arXiv:hep-th/0110267 v3 26 Nov 2001

NIKHEF-Th-01-016 CU-TP-1040 hep-th/0110267

Geometry of WZW Orientifolds

L.R. Huiszoon^1, K. Schalm^{1,2} and A.N. Schellekens^1

1 NIKHEF Theory Group P.O. Box 41882 1009 DB Amsterdam

2Department of Physics^3 Columbia University New York, NY 10027

Abstract

We analyze unoriented Wess-Zumino-Witten models from a geometrical point of view. We show that the geometric interpretation of simple current crosscap states is as centre orientifold planes localized on conjugacy classes of the group manifold. We determine the locations and dimensions of these planes for arbitrary simply-connected groups and orbifolds thereof. The dimensions of the O-planes turn out to be given by the dimensions of symmetric coset manifolds based on regular embeddings. Furthermore, we give a geometrical interpretation of boundary conjugation in open unoriented WZW models; it yields D-branes together with their images under the orientifold projection. To find the agreement between O-planes and crosscap states, we find explicit answers for lattice extensions of Gaussian sums. These results allow us to express the modular P -matrix, which is directly related to the crosscap coefficient, in terms of characters of the horizontal subgroup of the affine Lie algebra. A corollary of this relation is that there exists a formal linear relation between the modular P - and the modular S-matrix.

3Address since September 1st.

1 Introduction

There has been much progress in the study of interacting conformal field theories on open unoriented surfaces [1, 2, 3, 4]. Compared with the closed case, this requires the introduction of two new objects, boundary and crosscap states, which act as sources for closed strings. Starting with [5], there has been much interest in the geometrical interpretation of the first of these two: the boundary states. By extension of the toroidal results, they are believed to give a stringy description of D-branes [6] in curved backgrounds. Owing to the presence of localized Yang-Mills fields on their surface, their natural geometric interpretation is as vector-bundles wrapping closed submanifolds or more precisely coherent sheaves. And owing to the geometric interpretation the abstract CFT results may be extrapolated away from the special rational point to other areas of the moduli space of the theory.

In many realistic string compactifications however, the presence of boundary states leads to tadpoles, and we are forced to include crosscap states in CFT. In geometric language one needs to absorb the excess charges carried by the D-branes by the introduction of (some superposition of) orientifold planes [7]. Outside of toroidal or orbifold compactifications, little is known about the geometry of orientifolds (see [8] for a first attempt to study Oplanes in a curved geometry). It is not clear whether orientifolds also should be interpreted as independent objects wrapping closed submanifolds. From a CFT point of view it is a priori not even clear that crosscap states yield properly localized charge distributions which may be interpreted as (lower-dimensional) orientifold planes. Known examples of toroidal or orbifold models are limited to special points in the stringy region of the geometric moduli-space where the target space is flat except for some singular points. Indeed from a perturbative string-theory point of view orientifolds seem little more than a bookkeeping device for excess curvature or charge, because they have no inherent moduli and are strictly rigid objects. On the other hand, non-perturbative studies do indicate that they may possess some properties which allow them to be seen as bound states of independent higher-dimensional objects in string theory. An example hereof is the splitting of O7-planes into D7-branes under splitting of the singularities of F-theory compactifications on K3 [9].

Here we wish to make a first step towards determining the geometrical characteristics of crosscap states. Understanding these would allow us to extend unoriented type I compactifications to regions away from rational points in the moduli space, and make contact with large volume geometry. We have to be careful, for it has not yet been established whether this is a truly sensible question to ask. The orientation reversal projection, characteristic of the crosscap state, may project out some blow-up modes which are necessary to reach the large volume point of the moduli space. Hence the target-space geometry, or more precisely its moduli space, of unoriented models is not directly equivalent to that of its oriented parent. In turn this means that we should also reconsider the geometry of boundary states in unoriented models, as it may need reinterpretation.

In this article, we will start to address these questions by studying orientifold planes on group manifolds. Strings on group manifolds are described by Wess-Zumino-Witten (WZW) models, which are a well-understood class of interacting CFT’s. In particular the crosscap states which may arise in WZW-models are known. On the other hand, to consider the group manifold of a WZW-model as target spaces does not always agree with the conventional interpretation of the target space of string theories. Most importantly, in standard string scenarios we think of the string moving in a target space with dimension equal to the central charge of the bosonic CFT. With WZW models, on the other hand, one thinks of the string living on the group manifold with dimension that of the group itself. The word “geometry” depends on the setting in which it is discussed.

We will proceed with this caveat in mind. In section 2 we will use simple geometrical (group theoretical) techniques in the Lagrangian description of WZW models to classify the possible WZW orientifold planes by their locations and dimensions. For every element of the centre of the group, we find a configuration of O-planes that are localized on conjugacy classes. In section 3, we review the construction of abstract unoriented CFT’s in general and WZW-models in particular. We show that in order to determine the characteristics of WZW crosscap states, we need an expression for the pseudo-modular P -matrix in terms of characters of the horizontal subalgebra. This specific mathematical problem we answer in section 4, whereafter in section 5 we reach the objective of this article. We demonstrate that there is indeed a one-to-one correspondence between the so-called simple current crosscap states [10] of Wess-Zumino-Witten models and the geometrical O-planes. We also show that the crosscap states of [11] describe configurations of O-planes on non-simply connected group manifolds (orbifolds). In the final section, section 6, we describe the geometry of branes in unoriented WZW models, thereby completing the earlier study of branes on group manifolds [12, 13, 14, 15].

The important calculation of section 4 that expresses the P -matrix of a WZW-model in terms of characters of the horizontal subalgebra is the heart of this paper. There are at least two reasons for us to surmise that it may have consequences beyond the immediate question posed here. In deriving the relation between the P -matrix and characters, one has to perform mathematically interesting ‘quadratic Gaussian sums’ on the weight lattices of the horizontal algebra. These are extensions of one-dimensional Gaussian sums and d-Cartesian dimensional Kloosterman sums, which play a role in analytic number theory. Physically interesting is the fact that the relation with characters of G implies a linear relation between the modular P - and the modular S-matrix for WZW-models, albeit an analytic continuation of the latter, which we define in section (4.2). The construction of open-string theories relies heavily on the properties of both, and if the existence of such a linear relation were to hold for all abstract CFT’s, this could have important consequences, for instance for tadpole cancellation.

Concerning the notation: a tilde is used for the rightmoving sector, but is often omitted for the sake of clarity. The affine algebra will be denoted by g and the horizontal subalgebra by ḡ. By extension all affine quantities are unbarred, for instance weights Λ and characters χ, and all horizontal quantities are barred. However, when the formulas are unambiguous, we will often drop the bars. Lie group characters are denoted by X .

Two final remarks: One, to prevent an overcluttered notation we have normalized the length squared of the highest root Ψ for every group to two: (Ψ, Ψ) = 2. Two, in trying to keep the presentation as simple as possible, we will assume that the group centres are cyclic. At the end of some sections, we will comment on the generalization to noncyclic centres, that occur for D_r, r even, or tensor products of WZW models.

While we were applying the final touches, a paper [34] appeared which also finds some of the results discussed here.

2 Semiclassical analysis

WZW models, as do free CFT’s, have the advantage that there also exists a Lagrangian description of the theory. String theory on a group manifold G can either be described by the abstract CFT built on an affine extension g of the algebra ḡ of G or by the Wess-Zumino- Witten action [16, 17] S = − k 16π ∫ Σ d^2xTr(g^{−1}∂_μg)^2 + k 24π ∫ B d^3yTr(g^{−1}dg)^3 . (2.1)

Here g is a field that takes values in the group G and lives on the string worldsheet Σ. The second term is topological; B is a three-manifold whose boundary is Σ, and the level k has to be integer. The Lagrangian description emphasizes the geometry and it is therefore the natural place to explore the geometrical consequences of orientation reversal.

The WZW theory possesses the chiral currents [16] W = g^{−1}∂g , W̃ = − ~∂gg^{−1} , (2.2) whose modes span two commuting copies of the affine Lie algebra g. To construct an unoriented theory, consider the involutions

Ω_n := Ω · R_n , (2.3)

The worldsheet parity transformation Ω interchanges the chiral coordinates and R_n acts on the coordinates as R_n : g → γ^ng^{−1} , n = 0, ..., N − 1 (2.4)

where γ generates the Z_N centre of G. Ω_n interchanges the chiral currents and is therefore a global invariance of this theory. When we gauge this symmetry, we obtain orientifold fixed planes at those points of the target space G that are fixed under Ω_n [7]. Note that Ω by itself is not a symmetry. This tells us right away that WZW models do not possess space-time filling orientifold-planes, analogous to O9-planes in superstring theory. Instead, we only get lower dimensional planes at the points g ∈ G for which

g = γ^ng^{−1} . (2.5)

Note that, if g solves (2.5), so does every point in the set C(g) = {hgh^{−1}|h ∈ G} , (2.6) so our planes are located at conjugacy classes of G.

To solve (2.5) explicitly, recall that every conjugacy class contains at least one element of a maximal torus T of G. So choose a Chevalley basis of the rank r algebra ḡ and let H^i, i = 1, ..., r be a basis for the Cartan subalgebra. In this basis their action on the weights returns the integral Dynkin labels. Then an element of the corresponding maximal torus can be written as g_t = exp (2πi(t, H)) := exp (2πi ∑_r i=1 t_iH^i). In this basis, the centre elements γ^n are given by γ^n = exp{2πi n N ∑ i c_iH^i} , (2.7)

where C := ∑ i c_iH^i is tabulated in table 1. The eigenvalue of C modulo N is known as the conjugacy class of a representation^1 of the algebra ḡ. It is constant modulo N within a representation, which means that C commutes modulo N with all other generators in that representation. This shows that γ^n indeed belongs to the centre (and, by turning the argument around, that the elements of the centre of G are in one-to-one correspondence with the conjugacy classes of ḡ.)

It is now easy to find the solutions to (2.5). An element g_t is a fixed point of R_n when for all i 2t_i = nc_i N mod 1 → t_i = nc_i 2N − u_i 2 mod 1 . (2.8)

Here u_i are vectors in a basis dual to the Dynkin basis, whose entries are either zero or one modulo even integers. We can phrase this in a basis-independent way, using that the dual of the weight space L_w is the coroot lattice L^∨. Eq. (2.8) is a vector equation on a basis of r simple coroots α̃^i, i = 1, . . . , r;

2t = nc N mod L^∨ → t = nc 2N − u 2 with u ∈ L^∨ mod 2L^∨ , (2.9)

with t = ∑ i t_iα̃^i, etc. The minus sign in front of u is chosen for later purposes (to make contact with (5.5)). So we have found 2^r solutions g_{n,u} to (2.5). In general, however, not all of them lie on different conjugacy classes. A quite non-trivial theorem states that when two elements of the maximal torus are conjugate, they are related by the action of the Weyl group W [18]. Now we can count how many and what type of O-planes we get.

