arXiv:hep-th/0110084 v1 9 Oct 2001

UPR/ 962-T hep-th/0110084

Branes and Brane Worlds in M-Theory

J.F. Vázquez-Poritz Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, PA 19104 1

1This work is supported in part by the DOE grant DOE-FG02-95ER40893

BRANES AND BRANE WORLDS IN M-THEORY Justin Federico Vázquez-Poritz A DISSERTATION in PHYSICS AND ASTRONOMY

Presented to the Faculties of the University of Pennsylvania in Partial Fulfillment of the Requirements for the Degree of Doctor of Philosophy

2001

Mirjam Cvetič Supervisor of Dissertation

Randall Kamien Graduate Group Chairperson

DEDICATION

For my parents, Dorothy Poritz and Paul Gauvin

ACKNOWLEDGEMENTS

I would like to thank my advisor, Mirjam Cvetič, for sharing her ideas, time and advice. I am also grateful to Hong Lü for the ideas he shared with me and the research we did together.

I would like to thank Chris Pope for the research we did together. I am grateful to Vijay Balasubramanian and Matt Strassler for their advice and for participating in my dissertation committee, as well as Larry Gladney and Charles Kane.

I have also benefitted from discussions with Gary Shiu and Asad Naqvi. Discussions with Finn Larsen played a crucial role in initially starting off my research.

I am deeply grateful to my wife Anee for all her support and love. I would like to thank my family for a lifetime of love and encouragement.

ABSTRACT BRANES AND BRANE WORLDS IN M-THEORY Justin Federico Vázquez-Poritz Mirjam Cvetič

The search for a theory which unifies all fundamental physics has culminated in M-theory, whose solitonic p-brane solutions offer a wealth of non-perturbative phenomena. In a particular regime of M-theory, there is a duality between gauge theories and the near-horizon region of certain p-branes, a concrete example of which is the AdS/CFT correspondence.

I find a new class of warped Anti-de Sitter solutions which arise as the near-horizon region of various semi-localized brane intersections. This provides an example of fivedimensional AdS originating in eleven-dimensional supergravity, as well as four and six-dimensional AdS in Type IIB string theory, cases which do not arise from direct products of spaces. This enables us to study four-dimensional gauge theories which are dual to eleven-dimensional supergravity solutions. The dual gauge theories of AdS in warped spacetimes have reduced supersymmetry, which is pertinent to the study of viable supersymmetric extensions of the Standard Model.

In addition, I probe various supergravity solutions via the absorption of various fields. In particular, I calculate exact absorption probabilities which provide finiteenergy probes of supergravity solutions away from the conformal limit. For the case of the D3-brane, it is shown that particles belonging to the same supermultiplet on the gauge theory side exhibit identical absorption probabilities on the supergravity side. In this manner, D3-branes are also probed away from the extremal limit.

Lastly, I discuss brane world scenarios, and how they may arise from the nearhorizon region of various p-brane configurations. Motivated by the dual noncommutative gauge theory, I demonstrate how a background B field mimics a negative four-dimensional cosmological constant, such that in both cases there is a massive four-dimensional graviton.

Contents

1 Introduction 1 1.1 Historical Perspective on Unification Physics . . . . . . . . . . . . . . 1 1.1.1 General Relativity and the Standard Model . . . . . . . . . . 1 1.1.2 Early unification . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.1.3 Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 1.1.4 Higher-dimensional General Relativity . . . . . . . . . . . . . 6 1.1.5 Quantum divergences . . . . . . . . . . . . . . . . . . . . . . . 8 1.1.6 Supersymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . 8 1.1.7 Classical string theory . . . . . . . . . . . . . . . . . . . . . . 10 1.1.8 Quantizing the string . . . . . . . . . . . . . . . . . . . . . . . 11 1.1.9 Supersymmetry makes a second entrance . . . . . . . . . . . . 12 1.1.10 The dimension of spacetime . . . . . . . . . . . . . . . . . . . 14 1.1.11 ”Who ordered the extra theories of everything?” . . . . . . . . 16 1.2 M-Theory and Non-Perturbative Solitons . . . . . . . . . . . . . . . . 16 1.2.1 M-Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.2.2 Black hole thermodynamics . . . . . . . . . . . . . . . . . . . 21 1.2.3 The Holographic Principle . . . . . . . . . . . . . . . . . . . . 21 1.3 Summary of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2 Warped AdS 26 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.1.1 ”QCD strings” . . . . . . . . . . . . . . . . . . . . . . . . . . 26 2.1.2 Dp-branes and Black Holes . . . . . . . . . . . . . . . . . . . . 28 2.1.3 The AdS/CFT Correspondence . . . . . . . . . . . . . . . . . 31 2.1.4 Other Examples of the Holographic Principle . . . . . . . . . . 35 2.1.5 Warped AdS . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 2.2 D3/NUT systems and AdS_5 in M-theory from T-duality . . . . . . . 42 2.2.1 D3/NUT system . . . . . . . . . . . . . . . . . . . . . . . . . 43 2.2.2 M5/M5 system and AdS_5 in M-theory . . . . . . . . . . . . . 45 2.3 D3/pp-wave system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 2.3.1 D3/pp-wave system and extremal BTZ black hole . . . . . . . 46 2.3.2 NS1/D2 and M2/M2 systems and AdS_2 . . . . . . . . . . . . . 49 2.3.3 Further possibilities . . . . . . . . . . . . . . . . . . . . . . . . 51 2.4 M2/NUT and AdS_4 in type IIB from T-duality . . . . . . . . . . . . 53 2.4.1 M2-brane/NUT system . . . . . . . . . . . . . . . . . . . . . . 54 2.4.2 D2-D6 system . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.4.3 AdS_4 in type IIB from T-duality . . . . . . . . . . . . . . . . . 57 2.5 M2/pp-wave system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 2.5.1 M2/pp-wave system . . . . . . . . . . . . . . . . . . . . . . . 60 2.5.2 The NS1/D0 system . . . . . . . . . . . . . . . . . . . . . . . 61 2.6 M5/NUT and M5/pp-wave systems . . . . . . . . . . . . . . . . . . . 62 2.6.1 M5/NUT and NS5/D6 systems . . . . . . . . . . . . . . . . . 62 2.6.2 M5/pp-wave and D0/D4 system . . . . . . . . . . . . . . . . . 64 2.7 AdS_6 in type IIB from T-duality . . . . . . . . . . . . . . . . . . . . . 67 2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3 Absorption by Branes 70 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 3.1.1 Low-energy Absorption Cross-sections and AdS/CFT . . . . . 70 3.1.2 Correlation functions and the bulk/boundary correspondence . 72 3.1.3 Exact Absorption Cross-sections . . . . . . . . . . . . . . . . . 74 3.2 Massive absorption . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 3.3 Massive absorption for the self-dual string . . . . . . . . . . . . . . . 78 3.3.1 Fixed mass/frequency ratio probing . . . . . . . . . . . . . . . 80 3.3.2 Fixed mass probing . . . . . . . . . . . . . . . . . . . . . . . . 80 3.4 Closed-form massive absorption for the D = 4 two-charge black hole . 81 3.5 Leading-order massive absorption for D3, M2 and M5-branes . . . . . 83

3.6 Concluding remarks for massive absorption . . . . . . . . . . . . . . . 88 3.7 Absorption by D3-brane . . . . . . . . . . . . . . . . . . . . . . . . . 90 3.8 Effective potentials of extremal D3-brane . . . . . . . . . . . . . . . . 92 3.8.1 Dilaton-axion . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 3.8.2 Antisymmetric tensor from 4-form . . . . . . . . . . . . . . . . 95 3.8.3 Dilatino . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 3.8.4 Scalar from the two-form . . . . . . . . . . . . . . . . . . . . . 99 3.8.5 Two-form from the antisymmetric tensor . . . . . . . . . . . . 100 3.8.6 Vector from the two-form . . . . . . . . . . . . . . . . . . . . 100 3.9 Qualitative features of absorption by the extremal D3-brane . . . . . 102 3.10 Absorption by near-extremal D3-branes . . . . . . . . . . . . . . . . . 109 3.11 Effective potentials of non-extremal D3-branes . . . . . . . . . . . . . 111 3.11.1 Dilaton-axion . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 3.11.2 Scalar from the two-form . . . . . . . . . . . . . . . . . . . . . 113 3.11.3 Vector from the two-form . . . . . . . . . . . . . . . . . . . . 113 3.11.4 Antisymmetric tensor from 4-form . . . . . . . . . . . . . . . . 115 3.11.5 Two-form from the antisymmetric tensor . . . . . . . . . . . . 116 3.11.6 General form of effective potential . . . . . . . . . . . . . . . . 117 3.12 Low-energy absorption probabilities for a near-extremal D3-brane . . 118

3.12.1 Dilaton-axion, vector from two-form, and antisymmetric tensor from 4-form . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 3.12.2 Time-like component of vector from two-form . . . . . . . . . 122 3.12.3 Two-form from the antisymmetric tensor . . . . . . . . . . . . 122 3.12.4 Scalar from two-form . . . . . . . . . . . . . . . . . . . . . . . 125 3.13 Discussion of absorption by near-extremal D3-branes . . . . . . . . . 127

4 Brane Worlds in B Fields 130 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130 4.1.1 Another Look at Higher-Dimensional Spacetime . . . . . . . . 130 4.1.2 Sub-millimeter Extra Dimensions . . . . . . . . . . . . . . . . 131 4.1.3 Warped Geometry . . . . . . . . . . . . . . . . . . . . . . . . 133 4.1.4 A Higher-Dimensional Solution to the Hierarchy Problem . . . 135 4.1.5 Solving the Cosmological Constant Problem? . . . . . . . . . . 136 4.1.6 An Alternative to Compactification . . . . . . . . . . . . . . . 137 4.1.7 Lifting Brane Worlds to Higher Dimensions . . . . . . . . . . 139 4.1.8 Branes in B Fields . . . . . . . . . . . . . . . . . . . . . . . . 141 4.1.9 Massive Gravity . . . . . . . . . . . . . . . . . . . . . . . . . . 143 4.2 The graviton wave equation . . . . . . . . . . . . . . . . . . . . . . . 145 4.2.1 With background B field . . . . . . . . . . . . . . . . . . . . . 145 4.2.2 With background B and E fields . . . . . . . . . . . . . . . . . 148

4.3 The massless graviton . . . . . . . . . . . . . . . . . . . . . . . . . . 150 4.4 Localization of the massive graviton . . . . . . . . . . . . . . . . . . . 152

5 Conclusions 157 5.1 Top Ten Unsolved Problems . . . . . . . . . . . . . . . . . . . . . . . 157

A Absorption by branes: calculations in detail 163 A.1 Outline of Numerical Method . . . . . . . . . . . . . . . . . . . . . . 163 A.2 High-energy absorption cross-section for a dilaton-axion on a nonextremal D3-brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

B Brane Intersections with B field 167 B.1 Intersection of two 5-branes, a string and a pp-wave with B field . . . 167 B.2 Intersection of three M5-branes and a pp-wave with B-field . . . . . . 168 B.3 D4-D8 intersection with B field . . . . . . . . . . . . . . . . . . . . . 169 B.4 D3-brane and pp-wave with B field . . . . . . . . . . . . . . . . . . . 171

C Wrapped D5-brane as Brane World 172 C.1 p = 5 as an exactly solvable model . . . . . . . . . . . . . . . . . . . 172 C.2 Nonextremality and the delocalization of gravity . . . . . . . . . . . . 173

List of Figures

3.1 FIG. 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 3.2 FIG. 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 3.3 FIG. 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 3.4 FIG. 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 3.5 FIG. 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 3.6 FIG. 6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 3.7 FIG. 7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 3.8 FIG. 8. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 3.9 FIG. 9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 4.1 FIG. 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 4.2 FIG. 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 4.3 FIG. 3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 4.4 FIG. 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 4.5 FIG. 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154 4.6 FIG. 6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

Introduction

1.1 Historical Perspective on Unification Physics

1.1.1 General Relativity and the Standard Model Our current understanding of nature at the most fundamental level is contained within two theories, Einstein’s theory of General Relativity and the Standard Model of particle physics. General Relativity describes gravity as a consequence of spacetime curvature. This theory correctly predicts physics on large scales, such as the bending of light by the Sun’s gravitational field, the orbital motion of Mercury and the large-scale structure and dynamics of the entire universe.

On the other hand, the Standard Model agrees with experiments down to scales 100,000,000,000,000 smaller than are resolvable by the human eye. This theory unifies the electromagnetic, strong nuclear and weak nuclear forces. A quantum field theoretic description is employed, in which force-carrier particles exist in quantized packets of matter.

Gravity is normally insignificant for small-distance physics, the domain in which the Standard Model comes into play. However, nature does not completely decouple its phenomena into two separate regimes. In a strong gravitational field, such as in the vicinity of a black hole central singularity or during an early epoch of the universe, aspects of both curved spacetime and particle physics play a crucial role. In certain limits, the semi-classical approach of quantum field theory in curved spacetime may suffice, which treats spacetime as a classical manifold. For example, for field perturbations near a black hole, one may neglect the back-reaction that the massenergy of the fields have on the background spacetime. This enables one to calculate thermodynamic properties of the black hole, such as temperature. However, close to the spacetime singularity of the black hole, it is believed that a quantum theory of gravity is required. One might be tempted to argue that the region near a spacetime singularity is cloaked by the surface of an event horizon. That is, any information which is only deciphered by a quantum theory of gravitation might be locked away within the black hole, never making contact with the outside universe. However, as briefly mentioned above, even at the semi-classical level it is predicted that black holes radiate energy. Whether or not this energy carries information has long been a subject of debate. Regardless of the outcome, as a black hole evaporates, the surface of the event horizon gets ever closer to the central singularity, until a full quantum theory of gravity is needed in order to describe processes taking place outside of the event horizon as well. Thus, if we take General Relativistic solutions seriously, then we are forced to consider regimes which incorporate both gravity and particle physics. Many physicists now believe that the quantization of the gravitational field is linked to its unification with the fields of the Standard Model.

1.1.2 Early unification The idea of unification has practically always been a background theme in physics. Newtonian gravitation explained Earth’s attraction and celestial mechanics as two results of the same force. During the late 19^{th} century, the Maxwellians combined electric and magnetic phenomena into a unified field description. It was found that the speed of electromagnetic waves was the same as that of light, leading to the brilliant insight that light is actually oscillations of the electromagnetic field.

These preceding examples serve to demonstrate the overall idea of unification, that of describing natural phenomena with as few free parameters as possible. In light of this (no pun intended) it may be rather disappointing, even without considerations of gravity, if the Standard Model is the end of the road. This is because it contains about twenty free parameters, whose values are specified only by experiment. One would hope that a fundamental theory of nature could be completely specified by self-consistency, and would only need experiments to boast its predictive power.

It can still be argued that the Standard Model has incredible predictive power once values to its twenty parameters have been assigned. In fact, it agrees with practically all of our observations of the physical world. This brings into question the purpose of theoretical physics. If our job as theorists is simply to create theories that predict what we observe and may lead to practical applications, then our job has been finished for quite some time now. In fact, most physicists are at a loss to find practical applications to Special or General Relativity^1.

It is our search for the underlying truth that drives us to go further. A working model does not necessarily reflect fundamental truth. For example, Newton gave us equations with which to make predictions but he explicitly states that it is up to the reader to think of a mechanism for gravity. Albert Einstein found that mechanism to be the fabric of spacetime itself.

However, his theory of General Relativity is mutually exclusive with our presentday theories of particle physics, since the former considers spacetime as a classical manifold whereas the latter relies on quantum field theories. This incompatibility makes the idea of unification all the more tantalizing.

1.1.3 Relativity At the beginning of the 20^{th} century, Einstein unified electrodynamics and kinematics via Special Relativity. Geometrically, this amounts to melding space and time into a manifold known as ’spacetime.’ A generalized Pythagorean Theorem measures the

1The Gravitational Positioning System (GPS) does use General Relativity.

coordinate-invariant spacetime distance:

ds^2 = −dt^2 + dx^2_i ≡ dx^2_μ. (1.1)

The negative sign divides spacetime into three space-like dimensions and one time-like dimension (3 + 1 dimensions). Effects of this division include the length contraction and time dilation of measurements on co-moving frames. Dynamical equations for particles come about by extremizing the length of their ”worldline”, the distance traveled through spacetime.

Differential geometry extends this notion of invariant distance to curved manifolds by allowing the coefficients of the coordinate quadratics to vary as functions of spacetime:

ds^2 = g_{μν} (x^μ)dx^μdx^ν , (1.2) where g_{μν} (x^μ) is known as the metric and parameterizes the geometry of spacetime. General Relativity makes the conceptual leap of equating the geometry of spacetime with gravitation. Field equations describe the interplay between the dynamical geometry of spacetime and the motion of matter from an action principle. That is, particles minimize their path through the geometry of spacetime, while the geometry changes as a result of mass-energy content and motion.

1.1.4 Higher-dimensional General Relativity Many mathematical generalizations of General Relativity have been explored in the hopes of including non-gravitational forces in a purely geometrical formulation. Most early attempts, including those made by Einstein himself, were somewhat of a ’topdown approach’, in which it was hoped that macroscopic physics could shed light on microscopic phenomena, via the dynamics of a classical geometric manifold. This is not surprising, considering that quantum mechanics was still new and somewhat ad hoc at the time. A strong motivation for Einstein’s search of a unified field theory was, in fact, to rid our fundamental description of nature of quantum indeterminism. There is a touch of irony, then, that quantum gravity is currently seen by many as a guiding light towards unification.

One of the first attempts at classically extending General Relativity was made by Kaluza a mere four years after the publication of Einstein’s theory. Classical theory offers no constraints on the dimensionality of spacetime. While it is with absolute certainty that we observe 3+1 dimensions, there may be additional dimensions which have yet to be detected, existing on compact submanifolds of a larger dimensional spacetime. Kaluza originally considered a fifth dimension that is ”compactified” on a circle of radius L, where L is below the current observable length scales. The corresponding five-dimensional metric can be written in the form

ds^2_5 = e^{2αϕ}ds^2_4 + e^{2βϕ}(dz + A)^2, (1.3) where α and β are non-zero constants which can be chosen for convenience.

The geometric degrees of freedom within ds^2_4, the observable portion of spacetime, describe four-dimensional gravity independently of the fifth dimension. In addition, A = A_μdx^μ is an additional degree of freedom called the Kaluza-Klein vector potential, which corresponds to the electromagnetic potential in the original setup and has a field strength given by F = dA. The warping factor is given by the scalar field ϕ^2.

While this extension of Relativity does succeed in classically describing gravity and electromagnetism as the result of the curvature of a five-dimensional spacetime, on its own it was not believed to offer any predictions, which is why Einstein waited for two years before publicly supporting it^3.

During the next half-century, there was much progress in quantum physics, and the ”top-down” approach to unification was abandoned by most physicists. It is rumored, however, that even on his deathbed Albert Einstein asked for a pencil and paper, in the hope that with his remaining last minutes he may stumble upon a glimmer of a unified field theory.

2In the original Kaluza-Klein setup, ϕ was regarded as a somewhat embarrassing extra degree of freedom and was set to zero. However, in order for the higher-dimensional equations of motion to be satisfied provided that those of the lower dimension are satisfied, ϕ must be retained. Current higher-dimensional theories refer to ϕ as the ’dilaton’, which carries information on the conformal structure of spacetime.

3Five-dimensional Relativity does predict gravito-electromagnetic waves, which oscillate between gravitational and electromagnetic modes.

1.1.5 Quantum divergences Quantum field theories had fantastic predictive power and successfully described electromagnetism, strong and weak nuclear forces in a unified framework known as the Standard Model. The idea of force-carrying particles was a key constituent of fundamental physics. ’Bottom-up’ approaches were attempted to incorporate gravity into the Standard Model, with force-carrying particles called ’gravitons’. However, a quantum field theoretic approach to gravity has not been successful because the gravitational coupling parameter is too large for gravitational interactions to be renormalizable. That is, interactions cannot be dissected into a series of virtual processes that lead to finite results. Thus, practically every attempt to formulate a unified field theory which includes the covariance of General Relativity, or general coordinate transformation invariance, and the quantum mechanics of the Standard Model have led to inconsistencies.

1.1.6 Supersymmetry At this point, it is relevant to note that almost all known fundamental theories have underlying symmetry principles. Classical mechanics has space and time invariances and space rotational invariance. Special Relativity adds space-time rotational invariance to these symmetries. General Relativity localizes the above invariances, which means that the degree of translation and rotation may vary as functions of space and time. On the other hand, electromagnetism is based on abelian gauge invariance, which is an arbitrariness in the electromagnetic field potentials corresponding to local invariance of the action with respect to wave function rotations in a complex plane. The Standard Model is based on non-abelian gauge invariance, in which the order of field transformations matters.

For quite a number of decades, quantum mechanics did not seem to be based on any symmetry principle, which may partially explain the difficulties in unifying the covariance of General Relativity with quantum physics. However, quantum mechanics introduces a new concept for particles: bosons (integer-spin) and fermions (half-integer spin). This leads to the possibility of a new symmetry, called ’supersymmetry’ (SUSY), which is the invariance of the theory under interchange of bosonic and fermionic particles. The SUSY transformation acting twice over turns a particle back into itself, but it can be located at a different point in spacetime. Thus, one would expect that the corresponding superalgebra is closely related to the Poincaré (spacetime rotations plus translations) algebra. In fact, the anti-commutators of the supercharges Q which generate SUSY transformations have the structure

{Q, Q} = Γ^μP_μ, (1.4)

where the presence of the four-momentum operator P_μ implies Poincaré invariance. Local supersymmetry, for which the supersymmetric transformations depend on spacetime, is known as ’supergravity’, and automatically includes general coordinate invariance. In other words, supergravity requires Einstein’s General Relativity; even though quantum mechanics is incompatible with gravity, it predicts the existence of gravity!

1.1.7 Classical string theory A revolutionary idea, initially manifesting itself as an unsuccessful attempt to understand hadronic interactions, is that the basic constituents of matter are 1 + 1- dimensional objects called ”strings”. Analogous to particles, strings obey an action principle. That is, the area of their worldsheet, the two-dimensional surface swept out by the string as it moves through spacetime, is extremized.

The vast number of particles seen in nature are hypothesized to correspond to various excitations of strings. In much the same way as a musical string on a violoncello or guitar produces notes at different frequencies, the discrete vibrations of a string correspond to a whole spectrum of particles. Thus, interactions between particles, which on the level of quantum field theory is described by the exchange of virtual particles, are described in string theory by the splitting and joining of strings. This path to unification certainly exemplifies the ”bottom-up” approach, in that a drastic change to the sub-microscopic nature of matter potentially results in the unification of all forces. It seems logical that, given only one fundamental building block of matter, there can only be one type of interaction.

While the Standard Model has about twenty free parameters, which are assigned values through experiments rather than theoretical consistency, string theory has none, except perhaps for the string tension. However, we have not yet described how the physics of gravitation and quantum field theory arise from this rather simple notion of strings.

1.1.8 Quantizing the string The first step towards endeavor of deriving General Relativity and particle physics from a common fundamental source lies within the quantization of the classical string action. At a given momentum, quantized strings exist only at discrete energy levels, each level containing a finite number of string states, or particle types. There are huge energy gaps between each level, which means that the directly observable particles belong to a small subset of string vibrations. In principle, a string has harmonic frequency modes ad infinitum. However, the masses of the corresponding particles get larger, and decay to lighter particles all the quicker [1].

Most importantly, the ground energy state of the string contains a massless, spintwo particle. There are no higher spin particles, which is fortunate since their presence would ruin the consistency of the theory. The presence of a massless spin-two particle is undesirable if string theory has the limited goal of explaining hadronic interactions. However, previous attempts at a quantum field theoretic description of gravity had shown that the force-carrier of gravity, known as the graviton, had to be a massless, spin-two particle. Thus, in string theory’s comeback as a potential ”theory of everything”, a curse turns into a blessing.

Once again, as with the case of supersymmetry and supergravity, we have the astonishing result that quantum considerations require the existence of gravity! From this vantage point, right from the start the quantum divergences of gravity are swept away by the extended string. Rather than being mutually exclusive, as it seems at first sight, quantum physics and gravitation have a symbiotic relationship. This reinforces the idea that quantum gravity is a mandatory step towards the unification of all forces.

1.1.9 Supersymmetry makes a second entrance Unfortunately, the ground state energy level also includes negative-mass particles, known as tachyons. Such particles have light speed as their limiting minimum speed, thus violating causality. Tachyonic particles generally suggest an instability, or possibly even an inconsistency, in a theory. Since tachyons have negative mass, an interaction involving finite input energy could result in particles of arbitrarily high energies together with arbitrarily many tachyons. There is no limit to the number of such processes, thus preventing a perturbative understanding of the theory.

An additional problem is that the string states only include bosonic particles.

However, it is known that nature certainly contains fermions, such as electrons and quarks. Since supersymmetry is the invariance of a theory under the interchange of bosons and fermions, it may come as no surprise, post priori, that this is the key to resolving the second issue. As it turns out, the bosonic sector of the theory corresponds to the spacetime coordinates of a string, from the point of view of the conformal field theory living on the string worldvolume. This means that the additional fields are fermionic, so that the particle spectrum can potentially include all observable particles. In addition, the lowest energy level of a supersymmetric string is naturally massless, which eliminates the unwanted tachyons from the theory [1].

The inclusion of supersymmetry has some additional bonuses. Firstly, supersymmetry enforces the cancellation of zero-point energies between the bosonic and fermionic sectors. Since gravity couples to all energy, if these zero-point energies were not canceled, as in the case of non-supersymmetric particle physics, then they would have an enormous contribution to the cosmological constant. This would disagree with the observed cosmological constant being essentially zero relative to the energy scales of particle physics.

Also, the weak, strong and electromagnetic couplings of the Standard Model differ by several orders of magnitude at low energies. However, at high energies, the couplings take on almost the same value– almost but not quite. It turns out that a supersymmetric extension of the Standard Model appears to render the values of the couplings identical at approximately 10^{16} GeV. This may be the manifestation of the fundamental unity of forces.

It would appear that the ”bottom-up” approach to unification is winning. That is, gravitation arises from the quantization of strings. To put it another way, supergravity is the low-energy limit of string theory, and has General Relativity as its own lowenergy limit.

1.1.10 The dimension of spacetime String theory not only predicts the particle spectrum and interactions of nature, but the dimension of spacetime itself! In the process of quantizing the superstring, certain symmetries of the action are lost unless the number of spacetime dimensions is ten. Initially, since this is grossly inconsistent with every-day observations, this seems to indicate that we should look elsewhere for a ”theory of everything.” However, almost a century ago, Kaluza and Klein had explored the possibility of extra small dimensions. At the time, this idea seemed to be an unnecessary extension of General Relativity with no additional predictions.

Thus, the ”top-down” approach to unification that once motivated higher dimensional extensions of General Relativity enters the arena of fundamental physics once again, in which the gauge fields of the Standard Model are the result of ripples in a higher-dimensional spacetime.

In the original Kaluza-Klein Relativity, there was only one extra compact dimension. This didn’t leave much topological freedom^4, since the extra dimension can only be curled up into a circle S^1. However, in this modern version of Kaluza-Klein Relativity, six extra compact dimensions are required. Greater number of compact dimensions brings the possibility of more complicated topologies. For example, with two extra dimensions, the compact part of the space could have the topology of a sphere, a torus, or any higher genus surface.

Higher dimensions are not simply unwanted additions that are required for theoretical consistency. They do have phenomenological implications. For instance, compactifying on a three-dimensional complex space known as Calabi-Yau manifold leads, in the low-energy limit, to a four-dimensional N = 1 supersymmetric theory, the effective field theory that underlies many supersymmetric theories of particle phenomenology. Moreover, the geometrical and topological properties of the extra dimensions determine the number of particle generations, the particle species in each generation and the low-energy Lagrangian. Thus, determining the shape of the extra dimensions is crucial for understanding the low-energy predictions of string theory.

Unfortunately, there are thousands of Calabi-Yau manifolds to choose from. It is hoped that the dynamics of string theory constrain the possible shapes of the compact dimensions.

4A slightly different possibility that was initially explored by Horava and Witten is that the one extra dimension can be compactified on an S^1/Z_2 orbifold, which leads an embedding of tendimensional E_8 × E_8 heterotic string theory in eleven-dimensional M-theory [6].

1.1.11 ”Who ordered the extra theories of everything?” Another rather unsettling issue is that there appeared to be not one but five seemingly different but mathematically consistent superstring theories: the E_8 × E_8 heterotic string, the SO(32) heterotic string, the SO(32) Type I string, and Types IIA and IIB strings. Each of these theories corresponded to a different way in which fermionic degrees of freedom could be added to the string worldsheet.

Even before looking at the low-energy physics predicted by a particular compactification of string theory, it is crucial to choose which of the five string theories one is discussing!

1.2 M-Theory and Non-Perturbative Solitons

1.2.1 M-Theory Superstrings provided a perturbatively finite theory of gravity which, after compactification down to 3 + 1 dimensions, seemed potentially capable of explaining the strong, weak and electromagnetic forces of the Standard Model, including the required chiral representations of quarks and leptons. However, in addition to there being five different superstring theories, many important questions seemed incapable of being answered within the framework of the weak-coupling perturbation expansion for which these theories were probed:

How do strings break supersymmetry?

How do strings choose the correct vacuum state?

How do strings explain the smallness of the cosmological constant? How do strings supply a microscopic description of black holes? Also, supersymmetry constrains the upper limit on the number of spacetime dimensions to be eleven. Why, then, do superstring theories stop at ten? In fact, before the ”first string revolution” of the mid-1980’s, many physicists sought superunification in eleven-dimensional supergravity. Solutions to this most primitive supergravity theory include the elementary supermembrane and its dual partner, the solitonic superfivebrane. These are supersymmetric objects extended over two and five spatial dimensions, respectively. This brings to mind another question: why do superstring theories generalize zero-dimensional point particles only to one-dimensional strings, rather than p-dimensional objects?

During the ”second superstring revolution” of the mid-nineties it was found that, in addition to the 1+1-dimensional string solutions, string theory contains soliton-like Dirichlet branes [1]. These Dp-branes have p + 1-dimensional worldvolumes, which are hyperplanes in 9 + 1-dimensional spacetime on which strings are allowed to end. If a closed string collides with a D-brane, it can turn into an open string whose ends move along the D-brane. The end points of such an open string satisfy conventional free (Neumann) boundary conditions along the worldvolume of the D-brane, and fixed (Dirichlet) boundary conditions are obeyed in the 9 − p dimensions transverse to the

D-brane [1].

D-branes make it possible to probe string theories non-perturbatively, i.e., when the interactions are no longer assumed to be weak. This more complete picture makes it evident that the different string theories are actually related via a network of ”dualities.” T -dualities relate two different string theories by interchanging winding modes and Kaluza-Klein states, via R → α^′/R. For example, Type IIA string theory compactified on a circle of radius R is equivalent to Type IIB string theory compactified on a circle of radius 1/R. We have a similar relation between E_8 × E_8 and SO(32) heterotic string theories. While T-dualities remain manifest at weakcoupling, S-dualities are less well-established strong/weak coupling relationships. For example, the SO(32) heterotic string is believed to be S-dual to the SO(32) Type I string, while the Type IIB string is self-S-dual^{5 6} [1].

