ≤ p_k , we can simplify these requirements as follows:

• 11D: 0 < p_1

• IIA: p_1 < 0 < p_1 + 2p_2

• IIB: p_1 + 2p_2 < 0 < p_1 + 2p_3

To derive this, we have used the familiar relations: L_1 L_{planck} = (g^{IIA}_s )^{2/3} = ( L_{planck} L_{string} )_2 = ( L_1 L_{string} )_{2/3} (6.15)

for the 11D/IIA duality (L_1 is the M-theoretical circle) and similar relations for the 11D/IIB case (L_1 < L_2 are the parameters of the T^2 and L_{IIB} is the circumference of the extra circle): L_1 L_2

= g^{IIB}_s , 1 = L_1L^2_{string} L^3_{planck} = g^{IIB}_s L_2L^2_{string} L^3_{planck} = L_{IIB}L_1L_2 L^3_{planck} , (6.16) 1 g^{IIB}_s ( L_{planck} L_{string} )_4 = L_1L_2 L^2_{planck} = L_{planck} L_{IIB} = (g^{IIB}_s )^{1/3} ( L_{string} L_{IIB} )_{4/3} (6.17)

Note that the regions defined by the inequalities above cannot overlap, since the regions are defined by M, M^c ∩ A, A^c ∩ B where A^c means the complement of a set. Furthermore, assuming p_i < p_{i+1} it is easy to show that p_1 +2p_3 < 0 implies p_1 +2p_2 < 0 and p_1 +2p_2 < 0 implies 3p_1 < 0 or p_1 < 0.

This means that (neglecting the boundaries where the inequalities are saturated) the region outside 11D∪IIA ∪IIB is defined simply by p_1 +2p_3 < 0. The latter characterization of the safe domain of moduli space will simplify our discussion considerably.

The invariance of the bilinear form defined above gives an important constraint on the action of G_k on the moduli space. For k = 10 it is easy to see that, considering the p_i to be the coordinates of a ten vector, it defines a Lorentzian metric on this ten dimensional space. Thus the group G_{10} is a discrete subgroup of O(1, 9). The direction in this space

Figure 6.1: The structure of the moduli space for T^2.

corresponding to the sum of the p_i is timelike, while the hyperplane on which this sum vanishes is spacelike. We can obtain the group G_9 from the group G_{10} by taking p_{10} to infinity and considering only transformations which leave it invariant. Obviously then, G_9 is a discrete subgroup of the transverse Galilean group of the infinite momentum frame. For k ≤ 8 on the other hand, the bilinear form is positive definite and G_k is contained in O(k). Since the latter group is compact, and there is a basis in which the G_k matrices are all integers divided by 3, we conclude that in these cases G_k is a finite group. In a moment we will show that G_9 and a fortiori G_{10} are infinite. Finally we note that the 2/5 transformation is a spatial reflection in O(1, 9). Indeed it squares to 1 so its determinant is ±1. On the other hand, if we take all but three coordinates very large, then the 2/5 transformation of those coordinates is very close to the spatial reflection through the plane p_1 + p_2 + p_3 = 0, so it is a reflection of a single spatial coordinate.

We now prove that G_9 is infinite. Start with the first vector of p_i’s given below and iterate (6.14) on the three smallest radii (a strategy which we will use all the time) – and sort p_i’s after each step, so that their index reflects their order on the real line. We get (−1, −1, −1, −1, −1, −1, −1, −1, −1) (−2, −2, −2, −2, −2, −2, +1, +1, +1) (−4, −4, −4, −1, −1, −1, +2, +2, +2) (−5, −5, −5, −2, −2, −2, +4, +4, +4) . . (3 × (2 − 3n), 3 × (−1), 3 × (3n − 4)) (3 × (1 − 3n), 3 × (−2), 3 × (3n − 2))

(6.18)

so the entries grow (linearly) to infinity.

6.3.3 Covering the moduli space We will show that there is a useful strategy which can be used to transform any point {p_i} into the safe domain in the case of T^k, k < 9. The strategy is to perform iteratively 2/5 transformations on the three smallest radii.

Assuming that {p_i} is outside the safe domain, i.e. p_1 + 2p_3 < 0 (p_i’s are sorted so that p_i ≤ p_{i+1}), it is easy to see that p_1 + p_2 + p_3 < 0 (because p_2 ≤ p_3). As we said below the equation (6.14), the 2/5 transformation on p_1, p_2, p_3 always increases the total sum ∑ p_i for p_1 + p_2 + p_3 < 0. But this sum cannot increase indefinitely because the group G_k is finite for k < 9. Therefore the iteration proccess must terminate at some point. The only way this can happen is that the assumption p_1 + 2p_3 < 0 no longer holds, which means that we are in the safe domain. This completes the proof for k < 9.

For k = 9 the proof is more difficult. The group G_9 is infinite and furthermore, the sum of all p_i’s does not change. In fact the conservation of ∑ p_i is the reason that only points with ∑ p_i > 0 can be dualized to the safe domain. The reason is that if p_1 + 2p_3 ≥ 0, also 3p_1 + 6p_3 ≥ 0 and consequently

p_1 +p_2 +p_3 +p_4 +p_5 +p_6 +p_7 +p_8 +p_9 ≥ p_1 +p_1 +p_1 +p_3 +p_3 +p_3 +p_3 +p_3 +p_3 ≥ 0. (6.19)

This inequality is saturated only if all p_i’s are equal to each other. If their sum vanishes, each p_i must then vanish. But we cannot obtain a zero vector from a nonzero vector by

2/5 transformations because they are nonsingular. If the sum ∑ p_i is negative, it is also clear that we cannot reach the safe domain.

However, if

∑_9

i=1 p_i > 0, then we can map the region of moduli space with t → ∞ to the safe domain. We will prove it for rational p_i’s only. This assumption compensates for the fact that the order of G_9 is infinite. Assuming p_i’s rational is however sufficient because we will see that a finite product of 2/5 transformations brings us to the safe domain. But a composition of a finite number of 2/5 transformations is a continuous map from R^9 to R^9 so there must be at least a “ray” part of a neighborhood which can be also dualized to the safe domain. Because Q^9 is dense in R^9, our argument proves the result for general values of p_i.

From now on we assume that the p_i’s are rational numbers. Everything is scale invariant so we may multiply them by a common denominator to make integers. In fact, we choose them to be integer multiples of three since in that case we will have integer p_i’s even after 2/5 transformations. The numbers p_i are now integers equal modulo 3 and their sum is positive. We will define a critical quantity C = 1...9∑ i<j (p_i − p_j )^2. (6.20)

This is a priori an integer greater than or equal to zero which is invariant under permutations. What happens to C if we make a 2/5 transformation on the radii p_1, p_2, p_3? The differences p_1 − p_2, p_1 − p_3, p_2 − p_3 do not change and this holds for p_4 − p_5, . . . p_8 − p_9, too. The only contributions to (6.20) which are changed are from 3 · 6 = 18 “mixed” terms like (p_1 − p_4)^2. Using (6.14),

(p_1 − p_4) → (p_1 − 2s 3 ) − (p_4 + s 3 ) = (p_1 − p_4) − s (6.21)

so its square

(p_1 − p_4)^2 → [(p_1 − p_4) − s]^2 = (p_1 − p_4)^2 − 2s(p_1 − p_4) + s^2 (6.22)

changes by −2s(p_1 − p_4) + s^2. Summing over all 18 terms we get (s = p_1 + p_2 + p_3)

ΔC = −2s[6(p_1+p_2+p_3)−3(p_4+. . .+p_9)]+18s^2 = 6s^2+6 ( ( 9∑ i=1 p_i) − s ) = 6s 9∑ i=1 p_i. (6.23)

But this quantity is strictly negative because ∑ p_i is positive and s < 0 (we define the safe domain with boundaries, p_1 + 2p_3 ≥ 0).

This means that C defined in (6.20) decreases after each 2/5 transformation on the three smallest radii. Since it is a non-negative integer, it cannot decrease indefinitely. Thus the assumption p_1 + 2p_3 < 0 becomes invalid after a finite number of steps and we reach the safe domain.

The mathematical distinction between the two regions of the moduli space according to the sign of the sum of nine p_i’s, has a satisfying interpretation in terms of the holographic principle. In the safe domain, the volume of space grows in the appropriate Planck units, while in the region with negative sum it shrinks to zero. The holographic principle tells us that in the former region we are allowed to describe many of the states of M-theory in terms of effective field theory while in the latter region we are not. The two can therefore not be dual to each other.

Now let us turn to the fully compactified case. As we pointed out, the bilinear form I ≡ 2 ∑ i<j p_ip_j defines a Lorentzian signature metric on the vector space whose components are the p_i. The 2/5 transformation is a spatial reflection and therefore the group G_{10} consists of orthochronous Lorentz transformations. Now consider a vector in the safe domain. We can write it as (−2, −2 + a_1, 1 + a_2, . . ., 1 + a_9)S, S ∈ R^+ (6.24) where the a_i are positive. It is easy to see that I is positive on this configuration. This means that only the inside of the light cone can be mapped into the safe domain. Furthermore, since ∑ p_i is positive in the safe domain and the transformations are orthochronous, only the interior of the future light cone in moduli space can be mapped into the safe domain.

We would now like to show that the entire interior of the forward light cone can be so mapped. We use the same strategy of rational coordinates dense in R^{10}. If we start outside the safe domain, the sum of the first three p_i is negative. We again pursue the strategy of doing a 2/5 transformation on the first three coordinates and then reordering and iterating. For the case of G_9 the sum of the coordinates was an invariant, but here it decreases under the 2/5 transformation of the three smallest coordinates, if their sum is negative. But ∑ p_i is (starting from rational values and rescaling to get integers congruent modulo three as before) a positive integer and must remain so after G_{10} operations. Thus, after a finite number of iterations, the assumption that the sum of the three smallest coordinates is negative must fail, and we are in the safe domain. In fact, we generically enter the safe domain before this point. The complement of the safe domain always has negative sum of the first three coordinates, but there are elements in the safe domain where this sum is negative.

It is quite remarkable that the bilinear form I is proportional to the Wheeler-De Witt Hamiltonian for the Kasner solutions: I t^2 = ( ∑ i dL_i/dt L_i )_2 − ∑ i ( dL_i/dt L_i )_2 = 2 t^2 ∑ i<j p_ip_j . (6.25)

The solutions themselves thus lie precisely on the future light cone in moduli space. Each solution has two asymptotic regions (t → 0, ∞ in (6.1)), one of which is in the past light cone and the other in the future light cone of moduli space. The structure of the modular group thus suggests a natural arrow of time for cosmological evolution. The future may be defined as the direction in which the solution approaches the safe domain of moduli space. All of the Kasner solutions then, have a true singularity in their past, which cannot be removed by duality transformations.

