arXiv:hep-th/0110234 v3 20 Jan 2002

INJE-TP-01-09, hep-th/0110234

Check of the Mass Bound Conjecture in de Sitter Space

Rong-Gen Cai^{1∗}, Yun Soo Myung^{2†} and Yuan-Zhong Zhang^{3,1‡} 1 Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China 2 Relativity Research Center and School of Computer Aided Science, Inje University, Kimhae 621-749, Korea 3 CCAST (World Lab), P.O. Box 8730, Beijing 100080, China

Abstract

Recently an interesting conjecture was put forward which states that any asymptotically de Sitter space whose mass exceeds that of exact de Sitter space contains a cosmological singularity. In order to test this mass bound conjecture, we present two solutions. One is the topological de Sitter solution and the other is its dilatonic deformation. Although the latter is not asymptotically de Sitter space, the two solutions have a cosmological horizon and a cosmological singularity. Using surface counterterm method we compute the quasilocal stress-energy tensor of gravitational field and the mass of the two solutions. It turns out that this conjecture holds within the two examples. Also we show that the thermodynamic quantities associated with the cosmological horizon of the two solutions obey the first law of thermodynamics. Furthermore, the nonconformal extension of dS/CFT correspondence is discussed.

∗email address: cairg@itp.ac.cn

†email address: ysmyung@physics.inje.ac.kr

‡email address: yzhang@itp.ac.cn

I. INTRODUCTION

It is well-known that to calculate the conserved charges including mass is a difficult task in an asymptotically de Sitter (dS) spacetime. This is due to the absence of the spatial infinity and the globally timelike Killing vector in such a spacetime. In a recent paper [1], a novel prescription was proposed for computing the boundary stress tensor and conserved charges of asymptotically dS spacetimes from data at early or late time infinity. This uses the surface counterterm method [2–4], which was developed in the AdS/CFT correspondence [5–7]. On the other hand, if one accepts the dS/CFT correspondence [8,9], the resulting quantities then correspond to the stress-energy tensor and corresponding conserved charges of the dual Euclidean conformal field theory (CFT).

Following this prescription, the authors of [1] calculated the masses of the 3,4,5- dimensional Schwarzschild-de Sitter black hole solutions, respectively. It is found that these masses are always less than those of dS spaces in corresponding dimensions. Furthermore, they argued that this result is consistent with the dS/CFT correspondence and the Bousso’s observation [10] on the asymptotically dS space that the entropy of dS space is an upper bound for the entropy of any asymptotically dS space. On the basis of this result, the authors of [1] put forward a conjecture (BBM conjecture): Any asymptotically de Sitter space whose mass exceeds that of de Sitter contains a cosmological singularity. Because a rigorous proof of this conjecture is not yet carried out, it is very interesting to check this conjecture with some examples. This is the main aim of this paper.

The organization of this paper is as follows. In Sec. II we introduce briefly the prescription to calculate the boundary stress-energy tensor and conserved charges of gravitational field in the asymptotically de Sitter space. We present the topological de Sitter solution and compute the boundary stress-energy tensor and mass of this solution in Sec. III. In Sec. IV, we check the BBM conjecture in a dilatonic deformation of the topological dS solution. We summarize our results in Sec. V with some discussions.

II. PRESCRIPTION

In this section we briefly review the surface counterterm method to compute the conserved charges in asymptotically de Sitter space. We consider an (n+2)-dimensional Einstein action with a positive cosmological constant, Λ = n(n + 1)/2l^2, S = − 1 16πG ∫ M d^{n+2}x √ −g ( R − n(n + 1) l^2 ) + 1 8πG ∫_{∂M}+ ∂M^− d^{n+1}x √ hK. (1) Here the first term is the bulk action with n + 2-dimensional Newtonian constant G. The second is the Gibbons-Hawking surface term, which is necessary to have a well-defined Euler- Lagrange variation. M denotes the bulk manifold, ∂M^± are spatial boundaries at early and late times. g_{μν} is the bulk metric and h_{ij} and K are the induced metric and the trace of the extrinsic curvature of the boundaries. In dS space the spacelike boundaries I^± are Euclidean surfaces at early and late time infinities. The notation ∫_{∂M}+ ∂M^− d n+1x indicates an integral over the late time boundary minus an integral over the early time boundary which are both Euclidean surfaces.