This led to the discovery that all five string theories are actually different sectors of an eleven-dimensional non-perturbative theory, known as M-theory. When Mtheory is compactified on a circle S^1 of radius R_{11}, it leads to the Type IIA string, with string coupling constant g_s = R^{3/2}_{11} . Thus, the illusion that this string theory is ten-dimensional is a remnant of weak-coupling perturbative methods. Similarly, if

5There is a duality of dualities, in which the T-dual of one theory is the S-dual of another. 6Compactification on various manifolds often leads to dualities. The heterotic string compactified on a six-dimensional torus T^6 is believed to be self-S-dual. Also, the heterotic string on T^4 is dual to the type II string on four-dimensional K3. The heterotic string on T^6 is dual to the Type II string on a Calabi-Yau manifold. The Type IIA string on a Calabi-Yau manifold is dual to the Type IIB string on the mirror Calabi-Yau manifold.

M-theory is compactified on a line segment S^1/Z_2, then the E_8 × E_8 heterotic string is recovered. As previously mentioned, a string (no pun intended) of dualities relates each of these string theories to all of the rest.

Just as a given string theory has a corresponding supergravity in its low-energy limit, eleven-dimensional supergravity is the low-energy limit of M-theory. Since we do not yet know what the full M-theory actually is, many different names have been attributed to the ”M”, including Magical, Mystery, Matrix, and Membrane! In this thesis, whenever we refer to ”M-theory”, we mean the theory which subsumes all five string theories and whose low-energy limit is eleven-dimensional supergravity.

We now have an adequate framework with which to understand a wealth of nonperturbative phenomena. For example, electric-magnetic duality in D = 4 is a consequence of string-string duality in D = 6, which in turn is the result of membranefivebrane duality in D = 11. Furthermore, the exact electric-magnetic duality has been extended to an effective duality of non-conformal N = 2 Seiberg-Witten theory^7, which can be derived from M-theory. In fact, it seems that all supersymmetric quantum field theories with any gauge group could have a geometrical interpretation through M-theory, as worldvolume fields propagating on a common intersection of stacks of p-branes wrapped around various cycles of compactified manifolds.

In addition, while perturbative string theory has vacuum degeneracy problems

7Seiberg-Witten theory has led to insights on quark confinement. However, this relies on an, at present, unphysical supersymmetric QCD.

due to the billions of Calabi-Yau vacua, the non-perturbative effects of M-theory lead to smooth transitions from one Calabi-Yau manifold to another^8.

While supersymmetry ensures that the high-energy values of the Standard Model coupling constants to meet at a common value, which is consistent with the idea of grand unification, the gravitational coupling constant just misses this meeting point. However, a particular compactification of M-theory envisioned by Horava and Witten, in which the Standard Model fields live on a four-dimensional spacetime while gravity propagates in five dimensions, allows the size of the fifth dimension to be chosen so that the gravitational coupling constant meets the other three at high energy. In fact, this may occur at much less energy than the originally-thought 10^{19} GeV, which leads to various interesting cosmological effects.

In fact, M-theory may resolve long-standing cosmological and quantum gravitational problems. For example, M-theory accounts for a microscopic description of black holes by supplying the necessary non-perturbative components, namely pbranes. As Chapter 1 will show in more detail, this solves a the problem of counting black hole entropy by internal degrees of freedom.

8Now the question to ask is not why do we live in one topology but rather why do we live in a particular corner of the unique topology. M-theory might offer a dynamical explanation of this.

1.2.2 Black hole thermodynamics Since particle accelerators cannot currently probe the energy scale of string theory^9, we hope that cosmology and astrophysics will provide a testing ground. In particular, black holes provide a theoretical test that low-energy string theory agrees with the predictions of quantum field theory in curved spacetime. During the 1970’s, it was found that the entropy of black holes is given by S = A 4G , (1.5) where A is the surface area of the event horizon and G is Newton’s gravitational constant. However, the microscopic meaning of black hole entropy, in terms of counting the degrees of freedom, was far from clear; it was believed that a black hole did not possess any degrees of freedom other than its energy, charges and angular momenta.

Understanding of the microscopics of black holes came with the proposition that certain types of black holes are actually made up of collections of D-branes. With this model, a detailed microscopic derivation of black hole entropy was provided by counting the ways in which branes could be configured to form a black hole.

1.2.3 The Holographic Principle As shown above, black hole entropy scales like the surface area of the event horizon rather than the volume within. This contradicts our naive intuition about the exten-

9Supersymmetry, which is an essential component for consistent string theories, may be tested as soon as 2009, with the search for supersymmetric partners of known particles.

sivity of thermodynamic entropy which we have gained from quantum field theories. This motivated ’t Hooft and Susskind to conjecture that the degrees of freedom describing the system are characterized by a quantum field theory with one fewer space dimensions.

We have previously discussed how supergravity, in which all fields are the result of fluctuations in the spacetime geometry, represents a ”top-down” approach to unification. On the other hand, the excitations of the string yields the particle spectrum of quantum field theory, which is a ”bottom-up” approach. The duality of these descriptions is embodied within the Holography Principle

In 1997, Maldacena found a specific and precise example of this idea for the case of Anti-de Sitter spacetimes, now known as the ”AdS/CFT correspondence” [3]. The notion that certain gravitational descriptions are dual to quantum field theories may provide understanding of how these descriptions can be unified.

In particular, AdS/CFT implies that the weakly-coupled gravity theory is dual to the strongly-coupled super-conformal field theory. This allows us to probe the quantum field theory side non-perturbatively via supergravity. Anti-de Sitter spacetimes arise as the near-horizon regions of certain p-branes, which indicates a dual CFT on the brane’s worldvolume.

1.3 Summary of this thesis

While AdS_d for dimensionality d ≤ 3 is fairly common as near-horizon solutions in both string theories and M-theory, higher-dimensional AdS spaces are not. For example, AdS_5 × S^5 arises as the near-horizon region of D3-branes in type IIB string theory. The dual quantum field theory is N = 4 supersymmetric four-dimensional U(N) gauge theory.

However, for some time, AdS_5 did not have a similar known origin in elevendimensional supergravity. If M-theory is the long-sought after ultimate theory of nature, then it is crucial to understand how our observable world is embedded within its low-energy limit. Thus, AdS_5 arising as a near-horizon region of a brane configuration within eleven-dimensional supergravity would present us with an ideal case for which to explore four-dimensional dual field theories.

I describe how examples of AdS in warped spacetimes can arise in the nearhorizon geometry of semi-localized, multi-intersections of p-branes, including the case of warped AdS_5 in eleven-dimensional supergravity.

One of the initial motivations for the AdS/CFT correspondence came from absorption cross-section calculations of fields on the background curved spacetimes of p-branes. That is, the dual field theory provides a precise mechanism for the absorption of fields into black holes composed of p-branes, in agreement with classical results. The absorption cross-sections in supergravity backgrounds yields information on correlation functions of corresponding operators of the strongly-coupled dual gauge theory. However, absorption calculations have mostly been done for very low energy. Higher-energy calculations yield information on the dual gauge theory away from the conformal fixed point, in a regime for which conformal symmetry is broken.

I calculate exact absorption calculations for various fields on p-brane spacetimes. In addition, absorption calculations are performed for near-extremal p-branes, thereby probing the worldvolume field theory at finite temperature. In the midst of AdS/CFT, however, it should not be forgotten that absorption calculations shed light on the nature of supergravity solutions themselves. In particular, it is found that the absorption cross-section has a remarkably simple oscillatory pattern with respect to the energy of the scattered field.

I discuss the possibility that extra dimensions may be unseen and yet infinite in extent, as opposed to the Kaluza-Klein idea of compact dimensions. The observable dimensions of our universe may be on a p-brane embedded in a higher-dimensional space. While open strings corresponding to gauge fields are constrained to move along the brane, for a long time it was believed that all closed strings corresponding to gravitons were free to move within the dimensions transverse to the brane, which disagrees with the observed four-dimensional law of gravity. Randall and Sundrum recently found that, in the case of warped higher-dimensional spaces such as AdS, there is a bound massless graviton. This means that, even for an extra dimension of infinite extent, four-dimensional gravity is reproduced in the low-energy limit.

I explore the localization of gravity in the case of a brane in a background B field, which is of interest since the dual gauge theory is on noncommutative space. It is found that the localized graviton is massive. Randall and Karch have recently found that, for the case of negative cosmological constant, there is a bound massive graviton. Thus, it would appear that, in the context of localized gravity within Randall-Sundrum brane worlds, a non-commutative gauge theory mimics the effect of a non-vanishing cosmological constant!

Chapter 2

Warped AdS

2.1 Introduction

2.1.1 ”QCD strings” String theory began from attempts to formulate a theory of hadronic interactions. After quantum chromodynamics (QCD) entered the theoretical arena, string theory was abandoned, only to be upgraded shortly afterwards as a candidate for a theory of all fundamental interactions of the universe [2].

Recent developments demonstrate that at least some strongly-coupled gauge theories have a dual string description. That is, a dual string theory provides exact information about certain gauge theories at strong coupling, a regime which was intractable by previously known perturbative methods. The most established examples of this duality are super-conformal gauge theories which are dual to supergravity theories on Anti-de Sitter spacetime [3].

The idea of dual string theories has been around for quite some time. During the

1970’s, ’t Hooft proposed to generalize the SU(3) gauge group of QCD to SU(N) and take the large N limit while keeping g^2_{Y M} N fixed. In this limit, the sum over Feynman graphs of a given topology can be regarded as the sum over world sheets of a hypothetical ”QCD string.” The closed string coupling constant goes as N^{−1}, so that in the large N limit we have a weakly-coupled string theory. The spectrum of these free closed strings is the same as that of glueballs in large N QCD, while open strings can describe mesons. If a method is developed to calculate this spectra and they are found to be discrete, then this would be an elegant explanation of quark confinement.

After much work done in search of an exact gauge field/string duality, it was speculated that such strings may actually live in five dimensions. In 1997, Maldacena made the AdS/CFT conjecture, in which conformal field theories are dual to supergravities with Anti-de Sitter spacetimes, which have constant negative curvature. In particular, ”QCD strings” might actually be Type IIB superstrings living in five noncompact (AdS_5) and five compact (X^5) dimensions, where X^5 is a positively curved Einstein space [4].

We will now give a brief description of the intriguing discoveries which led up to the Holographic Principle, a particular example of which is the celebrated AdS/CFT conjecture.

2.1.2 Dp-branes and Black Holes As previously mentioned, black hole entropy scales as the surface area of the event horizon, rather than the volume within. This motivated ’t Hooft and Susskind to conjecture that the degrees of freedom describing the system are characterized by a quantum field theory of one fewer spatial dimensions [5].

It had been believed that the state of a black hole was completely specified by its energy, charges and angular momenta. This left no internal degrees of freedom to be counted by the entropy, thus making the meaning of this thermodynamic quantity rather illusive.

The resolution of this puzzle came about through the study of Dp-branes, solitonlike solutions of Types IIA and IIB supergravity which carry Ramond-Ramond charge and are specified by the metric ds^2 = H^{−1/2}(r)( − f(r)dt^2 + dx^2_1 + .. + dx^2_p) + H^{1/2}(r)(f(r)^{−1}dr^2 + r^2dΩ^2_{8−p}), (2.1) and a dilaton e^ϕ = H^{(3−p)/4}(r), (2.2) where the harmonic function is given by H(r) = 1 + R^{7−p} r^{7−p} . (2.3) Also, f(r) = 1 − r^{7−p}_o r^{7−p} , (2.4) where r_o is the nonextremality parameter. In the extremal case, when r_o vanishes, the mass saturates the lower (BPS) bound for a given choice of charges. The coordinates t, x_i describe the brane worldvolume while r and the 8−p-sphere coordinates describe the space transverse to the brane.

Polchinski illuminated the importance of these solutions with his discovery that Dp-branes are the fundamental objects in string theory which carry RR charges [1]. These p-brane supergravity solutions were then identified with the long-range background fields produced by stacks of parallel Dp-branes, for which the constant R is given by R^{7−p} = α^{′(7−p)/2}g_sN(4π)^{(5−p)/2}Γ( 7 − p 2 ), (2.5) where N is the number of coincident Dp-branes.

More complicated systems were considered, in which D-branes of different dimensionalities were intersecting and possibly wrapped on compact manifolds. It was found that such configurations could be identified with black holes and black p-brane solutions of supergravity with the appropriate charges. This provides the microscopic description of black holes that was needed to count the degrees of freedom that is parametrized by entropy.

Strominger and Vafa were the first to build this type of correspondence between black hole solutions and D-branes [83]. In particular, they began with an intersection of D1 and D5-branes in ten-dimensional type IIB theory. After compactification on a five-dimensional manifold, this brane configuration corresponds to a five-dimensional black hole carrying two separate U(1) charges. This is a generalization of the fourdimensional Reissner-Nordstrom black hole.

It was now possible to understand black hole entropy in terms of the degrees of freedom living on the D-branes. Strominger and Vafa calculated the Bekenstein- Hawking entropy as a function of the charges and successfully reproduced the result provided by macroscopic entropy [83]^1.

As mentioned in the introduction of this thesis, the association of black hole entropy with area would imply that black holes have a temperature. In the classical regime this is nonsensical, since nothing can escape from inside the event horizon of a black hole. Thus, Hawking’s proposal that black holes radiate energy was initially met with ridicule. However, Hawking used a semi-classical calculation, in which quantum processes occur within a fixed, classical backdrop of spacetime, allowing energy to quantum tunnel through the event horizon. Since such processes involve the annihilation of the the original particles by their anti-particle partners, this brings about the issue as to whether information is lost. It is hoped that the D-brane description of black holes can be used to resolve this question.

Black hole radiation implies that scattering processes of black holes have grey-

1The extremal Strominger-Vafa black hole preserves 1/8 of the supersymmetries present in the vacuum, which ensures that the number of states does not change as the coupling is increased to the regime in which the D-brane configuration corresponds with a black hole. This correspondence was quickly generalized to near-extremal solutions.

body factors. This is reflected in the absorption of particles, which can be pictured in two different ways. In the semi-classical approach, a particle is attracted by longrange gravity of the black hole, tunnels through an effective potential barrier, and is absorbed by the event horizon. In the D-brane picture, the incident particle travels through flat space and decays into a number of new particles which are constrained to live on the brane intersection.

The thermodynamics and scattering processes of black holes seem to indicate that there is an underlying Holographic Principle at work– a deep equivalence between gauge theories and gravity. Since it would appear that the roots of gravity and quantum field theory are incompatible on the level of particle physics, it is quite surprising that they are, in some ways, equivalent on the deeper level of string theory. However, a set of precise examples of this notion was not found until 1997.

2.1.3 The AdS/CFT Correspondence The celebrated AdS/CFT conjecture of Maldacena states, in its most familiar form, that string theory in the near-horizon geometry of a large number of N coincident D3-branes (AdS_5 ×S^5) is completely equivalent to the low-energy U(N) N = 4 Super- Yang-Mills (SYM) gauge theory in four dimensions, which describes the excitations on the brane [3].

To be more specific, consider a stack of N parallel D3-branes in the ”zero slope limit,” for which α^′ → 0 and the masses of all massive string modes go to infinity. In this limit, the gravitational coupling κ ∼ g_sα^′ → 0, so that the bulk closed string modes decouple from the massless open string modes on the brane. In addition, all higher derivative terms of the worldvolume fields vanish in the action. Thus, dynamics on the brane is completely described by the low-energy theory of the massless open string modes, the U(N) N = 4 Super-Yang-Mills theory in 3 + 1 dimensions.

In this limit, the supergravity metric becomes that of flat spacetime. That is, the open string modes on the brane decouple from the bulk closed string modes; from the point of view of a distant observer, the brane disappears from the geometry. Closed strings propogate in the decoupled flat spacetime of the bulk while decoupled open strings obey a non-trivial field theory on the brane.

On the field theory side, the masses of the lowest energy level of strings stretched between two D-branes separated by a distance r are given by uR^2 = r/α^′. In the decoupling limit, these are important degrees of freedom. In order to keep their energies finite, we keep u fixed as we take the limit α^′ → 0.

Now we consider what happens to the supergravity metric in this limit. The metric for a stack of extremal D3-branes is

ds^2 = H^{−1/2}(−dt^2 + dx^2_1 + dx^2 + dx^2_3) + H^{1/2}(dr^2 + r^2dΩ^2_5). (2.6)

The decoupling limit α^′ → 0 with fixed u corresponds to the ”near-horizon” limit r ≪ R, for which the constant ”1” in the harmonic function H can be neglected. The metric becomes

ds^2 = α^′R^2 ( u^2(−dt^2 + dx^2_1 + dx^2 + dx^2_3) + du^2 u^2

+ dΩ^2_5 ) , (2.7)

which describes the space AdS_5 × S^5. Note that α^′ becomes a constant overall factor in this limit. By the change of coordinates z = 1/u, this metric can be expressed as

ds^2 = α^′R^2 ( 1 z^2

(−dt^2 + dx^2_1 + dx^2 + dx^2_3 + dz^2) + dΩ^2_5 ) , (2.8)

which corresponds to the conformally-flat frame in the five-dimensional supergravity after a dimensional-reduction over S^5. This property of AdS spaces is also reflected in the constancy of the dilaton field. Thus, branes whose spacetimes approach AdS in the near-horizon region are non-dilatonic, such as the D3-brane of type IIB string theory.

The AdS/CFT conjecture makes the claim that the full string theory on the nearhorizon geometry of AdS_5×S^5 is dual to the four-dimensional N = 4 Super-Yang-Mills gauge theory on the brane. Note that the string coupling constant is related to the Yang-Mills coupling constant by g_s = g^2_{Y M} . This can be understood qualitatively as two open strings, each of which has a corresponding factor of g_{Y M} , coming together to form a closed string [2].

The radius of curvature of the space in string units is √ 4πg_sN, which means that the supergravity solution can only be trusted for 1 ≪ g_sN. This corresponds to strong ’t Hooft coupling in the gauge theory. In the limit g_sN → ∞ and g_s → 0, both string loops and stringy α^′ effects may be neglected. In order to have these limits simultaneously, we require that N → ∞. Thus, classical supergravity on AdS_5 × S^5 should be dual to the large N limit of U(N), N = 4 SYM theory in the limit of strong ’t Hooft coupling [4].

A stronger form of the AdS/CFT conjecture asserts that for N → ∞ and 1 ≪ g_sN but finite, so that g_s → 0 still, 1/(g_sN) corrections on the field theory side correspond to classical string theoretic corrections to supergravity. In the strongest version of the AdS/CFT conjecture, we may take N to be finite, and 1/N corrections in the field theory correspond to string loop effects.

The AdS/CFT Conjecture is extremely powerful, even in its weakest form. It provides a way to probe gauge theory at the previously inaccessible regime of strong ’t Hooft coupling via classical supergravity calculations.

Since the AdS/CFT correspondence has to do with a gauge theory at strong coupling, calculations tend to be difficult on one side of the duality and relatively simple on the other side. Thus, this correspondence is both incredibly useful and rather difficult to check directly. However, the symmetries of the theory should be independent of the parameters and may be compared directly.

On the supergravity side, the bosonic symmetry group includes SO(4,2), the isometry group of AdS_5, as well as the global symmetry group SO(6), the rotational symmetry of S^5. These groups match with the bosonic global symmetry group on the field theory side, where SO(4,2) is the conformal group in 3+1 dimensions and SO(6) is locally SU(4), which is the R-symmetry group of N = 4 SYM gauge theory. In addition, both theories have 32 fermionic global symmetry generators, which combine with the bosonic symmetries to yield a supergroup SU(2,2|4) on both sides [4].

In addition, there should be an exact correspondence between operators in the field theory and particle states in AdS_5 × S^5. As we shall discuss in the next chapter on absorption by branes, explicit calculations of correlation functions show complete agreement between the supergravity and field theory sides of the AdS/CFT correspondence.

2.1.4 Other Examples of the Holographic Principle As already mentioned, the AdS/CFT correspondence is one particular example of the Holographic principle. Another example which is discussed in Chapter 4 of this thesis is that of branes in a background B field. It is believed that, in a particular decoupling limit, the near-horizon physics of a brane in a background B field corresponds to a gauge theory in non-commutative geometry [102, 103]. Also, it is believed that a non-dilatonic brane excited above extremality corresponds to a gauge theory in finite temperature [3]. Also, separation of branes in bulk space corresponds to the Coloumb Branch of the dual non-conformal gauge theory, in which certain scalar fields have nonzero expectation values [26].

The duality between type IIB strings on AdS_5 ×S^5 and the N = 4 SYM gauge theory is naturally generalized to dualities between backgrounds of the form AdS_5 × X^5 and other conformal gauge theories. The five-dimensional compact space X^5 is required to be an Einstein manifold of positive curvature, i.e., one for which R_{μν} = Λg_{μν} with Λ > 0. The number of isometries on X^5 determine the number of supersymmetries in the dual gauge theory [4].

A simple example of X^5 which is locally equivalent to S^5 is the orbifold-type S^5/Γ, where Γ is a discrete subgroup of SO(6). The dual gauge theory is the IR limit of the world-volume theory on a stack of N D3-branes placed at the conifold singularity of R^6/Γ [4].

An example for which X^5 is not locally equivalent to S^5 is the Romans compactification on X^5 = T^{1,1} = (SU(2) × SU(2))/U(1). The dual gauge theory is the conformal limit of the world-volume theory on a stack of N D3-branes placed at the singularity of a certain Calabi-Yau manifold known as the conifold [4]^2.

We now turn to the possibility of warped AdS spaces, that are of the form f(α)(AdS_m × S^n), where α is an angular parameter of the S^n portion. The warp-

2Recently, Klebanov and Strassler have constructed an exact non-singular supergravity solution of a D3-brane on a conifold that is deformed by an additional three-form flux. This is an example of the resolution of a naked singularity at the level of supergravity, rather than relying on stringy effects. The infrared phenomena of the dual non-conformal N = 1 supersymmetric gauge theory include confinement, chiral symmetry breaking, a glueball spectrum, baryons and domain walls separating inequivalent vacua [27]. Another mechanism for resolving the naked singularity involves going away from extremality. This corresponds to a finite-temperature gauge theory in which chiral symmetry is restored above a critical temperature. Exploring this transition to deconfinement is of particular current interest [28].

ing factor f(α) reduces the isometries of the geometry, which implies that the dual gauge theory has reduced supersymmetries. Thus, such warped AdS solutions are of interest as gravity duals of strongly-coupled field theories with less than maximal supersymmetry. In addition, AdS_d solutions arise in various theories for particular values of d only in warped spacetimes. A particular example of this is warped AdS_5 in eleven-dimensional supergravity [106, 64].

2.1.5 Warped AdS Anti-de Sitter (AdS) spacetimes naturally arise as the near-horizon geometries of nondilatonic p-branes in supergravity theories. The metric for such a solution is usually the direct sum of AdS and an internal sphere. These geometries are of particular interest because of the conjecture that supergravity on such a background is dual to a conformal field theory on the boundary of the AdS [3, 7, 57]. Examples include all the anti-de Sitter spacetimes AdS_d with 2 ≤ d ≤ 7, with the exception of d = 6. The origin of AdS_6 is a little more involved, and it was first suggested in [58] that it was related to the ten-dimensional massive type IIA theory. Recently, it was shown that the massive type IIA theory admits a warped-product solution of AdS_6 with S^4 [59], which turns out to be the near-horizon geometry of a semi-localised D4/D8 brane intersection [105]. It is important that the warp factors depend only on the internal S^4 coordinates, since this implies that the reduced theory in D = 6 has AdS spacetime as its vacuum solution. The consistent embedding of D = 6, N = 1 gauged supergravity in massive type IIA supergravity was obtained in [61]. Ellipsoidal distributions of the D4/D8 system were also obtained, giving rise to AdS domain walls in D = 6, supported by a scalar potential involving 3 scalars [62].

In fact, configurations with AdS in a warped spacetime are not rare occurrences. In [106], a semi-localised M5/M5 system [105] was studied, and it was shown that the near-horizon geometry turns out to be a warped product of AdS_5 with an internal 6-space. This makes it possible to study AdS_5/CFT_4 from the point of view of Mtheory. In this paper, we shall consider AdS with a warped spacetime in a more general context and obtain such geometries for all the AdS_d, as the near-horizon limits of semi-localised multiple intersections in both type IIA and type IIB theories.

The possibility of this construction is based on the following observations. As is well known, a non-dilatonic p-brane has the near-horizon geometry AdS_d × S^n. The internal n-sphere can be described geometrically as a foliation of S^p × S^q surfaces with n = p + q + 1, and so, in particular, if n ≥ 4 the n-sphere can be viewed in terms of a foliation with S^3 × S^{n−4} surfaces, viz.

dΩ^2_n = dα^2 + cos^2 α dΩ^2_3 + sin^2 α dΩ^2_{n−4} . (2.9)

When a non-dilatonic p-brane with an n-sphere in the transverse space intersects with a Kaluza-Klein monopole (a Taub-NUT with charge Q_N) in a semi-localised manner, the net result turns out to be effectively a coordinate transformation of a solution with a distribution of pure p-branes with no NUT present. The round S^3 in (2.9) becomes the cyclic lens space S^3/Z_{QN} with metric

dΩ̄^2_3 =^1_4 dΩ^2 +^1_4 ( dy Q_N

+ ω)^2 , (2.10)

where dω = Ω_2 is the volume form of the unit 2-sphere. This metric retains the same local structure as the standard round 3-sphere, and it has the same curvature tensor, but the y coordinate on the U(1) fibres is now identified with a period which is 1/Q_N of the period for S^3 itself. We can now perform a dimensional reduction, or a Tduality transformation, on the fibre coordinate y, and thereby obtain AdS in a warped spacetime. The warp factor depends only on the internal “latitude” coordinate α, but is independent of the lower-dimensional spacetime coordinates. In fact, the M5/M5 system with AdS_5 found in [106] can be obtained in precisely such a manner from the D3-brane by using type IIA/IIB T-duality. Note that an isotropic p-brane can be viewed as carrying a single unit of NUT charge. Although this semi-localised way of introducing a Taub-NUT seems trivial, in that it amounts to a coordinate transformation, performing Kaluza-Klein reduction on the fibre coordinate does create a non-trivial intersecting component, since the Kaluza-Klein 2-form field strength now carries a non-trivial flux. This fact was used in [65] to construct multi-charge p-branes starting from flat spacetime.

An analogous procedure can instead be applied to the anti-de Sitter spacetime, rather than the sphere, in the near-horizon limit AdS_d ×S^n of a non-dilatonic p-brane.

AdS_d can be described in terms of a foliation of AdS_p × S^q surfaces with d = p + q + 1 and so, in particular, for d ≥ 4 it can be expressed as a foliation of AdS_3 × S^{d−3}: ds^2_{AdSd} = dρ^2 + cosh^2 ρ ds^2_{AdS3} + sinh^2 ρ dΩ^2_{d−4} . (2.11) In the presence of a pp-wave that is semi-localised on the world-volume of the p-brane, the AdS_3 turns out to have the form of a U(1) bundle over AdS_2 [66], ds^2_{AdS3} = −r^2 W^{−1} dt^2 + dr^2 r^2

+ r^2 W (dy + (W^{−1} − 1))dt)^2 , (2.12) where W = 1 + Q_w/r^2, and Q_w is the momentum carried by the pp-wave. This is precisely the structure of the extremal BTZ black hole [67]. We can now perform a Kaluza-Klein reduction, or T-duality transformation, on the fibre coordinate y. In the near-horizon limit where the “1” in W can be dropped, we obtain AdS_2 in a warped spacetime with a warp factor that depends only on the foliation coordinate, ρ. A T-duality transformation on such a fibre coordinate of AdS_3 or S^3 has been called Hopf T-duality [68]. It has the effect of (un)twisting the AdS_3 or S^3. The effect of this procedure on the six-dimensional dyonic string, whose near-horizon limit is AdS_3 × S^3, was extensively studied in [66]. We apply the same technique to AdS_3 or S^3 geometries that are themselves factors in the foliation surfaces of certain largerdimensional AdS spacetimes or spheres.

We consider the semi-localised D3/NUT system and show that the effect of turning on the NUT charge Q_N in the intersection is merely to convert the internal 5-sphere, viewed as a foliation of S^1 × S^3, into a foliation of S^1 × (S^3/Z_{QN} ), where S^3/Z_{QN} is the cyclic lens space of order Q_N. We can then perform a T-duality transformation on the Hopf fibre coordinate of the lens space and thereby obtain an AdS_5 in a warped spacetime as a solution in M theory, as the near-horizon geometry of a semi-localised M5/M5 system.

We consider a semi-localised D3/pp-wave system, for which the AdS_5 becomes a foliation of a circle with the extremal BTZ black hole, which is locally AdS_3 and can be viewed as a U(1) bundle over AdS_2. We then perform a Hopf T-duality transformation on the fibre coordinate to obtain a solution with AdS_2 in a warped spacetime in Mtheory, as the near-horizon geometry of a semi-localised M2/M2 system.

We apply the same analysis to the M2/NUT and M2/pp-wave systems, and the M5/NUT and M5/pp-wave systems, respectively; we obtain various configurations of AdS in warped spacetimes by performing Kaluza-Klein reductions and Hopf T-duality transformations on the fibre coordinates.

We consider the D4/D8 system, which has the near-horizon geometry of a warped product of AdS_6 and S^4. We perform a Hopf T-duality transformation on the fibre coordinate of the foliating lens space of S^4, and thereby embed AdS_6 in a warped spacetime solution of type IIB theory.

2.2 D3/NUT systems and AdS_5 in M-theory from T-duality

AdS_5 spacetime arises naturally from type IIB theory as the near-horizon geometry of the D3-brane. Its origin in M-theory is more obscure. One way to embed the AdS_5 in M-theory is to note that S^5 can be viewed as a U(1) bundle over CP^2, and hence we can perform a Hopf T-duality transformation on the U(1) fibre coordinate. The resulting M-theory solution becomes AdS_5 × CP^2 × T^2 [68]. However, this solution is not supersymmetric at the level of supergravity, since CP^2 does not admit a spin structure. Charged spinors exist but, after making the T-duality transformation, the relevant electromagnetic field is described by the winding-mode vector and it is only in the full string theory that states charged with respect to this field arise. It was therefore argued in [68] that the lack of supersymmetry (and indeed of any fermions at all) is a supergravity artifact and that, when the full string theory is considered, the geometry is supersymmetric. Such a phenomenon was referred as “supersymmetry without supersymmetry” in [69].

Recently, AdS_5 in warped eleven-dimensional spacetime was constructed in [106]. It arises as the near-horizon limit of the semi-localised M5/M5 intersecting system. After performing a T-duality transformation, the warped spacetime of the nearhorizon limit becomes AdS_5 × (S^5/Z_{QN} ). In this section, we shall review this example in detail and show that the M5/M5 system originates from a semi-localised D3/NUT intersection in type IIB supergravity.