Consider first the projection with n = 0 and define

g_u := g_{0,u} = e^{−πi(u,H)} . (2.10)

Then, according to this theorem, g_u and g_u′ lie on the same conjugacy class when u and u^′ belong to the same Weyl orbit, i.e. when there is a w ∈ W such that

u^′ = w(u) mod 2L^∨. (2.11)

So the number of O-planes equals the number of Weyl orbits of ḡ. We determined these numbers empirically and displayed them in table 1.

1Not to be confused with the conjugacy classes for groups used above.

Next, consider the orientifold projection by Ω_n where n is even, i.e. n = 2m. Note that, when the order of the centre N is odd, we can always bring n to this form. It is easy to see that (2.5) is solved by g_{2m,u} = γ^mg_{0,u} , (2.12)

i.e. the locations of the n = 2m planes are simply translations of the canonical (n = 0) ones by centre elements γ^m. It is not hard to see that translation by an element of the centre is consistent with conjugation, i.e. that the conjugacy classes of g_{0,u} map one-to-one to the conjugacy classes of g_{2m,u}. Hence the n = 2m configuration of O-planes directly follows from the n = 0 result.

For N even, we have the additional possibility that n = 2m + 1 odd. Then

g_{2m+1,u} = γ^mg_{1,u} , (2.13)

solves (2.5) where g_{1,u} is a solution for n = 1. So the locations of the n = 2m + 1 planes are translations of the n = 1 configuration by centre elements γ^m. The n = 1 and n = 0 configuration appear to be related by translations g_{n=1,u} = √ γg_{n=0,u} , (2.14)

where √ γ is one of the elements of the maximal torus that squares to γ.^2 Of course √ γ itself is not an element of the centre. We must check anew how the 2^r solutions g_{n=1,u} split into conjugacy classes. The total number of O-planes is now given by the number of Weyl orbits containing the 2^r solutions g_{1,u}. Again we determined these numbers empirically and they are also given in table 1.

Note that for N even, a given configuration (both n = 0, 1) is invariant under translations by the Z_2 subgroup of the centre. Indeed, from (2.5) it is easy to see that when g is a solution, so is −g.

2.1 Dimensions of O-planes

To determine the dimension of the O-planes we need to know which elements of the group commute with g_{n,u}, the element of the maximal torus that defines the conjugacy class. This analysis can be done in the tangent space at the point g_{n,u} of the group manifold, in other words we have to determine which elements of the Lie algebra commute with g_{n,u}. For a generic element of the maximal torus, this set (called the commutant G_c henceforth) consists of only the Cartan sub-algebra, and then the dimension of the O-plane is d − r, where d is the dimension of the group and r its rank. For a centre element the commutant is of course the entire group, and therefore the O-plane has dimension 0 (i.e. it is an O0-plane) if and only if g_{n,u} is an element of the centre. In all other case we have to examine the commutator of the root generators E_α with g_{n,u}.

2We may restrict our attention to elements of the maximal torus, since we are solving g = γ^ng^{−1} only modulo conjugation. In fact eq. (2.14) would not be a solution otherwise.

This can be done as follows. Note that E^α[(t, H)]^m = (t, H){E^α − [(t, H), E^α]}[(t, H)]^{m−1} = [(t, H) − (α, t)]E^α[(t, H)]^{m−1} . (2.15) Iterating this we get E^α[(t, H)]^m = [(t, H) − (α, t)]^mE^α , (2.16)

and hence E^αe^{2πi(t,H)} = e^{2πi[(t,H)−(α,t)]}E^α . (2.17) Therefore E^α commutes with e^{2πi(t,H)} if and only if (α, t) is an integer. Obviously linear combinations of root generators are in the commutant if and only if every term separately is in the commutant. Hence the commutant is in fact a regular subalgebra. The dimension of the plane is d − r − M, where M is the number of roots α with (α, t) integer. One may also write this as d − d_c, where d_c is the dimension of the commutant G_c. In other words, the dimension of the O-plane is equal to the dimension of the coset space G/G_c .

We can say a little more about these coset spaces. Since [e^{2πi(t,H)}]^2 is an element of the centre, it must commute with all E_α, and therefore 2(α, t) must be an integer. Hence the set of root generators splits into two sets, one with (α, t) even that commutes with e^{2πi(t,H)}, and one with (α, t) odd that anti-commutes with it. This means that the Lie-algebra ḡ of G has a direct sum decomposition ḡ = ḡ_c + k̄, where ḡ_c is the Lie algebra of the commutant and k̄ is the ‘odd’ part. Note that the commutator of two elements of k̄ commutes with [e^{2πi(t,H)}]^2, and hence is in ḡ_c. This implies that the coset G/G_c is a symmetric space.

The converse is also true: let G_c ⊂ G be a regular embedding, such that G/G_c is a symmetric space. Then the Lie algebra of G can be decomposed as a direct sum ḡ = ḡ_c + k̄, and there exists an automorphism that fixes ḡ_c and sends k̄ to minus itself. If the embedding is regular, ḡ_c contains the entire Cartan subalgebra of ḡ, and hence the Cartan subalgebra of ḡ is left unchanged by the automorphism. This implies that the automorphism is inner, i.e. there exists an element x ∈ G such that xhx^{−1} = h; xkx^{−1} = −k for h ∈ ḡ_c and k ∈ k̄. This element is unique up to multiplication by an element of the centre. Furthermore x^2 commutes with both h and k, and hence it is an element of the centre. Therefore x is a solution to (2.5).

Hence the classification of O-planes is now a matter of inspecting the table of symmetric spaces [19], and selecting the ones where the embedding is regular. The results are summarized in table 2. In the table the trivial case, G_c = G, corresponding to O0-planes is omitted. This is always a solution for n = 0, and corresponds to g = 1. This table was actually obtained by counting the number of odd root generators in order to identify which conjugacy class belongs to which symmetric space. The relation between conjugacy classes and regular symmetric spaces is not one-to-one because of the possibility of multiplying x with a center element. This may or may not change the conjugacy class to which x belongs. For example, in the trivial case G = G_c (yielding O0-planes) valid choices for x are 1 and −1 (if −1 is an element of G), but 1 and −1 are obviously not conjugate. Up to this freedom of multiplying x by elements of the centre, the number of different choices of G_c for given G and n corresponds to the number of O-planes in the last column of 1. In most cases where there are more conjugacy classes per symmetric space this degeneracy is due to multiplication by −1, but for D_r, r even, there are additional degeneracies.

This can be illustrated rather nicely for G = SU(N), because in that case one can solve (2.4) explicity in the group. For n = 0 the condition g^2 = 1 combined with det(g) = 1 allows diagonal matrices with p eigenvalues 1 and q eigenvalues −1, with N = p + q and q even. This breaks SU(N) to S(U(p) × U(q)). Therefore the corresponding O-planes have dimension 2pq.

For n = 1 we may take a square root of the center element diag(exp(2πi/N)). If we take all N entries of the square root equal to exp(πi/N) we would get determinant −1. Hence we have to flip an odd number of signs. The corresponding group element g breaks SU(N) to S(U(p) × U(q)), but this time with q odd. Note that if N is odd either p is odd or q is odd, so that there is no real difference between n = 0 and n = 1, as expected.

Note that O-planes have smaller dimensions than D-branes except if G_c is precisely the Cartan sub-algebra. This happens only for SU(2), n = 1.

To summarize, simple geometric semiclassical analysis of the WZW-action tells us that the O-plane characteristics depend on the order of the centre. When the order of the centre N is odd, there is only one configuration of O-planes modulo centre translations. This configuration has one O0-plane at the origin; the remaining O-planes are localized on conjugacy classes of various dimensions; their number is given in table 1. For even N, there are two inequivalent configurations of O-planes modulo centre translations. The ‘even’ configuration has two O0-planes at g = ±1, and a remainder — see table 1 — of planes localized on conjugacy classes, whereas the ‘odd’ configuration consists completely of O-planes localized on certain conjugacy classes. This pattern generalizes to the non-cyclic centre of D_r, r even, in a straightforward manner. When there are more cyclic factors in the centre, the number of inequivalent configurations is 2^s, where s is the number of even cyclic factors.

2.2 Planes in Orbifolds

As for free CFT’s, the WZW action (2.1) may also be used to describe orbifolds. For every subgroup H of the centre, we can construct the orbifold G/H. Let H = Z_M, with M a divisor of N, be generated by ξ := γ^{N/M} . Then the orbifold consists of equivalence classes (m = 0, ..., M − 1) g ∼ ξ^mg . (2.18)

The n = 0 O-planes in orbifolds are located at those points of G/H for which

g = g^{−1} . (2.19)

By (2.18), this relation only has to hold modulo translations by ξ^m. In terms of the covering group G, every O-plane configuration corresponding to ξ^m appears in the orbifold. We will see in section 5.1 that the planes form H-translation invariant combinations. Obviously this generalizes directly to n ≠ 0 planes.

2.3 An example: SU(2)

Let us illustrate these results with SU(2).^3 The group manifold is a three-sphere; the conjugacy classes are two-spheres of constant latitude and the centre elements are at the north and south poles. The standard orientifold symmetry g → g^{−1} is a reflection through the ‘axis of rotation’ with fixed points at the poles. In terms of the solutions (2.10) we simply have g_{u=0} = 1 and g_{u=1} = −1.

The action of the centre is to identify antipodal points on the sphere. So the combined action g → −g^{−1} leaves the equator fixed. The solution (2.14) indeed describes one O-plane at the equator, since ± √ γ = ±diag(i, −i).

So the orientifold group (1, Ω_0) gives two O0-planes at the north and south pole and the orientifold group (1, Ω_1) gives one O2-plane at the equator.

When we identify g ∼ −g, we obtain the group manifold of SO(3). The orientifold projection g → g^{−1} gives the following configuration. The two SU(2) O0-planes at the poles are identified by the orbifold symmetry, leaving one O0-plane at the pole for SO(3). There is also one O2-plane at the equator, since this submanifold is now fixed under the combined action of the orientifold and orbifold symmetry.

Recalling the caveat regarding differing views of target space between conventional string compactifications and WZW models, it is interesting to briefly compare the SU(2) results to the well known results for U(1); for, the U(1) theory at the self-dual radius is equal to the SU(2) level one model. In terms of U(1) the standard orientifold symmetry g → g^{−1} is just the reflection x → −x modulo 2πR, with fixed points x = 0 and x = πR corresponding to g = ±1. The n = 1 orientifold symmetry g → −g^{−1} corresponds to the identification x ≃ −x + πR modulo 2πR, with fixed points at x = ±πR/2. Within SU(2) these solutions are conjugate, as are all solutions to the conditions g^2 = γ, γ ∈ U(1): the center is the entire group. If we only consider the locations there is therefore just one solution in U(1), up to equivalence. However, if we also consider the tensions there are two orientifold configurations for any radius R, one with O0-planes with opposite tensions and one with O0-planes with the same tension [21]. In the case of U(1) at the self-dual radius or SU(2) level 1, the underlying CFT interpretation of these two configurations is the same, and the difference corresponds in both cases to a simple current modification of the crosscap, as discussed in the next section, eqn. (3.8). In section 5 we will see that the two O0-planes in SU(2) actually have opposite tension. Hence this configuration corresponds to the analogous one in the U(1) picture. The other configuration is, in SU(2) language, an O2-plane with non-zero tension. This corresponds in U(1) language to two O0-planes with the same tension. In both cases the latter configuration is the one that one obtains from the simple current modified crosscap (3.8) with n = 1.

