arXiv:hep-th/0110169 v2 1 Nov 2001

EFI-01-46 hep-th/0110169

Three Dimensional de Sitter Gravity and the Correspondence

Bruno Carneiro da Cunha^1 Enrico Fermi Inst. and Dept. of Physics The University of Chicago 5640 S. Ellis Ave., Chicago IL 60637, USA

Abstract

Certain aspects of three dimensional asymptotically de Sitter spaces are studied, with emphasis on the mapping between gravity observables and the representation of the conformal symmetry of the boundary. In particular, we show that non-real conformal weights for the boundary theory correspond to space-times that have non-zero angular momentum. Some miscellaneous results on the role of the holonomies and isometry groups are also presented.

1bcunha@theory.uchicago.edu

1 Introduction

In the recent effort to understand quantum gravity in de Sitter (dS) spaces [1, 2, 3, 4, 5, 6], the role of asymptotic symmetries was particularly stressed. This is the group which naturally acts on the conserved charges in classical theories of gravitation [7] and then on states of the Hilbert states of the quantum theory. On the other hand, in cases where we perturb space-time away from some simple vacuum, – for instance, Minkowski, de Sitter or the usual anti-de Sitter (AdS) space-times – holography states that basically all the information about the whole of space-time is encoded in the conformal boundary. The asymptotic symmetry group would then take for quantum gravity a similar role as the Poincaré group has for the usual quantum field theory.

The particular case of dS contrasts sharply with AdS in that there is no model of a more fundamental description, no model derived from string theory^1. On the other hand, dS not only presents itself as perhaps a more realistic background but also displays some puzzles that have to be addressed before a background independent formulation can even be dreamed of.

Among these is the finite observable entropy of dS spaces [1, 8, 9, 10, 11]. The puzzle relies on how a natural cut-off could be implemented that reduces the degrees of freedom so drastically to a finite number – and perhaps worse, a finite number large enough to be of any phenomenological interest. Another puzzle, perhaps related, is the apparent instability of dS with respect to quantum fluctuations [12]. For instance, dS can “decay” by a topology change process – hence differently from the usual Minkowski instability – into many copies of itself. These questions have just recently begun to be addressed, and they certainly possess some keys to the understanding of quantum gravity in general.

Noteworthy progress in this direction was recently achieved by Strominger [2], who proposed that the conjugacy between scalar fields in the bulk and boundary operators worked much the same way as in the AdS-CFT correspondence. Specifically, the conformal weight of operators in the boundary was given by the asymptotic form of the field profile as one approaches the conformal boundary – in the dS case, past and

1despite some recent efforts in this direction [4].

future infinity. A curious bound appears: for fields whose mass was significantly larger than the de Sitter mass, the corresponding operator would have complex dimension. Although it poses no serious problem for the definition of the boundary theory, which is after all Euclidean, the question of what is the exact space-time interpretation of those operators still remains. The clarification of this particular question in three dimensions will be the aim of this short note.

The article is organized as follows: after a short introduction to the Chern-Simons description of three dimensional gravity, emphasizing the de Sitter case, we will present the general solution of three dimensional de Sitter gravity and show that it can be seen as an identification of global de Sitter under the action of a finite group. We will close by discussing how these results can be used to clarify some of the points raised above.

2 Chern-Simons and Asymptotic Data

In three dimensions, the spin connection ω_{ab} is dual to a vector field ω^a = ε^{abc}ω_{ab}. It was found in [15] that the Einstein-Hilbert Lagrangian in three dimensions – with a cosmological constant term Λ – can be recast in terms of the vector-valued one forms A^a_± = ω^a ± √ −Λe^a, with e^a being the triad. In the Λ < 0 case, both A^a_± are real and independent. In the Λ > 0 case (which will be dwelled in from now on), they are the complex conjugate of each other, and we will drop the subscript and call A_− by A^∗. The action that results from the change of variables has the Chern-Simons form^2:

S = 1 8πG Im [∫ Tr(A ∧ dA + 2 3 A ∧ A ∧ A) ] (1) where Im denotes the imaginary part. We will set Λ = 1 and 4G = 1 from now on. The equations of motion then simply state that A is a locally flat connection:

dA^a + f^a_{bc}A^a ∧ A^b = 0 (2)

with f^a_{bc} being the structure constants of the SL(2, C) group. Being locally flat, the connection itself doesn’t carry too much information about the space-time. In parallel to the AdS case, one has to provide some set of boundary conditions that introduce

2In [10] or [13] the reader will find a much more intelligible discussion.