2.2.1 D3/NUT system Any p-brane with a transverse space of sufficiently high dimension can intersect with a NUT. The D3/NUT solution of type IIB supergravity is given by

ds^2_{10IIB} = H^{−1/2}(−dt^2 + dw^2_1 + · · · + dw^2_3) + H^{1/2} ( dx^2_1 + dx^2 K(dz^2 + z^2 dΩ^2) + K^{−1}(dy + Q_N ω)^2 ) , (2.13) F_5 = dt ∧ d^3w ∧ dH^{−1} + ∗(dt ∧ d^3w ∧ dH^{−1}) , where z^2 = z^2_1 + z^2 + z^2_3, and ω is a 1-form satisfying dω = Ω_2. The solution can be best illustrated by the following diagram:

t w_1 w_2 w_3 x_1 x_2 z_1 z_2 z_3 y D3 × × × × − − − − − − H NUT × × × × × × − − − ∗ K Diagram 1. The D3/NUT brane intersection. Here × and − denote the worldvolume and transverse space coordinates respectively, and ∗ denotes the fibre coordinate of the Taub-NUT.

The function K is associated with the NUT component of the intersection; it is a harmonic function in the overall transverse Euclidean 3-space coordinatised by z_i. The function H is associated with the D3-brane component. It satisfies the equation ∂^2_{⃗z} H + K ∂^2_{⃗x}H = 0 . (2.14)

Equations of this type were also studied in [70, 71, 72, 73, 74, 75, 76, 77, 78, 79]. In the absence of NUT charge, i.e. K = 1, the function H is harmonic in the the transverse 6-space of the D3-brane. When the NUT charge Q_N is non-zero, K is instead given by K = 1 +

Q_N z , (2.15) and the function H cannot be solved analytically, but only in terms of a Fourier expansion in ⃗x coordinates. The usual way to solve for the solution is to consider the zero-modes in the Fourier expansion. In other words, one assumes that H is independent of ⃗x. The consequence of this assumption is that the resulting metric no longer has an AdS structure in its near-horizon region. In [105], it was observed that an explicit closed-form solution for H can be obtained in the case where the “1” in function K is dropped. This solution is given by [105] K = Q_N z , H = 1 + ∑ k Q_k (|⃗x − ⃗x_{0k}|^2 + 4Q_N z)^2

. (2.16) In this paper, we shall consider the case where the D3-brane is located at the origin of the ⃗x space and so we have H = 1 + Q (x^2 + 4Q_N z)^2

, (2.17) where x^2 = x^i x^i. Thus, the D3-brane is also localised in the space of the ⃗x as well. Let us now make a coordinate transformation

x_1 = r cos α cos θ , x_2 = r cos α sin θ , z =^1_4 Q_N^{−1} r^2 sin^2 α . (2.18)

In terms of the new coordinates, the metric for the solution becomes

ds^2_{10IIB} = H^{−1/2}(−dt^2 + dw^2_1 + dw^2 + dw^2_3 ) + H^{1/2}(dr^2 + r^2 dM^2_5 ) , H = 1 + Q r^4

. (2.19)

where dM^2_5 = dα^2 + c^2 dθ^2 +^1_4 s^2 ( dΩ^2 + ( dy Q_N

+ ω)^2 ) , (2.20) and s = sin α, c = cos α. Thus, we see that dM^2_5 describes a foliation of S^1 times the lens space S^3/Z_{QN} . For a unit NUT charge, Q_N = 1, the metric dM^2_5 describes the round 5-sphere and the solution becomes an isotropic D3-brane. It is interesting to note that the regular D3-brane can be viewed as a semi-localised D3-brane intersecting with a NUT with unit charge.^3 In the near-horizon limit r → 0, where the constant 1 in the function H can be dropped, the metric becomes AdS_5 × M_5:

ds^2_{10IIB} = Q^{−1/2} r^2 (−dt^2 + dw^idw^i) + Q^{1/2} dr^2 r^2

+ (2.21) Q^{1/2} ( dα^2 + c^2 dθ^2 +^1_4 s^2(dΩ^2 + ( dy Q_N

+ ω)^2) ) (2.22)

2.2.2 M5/M5 system and AdS_5 in M-theory Since the near-horizon limit of a semi-localised D3-brane/NUT is a direct product of AdS_5 and an internal 5-sphere that is a foliation of a circle times a lens space, it

3An analogous observation was also made in [65], where multi-charge solutions were obtained from flat space by making use of the fact that S^3 can be viewed as a U (1) bundle over S^2. In other words, flat space can be viewed as a NUT, with unit charge, located on the U (1) coordinate.

follows that if we perform a T-duality transformation on the U(1) fibre coordinate y, we shall obtain AdS_5 in a warped spacetime as a solution of the type IIA theory. The warp factor is associated with the scale factor s^2 of dy^2 in (2.22). This type of Hopf T-duality has the effect of untwisting a 3-sphere into S^2 × S^1 [66]. If one performs the T-duality transformation on the original full solution (2.13), rather than concentrating on its near-horizon limit, then one obtains a semi-localised NS5/D4 system of the type IIA theory, which can be further lifted back to D = 11 to become a semi-localised M5/M5 system, obtained in [105]. In [106], the near-horizon structures of these semilocalised branes of M-theory were analysed, and AdS_5 was obtained as a warped spacetime solution. We refer the readers to Ref. [106] and shall not discuss this solution further, but only mention that, from the above analysis, it can be obtained by implementing the T-duality transformation on the coordinate y in (2.22).

2.3 D3/pp-wave system

2.3.1 D3/pp-wave system and extremal BTZ black hole In this section, we study the semi-localised pp-wave intersecting with a D3-brane. The solution is given by

ds^2_{10IIB} = H^{−1/2} ( − W^{−1} dt^2 + W (dy + (W^{−1} − 1)dt)^2 + dx^2_1 + dx^2 )

+H^{1/2}(dz^2_1 + · · · dz^2_6 ) , (2.23) F_{(5)} = dt ∧ dy ∧ dx_1 ∧ dx_2 ∧ dH^{−1} + ∗(dt ∧ dy ∧ dx_1 ∧ dx_2 ∧ dH^{−1}) ,

The solution can be illustrated by the following diagram

t y x_1 x_2 z_1 z_2 z_3 z_4 z_5 z_6 D3 × × × × − − − − − − H wave × ∼ − − − − − − − − W Diagram 2. The D3/pp-wave brane intersection. Here ∼ denotes the wave coordinate.

In the usual construction of such an intersection, the harmonic functions H and W depend only on the overall transverse space coordinates ⃗z. The near-horizon limit of the solution then becomes K_5 × S^5, where K_5 is the generalised Kaigorodov metric in D = 5, and the geometry is dual to a conformal field theory in the infinite momentum frame [80]. On the other hand, the semi-localised solution is given by [105]

H = Q |⃗z|^4 , W = 1 + Q_w(|⃗x|^2 + Q |⃗z|^2 ) . (2.24)

We now let

x_1 = 1 r cos α cos θ , x_2 = 1 r cos α sin θ , z_i = r Q^{1/2} sin α ν_i , (2.25)

where ν_i coordinates, satisfying ν_i ν_i = 1, define a 5-sphere with the unit sphere metric dΩ^2_5 = dν_i dν_i. Using these coordinates, the metric of the semi-localised D3/wave system becomes

ds^2_{10IIB} = Q^{1/2} s^{−2} (ds^2_{AdS3} + dα^2 + c^2 dθ^2 + s^2 dΩ^2_5) , (2.26) where ds^2_{AdS3} is given by ds^2_{AdS3} = −r^2 W^{−1} dt^2 + r^2 W (dy + (W^{−1} − 1)dt)^2 + dr^2 r^2 , W = 1 + Q_w r^2

. (2.27) Note that the above metric is exactly the extremal BTZ black hole [67], and hence it is locally AdS_3. Thus we have demonstrated that the semi-localised D3/pp-wave system is in fact a warped product of AdS_3 (the extremal BTZ black hole) with a 7-sphere, where S^7 is described as a foliation of S^1 × S^5 surfaces.^4 Note that the metric (2.26) can also be expressed as a direct product of AdS_5 × S^5, with the AdS_5 metric written in the following form:

ds^2_5 = s^{−2}(ds^2_{AdS3} + dα^2 + c^2 dθ^2) . (2.28) Making a coordinate transformation tan(α/2) = e^ρ, the metric becomes ds^2_5 = dρ^2 + sinh^2 ρ dθ^2 + cosh^2 ρ ds^2_{AdS3} , (2.29) which is precisely the AdS_5 metric written as a foliation of a circle times AdS_3^5.

The extremal BTZ black hole occurs [82] as the near-horizon geometry of the boosted dyonic string in six-dimensions, which can be viewed as an intersection of a string and a 5-brane in D = 10. The boosted D1/D5 system was used to obtain the

4A D3-brane with an S^3 × IR worlvolume was obtained in [81]. In that solution, which was rather different from ours, the dilaton was not constant.

5Since this metric can be expressed as warped AdS_3 or AdS_5, at first sight it appears that there may be two dual gauge theories corresponding to this geometry. However, this may involve a topological change in the boundary.

first stringy interpretation [83] of the microscopic entropy of the Reissner-Nordström black hole in D = 5. The boosted dyonic string has three parameters, namely the electric and magnetic charges Q_e, Q_m, and the boost momentum parameter Q_w. On the other hand, the extremal BTZ black hole itself has only two parameters: the cosmological constant, proportional to √ Q_e Q_m, and the mass (which is equal to the angular momentum in the extremal limit), which is related to Q_w. (Analogous discussion applies to D = 4 [84].) In our construction of the BTZ black hole in warped spacetime, the original configuration also has only two parameters, namely the D3-brane charge Q, related to the cosmological constant of the BTZ black hole, and the pp-wave charge, associated with the mass.

2.3.2 NS1/D2 and M2/M2 systems and AdS_2 We can perform a T-duality transformation on the coordinate y in the previous solution. The D3-brane is T-dual to the D2-brane, and the wave is T-dual to the NS-NS string. Thus the D3/pp-wave system of the type IIB theory becomes an NS1/D2 system in the type IIA theory, given by

ds^2_{10IIA} = W^{1/4}H^{3/8} [ − (W H)^{−1} dt^2 + H^{−1} (dx^2_1 + dx^2) + W^{−1} dy^2_1 , + dz^2_1 + · · · dz^2_6 ] , e^ϕ = W^{−1/2} H^{1/4} , (2.30) F_{(4)} = dt ∧ dx_1 ∧ dx_2 ∧ dH^{−1} , F_{(3)} = dt ∧ dy_1 ∧ dW^{−1} .

This solution can be represented diagrammatically as follows:

t x_1 x_2 y_1 z_1 z_2 z_3 z_4 z_5 z_6 D2 × × × − − − − − − − H NS1 × − − × − − − − − − W Diagram 3. The NS1/D2 brane intersection.

In the near-horizon limit where the 1 in W is dropped, the metric of the NS1/D2 system (2.30), in terms of the new coordinates (2.25), becomes

ds^2_{10} = Q^{1/4}_w Q^{5/8} s^{−5/2} ( ds^2_{AdS2} + dα^2 + c^2 dθ^2 + s^2 dΩ^2_5 + (Q_w Q)^{−1} s^4 dy^2_1 ) , (2.31) where ds^2_{AdS2} = − r^4 dt^2 Q_w + dr^2 r^2

. (2.32) Thus we see that the near-horizon limit of the NS1/D2 system is a warped product of AdS_2 with a certain internal 8-space, which is a warped product of a 7-sphere with a circle.

We can further lift the solution back to D = 11, where it becomes a semi-localised M2/M2 system,

ds^2_{11} = (W H)^{1/3} [ − (W H)^{−1} dt^2 + H^{−1} (dx^2_1 + dx^2) + W^{−1} (dy^2_1 + dy^2 ) , + dz^2_1 + · · · + dz^2_6 ] , F_{(4)} = dt ∧ dx_1 ∧ dx_2 ∧ dH^{−1} + dt ∧ dy_1 ∧ dy_2 ∧ dW^{−1} . (2.33)

The configuration for this solution can be summarised in the following diagram:

t x_1 x_2 y_1 y_2 z_1 z_2 z_3 z_4 z_5 z_6 M2 × × × − − − − − − − − H M2 × − − × × − − − − − − W Diagram 4. The M2-M2 brane intersection.

It is straightforward to verify that the near-horizon geometry of this system is a warped product of AdS_2 with a certain 9-space, namely

ds^2_{11} = Q^{1/3}_w Q^{2/3} s^{−8/3} (ds^2_{AdS2} +dα^2 +c^2 dθ^2 +s^2 dΩ^2_5 +(Q_w Q)^{−1} s^4 (dy^2_1 +dy^2 )) , (2.34)

where ds^2_{AdS2} is an AdS_2 metric given by (2.32), and the internal 9-space is a warped product of a 7-sphere and a 2-torus.

2.3.3 Further possibilities Note that in the above examples, we can replace the round sphere dΩ^2_5 by a lens space of the following form:

dΩ^2_5 = dα̃^2 + c̃^2 dθ̃^2 + s̃^2 (d~Ω^2 + ( dỹ ~Q_N + ω̃)^2) , (2.35)

where c̃ ≡ cos α̃, s̃ ≡ sin α̃ and dω̃ = ~Ω_2. This can be viewed as an additional NUT with charge ~Q_N intersecting with the system. We can now perform a Kaluza-Klein reduction or T-duality transformation on the fibre coordinate ỹ, leading to many further examples of warped products of AdS_2 or AdS_3 with certain internal spaces. The warp factors again depend only on the coordinates of the internal space. These geometries can be viewed as the near-horizon limits of three intersecting branes, with charges Q, Q_N and ~Q_N. Of course, this system can equally well be obtained by replacing the horospherical AdS_5 in (2.22) with (2.28).

For example, let us consider the M2/M2 system with an additional NUT component. The solution of this semi-localised intersecting system is given by

ds^2_{11} = (W H)^{1/3} [ − (W H)^{−1} dt^2 + H^{−1} (dx^2_1 + dx^2) + W^{−1} (dy^2_1 + dy^2) , + K(dz^2 + z^2 dΩ^2) + K^{−1}(dy + Q_N ω)^2 + du^2_1 + du^2 ] , F_{(4)} = dt ∧ dx_1 ∧ dx_2 ∧ dH^{−1} + dt ∧ dy_1 ∧ dy_2 ∧ dW^{−1} . (2.36)

where the functions H, W and K are given by

H = Q (|⃗u|^2 + 4Q_N z)^2

, W = 1 + Q_w(|⃗x|^2 + Q |⃗u|^2 + 4Q_N z

) , K =

Q_N z . (2.37)

We illustrate this solution in the following diagram:

t x_1 x_2 y_1 y_2 z_1 z_2 z_3 y u_1 u_2 M2 × × × − − − − − − − − H M2 × − − × × − − − − − − W NUT × × × × × − − − ∗ × × K Diagram 5. The M2/M2/NUT brane intersection.

The near-horizon structure of this solution is basically the same as that of the M2/M2 system with the round S^3 in the foliation replaced by the lens space S^3/Z_{QN} . We can now perform Kaluza-Klein reduction on the fibre coordinate y and the solution becomes the semi-localised D2/D2/D6 brane intersection, given by

ds^2_{10IIA} = (W H)^{3/8}K^{−1/8} [ − (W H)^{−1} dt^2 + H^{−1} (dx^2_1 + dx^2) + W^{−1} (dy^2_1 + dy^2 ) , + K(dz^2 + z^2 dΩ^2) + du^2_1 + du^2 ] , F_{(4)} = dt ∧ dx_1 ∧ dx_2 ∧ dH^{−1} + dt ∧ dy_1 ∧ dy_2 ∧ dW^{−1} . (2.38) e^ϕ = (W H)^{1/4}K^{−3/4} , F_{(2)} = Q_N Ω_2 . (2.39)

The solution can be illustrated by the following diagram: t x_1 x_2 y_1 y_2 z_1 z_2 z_3 u_1 u_2 D2 × × × − − − − − − − H D2 × − − × × − − − − − W D6 × × × × × − − − × × K Diagram 6. The D2/D2/D6 brane intersection.

2.4 M2/NUT and AdS_4 in type IIB from T-duality

In this section, we apply an analogous analysis to the M2-brane. We show that the semi-localised M2-brane intersecting with a NUT is in fact an isotropic M2-brane with the internal 7-sphere itself being described as a foliation of a regular S^3 and lens space S^3/Z_{QN} , where Q_N is the NUT charge. Reducing the system to D = 10, we obtain a semi-localised D2/D6 system whose near-horizon geometry is a warped product of AdS_4 with an internal 6-space. We also show that a semi-localised ppwave intersecting with the M2-brane is in fact a warped product of AdS_3 (the BTZ black hole) and an 8-space. The system can be reduced to D = 10 to become a semi-localised D0/NS1 intersection.

2.4.1 M2-brane/NUT system The solution for the intersection of an M2-brane and a NUT is given by ds^2_{11} = H^{−2/3} (−dt^2 + dw^2_1 + dw^2) + H^{1/3} ( dx^2_1 + · · · + dx^2_4 + K(dz^2 + z^2dΩ^2) + K^{−1}(dy + Q_N ω)^2 ) , F_{(4)} = dt ∧ dw_1 ∧ dw_2 ∧ dH^{−1} , (2.40) where z^2 = z^2_1 + z^2 + z^2_3 and dω = Ω_2. The solution can be illustrated by the following diagram:

t w_1 w_2 x_1 x_2 x_3 x_4 z_1 z_2 z_3 y M2 × × × − − − − − − − − H NUT × × × × × × × − − − ∗ K Diagram 7. The M2/NUT brane intersection.

If the function K associated with the NUT components of the intersection takes the form K = Q_N/z, then the function H associated with the M2-brane component can be solved in the semi-localised form

H = 1 + Q (|⃗x|^2 + 4Q_N z)^3

. (2.41)

Thus, the solution is also localised on the space of the ⃗x coordinates. Let us now make a coordinate transformation

x_i = r cos α μ_i, , z =^1_4 Q_N^{−1} r^2 sin^2 α , (2.42)

where μ_i μ_i = 1, defining a 3-sphere, with the unit 3-sphere metric given by dΩ^2_3 = dμ_i dμ_i. In terms of the new coordinates, the metric for the solution becomes

ds^2_{11} = H^{−2/3}(−dt^2 + dw^2_1 + dw^2) + H^{1/3}(dr^2 + r^2 dM^2_7 ) , H = 1 + Q r^6

, (2.43)

where dM^2_7 = dα^2 + c^2 dΩ^2_3 +^1_4 s^2 ( dΩ^2 + ( dy Q_N

+ ω)^2 ) . (2.44) Thus we see that dM^2_7 is a foliation of a regular 3-sphere, together with a lens space S^3/Z_{QN} . When Q_N = 1 the metric dM^2_7 describes a round 7-sphere and the solution becomes an isotropic M2-brane. Interestingly, the regular M2-brane can be viewed as an intersecting semi-localised M2-brane with a NUT of unit charge. In the nearhorizon limit r → 0, where the 1 in the function H can be dropped, the metric becomes AdS_4 × M_7.

2.4.2 D2-D6 system In the M2-brane and NUT intersection (2.40), we can perform a Kaluza-Klein reduction on the y coordinate. This gives rise to a semi-localised intersection of D2-branes and D6-branes:

ds^2_{10IIA} = H^{−5/8}K^{−1/8} (−dt^2 + dw^2_1 + dw^2 ) + H^{3/8}K^{−1/8} (dx^2_1 + · · · + dx^2_4) H^{3/8}K^{7/8} (dz^2_1 + dz^2 + dz^2_3 ) , e^ϕ = H^{1/4}K^{−3/4} , (2.45) F_{(4)} = dt ∧ d^2w ∧ dH^{−1} , F_2 = e^{−3/2ϕ}∗(dt ∧ d^2w ∧ d^4x ∧ dK^{−1}) .

The solution can be illustrated by the following diagram t w_1 w_2 x_1 x_2 x_3 x_4 z_1 z_2 z_3 D2 × × × − − − − − − − H D6 × × × × × × × − − − K Diagram 8. The D2/D6 brane intersection.

Again, in the usual construction of a D2-D6 system, the harmonic functions H and K are taken to depend only on the overall transverse space coordinates ⃗z. In the semi-localized construction, the function H depends on ⃗x as well. In terms of the new coordinates defined in (2.42), the metric becomes ds^2_{10IIA} = ( r s 2Q_N

)^{1/4} [ H^{−5/8}(−dt^2 +dw^2_1 +dw^2 )+H^{3/8}(dr^2 +r^2(dα^2 +c^2 dΩ^2_3 +^1_4 s^2 dΩ^2) ] . (2.46)

Thus, in the near-horizon limit where the 1 in H can be dropped, the solution becomes a warped product of AdS_4 with an internal 6-space:

ds^2_{10IIA} = (2Q_N)^{−1/4}Q^{3/8} s^{1/4} (ds^2_{AdS4} + dα^2 + c^2 dΩ^2_3 +^1_4 s^2 dΩ^2) , (2.47)

where ds^2_4 is the metric on AdS_4, given by

ds^2_{AdS4} = r^4 Q (−dt^2 + dw^2_1 + dw^2) + dr^2 r^2

. (2.48)

The internal 6-space is a warped product of a 4-sphere with a 2-sphere.

2.4.3 AdS_4 in type IIB from T-duality In the above discussion, we found that our starting point is effectively to replace the round 7-sphere of the M2-brane by the foliation of a round 3-sphere together with a lens space S^3/Z_{QN} . We can also replace the round 3-sphere by another lens space S^3/Z_{~QN} , given by dΩ̄^2_3 =^1_4 ( d~Ω^2 + ( dỹ ~Q_N + ω)^2 ) . (2.49) As discussed in the appendix, the lens space arises from introducing a NUT around the fibre coordinate ỹ, with NUT charge ~Q_N. The system can then be viewed as the near-horizon limit of three intersecting branes, with charges Q, Q_N and ~Q_N. For example, with this replacement the D2/D6 system becomes a D2/D6/NUT system. Performing a T-duality transformation on the fibre coordinate ỹ, the S^3 untwists to become S^2 × S^1. The resulting type IIB metric is given by

ds^2_{10IIB} = ( Q s c 4Q_N ~Q_N

)_{1/2} ( ds^2_{AdS4} + dα^2 +^1_4 c^2 d~Ω^2 +^1_4 s^2 dΩ^2 +

(4Q_N ~Q_N)^2 Q s^2 c^2 dỹ^2 ) . (2.50)

This metric can be viewed as describing the near-horizon geometry of a semi-localised D3/D5/NS5 system in the type IIB theory. This metric (2.50) provides a background for consistent reduction of type IIB supergravity to give rise to four-dimensional gauged supergravity with AdS background.

In order to construct the semi-localised D3/D5/NS5 intersecting system in the type IIB theory, we start with the D2/D6/NUT system, given by

ds^2_{10IIA} = H^{−5/8}K^{−1/8} (−dt^2 + dw^2_1 + dw^2) + H^{3/8}K^{7/8} (dz^2_1 + dz^2 + dz^2_3 ) +H^{3/8}K^{−1/8} ( ~K (dx^2 + x^2 d~Ω^2) + ~K^{−1}(dy + ~Q_N ~ω)^2) , e^ϕ = H^{1/4}K^{−3/4} , (2.51) F_{(4)} = dt ∧ d^2w ∧ dH^{−1} , F_2 = e^{−3/2ϕ}∗(dt ∧ d^2w ∧ d^4x ∧ dK^{−1}) .

where x^2 = x^2_1 + x^2 + x^2_3 and the functions H, K and ~K are given by

H = 1 + Q (4 ~Q_N x + 4Q_N z)^3 , K = Q_N z , ~K = ~Q_N x . (2.52)

It is instructive to illustrate the solution in the following diagram:

t w_1 w_2 x_1 x_2 x_3 y z_1 z_2 z_3 D2 × × × − − − − − − − H D6 × × × × × × × − − − K NUT × × × − − − ∗ × × × ~K Diagram 9. The D2/D6/NUT system

We can now perform the T-duality on the coordinate y, and obtain the semilocalised D3/D5/NS5 intersection of the type IIB theory, given by

ds^2_{10IIB} = H^{−1/2}(K ~K)^{−1/4} [ − dt^2 + dw^2_1 + dw^2 H ~K (dx^2_1 + dx^2 + dx^2_3) + K ~K dy^2 + H K (dz^2_1 + dz^2 + dz^2_3 ) ] .(2.53)

It is straightforward to verify that the near-horizon structure of the above D3/D5/NS5 system is of the form (2.50). The solution can be illustrated by the following diagram: t w_1 w_2 x_1 x_2 x_3 y z_1 z_2 z_3 D3 × × × − − − × − − − H D5 × × × × × × − − − − K NS5 × × × − − − − × × × ~K Diagram 10. The D3/D5/NS5 system

2.5 M2/pp-wave system

2.5.1 M2/pp-wave system The M2/pp-wave solution is given by

ds^2_{11} = H^{−2/3}(−W^{−1} dt + W (dy + (W^{−1} − 1)dt)^2 + dx^2) + H^{1/3}(dz^2 + z^2 dΩ^2_7) , F_{(4)} = dt ∧ dy ∧ dx ∧ dH^{−1} . (2.54)

The solution can be illustrated by the following diagram:

t y_1 x_1 z_1 z_2 z_3 z_4 z_5 z_6 z_7 z_8 M2 × × × − − − − − − − − H wave × ∼ − − − − − − − − − W Diagram 11. The M2/pp-wave brane intersection.

When both functions H and W are harmonic on the overall transverse space of the z^i coordinates, the metric becomes a direct product of the Kaigorodov metric with a 7-sphere in the near-horizon limit. Here, we instead consider a semi-localised solution, with H and K given by

H = Q z^6

, W = 1 + Q_w (x^2 + Q/4 z^4

) . (2.55)

Making the coordinate transformation

x = cos α r , z^2 = r Q^{1/2} 2 sin α

, (2.56) the metric becomes AdS_4 × S^7, with

ds^2_{11} = Q^{1/3} 4s^2

(ds^2_{AdS3} + dα^2) + Q^{1/3} dΩ^2_7 . (2.57)

Here ds^2_{AdS3} is the metric of AdS_3 (the BTZ black hole), given by (2.27). Thus, we have demonstrated that the semi-localised M2/pp-wave system is a warped product of AdS_3 and an 8-space. Making the coordinate transformation tan(α/2) = e^ρ, the first part of (2.57) can be expressed as

ds^2_4 = dρ^2 + cosh^2 ρ ds^2_{AdS3} . (2.58)

This is AdS_4 expressed as a foliation of AdS_3.

2.5.2 The NS1/D0 system Reducing the above solution on the coordinate y_1, it becomes an intersecting NS1/D0 system, with

ds_{10IIA} = H^{−3/4}W^{−7/8} ( − dt^2 + W dx^2 + W H (dz^2_1 + · · · + dz^2_8 ) ) , F_{(3)} = dt ∧ dx ∧ dH^{−1} , F_{(2)} = dt ∧ dW^{−1} , e^ϕ = H^{−1/2} W^{3/4} . (2.59)

The metric of the near-horizon region describes a warped product of AdS_2 with an 8-space:

ds^2_{10IIA} = 8^{−3/4}Q^{3/8}Q^{1/8}_w s^{−9/4} (ds^2_{AdS2} + dα^2 + 4s^2dΩ^2_7) , (2.60) where ds^2_{AdS2} is the metric of AdS_2, given by (2.32). The NS1/D0 system can be illustrated by the following diagram:

t x_1 z_1 z_2 z_3 z_4 z_5 z_6 z_7 z_8 NS1 × × − − − − − − − − H D0 × − − − − − − − − − W Diagram 12. The NS1/D0 brane intersection.

In the M2/pp-wave and NS1/D0 systems, the internal space has a round 7-sphere. We can replace it by foliating of two lens spaces S^3/Z_{QN} and S^3/Z_{~QN} . This can be achieved by introducing two NUTs in the intersecting system. We can then perform Kaluza-Klein reductions or T-duality transformations on the two associated fibre coordinates of the lens spaces. The resulting configurations can then be viewed as the near-horizon geometries of four intersecting p-branes, with charges Q, Q_w, Q_N and ~Q_N

2.6 M5/NUT and M5/pp-wave systems

2.6.1 M5/NUT and NS5/D6 systems The solution of an M5-brane intersecting with a NUT is given by ds^2_{11} = H^{−1/3}(−dt^2 + dw^2_1 + · · · + dw^2_5) + H^{2/3}(dx^2_1 + K (dz^2 + z^2dΩ^2) + K^{−1}(dy + ω)^2) , F_{(4)} = ∗(dt ∧ d^5w ∧ dH^{−1}) . (2.61)

The solution can be illustrated by the following diagram:

t w_1 w_2 w_3 w_4 w_5 x_1 z_1 z_2 z_3 y M5 × × × × × × − − − − − H NUT × × × × × × × − − − ∗ K Diagram 13. The M5/NUT brane intersection.

In the usual construction where the harmonic functions H and K depend only the z coordinate, the metric does not have an AdS structure in the near-horizon region. Here, we instead consider a semi-localised solution, given by

H = 1 + Q (x^2 + 4Q_N z)^{3/2} , K = Q_N z . (2.62)

After an analogous coordinate transformation, we find that the metric can be expressed as

ds^2_{11} = H^{−1/3}(−dt^2 + dw_i dw_i) + H^{2/3}(dr^2 + r^2 dM^2_4 ) , dM^2_4 = dα^2 +^1_4 s^2 (dΩ^2 + ( dy Q_N

+ ω)^2) . (2.63)

Thus, in the near-horizon limit, the metric is AdS_7 × M_4, where M_4 is a foliation of a lens space S^3/Z_{QN} .

We can dimensionally reduce the solution (2.61) on the fibre coordinate y. The resulting solution is the NS-NS 5-brane intersecting with a D6-brane:

t w_1 w_2 w_3 w_4 w_5 x_1 z_1 z_2 z_3 NS5 × × × × × × − − − − H D6 × × × × × × × − − − K Diagram 14. The NS5/D6 brane intersection.

The solution is given by ds^2_{10IIA} = H^{−1/4}K^{−1/8} (−dt^2 + dw_i dw_i) + H^{3/4}K^{−1/8} dx^2 + H^{3/4}K^{7/8} dz_i dz_i , e^ϕ = H^{1/2}K^{−3/4} , F_{(3)} = e^{ϕ/2}∗(dt ∧ d^5w ∧ dH^{−1}) , F_{(2)} = e^{−3ϕ/2}∗(dt ∧ d^5w ∧ dx ∧ dK^{−1}) , (2.64) In the near-horizon limit, the metric becomes a warped product of AdS_7 with a 3- space

ds^2_{10IIA} = Q^{3/4} (2Q_N)^{1/4} s^{1/4} ( r Q (−dt^2 + dw_i dw_i) + dr^2 r^2

+ dα^2 +^1_4 s^2 dΩ^2) . (2.65)

2.6.2 M5/pp-wave and D0/D4 system The solution of an M5-brane with a pp-wave is given by

ds^2_{11} = H^{−1/3}(−W^{−1} dt^2 + W (dy_1 + (W^{−1} − 1)dt)^2 + dx^2_1 + · · · + dx^2_4) + H^{2/3} (dz^2_1 + · · · + dz^2_5 ) , F_4 = ∗(dt ∧ dy_1 ∧ d^4x ∧ dH^{−1}) . (2.66) The solution can be illustrated by the following diagram:

t y_1 x_1 x_2 x_3 x_4 z_1 z_2 z_3 z_4 z_5 M5 × × × × × × − − − − − H wave × ∼ − − − − − − − − − W Diagram 15. The M5/pp-wave brane intersection.