Some surface counterterms have been given in [1], which can render the action finite in 3,4,5-dimensional asymptotically dS spaces^1

S_{ct} = 1 8πG ∫ ∂M^+ d^{n+1} √ hL_{ct} + 1 8πG ∫ ∂M^− d^{n+1}x √ hL_{ct}, (2)

where

L_{ct} = n l − l 2(n − 1)

R (3)

and R is the intrinsic curvature of the induced metric. This is an extension of the surface counterterm in the asymptotically anti-de Sitter (AdS) space [2–4]. Decomposing the bulk spacetime in the ADM form as

ds^2 = g_{μν} dx^μdx^ν = −N^2_t dt^2 + h_{ij} (dx^i + V^idt)(dx^j + V^j dt), (4)

one then has the induced metric h_{ij} on spacelike surfaces of fixed time. Denoting the future pointing unit normal to these surfaces by u^i, the extrinsic curvature of these surfaces can be obtained using the formula:

K_{ij} = −h^μ_i ∇_μu_j . (5)

With these and the Brown-York prescription [14], one can get the Euclidean quasilocal stress-energy tensor of an asymptotically dS space

T^+_{ij} = 2 √ h δI δh^{ij} = − 1 8πG ( K_{ij} − Kh_{ij} − n l h_{ij} − l n − 1 G_{ij} ) , T^−_{ij} = 2 √ h δI δh^{ij} = − 1 8πG ( −K_{ij} + Kh_{ij} − n l h_{ij} − l n − 1 G_{ij} ) . (6)

Here I = S + S_{ct}, and G_{ij} is the Einstein tensor of the induced surface. Since there exist two spacelike boundaries in dS space, the superscripts ± in T_{ij} represent the quantity on the late or early time boundary. The difference in signs of the two stress-energy tenors in (6) arises because the extrinsic curvature K is defined with respect to a future pointing timelike normal, leading to sign changes between the early and late time boundaries [1]. For this reason as in [1] we will use T_{ij} = T^+_{ij} in what follows. This means that we calculate the conserved charges on the late time boundary I^+.

Next let us decompose the induced metric h_{ij} in the form

h_{ij} dx^idx^j = N^2_ρ dρ^2 + σ_{ab}(dϕ^a + N^a_Σdρ)(dϕ^b + N^b_Σdρ), (7)

where the notation ϕ^a are angular variable parameterizing closed surfaces around the origin. Suppose ξ^i to be a Killing vector generating an isometry of the boundary geometry. Following [14,2], one can define the conserved charge Q associated with the Killing vector ξ^i using the quasilocal stress-energy tensor T_{ij} as follows

1The surface counterterms in the asymptotically dS space have also been discussed in [11–13].

Q = ∮ Σ d^nϕ √ σn^iξ^j T_{ij}, (8) where n^i is the unit normal to the surface Σ with a fixed ρ, and the coordinate ρ is obtained by analytic continuation of a timelike Killing vector.

Recall that an important obstacle to define the mass of gravitational field in the asymptotically dS space is the absence of a globally timelike Killing vector. However, there is a Killing vector which is timelike within the cosmological horizon of dS space in the static coordinates, while it is spacelike outside the cosmological horizon and then on I^+, future null infinity. Thus any spacetime which is asymptotically dS space will have such an asymptotic symmetry generator. Adapting the coordinates (7) so that “radial” normal n^i is proportional to the relevant (spacelike) boundary Killing vector ξ^i, the authors of [1] proposed a mass formula for asymptotically dS spaces: M = ∮ Σ d^nϕ √ σN_ρϵ, ϵ ≡ n^in^j T_{ij} . (9) Here the Killing vector ξ^i is normalized as ξ^i = N_ρn^i. Similarly the angular momenta can be defined as

P_a = ∮ Σ d^nϕ √ σJ_a, J_a = σ_{ab}n_iT^{bi}. (10) Using this prescription, the masses of 3, 4, 5-dimensional Schwarzschild-dS black hole solutions have been calculated in [1]. It was found that the mass of dS space is always larger than that of the black hole solution in the dS space in corresponding dimensions. This leads to the BBM conjecture. Now we wish to check this conjecture with the following two solutions.

