arXiv:hep-th/0109155 v4 6 Oct 2003

hep-th/0109155

TIT/HEP-471 September, 2001

Dualities between K3 fibered Calabi–Yau three-folds

Mitsuko Abe^∗

Faculty of Engineering Shibaura Institute of Technology Minato-ku, Tokyo 108-8548, Japan and Department of Physics Tokyo Institute of Technology Oh-okayama, Meguro, Tokyo 152-8551, Japan

Abstract

We propose a way to examine N=1 and N=2 string dualities on Calabi-Yau three-folds and their extensions. Our way is to find out or to construct two types of toric representations of a Calabi-Yau threefold, which contain phases topologically equivalent or phases connected by flops. We discuss how to find relations among Calabi-Yau three-folds realized in different toric representations. We examine several examples of Calabi-Yau three-folds that have the Hodge numbers, (h^{1,1}, h^{2,1}) = (5, 185) and the various numbers of K3 fibers. We observe that each phase of our examples contains Del Pezzo 4-cycles, B_8 in six ways.

∗mabe@th.phys.titech.ac.jp

1 Introduction

A motivation of our work is to examine N=1 and N=2 string dualities from identification of Calabi-Yau three-folds (CY3s). We propose to utilize several different types of toric representations, i.e., local coordinates of a CY3, which are topologically equivalent.

There are two points that characterize a toric representation in the above case: one is the existence of extra tensor multiplets in 6-dimensional intermediate stage and the other the existence of double K3 fibrations in CY3s, which may not be seen clearly from a single K3 fibered representation without using the method given by [1, 2]^3.

First, we use the heterotic-type IIA string duality, that is, if a CY3 admits both K3 and T^2 fibrations with at least one section then type IIA string on the CY3 is dual to a heterotic string on K3×T^2 [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15].

Second, we use the heterotic-heterotic string duality, that is, if there are double K3 fibered CY3s then there are two heterotic string compactifications depending on which K3 fibrations are used in the compactification[16]. Furthermore, we can extend to the heterotic-heterotic string duality between two toric representations with the topologically equivalent CY3s.

Third, we use the heterotic-type IIB string duality to examine how to relate type IIA side to the heterotic string sides in the strong or weak coupling regions by calculating discriminants of a mirror polynomial of CY3 in our case and taking an appropriate parameter limit. They correspond to the gauge symmetry of heterotic string side which comes from the four contributions: (one K3 fibration )×(the other K3 fibration) × ( d=6 tensor) × (further T^2 compactification).

By changing a parameter to another parameter in the mirror polynomial, we can exchange the weak coupling region with a strong coupling region. For a toric representation of a CY3 with single K3 fibration phase, we can see only one-side contribution of K3 fibrations, i.e., weak coupling region only or strong

3♯ of K3 fibrations in each CY3 phases means the number of divisors, J_i with c_2 · J = 24 under our basis. These CY3s have the possibility to have other K3 fibers which can not be seen as a sub dual polyhedron. If one take another base then this number may change.

coupling region only. By identifying a double K3 fibered CY3 phase with a single K3 fibered CY3 phase, we can identify strong coupling region physics which is not seen clearly with the weak coupling region physics We examine two toric representations with the same Hodge numbers, (h^{1,1}, h^{1,2}) = (5, 185) in two series, (III) of CFPR model and (IV) of HLY model mainly^4 which may satisfy above three dualities and show their relations. Furthermore, Δn_T ≥ 3 case is the touchstone of the identification of (III) and (IV), since the properties of (III) and (IV) are different, i.e., the ADE type singularity appears in (III) and no ADE type singularity does in (IV). The relations of two toric representations with the same Hodge numbers, (h^{1,1}, h^{1,2}) = (8, 164) in (III) and (IV) and the heterotic-type IIB string dualities of them are in [17].

One aim in examining heterotic-type IIB string dualities in [17] is to show an interplay of perturbative gauge field and non-perturbative one by using monodromies and discriminants • For (III) representation with J_1 identified with the dilaton^5, the gauge symmetry in heterotic string side comes from (I of K3_2 )×( U(1)^{⊗ΔnT} of tensor) (A_2 of T^2 cmpt.) ← strong × (ADE sing. of K3_1 ) ← weak • For (IV) representation with t_2 identified with the dilaton, the gauge symmetry in the heterotic string side comes from (I of the generic K3_2 ) × (U(1)^{⊗ΔnT} of tensor) × (A_2 of T^2 cmpt.) ← weak × ( remains of ADE in K3_1 ) ← strong (If we take t_1 as the dilaton, then the remains of ADE singularity appear in the weak coupling region of b_1.)

The higher derivative couplings of vector multiplets X to the Weyl multiplet W of conformal N=2 supergravity can be expressed as a power series: K(X, W^2) = Σ^∞_{g=0}K_g(X)(W^2)^g. Suppose that a holomorphic prepotential of genus zero in heterotic string of D=4 side is given by tree and one-loop contri-

4The definitions of the models are in the next section.

5There are two parameters, b_1 and b_2 due to double K3 fibrations with b_i = e^{−2πti} , c_2·J_i = 24.(i=1,2). The explanations of t_i and J_i are in section 3. If we can identify a parameter in the discriminants in IIB side with t_i in type IIA side by mirror map then b_i → 0 is a weak coupling region and b_i = 1 will be a strong coupling region.

butions. K^{(g=0)}_H = S(T U−Σ_iC^iC^i)+K^{(1)}_H (T, U, C)+K^{(N P )}_H (e^{−2πS} , T, U, C, C^′, V ) ∈ K^{(0)}_H +K^{(1)}_H . T and U are two Abelian vector multiplets that contain the Kaluza- Klein gauge bosons of the torus and the corresponding toroidal moduli. The scalars C^i, i = 1, · · · , rank (G) in a Cartan subalgebra of G are flat directions of the effective potential and at generic values in their field space the gauge group is broken to [U(1)]^{rank(G)}. A vector multiplt that comes from D=6 tensor multiplet and contains a candidate of dilaton is denoted by S. K^{(N P )}_H summarizes the space-time instanton correction to K_H , i.e., containing sum of trilogarithmic function, and K^{(1)} is the dilaton independent one-loop contribution. In a phase where both T and S have candidate of dilaton i.e.,in a double K3 fibered phase, if under S ↔ T exchange, K^{(N P )}_H → P^{(N P )}_3 (T, U, C, C^′, V ) and K^{(1)}_H = P^{(1)}_3 (T, U, C^i)+· · · for S → ∞ then the trace of heterotic-heterotic duality exists where P_3 is some triple couplings and independent on S. C^′ can be additional vector multiplets or dual tensor-vector multiplets that are of non-perturbative orgin and do not have the canonical couplings to one-side dilaton, S. We would like to seek these phenomena ocurring between two representations.^6.

We also discuss how to identify two representations. Some identifications of CY3 phases have been done by using dual polyhedra [21, 22, 23, 24]. The method given by [1, 2] is powerful to see the property of CY3s and their relations. There are several works that discuss the relation of elliptic fibered CY3s with F_0 base and F_2 base [3, 26, 27, 28, 29]. The investigation in Sec. 4 is based on the topological invariant calculation done by S. Hosono [30] and serves as an extension of the earlier works. The organization of this article is as follows:

1. Introduction

6When taking a strong coupling region limit such as one of J_2 = 0, c_2 · J = 24 in a double K3 fibered phase in CFPR model then we may find a single K3 fibered phase in HLY model that corresponds to this situation. In CFPR model side, C^′ can not be represented by a toric divisor however C^′ may be a toric divisor in the single K3 fiberd phase of HLY model. (In general, C^′ can be seen in the extremal transition [18]. However, we would like to relate them to the modular forms or the characters. ) We would like to derive the information for a compact form of trilogarithmic function contribution and to compare it with that on local CY3 case because (IV) model side partition function will be represented in a simple form. We would like to express sum of trilogarithmic function as [19, 20].

2. Why we compare various models ? 3. The method to identify toric representations 4. The relation among (III), (IV) and (V) models 5. Future problem

2 Why we compare various representations ?

There are several series of CY3s that arises naturally from the heterotic-type IIA string duality. The starting point is E_8 × E_8 heterotic string compactified on K3×T^2 with G_1×G_2 bundles with instanton numbers ( k_1, k_2) such that k_1+ k_2 = 24 [8, 9]^7. Using the index theorem and anomaly cancellation condition, we find spectra of D=4 N=2 heterotic string vacua, which are related to the Hodge numbers of CY3-folds in typeIIA string side with the same spectra. We list four series that have dual, type IIA string on CY3s [8, 9]^8 (CY3s used in (I) and (II) series are in tables 1,2 and 3. )

1. In the first series,

E_8 → G_1 = I E_8 → G_2 = {I, A_1, A_2, D_4, E_6, E_7, E_8} that depends on n^0. We call this series as (I) (terminal case). ( see table 2)

2. The second series, E_8 → G_1 ≠ I, i.e., G_1 = {A_1, A_2, A_3, · · · } E_8 → G_2 = {I, A_1, A_2, D_4, E_6, E_7, E_8} that depends on n^0. We call this series as (II).

We follow the notations, such as (I), (II), etc. given in in those of [17, 29].

Most of CY3s in (I) and (II) can be extended to be CY3s with extra blow ups by adding appropriate toric points [9, 22]. ( (III) and (IV) are in tables 4

7(k_1 = 12+n^0, k_2 = 12−n^0) where n^0 is introduced for convenience. G_1 and G_2 come from each E_8.

8Furthermore, there are three versions of these series by changing the type of elliptic fiber. A-chain version is in the [9, 12], where the elliptic fiber of the CY3 is P(1, 2, 3)[6]. The extension to B or C versions with elliptic fiber P(1, 1, 2)[4] or P(1, 1, 1)[3] are also possible.

and 5) They are classified to third (i.e., an kind of (I)^†) or forth series (i.e., an kind of (II)^{† 9}). (III) of CFPR model is a similar extension from (I)^{10} and (XI) of CFPR model from (II). We see that (I^†) and (III) are equivalent^{11}.