Actually, since the Kasner solutions are on the light cone, which is the boundary of the safe domain, we must add a small homogeneous energy density to the system in order to make this statement correct. The condition that we can map into the safe domain is then the statement that this additional energy density is positive. Note that in the safe domain, and if the equation of state of this matter satisfies (but does not saturate) the holographic bound of [87], this energy density dominates the evolution of the universe, while near the singularity, it becomes negligible compared to the Kasner degrees of freedom. The assumption of a homogeneous negative energy density is manifestly incompatible with Einstein’s equations in a compact flat universe so we see that the spacelike domain of moduli space corresponds to a physical situation which cannot occur in the safe domain.

The backward lightcone of the asymptotic moduli space is, as we have said, visited by all of the classical solutions of the theory. However, it violates the holographic principle of [87] if we imagine that the universe has a constant entropy density per comoving volume.

We emphasize that in this context, entropy means the logarithm of the dimension of the Hilbert space of those states which can be given a field theoretic interpretation and thus localized inside the volume.

Thus, there is again a clear physical reason why the unsafe domain of moduli space cannot be mapped into the safe domain. Note again that matter obeying the holographic bound of [87] in the future, cannot alter the nature of the solutions near the true singularities.

To summarize: the U-duality group G_{10} divides the asymptotic domains of moduli space into three regions, corresponding to the spacelike and future and past timelike regimes of a Lorentzian manifold. Only the future lightcone can be understood in terms of weakly coupled SUGRA or string theory. The group theory provides an exact M-theoretic meaning for the Wheeler-De Witt Hamiltonian for moduli. Classical solutions of the low energy effective equations of motion with positive energy density for matter distributions lie in the timelike region of moduli space and interpolate between the past and future light cones. We find it remarkable that the purely group theoretical considerations of this section seem to capture so much of the physics of toroidal cosmologies.

6.4 Moduli spaces with less SUSY

We would like to generalize the above considerations to situations which preserve less SUSY. This enterprise immediately raises some questions, the first of which is what we mean by SUSY. Cosmologies with compact spatial sections have no global symmetries in the standard sense since there is no asymptotic region in which one can define the generators. We will define a cosmology with a certain amount of SUSY by first looking for Euclidean ten manifolds and three form field configurations which are solutions of the equations of 11D SUGRA and have a certain number of Killing spinors. The first approximation to cosmology will be to study motion on a moduli space of such solutions. The motivation for this is that at least in the semiclassical approximation we are guaranteed to find arbitrarily slow motions of the moduli. In fact, in many cases, SUSY nonrenormalization theorems guarantee that the semiclassical approximation becomes valid for slow motions because the low energy effective Lagrangian of the moduli is to a large extent determined by SUSY. There are however a number of pitfalls inherent in our approach. We know that for some SUSY algebras, the moduli space of compactifications to four or six dimensions is not a manifold. New moduli can appear at singular points in moduli space and a new branch of the space, attached to the old one at the singular point, must be added. There may be cosmologies which traverse from one branch to the other in the course of their evolution. If that occurs, there will be a point at which the moduli space approximation breaks down. Furthermore, there are many examples of SUSY vacua of M-theory which have not yet been continuously connected on to the 11D limit, even through a series of “conifold” transitions such as those described above [96]. In particular, it has been suggested that there might be a completely isolated vacuum state of M-theory [97]. Thus it might not be possible to imagine that all cosmological solutions which preserve a given amount of SUSY are continuously connected to the 11D SUGRA regime.

Despite these potential problems, we think it is worthwhile to begin a study of compact, SUSY preserving, ten manifolds. In this chapter we will only study examples where the three form field vanishes. The well known local condition for a Killing spinor, D_μϵ = 0, has as a condition for local integrability the vanishing curvature condition

R^{ab}_{μν} γ_{ab}ϵ = 0 (6.26)

Thus, locally the curvature must lie in a subalgebra of the Lie algebra of Spin(10) which annihilates a spinor. The global condition is that the holonomy around any closed path must lie in a subgroup which preserves a spinor. Since we are dealing with 11D SUGRA, we always have both the 16 and 16 representations of Spin(10) so SUSYs come in pairs.

For maximal SUSY the curvature must vanish identically and the space must be a torus. The next possibility is to preserve half the spinors and this is achieved by manifolds of the form K3 × T^7 or orbifolds of them by freely acting discrete symmetries.

We now jump to the case of 4 SUSYs. To find examples, it is convenient to consider the decompositions Spin(10) ⊇ Spin(k) × Spin(10 − k).

The 16 is then a tensor product of two lower dimensional spinors. For k = 2, the holonomy must be contained in SU(4) ⊆ Spin(8) in order to preserve a spinor, and it then preserves two (four once the complex conjugate representation is taken into account). The corresponding manifolds are products of Calabi-Yau fourfolds with two tori, perhaps identified by the action of a freely acting discrete group. This moduli space is closely related to that of F-theory compactifications to four dimensions with minimal four dimensional SUSY. The three spatial dimensions are then compactified on a torus. For k = 3 the holonomy must be in G_2 ⊆ Spin(7). The manifolds are, up to discrete identifications, products of Joyce manifolds and three tori. For k = 4 the holonomy is in SU(2) × SU(3). The manifolds are free orbifolds of products of Calabi-Yau threefolds and K3 manifolds. This moduli space is that of the heterotic string compactified on a three torus and Calabi- Yau three fold. The case k = 5 does not lead to any more examples with precisely 4 SUSYs.

It is possible that M-theory contains U-duality transformations which map us between these classes. For example, there are at least some examples of F-theory compactifications to four dimensional Minkowski space which are dual to heterotic compactifications on threefolds. After further compactification on three tori we expect to find a map between the k = 2 and k = 4 moduli spaces.

To begin the study of the cosmology of these moduli spaces we restrict the Einstein Lagrangian to metrics of the form

ds^2 = −dt^2 + g_{AB}(t)dx^Adx^B (6.27)

where the euclidean signature metric g_{AB} lies in one of the moduli spaces. Since all of these are spaces of solutions of the Einstein equations they are closed under constant rescaling of the metric. Since they are spaces of restricted holonomy, this is the only Weyl transformation which relates two metrics in a moduli space. Therefore the equations (6.7) and (6.8) remain valid, where G_{ij} is now the De Witt metric on the restricted moduli space of unit volume metrics.

It is clear that the metric on the full moduli space still has Lorentzian signature in the SUGRA approximation. In some of these cases of lower SUSY, we expect the metric to be corrected in the quantum theory. However, we do not expect these corrections to alter the signature of the metric. To see this note that each of the cases we have described has a two torus factor. If we decompactify the two torus, we expect a low energy field theoretic description as three dimensional gravity coupled to scalar fields and we can perform a Weyl transformation so that the coefficient of the Einstein action is constant. The scalar fields must have positive kinetic energy and the Einstein term must have its conventional sign if the theory is to be unitary. Thus, the decompactified moduli space has a positive metric. In further compactifying on the two torus, the only new moduli are those contained in gravity, and the metric on the full moduli space has Lorentzian signature.

Note that as in the case of maximal SUSY, the region of the moduli space with large ten volume and all other moduli held fixed, is in the future light cone of any finite point in the moduli space. Thus we suspect that much of the general structure that we uncovered in the toroidal moduli space, will survive in these less supersymmetric settings.

The most serious obstacle to this generalization appears in the case of 4 (or fewer) supercharges. In that case, general arguments do not forbid the appearance of a potential in the Lagrangian for the moduli. Furthermore, at generic points in the moduli space one would expect the energy density associated with that potential to be of order the fundamental scales in the theory. In such a situation, it is difficult to justify the Born- Oppenheimer separation between moduli and high energy degrees of freedom. Typical motions of the moduli on their potential have frequencies of the same order as those of the ultraviolet degrees of freedom.

We do not really have a good answer to this question. Perhaps the approximation only makes sense in regions where the potential is small. We know that this is true in extreme regions of moduli space in which SUSYs are approximately restored. However, it is notoriously difficult to stabilize the system asymptotically far into such a region. This difficulty is particularly vexing in the context of currently popular ideas [98]-[100] in which the fundamental scale of M-theory is taken to be orders of magnitude smaller than the Planck scale.

6.5 Discussion

We have demonstrated that the modular group of toroidally compactified M-theory prescribes a Lorentzian structure in the moduli space which precisely mirrors that found in the low energy effective Einstein action. We argued that a similar structure will be found for moduli spaces of lower SUSY, although the precise details could not be worked out because the moduli spaces and metrics on them generally receive quantum corrections. As a consequence the mathematical structure of the modular group is unknown. Nonetheless we were able to argue that it will be a group of isometries of a Lorentzian manifold. Thus, we argue that the generic mathematical structure discussed in minisuperspace^4 approximations to quantum cosmology based on the low energy field equations actually has an exact meaning in M-theory. We note however that the detailed structure of the equations will be different in M-theory, since the correct minisuperspace is a moduli space of static, SUSY preserving static solutions.

The Lorentzian structure prescribes a natural arrow of time, with a general cosmological solution interpolating between a singular past where the holographic principle is violated and a future described by 11D SUGRA or weakly coupled string theory where low energy effective field theory is a good approximation to the gross features of the universe. Note that it is not the naive arrow of time of any given low energy gravity theory, which points from small volume to large volume. Many of the safe regions of moduli space are singular from the point of view of any given low energy effective theory. We briefly described how those singularities are avoided in the presence of matter.

We believe that the connections we have uncovered are important and suggest that there are crucial things to be learned from cosmological M-theory even if we are only interested in microphysics. We realize that we have only made a small beginning in understanding the import of these observations.

Finally, we want to emphasize that our identification of moduli spaces of SUSY preserving static solutions of SUGRA (which perhaps deserve a more exact, M-theoretical characterization) as the appropriate arena for early universe cosmology, provides a new

4A term which we have avoided up to this point because it is confusing in a supersymmetric theory.

starting point for investigating old cosmological puzzles. We hope to report some progress in the investigation of these modular cosmologies in the near future.