III. TOPOLOGICAL DE SITTER SOLUTION

We start with an (n + 2)-dimensional topological black hole solution in AdS space

ds^2_{T BAdS} = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2g̃_{ab}dx^adx^b, (11)

where f(r) = k − 2Gm r^{n−1} + r^2 l^2

, k = 1, −1, 0. (12)

g̃_{ab}dx^adx^b is the line element of an n-dimensional hypersurface with constant curvature kn(n − 1) and volume V = ∫ d^nx √ g̃. l is the curvature radius of AdS space. m is a constant related with the ADM mass of the black hole [15]. It is believed that black holes in asymptotically flat spacetime should have a spherical horizon. When there is a negative cosmological constant in a spacetime, however, a black hole can have a non-spherical horizon. In this sense this black hole (11) is referred to as a topological black hole in AdS space. When m = 0, the solution (11) reduces to the AdS space. Replacing l^2 by −l^2 in (11), one has a solution

ds^2_{T BdS} = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2g̃_{ab}dx^adx^b, (13) where f(r) = k − 2Gm r^{n−1} − r^2 l^2

, k = 1, −1, 0. (14)

Obviously this is a solution to the Einstein equations with a positive cosmological constant in (n + 2) dimensions.

When k = 1, it is just the Schwarzschild-de Sitter solution. The case m = 0 reduces to the dS space with a cosmological horizon r_c = l. When m increases, a black hole horizon occurs and increases with the size of m, while the cosmological horizon shrinks. Finally the black hole horizon touches the cosmological horizon when m = 1 G(n + 1) ( n − 1 n + 1 l^2 )_{(n−1)/2} . (15)

This is the Nariai black hole, the maximal black hole in dS space. The mass of the solution in this case has been calculated in [1]. We will discuss the cases k = 0 and k = −1, respectively.

(i) The case of k = 0. In this case, g̃_{ab}dx^adx^b is an n-dimensional Ricci flat hypersurface. Changing the sign in front of m in (14), one has ds^2_{T dS} = − ( 2Gm r^{n−1} − r^2 l^2 ) dt^2 + ( 2Gm r^{n−1} − r^2 l^2 )_{−1} dr^2 + r^2dx^2_n, (16)

where dx^2_n denotes the Ricci flat hypersurface. It is easy to check that the metric (16) is still a solution to the Einstein equations with a positive cosmological constant in (n + 2) dimensions. From this solution we see that there is a Ricci flat cosmological horizon at r = r_c = (2Gml^2)^{1/(n+1)}. Also there exists a cosmological singularity at r = 0 for n ≥ 2 and m ≠ 0. Therefore, this solution is a good example to check the BBM conjecture. For this cosmological horizon, we have the Hawking temperature T_{HK} and entropy S,

T_{HK} =

(n + 1)r_c 4πl^2 , S = r^n_c V 4G . (17)

When m = 0, the solution (16) goes to

ds^2 = − l^2 r^2 dr^2 + r^2 l^2 dt^2 + r^2dx^2_n, (18)

in which t(r) becomes a spacelike (timelike) coordinate. In fact, this is a pure dS space: One can rewrite the metric (18) as follows,

ds^2 = −dτ^2 + e^{±2τ /l}dx^2_{n+1}, (19)

where dx^2_{n+1} is an (n + 1)-dimensional Ricci-flat space. This is just the dS space in the planar coordinates.

We now calculate the boundary stress-energy tensor and the mass of the solution (16). For r > r_c, this solution can be rewritten as ds^2 = −f(r)^{−1}dr^2 + f(r)dt^2 + r^2dx^2_n, f = r^2 l^2 − 2Gm r^{n−1} > 0 (20)

in which t(r) becomes a spacelike (timelike) coordinate. Since dx^2_n is a Ricci-flat space, therefore, for a hypersurface with a fixed r > r_c, its induced metric, f(r)dt^2 + r^2dx^2_n, is also Ricci flat. Thus those counterterms involving the intrinsic curvature and Ricci tensor of the induced metric vanish, and the Lagrangian of the required surface counterterm for the solution (16) is

L_{ct} = n l , (21)

and the boundary stress-energy tensor becomes T_{ij} = − 1 8πG ( K_{ij} − Kh_{ij} − n l h_{ij} ) . (22)

Considering a surface Σ with fixed r > r_c in (20) and calculating its extrinsic curvature K_{ij} , we obtain from (22) T_{tt} = nm 8πlr^{n−1} + · · · , T_{ab} = − ml 8πr^{n−1} δ_{ab} + · · · , (23)

where the ellipses denote higher order terms, which have no contribution when we take the limit r → ∞ on the I^+.

