arXiv:hep-th/0110123 v1 15 Oct 2001

INJE-TP-01-08, hep-th/0110123

Entropy of the three dimensional Schwarzschild-de Sitter black hole

Y.S. Myung^∗ Relativity Research Center and School of Computer Aided Science, Inje University, Kimhae 621-749, Korea

Abstract

We study the three dimensional Schwarzschild-de Sitter (SdS_3) black hole which corresponds essentially to a conical defect. We compute the mass of the SdS_3 black hole from the correct definition of the mass in asymptotically de Sitter space. Then we clarify the relation between the mass, entropy and temperature for this black hole without any ambiguity. Also we establish the SdS_3/CFT_2-correspondence for the entropy by applying the Cardy formula to a CFT with a central charge c = 3ℓ/2G_3. Finally we discuss the entropy bounds for the SdS_3 black hole.

Compiled at October 15, 2001: 340.

∗Email-address : ysmyung@physics.inje.ac.kr

Recently an accelerating universe has proposed to be a way to interpret the astronomical data of supernova [1–3]. Combining this observation with the need of inflation in the standard cosmology leads to that our universe approaches de Sitter geometries in both the far past and the far future [4–6]. Hence it is very important to study the nature of de Sitter space. However, there are two difficulties in studying de Sitter space : First there is no spatial infinity and second there is no global timelike Killing vector. Thus it is not easy to defin the conserved quantities including mass, charge and angular momentum appeared in the de Sitter black holes.

More recently authors in [7] proposed the mass (M), temperature (T ) and entropy (S) for the SdS_3 black hole. But there is some ambiguity in defining the mass (or energy ) of this black hole. They used a relation of dS/d(−M) = 1/T to derive the entropy. We wish to point out that although this provides us the entropy, this is not a correct relation between these quantities. If one defines the mass (M) of this black hole properly, one can use the correct relation of dS/dM = 1/T ( the first law of the SdS_3 black hole thermodynamics) to find the entropy. Furthermore one guesses the SdS/CFT correspondence from the dS/CFT correspondence [8,4], as defined analogously to the AdS/CFT correspondence [9]. So it is important to establish this correspondence by computing both the boundary CFT entropy and bulk SdS entropy. For this purpose, the SdS_3 black hole plays the role of a toy model. Also there exist the entropy bounds of N-bound and D-bound for objects in asymptotically de Sitter space and Bekenstein(B)-bound for asymptotically flat space [10]. Hence it is interesting to study the relation between these bounds for the SdS_3 black hole (a pointlike object) itself.

In this letter, we calculate the mass of the SdS_3 black hole using the correct definition of the mass in asymptotically de Sitter space [11]. Then we clarify the relation between the mass, entropy and temperature without any ambiguity. Also we establish the SdS_3/CFT_2- correspondence for the entropy by applying the Cardy formula to the CFT−2 with a central charge c = 3ℓ/2G_3 . Finally we discuss the entropy bounds for the SdS_3 black hole.

We start with the d-dimensional Schwarzschild-de Sitter metric in the static coordinates [7] ds^2_d = − ( 1 − 2m r^{d−3} − r^2 ℓ^2 ) dt^2 + ( 1 − 2m r^{d−3} − r^2 ℓ^2 )_{−1} dr^2 + r^2dΩ^2_{d−2}, (1)

where 2m = 16πG_dM/V ol(S^{d−2}) is a parameter related to the black hole mass [12] and ℓ is the curvature radius of de Sitter space. This is solution to the action

S_d = 1 16πG_d ∫ d^dx √ −g [R − 2Λ] (2)

with the d-dimensional Newtonian constant G_d and the d-dimensional positive cosmological constant Λ = (d − 1)(d − 2)/2ℓ^2.

For the three dimensional Schwarzschild-de Sitter black hole, we have the metric as

ds^2_3 = − ( 1 − 8G_3M − r^2 ℓ^2 ) dt^2 + ( 1 − 8G_3M − r^2 ℓ^2 )_{−1} dr^2 + r^2dϕ^2 (3)

which can be rewritten by the new parameter r_c = √ 1 − 8G_3M as ds^2_3 = − ( r^2_c − r^2 ℓ^2 ) dt^2 + ( r^2_c − r^2 ℓ^2 )_{−1} dr^2 + r^2dϕ^2. (4)

