arXiv:hep-th/0110102 v3 21 Nov 2001

SIT–LP–01/06 STUPP–01–162

hep-th/0110102

October, 2001

On Linearization of N = 1 Nonlinear Supersymmetry

Kazunari Shima^{a∗}, Yoshiaki Tanii^{b†} and Motomu Tsuda^{a‡}

aLaboratory of Physics, Saitama Institute of Technology Okabe-machi, Saitama 369-0293, Japan

bPhysics Department, Faculty of Science, Saitama University Saitama 338-8570, Japan

Abstract

The N = 1 Volkov-Akulov model of nonlinear supersymmetry is explicitly related to a vector supermultiplet model with a Fayet-Iliopoulos D term of linear supersymmetry. The physical significance of the results is discussed briefly.

∗ e-mail: shima@sit.ac.jp † e-mail: tanii@post.saitama-u.ac.jp ‡ e-mail: tsuda@sit.ac.jp

Spontaneous breakdown of supersymmetry (SUSY) produces inevitably Nambu- Goldstone (N-G) fermions [1], as demonstrated in the Fayet-Iliopoulos model [2] and the O’Raifeartaigh model [3]. Dynamics of N-G fermions is described by the Volkov- Akulov action [4]. When N-G fermions are coupled to supergravity [5] under a local SUSY invariant way, they are converted to the longitudinal components of spin 3/2 fields by the super Higgs mechanism [6] as demonstrated for the V-A model.

This may be always the case if we adhere to the coset space G/H interpretation of the nonlinear realization of SUSY and to the assumption of the existence of the invariant action under the initial larger symmetry group G with local SUSY. Most of the SUSY unified theories adopt this mechanism and N-G fermions disappear at low energy, which gives an explanation of the absence of free (bare) N-G fermions in nature.

However if we consider seriously the distinguished character of SUSY [7], i.e., SUSY and its spontaneous breakdown are profoundly connected to the noncompact spacetime (Poincaré) symmetry, it may be worthwhile regarding the V-A model as a nonlinear realization of SUSY originated not necessarily from specific Lagrangian models of G and G/H expressed by field operators but from a spontaneous breakdown of the higher symmetry of spacetime by itself in terms of the geometrical arguments.

In ref. [8] one of the authors has proposed the superon-graviton model (SGM) as an attempt along this idea. The fundamental action of the SGM is an Einstein- Hilbert action analogue of general relativity, which is obtained by the geometrical arguments of the local GL(4,R) invariance of the SGM spacetime, where there exist fermionic degrees of freedom (N-G fermions) at every four-dimensional curved spacetime point. It consists of the Einstein-Hilbert action, the V-A action with a global SO(10) and their interactions and is invariant under a new SUSY [9]. All observed (low energy) elementary particles except graviton are regarded as (composite) eigenstates of the linear representation of the SO(10) super Poincaré algebra composed of fundamental objects superons (N-G fermions) with spin 1/2 [10]. For deriving the low energy physical contents of the SGM action it is often useful to linearize such a highly nonlinear theory and obtain a low energy effective theory. Toward the linearization of the SGM we investigate the linearization of the V-A model in detail.

The linearization of the V-A model was investigated by many authors [11, 12, 13, 14, 15]. Ivanov and Kapustnikov [11] have established the general relations between linear and nonlinear realizations of global SUSY. In ref. [12] Roček constructed irreducible and SUSY invariant constraints on a scalar supermultiplet in terms of the N-G field and showed explicitly that the V-A model of nonlinear SUSY was related to a scalar supermultiplet of the linear SUSY of Wess and Zumino [7]. In ref. [11] a relationship between the V-A model and a vector supermultiplet is studied in terms of a constrained gauge superfield in the context of the coupling of the V- A action to the gauge multiplet action with the Fayet-Iliopoulos D term of linear SUSY. Although the relation between the action of linear SUSY and the V-A action is established as expected from the viewpoint that they are equally responsible to spontaneous SUSY breaking. The explicit representation of all component fields of the vector superfield in terms of the N-G fermion, which is crucial for the SGM scenario, is remained to be studied.

In this letter we construct the complete form of the SUSY invariant constraints and show explicitly that the V-A model is related to the total action of a U(1) gauge supermultiplet [16] of the linear SUSY with the Fayet-Iliopoulos D term indicating a spontaneous SUSY breaking. We find that a U(1) gauge field can be constructed explicitly from the N-G fermion fields although it is an axial vector.