We shall consider semi-localised solutions, with the functions H and W given by

H = Q z^3

, W = 1 + Q_w (x^2 + 4Q z ) . (2.67)

Using analogous coordinate transformations, we find that the metric of the semilocalised M5/pp-wave system becomes

ds^2_{11} = 4Q^{2/3} s^{−2}(ds^2_{AdS3} + dα^2 + c^2 dΩ^2_3) + Q^{2/3} dΩ^2_4 , (2.68)

where ds^2_{AdS3} , given by (2.27), is precisely the extremal BTZ black hole and hence is is locally AdS_3. After making the coordinate transformation tan(α/2) = e^ρ, the first part of the metric (2.68) can be expressed as

ds^2_7 = dρ^2 + sinh^2 ρ dΩ^2_3 + cosh^2 ρ ds^2_3 . (2.69)

This is AdS_7 written as a foliation of AdS_3 and S^3.

Performing a dimensional reduction of the solution (2.66) on the coordinate y_1, we obtain a D0/D4 intersecting system, given by

ds^2_{10IIA} = H^{−3/8}W^{−7/8}(−dt^2 + W dx_i dx_i + H W dz_i dz_i) , e^ϕ = H^{−1/4} W^{3/4} , F_{(2)} = dt ∧ dW^{−1} , F_4 = e^{−ϕ/2}∗(dt ∧ d^4x ∧ dH^{−1}) . (2.70)

The near-horizon limit of the semi-localised D0/D4 system is a warped product of AdS_2 with an 8-space:

ds^2_{10IIA} = 2^{9/4}Q^{3/4} Q^{1/8}_w s^{−9/4} (ds^2 + dα^2 + c^2 dΩ^2_3 +^1_4 s^2 dΩ^2_4) , (2.71)

where ds^2 is given by (2.32). We illustrate this intersecting system with the following diagram

t x_1 x_2 x_3 x_4 z_1 z_2 z_3 z_4 z_5 D4 × × × × × − − − − − H D0 × − − − − − − − − − W Diagram 16. The D0/D4 brane intersection.

In this example in the internal space the round S^3 and S^4 can be replaced by a lens space S^3/Z_{QN} and the foliation of a lens space S^3/Z_{~QN} , respectively. We can then perform Kaluza-Klein reductions or T-duality transformations on the fibre coordinates of the lens spaces, leading to four-component intersections with charges Q, Q_w, Q_N and ~Q_N.

2.7 AdS_6 in type IIB from T-duality

So far in this paper we have two examples of intersecting Dp/D(p + 4) systems in the type IIA theory that give rise to warped products of AdS_{p+2} with certain internal spaces, namely for p = 0 and p = 2. It was observed [59] also that the D4/D8 system, arising from massive type IIA supergravity, gives rise to the warped product of AdS_6 with a 4-sphere in the near-horizon limit:

ds^2_{10IIA} = s^{1/12} (ds^2_{AdS6} + g^{−2}(dα^2 + c^2 dΩ^2_3)) . (2.72)

Note that the D4/D8 system is less trivial than the previous examples, in the sense that it cannot be mapped by T-duality to a non-dilatonic p-brane intersecting with a NUT or a wave.

We can now introduce a NUT in the intersecting system which has the effect, in the near-horizon limit, of replacing the round 3-sphere by a lens space, given in (2.10). We can then perform a Hopf T-duality transformation and obtain an embedding of AdS_6 in type IIB theory:

ds^2_{10} = c^{1/2} [ ds^2_{AdS6} + g^{−2}(dα^2 +^1_4 c^2 dΩ^2) + s^{2/3} c^{−2} dy^2 ] . (2.73)

This solution can be viewed as the near-horizon geometry of an intersecting D5/D7/NS5 system. It provides a background for the exact embedding of sixdimensional gauged supergravity in type IIB theory.

The D5/D7/NS5 semi-localised solution can be obtained by performing the Tduality on the D4/D8/NUT system. The solution is given by

ds^2_{10IIB} = (H_1 K)^{−1/4} ( − dt^2 + dw^2_1 + · · · + dw^2_4 + H_1 K (dx^2_1 + dx^2 + dx^2_3) + H_2 K dy^2 + H_1 H_2 dz^2 ) . (2.74) The functions H_1, H_2 and K are given by H_1 = 1 +

Q_1 (4Q_N |⃗x| +^{4Q2}_9 z^3)^{5/3}

, H_2 = Q_2 z , K =

Q_N |⃗x| . (2.75) It is straightforward to verify that the near-horizon structure of this system is of the form (2.73). The solution can be illustrated by the following:

t w_1 w_2 w_3 w_4 x_1 x_2 x_3 y z D5 × × × × × − − − − − H_1 D7 × × × × × × × × − − H_2 NS5 × × × × × − − − − × K Diagram 17. The D5/D7/NS5 brane intersection.

2.8 Conclusion

We have obtained various AdS spacetimes warped with certain internal spaces in eleven-dimensional and type IIA/IIB supergravities. These solutions arise as the nearhorizon geometries of more general semi-localised multi-intersections of M-branes in

D = 11 or NS-NS branes or D-branes in D = 10. We achieve this by noting that any bigger sphere (AdS spacetime) can be viewed as a foliation involving S^3 (AdS_3). Then the S^3 (AdS_3) can be replaced by a three-dimensional lens space (BTZ black hole), which arise naturally from the introduction of a NUT (pp-wave). We can then perform a Kaluza-Klein reduction or Hopf T-duality transformation on the fibre coordinate of the lens space (BTZ black hole).

It is important to note that the warp factor depends only on the internal foliation coordinate but not on the lower-dimensional spacetime coordinates. This implies the possibility of finding a larger class of consistent dimensional reduction of elevendimensional or type IIA/IIB supergravity on the internal space, giving rise to gauged supergravities in lower dimensions with AdS vacuum solutions. The first such example was obtained in [61]. We obtain further examples for possible consistent embeddings of lower-dimensional gauged supergravity in D = 11 and D = 10. For example, we obtain the vacuum solutions for the embedding of the six and four-dimensional gauged AdS supergravities in type IIB theory and for the embedding of the seven-dimensional gauged AdS supergravity in type IIA theory.

Chapter 3

Absorption by Branes

3.1 Introduction

3.1.1 Low-energy Absorption Cross-sections and AdS/CFT The absorption cross-sections of p-branes, in particular the D1-D5 brane intersection and the D3-brane, offered an early hint of an exact duality between string theory and supersymmetric gauge theory. The low-energy dynamics of a stack of D3-branes is described by N = 4 supersymmetric Yang-Mills theory [3]. This gauge theory is conformally invariant, which corresponds to a constant dilaton background. This implies that the dilaton fluctuation satisfies the minimally-coupled scalar equation

∂_μ( √ −gg^{μν} ∂_ν ϕ) = 0. (3.1)

The extremal D3-brane metric is

ds^2 = H^{−1/2}(−dt^2 + dx^2_1 + dx^2 + dx^2_3) + H^{1/2}(dr^2 + r^2dΩ^2_5), (3.2) where the harmonic function H = 1 + R^4/r^4. The wave equation for the ℓth partial wave of a minimally-coupled (massless) scalar is [ 1 ρ^5

∂_ρρ^5∂_ρ + 1 + ω^4R^4 ρ^4 − ℓ(ℓ + 4)

ρ^2 ] ϕ^{(ℓ)}(ρ) = 0, (3.3)

where ρ = ωr. This absorption process corresponds to quantum mechanical tunneling through a centrifugal potential barrier in the reduced one-dimensional system.

Klebanov solved this equation for low energy ωR, by matching solutions across two overlapping spacetime regions^1 [9]. The leading term in the s-wave absorption cross-section was found to be

σ_{SU GRA} = π^4 8 ω^3R^8. (3.4) This result was compared to a corresponding calculation in the Super-Yang-Mills theory, in which the dilaton couples to the operator^{T3}_4 T r(F^2 + ...), where T_3 is the D3-brane tension [9]. At weak-coupling, the leading-order absorption process is for the dilaton to decay into a pair of back-to-back gluons on the world-volume of the D3-brane. The rate for this process was found to be

σ = κ^2ω^3N^2 32π . (3.5) Equating the tensions of the black 3-brane and the stack of N D3-branes yields

R^4 = κ 2π^{5/2}

N. (3.6)

1 This semi-classical approach to computing the absorption cross-section for a field propagating in a black hole background was pioneered in the thesis of Unruh [45].

Taking into account this relation, we find that the s-wave absorption cross-section calculated on the supergravity side agrees with the cross-section of the decay process in the world-volume gauge theory. This remarkable result raises the hope of an exact relation between Super-Yang-Mills theory and gravity.

However, the supergravity calculation is reliable in the limit of weak curvature where g^2_{Y M} N → ∞ whereas the gauge theory calculation was performed to leading order in g^2_{Y M} N. Gubser and Klebanov have resolved this discrepancy by arguing that all higher-order corrections in the coupling vanish due to supersymmetric nonrenormalization theorems^2 [4].

It was also found that the operator corresponding to the absorption of higher partial waves of the dilaton should be of the form T_3 4ℓ! T r(F_{ab}F^{ab}X^{(i1} ...X^{iℓ)})_{T raceless}, (3.7) and exact agreement between the cross-sections was found for all ℓ. This agreement of cross-sections provides a strong piece of evidence in support of the exact AdS/CFT correspondence [4].

3.1.2 Correlation functions and the bulk/boundary correspondence Absorption cross-sections are a particular example of an exact correspondence between particle states in AdS_5 × S^5 and operators in the gauge theory. This leads to

2This theorem was made explicit for the graviton absorption cross-section, which corresponds to the two-point function of the stress-energy tensor of the gauge theory

a general prescription for computing gauge theory correlators in supergravity. We identify the generating function of gauge theory correlators Z_{CF T} [Ξ_i(x)] = ∫ e^{−SY M +∑ Ξi(x)O⟩} (3.8) with the partition function of string theory Z_S [Ξ_i(x)], (3.9) where the functions Ξ_i(x) give the fixed values of the fields Ξ_i(x, r) at the AdS boundary. By differentiating the string partition function with respect to the Ξ fields and evaluate at vanishing Ξ, we obtain the correlators of the operators in the Super-Yang- Mills theory [4].

In general, a direct comparision of the correlation functions computed in supergravity with gauge theory computations is not possible, since the supergravity calculations assume strong ’t Hooft coupling whereas the field theory calculations can only be performed at weak coupling. However, it is currently believed that all two-point and three-point functions of chiral operators are protected by supersymmetric nonrenormalization theorems, enabling one to extract weak ’t Hooft coupling calculations to the regime of strong coupling.

The two-point function of a gauge invariant operator in the strongly-coupled Super-Yang-Mills theory can be read off from the absorption cross-section for the supergravity field which couples to this operator in the worldvolume theory. The previous section outlined how this comparision is performed.

Consider a canonically normalized bulk scalar field which is coupled to the D3- branes through the interaction S_{int} = ∫ d^4xϕ(x, 0)O(x), (3.10) where ϕ(x, 0) denotes the value of the field at the transverse coordinates where the stack of D3-branes is located. Then the precise relation is given by σ = 1 2iω DiscΠ(p)|^{−p2=ω2 +iϵ} −p^2=ω^2 −iϵ, (3.11)

where Π(p) = ∫ d^4xe^{ip·x}⟨O(x)O(0)⟩, (3.12) which depends only on s = −p^2. Disc refers to the discontinuity of the function Π across the real energy axis, after extrapolating to complex values of s.

Thus, as discussed in the previous section, the s-wave dilaton absorption crosssection measures the normalized 2-point function ⟨O_ϕ(p)O_ϕ(−p)⟩, where O_ϕ =^{T3}_4 T r(F^2 + ...) [4].

3.1.3 Exact Absorption Cross-sections Gubser and Hashimoto were able to solve for the dilaton absorption cross-section on a D3-brane as an exact expansion in the dimensionless energy parameter ωR [12]. They found that the wave equation (3.3) is equivalent to Mathieu’s modified differential equation [∂^2_z + 2q cosh 2z − a]ψ(z) = 0, (3.13) under a coordinate and wave function transformation. The exact solution of this equation is known as a power series in q = ωR, from which one can write the complete expansion for the absorption probability of the ℓth partial wave as

P_ℓ =

4π^2 [(ℓ + 1)!]^2[(ℓ + 2)!]^2 ( ωR 2 )^{8+4ℓ} ∑ 0≤k≤n b_{n,k}(ωR)^{4n}(ln ωγR/2)^k , (3.14)

where b_{n,k} are computable coefficients with b_{0,0} = 1 and ln γ is Euler’s constant^3.

Recently, Rastelli and Raamsdonk have shown that the first subleading terms in the above absorption probability can be reproduced exactly in the worldvolume calculation using a deformation of the N = 4 SYM theory by a dimension eight chiral operator [13]. This result provides a hint that the holographic duality may be valid beyond the near-horizon of the stack of D3-branes.

In this chapter, we find that the absorption cross-section can be calculated exactly for various other fields. As we shall discuss, this is of interest from the vantage point of AdS/CFT. However, we would like to remark that this is a useful way to probe supergravity solutions, which are of interest in their own right. As we shall discuss, the absorption cross-sections have a remarkable oscillatory character with respect to the energy of the scattered fields.

3Exact absorption probability has also been found via the Mathieu equation on the background of a six-dimensional dyonic string [40]. Also, it has been found that high-energy absorption can also be expressed as an exact expansion via the Mathieu equation as well.

3.2 Massive absorption

Scattering processes in the curved backgrounds of p-brane configurations of M theory and string theory have been extensively studied over the past few years [29, 30, 31, 32, 33, 9, 10, 34, 35, 36, 11, 37, 50, 38, 39, 40, 41]. Motivation for these studies is the fact that the low-energy absorption cross-sections for different fields yield information about the two-point correlation functions in the strongly coupled gauge theories via AdS/CFT correspondence [3, 7, 57, 9, 10, 11, 12, 13, 15, 16].

Research on brane absorption has mainly concentrated on the case of massless, minimally-coupled scalars. Some work has been done for the cases of the emission of BPS particles from five- and four-dimensional black holes [30]. These BPS particles can be viewed as pp-waves in a spacetime of one higher dimension. Hence they satisfy the higher-dimensional massless wave equations.

We presently consider the absorption probability of minimally-coupled massive particles by extremal p-branes. The wave equation for such a scalar depends only on the metric of the p-brane, which has the form ds^2 = N∏ α=1 H^− d̃ D−2 α dx^μdx^ν η_{μν} + N∏ α=1 H d D−2 α dy^mdy^m , (3.15) where d = p+1 is the dimension of the world volume of the p-brane, d̃ = D−d−2, and H_α = 1+Q_α/r^{d̃} are harmonic functions in the transverse space y^m, where r^2 = y^m y^m. (Note that the ADM mass density and the physical charges of the extreme p-brane solutions are proportional to ∑_N i=1 Q_i and Q_i, respectively)

It follows that the wave equation, ∂_M ( √ g g^{M N} ∂_N Φ) = m^2 Φ, for the massive minimally-coupled scalar, with the ansatz, Φ(t, r, θ_i) = ϕ(r) Y (θ_i) e^{−iωt}, takes the following form:

d^2ϕ dρ^2 + d̃ + 1 ρ dϕ dρ + [^N∏ α=1 (1 + λ^{d̃}_α ρ^{d̃} ) − ℓ(ℓ + d̃) ρ^2 − m^2 ω^2 N∏ α=1 (1 + λ^{d̃}_α ρ^{d̃} )^{dD−2} ] ϕ = 0 , (3.16)

where ρ = ω r and λ_α = ω Q^{1/d̃}α . Note that when m = 0, the wave equation depends on d̃, but is independent of the world-volume dimension d. This implies that the wave equation for minimally-coupled massless scalars is not invariant under the verticaldimensional reduction, but is invariant under double-dimensional reduction of the corresponding p-brane [41]. However, for massive scalars, the wave equation (3.16) is not invariant under either double or vertical reductions.

The absorption probability of massless scalars is better understood. It was shown that for low frequency the cross-section/frequency relation for a generic extremal pbrane coincides with the entropy/temperature relation of the near extremal p-brane [41]. There are a few examples where the wave equations can be solved exactly in terms of special functions. Notably, the wave equations for the D3-brane [12] and the dyonic string [40] can be cast into modified Mathieu equations. Hence, the absorption probability can be obtained exactly, order by order, in terms of a certain small parameter. There are also examples where the absorption probabilities can be obtained in closed-form for all wave frequencies [41].

When the mass m is non-zero, we find that there are two examples for which the wave function can be expressed in terms of special functions and, thus, the absorption probabilities can be obtained exactly. One example is the wave equation in the self-dual string background, which can be cast into a modified Mathieu equation. Therefore, we can obtain the exact absorption probability, order by order, in terms of a certain small parameter. Another example is the wave equation for the D = 4 twocharge black hole with equal charges. The wave function can be expressed in terms of Kummer’s regular and irregular confluent hypergeometric functions. It follows that we can obtain the absorption probability in closed-form. In both of the above examples, the massive scalar wave equation has the same form as the massless scalar wave equation under the backgrounds where the two charges are generically non-equal.

However, in general, the massive scalar wave equation (3.16) cannot be solved analytically. For low-frequency absorption, the leading-order wave function can be obtained by matching wave functions in inner and outer regions. We make use of this technique to obtain the leading-order absorption probability for D3-, M2- and M5-branes.

3.3 Massive absorption for the self-dual string

For the self-dual string (Q_1 = Q_2 ≡ Q), we have d = d̃ = 2 and λ_1 = λ_2 ≡ λ = ω √ Q. It follows that the wave equation (3.16) becomes d^2ϕ dρ̃^2 + 3 ρ̃ dϕ dρ̃ + ( 1 + λ̃2_1 + λ̃2 − ℓ(ℓ + 2) ρ̃^2 + λ̃2_1 λ̃2 ρ̃^4 ) ϕ = 0 , (3.17) where

λ̃_1 = λ , λ̃_2 = λ √ 1 − (m/ω)^2 , ρ̃ = ρ √ 1 − (m/ω)^2 , (3.18)

Thus the wave equation of a minimally-coupled massive scalar on a self-dual string has

precisely the same form as that of a minimally-coupled massless scalar on a dyonic

string, where λ̃_1 and λ̃_2 are associated with electric and magnetic charges. It was

shown in [40] that the wave equation (3.17) can be cast into the form of a modified

Mathieu equation, and hence the equation can be solved exactly. To do so, one makes

the following definitions

ϕ(ρ̃) = 1 ρ Ψ(ρ) ρ̃ = √ λ̃_1 λ̃_2 e^{−z} . (3.19)

The wave equation (3.17) then becomes the modified Mathieu equation [40]

Ψ^{′′} + (8Λ^2 cosh(2z) − 4α^2) Ψ = 0 , (3.20)

where

α^2 =^1_4 (ℓ + 1)^2 − Λ^2 Δ ,

Λ^2 =^1_4λ̃_1 λ̃_2 =^1_4 λ^2 √ 1 − (m/ω)^2 =^1_4 ω √ ω^2 − m^2Q, (3.21) Δ = λ̃_1 λ̃_2 + λ̃_2 λ̃_1 = √ 1 − (m/ω)^2 + 1 √ 1 − (m/ω)^2 . (3.22)

The Mathieu equation can be solved, order by order, in terms of Λ^2. The result was

obtained in [40], using the technique developed in [42]. (For an extremal D3-brane, which also reduces to the Mathieu equation, an analogous technique was employed in [12].) In our case there are two parameters, namely ωR and m/ω. We present results for two scenarios:

3.3.1 Fixed mass/frequency ratio probing In this case, we have m/ω = β fixed. The requirement that Λ is small is achieved by considering low-frequency and, hence, small mass of the probing particles. In this case, Δ is fixed, and the absorption probability has the form [40]

P_ℓ =

4π^2 Λ^{4+4ℓ} (ℓ + 1)^2 Γ(ℓ + 1)^4 ∑ n≥0 n∑ k=0 b_{n,k} Λ^{2n} (log Λ̄)^k , (3.23)

where λ̄ = e^γ λ, and γ is Euler’s constant. The prefactor is chosen so that b_{0,0} = 1. Our results for the coefficients b_{n,k} with k ≤ n ≤ 3 for the first four partial waves, ℓ = 0, 1, 2, 3, were explicitly given in [40]. In particular the result up to the order of Λ^2 is given by [40]

P_ℓ =

4π^2 Λ^{4+4ℓ} (ℓ + 1)^2 Γ(ℓ + 1)^4 [ 1 − 8Δ ℓ + 1

Λ^2 log Λ +

4Δ Λ^2 (ℓ + 1)^2 ( 1 + 2(ℓ + 1) ψ(ℓ + 1) ) + · · · ] , (3.24) where ψ(x) ≡ Γ^′(x)/Γ(x) is the digamma function.

3.3.2 Fixed mass probing Now we consider the case where the mass of the test particle is fixed. In this case, it is ensured that Λ is small by considering the limiting frequency of the probing particle, namely ω → m^+, i.e. the particle is non-relativistic. In this limit, the value of Δ becomes large (while at the same time the expansion parameter Λ can still be ensured to remain small). Furthermore, we shall consider a special slice of the parameter space where α^2, given in (3.21), is fixed. The absorption probability for fixed α was obtained in [40]. It is of particular interest to present the absorption probability for α → 0, given by P = π^2 π^2 + (2 log Λ̄)^2 ( 1 −^{32}_3 Λ^4 (log Λ̄)^2 −^{16}_3 (4ζ(3) − 3)

Λ^4 log Λ̄ π^2 + (2 log Λ̄)^2

+ O(Λ^8) ) , (3.25) where Λ̄ = e^γ Λ. When α^2 < 0, we define α^2 = i β, and find that the absorption probability becomes oscillatory as a function of Λ, given by [40] P = sinh^2 2πβ sinh^2 2πβ + sin^2(θ − 4β log Λ)

+ · · · , (3.26) where θ = arg

Γ(2i β) Γ(−2i β)

. (3.27) Note that the α → 0 limit is a dividing domain between the region where the absorption probability has power dependence of Λ (α^2 > 0) and the region with oscillating behavior on Λ (α < 0).

3.4 Closed-form massive absorption for the D = 4 two-charge black hole

For a D = 4 black hole, specified in general by four charges Q_1, Q_2, P_1 and P_2 [43], we have d = d̃ = 1. We consider the special case of two equal non-zero charges

(Q_1 = Q_2 ≡ Q with P_1 = P_2 = 0) and therefore λ_1 = λ_2 ≡ λ = ωQ. It follows that the wave equation (3.16) becomes d^2ϕ dρ̃^2 + 2 ρ̃ dϕ dρ̃ + [ (1 + λ̃_1 ρ̃ )(1 + λ̃_2 ρ̃ ) − ℓ(ℓ + 1)

ρ̃^2 ] ϕ = 0 (3.28) where λ̃_1 = λ √ 1 − (m/ω)^2 , λ̃_2 = λ √ 1 − (m/ω)^2 , ρ̃ = ρ √ 1 − (m/ω)^2 , (3.29) Thus the wave equation of a minimally-coupled massive scalar on a D = 4 black hole with two equal charges has precisely the same form as that of a minimally-coupled massless scalar on a D = 4 black hole with two different charges. The closed-form absorption probability for the latter case was calculated in [41] (see also [44]). The absorption probability for the former case is, therefore, given by P^{(ℓ)} = 1 − e^{−2π} √_{4λ2−(2ℓ+1)2} 1 + e^{−π(2λ+}

√_{4λ2−(2ℓ+1)2)} e^{−πδ} , λ ≥ ℓ + 1 2 , (3.30) where

δ ≡ λ̃_1 + λ̃_2 − 2λ = λ[(1 − (m/ω)^2)^{1/4} − (1 − (m/ω)^2)^{−1/4}]^2 ≥ 0 , (3.31) with P^{(ℓ)} = 0 if λ ≤ ℓ +^1_2 . In the non-relativistic case (ω → m^+), the absorption probability takes the (non-singular) form P^{(ℓ)} = 1 − e^{−2π}

√_{4λ2−(2ℓ+1)2} , with λ ∼ mQ.

The total absorption cross-section is given by: σ^{(abs)} = ∑ ℓ≤λ− 1 2 πℓ(ℓ + 1) ω^2 − m^2

P^{(ℓ)} (3.32)

It is oscillatory with respect to the dimensionless parameter, Mω ∼ Qω = λ. (M is the ADM mass of the black hole.) This feature was noted in [23] for Schwarzschild black holes and conjectured to be a general property of black holes due to wave diffraction. Probing particles feel an effective finite potential barrier around black holes, inside of which is an effective potential well. Such particles inhabit a quasibound state once inside the barrier. Resonance in the partial-wave absorption crosssection occurs if the energy of the particle is equal to the effective energy of the potential barrier. Each partial wave contributes a ’spike’ to the total absorption cross-section, which sums to yield the oscillatory pattern. As the mass of the probing particles increases, the amplitude of the oscillatory pattern of the total absorption cross-section decreases.

3.5 Leading-order massive absorption for D3, M2 and M5-branes

In the previous two sections, we considered two examples for which the massive scalar wave equations can be solved exactly. In general, the wave function (3.16) cannot be solved analytically. In the case of low frequency, one can adopt a solution-matching technique to obtain approximate solutions for the inner and outer regions of the wave equations. In this section, we shall use such a procedure to obtain the leading-order absorption cross-sections for the D3, M2 and M5-branes.

We now give a detailed discussion for the D3-brane, for which we have D = 10, d = d̃ = 4 and N = 1. We define λ ≡ ωR. It follows that the wave equation (3.16)

becomes ( 1 ρ^5 ∂ ∂ρ ρ^5 ∂ ∂ρ + 1 +

(ωR)^4 ρ^4 − √ 1 + (ωR)^4 ρ^4 ( m ω )^2 − ℓ(ℓ + 4) ρ^2 ) ϕ(ρ) = 0. (3.33)

Thus, we are interested in absorption by the Coulomb potential in 6 spatial dimen-

sions. For ωR ≪ 1 we can solve this problem by matching an approximate solution

in the inner region to an approximate solution in the outer region. To obtain an

approximate solution in the inner region, we substitute ϕ = ρ^{−3/2}f and find that ( ∂2 ∂ρ^2 + 2 ρ ∂ ∂ρ − ( 15 4 + ℓ(ℓ + 4)) 1 ρ^2

+ 1 +

(ωR)^4 ρ^4 − √ 1 + (ωR)^4 ρ^4 ( m ω )^2 ) f = 0. (3.34)

In order to neglect 1 in the presence of the^1_{ρ2} term, we require that

ρ ≪ 1 . (3.35)

In order for the scalar mass term to be negligible in the presence of the^1_{ρ2} term, we

require that ρ ≪ [ ( ω m )^4( 15 4 + ℓ(ℓ + 4))^2 − (ωR)^4 ]_{1/4} . (3.36)

Physically we must have m ≤ ω. Imposing the low-energy condition ωR ≪ 1 causes

(3.35) to be a stronger constraint on ρ than is (3.36). Under the above conditions,

(3.34) becomes ( ∂2 ∂ρ^2 + 2 ρ ∂ ∂ρ − ( 15 4 + ℓ(ℓ + 4)) 1 ρ^2 + (ωR)^4 ρ^4 ) f = 0 , (3.37) which can be solved in terms of cylinder functions. Since we are interested in the

incoming wave for ρ ≪ 1, the appropriate solution is

ϕ_o = i

(ωR)^4 ρ^2 ( J_{ℓ+2}(

(ωR)^2 ρ ) + iN_{ℓ+2}(

(ωR)^2 ρ ) ) , ρ ≪ 1, (3.38)

where J and N are Bessel and Neumann functions. In order to obtain an approximate

solution for the outer region, we substitute ϕ = ρ^{−5/2}ψ into (3.103) and obtain ( ∂2 ∂ρ^2 − ( 15 4 + ℓ(ℓ + 4)) 1 ρ^2

+ 1 +

(ωR)^4

ρ^4 − √ 1 + (ωR)^4 ρ^4 ( m ω )^2 ) ψ = 0. (3.39)

In order to neglect^{(ωR)4}_{ρ4} in the presence of the^1_{ρ2} term, we require that

(ωR)^2 ≪ ρ. (3.40)

Within the scalar mass term,^{(ωR)4}_{ρ4} can be neglected in the presence of 1 provided

that ωR ≪ ρ. (3.41) Imposing the low-energy condition, ωR ≪ 1, causes (3.41) to be a stronger constraint

on ρ than (3.40). Under the above conditions, (3.39) becomes ( ∂2 ∂ρ^2 − ( 15 4 + ℓ(ℓ + 4)) 1 ρ^2

+ 1 − ( m ω )^2 ) ψ = 0. (3.42)

Equation (3.42) is solved in terms of cylinder functions:

ϕ_∞ = Aρ^{−2}J_{ℓ+2}( √ 1 − (m/ω)^2ρ) + Bρ^{−2}N_{ℓ+2}( √ 1 − (m/ω)^2ρ), ωR ≪ ρ, (3.43)

where A and B are constants to be determined.

Our previously imposed low-energy condition, ωR ≪ 1, is sufficient for there to be an overlapping regime of validity for conditions (3.35) and (3.41), allowing the inner and outer solutions to be matched. Within the matching region, all cylinder functions involved have small arguments. We use the same asymptotic forms of the cylinderfunctions as used by [41]. We find that B = 0 and A = 4^{ℓ+2}Γ(ℓ + 3)Γ(ℓ + 2) π(1 − (^m_ω )^2)^{ℓ+22} (ωR)^{2ℓ}

(3.44)

The absorption probability is most easily calculated in this approximation scheme as the ratio of the flux at the horizon to the incoming flux at infinity. In general, this flux may be defined as F = iρ^{d̃+1}(ϕ̄ ∂ϕ ∂ρ − ϕ ∂ϕ̄ ∂ρ ) , (3.45) where ϕ here is taken to be the in-going component of the wave. From the approximate solutions for ϕ in the inner and outer regions, where the arguments of the cylinder functions are large, we find that the in-going fluxes at the horizon and at infinity are given by F_{horizon} = 4 π ω^4R^8, F_∞ =

A^2 πω^4 . (3.46) Thus, to leading order, the absorption probability, P ≡ F_{horizon} /F_∞, is

P^{(ℓ)} = π^2(1 − (^m_ω )^2)^{ℓ+2}(ωR)^{4ℓ+8} 4^{2ℓ+3}(ℓ + 2)^2[(ℓ + 1)!]^4

(3.47) In general, the phase-space factor relating the absorption probability to the absorption cross-section can be obtained from the massless scalar case considered in [45] with the replacement ω → √ ω^2 − m^2:

σ^{(ℓ)} = 2^{n−2}π^{n/2−1}Γ(n/2 − 1)(ℓ + n/2 − 1) ( ℓ + n − 3 ℓ ) (ω^2 − m^2)^{(1−n)/2}P^{(ℓ)} (3.48)

where n = D − d denotes the number of spatial dimensions. Thus, for the D3-brane we find σ^{(l)}_{3−brane} = π^4(ℓ + 3)(ℓ + 1)[1 − (m/ω)^2]^{ℓ−1/2} (3)2^{4ℓ+3}[(ℓ + 1)!]^4 ω^{4l+3}R^{4l+8} . (3.49) As can be seen, within our approximation scheme, the effects of a nonzero scalar mass amount to an overall factor in the partial absorption cross-section. Also, the s-wave absorption cross-section is increased by m and the higher partial wave absorption cross-sections are diminished by m. This is to be expected, since the scalar mass serves to increase gravitational attraction as well as rotational inertia.