3This example was studied prior to our work by C. Bachas et. al. [20].

3 Stringy analysis

The above geometric analysis is only valid in the large volume limit, i.e. at infinite level. At finite k, we expect our results to acquire stringy corrections. Conformal field theory, being exact in the string tension, should provide these corrections.

We therefore consider the chiral algebra A of a WZW model. It contains both the Virasoro algebra and an affine Lie algebra g spanned by the modes of a chiral current W given by (n, m ∈ Zand a, b = 1, ..., d) [W^a_n , W^b_m] = f^{ab}_c W^c_{n+m} + mδ^{ab}δ_{n,−m}K . (3.1)

Here K is the central element whose eigenvalue is the level k and f^{ab}_c the structure constants of the horizontal Lie algebra ḡ. At finite level, WZW models are rational (i.e. the number of unitary highest weight representations is finite). The unitary highest weight representations of A are labeled by Λ = (Λ̄, k) where Λ̄ is a highest weight representation of the horizontal subalgebra ḡ such that (Λ̄, Ψ) ≤ k with Ψ the highest root of ḡ. The set of highest weights Λ̄ which obey this constraint, form the dominant affine Weyl chamber W^+_k .

For closed oriented theories the chiral and anti-chiral algebras have to be combined in such a way that the torus partition function Z = ∑ Λ,M χ_ΛZ^{Λ,M} χ̃_M (3.2)

is modular invariant. Here χ_Λ are the affine g−characters of a representation Λ. For modular invariance, it is necessary and sufficient to require the matrix Z to commute with the modular matrices S and T ; explicit expressions for these matrices are known in the case of WZW models and are given in the appendix. The invariant Z corresponds to the geometry of the space on which the strings live. When we take for Z the charge conjugation invariant, this space is the compact, simply-connected Lie group G whose Lie algebra is the compact real form of ḡ. With the use of simple currents we can construct a large class of inequivalent invariants. Simple current invariants correspond geometrically to orbifolds of G by (subgroups of) the centre [22, 23]. For instance, for A_1 level k, the modular invariant choices for Z come in an ADE classification. The A-series correspond to the charge conjugation invariant (which is just the diagonal invariant in this case); it describes an SU(2) manifold. The D-series are simple current invariants that describe SO(3). Finally, the E-series, that only exist for three values of k, do not correspond to a simple current.

Recall that simple currents [24] are primary fields whose fusion rules are such that fusion with any other primary field yields exactly one other field and not several. The fusion rules of simple currents among themselves form an Abelian group. This group is isomorphic to the centre of G.^4 We will denote the field that generates the simple current group H by J, the elements by J^n, n = 0, ..., N − 1 and the identity by 0, i.e. the vacuum representation.

4Except for E_8 level 2 [26].

An important quantity is the monodromy charge, defined by (h_Λ is the conformal weight of Λ and JΛ is the unique fusion product of J and Λ.)

Q_J (Λ) := h_J + h_Λ − h_{JΛ} mod 1 . (3.3)

The charges of the other currents in H are related to that of the generator by Q_J n (Λ) = nQ_J (Λ) mod 1. The monodromy charge is related to the conjugacy class C of the ḡrepresentation Λ as

Q_J (Λ) =

C(Λ) N mod 1 . (3.4)

To construct an unoriented theory, we project the spectrum described by (3.2) to states that are invariant under the interchange of left- and rightmovers by adding the Klein bottle partition function [3] K = ∑ Λ∈W^+_k

K^Λχ_Λ . (3.5)

To ensure that the total closed unoriented spectrum, encoded in (T + K)/2, produces nonnegative state multiplicities, K_Λ must be an integer that has the same parity and is bounded by Z_{Λ,Λ}. The perturbative worldsheet expansion in this theory contains unoriented surfaces, i.e. surfaces with crosscaps. The worldsheet may also have boundaries. Their properties are encoded in the annulus and Möbius strip partition function: A_{ab} = ∑ Λ∈W^+_k

A^Λ_{ab}χ_Λ , M_a = ∑ Λ∈W^+_k

M^Λ_a χ_Λ . (3.6)

The Chan-Paton labels a, b are used to distinguish the possible boundaries of the open strings. Open-closed string duality means that we may equivalently describe the three partition functions K, A and M as the tree-level “exchange” of closed strings, propagating between boundary-states |B_a⟩ and crosscap states |Γ⟩: |B_a⟩ = ∑ Λ∈W^+_k B_{a,Λ}|Λ⟩⟩_B , |Γ⟩ = ∑ Λ∈W^+_k

Γ_Λ|Λ⟩⟩_Γ . (3.7)

We have expanded each onto a basis of Ishibashi boundary- and crosscap states respectively in order to make the conformal properties of these states manifest; B_{a,L} and Γ_Λ are known as the boundary and crosscap coefficients. These are not arbitrary but must obey various integrality constraints. For all simple current modifications of the charge conjugation invariants solutions to these constraints are known [11]. In case of the charge conjugation invariant, we have N solutions; one for every simple current J^n:

B^{(n)}_{a,Λ} = S_{a,Λ} √ S_J n_{,Λ}

, Γ^{(n)}_Λ =

P_J n_{,Λ} √ S_J n_{,Λ} , n = 0, . . . , N − 1 , (3.8) where S_{a,b} is the modular S-matrix and P_{a,b} the ‘pseudo’-modular matrix equaling P := √ T ST^2S √ T . This matrix will form an important part of our story, and we will discuss it in more detail below. Historically, the boundary state with the n = 0 coefficient is the famous Cardy state. The crosscap coefficient with n = 0 first appeared in [27]. In [10], it is shown that the above set of boundary and crosscap coefficients gives rise to a consistent unoriented spectrum for every simple current J^n. Not all currents give rise to a different spectrum however. In [28], it is shown that two ‘Klein bottle currents’ J^n and J^{n′} produce the same spectrum if n + n^′ even modulo N.

We claim that, just as the boundary states describe stringy D-branes, these crosscap states describe the orientifolds found in section 2 in the stringy regime. As a check, we would like to recover the semiclassical properties and positions in the large volume limit. In order to extract the position of the defects described by the crosscap state, we follow the method of [13, 29], by calculating the coupling of a ‘graviton’ to the crosscap in ‘momentum space’. Extrapolating from the U(1) free CFT and its chiral extension U(1)_k , a ‘graviton’ is created by the vertex W^a_{−1}W̃^b_{−1} + W^b_{−1}W̃^a_{−1}|μ, μ̃⟩_M (3.9)

The weights μ, μ̃ are the left- and right-‘momentum’, and required to be weights of M and M^c respectively (since we are discussing the charge conjugation modular invariant). Due to the multi-dimensionality of the ground-state of the Verma-module (by acting with the horizontal subalgebra), the range of μ is not just the set of affine highest weight states W^+_k = {Λ ∈ L_w|(Λ, Ψ) < k}, but includes all weights λ found by acting with the horizontal subalgebra on W^+_k . To find the location of the orientifold we compute the one-point function of a graviton, up to a normalization of the crosscap states which will be discussed in section 5. G^{ab}_M (μ, μ̃) =_M ⟨μ, μ̃|W^a_1 W̃^b_1 + W^b_1 W̃^a_1 |Γ⟩ . (3.10)

We will need the explicit form and reflection properties of the Ishibashi crosscap state

W^a_m|Λ⟩⟩_Γ = (−1)^mW̃^a_{−m}|Λ⟩⟩_Γ , |Λ⟩⟩_Γ = ∑ levels m |Λ, m⟩ ⊗ U(−1)^m|Λ̃ = Λ, m⟩ , (3.11) where U is an anti-unitary operator that maps weights μ ∈ M to their duals μ^c ∈ M^c. Here |Λ, m⟩ is a condensed notation for the complete set of weights of the horizontal algebra ḡ that appear at level m in the Verma module based on the highest weight Λ. With the help of (3.11) one finds that

G^{ab}_M (μ, μ̃) = −_M ⟨μ, μ̃|W^a_1 W^b_{−1} + W^b_1 W^a_{−1}|Γ⟩ = −2kδ^{ab} ∑ Λ Γ_{Λ M} ⟨μ, μ̃|Λ⟩⟩_Γ = −2kδ^{ab}δ_{μ̃,μ}c Γ_M . (3.12)

It is obvious from the computation that −2kδ^{ab} just signifies the tensorial nature of the overlap, and that one may use any arbitrary closed string state to derive the momentumspace distribution (e.g. as in [15]). We will therefore drop this factor from now on, and call the remainder G_M (μ, μ̃).

To find the spatial-distribution we need to “Fourier” transform. The analogue of Fourier modes for group-manifolds are the matrix elements ⟨λ|R_Λ (g)|λ^′⟩, where R_Λ(g) stands for the group element g in the representation Λ and λ, λ^′ are weights λ ∈ Λ and λ^′ ∈ Λ^c. The Fourier transformation to find the distribution amounts to computing

G̃(g) = ∑ Λ ∑ λ,λ^′ G_Λ(λ, λ^′)⟨λ|R_Λ(g)|λ^′⟩ = ∑ Λ∈W^+_k

X_Λ(g)Γ_Λ . (3.13)

The last step follows from the fact that highest weights Λ /∈ W^+_k do not appear in the theory.

The above is simply repeating what has been done for the boundary states in [13]. There on the rhs of (3.13) the boundary coefficient, and thus the modular S-matrix appears instead of the crosscap coefficient which depends on the modular P -matrix. Mathematically it was known that the modular S-matrix is expressible in terms of a character of the horizontal Lie group. This meant that the boundary state analogue of (3.13) was easily evaluated by using completeness of the group characters, and the geometric analysis could proceed straightaway. Our aim in the next section will be to derive an expression for the P -matrix in terms of group characters of G as well.

4 The P -matrix, characters and Gaussian sums

4.1 Properties of the P -matrix

Before we turn to this calculation of the P -matrix in WZW models, we briefly discuss some of its properties that hold for arbitrary CFT’s. As we indicated, the P -matrix plays an important role in the construction of open unoriented string theories [3]. The P -matrix encodes the channel transformation for the Möbius strip, i.e. it relates the open and closed string channels of this diagram [3]. The action P may be represented in terms of the modular T - and S-matrix as P = √ T ST^2S √ T , with T diagonal and √ T defined as exp[iπ(h_a−c/24)].