some notion of “asymptotic triviality” and still allow for non-trivial holonomies. From the fact that dS_3 has two disconnected conformal boundaries at future and past infinity t = ±∞, one is naturally led to the following boundary conditions:

ds^2 | | |_{I−} = −dt^2 + e^{−2t}dzdz̄ + . . . (3) and ds^2 | | |_{I+} = −dt^2 + e^{2t}dzdz̄ + . . . (4)

As we will see this turns out to be too restrictive. In a holographic context, one argues that quantum gravity in dS consists of a transfer matrix which relates the Hilbert spaces in the asymptotic past and future. By requiring the two conditions above we are really determining a particular state in both Hilbert spaces, and hence the whole matrix element. In other words, if we restrict ourselves to the gravity sector alone, the only space satisfying both of the conditions above is global dS_3. We should then drop at least one of the conditions. It became costumary to drop (4), and then the form of the connection can be derived much the same way as in the AdS case [16]^3: A = −i −^1_2 dt e^{−t}dz O(e^t)^1_2 dt . (5) where we represented SL(2, C) with Pauli matrices. Following the argumentation of section 4 in [13] one can see that the general solution of the equations of motion with the boundary conditions above is, up to a diffeomorphism:

ds^2 = −dt^2 + (e^{−2t} + L(z)L̄(z̄)e^{2t})dzdz̄ + L(z)dz^2 + L̄(z̄)dz̄^2 (6) with L(z) an arbitrary holomorphic function and L̄(z̄) = [L(z)]^∗. The actual proof is entirely analogous to the AdS case (actually for AdS with Euclidean time, which is what is done in [13]) and will not be shown here. The metric (6) gives rise to the potential: A = −i −^1_2 dt e^{−t}dz e^tL(z)dz^1_2 dt . (7) 3The calculation was indeed carried out for dS_3 recently [17].

It is perhaps worth noting that the analogue of the Brown-Henneaux symmetry is particularly clear in these coordinates, and not particularly surprisingly so. Setting L̄(z̄) = 0 for the sake of clarity, one sees that the transformation: δt = 1 2 ∂ϵ, δz = ϵ, δz̄ = 1 2 e^{2t}∂^2ϵ (8)

is a symmetry if we allow L(z) to transform as: δL = −(ϵ∂L + 2∂ϵL + 1 2 ∂^3ϵ). (9)

From which we can rederive the central charge [2, 18, 19] by recovering the dependence on l and G. The point of view naturally taken is this case is that the transformation (8) is a diffeomorphism that changes the asymptotic charges and then is not a gauge transformation but rather a global transformation.

So now we turn to the problem of relating the function L(z) to physical quantities of the space-time metric such as mass and angular momentum.

3 Cartography

We will now turn to the relation of the metric (6) with the three-dimensional Kerr-de Sitter solution [11]:

ds^2 = − ( M − r^2 +

J^2 4r^2 ) dt̄^2 + dr^2 ( M − r^2 +^{J 2}_{4r2}

) + r^2 ( dφ − J 2r^2 dt̄ )_2

. (10)

For that consider (6) with constant L(z) = L_0. The mapping t^′ = t − 1 4 ln(L_0L̄_0), x = √ L_0z + √ L̄_0z̄, iy = √ L_0z − √ L̄_0z̄ (11)

turns the metric into

ds^2 = −dt^{′2} + cosh^2 t^′dx^2 + sinh^2 t^′dy^2. (12)

The Kerr-de Sitter metric can also be turned into (12) by the following change of coordinates:

sinh t^′ = r^2 − r^2_+

r^2_+ + r^2_−

, y = r_+ t̄ + r_− φ, x = r_− t̄ − r_+ φ. (13) where M = r^2_+ − r^2_− and J = 2r_+r_−. Note that only the region r > r_+, t^′ > 0, and thus lying outside the cosmological horizon can be mapped. In this coordinate change we find L_0 = (r_+ − ir_−)^2 = M − iJ ≡ λ^2 (14) and also that r_− y − r_+ x is identified with 2π(r^2_+ + r^2_−) translations. For (6) that means z + z̄ = φ ∈ [0, 2π]. Note that L_0 is complex for non-zero J. Spatial slices have then the topology of a cylinder, whose non-contractible loop is indeed necessary for the existence of a non-trivial holonomy for A. Also, it fits in the usual description of mass sources as conical defects in global dS where the spatial slices are spheres.

