arXiv:hep-th/0111230 v3 14 Jul 2003

hep-th/0111230 TU-640

Boundary states in coset conformal field theories

Hiroshi Ishikawa

Department of Physics, Tohoku University Sendai 980-8578, JAPAN

ishikawa@tuhep.phys.tohoku.ac.jp

We construct various boundary states in the coset conformal field theory G/H. The G/H theory admits the twisted boundary condition if the G theory has an outer automorphism of the horizontal subalgebra that induces an automorphism of the H theory. By introducing the notion of the brane identification and the brane selection rule, we show that the twisted boundary states of the G/H theory can be constructed from those of the G and the H theories. We apply our construction to the su(n) diagonal cosets and the su(2)/u(1) parafermion theory to obtain the twisted boundary states of these theories.

1 Introduction

The recent developments in the construction of the boundary states in rational conformal field theories have revealed the rich structure of conformal field theories with boundaries [1, 2,3]. It is now recognized that the rational boundary states are described by a non-negative integer matrix representation (NIM-rep) of the fusion algebra [4, 3, 5]. The situation changes, however, if we relax the condition of rationality on the boundary states. Many rational CFT’s are equipped with an extended symmetry such as the current algebra, and they are no more rational with respect to the Virasoro algebra. If we require only the conformal invariance on the boundary states, instead of the full chiral algebra, the classification problem gets much complicated, for which we have no generic answer.

In the context of string theory, boundary states give rise to D-branes. In order to have a consistent theory, D-branes have to keep (super) conformal invariance on the worldsheet. The conservation of the extended current algebra is an additional requirement, which is not necessary in general. The study of the conformal boundary states is therefore inevitable for the full understanding of the spectrum of D-branes.

An interesting approach to the construction of the conformal boundary states in the WZW models has been proposed in [6]^1. The strategy of [6] is to decompose the G WZW model into the H part and the coset G/H, where H is a subgroup of the group G G ∼ G/H × H. (1.1) From this decomposition, we have several boundary conditions of the G theory. Adopting the usual boundary condition for both of the H and the G/H parts yields the ordinary boundary condition of the G theory. On the other hand, we can twist the boundary condition of the H part by an automorphism that leaves the Virasoro algebra invariant. Twisting the G/H part in the same way does not affect the boundary condition of the G theory. Taking the ordinary condition in the coset theory, however, gives the novel boundary condition of the G theory. This condition breaks the G current algebra while its conformal invariance is manifest. In [6], it has been shown that the conformal boundary state, not rational with respect to G, does exist for the case of G = SU(2). The boundary states in the coset theories are therefore useful building blocks in the construction of

1For the c = 1 models, it is possible to take another approach [7, 8, 9].

the conformal boundary states in the WZW models. Although the coset theory with boundaries has been studied from the sigma model point of view [6,10,11,12], the algebraic study such as [1, 2, 3] is necessary to explore the stringy regime of the theory.

In this paper, we give the general method to obtain the boundary states in the G/H coset conformal theory. In particular, we show that a NIM-rep of the G/H theory can be constructed from a pair of NIM-reps for the G and the H theories. In doing this, we introduce the notion of the brane identification and the brane selection rule, which are considered to be the boundary version of the field identification and the selection rule in the coset theory. We apply our method to the twisted boundary states of the su(n)_1 ⊕ su(n)_1/su(n)_2 diagonal coset and the su(2)_k/u(1)_k parafermion theory, and obtain the result consistent with that in [6].

The organization of the paper is as follows. In the next section, we review some results about the boundary states in rational conformal field theories, especially the WZW models. In Section 3, we give arguments for the existence of an automorphism of the boundary states, which is the dual of the automorphism of the current algebra. In Section 4, we give the rule to yield NIM-reps in the coset theory. We show that a pair of NIMreps in the G and the H theories yield a NIM-rep in the G/H theory after an appropriate identification of the states generated by the automorphism of the boundary states. In Section 5, we apply our method to several examples.

2 Boundary states in the WZW models

In this section, we review some basic results about the boundary states in the WZW models following to [1, 2, 3].