Now we are in a position to calculate the mass of the solution (16). Substituting this boundary stress-energy tensor (23) into the mass formula (9), we find M = nmV 8π . (24)

When n = 1 and identifying the coordinate x in (16) with a circle with period 2π, from (24) one has M = m/4, precisely reproducing the result in Ref. [1] for the mass of three dimensional Schwarzschild-dS solution^2. When m = 0, we have M = 0. This is consistent with the result obtained in [1,8] that the mass of the three-dimensional dS space vanishes in the planar coordinates^3. Our result (24) indicates that the mass of dS space vanishes (M_{dS} = 0) in any dimension in the planar coordinates. When m ≠ 0, we have M > M_{dS} = 0. According to the BBM conjecture [1], there should be a cosmological singularity. Indeed it is clear from (16) that there is a cosmological singularity at r = 0. As a result, we verify that the BBM conjecture holds in the solution (16). Furthermore, we can easily check that the mass M in (24), Hawking temperature T_{HK} and entropy S in (17) satisfy the first law of thermodynamics

2Note the difference of notations used in this paper and in Ref. [1]: m_{here} = 4m_{there}.

3In the static coordinates, however, the three-dimensional dS space has a nonvanishing mass M = 1/8G [9,17].

dM = T_{HK}dS. (25)

Next we calculate the stress-energy tensor of the Euclidean CFT dual to the solution (16). As the asymptotically AdS case, the induced metric diverges when the boundary of dS space is approached^4. However, a surface metric on which the Euclidean CFT resides can be fixed, up to a conformal factor, from the bulk metric (20). For example, a simple surface metric can be obtained as follows, ds^2_{ECF T} = γ_{ij} dx^idx^j = lim_{r→∞} l^2 r^2 ds^2_{T dS} = dt^2 + l^2dx^2_n. (26)

Note that here t is a spacelike coordinate. The stress-energy tensor τ_{ij} of the boundary Euclidean CFT can be obtained using the following relation [19] √ γγ^{ij} τ_{jk} = lim_{r→∞} √ hh^{ij} T_{jk}. (27) Substituting (23) into the above and using (26), one has τ_{tt} = nm 8πl^n , τ_{ab} = − m 8πl^{n−2} δ_{ab}. (28)

As expected, the trace of the stress-energy tensor vanishes^5.

(ii) The case of k = −1. In this case, changing the sign in front of m in (13), we have

ds^2_{T dS} = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2g̃_{ab}dx^adx^b, (29)

where

f(r) = −1 + 2Gm r^{n−1} − r^2 l^2

. (30)

Once again, when m > 0, this solution has a cosmological singularity at r = 0 and a cosmological horizon r_c which is a negative constant curvature hypersurface. In this sense we refer to the solution (29) together with the solution (16) as topological dS solutions. The cosmological horizon of the solution (29) has the Hawking temperature T_{HK} and entropy S

4In the asymptotically AdS case, the induced metric also diverges when the boundary of AdS space is approached. But a well-defined surface metric on which the dual CFT resides can be determined, up to a conformal factor, from the bulk metric. The behavior of induced metric near the boundary, the normalizations of action and boundary stress-energy tensor, and the gravitational conformal anomaly have been analyzed in detail in [16]. For the asymptotically dS case, a similar analysis can be made as well, for example, see [18].

5In general, there is a conformal anomaly for a CFT in even dimensions (for a review see [20]). In the case we are discussing, however, the spacetime background (26) is Ricci flat, therefore the conformal anomaly vanishes.

T_{HK} = 1 4πr_c ( n − 1 + (n + 1) r^2_c l^2 ) , S = r^n_c V 4G . (31)

Since the g̃_{ab}dx^adx^b is a negative constant curvature hypersurface, in this case, so the surface counterterm (21) is not sufficient. The needed surface counterterms will depend on the spacetime dimension. We consider therefore the four- and five- dimensional cases below. In that case, the required surface counterterms are given in (3), and corresponding boundary stress-energy tensor can be computed using (6).