The above approximation scheme can be applied to massive scalar particles in all N = 1 p-brane backgrounds except for the case of D = 11 p-branes with d̃ = 4 and d̃ = 5, in which cases the scalar mass term cannot be neglected in the inner region. For N > 1, we are unable to find solvable approximate equations which give an overlapping inner and outer region.

For the M2-brane, we have D = 11, d = 3, d̃ = 6 and N = 1:

σ^{(l)}_{M2−brane} = π^5(ℓ + 5)(ℓ + 4)[1 − (m/ω)^2]^{ℓ−1/2} (15)2^{3ℓ+2} ℓ!(ℓ + 2)!Γ^2(^{3+ℓ}_2 ) ω^{3ℓ+2}R^{3ℓ+9} (3.50)

For the M5-brane, we have D = 11, d = 6, d̃ = 3 and N = 1:

σ^{(l)}_{M5−brane} =

2^{2ℓ+5}π^3(ℓ + 2)(ℓ + 3/2)(ℓ + 1)[(ℓ + 1)!]^2[1 − (m/ω)^2]^{ℓ−1/2} (2ℓ + 3)^2[(2ℓ + 2)!]^4 ω^{6ℓ+5}R^{6ℓ+9} (3.51) In fact, for all N = 1 p-branes, other than the two for which the approximation scheme cannot be applied, the partial absorption cross-sections have the same additional factor due to the scalar mass:

σ^ℓ_{massive} = σ^ℓ_{massless}[1 − (m/ω)^2]^{ℓ−1/2}, (3.52) for m ≤ ω, and σ^ℓ_{massless} has the same form as the leading-order absorption for massless scalars. Note that the suppression [enhancement] of the partial cross-section for ℓ ≥ 1 [for ℓ = 0], when the non-relativistic limit is taken.

3.6 Concluding remarks for massive absorption

We have addressed the absorption cross-section for minimally-coupled massive particles in extremal and near-extremal p-brane backgrounds. In particular, we found exact absorption probabilities in the cases of the extreme self-dual dyonic string in D = 6 and two equal-charge extreme black hole in D = 4. Notably these two examples yield the same wave equations as that of the minimally coupled massless scalar in the D = 6 extreme dyonic string, and two charge D = 4 extreme black hole backgrounds, respectively. Namely, one of the two charge parameters in the latter (massless) case is traded for the scalar mass parameter in the former (massive) case. Thus, for these equal charge backgrounds, the scattering of minimally-coupled massive particles can be addressed explicitly, and the distinct behavior of the absorption cross-section on the energy ω (or equivalently momentum p ≡ √ ω^2 − m^2) is studied. In particular, the non-relativistic limit of the particle motion gives rise to a distinct, resonant-like absorption behavior in the case of the self-dual dyonic string.

We have also found corrections due to the scalar mass for the leading-order absorption cross-sections for D3-, M2- and M5-branes. In particular, in the non-relativistic limit, there is the expected suppression [enhancement] in the absorption cross-section for partial waves ℓ ≥ 1 [ℓ = 0].

The results obtained for the absorption cross-section of the minimally-coupled massive scalars, in particular those in the extreme self-dual dyonic string background, may prove useful in the study of AdS/CFT correspondence [3]. Namely, the nearhorizon region of the extreme dyonic string background has the topology of AdS_3 ×S^3, with the AdS_3 cosmological constant Λ and the radius R of the three-sphere (S^3) related to the charge Q of the self-dual dyonic string as Λ = R^2 = √ Q (see e.g., [46]).

On the other hand, the scattering of the minimally-coupled massive fields (with mass M) in the AdS_3 background yields information [7, 57] on the correlation functions of the operators of the boundary SL(2, R) × SL(2, R) conformal field theory [47] with conformal dimensions h_± =^1_2 (1 ± √ 1 + M^2Λ^2) [48]. The scattering analyzed here corresponds to that of a minimally-coupled massive scalar in the the full self-dual string background, rather than in only the truncated AdS_3 background. These explicit supergravity results may, in turn, shed light on the pathologies of the conformal field theory of the dyonic string background [49].

3.7 Absorption by D3-brane

The extremal D3-brane background is of special interest, since the correspondence there is to D=4 super Yang-Mills theory. While the scattering processes for the massless, minimally-coupled scalar has been extensively studied, the scattering of other fields has been explored to a lesser extent, and that only for low-energies (see, for example, [18, 19] and references therein); nevertheless it is expected that nonrenormalization theorems on the field theory side ensure a precise agreement between the low energy absorption cross-sections and the corresponding weak coupling calculation of the n-point correlation functions on the field-theory side (see, for example, [15, 16, 17] and references therein).

We provide an analysis of the absorption cross-section in the extremal D3-brane background for a broad class of massless modes and for the whole energy range. In particular, we uncover a pattern in the energy dependence of the absorption crosssections for both integer and half-integer spins; certain half-integer and integer spin pairs have identical absorption cross-sections, thus providing an evidence on the gravity side that such pairs couple on the dual field theory side to the pairs of operators forming supermultiplets of strongly coupled gauge theory.

In the next section, we cast the wave equations of various fields into Schrödinger form, and obtain the effective Schrödinger potentials. We show that effective Schrödinger potentials for certain fields are identical and hence the absorption for these fields is the same. In other cases where Schrödinger potentials are not the same, we argue that the different potentials are dual and yield the same absorption probabilities, with numerical results supporting these claims. Next, we obtain numerical results for the absorption of a large class of fields for the whole energy range in the extremal D3-brane background. The method for the numerical evaluation of the absorption probabilities is given in Appendix A.1, while the calculation of the high energy absorption cross-section in the geometrical optics limit is given in Appendix A.2.

The D3-brane of the type IIB supergravity is given by

ds^2_{10} = H^{1/2}(−fdt^2 + dx^2_1 + dx^2 + dx^2_3) + H^{1/2}(f^{−1}dr^2 + r^2 dΩ^2_5) , G_{(5)} = d^4x ∧ dH^{−1} + ∗(d^4x ∧ dH^1) . (3.53) where H = 1 +

R^4 r^4 , f = 1 − 2m r^4

. (3.54) Here R specifies the D3-brane charge and m is the non-extremality parameter (defined for convenience as m ≡ μR^4/ √ 1 + μ). We shall primarily concentrate on the extremal limit m = μ = 0. (See, however, Appendix B for the discussion of the high energy limit of the absorption cross-section in the non-extreme D3-background.)

The low energy absorption probabilities for various bosonic linearly-excited massless fields under this background were obtained in [18]. The low energy absorption probabilities for the dilatino and the two-form field are given in [19] and [20], respectively (and for massive minimally coupled modes in [25]). In the following subsections we study the absorption probabilities for the whole energy range and uncover completely parallel structures. In particular, we shall cast the wave equation for different modes into Schrödinger form and discuss the pattern of the the Schrödinger potentials. We also provide a conjectured form of the dual potentials which, in turn, yield the same absorption probabilities. In the subsequent section we confirm the pattern with numerical results.

3.8 Effective potentials of extremal D3-brane

The field equations are R_{μν} = − 1 6 F_{μρστ κ}F^{ρστ κ}_ν (3.55) F_{μνρστ} = 1 5! ϵ_{μνρστ μ}′_ν′_ρ′_σ′_τ ′ F^{μ′ν′ρ′ σ′τ ′} (3.56) D^μ∂_{[μ}A_{νρ]} = − 2i 3 Ḟ_{νρστ κ}D^σ A^{τ κ} (3.57) D^μ∂_μB = 0, (3.58) where a dot denotes the background value of a field, and the ϵ symbol is a tensor with ϵ_{12r03αβγδϵ} = √ −g, (3.59) with αβγδϵ giving a frame with positive orientation on S^5. The symbol [] on subscripts denotes anti-symmetrization with strength one, i.e., A_{[αβ]} =^1_2 (A_{αβ} − A_{βα}).

In terms of the fields of ten-dimensional supergravity,

A_{μν} = B^{N S−N S} μν + iB^{RR}_{μν} . (3.60)

The field B is a complex scalar describing the dilaton and the RR scalar.

In the following sections, we consider the linearized field perturbations around their background values.

3.8.1 Dilaton-axion The axion and dilaton of the type IIB theory are decoupled from the D3-brane. Thus, in the D3-brane background, they satisfy the minimally-coupled scalar wave equation 1 √ g ∂_μ √ gg^{μν} ∂_ν ϕ = 0 . (3.61)

It follows from (3.101) that the radial wave equation of a dilaton-axion in the spacetime of an extremal D3-brane is given by ( 1 ρ^5 ∂ ∂ρ ρ^5 ∂ ∂ρ + H − ℓ(ℓ + 4) ρ^2 ) ϕ(ρ) = 0, (3.62)

where H = 1 + e^4 ρ^4

(3.63) and ℓ = 0, 1, . . . corresponds to the ℓ^{th} partial wave.

The quantity e and ρ are dimensionless energy and radial distance parameters: e = ωR and ρ = ωr. The leading order and sub-leading order cross-sections of the minimally-coupled scalar by the D3-brane background were obtained in [9, 11] by matching inner and outer solutions of the wave equations. It was observed in [12] that if one performs the following change of variables

ρ = e Exp(−z) , ϕ(r) = Exp(2z) ψ(r) , (3.64)

the wave equation (3.103) becomes [ ∂2 ∂z^2 + 2e cosh(2z) − (ℓ + 2)^2 ] ψ(z) = 0 , (3.65)

which is precisely the modified Mathieu equation. One can then obtain analytically the absorption probability order by order in terms of dimensionless energy e [12].

In this paper, we shall express the wave equation in Schrödinger form, and study the characteristics of the Schrödinger effective potential. By the substitution

ϕ = ρ^{−5/2}ψ, (3.66)

we render (3.103) into Schrödinger form

( ∂^2 ∂ρ^2 − V_{eff} )ψ = 0, (3.67)

where V_{eff} (ℓ) = −H +

(ℓ + 3/2)(ℓ + 5/2) ρ^2

≡ V_{dilaton}(ℓ). (3.68)

Factors shared by the incident and outgoing parts of the wave function cancel out when calculating the absorption probability. Thus, the absorption probability of ϕ and ψ are the same.

Technically, V_{eff} cannot be interpreted as an effective potential, since it depends on the particle’s incoming energy. It is straightforward to use a coordinate transformation to put the equation in the standard Schrödinger form, where V_{eff} is independent on the energy. However, for our purposes of analyzing and comparing the form of the wave equations for various fields, this is of no consequence.

Note that the first term in (4.56) represents the spacetime geometry of the extremal D3-brane, whereas the second term represents the angular dynamics (partial modes) of the particles. We shall see presently that some particles have effective potentials which contain terms mixed with both “geometrical” and “angular” dynamical contributions.

3.8.2 Antisymmetric tensor from 4-form For two free indices of the 4-form along S^5 and two free indices in the remaining 5 directions, the radial wave equation for the antisymmetric tensor derived from the 4-form is [18] (1 ρ ∂ ∂ρ ρ ∂ ∂ρ + H − (ℓ + 2)^2 ρ^2 ) ϕ(ρ) = 0, (3.69) where ℓ = 1, 2, . . .. By the substitution

ϕ = ρ^{−1/2}ψ, (3.70)

we render (3.124) into Schrödinger form with

V_{4−form}(ℓ) = V_{dilaton}(ℓ). (3.71)

3.8.3 Dilatino

The radial wave equation for the dilatino on an extremal D3-brane was found [19] by

inserting the following spherical wave decomposition form for the dilatino field λ into the covariant Dirac equation:

H^{18} λ = e^{−iωt}r^{− 52} ( F (r)Ψ^±_{−ℓ} + iG(r)( Γ^0Γ^ix_i r )Ψ^±_{−ℓ} ) , (3.72)

where Γ^i are field-independent gamma-matrices and i = 4, . . . , 9 runs normal to the brane. Ψ^±_{−ℓ} is the eigenspinor of the total angular momentum with Σ_{ij} L_{ij} = −ℓ, Γ^{0123} = ±i.

The spatial momenta tangential to the branes can be made to vanish via the Lorentz transformations and the radial wave equations are obtained [19]:

ωH^{12} F + ( d dr + ℓ + 5/2 r ± 1 4 (ln H)^′ ) G = 0 (3.73)

−ωH^{12} G + ( d dr − ℓ + 5/2 r ∓ 1 4 (ln H)^′ ) F = 0 (3.74)

Decoupling (3.144) and (3.74) yields second-order differential equations for F and G.

Let us first consider the case of positive eigenvalue, i.e., Γ^{0123} = +i. In this case, the second-order wave equation for F can be cast into Schrödinger form by the substitution F = H^{1/4} ψ, giving rise to the effective Schrödinger potential

V^F_{+dilatino}(ℓ) = V_{dilaton}(ℓ) . (3.75)

Thus, the absorption probability for F is identically the same as that for the dilatonaxion. The wave equation for G can also be cast into Schrödinger form by the substitution G = H^{1/4} ψ. The corresponding Schrödinger potential, on the other hand, takes a different form, given by

V^G_{+dilatino}(ℓ) = V_{dilaton}(ℓ) +

−3e^8 − 2e^8ℓ − 10e^4ρ^4 + 5ρ^8 + 2ρ^8ℓ H^2ρ^{10}

. (3.76)

Thus, we see that the effective potentials for the two components F and G are quite different. However, we expect that these two potentials, although different, yield the same absorption probability: they form a dual pair of potentials. While it is not clear to us how to present a rigorous analytical proof, our numerical calculation (in section 4) confirm that, indeed, they yield the same absorption probability.

Similar results are obtained for the the negative eigenvalue solutions, i.e., Γ^{0123} = −i:

V^G_{−dilatino}(ℓ) = V_{dilaton}(ℓ + 1) , V^F_{−dilatino}(ℓ) = V_{dilaton}(ℓ + 1) +

−5ρ^8 − 2ρ^8ℓ − 10e^4ρ^4 + 7e^8 + 2e^8ℓ H^2ρ^{10}

. (3.77)

Again, the numerical results in section 4 indicate that the above two potentials yield the same absorption probabilities and hence form a dual pair.

In the above discussion of the dilatino scattering equation, we encountered three different potentials, namely

V^G_{+dilatino}(ℓ)^{dual}

−−−−−−→V^F_{+dilatino}(ℓ) = V^G_{−dilatino}(ℓ − 1)^{dual}−−−−−−→V^F_{−dilatino}(ℓ − 1) (3.78) which all yield the same absorption probability.

The above structure of the dual potentials can be cast in a more general form. Namely, the above dual potential pairs for the dilatino can be cast into the following form: V (ℓ) = −H + (2ℓ + α)(2ℓ + α ± 2) 4ρ^2

, (3.79) and V^{dual}(ℓ) = V (ℓ) +

±[(2ℓ + α ± 2)e^8 − (2ℓ + α)ρ^8] − 10e^4ρ^4 ρ^{10}H^2

, (3.80) where α = 5 and we use in the ± sign in (3.80) for the ∓ eigenvalue, respectively. We have found numerically that (3.179) and (3.80) are dual potentials for integer values of α. In particular, for odd values of α, (3.179) can be identified with V_{dilaton}(ℓ + (α − 4 ± 1)/2), in which case the absorption can be found analytically, since the wave equation is that of Mathieu equation.

Thus, in all the subsequent examples when the potential is of the form (3.80), we are now able to identify a dual potential (3.179) of a simpler form with a corresponding wave equation which can be solved analytically.

3.8.4 Scalar from the two-form For the free indices of the two-form taken to lie along the S^5, the radial wave equation is [18] (H ρ ∂ ∂ρ ρ H ∂ ∂ρ + H − (ℓ + 2)^2

ρ^2 ∓ 4e^4 Hρ^6 (ℓ + 2) ) ϕ(ρ) = 0, (3.81) where again ℓ = 1, 2, . . . correspond to the ℓ^{th} partial wave. The sign ± corresponds to the sign in the spherical harmonics involved in the partial wave expansion.

By the substitution ϕ = ρ^{−1/2}H^{1/2}ψ, (3.82) we render (3.107) into Schrödinger form.

For the positive eigenvalue, the effective potential is of the form given by (3.80), with α = 5 and a positive sign. This is, in fact, the same as that for the dilatino with negative eigenvalue. Thus, the dual potential is

V_{+scalar}(ℓ)^{dual}

−−−−−−→V_{dilaton}(ℓ + 1). (3.83)

For the negative eigenvalue, the effective potential is of the form given by (3.80), with α = 3 and a negative sign. Thus, the dual potential is

V_{−scalar}(ℓ)^{dual}

−−−−−−→V_{dilaton}(ℓ − 1). (3.84)

3.8.5 Two-form from the antisymmetric tensor

The equations for two-form perturbations polarized along the D3-brane are coupled. For s-wave perturbations, they can be decoupled [18, 20], and the radial wave equation is ( 1 ρ^5H ∂ ∂ρ ρ^5H ∂ ∂ρ + H − 16e^8 ρ^{10}H^2 ) ϕ(ρ) = 0, (3.85)

where ℓ = 0, 1, . . . . By the substitution

ϕ = ρ^{−5/2}H^{−1/2}ψ, (3.86)

we render (3.127) into Schrödinger form given by (3.80), with α = 5, ℓ = 0 and the

positive sign. Thus, the dual potential is

V_{2−form}(ℓ = 0)^{dual}−−−−−−→V_{dilaton}(ℓ = 1). (3.87)

3.8.6 Vector from the two-form

We now consider one free index of the two-form along S^5 and one free index in the remaining 5 directions. For the tangential components of this vector field, the radial

wave equation is [18] ( 1 ρ^3 ∂ ∂ρ ρ^3 ∂ ∂ρ + H − (ℓ + 1)(ℓ + 3) ρ^2 ) ϕ(ρ) = 0, (3.88)

where ℓ = 1, 2, . . . . By the substitution

ϕ = ρ^{−3/2}ψ, (3.89) we render (3.110) into Schrödinger form with

V_{tangential−vector}(ℓ) = V_{dilaton}(ℓ). (3.90)

The radial a_r and time-like a_0 components of the vector field are determined by the

following coupled first order differential equations [18]: i ∂ ∂ρ a_o = [1 −

(ℓ + 1)(ℓ + 3) ρ^2H

]a_r (3.91) and i 1 ρ ∂ ∂ρ ( ρ H a_r) = a_o, (3.92)

where ℓ = 1, 2, . . . . Eqs. (3.113) and (4.54) can be decoupled and the wave equation

for a_r is ( H ∂ ∂ρ 1 ρ ∂ ∂ρ ρ H + H − (ℓ + 1)(ℓ + 3)

ρ^2 ) a_r = 0. (3.93)

vBy the substitution

a_r = ρ^{−1/2}Hψ, (3.94)

we render (3.115) into Schrödinger form with

V_{radial−vector}(ℓ) = V_{dilaton}(ℓ). (3.95)

The wave equation for a_0 is (1 ρ ∂ ∂ρ ρ^3 ρ^2H − (ℓ + 1)(ℓ + 3) ∂ ∂ρ + 1 ) a_0 = 0. (3.96)

By the substitution

a_0 = ρ^{−3/2} √ ρ^2H − (ℓ + 1)(ℓ + 3)ψ, (3.97) we render (3.118) into Schrödinger form with

V_{0−vector}(ℓ) = V_{dilaton}(ℓ) +

3e^8 − 10e^4ρ^4 + 4ρ^6(ℓ + 1)(ℓ + 3) − ρ^8 ρ^{10}(H −^{(ℓ+1)(ℓ+3)}_{ρ2} )^2

. (3.98)

Note that this effective potential is nonsingular only for e^2 > (ℓ + 1)(ℓ + 3)/2. We have numerically confirmed that V_{0−vector}(ℓ) is dual to V_{dilaton}(ℓ). Working directly from Eqs. (3.113)-(4.54), we have numerically confirmed that a_0 shares the same absorption probability with the dilaton-axion, for all values of e.

3.9 Qualitative features of absorption by the extremal D3-brane

We have obtained numerical absorption probabilities by a method described in Appendix A. Fig. 1 shows the s-wave absorption probabilities for all the particles that we have studied on an extremal D3-brane vs. the energy of incoming particles measured in dimensionless units of e ≡ ωR. (a) is the s-wave absorption probability of the dilaton-axion, dilatino with positive total angular momentum eigenvalue and scalar from the two-form with a negative sign in the spherical harmonic. (b) is the s-wave absorption probability of the dilatino with negative total angular momentum eigenvalue, two-form from the antisymmetric tensor, antisymmetric tensor from the four-form and the longitudinal and tangential components of the vector from the two-form. (c) is the s-wave absorption probability of the scalar from the two-form with a positive sign in the spherical harmonic. These absorption probabilities are simply related by ℓ → ℓ ± 1. This structure is suggestive of a particle supermultiplet

Figure 3.1: s-wave absorption probabilities of various particles on an extremal D3- brane structure– namely, different multiplets.

This demonstrates the similar and surprisingly simple structure of absorption probabilities between the various particles, which is not apparent from previous analytical low-energy absorption probabilities. These numerical results also support the idea of dual potentials.

Fig. 2 shows the partial absorption probabilities for a dilaton-axion on an extremal D3-brane vs. the energy of incoming particles. There is no absorption at zero energy and total absorption is approached at high energy. Thus, the high energy absorption cross-section is found by setting P = 1 in (A.4):

σ^{(ℓ)} =

8π^2(ℓ + 3)(ℓ + 2)^2(ℓ + 1) 3(ωR)^2

(3.99)

In fact, for all types of waves absorbed by all branes and black holes studied thus far [22], total partial wave absorption occurs at high energy. It is conjectured that this

Figure 3.2: Partial absorption probabilities for a dilaton-axion on an extremal D3- brane is a general property of absorption for all objects that have an event horizon. Results for objects other than D3-branes will be published shortly by the present authors.

The partial absorption probabilities of a massive minimally-coupled scalar on an extremal D3-brane vs. the energy of the incoming particles is shown in Fig. 3. As the mass of the scalar is increased, the partial absorption probabilities occur at lower energies. Physically, there is greater absorption at low energy due to the additional gravitational attraction that is present from the nonzero mass. The low energy absorption probability for this case were obtained in [25].

Fig. 4 shows the numerical s-wave absorption cross-section for a dilaton-axion on an extremal D3-brane (continuous line), super-imposed with previously obtained low energy semi-analytical results (short dashes) [12], as well as high energy total absorption (long dashes) vs. the energy of incoming particles. Throughout the rest of this paper, absorption cross-sections are plotted in units of R^5. The resonance

Figure 3.3: Partial absorption probabilities for a massive minimally-coupled scalar on an extremal D3-brane

Figure 3.4: s-wave absorption cross-section for a dilaton-axion on an extremal D3- brane

Figure 3.5: Partial absorption cross-sections for a dilaton-axion on an extremal D3- brane roughly corresponds to the region in which there is a transition from zero absorption to total absorption.

As evident from Fig. 5, the energies at which there is a resonance in the partial absorption cross-section are proportional to the partial-wave number. Also, the magnitude of the peak of each partial absorption cross-section decreases with the partial-wave number. These characteristics seem reasonable if one considers particle dynamics; in terms of radial motion, rotational kinetic energy counteracts gravitational attraction.

In Fig. 6, we plot the partial-wave effective potentials vs. radial distance (in dimensionless units) for a dilaton-axion on an extremal D3-brane. These are plotted at the energies of the maxima of the corresponding partial-wave absorption crosssections. For the s-wave absorption cross-section, the maximum is at e = 1.4. The maxima of higher partial-wave absorption cross-sections are separated by energy gaps

Figure 3.6: Partial effective potentials absorption for a dilaton-axion on an extremal D3-brane of approximately Δe = .75, with increasing ℓ.

As can be seen, the incoming particle must penetrate an effective barrier in order to be absorbed by the D3-brane. Once absorbed, the waves inhabit quasi-bound states until they quantum tunnel to asymptotically flat spacetime. As is shown, the heights of the partial-wave effective potential barriers at the energies of the maxima of the partial-wave absorption cross-sections are roughly equal, which partly explains the similar structure of the partial absorption probabilities of different partial-wave numbers. Thus, the decreasing maximum values of the partial-wave absorption crosssections with increasing ℓ arises purely as a result of the phase-factors.

The superposition of maxima of partial-wave absorption cross-section leads to the oscillatory character of the total absorption cross-section with respect to the energy of the incoming particles. This is shown in Fig. 7 for the case of the dilaton-axion, dilatino and scalar from the two-form for comparison. (a) is the total absorption

Figure 3.7: Total absorption cross-sections for the dilaton-axion, dilatino and scalar from two-form on an extremal D3-brane cross-section of the dilaton-axion on an extremal D3-brane, (b) is that of the dilatino with positive total angular momentum eigenvalue, (c) is that of the scalar from the two-form with positive sign in the spherical harmonic, and (d) is that of the dilatino with negative total angular momentum eigenvalue.

The amplitude of oscillation decreases exponentially with energy. For the dilatonaxion, the total absorption cross-section converges to the geometrical optics limit at high energy, which we have calculated in a previous section. The oscillatory behavior is shared by all total absorption cross-sections that have been studied as of this time [22], for various particles in various spacetime backgrounds. The oscillatory structure of the absorption cross-section of a scalar on a Schwarzschild black hole has been noted by Sanchez [23].

It is interesting to note that extinction cross-sections which arise in the field of

Figure 3.8: Total absorption cross-section for the scalar from two-form with negative total angular momentum eigenvalue optics have similar oscillatory properties [24].

Fig. 8 shows the total absorption cross-section of the scalar from the two-form with negative total angular momentum eigenvalue.

As already noted and shown in Fig. 3, as the mass of the minimally-coupled scalar is increased, the partial-wave absorption probabilities occur at lower energies. This causes the drastic qualitative difference between the massless and massive scalar cases at low energy, i.e., the divergent total absorption cross-section at zero energy for the massive scalar, as is shown in Fig. 9.

3.10 Absorption by near-extremal D3-branes

It has been shown, through the analysis of wave equations in Schrödinger form, that certain half-integer and integer spin massless modes of the extremal D3-brane have

Figure 3.9: Total absorption cross-section for a massive minimally-coupled scalar on an extremal D3-brane identical absorption probabilities [52], which implies that such fields couple on the dual field theory to operators forming supermultiplets of strongly coupled gauge theory. In an effort to enhance our understanding of non-BPS states, we continue this study for near-extremal D3-branes, which have already been probed by minimallycoupled massless scalars [53, 54].

In the next section, we present the wave equations for various linear field perturbations in a non-extremal D3-brane background, for which the ten-dimensional metric is left unperturbed. Then we calculate the low-energy absorption probabilities for these field perturbations in the background of near-extremal D3-branes, using a method that was initially applied to a minimally-coupled scalar probe [53, 54].

3.11 Effective potentials of non-extremal D3-branes

The D3-brane of type IIB supergravity is given by

ds^2_{10} = H^{−1/2}(−fdt^2 + dx^2_1 + dx^2 + dx^2_3) + H^{1/2}(f^{−1}dr^2 + r^2dΩ^2_5), (3.100) G_{(5)} = d^4x ∧ dH^{−1} + ∗(d^4x ∧ dH^{−1}).

where H = 1 +^{R4}_{r4} and f = 1 −^{r4o}_{r4} . R specifies the D3-brane charge and r_o is the non-extremality parameter. The field equations are

R_{μν} = − 1 6 F_{μρστ κ}F^{ρστ κ}_ν , (3.101) F_{μνρστ} = 1 5! ϵ_{μνρστ μ}′_ν′_ρ′_σ′_τ ′ F^{μ′ ν′ ρ′ σ′ τ ′} , D^μ∂_{[μ}A_{νρ]} = − 2i 3 Ḟ_{νρστ κ}D^σ A^{τ κ}, D^μ∂_μB = 0,

where a dot above a symbol for a field denotes its background value. We study the wave equations for linear perturbations that leave the ten-dimensional background metric unperturbed. Deriving the radial wave equations in the background of nonextremal D3-branes is a straightforward generalization of what is done in [18] for the extremal case.

3.11.1 Dilaton-axion

The dilaton and axion are decoupled from the D3-brane in type IIB theory, satisfying

the minimally-coupled scalar wave equation 1 √ −g ∂_μ √ −gg^{μν} ∂_ν ϕ = 0. (3.102)

Thus, the radial wave equation of a dilaton-axion in the spacetime of a non-extremal

D3-brane is given by ( 1 r^5 ∂ ∂r fr^5 ∂ ∂r + ω^2 H f − ℓ(ℓ + 4) r^2 ) ϕ = 0, (3.103)

where ℓ = 0, 1, ..

We shall express the wave equation in Schrödinger form, and study the character-

istics of the Schrödinger effective potential. By the substitution

ϕ = r^{−5/2}f^{−1/2}ψ, (3.104)

we render (3.103) in the Schrödinger form ( ∂^2 ∂r^2 − V_{eff} )ψ = 0, (3.105)

where

V_{eff} (ℓ) = − ω^2 f^2 H + (ℓ + 3/2)(ℓ + 5/2) fr^2 + (f − 1)(−f + 16) 4f^2r^2

. (3.106)

Factors that are shared by the incident and outgoing parts of the wave function cancel

out when calculating the absorption probability. Thus, the absorption probability of

ϕ and ψ are the same.

Technically, V_{eff} cannot be interpreted as an effective potential, since it is depen-

dent on the particle’s incoming energy. However, this is of no consequence for our

analysis of the form of the wave equations for various particles.

3.11.2 Scalar from the two-form

For the free indices of the two-form taken to lie along the S^5, the radial wave equation is (H r ∂ ∂r fr H ∂ ∂r + H f ω^2 −

(ℓ + 2)^2 r^2 ∓ 4R^4 Hr^6 (ℓ + 2) ) a_{(αβ)} = 0, (3.107)

where ℓ = 1, 2, .. The sign ± corresponds to the sign in the spherical harmonic involved

in the partial wave expansion.

By the substitution

a_{(αβ)} = ( H fr )^{1/2}ψ_{(αβ)}, (3.108)

we render (3.107) into the Schrödinger form:

V_{eff} (ℓ) = − ω^2H f^2 + (ℓ + 3/2)(ℓ + 5/2) fr^2 + (f − 1)(15f + 16) 4r^2f^2 + (H − 1)[−f^2(15H + 49) + f(±16(ℓ + 2)H + 30H + 2) + H − 1] 4r^2f^2H^2

. (3.109)

3.11.3 Vector from the two-form

We now consider one free index of the two-form along S^5 and one free index in the

remaining 5 directions. For the tangential components of the vector, the radial wave equation is ( 1 r^3 ∂ ∂r r^3f ∂ ∂r + ω^2H f − (ℓ + 1)(ℓ + 3) r^2 ) a_1 = 0, (3.110)

where ℓ = 1, 2, ..