The most simple boundary condition for the current algebra is

J^a_n + J̃^a_{−n} = 0, (2.1)

where J^a and J̃^a represent the holomorphic and the anti-holomorphic parts of the algebra, respectively. The Ishibashi states {|λ⟩⟩ | λ ∈ Spec(G)} are the building blocks of the boundary states [13]. Here, we denote by Spec(G) the set of the integrable representations of the algebra g at level k, namely, Spec(G) = P^k_+(g). We normalize |λ⟩⟩ as follows ⟨⟨λ|q̃^{Hc} |λ⟩⟩ = 1 S_{0λ} χ_λ(−1/τ ) = ∑ μ∈Spec(G) S_{λμ} S_{0λ} χ_μ(τ ) = χ_0(τ ) + · · · , (2.2)

where q̃ = e^{−2πi/τ} and H_c =^1_2 (L_0 + L̃_0 −^c_{12} ) is the closed string Hamiltonian. ‘0’ stands for the vacuum representation. This normalization corresponds to the following scalar product in the space of the boundary states [3] ⟨α||β⟩ = lim_{q→0} q^{c24} ⟨α|q̃^{Hc} |β⟩. (2.3) Here c is the central charge of the theory and q = e^{2πiτ} .

The boundary condition (2.1) relates a representation λ with λ̄. Hence, (λ)_L ⊗ (λ̄)_R must exist in the closed string spectrum in order to have the Ishibashi state |λ⟩⟩. In the case of the charge-conjugation modular invariant Z = ∑ λ∈Spec(G) χλχ̄λ̄, we obtain all the

Ishibashi states |λ⟩⟩, λ ∈ Spec(G). However, in the other cases, the set of the allowed Ishibashi states is in general different from Spec(G). We denote this set by E

E = {λ | (λ)_L ⊗ (λ̄)_R ∈ closed string spectrum}. (2.4)

For the diagonal modular invariant Z = ∑ λ∈Spec(G) χλχ̄λ, only the self-conjugate represen-

tations are allowed and E = {λ ∈ Spec(G) | λ̄ = λ}. The multiplicity of a representation λ in E can be greater than 1, as is seen in the D_{even} invariant of su(2).

A generic boundary state |α⟩ satisfying the boundary condition (2.1) is a linear combination of the Ishibashi states |α⟩ = ∑ λ∈E ψ_α^λ|λ⟩⟩. (2.5) We denote by V the set labelling the boundary states

V = {α | label of the boundary states}. (2.6)

The annulus amplitude between two boundary states takes the form Z_{αβ} = ⟨β|q̃^{Hc} |α⟩ = ∑ λ∈E,μ∈Spec(G) ψ_α^λ S_{μλ} S_{0λ} ψ̄_β^λ χ_μ(τ ) = ∑ μ∈Spec(G) n_{μα}^β χ_μ. (2.7)

Here we denote the multiplicity of the representation μ in Z_{αβ} by n_{μα}^β n_{μα}^β = ∑ λ∈E ψ_α^λ S_{μλ} S_{0λ} ψ̄_β^λ = ∑ λ∈E ψ_α^λγ^{(μ)}_λ ψ̄_β^λ, (2.8a)

In the matrix form, this can be written as

n_μ = ψγ^{(μ)}ψ^†, (2.8b)

where (ψ)_α^λ = ψ_α^λ and (n_μ)_α^β = n_{μα}^β . Here we denote by γ^{(μ)}_λ the generalized quantum dimension γ^{(λ)} = diag(γ^{(λ)}_ρ ) = diag ( S_{λρ} S_{0ρ} ) ρ∈P^k_+ . (2.9)

Clearly, n_{μα}^β takes non-negative integer values for the consistent boundary conditions [14]. Moreover, n_{0α}^β = δ_{αβ} since the vacuum is unique, and n^T_μ is related with n_{μ̄} via

n^T_μ = n^†_μ = (ψγ^{(μ)}ψ^†)^† = ψ(γ^{(μ)})^†ψ^† = ψγ^{(μ̄)}ψ^† = n_{μ̄}. (2.10)

We call the set of the consistency conditions the Cardy condition

n_{μα}^β ∈ Z_{≥0}, n_{0α}^β = δ_{αβ} (n_0 = 1), n_{μβ}^α = n_{μ̄α}^β (n^T_μ = n_{μ̄}), (2.11)

and the boundary states satisfying the Cardy condition the Cardy states. It should be noted that the Cardy condition is only a necessary condition for consistency. There are many non-physical NIM-reps that do not correspond to any modular invariant [5] (e.g., the tadpole NIM-rep of su(2) [4, 3]).