Repeating the steps as the case of k = 0 and using (6), in four dimensions, we obtain the boundary stress-energy tensor T_{tt} = m 4πrl + · · · , T_{ab} = −g̃_{ab} ml 8πr + · · · . (32)

The mass of the solution is

M_4 = mV 4π . (33)

And the stress-energy tensor of corresponding Euclidean CFT is τ_{tt} = m 4πl^2 , τ_{ab} = −g̃_{ab} m 8π , (34)

which has a vanishing trace. The CFT resides on the three dimensional space with metric

γ_{ij} dx^idx^j = dt^2 + l^2g̃_{ab}dx^adx^b. (35)

In five dimensions, we find that it is quite different from the case of four dimensions. The boundary stress-energy tensor is T_{tt} = 3l 8πGr^2 (1 8 + Gm l^2 ) + · · · , T_{ab} = −g̃_{ab} l^3 8πGr^2 ( 1 8 + Gm l^2 ) + · · · . (36)

The mass of the solution is

M_5 = 3V 8πG ( l^2 8 + Gm ) , (37)

and the stress-energy tensor of Euclidean CFT τ_{tt} = 3 8πGl ( 1 8 + Gm l^2 ) , τ_{ab} = −g̃_{ab} l 8πG (1 8 + Gm l^2 ) . (38)

The surface metric is of the form (35), but in four dimensions. Once again, the stress-energy tensor has a vanishing trace^6. From (37) we see that unlike the case (33) in four dimensions, the mass in five dimensions does not vanish even when m = 0. This is reminiscent of the difference between the four and five dimensional Schwarzschild-dS black hole solutions [1], there it is also found that there is a nonvanishing mass for the five dimensional pure dS space. But from (35) and (37) we see that the masses with m > 0 are always larger than those of dS solutions with m = 0. As a result, we confirm the BBM conjecture in the topological dS solution. Furthermore, these masses (35) and (37) also satisfy the first law (25) of thermodynamics.

IV. DILATONIC SOLUTION

The second example is a dilatonic deformation of the topological dS solution with a Ricci flat cosmological horizon (16). Consider the following action of a dilaton gravity theory, S = − 1 16πG ∫ M d^{n+2}x √ −g ( R − 1 2 (∂ϕ)^2 + V_0e^{−aϕ} ) , (39)

where a and V_0 are assumed to be two positive constants. This action is an effective one for some gauged supergravity theories [21,22]. In [24] (see also [25,26] for the case in four dimensions), a class of domain wall black hole solutions has been found,

ds^2_{DB} = −f(r)dt^2 + f(r)^{−1}dr^2 + R^2dx^2_n,

R(r) = r^N , ϕ(r) = ϕ_0 + √ 2nN(1 − N) ln r, f(r) = V_0e^{−aϕ0} r^{2N} nN(N(n + 2) − 1) − mr^{1−nN} √ 2nN(1 − N) , (40)

where ϕ_0 and m are two integration constants. Also the notation dx^2_n denotes the line element of an n-dimensional Ricci-flat space and the parameter N obeys the relation a = √ 2nN(1 − N) nN . (41)

From (41) and (40) one can see that N must satisfy 1/(n + 2) < N ≤ 1. For N = 1, the solution (40) precisely recovers the topological black hole with a Ricci flat horizon in AdS space [15]. For a general N, the solution (40) is neither asymptotically AdS, nor asymptotically flat. When m = 0, the solution describes a domain wall spacetime where a domain wall/QFT (quantum field theory) correspondence [21], including the AdS/CFT correspondence in the horospherical coordinates as a special case, arises: a certain gauged

6In four dimensions, in general there is a gravitational conformal anomaly [20,3,12] proportional to (R_{ij}R^{ij} − R^2/3), where R and R_{ij} are curvature scalar and Ricci tensor of surface metric, respectively. For the spacetime background (35), however, it is easy check that this conformal anomaly vanishes. This explains why the stress-energy tensor of dual CFT has a vanishing trace.

supergravity on the domain wall spacetime is dual to a QFT residing on the domain wall. For details, see [21,22,24]. It has been shown in [22] that one can also get a well-defined boundary stress-energy tensor by adding an appropriate surface counterterm for a class of solutions like (40), even though those solutions are not asymptotically AdS. The quasilocal boundary stress-energy tensor of the gravitational field and therefore the stress-energy tensor of corresponding QFT for the solution (40) have been acquired in [24]. It turns out that the integration constant m in (40) is proportional to the mass M of the black hole [24]: M = nN √ 2nN(1 − N) mV 16πG , (42)

where V is the volume of the Ricci flat space dx^2_n in (40).