It is also interesting to study the global structure of the metric (6), or, alternatively, (12). We will restrict ourselves to the case of zero angular momentum, in which x is an angular variable with a conical defect x ∈ [0, 2πλ] but y is not restricted. By defining:

tan t̂ = sinh t^′ cosh y, cos θ = sinh t^′ tanh y √ cosh^2 t^′ − tanh^2 y

, ϕ = x, (15)

one turns (12) into the familiar form of global dS [20]:

ds^2 = sec^2 t̂(−dt̂^2 + dθ^2 + sin^2 θdϕ^2) (16)

The patch covered by {t^′, x, y} can be seen in Figure 1. Note that it covers both I^+ and I^− which also happen to be the holographic screens of dS.

It may not be clear that the null boundary of the hourglass is at y → ∞. To see that one just needs to consider the inverse transformation:

tanh y = cos θ sin t̂

(17)

which defines the boundary for sin t̂ = ± cos θ. Also, the point at t̂ = 0 is merely a coordinate singularity, just like in the AdS version of (6).

We now turn to the study of the observables and the identifications that introduce non-trivial holonomies from global dS_3.

4 Holonomies and Identifications

Since A is a flat connection, it can be written locally by A = iG^{−1}dG, where G is an element of SL(2, C). For A as in (7), G can be written as:

Figure 1: The patch of de Sitter space covered by the coordinates (6) for real L_0 is the central hourglass-like region. The horizontal lines and vertical lines correspond to t^′ and y being constant respectively. The null boundary is at y = ±∞ in (12).

G = Ψ^′_1(z) Ψ_1(z) Ψ^′_2(z) Ψ_2(z) e^{t/2} 0 0 e^{−t/2} (18)

with Ψ_{1,2}(z) the solutions of the Schrödinger equation (∂^2_z − L(z))Ψ(z) = 0, set to have the Wronskian equal to one.

For L(z) = L_0 = λ^2 constant it is useful to define a 2 × 2 coefficient matrix B as:

g(z) = Ψ^′_1(z) Ψ_1(z) Ψ^′_2(z) Ψ_2(z) ≡ B λe^{λz} e^{λz} −λe^{−λz} e^{−λz} (19)

Note that the actual elements of B are not so important, since they can be gauged away by a global SL(2, C) transformation, but we have to require detB =^1_{2λ} . Using the fact that the z plane has the topology of a cylinder, the monodromy can be easily computed:

g(z + π) = Be^{2πλσ3} B^{−1}g(z), (20) and then the holonomy is W = 2 cosh(πλ).

Finally, we will show that (6) can be obtained from global dS_3 via a proper identification. One way of accomplish that is by embedding the hourglass region (12) in

SL(2, C): g = e^{i(x+iy)σ2} e^{2tσ3} e^{i(x−iy)σ2} (21) and the action of the SL(2, C) group is given by g → hgh^∗. The particular group element that implements the isometry that brings x + iy to x + iy + 2πλ is h = e^{2πiσ2λ}, (22) and then the space (6) can be though of as the quotient of global dS_3 under the action of the group generated by h.

5 Discussion

In this short note we have collected some results about asymptotic dS_3 spaces which may help clarify the role of holography in the quantum theory with that background. Specifically, we have mapped the conformal weights of operators of the boundary theory into space-time quantities like the mass and the angular momentum of the space. It was shown that the weights are complex in general, in accordance with the results of [2].

Given the form of the general metric solution (10), one might be tempted to work in cosmological patch where time is a Killing vector field. The point of view taken here is different in which we stress the role of the asymptotic symmetries. This is in consonance with holographic arguments which infer that the states of quantum gravity in de Sitter can be encoded in the conformal boundary of space-time. It is particularly clear in this language the space-time role of the Virasoro generators of the boundary conformal field theory.

Of course, there are a few caveats. It is unclear how exactly the description given in terms of the asymptotic data relates to what a given observer sees. Recovering the observer’s point of view may be more than a technicality given that Susskind et al. argued on generic grounds [21] that a quantum description of gravity based on local degrees of freedom cannot see beyond a horizon. Being more specific, the local formulations of observables for each side of the horizon are not compatible with one another. Also, one would like to verify which mechanism in the boundary conformal theory is responsible for the finiteness of the dS states. One expects that the correlation between different states in the boundary theory to be large, thus reducing its entropy. Note that here the same scenario envisioned by [22] happens: there are patches of space-time which have alternative projections on either past or future infinity screens. Following that argument, the language best suited for coping with these issues, especially if one’s goal is to describe local states in the bulk of space, may be that of a correlated or entangled state (see also [23].)

As this work was in its final states of preparation, we learned of a similar work [24] which has overlaps with the results listed here. After this work was made publicly available we became aware of the work by Park [25] in which he also derives the space-time interpretation of the asymptotic conformal theory. Unlike that work, we argue, based on the causal structure of de Sitter, that the boundary conformal theory is defined on a pair of two-spheres instead of a cylinder. We also gave a detailed account on how the Virasoro symmetry acts on the space-time metric, and discussed the role of identifications and holonomies. We have also found a real central charge for the Virasoro symmetry, corroborating the results of [2, 6, 14, 18, 19, 24].