So far, the number of the independent Cardy states |V| is not specified. From now on, we assume that the number of the Cardy states is equal to the number of the Ishibashi states [16] |V| = |E| (assumption of completeness). (2.12) In other words, the boundary state coefficient ψ is a square matrix. From the Cardy condition (2.11), n_0 = ψψ^† = 1. For a square ψ, this means that ψ is unitary. The situation is quite analogous to the Verlinde formula [15] N_{λμ}^ν = ∑ ρ∈Spec(G) S_{λρ}S_{μρ}S̄_{νρ} S_{0ρ} = ∑ ρ∈Spec(G) S_{μρ}γ^{(λ)}_ρ S̄_{νρ}, (2.13a) where N_{λμ}^ν is the fusion coefficient (λ) × (μ) = ∑ ν N_{λμ}^ν (ν). In the matrix form, this can be written as N_λ = Sγ^{(λ)}S^†, (2.13b) where (N_λ)_μ^ν = N_{λμ}^ν . From the associativity of the fusion algebra, one can show that N_λ satisfies the fusion algebra

N_λN_μ = ∑ ν∈Spec(G) N_{λμ}^ν N_ν , (2.14)

which implies by the Verlinde formula that

γ^{(λ)}γ^{(μ)} = ∑ ν∈Spec(G) N_{λμ}^ν γ^{(ν)}. (2.15)

The generalized quantum dimension {γ^{(λ)}μ } is therefore a one-dimensional representation of the fusion algebra. If we use ψ instead of S in the Verlinde formula, we obtain n_μ. Hence, n_μ, as well as N_μ, satisfies the fusion algebra

n_λn_μ = ∑ ν∈Spec(G) N_{λμ}^ν n_ν . (2.16)

The Cardy condition (2.11) together with the assumption of completeness (2.12) implies that {n_λ} forms a non-negative integer matrix representation (NIM-rep) of the fusion algebra.

For each set of the mutually consistent boundary states, we have a NIM-rep of the fusion algebra. However, the converse is in general not true. There are many ‘unphysical’ NIM-reps that do not correspond to any modular invariant [5]. The typical example is the tadpole NIM-rep T_n of su(2)_{2n−1} [4, 3], which can be constructed by orbifolding the regular NIM-rep A_{2n}. The exponent E(T_n) consists of only the even representations of su(2) at level 2n − 1. Hence, there is no modular invariant compatible with E(T_n) since the level is odd. Although the spectrum of the diagonal modular invariant at level 2n − 1 contains E(T_n) as a subset, the overlap of the T_n boundary states with the ordinary A_{2n} yields the su(2) character with irrational coefficients, which implies that the T_n state is unphysical. This example shows that the Cardy condition is not a sufficient condition for consistency.

We give some examples of the Cardy states below.

2.1 Untwisted states

Since the non-negative integer matrix (N_λ)_μ^ν = N_{λμ}^ν satisfies the fusion algebra, {N_λ} is a NIM-rep of the fusion algebra (regular representation). From the Verlinde formula (2.13), the corresponding diagonalization matrix ψ is the modular transformation matrix S. The spectrum E of the Ishibashi states coincides with Spec(G). Hence the resulting Cardy states are those for the charge conjugation modular invariant. Since the S-matrix maps Spec(G) to Spec(G) itself, the label V of the Cardy states also coincides with Spec(G). The Cardy states take the form [14] |λ⟩ = ∑ μ∈Spec(G) S_{λμ}|μ⟩⟩. (2.17) 2.2 Twisted states

The simple Lie algebra g has an outer automorphism ω for g = A_l, D_l, E_6 (see Table 1). Here, r is the order of ω and we denote the representation of g by its Dynkin label, namely, λ = λ_1Λ_1 + · · · + λ_lΛ_l.