We now turn to the case V_0 < 0 in the action (39). In this case, the action still can be viewed as an effective truncation of a certain gauged supergravity, for example, see [23]. For convenience, we make a replacement: V_0 → −V_0 in (39) so that we still have V_0 > 0 in the following. Then it is easy to check the new action has still a solution like (40), but with a new function f: f(r) = mr^{1−nN} √ 2nN(1 − N) − V_0e^{−aϕ0} r^{2N} nN(N(n + 2) − 1)

, (43)

and others keep unchanged. Here we have changed the sign in front of the integration constant m in (40). For the case of N = 1, the new solution (43) reduces to the k = 0 topological dS solution considered above. For a general N < 1, this solution is not asymptotically de Sitter. But it has a cosmological horizon r_c

r_c = nNm(N(n + 2) − 1) V_0e^{−aϕ0} √ 2nN(1 − N) 1/((n+2)N −1)

. (44)

And thus it has associated Hawking temperature T_{HK} and entropy S as

T_{HK} = V_0e^{−aϕ0} r^{2N −1}_c 4πnN , S = r^{nN}_c V 4G . (45)

Furthermore, we note that there exists a cosmological singularity at r = 0 in the solution (43). Although the solution is not asymptotically de Sitter, we find that one can get a welldefined quasilocal stress-energy tensor of gravitational field for the solution (43) by adding an appropriate surface counterterm to the bulk action. The surface counterterm is given by

L_{ct} = n l_{eff} N(n + 1) N(n + 2) − 1 , 1 l_{eff} = V_0e^{−aϕ} n(n + 1)

. (46)

And then the boundary stress-energy tensor is

T_{ij} = − 1 8πG K_{ij} − Kh_{ij} − n l_{eff} N(n + 1) N(n + 2) − 1 h_{ij} . (47) Similarly we obtain the boundary stress-energy tensor of gravitational field on the surface Σ with a fixed r > r_c, T_{tt} = nNmc^{1/2}r^{−(n−1)N} 16πG √ 2nN(1 − N) + · · · ,

T_{ab} = −δ_{ab} (2N − 1)mr^{−(n−1)N} 16πGc^{1/2} √ 2nN(1 − N) + · · · , (48)

where the ellipses represent higher order terms which have no contribution when we take the limit r → ∞ on I^+. The constant c is c = V_0e^{−aϕ0} nN(N(n + 2) − 1)

. (49)

Using the mass formula (9) and the boundary stress-energy tensor (48), we obtain the mass of the solution (43) M = nNmV 16πG √ 2nN(1 − N) . (50)

We find that the mass (50) of the dilatonic deformation (43) has the same form as the domain-wall black hole solution (40). Furthermore, we can see that the mass in (50), the Hawking temperature T_{HK} and entropy in (45) satisfy the first law (23) of thermodynamics. From (50) one has M_{vac} = 0, for the vacuum state (m = 0) in the solution (43). Thus M > M_{vac} = 0, showing that the BBM conjecture is also satisfied with the dilatonic deformation of the topological de Sitter solution, even though the solution is not asymptotically de Sitter.

Since the solution (43) is not asymptotically de Sitter, we do not expect that the dual is a Euclidean CFT. Instead we expect that there is a Euclidean QFT dual to the solution (43). This correspondence is an analog of the domain wall/QFT correspondence in the spacetime with a cosmological horizon. In the correspondence, we can calculate the stress-energy tensor of the QFT dual to the solution (43). As the asymptotically dS case, the surface metric γ_{ij} of the spacetime, on which the QFT resides, can be determined, up to a conformal factor, as follows, ds^2_{EQF T} = γ_{ij} dx^idx^j = lim_{r→∞} 1 r^{2N} ds^2 = cdt^2 + dx^2_n, (51)

where t is a spacelike coordinate and c is given in (49). Using (48), we obtain τ_{tt} = nNmc^{1/2} 16πG √ 2nN(1 − N) , τ_{ab} = −δ_{ab} (2N − 1)m 16πGc^{1/2} √ 2nN(1 − N) . (52)

As expected, its trace does not vanish unless N = 1. In the case of N = 1, the solution (43) reduces to the k = 0 topological dS solution, to which one has a Euclidean CFT dual. Note that for the N = 1 case, those ill-defined expressions can be remedied by redefining the integration constant m: for example, one can absorb the factor √ 1 − N into the m.