In the case of r_c = 1(M = 0), we have de Sitter(dS_3) space. Thus we may identify M as the mass of the SdS_3 black hole. However, this attempt leads to a wrong result. We note here that 0 < r_c < 1 if M ≠ 0. Hence this describes a conical defect spacetime with deficit angle 2π(1 − r_c), indicating a world with a positive cosmological constant and a pointlike massive object with M [7]. In oder to obtain a conserved quantity of the mass (M), we have to use a proper definition of the mass in an asymptotically de Sitter space as [11] M = ∮ Σ dϕ √ σN_ρn^μn^ν T_{μν} . (5) We use this formula on a surface of fixed time and then send time to infinity so it approaches the past(future) infinity at I^−(I^+). This is so because in a theory of gravity, mass is measure of how much a metric deviates near infinity from its vacuum state. In order to evaluate mass properly, we need an equal time surface Σ of the conical defect spacetime outside the cosmological horizon (r > ℓr_c) with

ds^2_Σ = ( r^2 ℓ^2

− r^2_c )dt^2 + r^2dθ^2. (6)

It is noted that for r < ℓr_c, t(r) is timelike (spacelike) while r > ℓr_c, t(r) is spacelike (timelike). As r → ∞, we thus have M = 1 8πG_3 ∮ I^± dθ r^2_c 2 = r^2_c 8G_3 = 1 8G_3 − M. (7) This defines the conserved quantity of mass (energy :E) for the SdS_3 black hole. If M = 0, we recover a mass M_{dS} = 1/8G_3 of the pure de Sitter space with a cosmological horizon at r_0 = ℓ. If M ≠ 0, we find a mass of the SdS_3 black hole which is less than that of pure de Sitter space M_{dS} . Then we ask of why a matter M contributes to M as a negative one. The answer is that even if the matter of a pontlike object has a positive energy, the binding energy to the gravitational de Sitter background can make this a negative one. As a result, the quantity M is not considered as the true mass (energy) of the SdS_3 black hole. Authors in [7] used this mass M to derive the entropy of the SdS_3 black hole using dS/d(−M) = 1/T . Although this provides the entropy, this is not a correct expression for the first law of the black hole thermodynamics.

Now we have to use the correct expression to obtain the entropy. The temperature T of this black hole can be easily found from the fact that considering Eq.(3), the Euclidean green function is periodic in imaginary time (τ ) with periodicity τ → τ + iβ, β = 2πℓ r_c . (8)

From this we find the Hawking temperature T = r_c 2πℓ . (9)

Here we consider M, T, S as functions of r_c : M = M(r_c); T = T (r_c); S = S(r_c). Using the correct relation of the black hole thermodynamics dS/dM = 1/T, (10) we obtain the Bekenstein-Hawking entropy S_{SdS} = πℓr_c 2G_3

. (11)

The bulk entropy S_{dS} =^{πℓ}_{2G3} with r_c = 1 for the dS_3 space appeared in [13]. We can easily find that for 0 < r_c < 1, S_{SdS} < S_{dS} .

Also the dS_3/CFT_2 correspondence was proposed by using the AdS_3/CFT_2 correspondence [8,4,9]. Now we are in a position to discuss the SdS_3/CFT_2 correspondence. This can be regarded as an extended version of the dS_3/CFT_2 correspondence. For this purpose, we use the Cardy formula together with the central charge. From the anomalous transformation law of the stress-energy tensor T_{++} = −^ℓ_{16πG3} ∂^3_+ξ^+(T_{−−} = −^ℓ_{16πG3} ∂^3_−ξ^−) in a two-dimensional conformal theory at I^±, we can read off the central charge c [8,11] c = 3ℓ 2G_3

. (12)

The eigenvales of the conformal generators L_0 and L̄_0 in static coordinates are given by [11]

L_0 = L̄_0 = Mℓ 2 . (13)

The Cardy formula for the asymptotic density of states of a unitary CFT is S_{CF T} = 2π √ cL_0 6 + 2π √ cL̄_0 6 (14)

which gives us the boundary entropy at I^±. This exactly leads to the bulk entropy Eq.(11) for the SdS_3 black hole as S_{CF T} = 4πℓ √ M 8G_3 = πℓr_c 2G_3

= S_{SdS} . (15)

This establish the SdS_3/CFT_2 correspondence for the entropy.

Finally we discuss the entropy bounds for the SdS_3 black hole (a pointlike object with M) which is located at r = 0 [10,12]. This corresponds to a very small, dilute object in asymptotically de Sitter space. The N-bound means that the entropy of an object in asymptotically de Sitter space is bounded by the de Sitter entropy : S^N_M ≤ S_{dS} . Further, applying the Geroch process to the cosmological horizon r = r_cℓ leads to the entropy of an object in asymptotically de Sitter space is bounded by the difference of the entropies in pure de Sitter space and in asymptotically de Sitter space. This is called D-bound : S^D_M ≤ S_{dS} − S_{SdS} . In addition, for a system of volume V (linear size R) with the limited self-gravity, the total entropy of the system satisfies the Bekenstein bound (B-bound) :

S^D_M ≤ 2πRE. Here E is the energy of the system. This is the flat space bound and thus has nothing intrinsically to do with the de Sitter bounds like N-bound and D-bound.