We can use this outer automorphism ω of the horizontal subalgebra g to twist the boundary condition of the current algebra g^{(1)}

J^a_n + ω(J̃^a_{−n}) = 0. (2.18)

Since λ ≠ ω(λ) for a generic representation λ, the spectrum E of the Ishibashi states is

Table 1: The diagram automorphism ω of the simple Lie algebra g. r is the order of ω and {λ_1, λ_2, · · · } is the Dynkin label of the weight λ. g ω(λ) r A_{2l} (λ_{2l}, λ_{2l−1}, · · · , λ_1) 2 A_{2l−1} (λ_{2l−1}, λ_{2l−2}, · · · , λ_1) 2 D_{l+1} (λ_1, · · · , λ_{l−1}, λ_{l+1}, λ_l) 2 E_6 (λ_5, λ_4, λ_3, λ_2, λ_1, λ_6) 2 D_4 (λ_4, λ_2, λ_1, λ_3) 3 restricted to E = P^{k,ω}_+ (g^{(1)}) = {λ ∈ P^k_+(g^{(1)}) | ω(λ) = λ}. (2.19)

(for simplicity, we consider only the charge-conjugation modular invariant). The Cardy states are labelled by the integrable representation of the twisted affine Lie algebra g^{(r)} associated with g and ω [2] V = P^k_+(g^{(r)}). (2.20)

This can be understood as follows.

Let {|λ; ω⟩⟩ | ω(λ) = λ} be the Ishibashi states satisfying the boundary condition (2.18). The Cardy state |α; ω⟩ can be expressed in terms of |λ; ω⟩⟩ |α; ω⟩ = ∑ λ∈E ψ_α^λ|λ; ω⟩⟩. (2.21) Consider the annulus amplitude between |α; ω⟩ and the untwisted Cardy state |0⟩ = ∑ λ∈Spec(G) S0λ|λ⟩⟩ Z_{0,(α;ω)} = ⟨0|q̃^{Hc} |α; ω⟩ = ∑ λ∈E S_{0λ}ψ_α^λ⟨⟨λ|q̃^{Hc} |λ; ω⟩⟩. (2.22) In the open string channel, the boundary condition of the current J^a is twisted at the one end of the annulus that corresponds to |α; ω⟩. Hence, the current algebra in the open string channel is twisted to yield the twisted affine Lie algebra g^{(r)}, and the annulus amplitude can be expressed in terms of the character of g^{(r)}. The modular transformation of the character of g^{(r)} is those for another twisted algebra g̃^{(r)} [17] (see Table 2). The overlap ⟨⟨λ|q̃^{Hc} |λ; ω⟩⟩ of two Ishibashi states is therefore nothing but the character of

Table 2: The modular transformation of the twisted affine Lie algebras

g^{(r)} A^{(2)}_{2l} A^{(2)}_{2l−1} D^{(2)}_{l+1} E^{(2)}_6 D^{(3)}_4 g̃^{(r)} A^{(2)}_{2l} D^{(2)}_{l+1} A^{(2)}_{2l−1} E^{(2)}_6 D^{(3)}_4 g^{(1)} λ ∈ P^{k,ω}_+ (g^{(1)}) g̃^{(r)} λ̃ ∈ P^k_+(g̃^{(r)}) A^{(1)}_{2l} (λ_1, · · · , λ_l, λ_l, · · · , λ_1) A^{(2)}_{2l} (λ_1, · · · , λ_l) A^{(1)}_{2l−1} (λ_1, · · · , λ_l, · · · , λ_1) D^{(2)}_{l+1} (λ_1, · · · , λ_l) D^{(1)}_{l+1} (λ_1, · · · , λ_l, λ_l) A^{(2)}_{2l−1} (λ_1, · · · , λ_l) E^{(1)}_6 (λ_1, λ_2, λ_3, λ_2, λ_1, λ_6) E^{(2)}_6 (λ_6, λ_3, λ_2, λ_1) D^{(1)}_4 (λ_1, λ_2, λ_1, λ_1) D^{(3)}_4 (λ_2, λ_1)

Table 3: The integrable representation λ̃ of the twisted affine Lie algebra g̃^{(r)} that corresponds to the untwisted affine Lie algebra g^{(1)} and the diagram automorphism ω of the horizontal subalgebra (see eq.(2.23)).

g̃^{(r)} [18]. In our normalization, we obtain^2 ⟨⟨λ|q̃^{Hc} |λ; ω⟩⟩ = 1 S_{0λ} χ^{g̃(r)}_{λ̃} (−1/τ ) = 1 S_{0λ} ∑ μ∈P^k_+(g^{(r)})

S̃_{λ̃μ}χ^{g(r)}_μ (τ /r), (2.23)

where S̃ is the modular transformation matrix between g^{(r)} and g̃^{(r)}. λ̃ ∈ P^k_+(g̃^{(r)}) is determined from λ ∈ P^{k,ω}_+ (g^{(1)}) by comparing the modular anomaly. We display the concrete form of λ̃ in Table 3.