There is a quite different type extension of CY3s which is given by [31]. Keeping the K3 fibration with the same weight, a weight of base P^1(1, s) is changing in this representation of CY3s. We call them (IV) and (VI) of HLY model, which may relate to be (I)^† and (II)^† of CFPR model^{12}. There is another type of the extension that has a triple K3 fibration at most [27]. We call this (V) of LSTY model.

3. The third series, E_8 → G_1 = I E_8 → G_2 = {I, A_1, A_2, D_4, E_6, E_7, E_8} × U(1)^{⊗ΔnT} due to additional tensor multiplets. We call this series as (I)^† or (III) of CFPR model. (V) of LSTY model are also in this series. (IV) of HLY model may relate or belong to this series. (see table 3 and 4) 4. The forth series, E_8 → G_1 ≠ I, G_1 = {A_1, A_2, A_3, · · · } E_8 → G_2 = {I, A_1, A_2, D_4, E_6, E_7, E_8} × U(1)^{⊗ΔnT} . (II)^† or (XI), extensions from CFPR model are in this series. (VI) of HLY model may relate or belong to this series. ( see table 7)

9(I)^†/(II)^† means the modified (I)/(II) in [10] with extra tensor multiplets. 10The difference between the dual polyhedron of (I)^† and (III) is as follows [10, 15, 12].

The dual polyhedra of case (I)^† have the modified dual polyhedra of K3 part. For the case (III) in the A series, the dual polyhedron of K3 part is not modified. The highest point in the additional points is represented by the weights of the K3 part of the terminal A series in this base. One point such as (0, ∗, ∗, ∗) is also represented by the part of the weight of the terminal K3 part. The following element in SL(4,Z) can transform these polyhedra into

the dual polyhedron given by [15].

1 0 1 2 0 1 2 3 0 0 1 2 0 0 −1 −1

. In the base of [15], the additional

points make a line with x_4 = −1.

11Their triangulations coincide by identifying the replaced vertices. Furthermore, U(1) charges defined in appendix 1 for (III) of [15] matches with the that for (I)^† of [12].

12The relation of toric realizations of (II)^† and (XI) is similar to that of (I)^† and (III). They will be coincide with each other.

Each CY3 can be realized by a hypersurface in a toric variety. A dual polyhedron of them contains some sub dual polyhedra of K3 part, which can be K3 fibrations in some phases. Base surfaces under the elliptic fibration of these CY3s are blow-ups of the ath Hirzebruch surface, Bl(F)_a. We give some explanations of models and list four dual polyhedra with (h^{1,1}, h^{2,1}) = (5, 185) that we deal with in this paper.

(I and II) Models of Aldazabal, Ibanez, Font, Quevedo and Uranga [8, 9] (AIFQU model) A dual polyhedron of this representation in [10] contains two sub dual polyhedra of K3 part as (0, ∗, ∗, ∗) or (∗, 0, ∗, ∗). One of which varies according to the instanton numbers. CY3s have a P^1(1, 1) base under this K3 fibrations, (see table 1). CY3s have a F_{n0} base under a elltiptic fiber.

(I^†) Models of Candelas, Font, Perevalov and Rajesh [10, 12] (CFPR model) a dual polyhedron in [12]of CFPR model

difference from (III) (0) ( 0, 0, 0, 0) (1) ( 0, 0, −1, 0) (2) ( 1, 0, 2, 3) (3) ( 1, 2, 2, 3) ←− ( 1, 2, 6, 9)^{(III)} (4) ( 0, 0, 0, −1) (5) (−1, 0, 2, 3) (6) ( 0, −1, 2, 3) ←− ( 0, −1, 0, 0)^{(III)} (7) ( 0, 1, 2, 3) ←− ( 0, 1, 4, 6)^{(III)} (8) ( 1, 1, 2, 3) ←− ( 1, 1, 4, 6)^{(III)} (9) ( 0, 0, 2, 3) .

(I^†) have extra one cones of (1)(1,1,2,3) and (8)(1,1,2,3) in addition to those of (I). K3 part is the same as those in (I) and (III).

(III) Models of Candelas, Perevalov and Rajesh [15] (CFPR model) a dual polyhedron in [15] of CFPR model (We use the right hand side in this paper.)

SL(4; Z) trans.

(0) ( 0, 0, 0, 0) → ( 0, 0, 0, 0), (1) ( 0, 0, 1, 2) → ( 0, 0, −1, 0), (2) ( 1, 0, 0, −1) → ( 1, 0, 2, 3), (3) ( 1, 2, 0, −1) → ( 1, 2, 6, 9), (4) ( 0, 0, −1, −1) → ( 0, 0, 0, −1), (5) (−1, 0, 2, −1) → (−1, 0, 2, 3), (6) ( 0, −1, 1, −1) → ( 0, −1, 0, 0), (7) ( 0, 1, 1, −1) → ( 0, 1, 4, 6), (8) ( 1, 1, 0, −1) → ( 1, 1, 4, 6), (9) ( 0, 0, 1, −1) → ( 0, 0, 2, 3).

A dual polyhedron contains two sub dual polyhedra of K3 parts: (0, ∗, ∗, ∗) and (∗, 0, ∗, ∗, ∗). One of which varies according to the number of tensor multiplets. CY3s have a P^1(1, 1) base under this K3 fibrations. The latter K3 part is always P^3(1, 1, 4, 6)[12]. CY3s contain some double K3 fibration phases. The h^{1,1} = 5 case has Δn_T = 2 and P^3(1, 1, 4, 6)[12] as both K3 fibrations. (IV) Models of Hosono, Lian and Yau [31] (HLY model) CY3s are realized by the weighted projective hypersurfaces P^4(1, s, s + 1, 4s + 4, 6s + 6)[12s + 12] with {s = 1, 2, 3, 4, 6, 8, 12}. CY3s have single K3 fibration phase with fiber P^3(1, 1, 4, 6)[12] as (0, ∗, ∗, ∗) and base, P(1, s). h^{1,1} = 5 case has s = Δn_T = 2.

Using toric data, we can examine the heterotic-type IIA duality. The heterotic-type IIA string duality for (III) and (I^†) has been made clear in [12, 21], which we review at first. The differences between the Hodge numbers of (I) and (III) or (I^†) with k_1 + k_2 + Δn_T = 24, k_1 = 12 + n^0 − Δn_T , n^0 = Δn_T are given by

Δh^{2,1} = −h^{2,1} |_{in (I)} +h^{2,1} |_{in (III)}= −29Δh^{1,1}, Δh^{1,1} = −h^{1,1} |_{in (I)} +h^{1,1} |_{in (III)}= Δn_T .

a dual polyhedron in [31] of HLY model

difference from (III) (0) ( 0, 0, 0, 0) (1) ( 0, 0, 0, −1) (2) ( 0, 0, −1, 0) (3) ( 0, −1, 0, 0) (4) (−1, 0, 0, 0) ←− (−1, 0, 2, 3)^{(III)} (5) ( 2, 3, 12, 18) ←− ( 1, 0, 2, 3)^{(III)} (6) ( 1, 2, 8, 12) ←− ( 1, 2, 6, 9)^{(III)} (7) ( 0, 1, 4, 6) (8) ( 1, 1, 6, 9) ←− ( 1, 1, 4, 6)^{(III)} (9) ( 0, 0, 2, 3)

The number of the tensor multiplets n_T in (IV) is given by n_T = h^{1,1} (Bl(F_2))− 1 = d_1 −2d_0 −1 = s+1, (s ≥ 2), where d_i denotes the number of i-dimensional cones of the fan that describes the base Bl(F_2). The Hodge numbers and n_T in (IV) and (V) coincide with those in (III). It seems that there exists a heterotic string on K3×T^2 that is dual to both the type IIA string compactified on CY3 of (IV) and that on a CY3 of (V).

Another candidate of single K3 fibered CY3 representation is (VI) Models of Hosono, Lian and Yau [31] (HLY model) P^2(1, s) based P^3(1, 1, 3, 5)[10] fibered CY3s, P^4(1, s, s+1, 3s+3, 5s+5)[10s+ 10] with {s = 1, 2, 3, 5, 7, 9, 10}. This representation relates to the forth series of heterotic type IIA string duality with G_1 = A_1 in A series. Some of CY3s satisfy the following anomaly free conditions for s = {2, 5, 7, 9}[17]^{13}. As the result of the comparison of (VI) and (II) in A series with G_1 = A_1, we obtain Δh^{2,1} = h^{2,1} |_{(VI)} −h^{2,1} |_{(II)}, Δh^{1,1} = h^{1,1} |_{(VI)} −h^{1,1} |_{(II)}= Δn_T , h^{2,1}|_{(II) withA1} = h^{2,1}|_{(I)} − (12n + 29), Δh^{2,1} = −(29 − 12)Δh^{1,1} = −17Δh^{1,1}.

13n^0 = 0 case with F_0 based CY3 and n^0 = 2 case with F_2 based CY3 in (II) have the different Hodge numbers. Therefore, for some CY3s with small s, the anomaly freeconditions are changed.

with k_1 + k_2 + Δn_T = 24, k_1 = 12 + n^0 − Δn_T , n^0 = Δn_T .

For K3 × T^2 side, 12n + 29 is calculated by the index theorem and denotes the number of G_1 charged hyper multiplet fields[22, 9]. We substitute n = n^0−Δn_T for the extra tensor multiplets case instead n = n^0. Similar extensions to other G_1 ≠ I gauge group in A chain, B and C chain versions also seem to be possible [17]. We also suppose the existence of the double K3 fibered CY3s, which is denoted as (IX). They can be obtained by the extension from A series with G_1 = A_1 in model (II).