When the CFT has a Z_N simple current group generated by J, the matrix elements of S are related as follows (n = 0, ..., N − 1) [24, 25]: S_J n_{i,j} = e^{2πinQJ (j)}S_{i,j} , (4.1) where Q is the monodromy charge (3.3). A similar relation can be derived for the matrix elements of the P -matrix [11] P_J 2m_{i,j} = ϕ(2m, i)e^{2πimQJ (j)}P_{i,j} , (4.2) where ϕ(2m, i) := exp [πi (h_i − h_J 2m_i − 2Q_J m (J^mi))] . (4.3)

In the application in the main text, we have i = 0 or i = J and J integer spin, in which case the phases σ(2m) := ϕ(2m, 0), σ(2m + 1) := ϕ(2m, J) are just signs.

Note that there is no simple relation for matrix elements that are related by odd currents. This paper basically explains why: the corresponding O-plane configurations are not related by a centre translation.

4.2 The P -matrix in WZW models and G-characters

The objective of this section, to which we now return, is to find an expression for the P - matrix of WZW models in terms of group characters, since this enables us to find the location of the O-planes by using orthogonality of these characters.

For WZW models we know the explicit expressions for both the modular S- and the modular T -matrix. We have given them in the appendix. The P -matrix is therefore explicitly known. Some properties of Lie algebra characters and the different forms in which they may be expressed are also given in the appendix. Inspection shows that to find P in terms of characters we must perform the matrix multiplication inherent in the definition of P . After substituting the formulas for the S and T matrix we therefore have to compute

P_{Λ,N} = N^2_S exp [ −πi ( kd 4h )] exp [ πi 2h ((Λ, Λ + 2ρ) + (N, N + 2ρ)) ] (4.4) × ∑ R∈W^+_k w,v∈W sign(wv) exp [ −2πi h [(w(Λ + ρ), R + ρ) − (R, R + 2ρ) + (v(N + ρ), R + ρ)] ] .

Here W^+_k is the set of affine dominant integral weights, i.e. the set of weights R of G with nonnegative Dynkin labels such that (R, Ψ) ≤ k, with Ψ the highest root. The vector ρ is the Weyl vector, h := k + g^∨ the height, g^∨ the dual Coxeter number, W the Weyl group of G and sign(w) equals (−1)^{# generators of w∈W} . N_S is the normalization of the S-matrix given in eq. (A.12).

We can simplify this expression by shifting the sum over R to a sum over M = R + ρ. When (R, Ψ) ≤ k then (R + ρ, Ψ) ≤ k + (ρ, Ψ) = h − 1. Furthermore, as the Dynkin labels R_i ≥ 0, it follows from the definition of the Weyl vector that R_i + ρ_i = R_i + 1 ≥ 1. So this shifted weight M lives in the interior of the strictly dominant affine Weyl chamber W^{++}_h . However, since the S-matrix vanishes at the boundaries of this chamber, we can extend the sum back to the dominant Weyl chamber W^+_h .

P_{Λ,N} = N^2_S exp [ −πi ( kd 4h )] exp [ πi 2h ((Λ, Λ + 2ρ) + (N, N + 2ρ) − 4(ρ, ρ)) ] (4.5) × ∑ M ∈W^+_h w,v∈W sign(wv) exp [ −2πi h [(w(Λ + ρ), M) − (M, M) + (v(N + ρ), M)] ] .

Next, for every v we reorder the sum over w to vw. Then, since Weyl reflections preserve the inner product, we can combine the sums over M and v to a sum over weights M that live in all Weyl reflections of the dominant Weyl chamber, i.e. the set W_h. It may appear that the fixed points of the Weyl group at the boundaries are now undercounted. However, as we have seen before, they don’t contribute to the P -matrix, so we can add or subtract them at will.

There is, however, a more natural range for M. Note that the summand is invariant under a translation M → M + hα with α an arbitrary simple coroot. Recall that for every element of the weight lattice L_w that does not lie on the boundary of some Weyl chamber, there is a unique element of the affine Weyl group (at ‘level’ h) that maps it to the dominant Weyl chamber W^+_h . The affine Weyl group is the (semi-direct) product of the horizontal Weyl group W and the group of translations by hL^∨, with L^∨ the coroot lattice. So every weight in W_h = W (W^+_h ) that does not lie at the boundary of some chamber, represents one of the elements in L̃_w/hL^∨, where L̃_w is the weight lattice where all boundaries are removed. So instead of summing over all elements in W_h, we may sum over cosets M ∈ L_w /hL^∨, where we included the boundaries again since they do not contribute to P anyway. So

P_{Λ,N} = N^2_S exp [ −πi ( kd 4h )] exp [ πi 2h ((Λ, Λ + 2ρ) + (N, N + 2ρ) − 4(ρ, ρ)) ] (4.6) × ∑ M ∈L_w/hL^∨ w∈W sign(w) exp [ −2πi h [(w(Λ + ρ), M) − (M, M) + (N + ρ, M)] ] .

We can now complete squares in the second line:

P_{Λ,N} = N^2_S exp [ − πi 4h (kd + 12(ρ, ρ)) ] (4.7) × ∑ M ∈L_w/hL^∨ w∈W exp [ −πi h (w(Λ + ρ), N + ρ) ] exp [ 2πi h ( M − w(Λ + ρ) + N + ρ 2 )_2] .

Upon using the strange formula for the length of ρ (recall that we are using the normalization (Ψ, Ψ) = 2) (ρ, ρ) = 1 12 dg^∨, (4.8)

we can write this as

P_{Λ,N} = N^2_S exp [ − πid 4 ] ∑ w∈W sign(w) exp [ −πi h (w(Λ + ρ), N + ρ) ] G_h(C^{−1}, w(Λ + ρ) + N + ρ)

(4.9) where we introduced the lattice Gaussian sum on L_w with metric C^{−1}.

G_h(C^{−1}, X) := ∑ M ∈L_w/hL^∨ exp [ 2πi h | | |M − X 2 | | | 2] . (4.10)

In the next section, see equation (4.32), we prove that this sum equals

G_h(C^{−1}, X) = | | | L_w L^∨ | | | 1/2 ( hi 2 )_{r/2} ∑ u∈L^∨/2L^∨ (−1)^{h2 (u,u)+(u,X)} , (4.11)

where u is the set of all coroots modulo even coroots. In other words, u is the set of vectors u = ∑ i u_iα̃^i on the coroot lattice L^∨ whose entries u_i are either 0 or 1. Hence

(u, X) = ∑ i u_iX^i where X^i are the Dynkin labels, and (u, u) = ∑_r j=1 u_iC^{ij} u_j where C is the inner product matrix of the coroots C^{ij} = (α̃^i, α̃^j ).

Taking everything together, we find P_{Λ,N} = N_P ∑ u∈L^∨/2L^∨ (−1)^{h2 (u,u)+(u,N +ρ)} ∑ w∈W sign(w) exp [ −πi h (w(Λ + ρ), N + ρ + hu) ]

(4.12) with N_P := 2^{−r/2}N_S = i^{(d−r)/2}|L_w /L^∨|^{−1/2} 1 √ (2h)^r

. (4.13)

Two results immediately follow from eq. (4.12). Using the Weyl character formula (A.3) P can be seen to equal the sum of characters X_Λ of the horizontal subgroup,

P_{Λ,N} = ∑ u N^{(N )}_u X_Λ(g^N_u ) (4.14)

evaluated at the group element

g^N_u = exp { −πi h (N + ρ + hu, H) } , (4.15)

where N^{(N )}u equals

N^{(N )}_u := N_P (−1)^{h2 (u,u)+(u,N +ρ)} ∑ w∈W sign(w) exp { −πi h (w(ρ), N + ρ + hu) } . (4.16)

And, due to the formal equivalence between characters X_Λ and the modular S matrix, one derives a linear relation between S and P , P_{Λ,N} = 2^{−r/2} ∑ u (−1)^{h2 (u,u)+(u,N +ρ)}S_{Λ,} N −ρ+hu_2 . (4.17)

This relation exists only in the formal sense, as the S-matrix for non-integer weights is only defined by analytic continuation through its equivalence with characters. Nonetheless the very existence of these relations is remarkable. Both, however, hinge on the proof of eq. (4.11) with which we now proceed.

4.3 Gaussian sums for Lattices

The Gaussian sum g_k (a, 0) is the discrete analog of the Gaussian integral:

g_k (a, 0) = k−1∑ n=0 e^{2πian2k} . (4.18)

Gaussian sums play a role in analytic number theory (for a review, see [30]). Their main application is to count the number of solutions to the congruence x^2 ≡ a(mod p); the number a is called a quadratic residue mod p.

This sum has been evaluated to g_{mk} (a, 0) = mg_k(a, 0) , gcd(ma, mk) = mϵZ, g_k(a, 0) = (a k ) g(1, k) , gcd(a, k) = 1 ,

g_k(1, 0) = 1 2 (1 + i)(1 + i^{−k}) √ k , (4.19)

where (_a k ) is the Legendre symbol. Decomposing k into primes k = ∏ p_i, it equals the product of Jacobi symbols, ( a k ) = ∏ i;k= ∏ p_i ( a p_i ) , ( a p ) = { 1 if x^2 = a(mod p) has a solution for xϵZ −1 if not

. (4.20)

For purposes of comparison, we also give the Gaussian sum over half integers

g_k (a, 1 2 ) = k−^1_2∑

n=^1_2 e^{2πian2k} = 1 2 g(a, 4k) − g(a, k) . (4.21)

For a = 1 this is simply g_k (1, 1 2 ) = 1 2 (1 + i)(1 − i^{−k}) √ k . (4.22)

For SU(2) the weight lattice is one-dimensional and the sum in (4.9) equals a regular Gaussian sum. For higher rank groups we will need a lattice generalization of this sum.