6.6 Appendix A: The appearance of Γ_8 and Γ_{9,1}

In this appendix we will explain the appearance of the lattices Γ_8 and Γ_{9,1} in our framework. For the group G_k we have found a bilinear invariant ⃗u · ⃗v = (9 − k) k∑ i=1 (u_iv_i) + ( k∑ i=1 u_i)( k∑ i=1 v_i). (6.28)

Now let us take a vector

⃗v ≡ ⃗v_{123} = (− 2 3 , − 2 3 , − 2 3 , + 1 3 , + 1 3 , . . .) (6.29)

and calculate its scalar product with a vector ⃗p according to (6.28). The result is ⃗v · ⃗p = (9 − k) k∑ i=1 (v_ip_i) + k − 9 3 ( k∑ i=1 p_i) = (k − 9)(p_1 + p_2 + p_3). (6.30)

Thus for k = 9 the product vanishes and for k = 10 and k = 8 the product equals ±(p_1 + p_2 + p_3). If the entries (−2/3) are at the positions i, j, k instead of 1, 2, 3, we get ±(p_i + p_j + p_k). Substituting ⃗v_{ijk} also for ⃗p, we obtain ⃗v_{ijk} · ⃗v_{ijk} = 2(9 − k). (6.31) So this squared norm equals ±2 for k = 8, 10. More generally, we can calculate the scalar products of any two v_{ijk} ’s and the result is

⃗v_{ijk} ·⃗v_{lmn} 9 − k = +^2_3 +^2_3 +^2_3 = +2 if {i, j, k} and {l, m, n} have 3 elements in common +^2_3 +^2_3 −^1_3 = +1 if {i, j, k} and {l, m, n} have 2 elements in common +^2_3 −^1_3 −^1_3 = 0 if {i, j, k} and {l, m, n} have 1 element in common −^1_3 −^1_3 −^1_3 = −1 if {i, j, k} and {l, m, n} have no elements in common (6.32) so the corresponding angles are 0^∘, 60^∘, 90^∘ and 120^∘. Now a reflection with respect to the hyperplane perpendicular to ⃗v ≡ ⃗v_{ijk} is given by ⃗p → ⃗p^′ = ⃗p − 2⃗v ⃗p · ⃗v ⃗v · ⃗v (6.33) and we see that for k ≠ 9 it precisely reproduces the 2/5 transformation (6.14).

Let us define the lattice Λ_k to be the lattice of all integer combinations of the vectors ⃗v_{ijk} . We will concentrate on the cases k = 8 and k = 10 since Λ_k will be shown to be even self-dual lattices. Thus they are isometric to the unique even self-dual lattices in these dimensions.

It is easy to see that for k = 8, 10, the lattice Λ_k contains exactly those vectors whose entries are multiples of 1/3 equal modulo 1. The reason is that all possible multiples of 1/3 modulo 1 i.e. −1/3, 0, +1/3 are realized by −⃗v_{ijk} , 0, ⃗v_{ijk} and we can also change any coordinate by one (or any integer) because for instance

⃗v_{123} + ⃗v_{456} + ⃗v_{789} = (0, 0, 0, 0, 0, 0, 0, 0, 0, 1) for k = 10 ⃗v_{812} + ⃗v_{345} + ⃗v_{678} = (0, 0, 0, 0, 0, 0, 0, −1) for k = 8

(6.34)

Since the scalar products of any two ⃗v_{ijk} are integers and the squared norms of ⃗v’s are even, Λ_8 and Λ_{10} are even lattices. Finally we prove that they are self-dual.

The dual lattice is defined as the lattice of all vectors whose scalar products with any elements of the original lattice (or with any of its generators ⃗v_{ijk} ) are integers. Because of (6.30) it means that the sum of any three coordinates should be an integer. But it is easy to see that this condition is identical to the condition that the entries are multiples of 1/3 equal modulo 1. The reason is that the difference (p_1 + p_2 + p_3) − (p_1 + p_2 + p_4) = p_3 − p_4 must be also an integer – so all the coordinates are equal modulo one. But if they are equal modulo 1, they must be equal to a multiple of 1/3 because the sum of three such numbers must be integer.

We think that this construction of Γ_8 and Γ_{9,1} is more natural in the context of Udualities than the construction using the root lattice of E_8 with the SO(16) sublattice generated by ±e_i ± e_j .

Let us finally mention that the orders of G_3, G_4,. . . G_8 are equal to 2 · 3!, 5 · 4!, 16 · 5!, 72 · 6!, 576 · 7! and 17280 · 8!. For instance the group G_4 is isomorphic to S_5. We can see it explicitly. Defining

p_i = R_i − 1 3 (R_1 + R_2 + R_3 + R_4 − R_5), i = 1, 2, 3, 4 (6.35) which leaves p_i invariant under the transformation R_i → R_i +λ, the permutation of R_4 and R_5 is easily seen to generate the 2/5 transformation on p_1, p_2, p_3. Note that p_1 + p_2 + p_3 = −R_4 + R_5.

Chapter 7 Hyperbolic structure of the heterotic moduli space

In analogy with the previous chapter, we study the asymptotic limits of the heterotic string theories compactified on tori [102]. We find a bilinear form uniquely determined by dualities which becomes Lorentzian in the case of one spacetime dimension. For the case of the SO(32) theory, the limiting descriptions include SO(32) heterotic strings, type I, type IA and other T-duals, M-theory on K3, type IIA theory on K3 and type IIB theory on K3 and possibly new limits not understood yet.

7.1 Introduction

In the previous chapter we showed that the space of asymptotic directions in the moduli space of toroidally compactified M-theory had a hyperbolic metric, related to the hyperbolic structure of the E_{10} duality group. We pointed out that this could have been anticipated from the hyperbolic nature of metric on moduli space in low energy SUGRA, which ultimately derives from the negative kinetic term for the conformal factor.

An important consequence of this claim is that there are asymptotic regions of the moduli space which cannot be mapped onto either 11D SUGRA (on a large smooth manifold) or weakly coupled Type II string theory. These regions represent true singularities of M-theory at which no known description of the theory is applicable. Interestingly, the classical solutions of the theory all follow trajectories which interpolate between the mysterious singular region and the regions which are amenable to a semiclassical description. This introduces a natural arrow of time into the theory. We suggested that moduli were the natural semiclassical variables that define cosmological time in M-theory and that “the Universe began” in the mysterious singular region.

We note that many of the singularities of the classical solutions can be removed by duality transformations. This makes the special nature of the singular region all the more striking.^1

In view of the connection to the properties of the low energy SUGRA Lagrangian, we conjectured in [72] that the same sort of hyperbolic structure would characterize moduli spaces of M-theory with less SUSY than the toroidal background. In this chapter, we verify this conjecture for 11D SUGRA backgrounds of the form K3×T^6, which is the same as the moduli space of heterotic strings compactified on T^9. A notable difference is the absence of a completely satisfactory description of the safe domains of asymptotic moduli space. This is not surprising. The moduli space is known to have an F-theory limit in which there is no complete semiclassical description of the physics. Rather, there are different semiclassical limits valid in different regions of a large spacetime.

Another difference is the appearance of asymptotic domains with different internal symmetry groups. 11D SUGRA on K3 × T^3 exhibits a U(1)^{28} gauge group in four noncompact dimensions. At certain singularities, this is enhanced to a nonabelian group, but these singularities have finite codimension in the moduli space. Nonetheless, there are asymptotic limits in the full moduli space (i.e. generic asymptotic directions) in which the full heterotic symmetry group is restored. From the heterotic point of view, the singularity removing, symmetry breaking, parameters are Wilson lines on T^9. In the infinite (heterotic torus) volume limit, these become irrelevant. In this chapter we will only describe the subspace of asymptotic moduli space with full SO(32) symmetry. We will call this the HO moduli space from now on. The points of the moduli space will be parametrized by the dimensionless heterotic string coupling constant g_{het} = expp_0 and the radii R_i = L_{het}expp_i where i = 1, . . ., 10 − d with d being the number of large spacetime dimensions and L_{het} denoting the heterotic string length. Throughout the chapter we will neglect factors of order one.

Apart from these, more or less expected, differences, our results are quite similar to those of [72]. The modular group of the completely compactified theory preserves a Lorentzian bilinear form with one timelike direction. The (more or

1For reference, we note that there are actually two different types of singular region: neither the exterior of the light cone in the space of asymptotic directions, nor the past light cone, can be mapped into the safe domain. Classical solutions do not visit the exterior of the light cone.

less) well understood regimes correspond to the future light cone of this bilinear form, while all classical solutions interpolate between the past and future light cones. We interpret this as evidence for a new hyperbolic algebra O, whose infinite momentum frame Galilean subalgebra is precisely the affine algebra ô(8, 24) of [104]–[105]. This would precisely mirror the relation between E_{10} and E_9. Recently, Ganor [106] has suggested the DE_{18} Dynkin diagram as the definition of the basic algebra of toroidally compactified heterotic strings. This is indeed a hyperbolic algebra in the sense that it preserves a nondegenerate bilinear form with precisely one negative eigenvalue.^2

7.1.1 The bilinear form We adopt the result of [72] with a few changes in notation. First we will use d = 11 − k instead of k because now we start in ten dimensions instead of eleven. The parameter that makes the parallel between toroidal M-theory and heterotic compactifications most obvious is the number of large spacetime dimensions d. In [72], the bilinear form was

I = (_k ∑ i=1 P_i )_2 + (d − 2) k∑ i=1 (P^2_i ) . (7.1)

where P_i (denoted p_i in [72]) are the logarithms of the radii in 11-dimensional Planck units.

Now let us employ the last logarithm P_k as the M-theoretical circle of a type IIA description. For the HE theory, which can be understood as M-theory on a line interval, we expect the same bilinear form where P_k is the logarithm of the length of the Hořava- Witten line interval. Now we convert (7.1) to the heterotic units according to the formulae (k − 1 = 10 − d)

P_k = 2 3 p_0 , P_i = p_i − 1 3 p_0 , i = 1, . . ., 10 − d , (7.2)

where p_0 = ln g_{het} and p_i = ln(R_i/L_{het}) for i = 1, . . .10 − d. To simplify things, we use natural logarithms instead of the logarithms with a large base t like in [72]. This corresponds to a simple rescaling of p’s but the directions are finally the only thing that

2Kac’ definition of a hyperbolic algebra requires it to turn into an affine or finite dimensional algebra when one root of the Dynkin diagram is cut. We believe that this is too restrictive and that the name hyperbolic should be based solely on the signature of the Cartan metric. We thank O. Ganor for discussions of this point.

we study. In obtaining (7.2) we have used the well-known formulae R_{11} = L^{eleven}_{planck} g^{2/3}_{het} and L^{eleven} planck = g 1/3 het L_{het}. Substituing (7.2) into (7.1) we obtain

I = ( −2p_0 + 10−d∑ i=1 p_i )_2

+ (d − 2) 10−d∑ i=1 (p^2_i ). (7.3)

This bilinear form encodes the kinetic terms for the moduli in the E_8 × E_8 heterotic theory (HE) in the Einstein frame for the large coordinates.