By the substitution

a_1 = (r^3f)^{−1/2}ψ, (3.111)

we render (3.110) in the Schrödinger form with

V_{eff} (ℓ) = − ω^2H f^2 + ℓ + 3/2)(ℓ + 5/2) fr^2 + (f − 1)(3f + 16) 4f^2r^2

. (3.112)

The radial and time-like components of the vector can be determined from each other by ∂ ∂r a_o = 1 iω [ω^2 −

(ℓ + 1)(ℓ + 3) r^2H f]a_r (3.113) and 1 r^3 ∂ ∂r [r^3( ∂ ∂r a_0 + iωa_r)] −

(ℓ + 1)(ℓ + 3) fr^2 a_0 = 0, (3.114)

where ℓ = 1, 2, ..

(3.113) and (4.54) can be decoupled. The wave equation for a_r is ( H ∂ ∂r f r ∂ ∂r rf H + ω^2H −

(ℓ + 1)(ℓ + 3) r^2 f ) a_r = 0. (3.115)

By the substitution

a_r = (rf^3)^{−1/2}Hψ, (3.116) we render (3.115) into the Schrödinger form with

V_{eff} (ℓ) = − ω^2H f^2 + ℓ + 3/2)(ℓ + 5/2) fr^2 + (f − 1)(35f + 16) 4f^2r^2

. (3.117)

The wave equation for a_0 is (f r ∂ ∂r r^3f ω^2r^2H − (ℓ + 1)(ℓ + 3)f ∂ ∂r + 1 ) a_0 = 0. (3.118)

By the substitution

a_0 = ( r^3f ω^2r^2H − (ℓ + 1)(ℓ + 3)f

)^{−1/2}ψ, (3.119)

(3.118) can be rendered into the Schrödinger form. However, the corresponding po-

tential is singular. Instead, we determine a_0 directly from a_r via

a_0 = if ωr ∂ ∂r (rf H a_r ) . (3.120)

3.11.4 Antisymmetric tensor from 4-form

For two free indices of the 4-form along S^5 and two free indices in the remaining 5

directions, the coupled radial wave equations for the components of the antisymmetric

tensor derived from the 4-form are

b_{3r} = ∓ ωrH ℓ + 2 1 f b_{12}, (3.121) ∂ ∂r b_{03} − iωb_{3r} = ± i r (ℓ + 1)b_{12} (3.122) and ∂ ∂r b_{12} = ∓ i rf (ℓ + 2)b_{03}, (3.123) where ℓ = 1, 2, .. Eliminating b_{03} and b_{3r} we get (1 r ∂ ∂r rf ∂ ∂r + ω^2H f − (ℓ + 2)^2 r^2 ) b_{12} = 0, (3.124)

By the substitution

b_{12} = (rf)^{−1/2}ψ, (3.125)

we render (3.124) into Schrödinger form with

V_{eff} (ℓ) = − ω^2H f^2 + (ℓ + 3/2)(ℓ + 5/2) fr^2 + (f − 1)(15f + 16) 4f^2r^2

. (3.126)

3.11.5 Two-form from the antisymmetric tensor

The equations for two-form perturbations polarized along the D3-brane are coupled.

For s-wave perturbations, they can be decoupled [20, 18], and the radial wave equation is ( 1 r^5H ∂ ∂r r^5fH ∂ ∂r + ω^2H f − 16R^8 r^{10}H^2 ) ϕ = 0, (3.127)

where ℓ = 0, 1, ..

By the substitution

ϕ = (r^5fH)^{−1/2}ψ, (3.128)

we render (3.127) into Schrödinger form with

V_{eff} (ℓ) = − ω^2H f^2 + 15 4fr^2 + 12(H − 1)^2 r^2fH^2 + (f − 1)(15f + 16) 4r^2f^2

. (3.129)

3.11.6 General form of effective potential For an extremal D3-brane, the effective potentials for the dilaton-axion, vector from the two-form and the antisymmetric tensor from the 4-form all reduce to

V_{eff} (ℓ) = −ω^2H +

(ℓ + 3/2)(ℓ + 5/2)

r^2

. (3.130)

Thus, the above fields have identical absorption probabilities. The effective potentials for the scalar from the two-form and the two-form from the antisymmetric tensor include additional terms, which merely have the effect of changing the partial wave number by ℓ → ℓ ± 1 [52].

For a non-extremal D3-brane, the effective potentials for the dilaton-axion, vector from the two-form and the antisymmetric tensor from the 4-form are of the form

V_{eff} (ℓ) = − ω^2H f^2 + (ℓ + 3/2)(ℓ + 5/2) fr^2 + (f − 1)((a − 1)(a + 1)f + 16) 4f^2r^2

, (3.131)

where a = 0 for the dilaton-axion, a = 2 for the tangential components of the vector from the two-form, a = 4 for the antisymmetric tensor from the 4-form, and a = 6 for the radial component of the vector from the two-form. For the scalar from the two-form and the two-form from the antisymmetric tensor, the effective potential has additional terms that are proportional to the charge of the D3-brane. However, for a chargeless D3-brane, the scalar and two-form fields fit into the above scheme with a = 4. It is interesting to note the change of grouping of absorption probabilities between the cases of extremal and chargeless D3-branes. The effective potential for the time-component of the vector from the two-form does not appear to fit into this scheme, though certain potential terms may merely have the effect of changing the partial wave number.

We conjecture that a is a parameter that depends on the polarization of the angular momentum. Note that this parameter only plays a role in absorption away from extremality.

3.12 Low-energy absorption probabilities for a near-extremal D3-brane

3.12.1 Dilaton-axion, vector from two-form, and antisymmetric tensor from 4-form We will solve the wave equations in the approximation that

r_o ≪ R ≪ 1/ω. (3.132)

We work in the limit in which the frequency is large compared to the temperature, which means that r_o ≤ R^2ω. We render the wave function in a form that will be convenient for isolating the singularity at r = r_o:

ψ = (r^5f)^{+1/2}ϕ̃. (3.133)

Substituting (3.133) into (3.105) together with (3.131) yields ( 1 r^5

∂_rfr^5∂_r + ω^2 H f − ℓ(ℓ + 4) r^2 + a^2 4r^2

(1 − f) ) ϕ̃ = 0. (3.134)

Note that ϕ = F (r)ϕ̃, where F (r) is a nonsingular function of r for r > r_o.

We will now use the same approximation and procedure as that by Siopsis in the case of a minimally-coupled scalar [53, 54]. We use three matching regions. In the outer region defined by R^2ω ≪ r, (3.134) becomes ( r^2∂^2_r + 5r∂_r + ω^2r^2 − ℓ(ℓ + 4) ) ϕ̃ = 0. (3.135)

The solution is ϕ̃ = 1 r^2

J_{(ℓ+2)}(ωr). (3.136)

In the intermediate region defined by r_o ≪ r − r_o and r ≪ R, expressed in terms of the dimensionless quantity z ≡ (r − r_o)/r_o, ( 1 z^3

∂_zz^5∂_z +

16κ^2 z^2

− ℓ(ℓ + 4) ) ϕ̃ = 0, (3.137)

where κ = ωr_o 4 (1 +

R^4 r^4_o

)^{1/2} ≈

R^2ω 4r_o = ω 4πT_H , (3.138)

and T_H =^{ro}_{πR2} is the Hawking temperature. The corresponding wave function solution is ϕ̃ = A r^2_o z^2

H^{(1)}_{ℓ+2}( 4κ z ), (3.139)

where we consider the purely incoming solution. Matching asympototic form of the intermediate solution (3.139) for large z with the asymptotic form of the outer solution (3.136) for small ωr yields the amplitude A = iπ (ℓ + 2)!(ℓ + 1)! ( ωR 2 )^{2ℓ+4}. (3.140)

For z ≪ κ, we expand the intermediate wave function solution (3.139):

ϕ̃ = (−i)^{ℓ+5/2}A r^2_o √ 2πκ z^{−3/2}e^{4iκ/z} ( 1 + i(ℓ + 3/2)(ℓ + 5/2)z 8κ + O(κ^{−2}) ) . (3.141)

The inner region is defined by r − r_o ≪ R^2ω. The inner and intermediate regions overlap, since r_o ≪ R^2ω. There is a singularity in the wave function at r = r_o, which can be isolated by taking the wave function to be [53, 54] ϕ̃ = f^{iκ}φ. (3.142)

Isolating this singularity in the wavefunction enables us to calculate the dominant term in the near-extremal absorption probability. For the inner region, we substitute (3.142) into (3.134) and express the result in terms of the dimensionless parameter x ≡ r/r_o:

x^2f(x)∂^2_xφ + x[5 − (1 − 8iκ)x^{−4}]∂_xφ + ( 16κ^2h(x) − ℓ(ℓ + 4) + a^2 4 (1 − f(x)) ) φ = 0, (3.143) where f(x) = 1 − x^{−4} (3.144) and h(x) ≡ 1 + x^2 + x^4 (1 + x^2)x^4

. (3.145) Since x ≪ κ, we shall expand the inner wave function solution in κ^{−1}:

φ = ABe^{iκα(x)}β(x)(1 + i κ γ(x) + O(κ^{−2})). (3.146)

We will solve for B such that φ(1) = B, which implies that α(1) = γ(1) = 0 and

β(1) = 1. We solve for the functions α,β and γ by plugging (3.146) into (3.143):

α(x) = −4 ∫_x 1 dy 1 + √ 1 + h(y)y^4(y^4 − 1) y(y^4 − 1)

. (3.147)

β(x) = exp ( − 1 2 ∫_x 1 dy y(y^4 − 1)α^{′′} + (5y^4 − 1)α^′ 4 + y(y^4 − 1)α^′ ) . (3.148)

γ(x) = − 1 2 ∫_x 1 dy y^4ℓ(ℓ + 4) − y(y^4 − 1)^{β′′}_β − (5y^4 − 1)^{β′}_β −^{a2}_{4y} y(y^4 − 1)α^′ + 4

. (3.149)

We match the expressions for α, β and γ in the large x limit with the asymptotic

form of the intermediate solution (3.141) and solve for B:

B = (−i)^{ℓ+5/2} r^2_o √ 2πκ (1 − i(ℓ + 3/2)(ℓ + 5/2) 8κ ). (3.150)

The absorption probability is

P = 8πκr^4_o |A|^2|B|^2. (3.151)

Plugging in the amplitudes A and B, we find that

P^{near−extremal} = ( 1 + (

4(ℓ + 2)^2 − 1 32κ )^2 ) P^{extremal}, (3.152)

where P^{extremal} = 4π^2 ((ℓ + 1)!(ℓ + 2)!)^2 ( ωR 2 )^{4ℓ+8}. (3.153)

Our result agrees with [53, 54] for the minimally-coupled scalar. As we have shown,

for near-extremal D3-branes, the dilaton-axion, tangential and radial components of

the vector from the two-form and the antisymmetric tensor from the 4-form have identical absorption probabilities, as in the extremal case. As can be seen, as κ → ∞, we recover the result previously obtained for an extremal D3-brane.

3.12.2 Time-like component of vector from two-form Using (3.116),(3.120) and (3.133) we find the wave function for the longitudinal component of the vector from the two-form directly in terms of the radial component wave function: a_o = if ωr ∂_r(r^3ϕ̃). (3.154) We can find the wave function solutions for a_o in the three regions directly from the dilaton wave functions (3.136), (3.139) and (3.146). We must be careful to expand to O(κ^{−3}) in the dilaton wave functions in order for a_o to be of order O(κ^{−2}). Matching a_o in the three regions yields the same absorption probability as for the dilaton given by (3.152). Thus, for near-extremal D3-branes, the longitudinal component of the vector from the two-form and dilaton-axion have identical absorption probabilities, as in the extremal case.

3.12.3 Two-form from the antisymmetric tensor Substituting (3.133) into (3.105) together with (3.129) yields ( 1 r^5

∂_rfr^5∂_r + ω^2 H f + 4 r^2 (1 − f) − 12(H − 1)^2 r^2H^2 ) ϕ̃ = 0. (3.155)

We require four regions for matching. Consider r_1 and r_2 such that r_2 ≪ R ≪ r_1. The outer region is given by r > r_1, where ωr_1 ≪ 1. In the outer region, the wave equation and solution are given by (3.135) and (3.136), respectively, with ℓ = 0.

The outer intermediate region is given by r_1 > r > r_2 and ωR^2 ≪ r, so that we can ignore the ω^2 term in the wave equation: ( 1 r^5

∂_rr^5∂_r −

12(H − 1)^2 r^2H^2 ) ϕ̃ = 0. (3.156)

The corresponding wave function solution is

ϕ̃ = CH^{3/2} + DH^{−1/2}. (3.157)

Matching the outer and outer intermediate regions yields

C + D = ω^2 8 . (3.158)

The inner intermediate region is defined by r_o ≪ r − r_o and r ≪ R. Expressed in terms of the dimensionless quantity z ≡ (r − r_o)/r_o, the wave equation in this region is ( 1 z^3

∂_z z^5∂_z +

16κ^2 z^2

− 12)ϕ̃. (3.159) The corresponding wave function solution is

ϕ̃ = A 1

r^2_o z^2

H^{(1)}_4 ( 4κ z ), (3.160)

where we take the purely incoming solution. Matching the wave function across the two intermediate regions yields A = iπ 12 ( ωR 2 )^6, C = 0. (3.161) For z ≪ κ, we expand the inner intermediate wave function solution (3.160): ϕ̃ = (−i)^{1/2}A r^2_o √ 2πκ z^{−3/2}e^{4iκ/z}(1 + i(7/2)(9/2)z 8κ + O(κ^{−2})). (3.162) For the inner region, we substitute (3.142) into (3.155) and express the result in terms of the dimensionless parameter x: x^2f(x)∂^2_xφ + x[5 − (1 − 8iκ)x^{−4}]∂_xφ + ( 16κ^2h(x) + 4(1 − f(x)) − 12 ) φ = 0. (3.163) where f(x) and h(x) are given by (3.144) and (3.145), respectively.

Following the case for the dilaton, we plug the ansatz for the inner wave function solution, given by (3.146), into (3.163) and solve for the amplitude B by matching the inner solution with the inner intermediate solution. The result is that B = (−i)^{1/2} r^2_o √ 2πκ (1 − i(7/2)(9/2) 8κ ). (3.164) Plugging amplitudes A and B into (A.4), we find that the absorption probability is P^{near−extremal} = ( 1 + ( 63 32κ )^2 ) P^{extremal}, (3.165) where P^{extremal} is the same as that given for the dilaton in (3.153) with ℓ → ℓ + 1. As with previous cases, as κ → ∞, we recover the result previously obtained for an extremal D3-brane. We have shown that, for near-extremal D3-branes, the two-form from the antisymmetric tensor does not have the same absorption probability as the dilaton-axion with ℓ → ℓ + 1, while it does in the extremal case.

3.12.4 Scalar from two-form

Substituting (3.133) into (3.105) together with (3.107) yields ( 1 r^5

∂_rfr^5∂_r + ω^2 H f − ℓ(ℓ + 4) r^2 + 4 r^2

(1 − f) − (3.166)

(H − 1)[−f^2(15H + 49) + f(±16(ℓ + 2)H + 30H + 2) + H − 1] 4r^2fH^2 ) ϕ̃ = 0.

We require four regions for matching, as defined in the previous section for the two-

form. In the outer region, the wave equation and solution are given by (3.135) and

(3.136), respectively. In the outer intermediate region, we may ignore the ω^2 term in

the wave equation: ( 1 r^5

∂_rr^5∂_r − ℓ(ℓ + 4)

r^2 − (H − 1)[4(1 ± (ℓ + 2))H − 12] r^2H^2 ) ϕ̃ = 0. (3.167)

The corresponding wave function solution is

ϕ̃ = Cr^{±(ℓ+2)−2} + Dr^{∓(ℓ+2)−2} (1 + ℓ + 2 ℓ + 2 ± 2

R^4 r^4

). (3.168)

Matching the outer and outer intermediate regions yields

C = 1 (ℓ + 2)! ( ω 2 )^{ℓ+2}, D = 0, (3.169)

for the positive sign and

D = 1 (ℓ + 2)! ( ω 2 )^{ℓ+2}, C = 0, (3.170)

for the negative sign.

Expressed in terms of the dimensionless quantity z ≡ (r−r_o)/r_o, the wave equation

in the inner intermediate region is

( 1 z^3

∂_z z^5∂_z +

16κ^2 z^2

− ℓ(ℓ + 4) ∓ 4(ℓ + 2) − 4)ϕ̃. (3.171)

The corresponding wave function solution is

ϕ̃ = A 1 r^2_oz^2

H^{(1)}_{ℓ+2±2}( 4κ z ), (3.172)

where we take the purely incoming solution.

Matching the wave function across the two intermediate regions yields

A_± = iπ (ℓ + 2 ± 1)!(ℓ + 1 ± 1)! ( ωR 2 )^{2ℓ+4±2}. (3.173)

For z ≪ κ, we expand the inner intermediate wave function solution (3.172):

ϕ̃ = (−i)^{ℓ+1/2}A

r^2_o √ 2πκ z^{−3/2}e^{4iκ/z}(1 + i(ℓ + 3/2 ± 2)(ℓ + 5/2 ± 2)z 8κ + O(κ^{−2})). (3.174)

For the inner region, we substitute (3.142) into (3.167) and express the result in terms

of the dimensionless parameter x:

x^2f(x)∂^2_xφ + x[5 − (1 − 8iκ)x^{−4}]∂_xφ + ( 16κ^2h(x) + (3.175)

4(1 − f(x)) − ℓ(ℓ + 4) ∓ 4(ℓ + 2) + 15 4 f(x) − 15 2 − 1 f(x) ) φ = 0.

where f(x) and h(x) are given by (3.144) and (3.145), respectively.

Following the case for the dilaton, we plug the ansatz for the inner wave function

solution, given by (3.146), into (3.176) and solve for the amplitude B by matching the inner solution with the inner intermediate solution. The result is that

B = (−i)^{ℓ+1/2} r^2_o √ 2πκ (1 − i(ℓ + 3/2 ± 2)(ℓ + 5/2 ± 2) 8κ ). (3.176)

Plugging amplitudes A and B into (A.4), we find that the absorption probability is

P^{near−extremal} = ( 1 + (

(ℓ + 3/2 ± 2)(ℓ + 5/2 ± 2) 8κ )^2 ) P^{extremal}, (3.177)

where P^{extremal} is the same as that given for the dilaton in (3.153) with ℓ → ℓ ± 1.

As with previous cases, as κ → ∞, we recover the result previously obtained for an

extremal D3-brane.

We have shown that, for near-extremal D3-branes, the scalar from the two-form

does not have the same absorption probability as the dilaton-axion with ℓ → ℓ ± 1,

while it does in the extremal case.

3.13 Discussion of absorption by near-extremal D3-branes

We have obtained a simple relation between the extremal and near-extremal absorp-

tion probabilities of a D3-brane:

P^{near−extremal} = ( 1 + (

4ν^2 − 1 32κ )^2 ) P^{extremal}, (3.178)

where ν = ℓ + 2 for the dilaton-axion, the vector from the two-form and the antisym-

metric tensor from the 4-form, ν = 4 for the two-form from the antisymmetric tensor,

and ν = ℓ + 4 for the scalar from the two-form. Note that (3.178) has the same form as that of various fields scattered by a four-dimensional N = 4 supergravity equal-charge black hole [55].

As we would expect, a perturbation from extremality increases the absorption probability. At near-extremality, the absorption probability of the dilaton-axion, vector from the two-form and antisymmetric tensor from the 4-form are identical, just as they are at extremality [52]. At extremality, the absorption probability of the scalar from the two-form and the two-form from the antisymmetric tensor are simply related to that of the dilaton-axion by a change in the partial wave number ℓ → ℓ ± 1. For near-extremality, this relation breaks down, and the scalar and two-form fields are absorbed more than if this were the case.

We have found numerically that, further away from extremality, the dilaton-axion, vector from the two-form and antisymmetric tensor from the 4-form no longer share the same absorption probability [56]. As can be seen from the effective potential (3.131), this is due to a parameter a which we conjecture depends on the angular momentum polarization. a = 0 for the dilaton-axion, a = 2 for the tangential components of the vector from the two-form, a = 4 for the antisymmetric tensor from the 4-form, and a = 6 for the radial component of the vector from the two-form. There are additional potential terms for the scalar from the two-form and the twoform from the antisymmetric tensor. However, these terms vanish for a chargeless D3-brane, enabling the scalar and two-form fields to fit into the above scheme with a = 4. It is rather curious how the grouping of absorption probabilities changes between the cases of extremal and chargeless D3-branes. At first look, it appears that the time-component of the vector from the two-form does not fit into this scheme, though certain potential terms may merely be equivalent to a change in the partial wave number. We conjecture that the parameter a, which only plays a role away from extremality, depends on the polarization of the angular momentum.

The absorption probability can be expressed in terms of Gamma functions:

P ≈ 8π^3κ (ν!(ν − 1)!)^2

|Γ(ν/2 + 1/4 + 2iκ)Γ(ν/2 + 3/4 + 2iκ)|^2 |Γ(1 + 4iκ)|^2 ( ωr_o 2 )^{2ν} , (3.179)

so long as one keeps in mind that the formula holds only to order κ^{−2}. For ν = ℓ + 2, this absorption probability is the same as that derived in [53, 54] for a minimallycoupled scalar. Siopsis expressed the absorption probability in the form (3.179) in order to interpret factors in terms of left and right-moving temperatures T_L and T_R. In particular, the general form of a black hole grey-body factor is

P_{b.h.} ∼ | | | Γ(^{ℓ+2}_2 + i^ω_{4πTL} )Γ(^{ℓ+2}_2 + i^ω_{4πTR} ) Γ(1 +^ω_{2πTH} ) | | |^2. (3.180)

Thus, by comparing (3.179) with (3.180), we are led to the conclusion that both left and right-moving modes contribute to the absorption probability at temperatures

T_L = T_R = T_H (3.181)

Chapter 4

Brane Worlds in B Fields

4.1 Introduction

4.1.1 Another Look at Higher-Dimensional Spacetime String theories and M-theory require that our universe has more than three spatial dimensions. Studies along more phenomenological lines have recently led to new insights on how extra dimensions may manifest themselves, and how they may help solve long-standing problems such as hierarchy or the cosmological constant problem.

M-theory determines the dimensionality of spacetime to be eleven. However, it remains a matter of speculation as to the mechanism by which extra dimensions are hidden, so that spacetime is effectively four-dimensional in a low-energy regime. Until recently, the extra dimensions were usually assumed to be a size of roughly the Planck length l_{P l} ∼ 10^{−33}cm. With a corresponding energy scale of M_{P l} ∼ 10^{19} GeV, probing extra dimensions directly appeared to be a hopeless pursuit.

In order to explain why there are three large spatial dimensions, Brandenberger and Vafa have proposed that all dimensions were initially compact and three spatial dimensions grew in size as a result of string-string annihilations– a process that is roughly analogous to breaking a rubber band that had been keeping a paper rolled up tight. On the other hand, extra dimensions may have once been large, compactified by a dynamical mechanism– such as the requirement that the effective four-dimensional mass density remains nonzero.

4.1.2 Sub-millimeter Extra Dimensions Recently there has been renewed interest in the notion that our observable world is a three-dimensional brane embedded in a higher-dimensional space, whose extra dimensions may be large or even infinite. Gauge fields are naturally trapped on the brane by way of open strings whose ends are confined to the worldvolume of a D-brane. Indeed, the distances at which non-gravitational interactions cease to be four-dimensional are determined by the dynamics on the brane and may be much smaller than R, the size of extra dimensions (for simplicity, we assume that all extra dimensions are of the same size).

Gravity, on the other hand, becomes multi-dimensional at scales just below R, at which point the gravitational force is

F_{grav} = G_D m_1m_2 r^{D−2} , (4.1)

where D is the dimensionality of spacetime. The four-dimensional gravitational law has been verified experimentally down to distances of about 0.2 mm, which means that R can actually be as large as 0.1 mm!

This possibility provides a novel way of addressing the hierarchy problem, i.e., why the electroweak scale (M_{EW} ∼ 1 TeV) is drastically different from the Planck scale (M_{P l} ∼ 10^{16} TeV). In higher-dimensional theories, the four-dimensional Planck scale is not a fundamental parameter. Instead, the mass scale M of higher-dimensional gravity is fundamental. The four-dimensional Planck mass goes as

M_{P l} ∼ M(MR)^{d/2}, (4.2)

where d is the number of extra dimensions. Thus, if the size of the extra dimensions is large relative to the fundamental length scale M^{−1}, then the Planck mass is much greater than the fundamental gravity scale.

If, motivated by unification, one supposes that the fundamental gravity scale is of the same order as the electroweak scale, M ∼ 1 TeV, then the hierarchy between M_{P l} and M_{EW} is entirely due to the large size of extra dimensions. Thus, the hierarchy problem now takes on a geometrical setting, i.e., why is R large?

Assuming that M ∼ 1 TeV, then from equation (4.2) we find that

R ∼ M^{−1}( M_{P l} M )^{2/d} ∼ 10^{32d −17}cm. (4.3)

For one extra dimension R is unacceptably large. However, for increased number of extra dimensions, R decreases. For d = 2, R ∼ 1 mm, which has been the motivation for the recent experimental search for deviations from Newton’s gravitational law at sub-millimeter distances. However, cosmology excludes a mass scale as low as M ∼ 1 TeV for d = 2^1. A more realistic value M ∼ 30 TeV implies R ∼ 1 − 10μm. While an experimental search for deviations from four-dimensional gravity is difficult in the micro-meter range, it is not impossible.

M-theory requires 7 unobserved dimensions. If these are all of the size R, then with the above assumptions an experimental search for violations in four-dimensional gravity appear to be hopeless. However, the compactification scales of extra dimensions are not guaranteed to be of the same order, which means that some large extra dimensions may be observable in this manner.

4.1.3 Warped Geometry We saw above how the accuracy in our observations of a four-dimensional law of gravity impose an upper limit on the size of an extra dimension. However, we shall soon discuss how Randall and Sundrum have found that, in the case of a certain warped higher-dimensional spacetimes, an extra dimension can be very large, or even infinite, without destroying the four-dimensional gravitation at low energy.

When considering distance scales much larger than the brane thickness, we can model the brane as a delta-function source of the gravitational field. The brane is

1Kaluz-Klein graviton modes may be produced at high temperatures, such as during the Big Bang nucleosynthesis. Thus, having an upper bound on the mass density of KK gravitons yields an lower bound on M in terms of d and the maximum temperature that ever ocurred in the universe.

characterized by the energy density per unit three-volume σ, which is also known as the brane tension. We shall focus on the case of one extra dimension. The fivedimensional gravitational action in the presence of the brane is S_{grav} = − 1 16πG^{(5)} ∫ d^4xdz √ g^{(5)}R^{(5)} − Λ ∫ d^4xdz √ g^{(5)} − σ ∫ d^4x √ g^{(4)}, (4.4) where Λ is the five-dimensional cosmological constant, and the superscripts denote the dimensionality of the space for which Newton’s gravitational constant, the metric and the curvature applies. The existence of a four-dimensionally flat solution requires fine-tuning between Λ and σ: Λ = − 4π 3 G^{(5)}σ^2. (4.5) This is similar to fine-tuning the four-dimensional consmological constant to zero. If equation (4.5) does not hold, then the intrinsic geometry on the brane is AdS, a case which will be discussed shortly. With (4.5) satisfied, the metric solution is ds^2 = e^{−2k|z|}(−dt^2 + dx^2_1 + dx^2 + dx^2_3) + dz^2. (4.6) This spacetime is Anti-de Sitter with Z_2 symmetry and of radius k^{−1}.

The graviton obeys a the wave equation for a massless, minimally-coupled scalar propagating in this spacetime: ∂_μ √ −gg^{μν} ∂_ν Φ(x_μ, z) = 0. (4.7) Consider a wave function of the form Φ(x_μ, z) = e^{xμpμ} h(z). (4.8)

The mass m of the graviton is m^2 = −p^2. The massless graviton wave function is

h_0(z) = e^{−kz} , (4.9)

and is, therefore, normalizable with its maximum at z = 0. That is, the massless graviton is localized at z = 0. The higher modes of the graviton are given by

h_m(z) = J_2( m k e^{kz} ) + AN_2( m k e^{kz} ), (4.10)

where J_2 and N_2 are Bessel functions. We solve for A by satisfying the boundary condition imposed by the delta-function source:

h_m(z) = N_1( m k )J_2( m k e^{kz} ) − J_1( m k )N_2( m k e^{kz} ). (4.11)

Thus, these massive graviton modes propagate in the extra dimension, providing a high-energy correction to the four-dimensional gravitational law, which we will see in more detail for a specific model.

4.1.4 A Higher-Dimensional Solution to the Hierarchy Problem One approach which uses a warped higher-dimensional spacetime compactifies the extra dimension over S^1/Z_2 by imposing a brane at each end of the dimension. The branes have tensions of opposite sign. Randall and Sundrum initially considered a brane world model in which our observable universe resides on the negative tension brane at z = 0 (RS1 scenario) [87].

Newton’s gravitational constant in four and five dimensions are related by G_{(4)} = G_{(5)} k e^{2kzc} − 1 , (4.12) where z_c is the length of the extra dimension. Thus, for relatively large z_c, the gravitational interactions of matter living on the negative tension brane are weak.

If one takes the five-dimensional gravity scale and the Anti-de Sitter radius k to be of the order of the weak scale, M_{EW} ∼ 1 TeV, then (4.12) implies that the effective four-dimensional Planck mass is of the order M_{P l} ∼ e^{kzc} M_{EW} . (4.13) Thus, for z_c about 37 times larger than the Anti-de Sitter radius k^{−1}, the value of M_{P l}/M_{EW} is of the right order of magnitude to solve the hierarchy problem.

4.1.5 Solving the Cosmological Constant Problem?

In the context of the brane world, the cosmological constant problem amounts to the question of why the vacuum energy density has almost no effect on the curvature induced on our brane. It may be plausible that perhaps the vacuum energy density induces a non-trivial warp factor on the higher-dimensional geometry, while the fourdimensional Poincaré invariance is maintained. The suggestion has been put forth that a hypothetical bulk scalar field conformally coupled to brane world matter may play an important role. That is, a nonzero vacuum energy may be compensated by a shift in this scalar field.

Unfortunately, this solution involves a naked singularity at finite proper distance to the brane, and it has been argued that a possible resolution of this singularity reintroduces the cosmological constant problem. For example, a second brane can be introduced, so that the space between the branes is completely non-singular. However, in order to be a solution to the Einstein equations, the tension of the second brane must be fine-tuned, and this fine-tuning is no more desireable than that of the cosmological constant in four-dimensional theories. Nevertheless, this idea may point the way to a new solution.

4.1.6 An Alternative to Compactification The massless graviton wave function remains normalizable as z_c → ∞. Thus, even if there exists a single brane of positive tension in an infinite extra dimension, gravity as well as gauge fields are localized on the brane (RS2 scenario). For the author, this is the most intriguing aspect of brane worlds, and why simple models that may not be readily embedded in fundamental string/M-theories are still of interest. For the first time in 70 years, this offers an alternative to the Kaluza-Klein compactified extra dimensions.

