arXiv:hep-th/0111164 v1 19 Nov 2001

On the Canonical Treatment of Lagrangian Constraints

B.M. Barbashov

Joint Institute for Nuclear Research Dubna, 141980 Russia

Abstract The canonical treatment of dynamic systems with manifest Lagrangian constraints proposed by Berezin is applied to concrete examples: a special Lagrangian linear in velocities, relativistic particles in proper time gauge, a relativistic string in orthonormal gauge, and the Maxwell field in the Lorentz gauge,

The conventional canonical treatment of constrained systems [1] deals with the constraints which follow only from the intial singular Lagrangian. However, there are problems where the Lagrange constraints are introduced ‘by hand’ in addition to the initial Lagrangian or when from the very beginning of the Hamiltonization procedure, some of the constraints that follow from the Lagrange function, are taken into account manifestly. For example, the Lorentz gauge in electrodynamics cannot be canonically implemented [2]. The purpose of this note is to show that such ”noncanonical” constraints can be implemented by the Berezin algorithm [3]. The algorithm provides a unified consideration of the singular Lagrangians and nonsingular ones with constraints that depend on velocities and time: φ_a(q, q̇, t) = 0, q = (q_1, q_2, . . . , q_n), a = 1, 2, . . . , m, m ≤ n. (1)

Let us consider the Lagrangian L(q, q̇, t) and the set of the Lagrangian constraints (1). The relevant extended (generalized) Lagrangian reads L(q, q̇, t) = L(q, q̇, t) + m∑ a=1 λ_a(t)φ_a(q, q̇, t) (2) where λ_a are the Lagrange multipliers. All the constraints to be considered depend explicitly on velocities q̇_i. When among them, there exists the equation φ(q, t) = 0, we replace it, after differentiating with respect to time, by the equivalent equation n∑ i=1 ∂φ ∂q_i q̇_i + ∂φ ∂t = 0. (3)

Now, let us introduce the extended momenta for the Lagrangian function (2)

p̃_i = ∂L ∂q̇_i = ∂L ∂q̇_i + m∑ a=1 λ_a ∂φ_a ∂q̇_i , i = 1, . . . , n. (4) Berezin [3] has assumed that the velocities q̇_i and the Lagrange multipliers λ_a(t) can be expressed uniquely in terms of q_i and p̃_i by resolving the constraints (1) together with Eqs. (4). In this case, the variational problem is said to be a nondegenerate (nonsingular) one. On the contrary, the requirement of the initial Lagrangian being nonsingular det | | | | | | | | | | ∂^2L ∂q̇_i∂q̇_j | | | | | | | | | | ≠ 0 (5)

becomes superfluous. In the following, only the dynamic systems that satisfy the Berezin assumption will be considered. The method does not lead to the reduction of degrees of freedom of the systems in the phase space. However, the transition to the canonical momenta p, corresponing to the initial Lagrangian L takes place if λ_a(p̃, q, t)|_{p̃=p} = 0 . (6)

It will lead to the primary Hamiltonian constraints in this approach. As an illustration, we apply the Berezin method to a number of constrained Lagrangian systems.

1. The Lagrangian linear in velocities [3, 4, 5] L = n∑ i=1 f_i(q)q̇_i − V (q), q = (q_1, q_2, . . . , q_n). (7)

Since the Lagrangian (7) is singular, and all the equations of motion n∑ j=1 f_{ij}q̇_j + ∂V ∂q_i = 0, f_{ij} = ∂f_i ∂q_j − ∂f_j ∂q_i , det ‖ f_{ij} ‖≠ 0 (8)

become first-order equations, the extended Lagrangian acquires the form L = n∑ i=1 f_i(q)q̇_i − V (q) + n∑ i,j=1 λ_i ( f_{ij}q̇_j + ∂V ∂q̇_i ) (9) and the extended momenta read

p̃_i = ∂L ∂q_i = f_i(q) + n∑ j=1 λ_j f_{ji}(q). (10)

It is possible to resolve Eqs. (8) with respect to q̇_i, because there exists the inverse matrix f^{−1}_{ij} such that

q̇_i = − n∑ j=1 f^{−1}_{ij} ∂V ∂q_j . (11)