Consider an even lattice L^∨ with volume |L^∨| and dual lattice L_w . In the application we have in mind, L^∨ is the coroot lattice of a Lie algebra ḡ and L_w the weight lattice, but the following discussion applies to arbitrary even lattices. The restriction to even lattices is important, since only then is L^∨ (and every integer multiple hL^∨) a sublattice of L_w . The quadratic Gaussian sum on L_w/hL^∨ is defined as

G_h(C^{−1}, X) := ∑ μ∈L_w/hL^∨ exp { 2πi h | | | |μ − X 2 | | | | 2} (4.23)

= ∑ m^i exp [ 2πi h (m^i − X^i 2 )C^{−1}_{ij} (m^j − X^j 2 ) ] , (4.24)

where X is an integral weight and |y|^2 is the length squared of y, computed with the lattice metric C^{−1} of L_w . The precise summation range of m_i follows from the first form of the expression. In order to evaluate this sum, it is convenient to define (ϵ > 0) τ := h − iϵ → 1 τ = 1 h + iϵ h^2

+ O(ϵ^2) . (4.25)

Consider then the sum over the full weight lattice

Ξ(τ ) := ∑ λ∈L_w exp { 2πi τ | | |μ − X 2 | | | 2} , (4.26)

which due to the small regulating parameter introduced in (4.25) is now finite and well defined (it is a theta function). We can write Ξ in two different ways. In the first, we split the sum over λ in a ϵ-dependent sum over hβ, β ∈ L^∨ and a ϵ-independent sum over^5 μ ∈ L_w /hL^∨: Ξ(τ ) = ∑ μ∈L_w /hL^∨ exp [ 2πi h | | | |μ − X 2 | | | | 2] ∑ β∈L^∨ exp [ −2πϵ | | | |β + μ − X/2 h | | | | 2 + O(ϵ^2) ] . (4.27)

The last sum can be approximated by a Gaussian integral that to leading order in ϵ does not depend on μ − X/2, and we recognize the Gaussian sum in the prefactor:

Ξ(τ ) = G_h(C^{−1}, X) [ 1 √ ϵ ∫ dxe^{−2πx2} + O(1) ] . (4.28)

On the other hand, we can first use Poisson’s resummation formula (which is allowed since ϵ > 0) to write the sum (4.26) as

Ξ(τ ) = |L_w|^{−1} ( iτ 2 )_{r/2} ∑ α∈L^∨ exp [ −πiτ 2 |α|^2 ] exp [ 2πi( X 2 , α) ] , (4.29)

and then split^6 the sum over α in a ϵ-dependent sum over 2β, β ∈ L^∨ and a ϵ-independent sum over u ∈ L^∨/2L^∨

Ξ(τ ) = |L_w|^{−1} ( iτ 2 )_{r/2} ∑ u∈L^∨/2L^∨ (−1)^{(u,X)+ h2 (u,u)} ∑ β∈L^∨ exp [ −2πϵ|β − u 2 |^2 ] . (4.30)

As before, we can approximate the sum over β by an integral that does not depend on u/2 to leading order in ϵ:

Ξ(τ ) = |L_w|^{−1} ( hi 2 )_{r/2} ∑ u∈L^∨/2L^∨ (−1)^{(u,X)+ h2 (u,u)} [ 1 √ ϵ ∫ dxe^{−2πX 2} + O(1) ] . (4.31)

5We have to be careful here, since the summand is not independent of the representative of the coset μ ∈ L_w/hL^∨. We must therefore choose a particular set of representatives and this is implicit in the notation. In the final answer, equation (4.32), this ambiguity disappears.

6Again, at this stage we must choose a representative for u in order for this expression to be well-defined.

We can now equate the two results (4.28) and (4.31). Comparing the O(1/ √ ϵ) terms, we find for the quadratic Gauss sum

G_h(C^{−1}, X) = | | | | L_w L^∨ | | | | 1/2 ( ih 2 )_{r/2} ∑ u (−1)^{(u,X)+ h2 (u,u)} , (4.32)

where we used |L_w| = |L^∨|^{−1} in obtaining the final equation. For rank one SU(2) this indeed reduces to the known results (4.20) and (4.22).

To appreciate how remarkable this result is note that we started with a summation of gaussians involving the integrable weights at a certain level. Yet the result depends on the level in a very simple way, namely only through the volume of the affine Weyl chamber. Although not shown here explicitly, the dependence on X is also very simple. A priori it is clear that the result only depends on the classes L_w /2L_w , and is constant on the Weyl orbits of these classes (the number of distinct classes is in fact precisely given by the entries in the last column of table 1). If h is even, the summation over u yields 2^r for X=0, and zero if X belongs to a non-trivial class. For odd h the result is slightly more complicated. The summation can take three values on the classes, either 0 or ±2^l, with l ≤ r. There are many more interesting features we could mention, and undoubtedly more still to be discovered, but let us return now to the main subject of this paper.

5 The semiclassical limit

We are now in a position to show that there is a one-to-one correspondence between the O-planes constructed in section 2 and the crosscap states of section 3. We will do this by demonstrating that the distribution (3.13), that gives the location of the defects described by the crosscap states in the large volume limit, is peaked at the solutions g_{n,u} of equation (2.5). Let us first consider the charge conjugation invariant. There is a normalization issue we have suppressed up till now. In the more extensively studied case of D-branes, the graviton-crosscap coupling is not directly given by the boundary coefficients, but by a reflection coefficient R_{Λ,a} that differs from it by a factor [31, 32]. By “boundary coefficient” we concretely mean here the coefficients B that appear in the expression of the annulus as A^i_{ab} = ∑ Λ S^i_ΛB_{Λa}B_{Λb}, and that are determined by integrality. These are the coefficients presented in (3.8). The additional factors come from the definition of the annulus amplitude and the normalization of the identity near a boundary. In the Cardy case, the reflection coefficients are S_{Λa}/S_{0a}, and the boundary coefficients S_{Λa}/ √ S_{Λ0}. We should expect similar factors to appear between the crosscap states Γ_Λ (3.8) and the O-plane reflection coefficients. The latter we will denote as U_Λ. An additional complication is the fact that we have to know these factors for non-zero values of J. Our proposal is to use the following definitions

R^{(n)}_{a,Λ} = S_{a,Λ} S_{0a} , U^{(n)}_Λ =

P_J n_{,Λ} S_{00} , n = 0, . . . , N − 1 , (5.1) It may appear counter-intuitive that for n ≠ 0 the phases from the denominator in (3.8) were dropped. The rationale behind this is that the D-brane reflection coefficients should not change if we modify the O-plane reflection coefficients, by going from P_{0Λ} to P_J n_{,Λ}. On the other hand, at the one-loop level, the Möbius strip amplitude does change, and this in its turn enforces (through open sector integrality) a change in the annulus amplitude. The latter change correponds always to a different choice of the boundary conjugation matrix A^0_{ab}. This can be taken into account by extra phases in the boundary coefficients. In other words, the phases in the denominators in (3.8) belong naturally in the boundary and crosscap coefficients that enter in the definition of the one-loop partition functions, but not in the reflection coefficients. Obviously this is a conjecture, and not a proof. The fact that this definition will turn out to make sense geometrically gives additional support for this conjecture, and we hope that it may help resolve a long-standing debate on the proper description and the origin of these phases. In fact, we will see that the geometric picture gives a nice way of understanding boundary conjugation.

The precise distribution that we therefore wish to evaluate is

G̃^{(n)}(g) = ∑ Λ∈W^+_k

U^{(n)}_Λ X_Λ(g) (5.2)

rather than eq. (3.13). In the infinite volume limit, k → ∞, the sum is over all highest weight representations of ḡ. We can then use completeness of the group characters, provided we have an expression for P_J n_{,Λ} as a sum of G-characters. This is the very fact we accomplished in (4.14) , P_J n_{,Λ} = ∑ u N^{(n)}_u X_Λ(g^{(n)}_u ) , (5.3)

where

N^{(n)}_u := N_P (−1)^{h2 (u,u)+(u,J n +ρ)} ∑ w∈W sign(w) exp { − πi h (w(ρ), J^n + ρ + hu) } , (5.4)

and the character in the P -matrix is evaluated at the group element

g^{(n)}_u := exp { − πi h (J^n + ρ, H) } exp {−πi(u, H)} . (5.5) We will start with n = 0. In the infinite volume limit, the argument of the characters in (5.3) becomes (we ignore ρ/h) g^{(0)}_u^{h→∞}−→ e^{−πi(u,H)} = g_u , (5.6) where g_u is the solution to (2.5) for n = 0. To work out the normalizations we make use of the denominator identity, ∑ w∈W sign(w)e^{(w(ρ),λ)} = ∏ positive roots α

2 sinh [ (α, λ) 2 ] , (5.7)

applied to the ratio ∑ w∈W sign(w) exp { −^{πi}_h (w(ρ), ρ + hu) } ∑ w∈W sign(w) exp { −^{2πi}_h (w(ρ), ρ)

} . (5.8)

The result is ∏ positive roots α sin [_π 2h (α, ρ + hu) ] sin [_π h (α, ρ) ] . (5.9)

If (α, u) is even, the u term may be dropped, and in the limit h → ∞ the corresponding factor in the product contributes a factor^1_2 . This is obviously the correct answer if u = 0:

N^{(0)}_0 S_{0,0} → Q^{(0)}_0 := 2^{−r/2}2^{−(d−r)/2} = 2^{−d/2} , (5.10)

If on the other hand (α, u) is odd (since u is a co-root it is integer) the numerator contributes sin(^1_2 π(α, u)), which remains finite in the limit h → ∞. We can write the limit of the ratio as follows sin [_π 2h (α, ρ + hu) ] sin [_π h (α, ρ) ] → e^12^{πi(α,u)} ×

{_1

2 for (α, u) even h πi(α,ρ) for (α, u) odd

(5.11)

The result is then

N^{(0)}u S_{0,0} → Q^{(0)}_u := 2^{D/2}(−1)^{h2 (u,u)} [ h πi ]_{D/2} ∏ α,odd [ 1 (α, ρ) ] Q^{(0)}_0 , (5.12)

where the product is over all positive roots with (α, u) odd, and where D is the dimension of the O-plane. This is equal to D = d − r − M, where M is the number of roots with (α, u) even. The number of “odd” positive roots is equal to^1_2 (d − r) −^1_2 M =^1_2 D. Since we started from a real expression, the result is of course real. This implies that D must be a multiple of four, as indeed it is according to table 2 (with n = 0!). Note that the result diverges for large h as h^{D/2}. Obviously this is a volume factor. At finite h, previous results on D-branes suggests that the branes are fuzzy. Hence even an O0 plane, a point, has then a finite volume. But as h tends to infinity, the ratio of the volume of a higher dimensional object and that of a point goes to infinity. This phenomenon has not been observed for WZW D-branes for the simple reason that they all occupy regular conjugacy classes of the same dimension d − r [13]. Although we believe we correctly understand the relative normalization, the overall normalization is another matter, as is the relative normalization between D-branes and Oplanes. Overall normalizations of amplitudes are tricky in general, and even more so in our case where one does not consider a genuine string theory, so that ‘graviton scattering’ is only called that way by analogy. We will not try to address this issue here and turn instead to the main goal, the localization of the planes, for which the precise normalization is of little relevance.

The distribution (5.2) can now easily be computed using completeness of the group characters:

G̃^{(0)}(g) = ∑ u Q^{(0)}_u ∑ Λ X_Λ(g_u)X_Λ(g) = ∑ u Q^{(0)}_u δ(g_u − g) . (5.13)

This shows that the crosscap state |Γ^{(0)}⟩ corresponds to a localized charge distribution in curved geometries and that it provides a conformal field theory description of the n = 0 orientifold planes of section 2. Note that, since the Weyl group preserves inner products, the contributions to the distribution from characters X_Λ evaluated at g_u and g_{w(u)} have the same coefficient Q^{(0)}u . This is what one should expect, since this factor can be interpreted as a charge (in fact a tension) and g_u and g_{w(u)} describe the same plane, as we discussed in section 2. The delta function is actually a δ-function on conjugacy classes, not on individual group elements. The sum on u usually contains several members of the same conjugacy class, thus producing a multiplicity factor which one may absorb in the definition of Q^{(0)}u . Note that the distribution we get is peaked at all locations of O-planes corresponding to n = 0, in contrast to the situation for D-branes, which live on a single conjugacy class. This reflect the wel-known fact that D-branes come with Chan-Paton multiplicities which can be switched on or off at will, whereas there is no such freedom for O-planes: one can either choose to have one or not to have one, but one cannot distribute them freely over the available locations.