An N = 1 U(1) gauge supermultiplet is given by a real superfield V (x, θ, θ̄) = C + iθχ − iθ̄χ̄ + 1 2 iθ^2(M + iN) − 1 2 iθ̄^2(M − iN) −θσ^mθ̄v_m + iθ^2θ̄ ( λ̄ + 1 2 iσ̄^m∂_mχ ) − iθ̄^2θ ( λ + 1 2 iσ^m∂_mχ̄ )

+ 1 2 θ^2θ̄^2 ( D + 1 2 □C ) , (1)

where C(x), M(x), N(x), D(x) are real scalar fields, χ_α(x), λ_α(x) and χ̄_{α̇}(x), λ̄_{α̇}(x) are Weyl spinors and their complex conjugates, and v_m(x) is a real vector field. We use the two-component spinor notation in ref. [17]. Spacetime vector indices are denoted by m, n, · · · = 0, 1, 2, 3, and spinor indices by α, β, · · · = 1, 2 and α̇, β̇, · · · = 1, 2. For more details of the notations see ref. [17]. Only λ, λ̄, D and v_{mn} = ∂_mv_n − ∂_nv_m are gauge invariant. Other component fields can be set to zero by a gauge transformation in the superspace. The supertransformation of V with transformation parameters ϵ_α, ϵ̄_{α̇} is given by δV = ( ϵQ + ϵ̄Q̄ ) V, (2) where

Q_α = ∂ ∂θ^α − i(σ^mθ̄)_α∂_m, Q̄_{α̇} = − ∂ ∂θ̄^{α̇} + i(θσ^m)_{α̇}∂_m. (3)

We introduce an N-G fermion field ζ_α(x) and its complex conjugate ζ̄_{α̇}(x). Their supertransformations are δζ = 1 κ ϵ − iκ ( ζσ^mϵ̄ − ϵσ^mζ̄ ) ∂_mζ, δζ̄ = 1 κ ϵ̄ − iκ ( ζσ^mϵ̄ − ϵσ^mζ̄ ) ∂_mζ̄, (4)

where κ is a constant whose dimension is (mass)^{−2}. Following refs. [11], [13] we define the superfield Ṽ (x, θ, θ̄) by Ṽ (x, θ, θ̄) = V (x^′, θ^′, θ̄^′), (5)

where

x^{′ m} = x^m + iκ ( ζ(x)σ^mθ̄ − θσ^mζ̄(x) ) , θ^′ = θ − κζ(x), θ̄^′ = θ̄ − κζ̄(x). (6) Ṽ may be expanded in component fields as Ṽ (x, θ, θ̄) = C̃ + iθχ̃ − iθ̄¯χ̃ + 1 2 iθ^2(M̃ + iÑ) − 1 2 iθ̄^2(M̃ − iÑ) −θσ^mθ̄ṽ_m + iθ^2θ̄ ( ¯λ̃ + 1 2 iσ̄^m∂_mχ̃ ) − iθ̄^2θ ( λ̃ + 1 2 iσ^m∂_m ¯χ̃ )

+ 1 2 θ^2θ̄^2 ( D̃ + 1 2 □C̃ ) , (7)

where C̃, χ̃, ¯χ̃, · · · can be expressed by C, χ, χ̄, · · · and ζ, ζ̄ by using the relation (5). From eqs. (2), (4) it can be shown that supertransformations of these component fields ϕ̃_i(x) = (C̃, χ̃, ¯χ̃, · · ·) have a form δϕ̃_i = −iκ ( ζσ^mϵ̄ − ϵσ^mζ̄ ) ∂_mϕ̃_i. (8)

Therefore, a condition ϕ̃_i(x) = constant is invariant under supertransformations.

The explicit form of the relation between C̃, χ̃, ¯χ̃, · · · and C, χ, χ̄, · · · is given by C̃ = C^′ − iκζχ^′ + iκζ̄χ̄^′ + 1 2 iκ^2ζ^2(M^′ + iN^′) − 1 2 iκ^2ζ̄^2(M^′ − iN^′)

−κ^2ζσ^mζ̄v^′_m − iκ^3ζ^2ζ̄λ̄^′ + iκ^3ζ̄^2ζλ^′ + 1 2 κ^4ζ^2ζ̄^2D^′,

χ̃ = χ^′ − κζ(M^′ + iN^′) − iκσ^mζ̄v^′_m + 2κ^2ζζ̄λ̄^′ − κ^2λ^′ζ̄^2 + iκ^3ζζ̄^2D^′, M̃ + iÑ = M^′ + iN^′ − 2κζ̄λ̄^′ − iκ^2ζ̄^2D^′, ṽ_m = v^′_m − iκζσ_mλ̄^′ + iκλ^′σ_mζ̄ + κ^2ζσ_mζ̄D^′, λ̃ + 1 2 iσ^m∂_m ¯χ̃ = λ^′ − iκζD^′, D̃ + 1 2 □C̃ = D^′, (9)