Also, resolution of (10) with respect to λ_i gives us

λ_i = n∑ j=1 f^{−1}_{ij} (p̃_j − f_j ). (12)

Taking into account that L in (9) on the surface of constraints has the form L = n∑ i,j=1 f_if_{ij} ∂V ∂q_j − V (q).

we find that H = n∑ i=1 p̃_iq̇_i − L = n∑ i,j=1 (f_i − p̃_i)f^{−1}_{ij} ∂V ∂q_j + V (q). (13)

Going over to the canonical momenta p, from (6) and (12), we obtain the primary Hamiltonian constraints (invariant relations)

λ_i|_{p̃=p} = 0 =⇒ p_i = f_i(q). (14)

The kinetic term in (13) is linear in p̃, thus, H is singular. Therefore, again there is no Legendre transformation from H to L because the relations

q̇_i = ∂H ∂p_i = − n∑ j=1 f_{ij} ∂V ∂q_j (15)

do not contain p. However, with the help of the Berezin algorithm, the system (13), (14) can be transformed into the initial Lagrangian system. Indeed, we derive the extended Hamiltonian in the form H_{ext} = H + n∑ i=1 μ_i(p_i − f_i(q)) =⇒ ~q̇ = − n∑ j=1 f^{−1}_{ij} ∂V ∂q_j + μ_i. Thus, we arrive at the system of equations

μ_i = ~q̇_i + n∑ j=1 f^{−1}_{ij} ∂V ∂q_j , p_i = f_i(q) (16)

and can construct the Lagrangian L = n∑ i=1 p_i ~q̇_i − H_{ext} = n∑ i=1 ~q̇_if_i(q) − V (q) .

Going over to the generalized velocities ~q̇ → q̇ via the equation μ_i|~_{q̇=q} = 0, from (13) we once again obtain the Lagrangian constraints (11). 2. Relativistic point particle L = −m ∫ √ ẋ^2(τ )dτ [6].

If the parameter τ is chosen as the proper time, the Lagrangian constraint is ẋ^2 = c^2 = constant. The density of the extended Lagrangian for this system takes the form L = −m √ ẋ^2(τ ) − λ m 2 [ẋ^2(τ ) − c^2], (17)

p̃_μ = − ∂L ∂ẋ^μ = m [ ẋ_μ √ ẋ^2 + λẋ_μ ] . (18)

As before, we use equations (18) and the above constraint to find λ and ẋ_μ λ = √ p̃^2 − m cm , ẋ_μ = c p̃_μ √ p̃^2

. (19)

As a result, we arrive at the Hamiltonian in the following form (taking into account that on the constraint shell, L = −mc): H = −p̃^μẋ_μ − L = c(m − √ p̃^2). (20)

Turning to the canonical momenta λ|_{p̃=p} = 0, from (19), we get the Hamiltonian constraint √ p^2 = m. (21)

The Hamiltonian equations for (20) coincide with the Lagrangian ones:

ẋ_μ = − ∂H ∂p^μ = c p_μ √ p^2 = c p_μ m ; ṗ_μ = ∂H ∂x^μ = 0.

The obtained Hamiltonian (20), as well as the Lagrangian, is singular, but applying the same algorithm, it is possible to restore the initial Lagrangian system: H = c(m − √ p^2) + μ(m − √ p^2) =⇒ ~ẋ_μ = (c + μ) p_μ √ p^2 . Adding the constraint (21) to this system, we obtain μ = √ ~ẋ^2 − c, p_μ = m ~ẋ_μ √ ~ẋ^2 .

Finally, L = −p_μ ~ẋ^μ − H = −m √ ~ẋ^2, μ|_{~ẋ=ẋ} = 0 =⇒ √ ẋ^2 = c.