In a similar way, the crosscap states |Γ^{(n≠0)}⟩ describe O-planes that correspond to a nontrivial element of the centre. First take n even, n = 2m. Now (note that σ(2m) is a sign, see the discussion after equation (4.3))

P_J 2m_{,Λ} = σ(2m)e^{2πiQJm (Λ)}P_{0,Λ}

= σ(2m) ∑ u N^{(0)}_u e^{2πi mC(Λ)N} X_Λ(g^{(0)}_u )

= σ(2m) ∑ u N^{(0)}_u X_Λ(γ^mg^{(0)}_u ) , (5.14)

where we used (3.4) and (A.5). In the large volume limit, g^{(0)}u → g_u and the distribution becomes G̃^{(2m)}(g) = σ(2m) ∑ u Q^{(0)}_u δ(γ^mg_u − g) . (5.15)

So the corresponding O-plane configurations are translations of the canonical ones by γ^m, up to an overall sign. When we compare this with the discussion in section 2, we conclude that the crosscap state |Γ^{(2m)}⟩ describes the O-plane configuration with centre element γ^{2m} in the defining orientifold group.

Now the computation for n = 1, N even, remains. Following the same steps in eq. (5.14), we can show that for n = 2m + 1 the crosscap reflection coefficient is

P_J 2m+1_{,Λ} = σ(2m + 1) ∑ u N^{(1)}_u X_Λ(γ^mg^{(1)}_u ) . (5.16)

Note that in the large h limit, J^n/h is finite. Hence in the large volume limit, the group element (5.5) approaches, for n = 1,

g^{(1)}_u → exp { −πi 1 N r∑ i=1 c_iH^i } exp {−πi(u, H)} = √ γg_u , (5.17) where √ γ is a group element that squares to the generator of the centre γ. In obtaining this result, we have written (J, H) in Dynkin basis as ∑ ji J_j C^{−1}_{ji} H^i. The Dynkin labels of a simple current are always of the form J_j = kδ_{qj} for some q. Now we observe the following property of the quadratic form matrix C^{−1}: for all simple Lie algebra’s the column vector C^{−1}_{iq} equals C^{−1}_{iq} = c_i N mod 1 , (5.18)

as can be shown by simple inspection of the tables in for instance [18]. From this relation between the quadratic form matrix and the conjugacy classes, it follows that √ γ indeed squares to γ and that g^{(1)}u approaches the solutions (2.14) in the large volume limit. To compute the tension in the large volume limit we need to consider

Q^{(1)}_u := lim_{h→∞}

N^{(1)}u S_{0,0} = lim_{h→∞}

N^{(1)}u S_{0,J} (5.19) = lim_{h→∞} 2^{−r/2}(−1)^{h2 (u,u)+(u,J+ρ)} ∏ α>0 sin [_π 2h (α, ρ + J + hu) ] sin [_π h (α, ρ + J) ] The J in the denominator is introduced just for convenience. At level k the simple currents can be written as kJ_1 = (h − g^∨)J_1, where J_1 is a fundamental weight. The ratio of the sines can then be written as follows sin [_π 2h (α, ρ + J + hu) ] sin [_π h (α, ρ + J) ] = exp(^1_2 πi(α, J_1 + u)) [ exp(^{πi}_{2h} y) − exp(πi(α, J_1 + u)) exp(−^{πi}_{2h} y) ] exp(πi(α, J_1)) [ exp(^{πi}_h y) − exp(−^{πi}_h y) ] (5.20) where y = (α, ρ − g^∨J_1). Using (5.18) the inner product (α, J_1) equals

(α, J_1) = ∑ i,j α_iC^{−1}_{ij} (J_1)_j = ∑ i α_ic_i/N mod 1 (5.21)

Shifting the values of c_i by N does not affect the corresponding centre element. Therefore it is possible to define c_i in such a way that the last relation holds exactly, not just modulo integers. Then we get, using (2.8), (α, J_1 + u) = 2(α, t). For the ratio we find then e^{12 πi(α,J1+u)}e^{−πi(α,J1)} × {_1 2 for 2(α, t) even h πi(α,y) for 2(α, t) odd

(5.22)

Putting everything together and using ρ =^1_2 ∑ α>0 α we find

Q^{(1)}_u = 2^{D/2}2^{−d/2}(−1)^{h2 (u,u)+(u,J)}e^{−iπ(ρ,J1 )} [ h πi ]_{D/2} ∏ α,odd [ 1 (α, ρ − g^∨J_1) ] , (5.23)

where α, odd means “all positive roots with 2(α, t) odd”. As in the case n = 0 the tension diverges as h^{D/2}. In this case D is not always a multiple of 4, but the factor e^{−πi(ρ,J1 )} is purely imaginary precisely if D = 2 mod 4, so that the final result is real.

The distribution becomes G̃(g)^{(2m+1)} = σ(2m + 1) ∑ u Q^{(1)}_u δ(γ^m √ γg_u − g) . (5.24)

This shows that |Γ^{(2m+1)}⟩ describes the O-planes with a nontrivial centre element γ^{2m+1} in the defining orientifold group. We have thus succeeded in showing that the geometric interpretation of simple current crosscap states for the charge conjugation invariant of a WZW model are the centre O-plane configurations on a compact, simply-connected Lie group manifold. The exact CFT computation has also given us the (relative) charges of each.

5.1 Planes in Orbifolds

We will now consider a WZW model with a simple current modular invariant. To be more precise, we will only consider invariants that are extensions of the chiral algebra [24]. Such an invariant can be built with the use of an integer spin (conformal weight) simple current group H, that is a subgroup of the centre. We take H = Z_M, where M a divisor of N and denote the generator by L := J^{N/M} . Only fields that have monodromy charge zero with respect to all currents in H contribute to the torus partition function. The geometric interpretation of this invariant is that of strings living on an orbifold G/H. Only representations of G that are not-faithful with respect to the conjugacy classes corresponding to H appear as representations of this coset. Given the relation between the simple current charges and conjugacy classes, equation (3.4), it follows that all representations of G/H appear in the torus partition function.

For simple current modifications of the charge conjugation invariant, the crosscap coefficients are [11]

Γ_Λ = 1 √ |H| M −1∑

n=0 η(n) P_Ln_{,Λ} √ S_{0,Λ} . (5.25)

The signs η(n) are constrained by the requirement that Γ_Λ vanishes for charged fields:

η(n) = η(n + 2m) exp[πi(h_Ln − h_Ln+2m )] , (5.26)

for all m = 0, ..., M.

We now want to give a geometrical interpretation of the crosscap states for this theory, based on the crosscap coefficients in equation (5.25) and the solutions of the sign-rule (5.26). First note that the distribution corresponding to this crosscap state is still given by (5.2), simply because the crosscap coefficient vanishes for those Λ that are not representations of the orbifold when the η satisfy the sign-rule. Again, we must make a distinction between the crosscap coefficient and the graviton-crosscap coupling. Following our previous argument, we presume the last is given by:

U_Λ = 1 √ |H| M −1∑

n=0 η(n) P_Ln_{,Λ} S_{00}

. (5.27)

Let us first consider M odd. We can rewrite the sum over P -matrix elements as follows: M −1∑

n=0 η(n)P_Ln_{,Λ} = M −1∑

m=0 η(2m)P_L2m_{,Λ}

= η(0) M −1∑

m=0 e^{2πiQLm (Λ)}P_{0,Λ}

= η(0) M −1∑

m=0 ∑ u N^{(0)}_u X_Λ(γ^mg^{(0)}_u ) . (5.28)

In the first step we used that all currents in Z_{odd} groups are even. In the second step, we combined the signrule (5.26) and the identity (4.2). In the last step, we used our character formula (4.12) for the P -matrix and used equation (A.5) from the appendix. In the limit h → ∞, the group element g^{(0)}u → g_u, so the distribution G̃ becomes

G̃(g) = η(0)√ |H| M −1∑

m=0 ∑ u Q^{(0)}_u δ(γ^mg_u − g) . (5.29)

Hence this crosscap state describes an H-translation invariant combination that survives the orbifold projection. The overall sign η(0) can be interpreted as the overall sign of the charges (tensions) of the O-planes.

For M even, we have to make a distinction between even and odd currents: M −1∑

n=0 η(n)P_Ln_{,Λ} = M/2−1∑

m=0 η(2m)P_L2m_{,Λ} + M/2−1∑

m=0 η(2m + 1)P_L2m+1_{,Λ} (5.30)

= η(0) M/2−1∑

m=0 ∑ u N^{(0)}_u X_Λ(γ^mg^{(0)}_u ) + η(1) M/2−1∑

m=0 ∑ u N^{(1)}_u X_Λ(γ^mg^{(1)}_u )) .

In the large volume limit, this crosscap state describes a configuration of O-planes given by

G̃(g) = η(0)√ |H| M/2∑ m=0 ∑ u Q^{(0)}_u δ(γ^mg_u − g) + η(1) √ |H| M/2∑ m=0 ∑ u Q^{(1)}_u δ(γ^m √ γg_u − g) . (5.31)

This describes two H-invariant combinations, if we take into account that every m in the sum describes a Z_2 translation-invariant configuration. The relative sign is actually the relative sign of the tensions of the two H-invariant configurations, and is therefore relevant.

Similar remarks apply for general simple current invariants. The crosscap state is always of the form (3.8). The number of free signs equals the number of even cyclic factors p in the simple current group, so we have 2^p different crosscaps. In geometric terms, this is the number of relative tensions between the 1 + p translation invariant combinations of O-plane configurations.

6 Branes and Planes

The geometry of D-branes in open oriented WZW models has been discussed in [12, 13, 14, 15]. What we would like to stress here, is that this geometry differs in the unoriented open string. As reviewed in section 3, boundaries in CFT are described by a boundary state |B_a⟩. The boundary and crosscap states must be such that the open unoriented string partition function (A + M)/2 produces nonnegative integers. Due to the Möbius projection, the set of boundary labels a is reduced; some boundaries are identified and some boundaries are projected. More precisely, define the boundary conjugate a^∗ of a by

A^0_{ab} = { 1 when b = a^∗ 0 when b ≠ a^∗

, (6.1)

then complex boundaries a ≠ a^∗ are identified and real boundaries are projected. In terms of Chan-Paton gauge groups, on a complex pair of boundaries lives a unitary group. Real boundaries carry a symplectic or orthogonal gauge group, depending on whether the Möbius coeffcient M^0_a is plus or minus one.