Using this fact, the annulus amplitude (2.22) can be written in the form

Z_{0,(α;ω)} = ∑ λ̃∈P k_+ (g̃(r)) ∑ μ∈P^k_+(g^{(r)})

ψ_α^λS̃~_{λμ}χ^{g(r)}_μ . (2.24)

For the consistent boundary states, the coefficient of the character χ^{g(r)}_μ should be nonnegative integer. Clearly, this condition is satisfied by setting ψ_α^λ = S̃_α~_λ, where α ∈ P^k_+(g^{(r)}). Hence, we set |α; ω⟩ = ∑ λ∈P^{k,ω}_+ (g^{(1)})

S̃_{αλ̃}|λ; ω⟩⟩, α ∈ P^k_+(g^{(r)}). (2.25)

The consistency with the symmetric states |β⟩ other than |0⟩ readily follows since |β⟩ can be obtained from |0⟩ by the fusion in the open string channel [14]. In order to see

2For A^{(2)}_{2l} , the arguments of the characters should be slightly modified.

the mutual consistency of the twisted Cardy states, we consider the annulus amplitude between two twisted states Z_{(α;ω)(β;ω)} = ∑ λ∈P^{k,ω}_+ (g^{(1)}) ∑ μ∈P^k_+ (g^{(1)}) S̃_{αλ̃} S^{λμ} S_{λ0} (S̃^†)~_{λβ} χ_μ = ∑ μ N^ω_{μα}^βχ_μ. (2.26)

For the consistency of the states, the coefficients N^ω_{μα}^β should be non-negative integer (a NIM-rep of the fusion algebra). One can see that this number also appears in the annulus amplitude between |α⟩ and |β; ω⟩

Z_{α(β;ω)} = ∑ λ∈P^{k,ω}_+ (g^{(1)}) ∑ μ∈P^k_+ (g^{(2)}) S_{αλ} S̃_{λ̃μ} S_{λ0} (S̃^†)~_{λβ} χ_μ = ∑ λ,μ N^ω_{αμ}^βχ_μ. (2.27)

Hence, the mutual consistency of the twisted states follows from the consistency between the symmetric and the twisted states.

2.3 u(1)_k

The u(1)_k chiral algebra with k ∈ Zhas 2k primary fields. We label them by m ∈ Z/2kZ

Spec(u(1)_k) = Z/2kZ= {m = 0, 1, · · · , 2k − 1}. (2.28) The modular transformation matrix reads S_{mm}′ = 1 √ 2k e^{− πik mm′} , (2.29) and the fusion algebra has the form (m) × (m^′) = (m + m^′).

Let us consider the twisted boundary states in this theory. The outer automorphism of u(1) is the charge conjugation ω_c : m → −m. The representations self-conjugate under ω_c are m = 0 and k. Hence, we obtain E = {0, k}. (2.30) Correspondingly, we have two Cardy states denoted by α = ± V = {+, −}. (2.31) The boundary state coefficient ψ reads ψ = 1 √ 2 ( 1 1 1 −1 ) . (2.32)

3 Automorphisms of boundary states

Let Aut(g) be the group of the outer automorphism of a current algebra g = g^{(1)}. Aut(g) contains a normal abelian subgroup O(g) which is isomorphic to the center Z(G) of the group G O(g) ≃ Z(G) , O(g) ∋ A → b(A) = e^{−2πiA(Λ0 )} ∈ Z(G). (3.1) Here Λ_0 is the 0-th fundamental weight of g and b is a group isomorphism b(AA^′) = b(A)b(A^′) , A, A^′ ∈ O(g). (3.2) b(A) is a multiple of the identity within an irreducible representation of g. We denote the eigenvalue of b(A) in the representation λ by b_λ(A) b(A)|λ⟩ = b_λ(A)|λ⟩, b_λ(A) = e^{−2πi(A(Λ0 ),λ)}, λ ∈ P^k_+(g). (3.3) The modular transformation matrix S intertwines O(g) with Z(G) [19] S_{Aλ,μ} = S_{λμ}b_μ(A), A ∈ O(g), (3.4a) which can be written in the form AS = S b(A), A_{λμ} = δ_{Aλ,μ}, b(A) = diag(b_λ(A)). (3.4b) Setting λ = 0 in this equation, we obtain b_μ(A) = S_{A0,μ} S_{0μ} = γ^{(A0)}_μ . (3.5) Therefore b_μ(A) is nothing but the generalized quantum dimension. The outer automorphism A ∈ O(g) acts on the fusion algebra as N_{Aλ μ}^ν = N_{λ Aμ}^ν = N_{λμ}^{A−1ν} , (3.6a) which follows from eq.(3.4) and the Verlinde formula (2.13). In the matrix form, this can be written as N_{Aλ} = AN_λ = N_λA. (3.6b)