We can see very easily that (7.3) is conserved by T-dualities. A simple T-duality (without Wilson lines) takes HE theory to HE theory with R_1 inverted and acts on the parameters like (p_0, p_1, p_2, . . .) → (p_0 − p_1, −p_1, p_2, . . .) . (7.4) The change of the coupling constant keeps the effective 9-dimensional gravitational constant g^2_{het}/R_1 = g^{′2}_{het}/R^′_1 (in units of L_{het}) fixed. In any number of dimensions (7.4) conserves the quantity p_{10} = −2p_0 + 10−d∑ i=1 p_i (7.5) and therefore also the first term in (7.3). The second term in (7.3) is fixed trivially since only the sign of p_1 was changed. Sometimes we will use p_{10} instead of p_0 as the extra parameter apart from p_1, . . ., p_{10−d}.

In fact those two terms in (7.3) are the only terms conserved by T-dualities and only the relative ratio between them is undetermined. However it is determined by S-dualities, which exist for d ≤ 4. For the moment, we ask the reader to take this claim on faith. Since the HE and HO moduli spaces are the same on a torus, the same bilinear form can be viewed in the SO(32) language. It takes the form (7.3) in SO(32) variables as well.

Let us note also another interesting invariance of (7.3), which is useful for the SO(32) case. Let us express the parameters in the terms of the natural parameters of the S-dual type I theory

p_0 = −q_0 = − ln(g_{type I} ) , p_i = q_i − 1 2 q_0 , i = 1, . . ., 10 − d , (7.6)

where q_i = ln(R_i/L_{type I} ). We used g_{type I} = 1/g_{het} and L_{het} = g^{1/2}_{type I} L_{type I} , the latter expresses that the tension of the D1-brane and the heterotic strings are equal. Substituing this into (7.3) we get the same formula with q’s.

I = ( −2q_0 + 10−d∑ i=1 q_i )_2 + (d − 2) 10−d∑ i=1 (q^2_i ) (7.7)

7.1.2 Moduli spaces and heterotic S-duality Let us recall a few well-known facts about the moduli space of heterotic strings toroidally compactified to d dimensions. For d > 4 the moduli space is

M_d = R^+ × (SO(26 − d, 10 − d, Z)\SO(26 − d, 10 − d, R)/SO(26 − d, R) × SO(10 − d, R)) . (7.8) The factor R^+ determines the coupling constant L_{het}. For d = 8 the second factor can be understood as the moduli space of elliptically fibered K3’s (with unit fiber volume), giving the duality with the F-theory. For d = 7 the second factor also corresponds to the Einstein metrics on a K3 manifold with unit volume which expresses the duality with M-theory on K3. In this context, the factor R^+ can be understood as the volume of the K3. Similarly for d = 5, 6, 7 the second factor describes conformal field theory of type II string theories on K3, the factor R^+ is related to the type IIA coupling constant.

For d = 4, i.e. compactification on T^6, there is a new surprise. The field strength H_{κλμ} of the B-field can be Hodge-dualized to a 1-form which is the exterior derivative of a dual 0-form potential, the axion field. The dilaton and axion are combined in the S-field which means that in four noncompact dimensions, toroidally compactified heterotic strings exhibit the SL(2, Z) S-duality.

M_4 = SL(2, Z)\SL(2, R)/SO(2, R) × (SO(22, 6, Z)\SO(22, 6, R)/SO(22) × SO(6)). (7.9)

Let us find how our parameters p_i transform under S-duality. The S-duality is a kind of electromagnetic duality. Therefore an electrically charged state must be mapped to a magnetically charged state. The U(1) symmetry expressing rotations of one of the six toroidal coordinate is just one of the 28 U(1)’s in the Cartan subalgebra of the full gauge group. It means that the electrically charged states, the momentum modes in the given direction of the six torus, must be mapped to the magnetically charged objects which are the KK-monopoles.

The strings wrapped on the T^6 must be therefore mapped to the only remaining pointlike^3 BPS objects available, i.e. to wrapped NS5-branes. We know that NS5-branes are magnetically charged with respect to the B-field so this action of the electromagnetic duality should not surprise us. We find it convenient to combine this S-duality with T-dualities on all six coordinates of the torus. The combined symmetry ST^6 exchanges the point-like BPS objects in the following way:

momentum modes ↔ wrapped NS5-branes wrapped strings ↔ KK-monopoles (7.10)

Of course, the distinguished direction inside the T^6 on both sides is the same. The tension of the NS5-brane is equal to 1/(g^2_{het}L^6_{het}). Now consider the tension of the KKmonopole. In 11 dimensions, a KK-monopole is reinterpreted as the D6-brane so its tension must be T_{D6} = 1 g_{IIA}L^7_{IIA} = R^2_{11} (L^{eleven} planck) 9 , (7.11)

where we have used g_{IIA} = R^{3/2}_{11} L^{eleven}_{planck}^{−3/2} and L_{IIA} = L^{eleven}_{planck}^{3/2}R^{−1/2}_{11} (from the tension of the fundamental string).

The KK-monopole must always be a (d − 5)-brane where d is the dimension of the spacetime. Since it is a gravitational object and the dimensions along its worldvolume play no role, the tension must be always of order (R_1)^2 in appropriate Planck units where R_1 is the radius of the circle under whose U(1) the monopole is magnetically charged. Namely in the case of the heterotic string in d = 4, the KK-monopole must be another fivebrane whose tension is equal to

T_{KK5} =

R^2_1 (L^{ten}_{planck} )^8 = R_1^2 g^2_{het}L^8_{het} , (7.12)

where the denominators express the ten-dimensional Newton’s constant.

Knowing this, we can find the transformation laws for p’s with respect to the ST^6 symmetry. Here V_6 = R_1R_2R_3R_4R_5R_6 denotes the volume of the six-torus. Identifying the

3Macroscopic strings (and higher-dimensional objects) in d = 4 have at least logarithmic IR divergence of the dilaton and other fields and therefore their tension becomes infinite.

tensions in (7.10) we get 1 R^′_1 = V_6 g^2_{het}R_1L^6_{het} , R^′_1 (L^′_{het})^2 = V_6R_1 g^2_{het}L^8_{het} . (7.13)

Dividing and multiplying these two equations we get respectively R^′_1 L^′_{het} = R_1 L_{het} , 1 L^′_{het} = V_6 g^2_{het}L^7_{het} . (7.14)

It means that the radii of the six-torus are fixed in string units i.e. p_1, . . ., p_6 are fixed. Now it is straightforward to see that the effective four-dimensional SO(32) coupling constant g^2_{het}L^6_{het}/V_6 is inverted and the four-dimensional Newton’s constant must remain unchanged. The induced transformation on the p’s is

(p_0, p_1, . . ., p_6, p_7, p_8 . . .) → (p_0 + m, p_1, . . ., p_6, p_7 + m, p_8 + m . . .) (7.15)

where m = (p_1 + p_2 + p_3 + p_4 + p_5 + p_6 − 2p_0) and the form (7.3) can be checked to be constant. It is also easy to see that such an invariance uniquely determines the form up to an overall normalization i.e. it determines the relative magnitude of two terms in (7.3).

For d = 4 this ST^6 symmetry can be expressed as p_{10} → −p_{10} with p_1, . . ., p_6 fixed which gives the Z_2 subgroup of the SL(2, Z). For d = 3 the transformation (7.15) acts as p_7 ↔ p_{10} so p_{10} becomes one of eight parameters that can be permuted with each other. It is a trivial consequence of the more general fact that in three dimensions, the dilaton-axion field unifies with the other moduli and the total space becomes [103]

M_3 = SO(24, 8, Z) \ SO(24, 8, R) / SO(24, R) × SO(8, R) . (7.16)

We have thus repaid our debt to the indulgent reader, and verified that the bilinear form (7.3) is indeed invariant under the dualities of the heterotic moduli space for d ≥ 3. For d = 2 the bilinear form is degenerate and is the Cartan form of the affine algebra ô(8, 24) studied by [104]. For d = 1 it is the Cartan form of DE_{18} [106]. The consequences of this for the structure of the extremes of moduli space are nearly identical to those of [72]. The major difference is our relative lack of understanding of the safe domain. We believe that this is a consequence of the existence of regimes like F-theory or 11D SUGRA on a large smooth K3 with isolated singularities, where much of the physics is accessible but there is no systematic expansion of all scattering amplitudes. In the next section we make some remarks about different extreme regions of the restricted moduli space that preserves the full SO(32) symmetry.

7.2 Covering the SO(32) moduli space

7.2.1 Heterotic strings, type I, type IA and d ≥ 9 One new feature of heterotic moduli spaces is the apparent possibility of having asymptotic domains with enhanced gauge symmetry. For example, if we consider the description of heterotic string theory on a torus from the usual weak coupling point of view, there are domains with asymptotically large heterotic radii and weak coupling, where the the full nonabelian rank 16 Lie groups are restored. All other parameters are held fixed at what appears from the weak coupling point of view to be “generic”values. This includes Wilson lines. In the large volume limit, local physics is not sensitive to the Wilson line symmetry breaking.

Now, consider the limit described by weakly coupled Type IA string theory on a large orbifold. In this limit, the theory consists of D-branes and orientifolds, placed along a line interval. There is no way to restore the E_8 × E_8 symmetry in this regime. Thus, even the safe domain of asymptotic moduli space appears to be divided into regimes in which different nonabelian symmetries are restored. Apart from sets of measure zero (e.g. partial decompactifications) we either have one of the full rank 16 nonabelian groups, or no nonabelian symmetry at all. The example of F-theory tells us that the abelian portion of asymptotic moduli space has regions without a systematic semiclassical expansion.

In a similar manner, consider the moduli space of the E_8 × E_8 heterotic strings on rectilinear tori. We have only two semiclassical descriptions with manifest E_8 × E_8 symmetry, namely HE strings and the Hořava-Witten (HW) domain walls. Already for d = 9 (and any d < 9) we would find limits that are described neither by HE nor by HW. For example, consider a limit of M-theory on a cylinder with very large g_{het} but the radius of the circle, R, in the domain L_P ≫ R ≫ L^2_{het}/L^{eleven}_{planck}, and unbroken E_8 × E_8. We do not know how to describe this limit with any known semiclassical expansion. We will find that we can

Figure 7.1: The limits in d = 9.

get a more systematic description of asymptotic domains in the HO case, and will restrict attention to that regime for the rest of this chapter.