In [11], the boundary and crosscap coefficients (and therefore the annulus and Möbius strip coefficients) for arbitrary simple current invariants are presented (see [28, 33] for proofs). We will discuss the charge conjugation invariant first. The boundary labels a are in one-to-one correspondence with the primary fields (so we label them by A). Recalling the boundary coefficients corresponding to the crosscap coefficients (3.8)

B^{(n)}_{Λ,A} = S_{Λ,A} √ S_{Λ,J} n , (6.2)

we can calculate the boundary conjugation matrix

A^∗ = J^nA^c . (6.3)

The geometric interpretation of these branes can be derived in a similar way as was done in [13]: calculate the brane-graviton coupling and Fourier transform this to a distribution on group space. Again the coupling of a graviton to a brane is given by the boundary reflection coefficient [13] R_{Λ,A}, which differs from the boundary coefficient by a normalization. The reflection coefficient is exactly equal to a character of the Lie group G

R_{Λ,A} = S_{Λ,A} S_{0,A} = X_Λ(g_A) (6.4)

evaluated at

g_A = exp { −2πi h r∑ i=1 ((A + ρ), H) } . (6.5)

For a boundary A the distribution that gives the localization of the defect in the limit of infinite level is given by

G̃_A(g) = ∑ Λ R_{Λ,A}X_Λ(g)

= ∑ Λ X_Λ(g_A)X_Λ(g)

= δ(g_A − g) . (6.6)

where g_A is the group element in the h → ∞ limit:

g_A → exp { 2πi r∑ i=1 (α, H) } , (6.7)

where we keep the relative weight α^i = A^i/h ∈ R fixed in taking the limit. To obtain the location of the conjugate boundary, note that

S_{Λ,J} n_Ac = e^{2πiQJn (Λ)}S^∗_{Λ,A} = e^{2πi nN C(Λ)}S_{0A}X_Λ(g^{−1}_A ) = S_{0A}X_Λ(γ^ng^{−1}_A ) (6.8)

where we used two well-known properties of the S-matrix, S_{ij} = S^∗_{ij}c and equations (4.1) in the first step, the correspondence between monodromy charges and conjugacy classes (3.4) in the second and the property (A.5) in the last. The location of the conjugate boundary is therefore G̃_{A∗} (g) = δ(γ^ng^{−1}_A − g) . (6.9)

So the boundary conjugation (6.3) has a nice geometric interpretation: given a boundary A at g_A, its charge conjugate is located at R_n(g_A) = γ^ng^{−1}_A . Real boundaries therefore correspond to branes that are left fixed (not necessarily pointwise) by the orientifold group, whereas complex boundaries form an R_n invariant pair.

Take again SU(2). In the oriented theory, the boundaries are located at circles of constant latitude. When we perform the standard orientifold projection, i.e. reflection through the axis of rotation, all these circles are left fixed. The branes either have an SO or Sp gauge group, depending on the Frobenius-Schur indicator of the boundary label A. When A is a vector representation of SU(2), the projection is orthogonal and branes labelled by a spinor representation are symplectic^7. When we gauge the orientifold group with a non-trivial element of the centre, a brane is identified with its image obtained by reflection through the equator. These branes carry unitary gauge theories on their worldvolumes. Only for even level we have a real boundary with an orthogonal gauge group, labelled by A = k/2, that lies on top of the orientifold plane.

6.1 Branes in orbifolds

Boundary states for a (symmetric) simple current invariant are presented in [11] (see [28] for a proof of integrality of the annulus coefficients). We will again consider an extension invariant by a group H = Z_M and generator L = J^{N/M} . We will assume that the simple currents do not have fixed points (for a definition, see [24]). Then the boundary states are

7Here, and in the following, we made the choice −1 for the overall sign of the Möbius strip.

labelled by H-orbits [A] := (A, LA, L^2A, ..., L^{M −1}A) and the Ishibashi states only exist for chargeless fields Λ. The reflection coefficients are given by

R_{Λ,[A]} = √ |H| S_{Λ,A} S_{0,A} . (6.10)

The distribution to be calculated is

G̃_{[A]} = √ |H| ∑ Λ,C_H (Λ)=0

X_Λ(g_A)X_Λ(g) . (6.11)

We restricted the sum over Λ to non-faithful G representations with respect to the subgroup H, since the boundary coefficient is not automatically zero for chargeless fields. We can extend the sum to all Λ by inserting a projector

δ^M_{C(Λ),0} = 1 |H| M −1∑

m=0 e^{2πimC(Λ)/M} , where the superscript M on the delta-function means modulo M. Then

G̃_{[A]} = 1√ |H| M −1∑

m=0 ∑ Λ X_Λ(γ^mg_A)X_Λ(g)

= 1 √ |H| M −1∑

m=0 δ(γ^mg_A − g) . (6.12)

We used again the equivalence between characters of the Lie group and the S-matrix, the relation between conjugacy classes and monodromy charges and, in the last step, we inserted a projector on the trivial class and used (A.5). From this result we immediately see that the boundary states in the orbifold theory describe H-invariant combinations.

When the simple currents that define the modular invariant partition function do have fixed points, some boundary and Ishibashi labels may have multiplicities. In the presence of O-planes, i.e. the crosscap given by (5.25), the boundary coefficients have an extra phase that depends on the multiplicity label and the relative O-plane charge (the signs η). (In [11] this phase is α_J .) Although it would be interesting to give a geometrical interpretation of the multiplicities and this phase, we will leave this for future research.

7 Conclusion

We have seen that crosscap states in WZW models and orbifolds thereof correspond to localized orientifolds, as they do in free CFT. The centre of the horizontal subalgebra plays an important classifying role in the possible orientifold projections; this is the geometrical counterpart of the role of simple currents in the exact CFT description. To compute the various numbers, locations, dimensions and charges of the possible geometric O-planes, we needed to prove mathematically important lattice generalization of Gaussian sums. The consequence of this is a highly remarkable relation between the pseudo-modular P -matrix and characters of the horizontal subalgebra.

This in turn implies a linear relation between the P - and the S-matrix. It is intriguing that linear relations between the two matrices is precisely what is needed in order to cancel tadpoles in open string theories. It would be very interesting to know if such a relation also exists in other CFT’s. Although on the one hand there is no obvious generalization of the analytic continuation of the labels of S, on the other hand most CFT’s are WZW-based. It is therefore conceivable that such a relation might be derivable at least for coset CFT’s. Whether relations of this kind actually do help with tadpole cancellation is an interesting question which we hope to address in the future.

Acknowledgements: A.N. Schellekens wishes to thank C. Bachas for a discussion of his work on the SU(2) case. We thank B. Pioline for pointing out [35] in which lattice gaussian sums are considered. Although the method used to derive the sum is essentially the same as ours, the gaussian sum considered in [35] is different; there the range is over L_w/hL_w instead of L_w /hL^∨.

The work of K. Schalm was supported in part by DOE grant DE-FG02-92ER40699.

A Characters

In this appendix, we list some formulas that are used in the main text. For an extensive review on Lie algebras and groups, we refer to [18].

A character maps the information of a highest weight representation R_Λ of the Lie algebra ḡ to the complex numbers:

χ̄_Λ(h_t) = Tr exp{2πiR_Λ(h_t)} , (A.1)

where h_t = ∑ t_iH^i ≡ (t, H) is an element of the Cartan subalgebra, whose generators we denote as H^i. The trace is over all weight vectors λ in the representation with highest weight Λ and R_Λ(h_t) is the Λ representation of h_t. As weights are eigenstates of the Cartan subalgebra, R_Λ(H^i)|λ⟩ = λ^i|λ⟩, we have

χ̄_Λ(h_t) = ∑ λ mult_Λ(λ) exp{2πi(λ, t)} , (A.2)

where mult_Λ(λ) denotes the multiplicity of the weight λ in the representation R_Λ. A second, more powerful, expression for the character is given by the Weyl character formula,

χ̄_Λ(h_t) = ∑ wϵW sign(w) exp [2πi(w(Λ + ρ), t)] ∑ wϵW sign(w) exp [2πi(w(ρ), t)] . (A.3)

The sum is over the Weyl group W weighted by the sign of each element defined as sign(w) = (−1)^{# of generators of W} . The vector ρ is the Weyl vector and equals half the sum of positive roots, or, equivalently, the sum of the fundamental weights ρ = ∑_r i=1 Λ_i. These expressions are basis-independent. It is often convenient to choose the Dynkin basis in weight space and to choose a basis in the Lie-algebra (Chevalley basis) so that the eigenvalues of H^i are the Dynkin labels. The inner product in weight space is then (λ, μ) = ∑ i,j λ_iC^{−1}_{ij} μ_j , where C^{−1} is the inverse of the symmetrized Cartan matrix.

Group characters

Eq. (A.1) may also be read as a character of the Lie Group G,

X_Λ(g) = Tr_Λ(g) , (A.4)

evaluated at the group element g_t = exp{2πi ∑ i t_iH^i}. In the main text we use two properties. One is that characters shift by a phase under transformations g → γg where γ is the generator of the centre of G:

X_Λ(γ^ng) = exp{2πi n N C(Λ)}χ_Λ(g) . (A.5)

What is really important to us, however, is that characters serve as the analogue of Fourier modes for group manifolds. They are orthogonal and complete ∫ μ_G(g)X^∗_Λ(g)X_M (g) = δ_{Λ,M} , ∑ Λ X_Λ(g)X_Λ(h) = δ(g − h) (A.6)

The sum is over dominant weights only and the delta-function δ(g−h) is defined with respect to the Haar measure ∫ dμ_G(a)F(a)δ(a − b) = F(b). The δ-function is defined on conjugacy classes, i.e. it vanishes unless g and h belong to the same conjugacy class.

A.1 The modular S and T -matrix

The characters that appear in the partition functions, i.e. the characters of the chiral algebra A, form a representation of the modular group, generated by T : τ → τ +1 and S : τ → −1/τ :

χ_Λ(τ + 1) = ∑ M T^M_Λ χ_M (τ ) , (A.7)

χ_Λ(−1/τ ) = ∑ M S^M_Λ χ_M (τ ) . (A.8)

The T matrix is diagonal and equals

T_{L,M} = exp [ 2πi ( h_Λ − c 24 )] δ_{Λ,M} (A.9)

= exp [ 2πi ( (Λ, Λ + 2ρ) 2h − 1 24 kd h )] δ_{Λ,M} . (A.10)

The modular S-matrix is unitary and symmetric and equals S_{Λ,M} = N_S ∑ w∈W sign(w) exp [ −2πi h (w(Λ + ρ), M + ρ) ] , (A.11)

with normalization

N_S = e^{2πi}(^{d−r8} ) | | | | L_w L^∨ | | | | −1/2 1 √ h^r . (A.12)

Here |L_w/L^∨| is the number of weights inside the unit cell of the coroot lattice.