(V) Model of Louis et al. [27] (LSTY model ) a dual polyhedron in [27] of LSTY model (It can be obtained by the modifications of (III) or (I^†))

(0) ( 0, 0, 0, 0) (1) ( 1, 1, 2, 3) ←− ( 1, 1, 4, 6)^{(III)} (2) ( 1, 0, 2, 3) (3) ( 0, −1, 2, 3) ←− ( 0, −1, 0, 0)^{(III)} (4) (−1, −1, 2, 3) ←− ( 1, 2, 6, 9)^{(III)} (5) (−1, 0, 2, 3) (6) ( 0, 1, 2, 3) ←− ( 0, 1, 4, 6)^{(III)} (7) ( 0, 0, 2, 3) ←− the point absent in “17” [27, p.20] (8) ( 0, 0, −1, 0) (9) ( 0, 0, 0, −1)

A toric representation of (V) with h^{1,1} = 5 contains three dual sub polyhedra of K3 part. All K3 part are realized by P^3(1, 1, 4, 6)[12].^{14} By these toric data, we can see the structure of the Kähler moduli spaces CY3^{15}. Given a singular ambient space, we have in general many phases in the associated Kähler moduli space of the nonsingular ambient space.

14The dual polyhedron of (V) coincides with that of (I^†) except one vertex: (1, 2, 2, 3)^{(III)} → (−1, −1, 2, 3)^{(V)}. By this, the existence of three symmetric K3 sub dual polyhedra can be seen apparently: {(5)(−1, 0, 2, 3), (∗, 0, ∗, ∗), (2)(1, 0, 2, 3)} ↔ {(3)(0, −1, 2, 3), (0, ∗, ∗, ∗), (6)(0, 1, 2, 3)} ↔ {(4)(−1, −1, 2, 3), (∗, ∗, ∗, ∗), (1)(1, 1, 2, 3)} . 15We follow the result, notations and definitions of [1, 2].

3 The method to identify toric representation

We discuss the case when two dual polyhedra have no twisted sectors ( = nontoric degree of freedom). The method that we use is given by [1, 2], that is, to derive Gromov-Witten invariants, to compare them directly and to examine the relations of CY3 phases. It is the most effective and rigorous way. Especially, if some Gromov-Witten invariants of CY3s are those of Del Pezzo surfaces, the comparison is very easy. By fixing U(1) charges, Q such as in appendix 1, we first have to calculate Mori-cones[33] and Kähler cones in each phase^{16}. Mori-cones generated by the holomorphic curves {ℓ_j } are the dual of Kähler cones generated by {J_i}^{17 18 20}. The Gromov-Witten invariants N({n_i}) are defiend by the instanton corrected Yukawa coupling K_{xi,xj ,xk} . N({n_i}) is the instanton number of the rational curves C of multidegree {n_i = ∫ C J_i}. The algebraic coordinates {x_i} and the special coordinates {t_i} are related to the mirror map via Mori-vectors [1, 2]. K_{ti,tj ,tk} (t)^{g=0}_{II} = 1 w_0(x(t))^2 ∑ lmn ∂x_l ∂t_i ∂x_m ∂t_j ∂x_n ∂t_k K_{xl,xm,xn} (x(t)), = K^0_{ijk} + ∑ {n_l} N({n_l})n_in_j n_k ∏ l q^{nl}_l 1− ∏ l q^{nl}_l ,

where q_i = e^{−2πti} . Integrating back yields a trilogarithmic function. K^0_{ijk} is the classical part of the Yukawa couplings^{21}. The dual polyhedra that we

16They satisfy {Q_1, · · · , Q_9} = {J_1, · · · , J_5} · ℓ_1 ℓ_2 ℓ_3 ℓ_4 ℓ_5

. By matrix notation, J_j and Q_i are

column vectors and ℓ_i are row vectors. i = 1, · · ·5forh^{1,1} = 5 case. 9 denotes the number of the points in the dual polyhedra of a CY3-fold.

17The complexified Kähler class J is givem by J = ∑_h1,1 i=1 t_iJ_i ∈ H^2(M ; C).

18Both ℓ_j and J_i are represented by the common dual basis in each models, m_i and D_i such as J_j = ΣD_iA_{ij}^{19} and ℓ_i = ΣS_{ij}m_j . D_i are toric divisors corresponding Q_i charges. D_i · m_j = δ_{ij} . A_{ij} and S_{ij} are 5 × 5 transformation matrices.

20We can see that the volume of the curve ℓ = ∑ j n_jℓ_j measured by J is vol_{J(ℓ)} = ∑_h1,1 i=1 n_it_i. 21K^0_{ijk} := d_{ijk}t_it_j t_k, d_{ijk} = ∫ CY 3 Ji ∧ Jj ∧ Jk. To get the Yukawa coupling from this

notation, some additional normalizations factors are necessary: t^3_i →^1_{3!} t^3_i and t^2_i →^1_{2!} t^3_i .

compare do not coincide with each other by SL(4,Z) transformation. Nevertheless, in some phases, topological invariants happen to match. Note that Mori vectors do not match even if they are equivalent CY3 phases between the different models. We use the following theorem and the sub steps. Wall’s Theorem says that the agreements of classical invariants, c_2 · J and K^0, lead to the agreements of topology as well as Gromov–Witten invariants [32] in two CY3s. We can narrow down candidates of the transformation matrix by comparing values of c_2 · J_i.

• criterion 1 :

If c_2 · J and K^0 match then it leads to the agreement of the Gromov– Witten invariants, N({n_i}). In this case, the number of the K3 fibrations in two phases is the same^{22}.

• criterion 2 :

To compare the two phases ( regardless of their jurisdiction, i.e., the different models or the same models ), we can use a candidate of transformation matrix of topological invariants by combining some transformation matrices of divisors. We can make such a matrix by replacing a divisor of the original phase by another divisor. These divisors have the same c_2 · J_i and d_{ijk} . If this matrix is integer valued and transforms topological invariants, then these two phases are the same ; Let (J_i, ℓ_j ) and (J^′_i, ℓ^′_j ) be some generators of the Kähler and the Mori cones of the two equivalent CY3 phases. An integer-valued matrix of divisors such as J^{′(B)}_i = ∑_h1,1 j=1 J^{(A)}_j (M_{(AB)})_{j,i}, ℓ^{′(B)}_i = ∑_h1,1 j=1(M_{(AB)})^{T (−1)}_{i,j} ℓ^{(A)}_j , transform topological invariants, c_2 · J^′_j = ∑_h1,1 j=1 M_{(AB)ij} c_2 · J^′_i , d^′_{ijk} = ∫ CY3 J^′_i ∧ J^′_j ∧ J^′_k = ∑ lmn M_{(AB)il}M_{(AB)jm}M_{(AB)kn} ∫ CY3 J_l ∧ J_m ∧ J_n, and N({n^{(A)}_i }) = N^′({n^{′(B)}_i }), for n^{′(B)}_i = ∑_h1,1 j=1 n^{(A)}_j (M_{(AB)})_{j,i}^{23 24 25}.

22In these cases, we can see some mappings of the ambient space data between two equivalent whole Kähler cones of two models.

23A curve [C] admits the expansion [C] = ∑_h1,1 i=1 n_iℓ_i = ∑_h1,1 j=1 n^′_jℓ^′_j . 24A transformation matrix, M can contain some negative integers even if they are in the same phase. However,{n_i} and {n^′_i} are bijective and should contain only positive integers.

25A transformation matrix of whole Kähler cones such as M^{(IV),T}_{(AB)} = A^{(IV),T}_{(B)} A^{(IV),T}_{(A)}^{−1}

4 The relation among (III), (IV) and (V) models

There are two characteristic points about the triangulations of (III), (IV) and (V) with (h^{1,1}, h^{2,1}) = (5, 185).

The first point is about the feature of the Gromov-Witten invariants. All phases of them contain Del Pezzo 4-cycles, B_8^{26} in many ways^{27}. The existence of B_8 in F_1 based elliptic fibered CY3 with (h^{1,1}, h^{2,1}) = (4, 214) has already been investigated [6]. (h^{1,1}, h^{2,1}) = (5, 185) case has one more extra blow up point than (h^{1,1}, h^{2,1}) = (4, 214) case.

The second point is that the different triangulations of them do not lead to the different phase. In general, a CY3 phase is specified by a particular triangulation of the polyhedron. However, some different triangulations ( called phases in this article) do not lead to different CY3 phase [11]. In that case, the conclusion is that the singularities on the submanifolds blown up to specify each phase do not contribute to CY3 phases. This property depends on the dimensions of the submanifold that contains them^{28}. Some triangulations in (III), (IV) and (V) resulted into this case.

There are five phases in HLY model, eight phases in CFPR model and eighteen phases in LSTY model which are specified by the triangulation ( see table 7). The identifications of CY3 phases by the criterion 1 is shown in table 9. The phases in the same line in table 9 have the same topological invariants. Four phases of a single K3 fibration in HLY model can be identified with four phases of a single K3 fibration in CFPR model. 15 phases of (V) in CFPR

in the same model can not transform topological invariants, because they depend on the ambient space data specified by the triangulation. (A and B denote phase names for example. ) However, modifying or combining A, we can get a transformation matrix of equivalent phases. Though in one model, all the divisors can not always be represented by the data of the ambient space, they will be transformed or related to those of the another model. We confirmed this by including (V).

26B_8 is given by E_8 = P^2(1, 2, 3)[6] fibered 4-cycle and has eight blow up points. The property of Gromov-Witten invariants in B_8 is ruled by this elliptic fiber.

27Most phases have B_6 in six ways. For example, we can reduce Mori vectors of CY3 in triple K3 fibration phase, α_{10} to those of Del Pezzo B_8 in six ways.

28In this case, the dimension of the submanifold is codim 2 of CY3 +1.

model can be identified with four phases of (III) of CFPR model.