Setting λ = 0 again, we obtain A = AN_0 = N_{A0}. (3.7) Hence, the action of the outer automorphism A is equivalent to the fusion with A0 (simple currents [20]). This is the ‘S-dual’ of eq.(3.5).

The outer automorphism A ∈ O(g) naturally acts on the label of the Cardy states V, since A = N_{A0}. We use the same symbol A for its realization on V A = n_{A0} = ψγ^{(A0)}ψ^† = ψb(A)ψ^†. (3.8) In the component form, A_α^β = ∑ λ∈E ψ_α^λb_λ(A)ψ̄_β^λ. (3.9) We can rewrite this as Aψ = ψb(A), (3.10a) ψ_{Aα}^λ ≡ ∑ β∈E A_α^β ψ_β^λ = ψ_α^λb_λ(A), (3.10b)

where we define Aα ∈ V by A_α^β = δ_{Aα,β}. (3.11) There are elements of O(g) that leave V invariant. They form a subgroup of O(g), which we call the stabilizer of V and denote by S(V) S(V) = {A ∈ O(g) | Aα = α for any α ∈ V} = {A ∈ O(g) | b_λ(A) = 1 for any λ ∈ E}.

(3.12)

The action on V is caused by the quotient group O(V) ≡ O(g)/S(V), which we call the automorphism group of V O(V) = O(g)/S(V). (3.13) From (3.4) and b^T = b, we obtain b(A) = SA^T S^†. (3.14)

We consider the counterpart of this in V, namely, b̃(A) = ψA^T ψ^†, A ∈ O(E) ⊂ O(g), (3.15) where O(E) is the group of outer automorphisms of E defined as O(E) = {A ∈ O(g) | A(E) = E}. (3.16) This restriction for A is necessary because the indices of ψ runs only E. It is not clear for the author whether b̃(A) is diagonal or not. We therefore assume that b̃(A) is diagonal. Actually, this holds for all the examples discussed later. Then the above equation reads b̃_α(A)δ_{αβ} = ∑ λ,μ∈E ψ_α^λA_{μλ}ψ̄_β^μ = ∑ μ∈E ψ_α^{Aμ}ψ̄_β^μ, (3.17)

or equivalently, b̃(A)ψ = ψA^T , (3.18a) b̃_α(A)ψ_α^λ = ψ_α^{Aλ}, A ∈ O(E). (3.18b) From the equations (3.10) and (3.18), we obtain the transformation properties of the Cardy states b(A)|α⟩ = ∑ λ∈E ψ_α^λb_λ(A)|λ⟩⟩ = ∑ λ∈E ψ_{Aα}^λ|λ⟩⟩ = |Aα⟩, A ∈ O(V), (3.19a) A|α⟩ = ∑ λ∈E ψ_α^λA|λ⟩⟩ = ∑ λ,μ∈E ψ_α^λ|μ⟩⟩A_{μλ} = ∑ λ,μ∈E ψ_α^λ|μ⟩⟩δ_{Aμ,λ} = ∑ μ∈E ψ_α^{Aμ}|μ⟩⟩ = ∑ μ∈E b̃_α(A)ψ_α^μ|μ⟩⟩ = b̃_α(A)|α⟩, A ∈ O(E). (3.19b)

The center b(A) ∈ Z(G) induces a permutation of the Cardy states, which is an automorphism of V. On the other hand, A ∈ O(E) measures the ‘charge’ (or the conjugacy class) of the Cardy states.

For a NIM-rep n_λ of the fusion algebra, there corresponds a graph whose vertices are labelled by the set V [4, 3]. We can identify the boundary states with the vertices of the graph. Then the automorphism group O(V) is naturally interpreted as the automorphism of the graph, while b̃_α represents a coloring of the graph.