V. CONCLUSION AND DISCUSSION

The dS space is the unique maximally symmetric curved spacetime. It enjoys the same degree of symmetry as Minkowski space. So it has been most studied by quantum field theorists (see [27] and references therein). On the other hand, the recent astronomical data of supernova [28–30] together with the need of the inflation model in the cosmology of early universe indicate that our universe approaches dS geometries in both the far past and the far future [31–33]. Moreover, it has been proposed recently that there is a dual between quantum gravity on a dS space and a Euclidean CFT residing on a boundary of the dS space [8,9], very like the AdS/CFT correspondence. Therefore both the dS space itself and the realistic universe motivate us to well understand the dS space (including asymptotically dS spaces). As a first step, one has to compute some conserved charges like mass and angular momentum associated with asymptotically dS spaces. However, as stated in INTRODUCTION, it is not an easy matter to obtain those conserved charges in asymptotically dS spaces because of the absence of spatial infinity and globally timelike Killing vector. In Ref. [1] a novel prescription has been proposed to calculate those conserved charges from data at early or late time infinity. And it has been found that the masses of pure dS spaces are always larger than those of Schwarzschild-dS black holes in the corresponding dimensions. The interesting result is consistent with the observation [10] that the entropy of pure dS space is an upper bound of any asymptotically dS spaces if one accepts the dS/CFT correspondence, because generically field theories should have entropies increasing with energy. The interesting result also leads to the BBM conjecture. If the BBM conjecture is correct, no doubt it is a very important feature of asymptotically dS spaces.

In order to check the BBM conjecture, we have presented two solutions, the topological dS solution and its dilatonic deformation. Both have a cosmological horizon and a cosmological singularity. Using surface counterterm method, we have calculated the boundary quasilocal stress-energy tensor of gravitational field and obtained the masses for both solutions. The resulting masses are always positive, while the masses of dS space and its dilatonic deformation vanish in the planar coordinates. Although the mass (37) of dS space in five dimensions does not vanish for the case k = −1, in all cases we considered in this paper, we have verified the BBM conjecture. Thus we have provided evidence in favor of the BBM conjecture.

Even though the dilatonic deformation of the topological dS solution is not asymptotically de Sitter, we expect that there exists a dual Euclidean QFT. This correspondence is considered as an analog of the domain wall/QFT correspondence [21]: quantum gravity on the background (43) is dual to a certain Euclidean QFT residing on the space (51). Thus we can view this correspondence as a Euclidean version of the domain wall/CFT correspondence. The Euclidean domain wall/QFT correspondence includes the dS/CFT correspondence in the planar coordinates as a special case, in the same way as that the AdS/CFT correspondence in the horospherical coordinates comes out as a special case in the domain wall/QFT correspondence [21]. This Euclidean domain wall/QFT correspondence is a nonconformal extension of the dS/CFT correspondence. According to this correspondence, we have obtained the stress-energy tensor of corresponding Euclidean QFTs. Also we have calculated some thermodynamic quantities associated with the cosmological horizon of these solutions, and verified that they all obey the first law of thermodynamics.

If the BBM conjecture indeed holds, then an interesting question is what its implications are. The BBM conjecture says that any asymptotically de Sitter space whose mass exceeds that of pure de Sitter space contains a cosmological singularity. From another point of view to see it, it gives us an upper bound of mass for any asymptotically dS space without a cosmological singularity. Together with the dS/CFT correspondence and the Bousso’s observation about the maximal entropy bound for any asymptotically dS space, the BBM conjecture seems to imply that the maximal entropy bound must be violated in any asymptotically dS space with a cosmological singularity. Thus, the BBM conjecture further implies that some energy conditions must be also violated for asymptotically dS space with a cosmological singularity. Therefore the BBM conjecture might be quite useful to well understand the creation and fate of our realistic universe. In addition, there might exist CFTs dual to some asymptotically dS spaces with cosmological singularity. For such CFTs, there is no maximal entropy bound. Some energy conditions might be violated for these exotic CFTs. Therefore a well understanding of the BBM conjecture will provide help to establish the dS/CFT correspondence. However, the understanding so far gained to the conjecture is obviously incomplete. It is to be expected to reveal the deep implications of the conjecture in a near future.