The wave functions of the Kaluza-Klein gravitons are normalized by ∫ dze^{2k|z|}h_m(z)h_m′ (z) = δ(m − m^′). (4.14)

The measure dze^{2k|z|} is due to the warping factor in the geometry. Using the asymptotics of the Bessel functions, the normalized KK graviton modes are found to be

h_m(z) = √ m k J_1(^m_k )N_2(^m_k e^{kz} ) − N_1(^m_k )J_2(^m_k e^{kz} ) √ [J_1(^m_k )]^2 + [N_1(^m_k )]^2

. (4.15)

At large z, these wave functions oscillate:

h_m(z) ∼ sin ( m k e^{kz} ), (4.16)

and they are suppressed at z = 0:

h_m(0) ∼ √ m k . (4.17)

These KK modes correspond to gravitons escaping into the extra dimension or coming

in towards the brane. The coupling of matter living on the brane to these modes is

fairly weak at small m, and so they have a low production rate at low energy.

Consider the Yukawa-type contribution of KK graviton exchange to the gravita-

tional potential between two unit point masses living on the braneL

V_{KK} (r) = −G_{(5)} ∫_∞ 0 dm|h_m(0)|^2 e^{−mr} r = − G_{(4)} r (1 + const k^2r^2

). (4.18)

Thus, the four-dimensional gravitational potential, including the graviton zero mode,

is given by V (r) = − G_{(4)} r (1 + const k^2r^2

). (4.19)

In contrast to compact extra dimensions, for which corrections are suppressed expo-

nentially at large distances, the correction to Newton’s law has power law behavior at large r. However, at distances greater than the Anti-de Sitter radius k^{−1}, this correction is negligible.

Duff showed, in his PhD thesis, that one-loop quantum corrections to the graviton propogator lead to a Newtonian potential of the form (4.19). Since one path to this potential is the result of a five-dimensional classical calculation and the other results from a four-dimensional quantum calculation, they seem to be completely unrelated– at first sight. However, the AdS/CFT correspondence can be invoked to show that these are two dual ways of describing the same physics.

In the simple models discussed here, the hierarchy between the Planck and weak scales is not explained by the physics of infinite dimensions, since in this limit G_{(4)} = G_{(5)}k. However, a modest extension of this model, which includes a ”probe” brane placed some distance from our brane world, has been shown to lead to exponential hierarchy even if the extra dimension is infinite.

4.1.7 Lifting Brane Worlds to Higher Dimensions The first step in embedding brane world scenarios such as RS2 into higher dimensional, fundamental theories such as string/M-theory is to demonstrate how the warped geometry arises from the near-horizon limit of branes. Consider the standard isotropic p-brane in D dimensions with the metric

ds^2_D = H^{d̃ND−2} η_{μν} dx^μdx^ν + H^{dND−2} (dr^2 + r^2dΩ^2_{d̃+1}), (4.20) where the harmonic function H is

H = 1 + R^{d̃} r^{d̃} (4.21)

and d = p + 1 and d̃ = D − d − 2. We consider the near-horizon limit by dropping the ”1” in H and make the coordinate transformation

r = (1 + k|z|)^{− 2d̃N −2} , (4.22)

for d̃N ≠ 2 and r = e^{− k̃d |z|}, (4.23) for d̃N = 2. We then perform a dimensional reduction on the d̃ + 1-sphere to recover the lower-dimensional brane world scenario. Our brane world is located at z = 0, some distance away from the fundamental brane at z → ∞. The absolute value imposes Z_2 symmetry about z = 0, and corresponds to a delta-function source that is manually added to the Lagrangian^2 . The requirement of this additional source makes an embedding of this simple brane world scenario in M-theory questionable. Nevertheless, such brane world scenarios make for interesting toy models which, as previously discussed, show potential higher-dimensional solutions to long-standing problems in particle physics and cosmology, as well as offer an alternative to Kaluza- Klein dimensional compactification.

2The singular sources in the energy-momentum tensor are composed of two elements. One is a fundamental brane source with tension opposite in sign to the brane world tension. The other is the manually added δ-function. This has been found to resolve an apparent discrepancy between supersymmetry and the sign and magnitude of the brane world tension.

Fundamental brane configurations whose near-horizon regions yield a fivedimensional brane world scenario after dimensional reduction include:

A D3-brane reduced on S^5 A D4-brane reduced on S^1 × S^4, and wrapped around S^1. The M-theoretic equivalent of this is an M5-brane reduced on T^2 × S^4, and wrapped around T^2.

A D5-brane reduced on T^2 × S^3, and wrapped around T^2.

Two M5-branes intersecting on 3+1 dimensions, reduced on T^4 ×S^2 (or K3×S^2), and wrapped around T^4 (or K3).

4.1.8 Branes in B Fields In this chapter, we will mainly focus on the effects of a background NS B field on the four-dimensional graviton. Our motivation stems from duality between the nearhorizon region sof a Dp-branes in background B fields and the large N limit of noncommutative gauge theories, and how non-commutative effects may be manifest in the localization of gravity on the brane world in the dual gravity theory.

We show, for an example, how a D3-brane in a constant NS B field background can be obtained. Beginning with a D3-brane in type IIB theory, we T-dualize the solution and end up with a D2-brane in type IIA theory, smeared along one direction. A spatial rotation in one world-volume and one transverse direction yields a smeared D2-brane on a tilted torus. A second T-duality transformation leads to a D3-brane with a background B field: ds^2_{10} = H^{−1/2} ( h^{−1/4}(−dt^2 + dx^2_3) + h^{3/4}(dx^2_1 + dx^2) ) (4.24) +H^{1/2}h^{−1/4}(dr^2 + r^2dΩ^2_5), H = 1 +

R^4 r^4 , h^{−1} = H^{−1} sin^2 θ + cos^2 θ, where the B field is given by B_{23} = sin θ cos θ

H^{−1}h, (4.25) the dilaton is e^{2ϕ} = h, (4.26) and the form fields are F_{01r} = sin θ∂_2H^{−1} (4.27) and F_{0123r} = cos θh∂_rH^{−1}. (4.28) Note that one may alternatively perform a Lorentz boost rather than a spatial rotation and end up with a background field of space-time components,i.e., an E field. We discuss this, as well as more complicated brane configurations and intersections, in appendix B.

The asymptotic value of the B field is B → tan θ. The parameter R is defined by cos θR^4 = 4πgN, where N is the number of D3-branes and g is the asymptotic value of the coupling constant^3.

In a certain decoupling limit which we will explore in more detail, this supergravity solution is dual to a non-commutative gauge theory, θ is the non-commutativity parameter, and is related to the coordinate commutators by

[x^μ, x^ν ] = iθ^{μν} . (4.29)

4.1.9 Massive Gravity Randall and Sundrum [87] have shown that, with fine tuned brane tension, a flat 3- brane embedded in AdS_5 can have a single, massless bound state. Four-dimensional gravity is recovered at low-energy scales. It has also been proposed that part or all of gravitational interactions are the result of massive gravitons. For example, in one model, gravitational interactions are due to the net effect of the massless graviton and ultra-light Kaluza-Klein state(s) [88, 89, 90, 91]. In another proposal, there is no normalizable massless graviton and four-dimensional gravity is reproduced at intermediate scales from a resonance-like behavior of the Kaluza-Klein wave functions [90, 91, 92, 93, 94].

Recently, it has been shown that an AdS_4 brane in AdS_5 does not have a normalizable massless graviton. Instead, there is a very light, but massive bound state graviton mode, which reproduces four-dimensional gravity [95, 96, 97, 98]. The bound

3While it is possible to gauge away the B field, this introduces a constant flux for the worldvolume gauge field, corresponding to a D1-brane charge.

state mass as a function of brane tension, as well as the modified law of gravity, were explored in [99, 100].

A brane world in which two extra infinite spatial dimensions do not commute has recently been used in order to localize scalar fields as well as fermionic and gauge fields [104]. Also, the cosmological evolution of the four-dimensional universe on the probe D3-brane in geodesic motion in the curved background of the source Dp-brane with nonzero NS B field has been explored [105].

We consider brane world models which arise from a sphere reduction in M-theory or string theory, as the near-horizon of p-branes [101] with a constant, background B-field on the world-volume. The dual field theory is non-commutative Yang-Mills [102, 103].

We consider string theoretic p-brane solutions for p = 3, 4, 5 with 0, 1, 2 worldvolume dimensions wrapped around a compact manifold, respectively. For p > 5, the space of the extra large dimension has finite-volume, with a naked singularity at the end, for which case the localization of gravity is trivial.

For all of the cases we study, we find that there is no normalizable massless graviton, but there is a massive bound state graviton which plays the role of the fourdimensional graviton. This yields another class of examples for which gravitational interactions are entirely the result of massive gravitons. As we will see, the bound mass increases continuously from zero as a constant, background B or E-field is turned on, except for the case p = 5, for which there is a mass gap.

Thus, from the vantage point of four-dimensional gravity, a background B field has the same effect as a negative four-dimensional cosmological constant. Namely, both yield a massive four-dimensional graviton.

4.2 The graviton wave equation

4.2.1 With background B field Consider the metric of a p-brane (expressed in the string frame) in a constant NS B field in the 2,3 directions [103, 106]:

ds^2_{10} = H^{−1/2}( − dt^2 + dx^2_1 + h(dx^2 + dx^2_3) + dy^2_i ) + l^4_s H^{1/2}(du^2 + u^2dΩ^2_5),(4.30) H = 1 + R^{7−p} l^4_s u^{7−p}

, h^{−1} = H^{−1} sin^2 θ + cos^2 θ,

where u = r/l^2_s is a dimensionless radial parameter and i = 1, .., p − 3. The B field and dilaton are given by

B_{23} = tan θH^{−1}h, e^{2φ} = g^2H^{(3−p)/2}h, (4.31)

cos θR^{7−p} = (4π)^{(5−p)/2}Γ (7 − p 2 ) g_sl^{p−3}_s N, (4.32) where N is the number of p-branes and g_s is the asymptotic value of the coupling constant. θ is known as the non-commutativity parameter, and is related to the asymptotic value of the B-field: B^∞_{23} = tan θ.

Consider the following decoupling limit, in which we take the B field to infinity [103]:

l_s → 0, l^2_s tan θ = b, (4.33) x̃_{2,3} = b l^2_s x_{2,3},

where b, u, x̃_μ and g_sl^{p−5}_s stay fixed. Thus,

l^{−2}_s ds^2 = ( u R )^{(7−p)/2}( − dt^2 + dx^2_1 + h̃(dx̃^2 + dx̃^2_3) + dy^2_i ) + ( R u )^{(7−p)/2}(du^2 + u^2dΩ^2_{8−p}), (4.34) where h̃^{−1} = 1 + b^2(u/R)^{7−p}. The dual field theory is Yang-Mills with noncommuting 2, 3 coordinates [103]. For small u, the above solution reduces to AdS_5 × S^5, corresponding to ordinary Yang-Mills living in the IR region of the dual field theory, which is also the case if we had taken the decoupling limit with finite B-field. From this point on, we drop the~on the coordinates. For p ≠ 5, we change coordinates to u/R ≡ (1 + k|z|)^{2/(p−5)} [101]:

l^{−2}_s ds^2 = (1+k|z|)^{7−pp−5} (−dt^2+dx^2_1+h̃(dx^2+dx^2_3)+dy^2_i +dz^2)+(1+k|z|)^{p−3p−5} dΩ^2_{8−p}, (4.35)

For p = 5, we change coordinates to u/R ≡ e^{−k|z|/2} [101]:

l^{−2}_s ds^2 = e^{−k|z|/2}( − dt^2 + dx^2_1 + h̃(dx^2 + dx^2_3) + dy^2_i + dz^2 + dΩ^2_3). (4.36)

After dimensional-reduction over S^{8−p}, the above metric corresponds to a p + 2- dimensional domain wall at z = 0. We will consider the case where y_i are wrapped around a compact manifold, so that there is a 1 + 3-dimensional dual field theory on the remaining world-volume coordinates. The equation of motion for the graviton fluctuation Φ = g^{00}h_{01} is

∂_M √ −ge^{−2φ}g^{M N} ∂_N Φ = 0, (4.37)

where h_{01} is associated with the energy-momentum tensor component T_{01} of the Yang-Mills theory. For p ≠ 5, consider the ansatz

Φ = ϕ(z)e^{ip·x} = (1 + k|z|)^{9−p2(5−p)} ψ(z)e^{ip·x}. (4.38)

Thus, − ψ^{′′} + Uψ = m^2ψ, (4.39) U = (p − 9)(3p − 19)k^2 4(5 − p)^2(1 + k|z|)^2 + p − 9 5 − p kδ(z) + α^2 (1 + k|z|)^{2 (7−p)5−p} , (4.40) where α ≡ b √ (p^2 + p^2_3), (4.41) and m^2 = −p^2.

For p = 5, consider the ansatz

Φ = ϕ(z)e^{ip·x} = e^{k|z|/2}ψ(z)e^{ip·x}. (4.42)

Thus, ψ satisfies (4.39) with

U = 1 4 k^2 − kδ(z) + α^2e^{−k|z|}. (4.43)

For more general directions of the world-volume B field, α ≡ b √ p^2_i , where p_i are the momenta along the large, non-commuting directions in the world-volume. Thus, if only the wrapped y_i coordinates are non-commuting, then α = 0.

4.2.2 With background B and E fields Consider the metric of a p-brane in a constant two-component NS B field background [103, 106]:

ds^2 = H^{−1/2}(h_e(−dt^2 + dx^2_1) + h_m(dx^2 + dx^2_3) + dy^2_i ) + l^4_s H^{1/2}(du^2 + u^2dΩ^2_{8−p}),(4.44) H = 1 + R^{7−p} l^4_s u^{7−p}

, h^{−1}_m = H^{−1} sin^2 θ_m + cos^2 θ_m, h^{−1}_e = −H^{−1} sinh^2 θ_e + cosh^2 θ_e. The B and E field components and dilaton are given by

B_{23} = tan θ_mH^{−1}h_m, E_{01} = − tanh θ_eH^{−1}h_e, e^{2φ} = g^2H^{3−p2} h_eh_m. (4.45) Consider the following decoupling limit [103]: l_s → 0, cosh θ_e = b^′ l_s , cos θ_m = fixed, (4.46) x_{0,1} = b^′ l^2_s x̃_{0,1}, x_{2,3} = l_s cos θ_mx̃_{2,3}, where b^′ , u, x̃_μ and g_sl^{p−7}_s remain fixed. Thus, l^{−2}_s ds^2 = H^{1/2} ( ( u R )^{7−p}(−dt̃^2 +dx̃^2_1)+( u R )^{7−p}h̃_m(dx̃^2 +dx̃^2_3)+H^{−1}dy^2_i +du^2 +u^2dΩ^2_{8−p} ) , (4.47) where we define h̃^{−1}_m = 1 + ( u R )^{7−p} cos^{−2} θ_m. (4.48)

The dual field theory is Yang-Mills with noncommuting 0, 1 and 2, 3 coordinates [103]. Once again, we drop the ~ on the coordinates. For p ≠ 5, we change coordinates to u/R ≡ (1 + k|z|)^{2/(p−5)}:

l^{−2}_s ds^2 = H^{1/2} ( (1 + k|z|)^{2(p−7)5−p} ( − dt^2 + dx^2_1 + h̃_m(dx^2 + dx^2_3) + dz^2) + (4.49) H^{−1}dy^2_i + (1 + k|z|)^{4p−5} dΩ^2_{8−p} ) . (4.50)

For p = 5, we change coordinates to u/R ≡ e^{−k|z|/2}:

l^{−2}_s ds^2 = H^{1/2}(e^{−k|z|}(−dt^2 + dx^2_1 + h̃_m(dx^2 + dx^2_3) + dz^2 + dΩ^2_3) + H^{−1}dy^2_i ). (4.51)

As in the case of a one-component B-field, we consider a dimensional-reduction over S^{8−p} and y_i wrapped around a compact manifold. One effect of the E-field, as opposed to the B-field, is to add a breathing-mode to S^{8−p}. For p ≠ 5, we insert this metric into the graviton equation of motion (4.37) with the ansatz (4.38) and obtain (4.39) with U given by (4.40) and with

α ≡ √ p^2 + p^2_3 cos θ_m

. (4.52)

For p = 5, we use the wave function ansatz (4.42) and obtain (4.39) with U given by (4.43). Again, in general α ≡ √ p^2_i / cos θ_m, where p_i are the momenta along the large, non-commuting directions.

We will focus on the p = 3 case, for which the volcano potential U is plotted in Figure 1, for α = 0 (solid line) and α = 2 (dotted line). As can be seen, the effect of

Figure 4.1: U(z) for α = 0 (solid line) and α = 2 (dotted line) for p = 3. the B and E fields is the raise the peak of the potential. This is the case in general for p ≤ 5.

4.3 The massless graviton

Consider the coordinate transformation

u/R ≡ (1 + k|w|)^{−1} (4.53)

and the wave function transformation

Θ(w) = (1 + k|w|)^{p−34} ψ(z). (4.54)

applied to the graviton wave equation (4.39). Thus,

− Θ^{′′} + V Θ = m^2 (1 + k|w|)^{p−3} Θ, (4.55) where V = (6 − p)(8 − p)k^2

4(1 + k|w|)^2 − (6 − p)kδ(w) + α^2 (1 + k|w|)^4

. (4.56) For the massless case, this is a Schrödinger-type equation. The wave function solution can be written in terms of Bessel functions as

Θ(w) = N_0(1 + k|w|)^{1/2}[J_ν ( iα 1 + k|w| ) + A(α)Y_ν ( iα 1 + k|w| ) ], (4.57) where ν = (7−p)/2 and N_0 is the normalization constant, in the event that the above solution is normalizable. A(α) is solved by considering the δ(w) boundary condition: A(α) = 2νJ_ν (iα) + iα[J_{ν+1}(iα) − J_{ν−1}(iα) −2νY_ν (iα) + iα[Y_{ν−1}(iα) − Y_{ν+1}(iα)] , (4.58) where we used 2J^′_n(x) = J_{n−1}(x) − J_{n+1}(x), and likewise for Y^′_n(x). In order for the massless graviton to be localized on the brane, the corresponding wave function must be normalizable, i.e., ∫_∞ 0 |ψ(w, m = 0)|^2dw < ∞. (4.57) can be written in the form Θ(w) = (normalizable part) + A(non − renormalizable part), (4.59) as can be seen from the asymptotic forms of the Bessel functions. Thus, the massless graviton is only localized on the brane if A = 0. In this limit, there are no background B or E fields and we recover the Randall-Sundrum model.

As shown in Figure 2, for the case of the D3-brane, as α increases, the modulus of A approaches unity. A has the same characteristics for p ≤ 5 in general. The issue arises as to whether there is a massive graviton state bound to the brane for nonzero A.

Figure 4.2: |A|^2 versus α for p = 3.

4.4 Localization of the massive graviton

We will first concentrate on the case of the brane world as the dimensionally-reduced near-horizon of the D3-brane. For this case, the massive wave equation (4.39) with U given by (4.40) is a modified Mathieu’s equation [107], supplemented by the δ(w) boundary condition. The exact solution of the modified Mathieu’s equation is known, and has been applied to absorption by D3-branes and six-dimensional dyonic strings [50, 108]. However, it is rather laborious to use the exact solution in this context and so we content ourselves with plotting numerical solutions– except for the case p = 5, for which the exact solution is a sum of Bessel functions.

In order to solve for the unnormalized wave function, we input the δ(z) boundary condition and solve the Schrödinger-type equation outwards. We then numerically integrate in order to find the correct normalization factor.

Figure 4.3: |ψ(z = 0)|^2 versus m for α = 0 (dotted line) and α = .02 (solid line) for p = 3.

Figure 4.4: |ψ(z)|^2 for m/k = 0 for p = 3.

Figure 4.5: |ψ(z)|^2 for m/k = 1.5 for p = 3.

As can be seen from the dotted line in Figure 3, for the case of the D3-brane with no background B and E fields, there is a resonance in the modulus of the wave function on the brane for m = 0, which implies that the massless graviton is localized on the brane. This behavior can also be seen from Figure 2, by the fact that A = 0 and the massless solution is normalizable.

We may arrive at the same conclusion via Figures 4 and 5, where the massless wavefunction has a peak on the brane at z = 0 whereas the wavefunction of mass m = 1.5k oscillates without feeling the presence of the brane [95].

In the case of nonzero B or E fields, the resonance in the modulus of the wave function on the brane is at a nonzero mass. Thus, for a nonzero, constant background B or E field, a massive graviton is localized on the brane. This behavior is shown by the solid line in Figure 3, where the |ψ(z = 0)|^2 is plotted for α = .02, and there is a large resonance in the wave function on the brane for m/k = .0822. Again, this

Figure 4.6: Resonance mass versus α for p = 3 (solid line), 4 (dotted line) and 5 (bold line).

behavior may also be ascertained from plots of |ψ(z)|^2 for various values of m/k. For a mass significantly less than the resonance mass, the wave function has a peak at z = 0 that is not relatively high, while a wave function with a mass significantly greater than the resonance mass oscillates without feeling the brane.

It is straight-forward to repeat the above analysis for p = 4, 5. Note that a D4- brane reduced on S^1 × S^4 yields the same graviton wave equation as a M5-brane reduced on T^2 × S^4. Likewise, the D5-brane reduced on T^4 × S^3 and a M5-brane intersection reduced on T^4 × S^2 or K3 ×S^2 yield the same graviton wave equation. This was initially observed in [101] in the case of zero B-field. Figure 6 shows the resonance mass versus α for p = 3, 4, 5. We classify them by the corresponding nearhorizon brane configurations in ten or eleven dimensions. The solid line corresponds to the D3-brane. The dotted line corresponds to the D4 or M5-brane. The bold line corresponds to the D5-brane or an M5-brane intersection. It is rather curious that the three lines appear to intersect at the same point, at approximately α = 2.688 and m/k = .976.

Chapter 5

Conclusions

5.1 Top Ten Unsolved Problems

During the Strings 2000 Conference, a list of the ten most important unsolved problems in fundamental physics was compiled by a selection panel consisting of David Gross, Edward Witten and Michael Duff. Conference participants were invited to submit one well-defined and clearly stated candidate problem for consideration.

These questions are meaningful to me as a guiding light for future research– that of my own generation as well as future generations whom I may someday have the pleasure to teach.

(1) What are the fundamental degrees of freedom of M-theory (the theory whose lowenergy limit is eleven-dimensional supergravity and which subsumes the five consistent superstring theories) and does the theory describe Nature?

Louise Dolan, University of North Carolina, Chapel Hill; Annamaria Sinkovics,

Spinoza Institute; Billy and Linda Rose, San Antonio College

(2) What is the resolution of the black hole information paradox? Tibra Ali, Department of Applied Mathematics and Theoretical Physics, Cambridge; Samir Mathur, Ohio State University

(3) Are all the (measurable) dimensionless parameters that characterize the physical universe calculable in principle or are some merely determined by historical or quantum mechanical accident and uncalculable?

David Gross, Institute for Theoretical Physics, University of California, Santa Barbara

(4) What physics explains the enormous disparity between the gravitational scale and the typical mass scale of the elementary particles? Matt Strassler, University of Pennsylvania

(5) Why does the universe appear to have one time and three space dimensions? Shamit Kachru, University of California, Berkeley; Sunil Mukhi, Tata Institute of Fundamental Research; Hiroshi Ooguri, California Institute of Technology

(6) What is the lifetime of the proton and how do we understand it? Steve Gubser, Princeton University and California Institute of Technology

(7) Can we quantitatively understand quark and gluon confinement in Quantum Chromodynamics and the existence of a mass gap?

Igor Klebanov, Princeton University; Oyvind Tafjord, McGill University

(8) Is Nature supersymmetric, and if so, how is supersymmetry broken? Sergio Ferrara, CERN European Laboratory of Particle Physics; Gordon Kane, University of Michigan

(9) Why does the cosmological constant have the value that it has, is it really zero and is it really constant?

Andrew Chamblin, Massachusetts Institute of Technology; Renata Kallosh, Stanford University

(10) How can quantum gravity help explain the origin of the universe? Edward Witten, California Institute of Technology and Institute for Advanced Study, Princeton

Perhaps the most dramatic consequence of Grand unification is that nucleons are unstable. A rough calculation, making use of the resemblance of the muon decay process to the Feynman diagrams relevant to proton decay, it is estimated that the lifetime of a proton is approximately

τ_p ∼ τ_μ( m_μ m_p )^5( u M_W )^4, (5.1)

where all coupling constants have been assumed to be equal and the unification scale u has been taken to represent the mass of the leptoquark bosons. Using the observed muon lifetime τ_μ = 7 × 10^{−14} years and a plausible but by no means well-established value of the unification scale u ≈ 10^{15}GeV/c^2, the proton lifetime is estimated to be about τ_p ∼ 10^{34} years. More detailed calculation show that the proton lifetime is likely to be in the range τ_p = 3 × 10^{30±2} years. The sector of M-theory in which the AdS/CFT correspondence lies may yield information on quark interactions which may in order to understand the process of proton decay.

Why are the magnitudes of the electron and proton charges the same? Why is the electron charge three times that of the Down quark charge? Why do the coupling constants have the values that they have? The Standard Model offers no answers to these questions. Instead, measurements must be taken in order to determine the values of about twenty different parameters. Many physicists hope that these parameters are ultimately derivable from pure theory. String/M-theory might be this ultimate theory; it is believed that there are no free parameters in string/M-theory, other than possibly the string tension.

Guided by an abundance of fundamental symmetries in Nature, it is rather curious why the coupling constants are such that there is a dramatic difference between the gravitational scale and that of the forces of the Standard Model. There have been several attempts to explain the presence of large numbers in terms of a higherdimensional geometry. For example, Randall and Sundrum used a brane world scenario to explain the Hierarchy Problem in terms of the size of the extra dimension. However, this leads one to ask what determines the size of the extra dimension.

Furthermore, if some spacetime dimensions are compactified to a sub-millimeter size or less, then what determines which dimensions are large and which are small? Is there a dynamical process controlling the evolving size of dimensions? Were all of the dimensions intially the same size? The idea of brane worlds makes the notion more viable that there may be hidden dimensions of the same size as the ones we see. Otherwise, what breaks the symmetry between the sizes of dimensions?

Limited regions of M-theory can be probed using perturbative methods for string theoretic calculations. However, it is evident with the existence of p-branes that there is a wealth of non-perturbative phenomena. This has paved the way to understanding black hole microscopics via intersections of wrapped p-branes.

While black hole microscopics has increased our understanding of black hole thermodynamics, as well as scattering and decay processes, there remains an unresolved issue. Namely, on the level of quantum field theory in curved spacetime, it would appear that information pertaining to all energy entering a black hole is lost to the outside universe. The Holographic Principle offers tantilizing hints that this information may actually be living on the surface of the event horizon, rather than trapped within the central singularity. The portion of M-theory corresponding to AdS/CFTtype examples of the Holographic Principle may offer the answer to this puzzle.

While quantizing gravity in the framework of particle physics poses a major problem, quantum gravity arises naturally from string/M-theory. I have discussed the importance of understanding a full theory of quantum gravity in cases where there are strong gravitational fields, such as near the central singularity of black holes or during early cosmological epochs. M-theory may supply the full quantum theory of gravity which will allow us to probe the first moment of the Big Bang, when the universe itself may have been formed.

Appendix A

Absorption by branes: calculations in detail

A.1 Outline of Numerical Method

We will now outline the numerical method for finding the absorption cross-section. We will use the well-studied case of the dilaton-axion on an extremal D3-brane. In this case, the radial wave equation is given by (3.105) and (4.56). We take the wave close to the horizon, at ρ = .01, to be purely incoming: ψ(ρ) = ρ exp ( i(ωR)^2 ρ ) (A.1) The solution in the far region is:

ψ(ρ) = A_{in} exp (iρ) + A_{out} exp (−iρ). (A.2) We use Mathematica to numerically integrate (3.105) with the boundary condition given by (A.1). At ρ = 45, we match the result with (A.2) to find A_{in} and A_{out}. The absorption probability is given by P = 1 − | A_{out} A_{in} |^2. (A.3)

The absorption cross-section for a scalar is

σ^{(ℓ)} =

8π^2(ℓ + 3)(ℓ + 2)^2(ℓ + 1) 3(ωR)^2

P^{(ℓ)} (A.4)

Numerical integration for other types of particles incident on other objects with eventhorizons is straight-forward.

A.2 High-energy absorption cross-section for a dilaton-axion on a nonextremal D3-brane

In this appendix, we obtain the analytical high energy absorption cross-section for a dilaton-axion in a nonextremal D3-brane background, by employing the geometrical optics limit for the classical motion of a particle [21].

For a nonextremal D3-brane, the metric takes the form (3.101). The classical Lagrangian for a particle is of the form:

L = 1 2 g_{αβ}ẋ^αẋ^β. (A.5)

ẋ^α ≡ dx^α/dλ, where λ is an affine parameter. The Euler-Lagrange equations are d dλ ( ∂L ∂ẋ^α ) − ∂L ∂x^α = 0. (A.6)

The equation of motion for θ is d dλ (H^{1/2}r^2θ̇) = H^{1/2}r^2 sin θ cos θ(ϕ̇_3^2 − ϕ̇^2 − cos^2 ϕϕ̇_1^2 − sin^2 ϕϕ̇_2^2). (A.7)

The solution of (A.7) is θ = π/2 and θ̇ = 0. The equations of motion for ϕ_3 and t are of the form d dλ (H^{1/2}r^2ϕ̇_3) = 0 (A.8) and d dλ (H^{−1/2}fṫ) = 0. (A.9) (A.8) and (A.9) each imply a constant of motion:

H^{1/2}r^2ϕ̇_3 = constant ≡ ℓ (A.10)

and H^{−1/2}fṫ = constant ≡ E, (A.11) where ℓ and E are interpreted as the angular momentum and energy of the particle, respectively.