3. Relativistic particle with the gauge x^0 = Pτ /m.

Differentiating this gauge with respect to time ẋ^0 = P/m and substituting it into the extended Lagrangian, we obtain L = −m √ (ẋ^0)^2 − ẋ^2 − λm(ẋ^0 − P/m), (22)

p̃_0 = − ∂L ∂ẋ^0 = m ( ẋ_0 √ ẋ^2 + λ ) ; p = ∂L ∂ẋ = m ẋ √ ẋ^2

. (23)

Applying once more the condition ẋ^0 = P/m, we have

p̃_0 = P √ (P/m)^2 − ẋ^2 + λm, p = mẋ √ (P/m)^2 − ẋ^2 . Hence, it follows that λ = p̃_0 − √ p^2 + m^2 m , ẋ = P m p √ p^2 + m^2

. (24)

The Hamiltonian reads

H = −p_0ẋ^0 + pẋ − L = P m ( √ p^2 + m^2 − p̃_0). (25)

Going over to the canonical momentum p_0 by means of λ|_{p̃0 =p0} = 0, we derive the Hamiltonian constraint p_0 = √ p^2 + m^2. Then, the Hamiltonian equations are as follows:

ẋ^0 = − ∂H ∂p_0 = P m ; ẋ = ∂H ∂p^0 = P m p √ p^2 + m^2 , ṗ_0 = ∂H ∂x^0 = 0, ṗ = − ∂H ∂x = 0.

4. Relativistic string in the orthonormal gauge [7]: L = −γ √ (ẋx^′)^2 − ẋ^2x^{′2}, ẋ^2 + x^{′2} = 0, (ẋx^′) = 0. (26)

The extended Lagrangian in this case reads L = −γ √ (ẋx^′)^2 − ẋ^2x^{′2} − λ_1 2 (ẋ^2 + x^{′2}) − λ_2(ẋx^′), and taking account of the constraints we get for extended momenta p̃_μ = − ∂L ∂ẋ^μ = (γ + λ_1)ẋ_μ + λ_2x^′_μ. (27) Projecting this onto x^′_μ and using the constraints, we find that (p̃x^′) = λ_2x^{′2}, and then, λ_2 =

(p̃x^′) x^{′2} . (28) Squaring (27), we obtain

p̃^2 = (γ +λ_1)^2(−x^{′2})+

(p̃x^′)^2 x^{′2} =⇒ λ_1 +γ = √ (p̃x^′)^2 − p̃^2x^{′2} −x^{′2} . (29) Given λ_1 and λ_2, we can express ẋ_μ in terms of x^′_μ and p̃_μ as follows: ẋ_μ =

(p̃x^′)x^′_μ − x^{′2}p̃_μ √ (p̃x^′)^2 − p̃^2x^{′2} , which satisfies the constraints identically. As a result, the Hamiltonian for the string assumes the form H = −p̃^μẋ_μ − L = − √ (p̃x^′)^2 − p̃^2x^{′2} − γ x^{′2}. (30) Going over to the canonical momenta p_μ according to formula (6), we arrive at the Hamiltonian constraints

λ_i p̃ = p = 0 =⇒ (px^′) = 0, p^2 + γ^2x^{′2} = 0. (31) On the surface of these Hamiltonian constraints, H = 0, the canonical equations are as follows: ẋ_μ = − ∂H ∂p^μ = (px^′)x^′_μ − x^{′2}p_μ √ (p̃x^′)^2 − p̃^2x^{′2} , ṗ_μ = − ∂ ∂σ ( ∂H ∂x^{′μ} ) = ∂ ∂σ (px^′)p_μ − p^2x^′_μ √ (p̃x^′)^2 − p̃^2x^{′2} + 2γx^′_μ . Taking account of constraints (31), we can rewrite these equations in the form

ẋ_μ = 1 γ p_μ, ṗ_μ = γx^{′′}_μ =⇒ ẍ_μ − x^{′′}_μ = 0. The Hamiltonian (30) is singular det | | | |_∂^2_H ∂p^μ∂p^ν | | | | = 0. But using the Berezin algorithm, we can pass to the initial Lagrangian L and constraints (26). Indeed, the extended Hamiltonian is of the form H_{ext} = − √ (px^′)^2 − p^2x^{′2} − γx^{′2} − μ_1 2γ (p^2 + γ^2x^{′2}) − μ_2(px^′),

from which and the subsidiary conditions we find ~ẋ_μ = ∂H^{ext} ∂p^μ = γ^{−1}(1 + μ_1)p_μ + μ_2x^′_μ, =⇒ (~ẋx^′) = μ_2x^{′2},