For d = 10 there are only two limits. p_0 < 0 gives the heterotic strings and p_0 > 0 is the type I theory. However already for d = 9 we have a more interesting picture analogous to the figure 7.1 in [72]. Let us make a counterclockwise trip around the figure. We start at a HO point with p_1 = 0 which is a weakly coupled heterotic string theory with radii of order L_{het} (therefore it is adjacent to its T-dual region). When we go around the circle, the radius and also the coupling increases and we reach the line p_0 ≡ (p_1 − p_{10})/2 = 0 where we must switch to the type I description. Then the radius decreases again so that we must perform a T-duality and switch to the type IA description. This happens for p_1 − (p_0/2) = (3p_1 + p_{10})/4 = 0; we had to convert R_1 to the units of L_{type I} = g^{1/2}_{het} L_{het}. Then we go on and the coupling g_{IA} and/or the size of the line interval increases. The most interesting is the final boundary given by p_1 = 0 which guarantees that each of the point of the p-space is covered precisely by one limit.

We can show that p_1 > 0 is precisely the condition that the dilaton in the type IA theory is not divergent. Roughly speaking, in units of L_{type I} = L_{IA} the “gravitational potential” is linear in x_1 and proportional to g^2_{IA}/g_{IA}. Here g^2_{IA} comes from the gravitational constant and 1/g_{IA} comes from the tension of the D8-branes. Therefore we require not only g_{IA} < 1 but also g_{IA} < L_{type I} /R_{line interval}. Performing the T-duality L_{type I} /R_{line interval} = R_{circle}/L_{type I} and converting to L_{het} the condition becomes precisely R_{circle} > L_{het}.

In all the text we adopt (and slightly modify) the standard definition [72] for an asymptotic description to be viable: dimensionless coupling constants should be smaller than one, but in cases without translational invariance, the dilaton should not diverge anywhere, and the sizes of the effective geometry should be greater than the appropriate typical scale (the string length for string theories or the Planck length for M-theory). It is important to realize that in the asymptotic regions we can distinguish between e.g. type I and type IA because their physics is different. We cannot distinguish between them in case the T-dualized circle is of order L_{type I} but such vacua are of measure zero in our investigation and form various boundaries in the parameter space. This is the analog of the distinction we made between the IIA and IIB asymptotic toroidal moduli spaces in [72]

7.2.2 Type IA^2 and d = 8 In d = 8 we will have to use a new desciption to cover the parameter space, namely the double T-dual of type I which we call type IA^2. Generally, type IA^k contains 16 D-(9 − k)- branes, their images and 2^k orientifold (9 − k)-planes. We find it also useful to perform heterotic T-dualities to make p_i positive for i = 1, . . ., 10−d and sort p’s so that our interest is (without a loss of generality) only in configurations with

0 ≤ p_1 ≤ p_2 ≤ · · · ≤ p_{10−d} . (7.17)

We need positive p’s for the heterotic description to be valid but such a transformation can only improve the situation also for type I and its T-dual descriptions since when we turn p’s from negative to positive values, g_{het} increases and therefore g_{type I} decreases. For type I we also need large radii. For its T-duals we need a very small string coupling and if we make a T-duality to convert R > L_{type I} into R < L_{type I} , the coupling g_{IA} still decreases; therefore it is good to have as large radii in the type I limit as possible.

In d = 8 our parameters are p_0, p_1, p_2 or p_{10}, p_1, p_2 where p_{10} = −2p_0 + p_1 + p_2 and we will assume 0 < p_1 < p_2 as we have explained (sets of measure zero such as the boundaries between regions will be neglected). If p_0 < 0, the HO description is good. Otherwise p_0 > 0. If furthermore 2p_1 −p_0 > 0 (and therefore also 2p_2 −p_0 > 0), the radii are large in the type I units and we can use the (weakly coupled) type I description. Otherwise 2p_1 − p_0 < 0. If furthermore 2p_2 − p_0 > 0, we can use type IA strings. Otherwise 2p_2 − p_0 < 0 and the type IA^2 description is valid. Therefore we cover all the parameter space. Note that the

F-theory on K3 did not appear here. In asymptotic moduli space, the F-theory regime generically has no enhanced nonabelian symmetries.

In describing the boundaries of the moduli space, we used the relations L_{het} = g^{1/2}_{type I} L_{type I} , g_{het} = 1/g_{type I} . The condition for the dilaton not to diverge is still p_1 > 0 for any type IA^k description. The longest direction of the T^k/Z_2 of this theory is still the most dangerous for the dilaton divergence and is not affected by the T-dualities on the shorter directions of the T^k/Z_2 orientifold. For d = 9 (and fortunately also for d = 8) the finiteness of the dilaton field automatically implied that g_{IA}k < 1. However this is not true for general d. After a short chase through a sequence of S and T-dualities we find that the condition g_{IA}k < 1 can be written as (k − 2)p_0 − 2 k∑ i=1 p_i < 0 . (7.18) We used the trivial requirement that the T-dualities must be performed on the shortest radii (if R_j < L_{type I} , also R_{j−1} < L_{type I} and therefore it must be also T-dualized). Note that for k = 1 the relation is −p_0 − 2p_1 < 0 which is a trivial consequence of p_1 > 0 and p_0 > 0. Also for k = 2 we get a trivial condition −2(p_1 + p_2) < 0. However for k > 2 this condition starts to be nontrivial. This is neccessary for consistency: otherwise IA^k theories would be sufficient to cover the whole asymptotic moduli space, and because of S-dualities we would cover the space several times. It would be also surprising not to encounter regimes described by large K3 geometries.

7.2.3 Type IA^3, M-theory on K3 and d = 7 This happens already for d = 7 where the type IA^3 description must be added. The reasoning starts in the same way: for p_0 < 0 HO, for 2p_1 − p_0 > 0 type I, for 2p_2 − p_0 > 0 type IA, for 2p_3 − p_0 > 0 type IA^2.

However, when we have 2p_3 − p_0 < 0 we cannot deduce that the conditions for type IA^3 are obeyed because also (7.18) must be imposed: p_0 − 2(p_1 + p_2 + p_3) < 0 . (7.19) It is easy to see that this condition is the weakest one i.e. that it is implied by any of the conditions p_0 < 0, 2p_1 − p_0 > 0, 2p_2 − p_0 > 0 or 2p_3 − p_0 > 0. Therefore the region that we have not covered yet is given by the opposite equation

2p_0 − 4(p_1 + p_2 + p_3) = −p_{10} − 3(p_1 + p_2 + p_3) > 0 (7.20)

The natural hypothesis is that this part of the asymptotic parameter space is the limit where we can use the description of M-theory on a K3 manifold. However things are not so easy: the condition that V_{K3} > (L^{eleven}_{planck})^4 gives just p_{10} < 0 which is a weaker requirement than (7.20).

The K3 manifold has a D_{16} singularity but this is not the real source of the troubles. A more serious issue is that the various typical sizes of such a K3 are very different and we should require that each of them is greater than L^{eleven}_{planck} (which means that the shortest one is). In an analogous situation with T^4 instead of K3 the condition V_T 4 > L^{eleven}_{planck}^4 would be also insufficient: all the radii of the four-torus must be greater than L^{eleven}_{planck} .

Now we would like to argue that the region defined by (7.20) with our gauge 0 < p_1 < p_2 < p_3 can indeed be described by the 11D SUGRA on K3, except near the D_{16} singularity. Therefore, all of the asymptotic moduli space is covered by regions which have a reasonable semiclassical description.

While the fourth root of the volume of K3 equals

V^{1/4}_{K3} L^{eleven} planck = g^{1/3}_{het} L^{1/2}_{het} V^{1/6}_3

= exp ( p_0 3 − (p_1 + p_2 + p_3) 6 ) = exp ( −p_{10} 6 ) , (7.21)

the minimal typical distance in K3 must be corrected to agree with (7.20). We must correct it only by a factor depending on the three radii in heterotic units (because only those are the parameters in the moduli space of metric on the K3) so the distance equals (confirming (7.20)) L_{min.K3} L^{eleven} planck = exp ( −p_{10} 6 − (p_1 + p_2 + p_3) 2 ) . (7.22) Evidence that (7.22) is really correct and thus that we understand the limits for d = 7 is the following. We must first realize that 16 independent two-cycles are shrunk to zero size because of the D_{16} singularity present in the K3 manifold. This singularity implies a lack of understanding of the physics in a vicinity of this point but it does not prevent us from describing the physics in the rest of K3 by 11D SUGRA. So we allow the 16 two-cycles to shrink. The remaining 6 two-cycles generate a space of signature 3+3 in the cohomology lattice: the intersection numbers are identical to the second cohomology of T^4. We can compute the areas of those 6 two-cycles because the M2-brane wrapped on the 6-cycles are dual to the wrapped heterotic strings and their momentum modes. Now let us imagine that the geometry of the two-cycles of K3 can be replaced by the 6 two-cycles of a T^4 which have the same intersection number.

It means that the areas can be written as a_1a_2, a_1a_3, a_1a_4, a_2a_3, a_2a_4, a_3a_4 where a_1, a_2, a_3, a_4 are the radii of the four-torus and correspond to some typical distances of the K3. If we order the a’s so that a_1 < a_2 < a_3 < a_4, we see that the smallest of the six areas is a_1a_2 (the largest two-cycle is the dual a_3a_4) and similarly the second smallest area is a_1a_3 (the second largest two-cycle is the dual a_2a_4). On the heterotic side we have radii L_{het} < R_1 < R_2 < R_3 (thus also L^2_{het}/R_3 < L^2_{het}/R_2 < L^2_{het}/R_1 < L_{het}) and therefore the correspondence between the membranes and the wrapping and momentum modes of heterotic strings tells us that

a_1a_2 L^{eleven} planck 3 = 1 R_3 , a_3a_4 L^{eleven} planck 3 = R_3 L^2_{het} , a_1a_3 L^{eleven} planck 3 = 1 R_2 , a_2a_4 L^{eleven} planck 3 = R_2 L^2_{het} . (7.23)

As a check, note that V_{K3} = a_1a_2a_3a_4 gives us L^{eleven}_{planck}^6/L^2_{het} as expected (since heterotic strings are M5-branes wrapped on K3). We will also assume that a_1a_4 L^{eleven} planck 3 = 1 R_1 , a_2a_3 L^{eleven} planck 3 = R_1 L^2_{het} . (7.24)

Now we can calculate the smallest typical distance on the K3.

a_1 = √ a_1a_2 · a_1a_3 a_2a_3 = L^{eleven} planck 3/2L_{het} √ R_1R_2R_3

, (7.25)

which can be seen to coincide with (7.22). There is a subtlety that we should mention. It is not completely clear whether a_1a_4 < a_2a_3 as we assumed in (7.24). The opposite possibility is obtained by exchanging a_1a_4 and a_2a_3 in (7.24) and leads to a_1 greater than (7.25) which would imply an overlap with the other regions. Therefore we believe that the calculation in (7.24) and (7.25) is the correct way to find the condition for the K3 manifold to be large enough for the 11-dimensional supergravity (as a limit of M-theory) to be a good description.