3.1 Untwisted states

For the untwisted states, V = E = Spec(G) and ψ = S. The equations (3.10) and (3.18) reduce to eq.(3.4). The transformation property (3.19) of the Cardy states therefore reads b(A)|α⟩ = |Aα⟩, A|α⟩ = b_α(A)|α⟩, A ∈ O(g). (3.20) 3.2 Twisted states

For the twisted states, we have seen E = P^{k,ω}_+ (g^{(1)}) ≃ P^k_+(g̃^{(r)}), V = P^k_+(g^{(r)}), ψ_α^λ = S̃_α~_λ.

(3.21)

From this form, it is natural to expect that O(E) ≃ O(g̃^{(r)}), O(V) ≃ O(g^{(r)}). (3.22) We will show this is actually the case. We restrict ourselves to the case of g = A_{2l−1}. The other g’s can be treated in the same way.

For g = A_{2l−1}, g^{(r)} = A^{(2)}_{2l−1} and g̃^{(r)} = D^{(2)}_{l+1}. The explicit form of E and V reads E = P^{k,ω}_+ (A^{(1)}_{2l−1})

= {(λ_1, λ_2, · · · , λ_l, · · · , λ_2, λ_1) | 2λ_1 + 2λ_2 + · · · + 2λ_{l−1} + λ_l ≤ k, λ_i ∈ Z_{≥0}} ≃ P^k_+(D^{(2)}_{l+1}) = {(λ̃_1, λ̃_2, · · · , λ̃_l) | 2λ̃_1 + 2λ̃_2 + · · · + 2λ̃_{l−1} + λ̃_l ≤ k, λ̃_i ∈ Z_{≥0}}, V = P^k_+(A^{(2)}_{2l−1}) = {(α_1, α_2, · · · , α_l) | α_1 + 2α_2 + · · · + 2α_l ≤ k, α_i ∈ Z_{≥0}}.

(3.23)

First, note that O(A^{(1)}_{2l−1}) = {1, A, A^2, · · · , A^{2l−1}} ≃ Z_{2l}, (3.24) where the generator A acts on λ as A : (λ_1, · · · , λ_{2l−2}, λ_{2l−1}) →(λ_0, λ_1, · · · , λ_{2l−2}), λ_0 = k − (λ_1 + · · · + λ_{2l−1}).

(3.25)

Clearly, the elements that leave E invariant are only 1 and A^l, hence O(E) = {1, A^l} ≃ Z_2. (3.26)

From eq.(3.23), one can see that A^l induces the following action on P^k_+(D^{(2)}_{l+1}) A^l : (λ̃_1, λ̃_2, · · · , λ̃_{l−1}, λ̃_l) →(λ̃_{l−1}, λ̃_{l−2}, · · · , λ̃_1, λ̃_0), λ̃_0 = k − (2λ̃_1 + · · · + 2λ̃_{l−1} + λ̃_l),

(3.27)

which is exactly the same as the action of the outer automorphism group O(D^{(2)}_{l+1}) ≃ Z_2. Hence, we have verified the first equality of eq.(3.22), O(E) ≃ O(g̃^{(r)}).

The center of SU(2l) is also Z_{2l}, which is generated by b(A). The eigenvalue b_λ(A) of b(A) on the representation λ reads

b_λ(A) = exp ( − πi l ((2l − 1)λ_1 + (2l − 2)λ_2 + · · · + λ_{2l−1}) ) . (3.28)

On E, this can be written as

b_λ(A) = exp ( − πi l (2lλ_1 + 2lλ_2 + · · · + 2lλ_{l−1} + lλ_l) ) = (−1)^{λl} . (3.29)

Hence, the stabilizer S(V) consists of {1, A^2, · · · , A^{2l−2}} and S(V) ≃ Z_l. The automorphism group O(V) is therefore O(V) = Z_{2l}/Z_l = {1, A} ≃ Z_2. One can identify this with the outer automorphism group of A^{(2)}_{2l−1}, which acts on P^k_+(A^{(2)}_{2l−1}) as A : (α_1, α_2, · · · , α_{l−1}, α_l) →(α_0, α_2, · · · , α_{l−1}, α_l), α_0 = k − (α_1 + 2α_2 + · · · + 2α_l).