where C^′ = C, χ^′ = χ − κσ^mζ̄∂_mC, M^′ + iN^′ = M + iN + iκ∂_mχσ^mζ̄ − 1 2 iκ^2ζ̄^2□C, v^′_m = v_m + 1 2 κζσ^nσ̄_m∂_nχ + 1 2 κ∂_nχ̄σ̄_mσ^nζ̄ − 1 2 κ^2ζσ^kσ̄_mσ^lζ̄∂_k∂_lC, λ^′ = λ + 1 2 iσ^m∂_mχ̄ − 1 2 iκσ^mζ̄∂_m(M − iN) + 1 2 κσ^mσ̄^nζ∂_nv_m − 1 2 κ^2σ^nζ̄ζσ^m∂_m∂_nχ̄ − 1 4 κ^2□χζ^2 + 1 4 κ^3σ^mζ̄ζ^2∂_m□C, D^′ = D + 1 2 □C + κζσ^n∂_n ( λ̄ + 1 2 iσ̄^m∂_mχ ) − κζ̄σ̄^n∂_n ( λ + 1 2 iσ^m∂_mχ̄ )

+ 1 4 iκ^2ζ^2□(M + iN) − 1 4 iκ^2ζ̄^2□(M − iN) + 1 2 κ^2ζσ^kσ̄^mσ^lζ̄∂_k∂_lv_m − 1 4 κ^3ζ^2∂_m□χσ^mζ̄ − 1 4 κ^3ζ̄^2ζσ^m∂_m□χ̄ + 1 8 κ^4ζ̄^2ζ^2□^2C. (10)

As in refs. [11], [13] it is possible to solve eq. (9) and express C, χ, χ̄, · · · in terms of C̃, χ̃, ¯χ̃, · · · and ζ, ζ̄. By imposing a SUSY and gauge invariant constraint on λ̃ the original fields C, χ, χ̄, · · · become functions of C̃, χ̃, ¯χ̃, M̃, Ñ, ṽ_m, D̃ and ζ, ζ̄. Substituting these expressions into an action one obtains an action of the N-G fields ζ, ζ̄ interacting with other fields. Indeed, the couplings of ζ, ζ̄ to ṽ_m were obtained in ref. [11]. Here, we are only interested in the sector which only depends on the N-G fields.

To eliminate other degrees of freedom than the N-G fields we impose SUSY invariant constraints

C̃ = χ̃ = M̃ = Ñ = ṽ_m = λ̃ = 0, D̃ = 1 κ . (11)

Solving these constraints we find that the original component fields C, χ, χ̄, · · · can be expressed by the N-G fields ζ, ζ̄. We find C = 1 2 κ^3ζ^2ζ̄^2, χ = −iκ^2ζζ̄^2 + κσ^mζ̄∂_mC, M + iN = −iκζ̄^2 − iκ∂_mχσ^mζ̄ + 1 2 iκ^2ζ̄^2□C, v_m = κζσ_mζ̄ − 1 2 κζσ^nσ̄_m∂_nχ − 1 2 κ∂_nχ̄σ̄_mσ^nζ̄ + 1 2 κ^2ζσ^kσ̄_mσ^lζ̄∂_k∂_lC, λ = iζ − 1 2 iσ^m∂_mχ̄ + 1 2 iκσ^mζ̄∂_m(M − iN) − 1 2 κσ^mσ̄^nζ∂_nv_m + 1 2 κ^2σ^nζ̄ζσ^m∂_m∂_nχ̄ + 1 4 κ^2□χζ^2 − 1 4 κ^3σ^mζ̄ζ^2∂_m□C, D = 1 κ − 1 2 □C − κζσ^n∂_n ( λ̄ + 1 2 iσ̄^m∂_mχ ) + κζ̄σ̄^n∂_n ( λ + 1 2 iσ^m∂_mχ̄ )

− 1 4 iκ^2ζ^2□(M + iN) + 1 4 iκ^2ζ̄^2□(M − iN) − 1 2 κ^2ζσ^kσ̄^mσ^lζ̄∂_k∂_lv_m + 1 4 κ^3ζ^2∂_m□χσ^mζ̄ + 1 4 κ^3ζ̄^2ζσ^m∂_m□χ̄ − 1 8 κ^4ζ^2ζ̄^2□^2C. (12)