By using criterion 2, we can identify one pair of phases such as the phase A with a single fibration of HLY model and the phase g with a double K3 fibration of CFPR model. We can also identify the left four phases of (III) in CFPR model including phases with double K3 fibration and the left three phases in (V) of LSTY model including a triple K3 fibration case with the phases in (IV) of HLY model. The result is in table 10.

In conclusion, there are only five topologically nonequivalent phases defined by the different triangulation in (IV) of HLY model for Δn_T = 2. The other phases in (III) of CFPR model and (V) of LSTY model are equivalent to these five phases. Each model that contains topologically equivalent phases is a local coordinate representation of the same CY3-fold^{29}.

5 Future problem

In this paper, we derived the relationship of three CY3 models with (h^{1,1}h^{2,1}) = (5, 185). We come to the conclusion that three models and their extensions satisfy N=2 and N=1 string dualities[35] because they are all local representations of the same CY3. This is the starting point of the comparison of (III) of CFPR model and (IV) of HLY model to derive the example of N=2 and N=1 string dualities on two toric representations of the same CY3 model. In h^{1,1} = 5 case, both K3 fibrations are the same K3 therefore interplay of nonperturbative and perturbative gauge fields, i.e., the trace of heterotic-heterotic string duality is not seen [27]^{30}. However, this CY3 is an extension of phase 6

29All phases in (IV) are represented by the simplicial cones. However, half of (III) phases and most of (V) phases are not simplicial cones. It is difficult to take five true phases by taking the union of Kähler cones of the equivalent phases among (IV), (III) and (V). Because, we must get all virtual Mori-vector of the one model side, which corresponding to Mori-vectors of the equivalent phase of the other model to take the intersection. For example, we can not get the cap of Mori-vectors of phase A and g and α_{10} in (III), (IV) or (V) side .

30For triple K3 fibered phase of α_{10}= phase 17 of [27], three t_i with C_2 · J_i = 24 are symmetric in K^0 therefore, the change S ↔ T is symmetric. The IIA string side topological part of prepotential is K^0 = ST U −^1_2 U V^2_Y −^1_2 U W_Y +^1_4 U^3 by changing t_i into heterotic side variables. V_Y and W_Y are two tensor multiplets [27].

with (4,214) in [27] which is related to the non-critical string model[34] though the part of CY3 where B_8 exists is different. We conjecure that the relation of HLY and CFPR models with higher Hodge numbers may also be interpreted by shrinking B_8 and flops on (P^1(1, 1) based P^1(1, s) fibered ) Hirzebruch surface based elliptic fiberd CY3-fold^{31}. For higher Hodge numbers case, the type of double K3 fibration is different and tree level topological three-point function with a dilaton, T should come from non-perturbative terms of with another dilaton, S side in the double K3 fibration phase. Therefore, the trace of heterotic-heterotic duality will be seen apparently.

4D N=2 super YM theory can also be analyzed as the heterotic strings compactified on K3×T^2 in the weak coupling region. The threshold correction of case (I) in heterotic string side has been given by the calculation of the partition function [39, 40, 41, 42]. By combining their method with generalized modular forms [43] and the result of local B_8 string model [34, 44], we will be able to derive the perturbative Yukawa couplings for the extra tensor multiplets case by comparing the Gromov-Witten invariant data of type II^{32 33}.

Furthermore, we would like to compare the partition function on global CY3 and on local CY3 [36]^{34}. By identification of a Mori-vector with one from elliptic fiber i.e., and by taking the limit of large elliptic fiber in GKZ equations as z_f → 0, we can get a local CY3-fold [37]. We would like to use this data to compactify type II/M and to get 5-dim. gauge theory on M_4 × S^1

31Type IIB string side on (IV) case is a theory on P^1(1, s) based ALE fibered one, which might correspond to the non-perturbative property of (III).

32Take for a simple example, phase 6 of (4,214) case in[27], Mori-vectors of CY3 reduce to those of Del Pezzo B_8 surfaces in three ways, which agrees with table 8. By decomposing the result of [44] and replacing some part to match with brown up F_2 data in table 3 of [37], we will be able to derive the partition function. (See appendix 6 and [45]).

33An examination of relations among h^{1,1} = 4 and h^{1,1} = 5 models and their partition functions in type II-heterotic string web in table [27, 28] will be interesting by applying a method in this paper. The phase 5 given by in [27] has non-symmetrical double K3 fibrations and the trace of heterotic-heterotic string duality, which is contained in CFPR model with (8,164).

34For example, the base of CY3-fold of phase 6 with (4,214) is F_2 with one point blown up and the same as those of CY3-folds [38] up to SL(2,Z) transformation. Base of (V) model is also the same as those of them.

[38]^{35}.

Acknowledgment I would like to thank K. Mohri for fruitful discussions. I would like to thank S. Hosono for his help in calculating Mori vectors and topological invariants in this paper including the method of identification of phases. I would like to thank to N. Sakai for useful discussions.

Appendix 1 Linear relations among the vertices We list some linear relations of one-cones in the dual polyhedra, Q_{(i)}. They are called U(1) charges and have SL(5,Z) option. ( We use charges in the left hand side.)

• transposed U(1) in (III)^{36 37}

35Work is in progress.

36In criterion I cases of these models, we can choose U(1) charges so that divisors with the same topological invariants in two models have the same transformation matrices from the common basis of Kähler cones. Namely, for fixed Mori-vectors, we choose U(1) charges of two models so that at least h^{1,1} numbers of divisors (i.e.,linear combinations of basis of Kähler cones ) with same topological invariants have common values in two models. For example, in phase c and B by using U (1)^{X1} , we can represent the corresponding divisor in the same value of the transformation matrices, (see appendix 2). We can use this identification of divisors to seek a corresponding divisor from one model to another model and to derive matrices in criterion 2. The mappings of U(1) charges to identify two models are not unique and we must classify phases according to the correspondence of divisor representation of the same topological invariants in two models and decide which mapping we should use to compare by case by case.

37X_1 : (Q_i)^{(III)} → (Q_i)^{(III)}_{X1} =

2Q^{(III)}_{2i} + Q^{(III)}_{1i} Q^{(III)}_{2i} + Q^{(III)}_{1i} Q^{(III)}_{3i} Q^{(III)}_{4i} + Q^{(III)}_{2i} Q^{(III)}_{5i} and (Q_j)^{(IV)} = Q_{1j} Q_{2j} Q_{3j} Q_{4j} Q_{5j}

(IV)

,

: (Q_1, Q_2, Q_3, Q_4, Q_5, Q_6, Q_7, Q_8, Q_9) (Q_1, Q_2, Q_3, Q_4, Q_5, Q_6, Q_7, Q_8, Q_9)^{X1} ( 4, −1, 1, 6, 0, 2, 0, 0, 0) →( 12, 1, 1, 18, 2, 2, 0, 0, 0) ( 4, 1, 0, 6, 1, 0, 0, 0, 0) →( 8, 0, 1, 12, 1, 2, 0, 0, 0) ( 4, 0, 0, 6, 0, 1, 1, 0, 0) →( 4, 0, 0, 6, 0, 1, 1, 0, 0) ( 2, −1, 0, 3, 0, 1, 0, 1, 0) →( 6, 0, 0, 9, 1, 1, 0, 1, 0) ( 2, 0, 0, 3, 0, 0, 0, 0, 1) →( 2, 0, 0, 3, 0, 0, 0, 0, 1).

• transposed U(1) in (IV) • transposed U(1) in (V) : (Q_1, Q_2, Q_3, Q_4, Q_5, Q_6, Q_7, Q_8, Q_9) (Q_1, Q_2, Q_3, Q_4, Q_5, Q_6, Q_7, Q_8, Q_9) (18, 12, 3, 2, 1, 0, 0, 0, 0) ( 1, 0, 0, 1, 0, 0, 0, 4, 6) (12, 8, 2, 1, 0, 1, 0, 0, 0) ( 0, 0, 1, 0, 0, 1, 0, 4, 6) ( 6, 4, 1, 0, 0, 0, 1, 0, 0) ( 0, 1, 0, 0, 1, 0, 0, 4, 6) ( 9, 6, 1, 1, 0, 0, 0, 1, 0) ( 1, 0, 1, 0, 1, 0, 0, 6, 9) ( 3, 2, 0, 0, 0, 0, 0, 0, 1). ( 0, 0, 0, 0, 0, 0, 1, 2, 3)

Appendix 2 Some pairs of the equivalent phases between (III) and (IV) There are three pairs between (III) and (IV) : • phase c= phase B:

• {J_1, · · · , J_5}^{(III)}_c = • {J_1, · · · , J_5}^{(IV)}_{(B)} =

{D_1, · · · , D_5}^{(III)}

2 1 0 1 0 2 3 1 1 2 2 2 0 1 1 1 0 0 0 0 1 1 0 0 0

(III)

(c) ⇒{D_1, · · · , D_5}^{(IV)}

6 7 2 3 4 4 4 1 2 2 2 2 0 1 1 3 3 1 1 2 1 1 0 0 0

(IV)

(B) ,

{c_2 · J_1, · · · , c_2 · J_5}^{(III)}_{(c)} = {72, 82, 24, 36, 48} ⇒{c_2 · J_1, · · · , c_2J_5}^{(IV)}_{(B)} = {72, 82, 24, 36, 48},

K^0_B = K^0_{(c)} = 6t^3_1 + 7t^2_1t_2 + 7t_1t^2 + 7t^3_2 + 2t^2_1t_3 + 2t_1t_2t_3 + 2t^2t_3 + 3t^2_1t_4 + 3t_1t_2t_4 + 3t^2t_4 + t_1t_3t_4 + t_2t_3t_4 + t_1t^2_4 + t_2t^2_4 + 4t^2_1t_5 + 4t_1t_2t_5 + 4t^2t_5 + t_1t_3t_5 + t_2t_3t_5 +