Comparison with the Weyl character formula eq. (A.3) shows that the modular S-matrix is proportional to a character of the horizontal sub-algebra S_{L,M} = N_S ( ∑ w∈W sign(w) exp [ −2πi h (w(ρ), M + ρ) ]) X_Λ ( − (M + ρ, H) h )

= S_{0,M +ρ}X_Λ ( − (M + ρ, H) h ) . (A.13)

Note that if we express M + ρ in Dynkin basis and H in Chevalley basis, then (M + ρ, H) ≡ ∑ i(M + ρ)_iC^{−1}_{ij} H^j .

References

[1] J. L. Cardy, Boundary Conditions, Fusion Rules And The Verlinde Formula, Nucl.

Phys. B 324 (1989) 581.

[2] N. Ishibashi, The Boundary And Crosscap States In Conformal Field Theories, Mod.

Phys. Lett. A 4 (1989) 251.

[3] A. Sagnotti, in ‘Non-Perturbative Quantum Field Theory’ , eds G. Mack et al (Pergamon Press, 1988), p. 521.

M. Bianchi and A. Sagnotti, On The Systematics Of Open String Theories, Phys. Lett. B 247 (1990) 517.

M. Bianchi and A. Sagnotti, Twist symmetry and open string Wilson lines, Nucl. Phys. B 361 (1991) 519.

G. Pradisi, Open superstrings, Nuovo Cim. B 112 (1997) 467 [hep-th/9603104]. A. Sagnotti and Y. S. Stanev, Open descendants in conformal field theory, Fortsch. Phys. 44 (1996) 585 [Nucl. Phys. Proc. Suppl. 55B (1996) 200] [hep-th/9605042].

[4] J. Polchinski and Y. Cai, Consistency of Open Superstring theories, Nucl. Phys. B 296 (1988) 91.

P. Horava, Strings on worldsheet orbifolds, Nucl. Phys. B 327 (1989) 461. J. Dai, R.G. Leigh, J. Polchinski, New connections between string theories, Mod. Phys. Lett. A 4 (1989) 2073.

[5] I. Brunner, M. R. Douglas, A. E. Lawrence and C. Romelsberger, D-branes on the quintic, JHEP 0008 (2000) 015 [hep-th/9906200].

[6] J. Polchinski, Dirichlet branes and Ramond-Ramond charges, Phys. Rev. Lett. 75 (1995) 4724 [hep-th/9510017].

[7] For a review, see A. Dabholkar, Lectures on orientifolds and duality, hep-th/9804208.

[8] S. Forste, D. Ghoshal and S. Panda, Phys. Lett. B 411 (1997) 46 [arXiv:hepth/9706057].

[9] A. Sen, Orientifold limit of F-theory vacua, Phys. Rev. D 55, 7345 (1997) [arXiv:hepth/9702165].

A. Sen, F-theory and Orientifolds, Nucl. Phys. B 475, 562 (1996) [arXiv:hepth/9605150].

[10] L. R. Huiszoon, A. N. Schellekens and N. Sousa, Klein bottles and simple currents, Phys.

Lett. B 470 (1999) 95 [hep-th/9909114].

[11] J. Fuchs, L. R. Huiszoon, A. N. Schellekens, C. Schweigert and J. Walcher, Boundaries, crosscaps and simple currents, Phys. Lett. B 495 (2000) 427 [hep-th/0007174].

[12] A. Y. Alekseev and V. Schomerus, D-branes in the WZW model, Phys. Rev. D 60 (1999) 061901 [hep-th/9812193].

[13] G. Felder, J. Frohlich, J. Fuchs and C. Schweigert, The geometry of WZW branes, J.

Geom. Phys. 34 (2000) 162 [hep-th/9909030].

[14] S. Stanciu, D-branes in group manifolds, JHEP 0001 (2000) 025 [hep-th/9909163].

[15] J. Maldacena, G. Moore and N. Seiberg, Geometrical interpretation of D-branes in gauged WZW models, JHEP 0107 (2001) 046 [hep-th/0105038].

[16] E. Witten, Nonabelian Bosonization In Two Dimensions, Commun. Math. Phys. 92 (1984) 455.

[17] P. Goddard and D. I. Olive, Kac-Moody And Virasoro Algebras In Relation To Quantum Physics, Int. J. Mod. Phys. A 1 (1986) 303.

[18] J. Fuchs, Affine Lie algebras and quantum groups, Cambridge University Press (1992).

J. Fuchs & C. Schweigert, Symmetries, Lie algebras and representations, Cambridge University Press (1997).

[19] S. Helgason,Differential Geometry and Symmetric spaces, Academic Press 1962.

[20] C. Bachas, private communication, april 2001; C. Bachas, N. Couchoud and P. Windey, hep-th/0111002.

[21] A. Sagnotti, private communication.

[22] D. Gepner and E. Witten, String Theory On Group Manifolds, Nucl. Phys. B 278 (1986) 493.

[23] D. Bernard, String Characters From Kac-Moody Automorphisms, Nucl. Phys. B 288 (1987) 628.

D. Altschuler, J. Lacki and P. Zaugg, The Affine Weyl Group And Modular Invariant Partition Functions, Phys. Lett. B 205 (1988) 281.

G. Felder, K. Gawedzki and A. Kupiainen, Spectra Of Wess-Zumino-Witten Models With Arbitrary Simple Groups, Commun. Math. Phys. 117 (1988) 127. G. Felder, K. Gawedzki and A. Kupiainen, The Spectrum Of Wess-Zumino-Witten Models, Nucl. Phys. B 299 (1988) 355.

[24] A. N. Schellekens and S. Yankielowicz, Simple Currents, Modular Invariants And Fixed Points, Int. J. Mod. Phys. A 5 (1990) 2903.

[25] K. Intriligator, Bonus Symmetry In Conformal Field Theory, Nucl. Phys. B 332 (1990) 541.

[26] J. Fuchs, Simple WZW Currents, Comm. Math. Phys. 136 (1991) 345.

[27] G. Pradisi, A. Sagnotti & Ya.S. Stanev, Planar duality in SU(2) WZW models, hepth/9503207; Phys. Lett. B354 (1995) 279.

[28] L.R. Huiszoon, dissertation, to appear.

[29] P. Di Vecchia, M. Frau, I. Pesando, S. Sciuto, A. Lerda and R. Russo, Classical p-branes from boundary state, Nucl. Phys. B 507 (1997) 258 [hep-th/9707068].

[30] B.C. Berndt, R.J. Evans & K.S. Williams, Gauss and Jacobi sums, John Wiley & Sons, Inc. (1998);

[31] J. Fuchs and C. Schweigert, Branes: From free fields to general backgrounds, Nucl. Phys.

B 530 (1998) 99 [hep-th/9712257].

[32] J. Cardy and D. Lewellen, Bulk and boundary operators in conformal field theory, Phys.

Lett. B 259 (1991) 274.

[33] J. Walcher, Worldsheet boundaries, Supersymmetry and quantum geometry, dissertation.

ETH No. 14225.

[34] I. Brunner, On Orientifolds of WZW Models and their Relation to Geometry, hepth/0110219.

[35] L. Jeffrey, Comm. Math. Phys. 147 (1992) 563.

g Current J C # O-planes A_r, r even – 0 1 +^r_2 A_r, r even (k, 0, . . ., 0) ∑_r i=1 iH^i 1 +^r_2 (∗) A_r, r odd – 0 1 +^{(r+1)}_2 A_r, r odd (k, 0, . . ., 0) ∑_r i=1 iH^i 1 +^{(r−1)}_2 B_r, r even – 0 2 +^r_2 B_r, r even (k, 0, . . ., 0) H^{r r}_2 B_r, r odd – 0 1 +^{(r+1)}_2 B_r, r odd (k, 0, . . ., 0) H^{r (r+1)}_2 C_r – 0 1 + r C_r (0, . . ., 0, k) ∑_{[(r+1)/2]} i=1 H^{2i−1} 1 D_r, r even – 0 3 +^r_2 D_r, r even (0, . . ., 0, k) 2 ∑_{r/2−1} i=1 H^{2i−1} + (2−r)H^{r−1} − rH^r 2 D_r, r even (k, 0, . . ., 0) 2H^{r−1} + 2H^{r r}_2 D_r, r even (0, . . ., 0, k, 0) 2 ∑_{r/2−1} i=1 H^{2i−1} − rH^{r−1} + (2−r)H^r 2 D_r, r odd – 0 1 +^{r+1}_2 D_r, r odd (0, . . ., 0, k) 2 ∑_{(r−1)/2} i=1 H^{2i−1} + (2−r)H^{r−1} − rH^r 2 D_r, r odd (k, 0, . . ., 0) 2H^{r−1} + 2H^r 1 +^{r+1}_2 (∗) D_r, r odd (0, . . ., 0, k, 0) 2 ∑_{(r−1)/2} i=1 H^{2i−1} − rH^{r−1} + (2−r)H^r 2 (∗) G_2 – 0 2 F_4 – 0 3 E_6 – 0 3 E_6 (0, 0, 0, 0, k, 0) H^1 − H^2 + H^4 − H^5 3 (∗) E_7 – 0 4 E_7 (0, 0, 0, 0, 0, k, 0) H^4 + H^6 + H^7 2 E_8 – 0 3

Table 1: Currents, Conjugacy classes and the number of O-planes. Column two gives the Dynkin labels of the current (at level k) that corresponds to the conjugacy class generator in column three according to (3.4). An asterisk indicates orientifold configurations related to a previous one by an even current, in which case they are just centre translations of each other.

G n G_c Dimension SU(N) 0 S(U(p) × U(q)), q even 2pq SU(N) 1 S(U(p) × U(q)), q odd 2pq SO(N), N odd 0 SO(p) × SO(q), q = 0 mod 4 pq SO(N), N odd 1 SO(p) × SO(q), q = 2 mod 4 pq SO(N), N = 2 mod 4 0 SO(p) × SO(q), q = 0 mod 4 pq SO(N), N = 2 mod 4 1 (s) U(N/2)^1_4 N(N − 2) SO(N), N = 0 mod 4 0 SO(p) × SO(q), q = 0 mod 4 pq SO(N), N = 0 mod 4 1 (s) U(N/2)^1_4 N(N − 2) SO(N), N = 0 mod 4 1 (v) SO(p) × SO(q), q = 2 mod 4 pq Sp(N) 0 Sp(p) × Sp(q) pq Sp(N) 1 U(N/2)^1_4 N(N + 2) G_2 0 SU(2) × SU(2) 8 F_4 0 SO(9) 16 F_4 0 Sp(6) × SU(2) 28 E_6 0 SO(10) × U(1) 32 E_6 0 SU(6) × SU(2) 40 E_7 0 SO(12) × SU(2) 64 E_7 1 E_6 × U(1) 54 E_7 1 SU(8) 70 E_8 0 SO(16) 128 E_8 0 E_7 × SU(2) 112

Table 2: Dimensions of O-planes. The first column indicates the group manifold, the second the power n of the current, and the third the subgroup G_c that commutes with the orientifold map. The dimension of the O-plane is equal to the dimension of the tangent space of G/G_c given in column 4. In all cases p + q = N. For SO(N), N even, we indicate in column 2 the conjugacy class under consideration.