The first equation gives C in terms of ζ, ζ̄. Substituting this into the second equation gives χ in terms of ζ, ζ̄. By substituting these results into the third equation gives M + iN in terms of ζ, ζ̄, and so on. By the supertransformation of ζ, ζ̄ in eq. (4) these C, χ, χ̄, · · · transform exactly as in eq. (2). The leading terms in the expansion of the fields v_m, λ, λ̄ and D, which contain gauge invariant degrees of freedom, in κ are v_m = κζσ_mζ̄ + · · · , λ = iζ − 1 2 κ^2ζ ( ζσ^m∂_mζ̄ − ∂_mζσ^mζ̄ ) + κ^2σ^{mn}ζ∂_m ( ζσ_nζ̄ ) + · · · , D = 1 κ + iκ ( ζσ^m∂_mζ̄ − ∂_mζσ^mζ̄ ) + · · · , (13)

where · · · are higher order terms in κ. In the four-component spinor notation the first equation becomes v_m ∼ κζ̄γ_mγ_5ζ + · · ·, which is an axial vector.

Our discussion so far does not depend on a particular form of the action. We now consider a free action of a U(1) gauge supermultiplet with a Fayet-Iliopoulos D term S = 1 4 ∫ d^4xd^2θ W^αW_α + 1 4 ∫ d^4xd^2θ̄ W̄_{α̇}W̄^{α̇} − 2 κ ∫ d^4xd^2θd^2θ̄ V, (14)

where

W_α = − 1 4 D̄_{β̇}D̄^{β̇} D_αV, W̄_{α̇} = −1 4 D^β D_βD̄_{α̇}V, D_α = ∂ ∂θ^α + i(σ^mθ̄)_α∂_m, D̄_{α̇} = − ∂ ∂θ̄^{α̇} − i(θσ^m)_{α̇}∂_m. (15)

The last term proportional to κ^{−1} is the Fayet-Iliopoulos D term. In component fields we have S = ∫ d^4x [ − 1 4 v_{mn}v^{mn} − iλσ^m∂_mλ̄ + 1 2 D^2 − 1 κ D ] . (16)

The field equation for D gives D =^1_κ ≠ 0 in accordance with eq. (13), which shows that supersymmetry is spontaneously broken.

We substitute eq. (12) into the action (14) and obtain an action for the N-G fields ζ, ζ̄. To do this it is more convenient to use a different form of the action equivalent to eq. (14) [17] S = ∫ d^4xd^2θd^2θ̄ L(x, θ, θ̄), (17) where L = − 1 16 ( D̄^2D^αV D_αV + D^2D̄_{α̇}V D̄^{α̇}V ) − 2 κ V. (18)

Changing the integration variables (x, θ, θ̄) → (x^′, θ^′, θ̄^′) by eq. (6) we obtain S = ∫ d^4x^′d^2θ^′d^2θ̄^′ L(x^′, θ^′, θ̄^′) = ∫ d^4xd^2θd^2θ̄J(x, θ, θ̄)L̃(x, θ, θ̄), (19) where J(x, θ, θ̄) is the Jacobian for the change of variables and L̃(x, θ, θ̄) = − 1 16 ( D̄^{′2}D^{′α}Ṽ D^′_αṼ + D^{′2}D̄^′_{α̇}Ṽ D̄^{′α̇}Ṽ ) − 2 κ Ṽ . (20)

From eqs. (7), (11) we have

Ṽ = 1 2κ θ^2θ̄^2. (21)

In terms of the transformation matrix for the change of variables (6) M = ∂(x^′, θ^′, θ̄^′) ∂(x, θ, θ̄) = δ^n_m − iκ ( θσ^n∂_mζ̄ − ∂_mζσ^nθ̄ ) −κ∂_mζ^β −κ∂_mζ̄^{β̇} −iκ(σ^nζ̄)_α δ^β_α 0 −iκ(ζσ^n)_{α̇} 0 δ^{β̇}_{α̇} (22)

the Jacobian and the transformation of derivatives are given by

J(x, θ, θ̄) = sdetM, ∂ ∂x^′ ∂ ∂θ^′ ∂ ∂θ̄^′ = M^{−1} ∂ ∂x ∂ ∂θ ∂ ∂θ̄ , (23)

where sdet is the superdeterminant. More explicitly, we obtain

J = det (V_m^n) , ∂ ∂x^{′m} = V_m^n ( ∂ ∂x^n + κ∂_nζ^β ∂ ∂θ^β + κ∂_nζ̄^{β̇} ∂ ∂θ̄^{β̇} ) , D^′_α = ∂ ∂θ^α + i(σ^nθ̄)_α ∂ ∂x^{′n} , D̄^′_{α̇} = − ∂ ∂θ̄^{α̇} − i(θσ^n)_{α̇} ∂ ∂x^{′n} , (24)

where V_m^n = δ^n_m − iκ ( θσ^n∂_mζ̄ − ∂_mζσ^nθ̄ ) + iκ^2 ( ζσ^n∂_mζ̄ − ∂_mζσ^nζ̄ ) . (25)

Substituting eqs. (21), (24) into eq. (19) and integrating over θ, θ̄ we obtain an action for the N-G fields S = − 1 2κ^2 ∫ d^4x det [ δ^n_m + iκ^2 ( ζσ^n∂_mζ̄ − ∂_mζσ^nζ̄ )] . (26)

This is exactly the V-A action.