2t_1t_4t_5 + 2t_2t_4t_5 + 2t_1t^2_5 + 2t_2t^2_5. • phase d= phase C:

K^0_{(C)} = K^0_{(d )} = 6t^3_1 + 7t^2_1t_2 + 7t_1t^2 + 7t^3_2 + 8t^2_1t_3 + 8t_1t_2t_3 + 8t^2t_3 + 8t_1t^2_3 + 8t_2t^2_3 + 8t^3 + 9t^2_1t_4 + 9t_1t_2t_4 + 9t^2t_4 + 9t_1t_3t_4 + 9t_2t_3t_4 + 9t^2_3t_4 + 9t_1t^2_4 + 9t_2t^2_4 + 9t_3t^2_4 + 9t^3_4 + 3t^2_1t_5 + 3t_1t_2t_5 + 3t^2t_5 + 3t_1t_3t_5 + 3t_2t_3t_5 + 3t^2_3t_5 + 3t_1t_4t_5 + 3t_2t_4t_5 + 3t_3t_4t_5 + 3t^2_4t_5 + t_1t^2_5 + t_2t^2_5 + t_3t^2_5 + t_4t^2_5.^{38}

• phase b= phase D:

K^0_{(D)} = K^0_{( b)} = 6t^3_1 + 8t^2_1t_2 + 8t_1t^2 + 8t^3_2 + 2t^2_1t_3 + 2t_1t_2t_3 + 2t^2t_3 + 7t^2_1t_4 + 8t_1t_2t_4 + 8t^2t_4 + 2t_1t_3t_4 + 2t_2t_3t_4 + 7t_1t^2_4 + 8t_2t^2_4 + 2t_3t^2_4 + 7t^3_4 + 4t^2_1t_5 + 4t_1t_2t_5 + 4t^2t_5 + t_1t_3t_5 + t_2t_3t_5 + 4t_1t_4t_5 + 4t_2t_4t_5 + t_3t_4t_5 + 4t^2_4t_5 + 2t_1t^2_5 + 2t_2t^2_5 + 2t_4t^2_5.

There is another pair. • phase a = phase E^{39}

• {J_1, · · · , J_5}^{(III)}_{(a)} = • {J_1, · · · , J_5}^{(IV)}_{(E)} =

{D_1, · · · , D_5}^{(III)}

2 3 2 4 1 2 2 0 2 1 2 2 1 3 1 1 1 1 1 0 1 1 0 1 0

(III)

(a) ⇒{D_1, · · · , D_5}^{(IV)}

6 7 2 8 3 4 3 1 5 2 2 2 0 2 1 3 3 1 3 1 1 1 0 1 0

(IV)

(E) ,

{c_2 · J_1, · · · , c_2 · J_5}^{(III)}_{(a)} = {72, 82, 24, 92, 36} ⇒{c_2 · J_1, · · · , c_2 · J_5}^{(IV)}_{(E)} = {72, 82, 24, 92, 36},

K^0_{(a)} = K^0_{(E)} = 6t^3_1 + 7t^2_1t_2 + 7t_1t^2 + 7t^3_2 + 2t^2_1t_3 + 2t_1t_2t_3 + 2t^2t_3 + 8t^2_1t_4 + 8t_1t_2t_4 + 8t^2t_4 + 2t_1t_3t_4 + 2t_2t_3t_4 + 8t_1t^2_4 + 8t_2t^2_4 + 2t_3t^2_4 + 8t^3_4 + 3t^2_1t_5 + 3t_1t_2t_5 + 3t^2t_5 +

38We can see a mapping from (III) to (IV) from these three pairs. In some special cases, we might represent the corresponding divisor in the same value of the transformation matrices from the basis in criterion 1, i.e., the mapping of X_1 of U(1) charge corresponds to this mapping between two models:

X_1 : A_{1i} A_{2i} A_{3i} A_{4i} A_{5i}

(III) ⇒ A_{2i} A_{2i} A_{3i} A_{4i} A_{5i}

(IV) , A_{1i} A_{2i} A_{3i} A_{4i} A_{5i}

(IV) = 2A^{(III)}_{2i} + A^{(III)}_{1i} A^{(III)}_{2i} + A^{(III)}_{1i} A^{(III)}_{3i} A^{(III)}_{4i} + A^{(III)}_{2i} A^{(III)}_{5i} .

39This pair satifies another mapping.

t_1t_3t_5 + t_2t_3t_5 + 3t_1t_4t_5 + 3t_2t_4t_5 + t_3t_4t_5 + 3t^2_4t_5 + t_1t^2_5 + t_2t^2_5 + t_4t^2_5.

Appendix 3 An example of equivalent phases Mori-vectors in phase A of (IV) and g of (III) are given by

{ℓ_i}_{(A)} {ℓ_i}_{(g)} ( 3, 2, 0, 0, 0, 0, 0, 0, 1) ( 2, 0, 0, 3, 0, 0, 0, 0, 1) ( 0, 0, 0, 0, 1, −2, 1, 0, 0) ( 0, 0, 1, 0, 1, 0, −2, 0, 0) ( 0, 0, 0, 1, 0, 1, −2, 0, 0) ( 0, 1, 1, 0, 0, 0, 0, −2, 0) ( 0, 0, 1, 0, 1, 0, 0, −2, 0) ( 0, −1, 0, 0, 0, 1, 0, 1, −1) ( 0, 0, 0, 0, −1, 1, 0, 1, −1) ( 0, 0, −1, 0, 0, 1, 1, 1, −1)

They satisfy Q^{(A)}_i = A^{(A)}_{ij} ℓ^{(A)}_j etc.

We show a transformation matrix from phase A to phase g, M_{Ag} :phase A of (IV) → phase g of (III)^{40}.

M^T_{Ag} := A^{(IV),T}_{(g)} A^{(IV),T}_{(A)}^{(−1)} =

1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 −1 0 0 1 0 1 0 0 0

• {J_1, · · · , J_5}^{(III)}_{(g)} = • {J_1, · · · , J_5}^{(IV)}_{(g)} =

{D_1, · · · , D_5}^{(IV)}A^{(III)}_{(g)} =^{X1}⇒{D_1, · · · , D_5}^{(IV)}A^{(IV)}_{(g)} =

{D_1, · · · , D_5}^{(IV)}

2 0 1 2 0 2 1 1 0 2 2 0 1 1 1 1 0 0 1 0 1 0 0 0 0

(III)

(g)

X_1⇒{D 1, · · · , D_5}^{(IV)}

6 2 3 2 4 4 1 2 2 2 2 0 1 1 1 3 1 1 1 2 1 0 0 0 0

(IV)

(g) ,

{c_2 · J_1, · · · , c_2 · J_5}^{(III)}_{(g)} = {72, 24, 36, 24, 48} ⇒{c_2 · J_1, · · · , c_2 · J_5}^{(IV)}_{(g)} = {72, 24, 36, 24, 48},

40We can derive the same matrix as M_{(Ag)} = M^{(III)}_{(cg)} M^{(IV)}_{(AB)} via phase B=phase c.

We use the following identification of divisors. {c_2 · J_i} ∋ {72^′, 48} → {72^′ − 48 = 24, 48}, which is transformed to a divisor with c_2 · J_i = 24 in phase g of (III) model^{41}.

J^{(IV)}_i |_{c2·Ji=72}′ −J^{(IV)}_i |_{c2·Ji =48}= J^{(IV)}_i |_{c2·Ji =24}→ J^{(III)}_i |_{c2 ·Ji=24}

= {D_1, · · · , D_5}^{(IV)} 6 4 2 3 0 − 4 2 1 2 0

(IV)

= {D_1, · · · , D_5}^{(IV)} 2 2 1 1 0

(IV)

X^{(−1)}_1 → 2 0 1 1 0

(III)

• {J_1, · · · , J_5}^{(IV)}_{(A)} = • {J_1, · · · , J_5}^{(IV)}_{(g)} =

{D_1, · · · , D_5}^{(IV)}

6 4 2 3 6 4 2 1 2 4 2 1 0 1 2 3 2 1 1 3 1 0 0 0 0

(IV)

(A)

M^T_{Ag} J^T_{(A)}=J^T_{(g)}

⇒ {D_1, · · · , D_5}^{(IV)}

6 2 4 2 3 4 1 2 2 2 2 0 1 1 1 3 1 2 1 1 1 0 0 0 0

(IV)

(g) ,

{c_2 · J_1, · · · , c_2 · J_5}^{(IV)}_{(A)} = {72, 48, 24, 36, 72^′} ⇒{c_2 · J_1, · · · , c_2 · J_5}^{(IV)}_{(g)} = {72, 24, 48, 24, 36},

This matrix is a one to one mapping of topological invariants. These phases are topologically equivalent. The Gromov-Witten invariants transform

N(1, 0, 0, 0, 1)_{(A)} = 252 → N(1, 0, 0, 1, 0)_{(g)} = 252, N(1, 0, 0, 1, 1)_{(A)} = 252 → N(1, 0, 1, 1, 0)_{(g)} = 252, N(1, 1, 0, 1, 1)_{(A)} = 252 → N(1, 0, 1, 0, 1)_{(g)} = 252. N(1, 1, 0, 0, 1)_{(A)} = 252 → N(1, 0, 0, 0, 1)_{(g)} = 252. N(1, 1, 1, 1, 1)_{(A)} = 252 → N(1, 1, 1, 0, 1)_{(g)} = 252. N(1, 1, 1, 0, 1)_{(A)} = 252 → N(1, 1, 0, 0, 1)_{(g)} = 252.

Appendix 4 The other examples of criterion 2

41In this paper, we omitted most data of (V) model and mappings since the procedure is the same, though it is complicated due to the redundancy of K3 fiberations.