ACKNOWLEDGMENTS

RGC thanks M. Yu for a useful discussion. The work of RGC was supported in part by a grant from Chinese Academy of Sciences. YSM was supported in part by the Brain Korea 21 Program, Ministry of Education, Project No. D-0025 and KOSEF, Project No. 2000-1-11200-001-3. YZZ was supported in part by National Natural Science Foundation of China under Grant No. 10047004, and by Ministry of Science and Technology of Modern Grant No. NKBRSF G19990754.

REFERENCES

[1] V. Balasubramanian, J. de Boer and D. Minic, arXiv:hep-th/0110108. [2] V. Balasubramanian and P. Kraus, Commun. Math. Phys. 208, 413 (1999) [arXiv:hepth/9902121].

[3] M. Henningson and K. Skenderis, JHEP 9807, 023 (1998) [arXiv:hep-th/9806087]. [4] P. Kraus, F. Larsen and R. Siebelink, Nucl. Phys. B 563, 259 (1999) [arXiv:hepth/9906127].

[5] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1998)] [hep-th/9711200].

[6] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [hepth/9802109].

[7] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150]. [8] A. Strominger, arXiv:hep-th/0106113.

[9] M. Spradlin, A. Strominger and A. Volovich, arXiv:hep-th/0110007. [10] R. Bousso, JHEP 0011, 038 (2000) [arXiv:hep-th/0010252]. [11] D. Klemm, arXiv:hep-th/0106247.

[12] S. Nojiri and S. D. Odintsov, Phys. Lett. B 519, 145 (2001) [arXiv:hep-th/0106191]. [13] S. Nojiri, S. D. Odintsov and S. Ogushi, arXiv:hep-th/0108172. [14] J. D. Brown and J. W. York, Phys. Rev. D 47, 1407 (1993). [15] D. Birmingham, arXiv:hep-th/9808032.

[16] S. de Haro, S. N. Solodukhin and K. Skenderis, Commun. Math. Phys. 217, 595 (2001) [arXiv:hep-th/0002230].

[17] Y. S. Myung, arXiv:hep-th/0110123.

[18] P. O. Mazur and E. Mottola, Phys. Rev. D 64, 104022 (2001) [arXiv:hep-th/0106151]. [19] R. C. Myers, Phys. Rev. D 60, 046002 (1999).

[20] M. J. Duff, Class. Quant. Grav. 11, 1387 (1994) [arXiv:hep-th/9308075]. [21] H. J. Boonstra, K. Skenderis and P. K. Townsend, JHEP 9901, 003 (1999) [arXiv:hepth/9807137].

[22] R. G. Cai and N. Ohta, Phys. Rev. D 62, 024006 (2000) [arXiv:hep-th/9912013]. [23] P. K. Townsend, arXiv:hep-th/0110072. [24] R. G. Cai and Y. Z. Zhang, arXiv:hep-th/0105214.

[25] R. G. Cai and Y. Z. Zhang, Phys. Rev. D 54, 4891 (1996) [arXiv:gr-qc/9609065]. [26] R. G. Cai, J. Y. Ji and K. S. Soh, Phys. Rev. D 57, 6547 (1998) [arXiv:gr-qc/9708063]. [27] N. D. Birrell and P. C. Davies, “Quantum Fields In Curved Space,” Cambridge, Uk:

Univ. Pr. ( 1982) 340p.

[28] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 483, 565 (1997) [arXiv:astro-ph/9608192].

[29] R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998) [arXiv:astro-ph/9708069].

[30] P. M. Garnavich et al., Astrophys. J. 509, 74 (1998) [arXiv:astro-ph/9806396]. [31] S. Hellerman, N. Kaloper and L. Susskind, JHEP 0106, 003 (2001) [arXiv:hepth/0104180].

[32] W. Fischler, A. Kashani-Poor, R. McNees and S. Paban, JHEP 0107, 003 (2001) [arXiv:hep-th/0104181].

[33] A. Strominger, JHEP 0111, 049 (2001) [arXiv:hep-th/0110087].