Now we summarize the results as follows. All component fields of the vector gauge supermultiplet of linear SUSY are represented uniquely in terms of the N-G spinor field, and the V-A action of nonlinear SUSY is reproduced by just substituting the representations into the action of the vector gauge supermultiplet of linear SUSY. It is remarkable that the coefficients of all terms including the Fayet-Iliopoulos D term in the linear SUSY action is determined uniquely by the SUSY (constraints). As for the axial vector nature of the U(1) gauge field we speculate that the adopted constraints may cut out implicitly the dyonic (electric and magnetic) aspect of the dynamics of the V-A action. All these phenomena are favorable to the SGM scenario [8].

The work of Y.T. is supported in part by the Grant-in-Aid from the Ministry of Education, Culture, Sports, Science and Technology, Japan, Priority Area (#707) “Supersymmetry and Unified Theory of Elementary Particles”. The work of M.T. is supported in part by the High-Tech research program of Saitama Institute of Technology.

References

[1] A. Salam and J. Strathdee, On Goldstone fermions, Phys. Lett. B49 (1974) 465.

[2] P. Fayet and J. Iliopoulos, Spontaneously broken supergauge symmetries and Goldstone spinors, Phys. Lett. B51 (1974) 461.

[3] L. O’Raifeartaigh, Spontaneous symmetry breaking for chiral scalar superfields, Nucl. Phys. B96 (1975) 331.

[4] D.V. Volkov and V.P. Akulov, Possible universal neutrino interaction, JETP Lett. 16 (1972) 438.

[5] D.Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, Progress toward a theory of supergravity, Phys. Rev. D13 (1976) 3214; S. Deser and B. Zumino, Consistent supergravity, Phys. Lett. B62 (1976) 335.

[6] S. Deser and B. Zumino, Broken supersymmetry and supergravity, Phys. Rev.

Lett. 38 (1977) 1433.

[7] J. Wess and B. Zumino, A Lagrangian model invariant under supergauge transformations, Phys. Lett. B49 (1974) 52.

[8] K. Shima, Supersymmetric structure of spacetime and matter: Superongraviton model, Phys. Lett. B501 (2001) 237, hep-ph/0012320.

[9] K. Shima and M. Tsuda, New supersymmetry algebra on gravitational interaction of Nambu-Goldstone fermion, Phys. Lett. B507 (2001) 260, hepth/0101178.

[10] K. Shima, SO(N) supersymmetry and unification of all fundamental forces, Z.

Phys. C18 (1983) 25; Superon-quintet and graviton model for supersymmetric spacetime and matter, Eur. Phys. J. C7 (1999) 341.

[11] E.A. Ivanov and A.A. Kapustnikov, Relation between linear and nonlinear realizations of supersymmetry, JINR Dubna Report No. E2-10765, 1977 (unpublished); General relationship between linear and nonlinear realisations of supersymmetry, J. Phys. A11 (1978) 2375; The nonlinear realization structure of models with spontaneously broken supersymmetry, J. Phys. G8 (1982) 167.

[12] M. Roček, Linearizing the Volkov-Akulov model, Phys. Rev. Lett. 41 (1978) 451.

[13] T. Uematsu and C.K. Zachos, Structure of phenomenological Lagrangians for broken supersymmetry, Nucl. Phys. B201 (1982) 250.

[14] S. Samuel and J. Wess, A superfield formulation of the nonlinear realization of supersymmetry and its coupling to supergravity, Nucl. Phys. B221 (1983) 153; Realistic model building with the Akulov-Volkov superfield and supergravity, Nucl. Phys. B226 (1983) 289.

[15] H. Nishino, Non-linear realization of ℵ_0-extended supersymmetry, Nucl. Phys.

B586 (2000) 491, hep-th/0002029.

[16] J. Wess anc B. Zumino, Supergauge invariant extension of quantum electrodynamics, Nucl. Phys. B78 (1974) 1.

[17] J. Wess and J. Bagger, Supersymmetry and Supergravity (Princeton Univ.

Press, 1992).