The list of some transformation matrices of the topological invariants of the equivalent phases. The mappings of c_2 · J_i in the equivalent phases : • g → α_{10}, B → e, D → f : {24, 48} → {24, 24 = 48 − 24} • α_3 → f: {72, 82, 82} → {72, 82, 92 = 82 + 82 − 72} • α_{18} → C : {72, 82, 92, 92^′ } → {72, 82, 92, 102 = 92 + 92 − 82^′} . • h and E : {92, 82, 82^′} → {92, 82, 72 = 82^′ − 92 + 82}

M^T_{(ce)} =

1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 −1 0 1 0 1 0 0 0

, M^T_{(bf)} =

1 0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 −1 0 1 0 1 0 0 0 ,

M^T_{(α3f)} =

0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 1 1 1 −1 0 0

, M^T_{(α18d)} =

0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 1 −1 0 0 0 0 0 0 1

M^T_{(gα10 )} =

1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 −1 0 0 1 0 1 0 0 0

, M^T_{( ha )} =

0 0 1 −1 1 0 0 1 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 .

For the others, they are not equivalent^{42}.

Appendix 5 Topological data of K^0 and c_2 · J We list the topological data of three models^{43}.

(III) There are 8 phases. We list the data of four phases

• phase e: K^0_{(e)} = 6t^3_1 + 3t^2_1t_2 + t_1t^2 + 2t^2_1t_3 + t_1t_2t_3 + 2t^2_1t_4 + t_1t_2t_4 + t_1t_3t_4 + 7t^2_1t_5 + 3t_1t_2t_5 + t^2t_5 + 2t_1t_3t_5 + t_2t_3t_5 + 2t_1t_4t_5 + t_2t_4t_5 + t_3t_4t_5 + 7t_1t^2_5 + 42• {A, g, α_{10}} ≠ {B, C, D, E}. {c_2 · J_i}_{A,g,α10} are only multiple of 12. {c_2 · J_i}_{B,C,D,E} are not.

• B ≠ E, {c_2 · J}_B ∋ {48}, {c_2 · J}_E ∌ {48}. To make 48 from 24, 72^′ is necessary. • B, D, E ≠ C, {c_2 · J}_{B,D,E} ∋ {24}, {c_2 · J}_C ∌ {24} • B, E ≠ D, {c_2 · J}_{B,E} ∋ {36}, {c_2 · J}_D ∌ {36}. 43We also list the ring data in table 8. Topological invariants are calculated by the method in [2]. The author thanks S. Hosono for his help in the calculation.

3t_2t^2_5 + 2t_3t^2_5 + 2t_4t^2_5 + 7t^3_5; c_2 · J_{(e)} = {72, 36, 24, 24, 82};

• phase f: K^0_{(f)} = 6t^3_1 + 7t^2_1t_2 + 7t_1t^2 + 7t^3_2 + 2t^2_1t_3 + 2t_1t_2t_3 + 2t^2t_3 + 2t^2_1t_4 + 2t_1t_2t_4 + 2t^2t_4 + t_1t_3t_4 + t_2t_3t_4 + 8t^2_1t_5 + 8t_1t_2t_5 + 8t^2t_5 + 2t_1t_3t_5 + 2t_2t_3t_5 + 2t_1t_4t_5 + 2t_2t_4t_5 + t_3t_4t_5 + 8t_1t^2_5 + 8t_2t^2_5 + 2t_3t^2_5 + 2t_4t^2_5 + 8t^3_5; c_2 · J_{(f)} = {72, 82, 24, 24, 92};

• phase g: K^0_{(g)} = 6t^3_1 + 2t^2_1t_2 + 3t^2_1t_3 + t_1t_2t_3 + t_1t^2_3 + 2t^2_1t_4 + t_1t_2t_4 + t_1t_3t_4 + 4t^2_1t_5 + t_1t_2t_5 + 2t_1t_3t_5 + 2t_1t_4t_5 + 2t_1t^2_5; c_2 · J_{(g)} = {72, 24, 36, 24, 48};

• phase h: K^0_{(h)} = t^2_1t_3 + t_1t_2t_3 + 3t_1t^2_3 + 2t_2t^2_3 + 7t^3 + t^2_1t_4 + t_1t_2t_4 + 3t_1t_3t_4 + 2t_2t_3t_4 +8t^2_3t_4 +3t_1t^2_4 +2t_2t^2_4 +8t_3t^2_4 +8t^3_4 +t^2_1t_5 +t_1t_2t_5 +3t_1t_3t_5 +2t_2t_3t_5 + 8t^2_3t_5 + 3t_1t_4t_5 + 2t_2t_4t_5 + 8t_3t_4t_5 + 8t^2_4t_5 + 3t_1t^2_5 + 2t_2t^2_5 + 8t_3t^2_5 + 8t_4t^2_5 + 7t^3_5; c_2 · J_{(h)} = {36, 24, 82, 92, 82};

(IV) There are five phases called A, B, C, D, E. We list only the phase A since the other four phase data coincide with the data of (III).

• phase A: K^0_{(A)} = 6t^3_1 + 4t^2_1t_2 + 2t_1t^2 + 2t^2_1t_3 + t_1t_2t_3 + 3t^2_1t_4 + 2t_1t_2t_4 + t_1t_3t_4 + t_1t^2_4 + 6t^2_1t_5 + 4t_1t_2t_5 + 2t_1t_3t_5 + 3t_1t_4t_5 + 6t_1t^2_5; c_2 · J_{(A)} = {72, 48, 24, 36, 72’};

(V) There are 18 phases. We list only the data of phases 3, 10 and 18, since the other 15 data coincide with those in case (III).

• phase α_3: K^0_{(α3)} = 7t^3_1 +8t^2_1t_2 +8t_1t^2 +7t^3_2 +7t^2_1t_3 +8t_1t_2t_3 +7t^2t_3 +7t_1t^2_3 + 7t_2t^2_3 + 6t^3 + 2t^2_1t_4 + 2t_1t_2t_4 + 2t^2t_4 + 2t_1t_3t_4 + 2t_2t_3t_4 + 2t^2_3t_4 + 2t^2_1t_5 + 2t_1t_2t_5 + 2t^2t_5 + 2t_1t_3t_5 + 2t_2t_3t_5 + 2t^2_3t_5 + t_1t_4t_5 + t_2t_4t_5 + t_3t_4t_5; c_2 · J_{(α3)} = {82, 82, 72, 24, 24};

• phase α_{10}: K^0_{(α10)} = 6t^3_1 + 3t^2_1t_2 + t_1t^2 + 2t^2_1t_3 + t_1t_2t_3 + 2t^2_1t_4 + t_1t_2t_4 + t_1t_3t_4 + 2t^2_1t_5 + t_1t_2t_5 + t_1t_3t_5 + t_1t_4t_5; c_2 · J_{(α10)} = {72, 36, 24, 24, 24};

• phase α_{18}: K^0_{(α18)} = 8t^3_1 + 9t^2_1t_2 + 9t_1t^2 + 8t^3_2 + 8t^2_1t_3 + 9t_1t_2t_3 + 8t^2t_3 + 8t_1t^2_3 + 8t_2t^2_3 + 7t^3 + 8t^2_1t_4 + 9t_1t_2t_4 + 8t^2t_4 + 8t_1t_3t_4 + 8t_2t_3t_4 + 7t^2_3t_4 + 8t_1t^2_4 + 8t_2t^2_4 + 7t_3t^2_4 + 6t^3_4 + 3t^2_1t_5 + 3t_1t_2t_5 + 3t^2t_5 + 3t_1t_3t_5 + 3t_2t_3t_5 + 3t^2_3t_5 + 3t_1t_4t_5 + 3t_2t_4t_5 + 3t_3t_4t_5 + 3t^2_4t_5 + t_1t^2_5 + t_2t^2_5 + t_3t^2_5 + t_4t^2_5; c_2 · J_{(α18)} = {92, 92’, 82, 72, 36};

Appendix 6 Gromov-Witten inv. of CY3-fold with (4,214) and a tensor The Mori vectors in CFPR model side corresponding to phase 6 in [27] are given by

( a_1, a_2, a_4, a_5, a_6, a_7, a_8, a_9 ) ( 2, 1, 3, 0, 0, 1, −1, 0) = ℓ_1 ( 0, 1, 0, 1, 0, 0, 0, −2) = ℓ_2 ( 0, 0, 0, 0, 1, 1, 0, −2) = ℓ_3 ( 0, −1, 0, 0, 0, −1, 1, 1) = ℓ_4.

The K^0_{ijk II} and C_2 · J_i of phase 6 is given in [27].

K^0 = 7t^3_4 + 2t^2_4t_2 + 2t^2_4t_3 + t_4t_2t_3 + 8t^2_4t_1 + 2t_4t_2t_1 + 2t_4t_3t_1 + t_2t_3t_1 + 8t_4t^2_1 + 2t_2t^2_1 + 2t_3t^2_1 + 8t^3_1, C_2 · J = {82, 24, 24, 92}. (1)

In this case, t_2 and t_3 are symmetric^{44}.

K^{(g=0)}_{II}^{NP} = 1 (2π)^3 ∑ n_1 ,n_2,n_3 ,n_4

N(n_1, n_2, n_3, n_4)Li_3(Π^4_{i=1}q^{ni}_i ).

The reductions of the Mori vectors of CY3-fold to those of B_8, S − T − U model and F_2 with a blow up point are as follows:

• (ℓ_1, ℓ_2, ℓ_3, ℓ_4) → (ℓ_1 + ℓ_4, ℓ_2 − ℓ_3), (ℓ_1 + ℓ_4, ℓ_2 + ℓ_4), (ℓ_1 + ℓ_4, ℓ_3 + ℓ_4) for B_8, • (ℓ_1, ℓ_2, ℓ_3, ℓ_4) → (ℓ_1 + ℓ_4, ℓ_2, ℓ_3) for S-T-U model with (3,243), • (ℓ_1, ℓ_2, ℓ_3, ℓ_4) →_{(T} 2_{→∞)}(0, ℓ^′_2, ℓ^′_3, ℓ^′_4) for F_2 with a blow up point.