Introducing the gravitational radius r_g = 8G_3M in Eq.(3), this corresponds a welldefined quantity in asymptotically de Sitter space. Here we have a relation r_g = (r_0 − ℓr_c)(r_0 + ℓr_c)/r^2_0. In this case of r_g << 1 (a very small and dilute object localized at r = 0), we have r_c ≈ 1 − 4G_3M. Then D-bound reduces to S^D_M ≤ 2πr_0M. Replacing r_0 ≈ r_c by R and M by E, D-bound leads to B-bound :S^D_M → S^B_M ≤ 2πRE. This shows an example for the relation between D-bound and B-bound : for dilute spherical systems, D-bound in asymptotically de Sitter space coincides with B-bound in flat space [10].

In conclusion, we calculate the mass of the SdS_3 black hole using the correct definition of the mass in asymptotically de Sitter space [11]. Then we use the first law of thermodynamics which is the relation between the mass, entropy and temperature to obtain the bulk Bekenstein-Hawking entropy. Also we establish the SdS_3/CFT_2-correspondence for the entropy by applying the Cardy formula to the CFT_2 with a central charge c = 3ℓ/2G_3 . Finally we show that D-bound coincides with B-bound in flat space.

ACKNOWLEDGEMENT

We thank H.W. Lee for helpful discussions. This work was supported in part by the Brain Korea 21 Program of Ministry of Education, Project No. D-1123 and KOSEF, Project No. 2000-1-11200-001-3.

REFERENCES

[1] S. Perlmutter et al.(Supernova Cosmology Project), “Measurements of the Cosmological Parameters Omega and Lambda from the First 7 Supernovae at z>= 0.35”, Astrophys. J. 483, 565(1997), astro-ph/9608192.

[2] R. R. Caldwell, R. Dave, and P. J. Steinhard, “Cosmological Imprint of an Energy Component with General Equation of State”, Phys. Rev. Lett. 80, 1582(1998), astroph/9708069.

[3] P. M. Garnavich et al., “Supernova Limits on the Cosmic Equation of State”, Astrophys.

J. 509, 74(1998), astro-ph/9806396.

[4] E.Witten, “Quantum Gravity in de Sitter Space”, hep-th/0106109. [5] S. Hellerman, N. Kaloper, and L. Susskind, “String Theory and Quintessence”, hepth/0104180.

[6] W. Fischler, A. Kashani-Poor, R. McNees, and S. Paban, “The Acceleration of the Universe, a Challenge for String Theory”, hep-th/0104181.

[7] M. Spradlin, A. Strominger, and A. Volovich, “Les Houches Lectures on De Sitter Space”, hep-th/0110007.

[8] A. Strominger, “The dS/CFT Correspondence”, hep-th/0106113; D. Klemm, “Some Aspects of the de Sitter/CFT correspondence”, hep-th/0106247 ; S. Cacciatori and D. Klemm, “The Asymptotic Dynamics of de Sitter Fravity in three Dimensions”, hepth/0110031.

[9] J. Maldacena, “The large N limit of superconformal field theories and supergravities”, hep-th/9711200; E. Witten, “Anti de Sitter Space and Holography”, hep-th/9802150 ; S. S. Gubser, I. Klebanov, A. Polyakov, “Gauge Theory Correlators from Noncritical String Theory”, hep-th/9802109.

[10] R.Bousso, “Positive Vacuum Energy and the N-bound”, hep-th/0010252 ;R. Bousso, “Bekenstein bounds in de Sitter and flat space”, hep-th/0012052.

[11] V. Balasubramanian, J. de Boer, and D. Minic, “Mass, Entropy and Holography in Asymptotically de Sitter Spaces”, hep-th/0110108.

[12] R. G. Cai, Y. S. Myung, and N. Ohta, “Bekenstein Bound, Holography and Brane Cosmology in Charged Black Hole Backgrounds”, hep-th/0105070.

[13] M. I. Park, “Statistical entropy of three-dimensional Kerr-de Sitter space”, hepth/9806119; M. Banados, T. Brotz and M. Ortiz,“Quantum three-demensional de Sitter space”, hep-th/9807216; W. T. Kim, “Entropy of 2+1 dimensional de Sitter space in terms of brick wall method”, hep-th/9810169; F. Lin and Y. Wu, “Near-horizon Virasoro symmetry and the entropy of de Sitter space in any dimension”, hep-th/9901147.