Also, since the particle scatters only in a direction transverse to the D3-brane (i.e., it does not travel along the D3-brane), ẋ_i = 0, for i = 1, 2, 3. Substituting our solutions for θ and ẋ_i into the Lagrangian yields

2L = −H^{−1/2}fṫ^2 + H^{1/2}f^{−1}ṙ^2 + H^{1/2}r^2ϕ̇_3^2. (A.12)

Instead of finding a rather complicated equation of motion for r, we use the fact that, for a massless particle, 2L = g_{αβ} p^αp^β = 0, (A.13) where p^α = ẋ^α. Substituting our results for ϕ̇_3 and ṫ into the previous equation yields

ṙ^2 = E^2 − ℓ^2 r^2 f H . (A.14)

We introduce a new parameter, λ^′ ≡ ℓλ, so that

( dr dλ^′ )^2 = 1 b^2

− V_{effective}, (A.15)

where b ≡ ℓ/E is the impact parameter and

V_{effective} = 1 r^2 f H . (A.16)

The absorption cross-section for particles at high energy can be obtained by deter-

mining the classical trajectory of the scattered particle and using the optical limit

result:

σ_{abs} = 8 15 π^2b^5_{crit}, (A.17)

where the critical impact parameter separating absorption from scattering orbits is

given by 1/b^2_{crit} = V_{maximum}. Thus,

σ_{abs} = 8 15 π^2 (1 2 R^4 + 3m + 1 2 √ (R^4 + 6m)^2 + 8mR^4 )_{5/4} × ( 3_2 R4 + 3m + 1_2 √(R4 + 6m)2 + 8mR4 1 2 R^4 + m +^1_2 √ (R^4 + 6m)^2 + 8mR^4 )_{5/2} , (A.18)

where m is the nonextremality parameter. In the extremal limit, m = 0, this result

reduces to:

σ_{abs} = 32 √ 2 15 π^2R^5(1 + 5 m R^4

). (A.19)

Appendix B

Brane Intersections with B field

B.1 Intersection of two 5-branes, a string and a pp-wave with B field

We begin with the intersection of two D5-branes, a D1-brane and a pp-wave [85]. We perform a T-duality transformation along the common spatial direction x, which yields the intersection of two smeared D4-branes, a smeared D0-brane and an NSstring. We apply the Lorentz boost t = t^′ cosh θ + x^′ sinh θ, t = t^′ sinh θ + x^′ cosh θ. (B.1) Performing a T-duality transformation along x^′, and restoring the labels x and t, we find

ds^2_{10} = K^{−3/4}H^{−1/4}H̃^{−1/4}h^{3/4} ( − W^{−1}dt^2 + W (dx + (W^{−1} − 1)dt)^2 ) (B.2) +K^{1/4}H^{3/4}H̃^{−1/4}h^{−1/4}(dy^2_1 + .. + dy^2_4 ) +K^{1/4}H^{−1/4}H̃^{3/4}h^{−1/4}(dz^2_1 + .. + dz^2_4), H = 1 +

R^2_1 r^2_1

H̃ = 1 + R^2 r^2

, K = W = H_1H_2, ϕ = − 1 2 log [ Kh HH̃ ], h^{−1} = −(HH̃K)^{−1} sinh^2 θ + cosh^2 θ, F_{(1)} = dχ = sinh θdK^{−1}, F_{(5)} = sinh θ[H̃d^4z ∧ dH^{−1} + Hd^4y ∧ dH̃^{−1}], F_{(3)} = h cosh θ[e^ϕ ∗ H̃dt ∧ dx ∧ d^4z ∧ dH^{−1} + e^ϕ ∗ Hdt ∧ dx ∧ d^4y ∧ dH̃^{−1} +dt ∧ dx ∧ dK^{−1}], B_{(2)} = −(H_1H_2H_3)^{−1}h tanh θdt ∧ dx.

where dy^2_1 + .. + dy^2_4 = dr^2_1 + r^2_1dΩ^{(1)2}_3 (B.3) and likewise for dz^2_1 + .. + dz^2_4 . H,H̃,K and W are harmonic functions associated with the two D5-branes, the D1-brane and the pp-wave, respectively. Note that this is a non-standard intersection, since there is no overlap in the coordinate dependence of H and H̃ and a multi-charge p-brane cannot be obtained via dimensional reduction [85].

B.2 Intersection of three M5-branes and a pp-wave with B-field

We begin with three non-extremal M5-branes, each pair intersecting at a 3-brane with a boost along a string common to all 3-branes. We dimensionally reduce to ten dimensions, ending up with an NS-NS 5-brane intersecting with two smeared D4- branes and a boost along the common string. Performing a T-duality transformation along the common spatial direction yields an NS5-brane intersecting with two doubly smeared D3-branes and an NS-string. Applying T-duality along a Lorentz-boosted common spatial direction and oxidizing back to eleven dimensions gives the boosted M5-brane intersection with a background B-field:

ds^2_{11} = (F_1F_2F_3)^{−2/3}h^{−1/3} ( h(F_1F_2F_3(−K^{−1}fdt^2 + K(dy_1 + (K^{′−1} − 1)dt)^2) (B.4) +F_2F_3dy^2 ) + F_2F_3dy^2_3 + F_1F_3(dy^2_4 + dy^2_5 ) + F_1F_2(dy^2_6 + dy^2_7 ) + f^{−1}dr^2 + r^2dω^2 ) , h^{−1} = −F_2F_3f sinh^2 θ + cosh^2 θ, F_{(4)} = 3 sinh θ(dy_3 ∧ dy_6 ∧ dy_7 ∧ dF^′_2 + dy_3 ∧ dy_4 ∧ dy_5 ∧ dF^′_3)

+3h cosh θ ∗ (dt ∧ dy_1 ∧ dy_2 ∧ dy_3 ∧ dy_6 ∧ dy_7 ∧ dF^′_2 +dt ∧ dy_1 ∧ dy_2 ∧ dy_3 ∧ dy_4 ∧ dy_5 ∧ dF^′_3) +3 ∗ (dt ∧ dy_1 ∧ dy_4 ∧ dy_5 ∧ dy_6 ∧ dy_7 ∧ dF^′_1) − tanh θd(hF_2F_3f) ∧ dt ∧ dy_1 ∧ dy_2.

where

K = 1 + Q r , K^{′−1} = 1 − Q^′ r K, F^{−1}_i = 1 + P_i r , F^{′−1}_i = 1 + P^′_i r , (B.5) Q = μ sinh^2 β, Q^′ = μ sinh β cosh β, P_i = μ sinh^2 γ_i, P^′_i = μ sinh γ_i cosh γ_i.

B.3 D4-D8 intersection with B field

We perform a T-duality transformation along a spatial direction x_4 in the D4-D8 intersection to obtain a D3-D7 intersection. A spatial rotation (x_1, x_4) → (x^′_1, x^′_4) followed by a T-duality transformation along x^′_4 yields a D4-D8 intersection in a

B-field:

ds^2_{10} = (gz)^{1/12} ( H^{−3/8}( − h^{−1/4}dt^2 + h^{3/4}(dx^2_1 + dx^2_4) h^{−1/4}(dx^2 + dx^2_3)) (B.6) +H^{5/8}h^{−1/4}(dy^2_1 + ..dy^2_4 + dz^2), ϕ = − 1 2 log [(gz)^{−5/3}H^{−1/2}h], H = 1 +

R^{10/3} (y^2_1 + .. + y^2_4 + dz^2)^{5/3}

, h^{−1} = (gz)^{−2/3}H^{−1} sin^2 θ + cos^2 θ, F_{(4)} = e^{− 12 ϕ} ∗ (h cos θd^5x ∧ dH^{−1}) + sin θdt ∧ dx_2 ∧ dx_3 ∧ dH^{−1}, F_{(2)} = −g(gz)^{−2/3} sin θhH^{−1}dx_1 ∧ dx_4, B_2 = (gz)^{−2/3}H^{−1}h tan θdx_1 ∧ dx_4.

where g =^{3√}_2^m_{cos θ} .

If instead of the spatial rotation we do a Lorentz boost with t and x_4, then we end up with a D4-D8 intersection in an E-field:

ds^2_{10} = (gz)^{1/12} ( H^{−3/8}(h̃^{3/4}(−dt^2 + dx^2_4) + h̃^{−1/4}(dx^2_1 + dx^2 + dx^2_3)) (B.7) +H^{5/8}h̃^{−1/4}(dy^2_1 + ..dy^2_4 + dz^2), H = 1 +

R^{10/3} (y^2_1 + .. + y^2_4 + dz^2)^{5/3}

, h̃^{−1} = −(gz)^{−2/3}H^{−1} sinh^2 θ̃ + cosh^2 θ̃, ϕ = − 1 2 log [(gz)^{−5/3}H^{−1/2}h̃], F_{(4)} = e^{− 12 ϕ} ∗ (h̃ cosh θ̃d^5x ∧ dH^{−1}) + sinh θ̃d^3x ∧ dH^{−1}, F_{(2)} = g(gz)^{−2/3} sinh θ̃h̃H^{−1}dt ∧ dx_4, B_2 = −(gz)^{−2/3}H^{−1}h̃ tanh θ̃dt ∧ dx_4.

where g =^{3√}_2^m_{cosh θ̃} .

B.4 D3-brane and pp-wave with B field

We begin with a D2-brane and a pp-wave propagating along a direction in the worldvolume. A spatial rotation in one world-volume and one transverse direction followed by a T-duality transformation leads to a D3-brane and pp-wave with a background B field:

ds^2_{10} = H^{−1/2} ( h^{−1/4}( − K^{−1}dt^2 + K(dx_3 + (K^{−1} − 1)dt)^2) (B.8) +h^{3/4}(dx^2_1 + dx^2) ) + H^{1/2}h^{−1/4}(dr^2 + r^2dΩ^2_5), H = 1 +

R^4 r^4 , h^{−1} = H^{−1} sin^2 θ + cos^2 θ.

Alternatively, one may perform a Lorentz boost rather than a spatial rotation and end up with a background field of a different component:

ds^2_{10} = H^{−1/2} ( h̃^{3/4}( − K^{−1}dt^2 + K(dx_3 + (K^{−1} − 1)dt)^2) (B.9) +h̃^{−1/4}(dx^2_1 + dx^2) ) + H^{1/2}h̃^{−1/4}(dr^2 + r^2dΩ^2_5), H = 1 +

R^4 r^4 , h̃^{−1} = −H^{−1} sinh^2 θ̃ + cosh^2 θ̃.

Appendix C

Wrapped D5-brane as Brane World

C.1 p = 5 as an exactly solvable model

Consider the equations (4.55) and (4.56). Although this is not in Schrödinger form, for p = 5 this equation is easily solvable for the massive case. The solution for Θ is

Θ = N(1 + k|w|)^{1/2}[J_{−iγ} ( iα 1 + k|w| ) + A(α)Y_{−iγ} ( iα 1 + k|w| ) ], (C.1)

where A(α) = 2J_{−iγ} (iα) + iα[J_{−iγ+1}(iα) − J_{−iγ−1}(iα) −2Y_{−iγ} (iα) + iα[Y_{−iγ−1}(iα) − Y_{−iγ+1}(iα)] , (C.2)

and γ ≡ √ 4(m/k)^2 − 1. Transforming back to the z coordinate and ψ wave function using (4.53) and (4.54) we obtain the wave function solution

ψ(z) = N_0[J_{−iγ} (iα e^{−k|z|/2}) + A(α)Y_{−iγ} (iα e^{−k|z|/2})]. (C.3)

For the massless graviton

ψ(z) ∼ e^{−k|z|/2} + A(α)e^{k|z|/2}, (C.4) and so the massless graviton wave function is not normalizable for nonzero B or E fields.

As in the zero B-field case, there is a mass gap and so we must have m^2 ≥^1_4 k^2 for the massive wave functions. Expanding the Bessel functions for large k|z| yields

ψ(z) = N e^{π/2} Γ(1 − iγ) ( [1 + iA(α)csch(πγ) cosh(πγ)]e^{iq|z|−iγ ln(α/2)} − (C.5) iA(α)csch(πγ)e^{−π} Γ(1 − iγ) Γ(1 + iγ) e^{−iq|z|+iγ ln(α/2)} ) ,

where q ≡ √ m^2 − k^2/4. We numerically normalize the wave function, and find the resonant mass by solving for the maximum of |ψ(z = 0)|^2 for a given α. The resonant mass versus α is plotted for p = 5 as the bold line in Figure 6. With this exact solution to the wave function, one can then find an analytic expression for how the gravitational potential is modified by the presence of the constant, background B and E fields.

C.2 Nonextremality and the delocalization of gravity

Since the present entropy density of our universe is small, but nonzero, it is of pertinence to consider brane world models arising from nonextremal p-branes. We consider the case of the D5-brane in type IIB supergravity, which tends to lead to a simpler graviton wave equation than that of other p-branes. The metric is

ds^2 = H^{−1/4}(−fdt^2 + dx^2_i + dy^2_j ) + H^{3/4}(f^{−1}dr^2 + r^2dΩ^2_3), (C.6) where H = 1 +

R^2 r^2 , f = 1 − r^2_o r^2

, (C.7) and i = 1, 2, 3 and j = 1, 2. Consider the near-horizon limit r << R:

ds^2 = ( r R )^{1/2}(−fdt^2 + dx^2_i + dy^2_j + R^2dΩ^2_3) + ( r R )^{−3/2}f^{−1}dr^2. (C.8)

After applying the coordinate transformation r R = (e^{−k|z|} + r^2_o /R^2)^{1/2}, (C.9)

we obtain

ds^2 = (e^{−k|z|} + c)^{1/4}(f(−dt^2 + dz^2) + dx^2_i + dy^2_j + R^2dΩ^2_3). (C.10)

Note that in the extremal limit this corresponds to the conformally-flat frame. After dimensional reduction over S^3, the above metric corresponds to a 7-dimensional domain wall at z = 0. We will consider the case where y_j are wrapped around a compact manifold, so that the brane world has 1+3 large dimensions. Note that our coordinate system ensures that the domain-wall solution is Z_2 symmetric. The graviton wave equation is ∂_μ( √ −gg^{μν} ∂_ν Φ = 0. Consider the Ansatz

Φ = ϕ(z)e^{ip·x} = (e^{−k|z|} + c)^{−1/2}ψ(z)e^{ip·x}, (C.11)

which satisfies the Schrödinger-type equation,

− ∂^2_z ψ + V ψ = m^2ψ, (C.12) where m^2 is the eigenvalue of the 4-dimensional wave equation. The schrödinger potential is given by

V = k^2 ( 1 2(1 + r^2_o /R^2e^{k|z|}) + 1 4(1 + r^2_o /R^2e^{k|z|})^2 ) − k 1 + r^2_o /R^2 δ(z). (C.13) The massless wave-function is given by ψ = N(e^{−k|z|} + r^2_o /R^2)^{1/2}, (C.14) which is the solution that satisfies the δ(z) boundary condition. The trapping of gravity requires that the wave-function be normalizable, i.e., ∫ |ψ|^2dz < ∞, in order to have a finite leading-order correction to gravitational field on the brane. However, the wave-function given by (C.14) is only normalizable in the extremal limit where r_o strictly vanishes. This is due to the definite, nonzero temperature of the nonextremal brane solution, which is evident if we represent the nonextremality parameter in the form r^2_o R^2 = 1 (2πRT_H )^2

− (2πRT_H )^2, (C.15) where T_H is the Hawking temperature of the D5-brane. Thus, gravitons are radiated away from the nonextremal brane. Considering the nonextremality of the D5-brane as a perturbation and we shall express the (modulus of) the graviton wave function in terms of the wave functions which arise in the extremal case. For a brane world arising from an extremal D5-brane, the bound graviton wave function is given by Θ_0 = N_0e^{−k|z|/2}, (C.16) and the wavefunctions of the Kaluza-Klein modes of mass m are given by

Θ_m = N_m(k sin q|z| − 2q cos q|z|), (C.17)

where q = √ m^2 −^1_4 k^2 and N_0, N_m are normalization constants. There is a mass gap between the localized massless state and the massive Kaluza-Klein modes, where m ≥ k/2. The modulus of the wavefunction (C.14) can be expressed as

|ψ|^2 = |Θ_0|^2 + A (C.18)

Bibliography

[1] J. Polchinski, String Theory, Cambridge University Press, 1998. [2] Superstring Theory, Cambridge University Press, 1987.

[3] J. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

[4] TASI Lectures: Introduction to the AdS/CFT Correspondence, hep-th/0009139. [5] TASI Lectures on Black Holes in String Theory, hep-th/0008241. [6] P. Horava and E. Witten, Eleven-Dimensional Supergravity on a Manifold with Boundary, Nucl. Phys. B475 (1996) 94-114, hep-th/9603142.

[7] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B428 (1998) 105, hep-th/9802109.

[8] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[9] I.R. Klebanov, World volume approach to absorption by non-dilatonic branes, Nucl. Phys. B496 (1997) 231, hep-th/9702076.

[10] S.S. Gubser, I.R. Klebanov and A.A. Tseyltin, String theory and classical absorption by three-branes, Nucl. Phys. B499 (1997) 217, hep-th/9703040.

[11] S.S. Gubser, A. Hashimoto, I.R. Klebanov and M. Krasnitz, Scalar Absorption and the breaking of the world-volume conformal invariance, Nucl. Phys. B526 (1998) 393, hep-th/9803023.

[12] S.S. Gubser and A. Hashimoto, Exact absorption probabilities for the D3-brane, hep-th/9805140.

[13] I. Klebanov, W. Taylor and M. van Raamsdonk, Absorption of dilaton partial waves by D3-branes, hep-th/9905174.

[14] L. Rastelli and M. Van Raamsdonk, A Note on Dilaton Absorption and Near- Infrared D3-Brane Holography, hep-th/0011044.

[15] D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, Correlation functions in the CFT(d)/AdS(d + 1) correspondence, Nucl. Phys. B546, 96 (1999) [hepth/9804058].

[16] H. Liu and A. A. Tseytlin, D = 4 super Yang-Mills, D = 5 gauged supergravity, and D = 4 conformal supergravity, Nucl. Phys. B533, 88 (1998) [hepth/9804083]; On four-point functions in the CFT/AdS correspondence, Phys. Rev. D59, 086002 (1999),[hep-th/9807097].

[17] E. D’Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, Graviton exchange and complete 4-point functions in the AdS/CFT correspondence, hepth/9903196.

[18] S.D. Mathur and A. Matusis, Absorption of partial waves by three-branes, hepth/9805064.

[19] K. Hosomichi, Absorption of fermions by D3-branes, hep-th/9806010. [20] A. Rajaraman, Two-form fields and the gauge theory description of black holes, hep-th/9803082.

[21] S.L. Shapiro and S.A. Teukolsky, Black holes, white dwarfs, and neutron stars:

The physics of compact objects, John Wiley and Sons, 1983. [22] J.F. Vázquez-Poritz, unpublished notes, 1999.

[23] N. Sanchez, The black hole: scatterer, absorber and emitter of particles, In:

String Theory in Curved Space Times (1998), hep-th/9711068. [24] H.C. van de Hulst, Light scattering by small particles, Dover, 1981. [25] M. Cvetič, H. Lü and J. F. Vázquez-Poritz, Massive-scalar absorption by extremal p-branes, hep-th/9904135.

[26] M. Costa, A Test of the AdS/CFT Duality on the Coulomb Branch, hepth/0003289.

[27] Supergravity and a Confining Gauge Theory: Duality Cascades χS-B Resolution of Naked Singularities, JHEP 0008 (2000) 052, hep-th/0007191.

[28] A. Buchel, C.P. Herzog, I.R. Klebanov, L. Pando Zayas and A.A. Tseytlin, Non-extremal Gravity Duals for Fractional D3-Branes on the Conifold, hepth/0102105.

[29] A. Dhar, G. Mandal and S.R. Wadia, Absorption vs decay of black holes in string theory and T-symmetry, Phys. Lett. B388 (1996) 51, hep-th/9605234.

[30] S.S. Gubser and I.R. Klebanov, Emission of charged particles from four- and five-dimensional black holes, Nucl. Phys. B482 (1996) 173, hep-th/9608108.

[31] J. Maldacena and A. Strominger, Black hole greybody factors and D-brane spectroscopy, Phys. Rev. D55 (1997) 861, hep-th/9609026.

[32] C.G. Callan, S.S. Gubser, I.R. Klebanov, and A.A. Tseytlin Absorption of fixed scalars and the D-brane approach to black holes, Nucl. Phys. B489 (1997) 65, hep-th/9610172.

[33] I.R. Klebanov and S.D. Mathur, Black hole greybody factors and absorption of scalars by effective strings, Nucl. Phys. B500 (1997) 115, hep-th/9701187.

[34] M. Cvetič and F. Larsen, General rotating black holes in string theory: grey body factors and event horizons, Phys. Rev. D56 (1997) 4994, hep-th/9705192.

[35] M. Cvetič and F. Larsen, Grey body factors for rotating black holes in fourdimensions, Nucl. Phys. B506 (1997) 107, hep-th/9706071.

[36] R. Emparan, Absorption of scalars by extended objects, Nucl. Phys. B516 (1998) 297, hep-th/9706204.

[37] H.W. Lee and Y.S. Myung, Greybody factor for the BTZ black hole and a 5D black hole, hep-th/9804095.

[38] M. Taylor-Robinson, The D1-D5 brane system in six dimensions, hepth/9806132.

[39] H. Awata and S. Hirano, AdS_7/CFT_6 correspondence and matrix models of M5- branes, hep-th/9812218.

[40] M. Cvetič, H. Lü, C.N. Pope and T.A. Tran, Exact absorption probability in the extremal six-dimensional dyonic string background, hep-th/9901002.

[41] M. Cvetič, H. Lü, C.N. Pope and T.A. Tran, Closed-form absorption probability of certain D = 5 and D = 4 black holes and leading-order cross-section of generic extremal p-branes, hep-th/9901115.

[42] J. Dougall, The solutions to Mathieu’s differential equation, Proceedings of the Edinburgh Mathematical Society, XXXIV (1916) 176.

[43] M. Cvetič and D. Youm, Dyonic BPS saturated black holes of heterotic string on a six torus, Phys. Rev. D53 (1996) 584, hep-th/9507090.

[44] V. Balasubramanian and F. Larsen, Extremal branes as elementary particles, Nucl. Phys. B495 (1997) 206, hep-th/9610077.

[45] W.G. Unruh, Absorption cross section of small black holes, Phys. Rev. D14 (1976) 3251.

[46] M. Cvetič and F. Larsen, Near horizon geometry of rotating black holes in fivedimensions, Nucl. Phys. B531 (1998) 239, hep-th/9805097.

[47] J.D. Brown and M. Henneaux, Central Charges In The Canonical Realization Of Asymptotic Symmetries: An Example From Three-Dimensional Gravity, Commun. Math. Phys. 104 (1986) 207.

[48] V. Balasubramanian, P. Kraus and A. Lawrence, Bulk vs. boundary dynamics in anti-de Sitter space-time, Phys. Rev. D59 (1999) 046003, hep-th/9805171.

[49] N. Seiberg and E. Witten, The D1 / D5 system and singular CFT, hepth/9903224.

[50] S.S. Gubser, Can the effective string see higher partial waves?, Phys. Rev. D56 (1997) 4984, hep-th/9704195.

[51] H. W. Lee and Y. S. Myung, Potential analysis and absorption cross section in the D1-D5 brane system, hep-th/9806213.

[52] M. Cvetič, H. Lü, J.F. Vázquez-Poritz, Absorption by extremal D3-branes, hepth/0002128.

[53] G. Siopsis, Scalar absorption by spinning D3-branes, hep-th/9909071. [54] S. Musiri, G. Siopsis, Temperature of D3-branes off extremality, hep-th/0003284. [55] S. Gubser, Absorption of photons and fermions by black holes in four dimensions, hep-th/9706100.

[56] J.F. Vázquez-Poritz, unpublished work, 2000.

[57] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/980215.

[58] S. Ferrara, A. Kehagias, H. Partouche and A. Zaffaroni, AdS_6 interpretation of 5-D superconformal field theories, Phys. Lett. B431 (1998) 57, hep-th/9804006.

[59] A. Brandenhuber and Y. Oz, The D4-D8 brane system and five dimensional fixed points, Phys. Lett. B460 (1999) 307, hep-th/9905148.

[60] D. Youm, Localised intersecting BPS branes, hep-th/9902208. [61] M. Cvetič, H. Lü and C.N. Pope, Gauged six-dimensional supergravity from massive type IIA, Phys. Rev. Lett. 83 (1999) 5226, hep-th/9906221.

[62] M. Cvetič, S.S. Gubser, H. Lü and C.N. Pope, Symmetric potentials of gauged supergravities in diverse dimensions and Coulomb branch of gauge theories, hepth/9909121, to appear in Phys. Rev. D.

[63] Y. Oz, Warped compactifications and AdS/CFT, hep-th/0004009. [64] M. Cvetič, H. Lü, C.N. Pope and J.F. Vázquez-Poritz, AdS in Warped Spacetimes, Phys Rev D62 (2000) 122003, hep-th/0005246.

[65] M. Cvetič, H, Lü, C.N. Pope, Decoupling limit, lens spaces and Taub-NUT:

D = 4 black hole microscopics from D = 5 black holes, Nucl. Phys. B549 (1999) 194, hep-th/9811107.

[66] M.J. Duff, H. Lü and C.N. Pope, AdS_3 × S^3 (un)twisted and squashed, and an O(2, 2, ZZ) multiplet of dyonic strings, Nucl. Phys. B544 (1999) 145, hepth/9807173.

[67] M. Banados, C. Teitelboim and J. Zanelli, The black hole in three-dimensional space-time, Phys. Rev. Lett. 69 (1992) 1849, hep-th/9204099.

[68] M.J. Duff, H, Lü and C.N. Pope, AdS_5 × S^5 untwisted, Nucl. Phys. B532 (1998) 181. hep-th/9803061.

[69] M.J. Duff, H.L. Lü and C.N. Pope, Supersymmetry without supersymmetry, Phys. Lett. B409 (1997) 136, hep-th/9704186.

[70] M. Cvetič and A.A. Tseytlin, General class of BPS saturated dyonic black holes as exact superstring solutions, Phys. Lett. B366 (1996) 95, hep-th/9510097 [71] M. Cvetič and A.A. Tseytlin, General class of BPS saturated dyonic black holes, Phys. Rev. D53 (1996) 5619, hep-th/9512031.

[72] A.A. Tseytlin, Extreme dyonic black holes in string theory, Mod. Phys. Lett.

A11 (1996) 689, hep-th/9601177.

[73] G. Horowitz and D. Marolf, Where is the information stored in black holes?, Phys. Rev. D55 (1997) 3654, hep-th/9610171.

[74] A.A. Tseytlin, Composite BPS configurations of p-branes in 10 and 11 dimensions, Class. Quantum Grav. 14 (1997) 2085, hep-th/9702163.

[75] H. Lü and C.N. Pope, Interacting intersections, Int. J. Mod. Phys. A13 (1998) 4425, hep-th/9710155.

[76] N. Itzhaki, A.A. Tseytlin and S. Yankielowicz, Supergravity solutions for branes localised within branes, Phys. Lett. B432 (1998) 298, hep-th/9803103.

[77] H.-S. Yang, Localised intersecting brane solutions of D = 11 supergravity, hepth/9902128.

[78] A. Fayyazuddin and D.J. Smith, Localised intersections of M5-branes and four-dimensional superconformal fiend theories, JHEP, 9904 (1999) 030, hepth/9902210.

[79] A. Loewy, Semilocalized brane intersections in SUGRA, Phys. Lett. B463 (1999) 41, hep-th/9903038.

[80] M. Cvetič, H. Lü and C.N. Pope, Spacetimes of boosted p-branes and CFT in infinite momentum frame, Nucl. Phys. B545 (1999) 309, hep-th/9810123.

[81] G. Papadopoulos, J.G. Russo and A.A. Tseytlin, Curved branes from string dualities, Class. Quantum Grav. 17 (2000) 1713, hep-th/9911253.

[82] K. Sfetsos and K. Skenderis, Microscopic derivation of the Bekenstein-Hawking entropy formula for non-extremal black holes, Nucl. Phys. B517 (1998) 179, hep-th/9711138.

[83] A. Strominger, and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys. Lett. B379 (1996) 99, hep-th/9601029.

[84] M. Cvetič and F. Larsen, Statistical entropy of four-dimensional rotating black holes from near-horizon geometry, Phys. Rev. Lett, 82 (1999) 484, hepth/9805146.

[85] E. Lima, H. Lü, B.A. Ovrut and C.N. Pope, Supercharges, killing spinors and intersecting gauge five-branes, hep-th/9909184.

[86] M. Cvetič and A.A. Tseytlin, Non-extreme black holes from non-extreme intersecting M-branes, Nucl. Phys. B478 (1996) 181, hep-th/9606033.

[87] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys. Rev. Lett. 83 (1999) 3370, hep-ph/9905221.

[88] I.I. Kogan, S. Mouslopoulos, A. Papazoglo, G.G. Ross and J. Santiago, A three three-brane universe: New phenomenology for the new millenium?, Nucl. Phys. B584 (2000) 313, hep-th/9912552.

[89] S. Mouslopoulos and A. Papazoglou, ”+-+” brane model phenomenology, JHEP 0011 (2000) 018, hep-th/0003207.

[90] I.I. Kogan and G.G. Ross, Brane universe and multigravity: Modification of gravity at large and small distances, Phys. Lett. B485 (2000) 255, hep-th/0003074.

[91] I.I. Kogan, S. Mouslopoulos, A. Papazoglou and G.G. Ross, Multi-brane worlds and modification of gravity at large scales, hep-th/0006030.

[92] R. Gregory, V.A. Rubakov and S.M. Sibiryakov, Opening up extra dimensions at ultra-large scales, Phys. Rev. Lett. 84 (2000) 5928, hep-th/0002072.

[93] C. Csáki, J. Erlich and T.J. Hollowood, Quasi-localization of gravity by resonant modes, Phys. Rev. Lett. 84 (2000) 5932, hep-th/0002161.

[94] G. Dvali, G. Gabadadze and M. Porrati, Metastable gravitons and infinite volume extra dimensions, Phys. Lett. B484 (2000) 112, hep-th/0002190.

[95] A. Karch and L. Randall, Locally localized gravity, hep-th/0011156. [96] I.I. Kogan, S. Mouslopoulos and A. Papazoglou, The m → 0 limit for massive in dS_4 and AdS_4: How to circumvent the van Dam-Veltman-Zakharov discontinuity, to be published in Phys. Lett. B, hep-th/0011138.

[97] I.I. Kogan, S. Mouslopoulos and A. Papazoglou, A new bigravity model with exclusively positive branes, to be published in Phys. Lett. B, hep-th/0011141.

[98] M. Porrati, No Van Dam-Veltman-Zakharov discontinuity in AdS space, to be published in Phys. Lett. B, hep-th/0011152.

[99] M. D. Schwartz, The emergence of localized gravity, hep-th/0011177. [100] A. Miemiec, A power law for the lowest eigenvalue in localized massive gravity, hep-th/0011160.

[101] M. Cvetič, H. Lü and C.N. Pope, Domain walls with localised gravity and domain-wall/QFT correspondence, hep-th/0007209.

[102] A. Hashimoto and N. Itzhaki, Non-commutative Yang-Mills and the AdS/CFT Correspondence, Phys. Lett. B465 (1999) 142-147, hep-th/9907166.

[103] J.M. Maldacena and J.G. Russo, Large N limit of non-commutative gauge theories, hep-th/9908134.

[104] L. Pilo and A. Riotto, The non-commutative brane world, hep-th/0012174. [105] D. Youm, Brane inflation in the background of D-brane with NS B field, hepth/0011024.

[106] M. Alishahiha, Y. Oz and M.M. Sheikh-Jabbari, Supergravity and large N noncommutative field theories, JHEP 9911 (1999) 007, hep-th/9909215.

[107] D.J. Gross, A. Hashimoto and N Itzhaki, Observables of non-commutative gauge theories, hep-th/0008075.

[108] D.K. Park, S.N. Tamaryan, H.J.W. Müller-Kirsten and Jian-zu Zhang, D-branes and their absorptivity in Born-Infeld theory, Nucl. Phys. B594 (2001) 243-271, hep-th/0005165.

[109] J.F. Vázquez-Poritz, unpublished notes, 2001.