44K^0_{ijk II} of phase f with (h^{1,1}, h^{2,1}) = (5, 185) can be truncated to the one in 6 phase case by setting t_1 = 0 and replacing t_{i+1} → t_i for i = 2 · · · 5, which is given by [27].

To take the heterotic string side, we use the linear transformations from t_i to S, T, U, V given in [27] : t_1 = V, t_2 = T − U, t_3 = S − U, t_4 = U − V . After taking a weak couplig limit such as t_3 → ∞ and q_3 = n_3 = 0, the only sequences with n_1 ≥ n_2 seem to remain.

The sequences with n_1 = n_2, n_3 = 0 are represented by Z^{inst}_{0;n}^{B8} (τ ) where Z^{inst}_{g;n}^{B8} (τ ) = Σ_{k|n}μ(k)k^{−3}Z_{g,}^n_k^{B8} (kτ ) and μ(k) is a Möbius function. Z^{B8}_{0;1} =^1_{η12} E_4, Z^{B8}_{0;2} =^1_{24η24} E_4(2E_6 + E_2E_4), Z^{B8}_{0;3} =^1_{15552η36} E_4(109E^3_4 + 197E^2_6 + 216E_2E_4E_6 + 54E^2_2 E^2_4 ), etc. Therefore, they seem to be represented by the Dedekind eta function, η(τ ) and the Eisenstein series, E_i only. Z^{inst}_{0;n}^{B8} = Z^{inst}_{0;n,m}^{B8} q^m:

Z^{inst}_{0;1}^{B8} = 1 + 252q + 5130q^2 + · · · Z^{inst}_{0;2}^{B8} = −9252q^2 − 673760q^3 + · · · Z^{inst}_{0;3}^{B8} = 948628q^3 + 115243155q^4 + · · · , etc.

The examples of the Gromov-Witten invariants with n_1 > n_2 and n_3 = 0 that are not represented by Z^{inst}_{0;n}^{B8} are N(2,1,0,2)=265968, N(3,1,0,3)=162273760 and N(3,1,0,2)=1739160 etc^{45 46}.^{47} lim_{n3=0} K^{(g=0)}_{II}^{NP} = 420(Σ_n Li_3((q_1q_4)^n) + Σ_nLi_3((q_1q_2q_4)^n)) +Σ_{n,m}Z^{B8 inst}_{0;n,m}(Li_3(q^n_1 (q_1q_2q_4)^m) + Σ_{n,m}Z^{B8 inst}_{0;n,m}Li_3((q_1q_2q^2_4)^n(q_1q_2q_4)^m) +Σ_{n,m}Z^{B8 inst}_{0;n,m}Li_3(q^n_1 (q_1q_4)^m) + Σ_{n,m}Z^{B8 inst}_{0;n,m}Li_3((q_1q_2q_4)^n(q_1q_4)^m)) +N(2, 1, 0, 2)Li_3(q^2_1q_2q^2_4 ) + N(3, 1, 0, 2)Li_3(q^3_1q_2q^2_4) + N(3, 1, 0, 3)Li_3(q^3_1 q_2q^3_4) + · · · . 45However, 265968 and 162273760 exist in the Gromov-Witten invariants of CY3- fold with (4,214) and (k_1, k_2) = (11, 13). It is χ_0 with a extra vector multiplet and K3=P^3(1, 1, 3, 5)[12] fiber that is given by [28]. In χ_0 case, both Σ_{n4} N (n_1, 0, n_3, n_4) and Σ_{n4} N (n_1, n_2, 0, n_4) lead to the coefficient of^{2E4E6}_{η24} expansion though S and T are not symmetric, because they reduce to (h^{1,1}, h^{1,2}) = (3, 243) case where S and T are symmetric. N(2,0,1,4)=265968 and N(3,0,1,6)=162273760 correspond to the limit of T → ∞. They are in the contribution from the non-perturbative vector multiplet for taking S as the dilaton.

461739160 exists in the Gromov-Witten invariants of (h^{1,1}, h^{1,2}) = (5, 185) with two tensors case such as the phase f. In this case, almost Gromov-Witten invariants are represented by those of B_8. The others relate to those of the phase 16 of the list that is given by [27]. The phase 16 has a 6-dim tensor and a 6-dim vector[45].

47The phase 14 of the list that is given by [27] coinsides with the perturbative coupling such as^{E4,1 (r1,τ)E6,1 (r2,τ)}

η^{24} +

E_{4,1}(r_2 ,τ)E_{6,1} (r_1,τ) η^{24} . which is the N=2 model with two 6-dim.

vector multiplets[45].

The partition function of the model with a nonperturbative vector for T → ∞ will be also represented by the quasi modular forms and the character of the Kac-Moody algebra including E_2 and a Wilson line. By examining their relations and taking an appropriate limit, the partition function with a tensor will be also represented in the quasi modular forms and the characters.

References

[1] S. Hosono, A. Klemm, and S. Theisen, Commun. Math. Phys. 167 (1995) 301; Nucl. Phys. B433 (1995) 501.

[2] S. Hosono, B. Lian and S.-T. Yau, Commun. Math. Phys. 182 (1996) 535 ; J. Amer. Math. Soc. 10 (1997) 427.

[3] C. Vafa, Nucl. Phys. B469 (1996) 403 ,

D. R. Morrison, C. Vafa : Nucl. Phys. B473 (1996) 74 , Nucl. Phys. B476 (1996) 437.

[4] S. Kachru and C. Vafa, Nucl. Phys. B450 (1995) 69.

[5] P. S. Aspinwall, Phys. Lett. B371 (1996) 231 ; K3 Surfaces and String Duality, hep-th/9611137.

[6] A. Klemm, W. Lerche and P. Mayr, Phys. Lett. B357 (1995) 313.

[7] E. Witten, Nucl. Phys. B460 (1996) 541.

[8] G. Aldazabal, L. E. I. Ibanez, A. Font and F. Quevedo, Nucl. Phys. B461 ( 1996) 85.

[9] G. Aldazabal, A. Font, L. E. Ibanez and A. M. Uranga, Nucl. Phys. B492 (1997) 119.

[10] P. Candelas and A. Font, Nucl. Phys. B511 (1998) 295.

[11] P. Berglund, S. Katz, A. Klemm and P. Mayr, Nucl. Phys. B483 (1997) 209.

[12] P. Candelas, E. Perevalov and G. Rajesh, Nucl. Phys. B502 (1997) 594. [13] M. Bershadsky, K. Intriligator, S. Kachru, D.R. Morrison, V. Sadov and C. Vafa, Nucl. Phys. B481 (1996) 215.

[14] W. Lerche, Nucl. Phys. Proc. Suppl. 55B (1997) 83.

[15] P. Candelas, E. Perevalov and G. Rajesh, Nucl. Phys. B502 (1997) 613. [16] P. Aspinwall and M. Gross, Phys. Lett. 382 (1996) 81. [17] M. Abe, Duality Conjecture and the relation between single and double K3 fibered Calabi-Yau three-folds by small instanton transition, 2002, TIT/HEP-479.

[18] A Klemm and P. Mayr, Nucl. Phys.B469 (1996) 37.

[19] S. Hosono, M.-H. Saito and J. Stienstra, On mirror Symmetry Conjecture for Schoen Calabi-Yau 3-folds in Integrable System and Algebraic Geometry, Proc. Taniguchi Symposium 1997, alg-geom/9709027.

[20] S. Hosono, M. -H. Saito and A. Takahashi, Adv. Theor. Math. Phys. 3 (1999) 177.

[21] P. Candelas and H. Skarke, Phys. Lett. B413 (1997) 63. [22] A. C. Avram, P. Candelas, D. Jancic and M. Mandelberg, Nucl. Phys.

B465 (1996) 458.

[23] M. Kreuzer and H. Skarke, Adv. Theor. Math. Phys. 2 (1998) 847. [24] E. Peravalov and H. Skarke, Compactifications: Dynkin Diagrams from Polyhedra, Nucl. Phys. B505 (1997) 679.

[25] J. Brodie, Nucl. Phys. B506 (1997) 183.

[26] M. J. Duff, R. Minasian and E. Witten, Nucl. Phys. B465 (1996) 413. [27] J. Louis, J. Sonnenschein, S. Theisen and S. Yankielowicz, Nucl. Phys.

B480 (1996) 18.

[28] G. L. Cardoso, G. Curio, D. Lüst, and T. Mohaupt, Phys. Lett. B382 (1996) 241.

[29] M. Abe and M. Sato, Phys. Lett. B467 (1999) 218. [30] S. Hosono, private communication.

[31] S. Hosono, B. Lian and S.-T. Yau, Calabi–Yau Varieties and pencils of K3 Surfaces, alg-geom/9603020.

[32] C. T. Wall, Invent. Math. 1 (1966) 355. [33] S. Mori, Effective, Ann. of Math. 116 (1982) 133.

[34] W. Lerche, P. Mayr and N. P. Warner, Nucl. Phys. B499 (1997) 125. [35] Björn Andreas, Gottfried Curio and Dieter Lüst, Int. J. Mod. Phys.

B507(1997) 175.

[36] Andrei S. Losev, Andrei Marshakov, Nikita A. Nekrasov, Small Instantons, Little Strings and Free Fermions, hep-th/0302129, 2003.

[37] T.-M. Chiang, A. Klemm, S.-T. Yau and E. Zaslow, Adv. Theor. Math.

Phys.3 (1999)145. .

[38] T. Eguchi and H. Kanno, Five-Dimensional Gauge Theories and Local Mirror Symmetry 2001, hep-th/0005008.