7.2.4 Type IA^{4,5}, type IIA/B on K3 and d = 6, 5 Before we will study new phenomena in lower dimensions, it is useful to note that in any dimension we add new descriptions of the physics. The last added limit always corresponds to the “true” S-dual of the original heterotic string theory – defined by keeping the radii fixed in the heterotic string units (i.e. also keeping the shape of the K3 geometry) and sending the coupling to infinity – because this last limit always contains the direction with p_0 large and positive (or p_{10} large and negative) and other p_i’s much smaller.

• In 10 dimensions, the true S-dual of heterotic strings is the type I theory.

• In 9 dimensions it is type IA.

• In 8 dimensions type IA^2.

• In 7 dimensions we get M-theory on K3.

• In 6 dimensions type IIA strings on K3.

• In 5 dimensions type IIB strings on K3×S^1 where the circle decompactifies as the coupling goes to infinity. The limit is therefore a six-dimensional theory.

• In 4 dimensions we observe a mirror copy of the region p_{10} < 0 to arise for p_{10} > 0.

The strong coupling limit is the heterotic string itself.

• In 3 dimensions the dilaton-axion is already unified with the other moduli so it becomes clear that we studied an overly specialized direction in the examples above. Nevertheless the same claim as in d = 4 can be made.

• In 2 dimensions only positive values of p_{10} are possible therefore the strong coupling limit does not exist in the safe domain of moduli space.

• In 1 dimension the Lorentzian structure of the parameter space emerges. Only the future light cone corresponds to semiclassical physics which is reasonably well understood. The strong coupling limit defined above would lie inside the unphysical past light cone.

Now let us return to the discussion of how to separate the parameter space into regions where different semiclassical descriptions are valid. We may repeat the same inequalities as in d = 7 to define the limits HO, I, IA, IA^2, IA^3. But for M-theory on K3 we must add one more condition to the constraint (7.20): a new circle has been added and its size should be also greater than L^{eleven}_{planck} . For the new limit of the type IIA strings on K3 we encounter similar problems as in the case of the M-theory on K3. Furthermore if we use the definition (7.22) and postulate this shortest distance to be greater than the type IIA string length, we do not seem to get a consistent picture covering the whole moduli space. Similarly for d = 5, there appear two new asymptotic descriptions, namely type IA^5 theory and type IIB strings on K3 × S^1. It is clear that the condition g_{IA}5 < 1 means part of the parameter space is not understood and another description, most probably type IIB strings on K3 × S^1, must be used. Unfortunately at this moment we are not able to show that the condition for the IIB theory on K3 to be valid is complementary to the condition g_{IA}5 < 1. A straightforward application of (7.25) already for the type IIA theory on a K3 gives us a different inequality. Our lack of understanding of the limits for d < 7 might be solved by employing a correct T-duality of the type IIA on K3 but we do not have a complete and consistent picture at this time.

7.2.5 Type IA^6 and S-duality in d = 4 Let us turn to the questions that we understand better. As we have already said, in d = 4 we see the Z_2 subgroup of the SL(2, Z) S-duality which acts as p_{10} → −p_{10} and p_1, . . ., p_6 fixed in our formalism. This reflection divides the p-space to subregions p_{10} > 0 and p_{10} < 0 which will be exchanged by the S-duality. This implies that a new description should require p_{10} > 0. Fortunately this is precisely what happens: in d = 4 we have one new limit, namely the type IA^6 strings and the condition (7.18) for g_{IA}6 < 1 gives

4p_0 − 2 6∑ i=1 p_i = −2p_{10} < 0 (7.26)

or p_{10} > 0.

In the case of d = 3 we find also a fundamental domain that is copied several times by S-dualities. This fundamental region is again bounded by the condition g^{ef f.4−dim}_{gauge} < 1 which is the same like g_{IA}6 < 1 and the internal structure has been partly described: the fundamental region is divided into several subregions HO, type I, type IA^k , M/K3, IIA/K3, IIB/K3. As we have said, we do not understand the limits with a K3 geometry well enough to separate the fundamental region into the subregions enumerated above. We are not even sure whether those limits are sufficient to cover the whole parameter space. In the case of E_8 × E_8 theory, we are pretty sure that there are some limits that we do not understand already for d = 9 and similar claim can be true in the case of the SO(32) vacua for d < 7. We understand much better how the entire parameter space can be divided into the copies of the fundamental region and we want to concentrate on this question.

The inequality g^{ef f.4−dim}

gauge < 1 should hold independently of which of the six radii are

chosen to be the radii of the six-torus. In other words, it must hold for the smallest radii and the condition is again (7.26) which can be for d = 3 reexpressed as p_7 < p_{10}.

So the “last” limit at the boundary of the fundamental region is again type IA^6 and not type IA^7, for instance. It is easy to show that the condition g_{IA}6 < 1 is implied by any of the conditions for the other limits so this condition is the weakest of all: all the regions are inside g_{IA}6 < 1.

This should not be surprising, since g^{ef f.4−dim}_{gauge} = (g_{IA}6 )^{1/2} = g^{open}_{IA6} ; the heterotic Sduality in this type IA^6 limit can be identified with the S-duality of the effective low-energy description of the D3-branes of the type IA^6 theory. As we have already said, this inequality reads for d = 3 2p_0 − 6∑ i=1 p_i = −p_{10} + p_7 < 0 (7.27)

or p_{10} > p_7. We know that precisely in d = 3 the S-duality (more precisely the ST^6 transformation) acts as the permutation of p_7 and p_{10}. Therefore it is not hard to see what to do if we want to reach the fundamental domain: we change all signs to pluses by T-dualities and sort all eight numbers p_1, . . ., p_7; p_{10} in the ascending order. The inequality (7.27) will be then satisfied. The condition g^{ef f.4−dim}_{gauge} < 1 or (7.26) will define the fundamental region also for the case of one or two dimensions.

7.2.6 The infinite groups in d ≤ 2 In the dimensions d > 2 the bilinear form is positive definite and the group of dualities conserves the lattice Z^{11−d} in the p-space. Therefore the groups are finite. However for d = 2 (and a fortiori for d = 1 because the d = 2 group is isomorphic to a subgroup of the d = 1 group) the group becomes infinite. In this dimension p_{10} is unchanged by T-dualities and S-dualities. The regions with p_{10} ≤ 0 again correspond to mysterious regions where the holographic principle appears to be violated, as in [72]. Thus we may assume that p_{10} = 1; the overall normalization does not matter.

Start for instance with p_{10} = 1 and

(p_1, p_2, . . ., p_8) = (0, 0, 0, 0, 0, 0, 0, 0) (7.28)

and perform the S-duality (ST^6 from the formula (7.15)) with p_7 and p_8 understood as the large dimensions (and p_1, . . ., p_6 as the 6-torus). This transformation maps p_7 → p_{10} − p_8 and p_8 → p_{10} − p_7. So if we repeat ST^6 on p_7, p_8, T-duality of p_7, p_8, ST^6, T^2 and so on, p_1 . . . , p_6 will be still zero and the values of p_7, p_8 are

(p_7, p_8) = (1, 1) → (−1, −1) → (2, 2) → (−2, −2) → (3, 3) → · · · (7.29)

and thus grow linearly to infinity, proving the infinite order of the group. The equation for g_{IA}6 < 1 now gives 2p_0 − 6∑ i=1 p_i = −p_{10} + p_7 + p_8 < 0 (7.30) or p_{10} > p_7 + p_8. Now it is clear how to get to such a fundamental region with (7.30) and 0 < p_1 < · · · < p_8. We repeat the ST^6 transformation with the two largest radii (p_7, p_8) as the large coordinates. After each step we turn the signs to + by T-dualities and order p_1 < · · · < p_8 by permutations of radii. A bilinear quantity decreases assuming p_{10} > 0 and p_{10} < p_7 + p_8 much like in [72], the case k = 9 (d = 2):

C_{d=2} = 8∑ i=1 (p_i)^2 → 8∑ i=1 (p_i)^2 + 2p_{10}(p_{10} − (p_7 + p_8)) (7.31)

In the same way as in [72], starting with a rational approximation of a vector ⃗p, the quantity C_{d=2} cannot decrease indefinitely and therefore finally we must get to a point with p_{10} > p_7 + p_8.

In the case d = 1 the bilinear form has a Minkowski signature. The fundamental region is now limited by 2p_0 − 6∑ i=1 p_i = −p_{10} + p_7 + p_8 + p_9 < 0 (7.32)

and it is easy to see that under the ST^6 transformation on radii p_1, . . ., p_6, p_{10} transforms as p_{10} → 2p_{10} − (p_7 + p_8 + p_9) . (7.33) Since the ST^6 transformation is a reflection of a spatial coordinate in all cases, it keeps us inside the future light cone if we start there. Furthermore, after each step we make such T-dualities and permutations to ensure 0 < p_1 < · · · < p_9.

If the initial p_{10} is greater than [(p_1)^2 +· · ·+(p_9)^2]^{1/2} (and therefore positive), it remains positive and assuming p_{10} < p_7 + p_8 + p_9, it decreases according to (7.33). But it cannot decrease indefinitely (if we approximate p’s by rational numbers or integers after a scale transformation). So at some point the assumption p_{10} < p_7 + p_8 + p_9 must break down and we reach the conclusion that fundamental domain is characterized by p_{10} > p_7 + p_8 + p_9.

7.2.7 The lattices In the maximally supersymmetric case [72], we encountered exceptional algebras and their corresponding lattices. We were able to see some properties of the Weyl group of the exceptional algebra E_{10} and define its fundamental domain in the Cartan subalgebra. In the present case with 16 supersymmetries, the structure of lattices for d > 2 is not as rich. The dualities always map integer vectors p_i onto integer vectors.

For d > 4, there are no S-dualities and our T-dualities know about the group O(26 − d, 10 − d, Z). For d = 4 our group contains an extra Z_2 factor from the single S-duality. For d = 3 they unify to a larger group O(8, 24, Z). We have seen the semidirect product of (Z_2)^8 and S_8 related to its Weyl group in our formalism. For d = 2 the equations of motion exhibit a larger affine ô(8, 24) algebra whose discrete duality group has been studied in [104].