~ẋ^2 = −(1 + μ_1)^2x^{′2} + (

~ẋx^′)^2 x^{′2} =⇒ 1 + μ_1 = √ (x^′~ẋ)^2 − x^{′2}~ẋ^2 −x^{′2} (32)

and therefore, from (32), we get

p_μ = γ

(x^′~ẋ)x^′_μ − x^{′2}~ẋ^2 √ (x^′~ẋ)^2 − x^{′2}~ẋ^2 . Finally, we obtain L = −p_μ ~ẋ^μ − H_{ext} = γ √ (x^′~ẋ)^2 − x^{′2}~ẋ^2

μ_i|~_{ẋ=ẋ} = 0 =⇒ (ẋx^′) = 0, ẋ^2 + x^{′2} = 0.

5. Electromagnetic field with the Lorentz gauge ∂_μA^μ = 0 [8].

The extended Lagrangian with an external source j^μ is of the form L = − 1 4 F_{μν} F^{μν} − j_μA^μ − λ(∂_μA^μ),

F^{μν} = ∂^μA^ν − ∂^ν A^μ, ∂_μj^μ = 0.

This gives the time component of the extended momenta π̃_0 as follows π̃_0 = − ∂L ∂Ȧ^0 = λ. (33) For the space component π, we derive the canonical expression

π̃ = ∂L ∂Ȧ = Ȧ + ∇A^0. (34)

According to the Berezin algorithm, adding the Lorentz gauge Ȧ^0 = −(∇A) (35) to these equations, resolving the velocities Ȧ^μ and the multiplier λ in terms of A^μ and π^μ, we obtain λ = π̃^0, A = π − ∇A^0, Ȧ^0 = −(∇A). (36) Now, one can construct the Hamiltonian

H = π̃^0(∇A) + 1 2 (π^2 + (rot A)^2) − (π∇ A^0) + j_μA^μ.

It gives the canonical equations

Ȧ^0 = − ∂H ∂π̃_0 = −(∇A), Ȧ = ∂H ∂π = π − ∇A^0 coinciding with (34) and (35). Also, for the momenta, we get

~π̇_0 = ∂H ∂A^0 − 3∑ j=1 ∂ ∂x_j ∂H ∂(∂A^0/∂x_j ) = j_0 + (∇π),

π̇ = − ∂H ∂A + 3∑ j=1 ∂ ∂x_j ∂H ∂(∂A/∂x_j) = j + ∇π̃^0 − rot rot A. (37)

And for the components of π^μ and A^μ, we have

Ä^0 = ΔA^0 + j^0 − ˙π̃^0 Ä = ΔA + j + ∇π̃0 −→ □A^μ = j^μ − ∂^μπ̃^0;

□π = j̇ + ∇j^0; □π̃^0 = 0. (38)

After the transition λ|_{π̃}0_{=π}0 = 0, from (36), we obtain π^0 = 0, and all the equations (37) and (38) are cast into the correct equations of electrodynamics in the Lorentz gauge.

To conclude, we note that contrary to the Dirac approach, the suggested algorithm allows unique construction of the Hamilton formalism for constrained Lagrangian systems with constraints that depend on velocities and, in the general case, do not depend on the Lagrangian form.

Acknowledgments. A am grateful to Professor L.D. Fadeev and Dr. V.V. Nesterenko for critical discussions of this work.

References

[1] P.A.M. Dirac, Lectures on Quantum Mechanics (Belfer Graduate School of Science, Yeshiva University, New York, 1964).

[2] L. Yaffe, “Canonocal Treatment of ‘Noncanonical’ Gauges for costrained Hamiltonian Systems,” Lett. Nuovo Cimento, 18, No. 18, 561 (1977).

[3] F.A. Berezin, Usp. Math. Nauk, 29 183 (1973).

[4] E. Newman, G. Bergman, Phys. Rev. 99, 587 (1955).

[5] L.D. Faddeev R. Jackiw, Phys. Rev. Lett. 60, 1692 (1988).

[6] A. Ogielski, P.K. Townsend, Lett. Nuovo Cimento, 25, 43 (1979).

[7] B.M. Barbashov and V.V. Nesterenko, Introduction to the Relativistic String Theory (World Scientific, Singapore, 1990).

[8] G. Wentzel, Quantum Theory of Fielfs (Interscience Publ., N.

Y. 1949).