[39] M. Henningson and G. Moore, Nucl. Phys. B482(1996) 187;

J. A. Harvey and G. Moore, Nucl. Phys. B463 (1996) 315. [40] T. Kawai, Phys. Lett. B 397 (1997) 51;

T. Kawai and K. Yoshioka, String Partition Function and Infinite Products, hep-th/0002169.

[41] G. L. Cardoso, G. Curio, D. Lüst, Nucl. Phys. B491 (1997) 147. [42] T. Eguchi and K. Sakai, Sieberg-Witten Curve for E-string theory revised, hep-th/0211213, 2002.

[43] M. Eichler and D. Zagier, The Theory of Jacobi Forms, Birkhäuser, 1985.

[44] K, Mohri Rev. Math. Phys. 14 (2002) 913.

[45] M. Abe, Perturbative Couplings and Modular Forms in N=2 String models with small instanton transition, in preparation.

models (I) G_1 = I (II) G_1 = A_1 (II) G_1 = A_2 n^0 G_2 (h^{1,1}, h^{2,1}) CY3 weight (h^{1,1}, h^{2,1}) CY3 weight (h^{1,1}, h^{2,1}) CY3 weight 0 I (3, 243) (4, 214) (5, 197) 2 I (3, 243) (1, 1, 2, 8, 12) (4, 190) (1, 1, 2, 6, 10) (5, 161) (1, 1, 2, 6, 8) 3 A_2 (5, 251) (1, 1, 3, 10, 15) (6, 186) (1, 1, 3, 7, 12) (7, 151) (1, 1, 3, 7, 9) 4 D_4 (7, 271) (1, 1, 4, 12, 18) (8, 194) (1, 1, 4, 8, 14) (9, 153) (1, 1, 4, 8, 10) 6 E_6 (9, 321) (1, 1, 6, 16, 24) (10, 220) (1, 1, 6, 10, 18) (11, 167) (1, 1, 6, 10, 12) 8 E_7 (10, 376) (1, 1, 10, 24, 36) (11, 267) (1, 1, 10, 14, 26) (12, 186) (1, 1, 10, 14, 16) 12 E_8 (11, 491) (1, 1, 12, 28, 42) (12, 318) (1, 1, 12, 16, 30) (13, 229) (1, 1, 12, 16, 18)

Table 1: type IIA-heterotic string duality : Hodge and instanton numbers of CY3s in (I) and (II) in A-chain

n^0 G_2 h^{1,1} h^{2,1} k_1 k_2 n^0_T Δn_T n_T K3 fiber 0 I 3 243 12 12 1 0 1 P^3(1, 1, 4, 6)[12] 2 I 3 243 12 + 2 12 − 2 1 0 1 P^3(1, 1, 4, 6)[12] 3 A_2 5 251 12 + 3 12 − 3 1 0 1 P^3(1, 2, 6, 9)[18] 4 D_4 7 271 12 + 4 12 − 4 1 0 1 P^3(1, 2, 6, 9)[18] 6 E_6 9 321 12 + 6 12 − 6 1 0 1 P^3(1, 3, 8, 12)[24] 8 E_7 11 376 12 + 8 12 − 8 1 0 1 P^3(1, 4, 10, 15)[30] 12 E_8 12 491 12 + 12 12 − 12 1 0 1 P^3(1, 5, 12, 18)[36]

Table 2: Hodge and instanton numbers of CY3s in (I) n^0 G_2 × G_1 h^{1,1} h^{1,2} k_1 k_2 0 I × A_1 4 214 12 12 1 I × A_1 4 202 12 + 1 12 − 1 2 A_2 × A_1 4 190 12 + 2 12 − 2 6 E_6 × A_1 6 220 12 + 6 12 − 6 8 E_7 × A_1 11 251 12 + 8 12 − 8 10 E_8 × A_1 14 284 12 + 10 12 − 10

Table 3: Hodge and instanton numbers of CY3s in (II) with G_1 = A_1 in A series

Δn_T G_2 h^{1,1} h^{2,1} k_1 k_2 n^0_T n_T Δh^{1,1} Δh^{2,1} 0 I 3 243 12 12 1 1 0 0 2 I 5 185 12 12 − 2 1 3 2 −58 3 A_2 8 164 12 12 − 3 1 4 3 −87 4 D_4 11 155 12 12 − 4 1 5 4 −116 6 E_6 15 147 12 12 − 6 1 7 6 −174 8 E_7 18 144 12 12 − 8 1 9 8 −132 12 E_8 23 143 12 12 − 12 1 13 12 −348

Table 4: The Hodge and instanton numbers in (III)/(IV)

CY3s in (III) CY3s in (IV) Δn_T K3 K3 s weight K3 0 P^3(1, 1, 4, 6)[12] P^3(1, 1, 4, 6)[12] 1 P^3(1, 1, 4, 6)[12] 2 P^3(1, 1, 4, 6)[12] P^3(1, 1, 4, 6)[12] 2 (1, 1, 2, 8, 12) P^3(1, 1, 4, 6)[12] 3 P^3(1, 1, 4, 6)[12] P^3(1, 2, 6, 9)[18] 3 (1, 2, 3, 12, 18) P^3(1, 1, 4, 6)[12] 4 P^3(1, 1, 4, 6)[12] P^3(1, 2, 6, 9)[18] 4 (1, 4, 5, 20, 30) P^3(1, 1, 4, 6)[12] 6 P^3(1, 1, 4, 6)[12] P^3(1, 3, 8, 12)[24] 6 (1, 6, 7, 28, 42) P^3(1, 1, 4, 6)[12] 8 P^3(1, 1, 4, 6)[12] P^3(1, 4, 10, 15)[30] 8 (1, 8, 9, 36, 54) P^3(1, 1, 4, 6)[12] 12 P^3(1, 1, 4, 6)[12] P^3(1, 5, 12, 18)[36] 12 (1, 12, 13, 52, 78) P^3(1, 1, 4, 6)[12]

Table 5: The type of K3 sub dual polyhedra contained in (III) and case (IV) s G_2 × G_1 h^{1,1} h^{2,1} Δh^{1,1} Δh^{2,1} k_1 k_2 Δn_T 3 I × A_1 9 129 5 −85 2 I × A_1 6 144 2 −58 = −29 × 2 12 + 1 12 − 1 − 2 2 1 A_1 × A_1 4 190 0 0 12 + 2 12 − 2 0 5 E_6 × A_1 16 118 6 −102 = −17 × 6 12 + 6 − 6 12 − 6 6 7 E_7 × A_1 19 115 8 −136 = −17 × 8 12 + 8 − 8 12 − 8 8 9 E_8 × A_1 24 114 10 −170 = −17 × 10 12 + 10 − 10 12 − 10 10

Table 6: The Hodge numbers of P^4(1,s,(1+s)(1,3,5))[10s] and the relation of heterotic duality for (VI)with G_1 = A_1 in A series.

model #{K3 fibrations} #{phases by triangulation} (I^†) {0, 1, 2} 8 phases (III) {0, 1, 2} 8 phases labeled by a, . . ., h (IV) {0, 1} 5 phases labeled by A, . . ., E (V) {0, 1, 2, 3} 18 phases labeled by α_1, . . ., α_{18}

Table 7: The number of K3 fibrations and the phases specified by the triangulations in four models

No of B_8 in (A) N = 252 N = −9252 N = 848628 1 {n_i} 10001 20002 30003 2 {n_i} 10011 20022 30033 3 {n_i} 11101 22202 33303 4 {n_i} 11111 22222 33333 5 {n_i} 11001 22002 33003 6 {n_i} 11011 22022 33033 No of B_8 in (6) N = 252 N = −9252 N = 848628 1 {n_i} 1000 2000 3000 2 {n_i} 1012 2024 3036 3 {n_i} 1102 2204 3306

Table 8: N({n_i}) of phase A with (h^{1,1}, h^{2,1}) = (5, 185) which denote B_8 and N({n_i}) of phase 6 with (h^{1,1}, h^{2,1}) = (4, 214) which denote B_8

No of Z^{instB8}_{0;0,m} in (6) N = 252 N = 5130 1 {n_i} 1000 2001 2 {n_i} 1000 2011 3 {n_i} 1000 2101 4 {n_i} 1012 2013 5 {n_i} 1102 2103 6 {n_i} 1102 2203 7 {n_i} 1012 2023

Table 9: N({n_i}) of phase 6 with (h^{1,1}, h^{2,1}) = (4, 214) which denote B_8

♯{K3 fibrations} s = 2 in (IV) Δn_T = 2 in (III) Δn_T = 2 in (V) 1 A 1 B c 0 C d α_{14} 1 D b 1 E a α_2, α_7, α_{11}, α_{12}, α_{13}, α_{17} 2 e α_1, α_4, α_8, α_9, α_{15}, α_{16} 2 f α_5, α_6 2 g 1 h 3 α_{10} 1 α_{18} 0 α_3

Table 10: Identification of phases. The phases in the same line are the same by criterion 1

phase c_2 · J_i equivalent phase A {72, 48, 24, 36, 72^′} g, α_{10} a = E {72, 82, 24, 92, 36} h b = D {72, 92, 24, 82, 48} f, α_3 c = B {72, 82, 24, 36, 48} e d = C {72, 82, 92, 102, 36} α_{18} e {72, 36, 24, 24, 82} c = B f {72, 82, 24, 24, 92} b = D, α_3 g {72, 24, 36, 24, 48} A, α_{10} h {36, 24, 82, 92, 82^′} a = E α_3 {82, 82, 72, 24, 24} f, b = D α_{10} {72, 36, 24, 24, 24} A, g α_{18} {92, 92^′, 82, 72, 36} d = C

Table 11: The relation of phases by criterion 2. Phases in the same line denote the equivalent phases. There are only five phases, A,B,C,D, and E of (IV) in HLY model which are topologically non equivalent.