In d = 1 our bilinear form has Minkowski signature. The S-duality can be interpreted as a reflection with respect to the vector

(p_1, p_2, . . ., p_9, p_{10}) = (0, 0, 0, 0, 0, 0, −1, −1, −1, +1). (7.34)

This is a spatial vector with length-squared equal to minus two (the form (7.3) has a time-like signature). As we have seen, such reflections generate together with T-dualities an infinite group which is an evidence for an underlying hyperbolic algebra analogous to E_{10}. Indeed, Ganor [106] has argued that the DE_{18} “hyperbolic” algebra underlies the nonperturbative duality group of maximally compactified heterotic string theory. The Cartan algebra of this Dynkin diagram unifies the asymptotic directions which we have studied with compact internal symmetry directions. Its Cartan metric has one negative signature direction.

7.3 Conclusions

The parallel structure of the moduli spaces with 32 and 16 SUSYs gives us reassurance that the features uncovered in [72] are general properties of M-theory. It would be interesting to extend these arguments to moduli spaces with less SUSY. Unfortunately, we know of no algebraic characterization of the moduli space of M-theory on a Calabi Yau threefold. Furthermore, this moduli space is no longer an orbifold. It is stratified, with moduli spaces of different dimensions connecting to each other via extremal transitions. Furthermore, in general the metric on moduli space is no longer protected by nonrenormalization theorems, and we are far from a characterization of all the extreme regions. For the case of four SUSYs the situation is even worse, for most of what we usually think of as the moduli space actually has a superpotential on it, which generically is of order the fundamental scale of the theory.^4

There are thus many hurdles to be jumped before we can claim that the concepts discussed here and in [72] have a practical application to realistic cosmologies.

4Apart from certain extreme regions, where the superpotential asymptotes to zero, the only known loci on which it vanishes are rather low dimensional subspaces of the classical moduli space, [107].

References

[1] M.B. Green, J.H. Schwarz, E. Witten, Superstring theory, two volumes, Cambridge University Press 1987.

[2] O. Ganor, L. Motl, Equations of the (2,0) theory and knitted fivebranes, J. High Energy Phys. 9805 (1998) 009 [hep-th/9803108].

[3] E. Witten, Some comments on string dynamics, hep-th/9507121, published in Future perspectives in string theory, Los Angeles 1995, p. 501-523.

[4] A. Strominger, Open P-branes, Phys. Lett. B 383 (1996) 44 [hep-th/9512059]. [5] M. Rozali, Matrix theory and U-duality in seven dimensions Phys. Lett. B 400 (1997) 260, hep-th/9702136.

[6] M. Berkooz, M. Rozali, N. Seiberg, On transverse fivebranes in M(atrix) theory on T^5, Phys. Lett. B 408 (1997) 105 [hep-th/9704089].

[7] M. Berkooz, M. Rozali, String dualities from matrix theory, Nucl. Phys. B 516 (1998) 229 [hep-th/9705175].

[8] M.R. Douglas, D. Kabat, P. Pouliot, S. Shenker, D-branes and short distances in string theory, Nucl. Phys. B 485 (1997) 85-127 [hep-th/9608024].

[9] T. Banks, W. Fischler, S.H. Shenker, L. Susskind, M theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[10] W. Taylor, M(atrix) Theory: Matrix Quantum Mechanics as a Fundamental Theory,

hep-th/0101126.

[11] O. Aharony, M. Berkooz, S. Kachru, N. Seiberg, E. Silverstein, Matrix description of interacting theories in six dimensions, Adv. Theor. Math. Phys. 1 (1998) 148 [hep-th/9707079].

[12] E. Witten, On the conformal field theory of the Higgs branch, J. High Energy Phys. 07 (1997) 003 [hep-th/9707093].

[13] D. Lowe, E_8 × E_8 small instantons in matrix theory, hep-th/9709015. [14] O. Aharony, M. Berkooz, S. Kachru, E. Silverstein, Matrix description of (1,0) theories in six dimensions, Phys. Lett. B 420 (1998) 55 [hep-th/9709118].

[15] O. Aharony, M. Berkooz, N. Seiberg, Light-cone description of (2,0) superconformal theories in six dimensions, hep-th/9712117.

[16] M. Aganagic, C. Popescu, and J.H. Schwarz, D-brane actions with local kappa symmetry, Phys. Lett. B 393 (1997) 311 [hep-th/9610249].

[17] M. Aganagic, J. Park, C. Popescu, and J.H. Schwarz, World-volume action of the M theory five-brane, Nucl. Phys. B 496 (1997) 191 [hep-th/9701166].

[18] C. Vafa and E. Witten, A strong coupling test of S-duality, Nucl. Phys. B 431 (1994) 3 [hep-th/9408074].

[19] M.J. Duff, J.T. Liu and R. Minasian, Eleven dimensional origin of string/string duality:

a one loop test, Nucl. Phys. B 452 (1995) 261 [hep-th/9506126].

[20] A. Hanany and E. Witten, Type II B superstrings, BPS monopoles, and threedimensional gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230].

[21] P.S. Howe, E. Sezgin and P.C. West, Covariant field equations of the M-theory fivebrane Phys. Lett. B 399 (97) 49 [hep-th/9702008];

P.S. Howe, E. Lambert and P.C. West, The selfdual string soliton, Nucl. Phys. B 515 (1998) 203 [hep-th/9709014];

E. Lambert and P.C. West, Gauge fields and M five-brane dynamics, hep-th/9712040.

[22] N. Seiberg, Notes on theories with 16 supercharges, hep-th/9705117.

[23] U. Lindstrom, F. Gonzalez-Rey, M. Roček, R. von Unge On N = 2 low-energy effective actions, Phys. Lett. B 388 (1996) 581 [hep-th/9607089].

[24] N. Seiberg and E. Witten, Comments on string dynamics in six-dimensions, Nucl.

Phys. B 471 (1996) 121 [hep-th/9603003].

[25] M. Dine and N. Seiberg, Comments on higher derivative operators in some SUSY field theories, Phys. Lett. B 409 (1997) 239 [hep-th/9705057].

[26] G. Chalmers, M. Roček, and R. von Unge, Quantum corrections to monopoles,

hep-th/9801043.

[27] S. Paban, S. Sethi and M. Stern, Constraints from extended supersymmetry in quantum mechanics, Nucl. Phys. B 534 (1998) 137-154 [hep-th/9805018].

[28] J. Maldacena, The large N limit of superconformal field theories and supergravity,

hep-th/9711200.

[29] E. Witten, Five-brane effective action in M-theory J. Geom. Phys. 22 (1997) 103 [hep-th/9610234].

[30] N. Seiberg, Why is the matrix model correct?, Phys. Rev. Lett. 79 (1997) 3577 [hep-th/9710009].

[31] I.W. Taylor, D-brane field theory on compact spaces, Phys. Lett. B 394 (1997) 283 [hep-th/9611042].

[32] N. Seiberg and E. Witten, Spin structures in string theory, Nucl. Phys. B 276 (1986) 272.

[33] L.J. Dixon and J.A. Harvey, String theories in ten-dimensions without space-time supersymmetry, Nucl. Phys. B 274 (1986) 93.

[34] J. Scherk and J.H. Schwarz, Spontaneous breaking of supersymmetry through dimensional reduction, Phys. Lett. B 82 (1979) 60.

[35] R. Rohm, Spontaneous supersymmetry breaking in supersymmetric string theories, Nucl. Phys. B 237 (1984) 553.

[36] S. Coleman and F.D. Luccia, Gravitational effects on and of vacuum decay, Phys. Rev.

D 21 (1980) 3305.

[37] N. Ishibashi, H. Kawai, Y. Kitazawa, A. Tsuchiya, A large N reduced model as superstring, Nucl. Phys. B 498 (1997) 467-491 [hep-th/9612115].

[38] V. Periwal, Antibranes and the crossing symmetry, hep-th/9612215.

[39] M.R. Douglas and G. Moore, D-branes, quivers and ALE instantons, hep-th/9603167.

[40] O. Bergman and M.R. Gaberdiel, Dualities of type-0 strings, J. High Energy Phys. 07 (1999) 022 [hep-th/9906055].

[41] Y. Imamura, Branes in type-0/type II duality, Prog. Theor. Phys. 102 (1999) 859 [hep-th/9906090].

[42] O. Ganor, Compactification of tensionless string theories, hep-th/9607092.

[43] B. de Wit, J. Hoppe, H. Nicolai, On the quantum mechanics of supermembranes, Nucl.

Phys. B 305 (1988) 545.

[44] P.K. Townsend, D-branes from M-branes, Phys. Lett. B 373 (1996) 68 [hep-th/9512062].

[45] L. Susskind, Another conjecture about M(atrix) theory, hep-th/9704080.

[46] A. Connes, M.R. Douglas, A. Schwarz, Noncommutative geometry and matrix theory:

compactification on tori, hep-th/9711162.

[47] L. Motl, L. Susskind, Finite N heterotic matrix models and discrete light cone quantization, hep-th/9708083.

[48] P. Hořava, E. Witten, Heterotic and type I string dynamics from eleven dimensions Nucl. Phys. B 460 (1996) 506 [hep-th/9510209].

[49] U. Danielsson, G. Ferretti, The heterotic life of the D-particle, Int. J. Mod. Phys. A 12 (1997) 4581 [hep-th/9610082];

N. Kim, S.-J. Rey, M(atrix) theory on an orbifold and twisted membrane, Nucl. Phys. B 504 (1997) 189 [hep-th/9701139];

D. Lowe, Bound states of type I’ D-particles and enhanced gauge symmetry, Nucl. Phys. B 01 (1997) 134 [hep-th/9702006];

P. Hořava, Matrix theory and heterotic strings on tori, Nucl. Phys. B 505 (1997) 84 [hep-th/9705055].

[50] T. Banks, N. Seiberg, E. Silverstein, Zero and one-dimensional probes with N=8 supersymmetry, Phys. Lett. B 401 (1997) 30 [hep-th/9703052].

[51] S. Kachru, E. Silverstein, On gauge bosons in the matrix model approach to M theory, Phys. Lett. B 396 (1997) 70 [hep-th/9612162].

[52] L. Motl, Quaternions and M(atrix) theory in spaces with boundaries, hep-th/9612198.

[53] T. Banks and L. Motl, Heterotic strings from matrices, J. High Energy Phys. 12 (1997) 004 [hep-th/9703218].

[54] J. Polchinski, E. Witten, Evidence for heterotic – type I string duality, Nucl. Phys. B 460 (1996) 525 [hep-th/9510169].