Acknowledgements

I would like to thank Emil Martinec for helpful discussions and suggestions on the manuscript. I am also indebted to Ben Craps, Will McElgin, Vasilis Niarchos and Li-Sheng Tseng who in their patience helped me put my thoughts in order.

References

[1] R. Bousso, Holography in General Space-times, JHEP 9906:028 (1999), hep-th/9906022, The Holographic Principle for General Backgrounds, Class.

Quant. Grav. 17, 997 (2000), hep-th/9911002.

[2] A. Strominger, The dS/CFT correspondence, hep-th/0106113.

[3] E. Witten, Quantum Gravity in de Sitter Space, hep-th/0106109.

[4] C. M. Hull, de Sitter Space in Supergravity and M-Theory, hep-th/0109213.

[5] V. Balasubramanian, P. Hořava and D. Minic, Deconstructing de Sitter, JHEP 0105:043 (2001), hep-th/0103171.

[6] D. Klemm, Some Aspects of the de Sitter/CFT Correspondence,

hep-th/0106247.

[7] R. M. Wald, General Relativity, The University of Chicago Press, Chicago, 1984, Chapter 11.

[8] R. Bousso, Positive Vacuum Energy and the N-Bound, JHEP 0011:038 (2000),

hep-th/0010252.

[9] T. Banks, Cosmological Breaking of Supersymmetry, or Little Lambda Goes Back to the Future II, hep-th/0007146.

[10] J. Maldacena and A. Strominger, Statistical Entropy of de Sitter, JHEP 9802:014 (1998), gr-qc/9801096.

[11] G. W. Gibbons and S. W. Hawking, Cosmological Event Horizons, Thermodynamics and Particle Creation, Phys. Rev. D 15, 2738 (1977); S. Deser and R. Jackiw, Three-Dimensional Cosmological Gravity: Dynamics of Constant Curvature, Ann. Phys. 153, 405 (1984).

[12] P. Ginsparg and M. J. Perry, Semiclassical perdurance of de Sitter space, Nucl.

Phys. B222, 245 (1983); R. Bousso and S. W. Hawking Pair Creation of Black Holes During Inflation, Phys. Rev. D54, 6312 (1996), gr-qc/9606052.

[13] M. Bañados, Three Dimensional Quantum Geometry and Black Holes,

hep-th/9901148.

[14] M. Bañados, T. Brotz and M. E. Ortiz, Quantum Three-Dimensional de Sitter Space, Phys. Rev. D59, 046002 (1999), hep-th/9807216.

[15] A. Achúcarro and P. Townsend, A Chern-Simmons Action for Three-Dimensional Anti-de Sitter Supergravity Theories, Phys. Lett. B 180, 89 (1989); E. Witten, (2+1)-Dimensional Gravity as an Exactly Soluble System, Nucl. Phys. B311, 46 (1988).

[16] O. Coussaert, M. Henneaux and P. van Driel, The Asymptotic Dynamics of Three-Dimensional Einstein Gravity with a Negative Cosmological Constant, Class. Quant. Grav. 12, 2961 (1995), gr-qc/9506019.

[17] S. Cacciatori and D. Klemm, The Asymptotic Dynamics of de Sitter Gravity in Three-Dimensions, hep-th/0110031.

[18] S. Nojiri and S. Odintsov, Conformal Anomaly from dS/CFT correspondence,

hep-th/0106191.

[19] Y. S. Myung, Entropy of the Three Dimensional Schwarzchild-de Sitter Black Hole, hep-th/0110123

[20] S. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time, Cambridge University Press, Cambridge, 1973, pp. 124-134.

[21] L. Susskind, L. Thorlacius and J. Uglum, The Stretched Horizon and Black Hole Complementarity, Phys. Rev. D, 48, 3743 (1993), hep-th/9306069.

[22] B. Carneiro da Cunha, Inflation and Holography in String Theory, Phys. Rev.

D, to appear, hep-th/0105219.

[23] J. Maldacena, Eternal Black Holes in AdS, hep-th/0106112.

[24] V. Balasubramanian, J. de Boer, D. Minic, Mass, Entropy and Holography in Asymptotically de Sitter Spaces, hep-th/0110108.

[25] M.-I. Park, Statistical Entropy of Three-Dimensional Kerr-de Sitter Space, Phys.

Lett. B440, 275 (1998), hep-th/9806119.