[55] J. Maldacena, L. Susskind, D-branes and fat black holes, Nucl. Phys. B 475 (1996) 679 [hep-th/9604042];

S. Das, S. Mathur, Comparing decay rates for black holes and D-branes, Nucl. Phys. B 478 (1996) 561 [hep-th/9606185];

G. Moore, R. Dijkgraaf, E. Verlinde, H. Verlinde, Elliptic Genera of Symmetric Products and Second Quantized Strings, Comm. Math. Phys. 185 (1997) 197 [hep-th/9608096].

[56] L. Motl, Proposals on nonperturbative superstring interactions, hep-th/9701025.

[57] T. Banks, N. Seiberg, Strings from matrices, Nucl. Phys. B 497 (1997) 41 [hep-th/9702187].

[58] R. Dijkgraaf, E. Verlinde, H. Verlinde, Matrix string theory, Nucl. Phys. B 500 (1997) 43 [hep-th/9703030].

[59] J.P. Penalba, A matrix model for type-0 strings, J. High Energy Phys. 08 (1999) 005 [hep-th/9907083].

[60] R. Blumenhagen, C. Kounnas and D. Lust, Continuous gauge and supersymmetry breaking for open strings on D-branes, J. High Energy Phys. 01 (2000) 036 [hep-th/9910094].

[61] M.B. Green, M. Gutperle, P. Vanhove, One loop in eleven dimensions, Phys. Lett. B 409 (1997) 177 [hep-th/9706175].

[62] M.B. Green and M. Gutperle, λ^{16} and related terms in M-theory on T^2, Phys. Lett. B 421 (1998) 149 [hep-th/9710151].

[63] N. Seiberg, Why is the matrix model correct?, Phys. Rev. Lett. 79 (1997) 3577 [hep-th/9710009].

[64] A. Sen, D0 branes on T^n and matrix theory, hep-th/9709220.

[65] N. Seiberg, Matrix description of M-theory on T^5 and T^5/Z_2, Phys. Lett. B 408 (1997) 98 [hep-th/9705221].

[66] I. Brunner and A. Karch, Matrix description of M-theory on T^6, Phys. Lett. B 416 (1998) 67 [hep-th/9707259].

[67] A. Losev, G. Moore and S.L. Shatashvili, M&m’s, hep-th/9707250.

[68] A. Hanany and G. Lifschytz, M(atrix) theory on T^6 and a m(atrix) theory description of KK monopoles, hep-th/9708037.

[69] J. Polchinski and P. Pouliot, Membrane scattering with M-momentum transfer, Phys.

Rev. D 56 (1997) 6601 [hep-th/9704029].

[70] T. Banks, W.Fischler, N. Seiberg and L. Susskind, Instantons, scale invariance and Lorentz invariance in matrix theory, Phys. Lett. B 408 (1997) 111 [hep-th/9705190].

[71] C. Boulahouache, G. Thompson, One loop effects in various dimensions and D-branes,

hep-th/9801083.

[72] T. Banks, W. Fischler, L. Motl, Dualities versus Singularities, J. High Energy Phys.

9905 (1999) 015 [hep-th/9811194].

[73] G. Veneziano, Scale Factor Duality For Classical And Quantum Strings, Phys. Lett. B 265 (1991) 287-294.

[74] A.A. Tseytlin, C. Vafa, Elements of String Cosmology, Nucl. Phys. B 372 (1992) 443- 466, hep-th/9109048.

[75] M. Gasperini, G. Veneziano, Pre – Big Bang In String Cosmology, Astropart. Phys. 1 (1993) 317-339.

[76] A. Buonanno, T. Damour, G. Veneziano, Prebig Bang Bubbles From The Gravitational Instability Of Generic String Vacua, hep-th/9806230 and references therein; see also

http://www.to.infn.it/~gasperin/.

[77] P. Binetruy, M.K. Gaillard, Candidates For The Inflaton Field in Superstring Models, Phys. Rev. D 34 (1986) 3069-3083.

[78] G. Moore, J.H. Horne, Chaotic Coupling Constants, Nucl. Phys. B 432 (1994) 109-126,

hep-th/9403058.

[79] T. Banks, M. Berkooz, S.H. Shenker, G. Moore, P.J. Steinhardt, Modular Cosmology,, Phys. Rev. D 52 (1995) 3548-3562, hep-th/9503114.

[80] T. Banks, M. Berkooz, P.J. Steinhardt, The Cosmological Moduli Problem, Supersymmetry Breaking, And Stability In Postinflationary Cosmology, Phys. Rev. D 52 (1995) 705-716, hep-th/9501053.

[81] A. Lukas, B.A. Ovrut, U Duality Covariant M Theory Cosmology, Phys. Lett. B 437 (1998) 291-302, hep-th/9709030, and references therein.

[82] S.-J. Rey, D. Bak, Holographic Principle and String Cosmology, hep-th/9811008.

[83] O. Bertolami, R. Schiappa, Modular Quantum Cosmology, gr-qc/9810013.

[84] E. Witten, String Theory Dynamics In Various Dimensions, Nucl. Phys. B 443 (1995) 85-126, hep-th/9503124.

[85] M.J. Duff, Strong / Weak Coupling Duality from the Dual String, Nucl. Phys. B 442 (1995) 47-63 [hep-th/9501030].

[86] C.M. Hull, P.K. Townsend, Unity of Superstring Dualities, Nucl. Phys. B 438 (1995) 109-137 [hep-th/9410167].

[87] W. Fischler, L. Susskind, Holography and Cosmology, hep-th/9806039. [88] T. Banks, W. Fischler, L. Susskind, Quantum Cosmology In (2 + 1)-Dimensions And (3 + 1)-Dimensions, Nucl. Phys. B 262 (1985) 159.

[89] T. Banks, TCP, Quantum Gravity, The Cosmological Constant And All That. . . , Nucl.

Phys. B 249 (1985) 332.

[90] V.A. Rubakov, Quantum Mechanics In The Tunneling Universe, Phys. Lett. B 148 (1984) 280-286.

[91] M. Maggiore, A. Riotto, D-Branes and Cosmology, hep-th/9811089. [92] S.K. Rama, Can String Theory Avoid Cosmological Singularities? Phys. Lett. B 408 (1997) 91-97, hep-th/9701154.

[93] O. Aharony, String Theory Dualities from M-Theory, Nucl. Phys. B 476 (1996) 470- 483, hep-th/9604103.

[94] S. Elitzur, A. Giveon, D. Kutasov, E. Rabinovici, Algebraic Aspects of Matrix Theory on T^d, Nucl. Phys. B 509 (1998) 122-144, hep-th/9707217.

[95] N.A. Obers, B. Pioline, U-Duality and M-Theory, invited review for Phys. Rept,

hep-th/9809039.

[96] A. Dabholkar, J.A. Harvey, String Islands, hep-th/9809122. [97] M. Dine, E. Silverstein, New M-theory Backgrounds with Frozen Moduli,

hep-th/9712166.

[98] P. Hořava, E. Witten, Heterotic and Type I String Dynamics from Eleven Dimensions, Nucl. Phys. B 460 (1996) 506-524, hep-th/9510209.

[99] E. Witten, Strong Coupling Expansion Of Calabi-Yau Compactification, Nucl. Phys. B 471 (1996) 135-158, hep-th/9602070.

[100] T. Banks, M. Dine, Couplings And Scales In Strongly Coupled Heterotic String Theory, Nucl. Phys. B 479 (1996) 173-196, hep-th/9605136.

[101] N. Arkani-Hamed, S. Dimopoulos, G. Dvali, The Hierarchy Problem and New Dimensions at a Millimeter, Phys. Lett. B 429 (1998) 263-272, hep-ph/9803315.

[102] L. Motl, T. Banks, On the hyperbolic structure of moduli space with 16 SUSYs, J.

High Energy Phys. 9905 (1999) 015 [hep-th/9904008].

[103] A. Sen, Strong-weak coupling duality in three-dimensional string theory, Nucl. Phys.

B 434 (1995) 179 [hep-th/9408083].

[104] A. Sen, Duality symmetry group of two-dimensional heterotic string theory, Nucl.

Phys. B 447 (1995) 62 [hep-th/9503057].

[105] J.H. Schwarz, Classical duality symmetries in two dimensions, hep-th/9505170.

[106] O. Ganor, Two conjectures on gauge theories, gravity, and infinite dimensional Kac- Moody groups, hep-th/9903110.

[107] T. Banks and M. Dine, Quantum moduli spaces of N = 1 string theories, Phys. Rev.

D 53 (1996) 5790 [hep-th/9508071].

[108] T. Banks, SUSY breaking, cosmology, vacuum selection and the cosmological constant in string theory, hep-th/9601151.

Vita

Luboš Motl

1995 Miloš Zahradník, Luboš Motl, Pěstujeme lineární algebru (We Grow Linear Algebra), a textbook, Charles University, Prague, Czech Republic.

1995 L. Motl, Two parametric zeta function regularization in superstring theory,

hep-th/9510105.

1996 L. Motl, Quaternions and M(atrix) theory in spaces with boundaries,

hep-th/9612198.

1997 L. Motl, Proposals on nonperturbative superstring interactions,

hep-th/9701025.

1997 Mgr. (equivalent of MSc.) in Physics from the Charles University, Prague, Czech Republic.

1997-2001 Graduate work in Physics and Astronomy, Rutgers, The State University of New Jersey, New Brunswick, New Jersey.

1997 T. Banks, L. Motl, Heterotic strings from matrices, J. High Energy Phys. 9712 (1997) 004 [hep-th/9703218].

1997 L. Motl, L. Susskind, Finite N heterotic matrix models and discrete light cone quantization, hep-th/9708083.

1998 O. Ganor, L. Motl, Equations of the (2,0) theory and knitted fivebranes, J. High Energy Phys. 9805 (1998) 009 [hep-th/9803108].

1998 T. Banks, W. Fischler, L. Motl, Dualities versus singularities, J. High Energy Phys. 9901 (1999) 019 [hep-th/9811194].

1999 L. Motl, T. Banks, On the hyperbolic structure of moduli space with 16 SUSYs, J. High Energy Phys. 9905 (1999) 015 [hep-th/9904008].

1999 T. Banks, L. Motl, A nonsupersymmetric matrix orbifold, J. High Energy Phys. 0003 (2000) 027 [hep-th/9910164].

2000 T. Banks, M. Dine, L. Motl, On anthropic solutions to the cosmological constant problem, hep-th/0007206.

2001 Ph.D. in Physics and Astronomy.