(3.30)

Actually, from the formula (proved in Appendix) S̃_{Aα,λ̃} = S̃_{αλ̃}(−1)^{λ̃}l , A ∈ O(A^{(2)}_{2l−1}), (3.31a) S̃_{α,Ãλ̃} = (−1)^α1^{+2α}2^{+···+lα}lS̃_{αλ̃}, Ã ∈ O(D^{(2)}_{l+1}), (3.31b)

one can confirm that the action of O(V) coincides with that of O(A^{(2)}_{2l−1}). Hence, we have verified the second equality of eq.(3.22), O(V) ≃ O(g^{(r)}). Note that the above formula (3.31) also exhibits that b̃(A) in eq.(3.18) is diagonal, namely, b̃_α(A) = (−1)^{α1+2α2+···+lαl} .

3.3 u(1)_k

The modular transformation matrix of the u(1)_k theory (2.29) has the following symmetry S_{m+1,m}′ = S_{mm}′ e^{− πik m′} . (3.32)

This is reminiscent of the relation (3.4), and we regard A : m → m + 1 as the generator of the automorphism group O(u(1)_k) = {1, A, · · · , A^{2k−1}} ≃ Z_{2k}. (3.33) The ‘center’ is defined in the same way b_m(A) = e^{− πik m}. (3.34) Let us consider the twisted Cardy states |±⟩ = 1 √ 2 (|0; ω_c⟩⟩ ± |k; ω_c⟩⟩). (3.35) The automorphism group O(E) is clearly {1, A^k} ≃ Z_2, under which |±⟩ transforms as A^k|±⟩ = 1 √ 2 (|k; ω_c⟩⟩ ± |0; ω_c⟩⟩) = ±|±⟩. (3.36) Since b_k(A) = −1, the stabilizer S(V) consists of {1, A^2, · · · , A^{2k−2}}. Hence, O(V) = Z_{2k}/Z_k = {1, A} ≃ Z_2, which acts on |±⟩ as b(A)|±⟩ = 1 √ 2 (|0; ω_c⟩⟩ ∓ |k; ω_c⟩⟩) = |∓⟩. (3.37) 4 Twisted boundary states in coset theories

4.1 Preliminaries

Corresponding to the algebra embedding h ⊂ g, a representation λ of g is decomposed in terms of the representations of h as follows (λ) → ⊕_μ(λ; μ) ⊗ (μ), λ ∈ Spec(G), μ ∈ Spec(H). (4.1) The spectrum of the G/H coset theory is composed of all the possible combination (λ; μ)

Spec(G/H) = {(λ; μ) | λ ∈ Spec(G), μ ∈ Spec(H), b_λ = b_μ}/(Aλ; Aμ) ∼ (λ; μ). (4.2)

Here the relation (Aλ; Aμ) ∼ (λ; μ), A ∈ O(h) is the field identification,^3and b_λ = b_μ is the selection rule for the common center of G and H. To be precise, we should write the projected weight as P λ, instead of λ, using the projection matrix P . For simplicity, we omit this P , since it is obvious from the context whether P should be appended or not. In this paper, we restrict ourselves to the case that all the identification orbit have the same length N_0 N_0 = |{(Aλ; Aμ) | A ∈ O(h)}| = |O(h)|. (4.3) In particular, there is no fixed point in the field identification

(Aλ; Aμ) ≠ (λ; μ), for any λ ∈ Spec(G), μ ∈ Spec(H), A ∈ O(h). (4.4) The character of the coset theory is the branching function χ_{(λ;μ)} of the algebra embedding h ⊂ g. From the branching rule (4.1), we obtain χ^G_λ = ∑ μ,b_λ =b_μ χ_{(λ;μ)} χ^H_μ . (4.5)

The modular transformation of the coset characters can be written as χ_{(λ;μ)}(−1/τ ) = ∑ (λ^′;μ^′)∈Spec(G/H)

S_{(λ;μ)(λ}′_{;μ}′_) χ_{(λ}′_{;μ}′_)(τ ),

S_{(λ;μ)(λ}′_{;μ}′_) = N_0S^G_{λλ}′S̄^H_{μμ}′ .

(4.6)

This S-matrix has several properties necessary for a consistent theory. First, S_{(λ;μ)(λ}′_{;μ}′_) does not depend on the representative of the field identification orbit. Namely, S_{(Aλ;Aμ)(λ}′_{;μ}′_) = N_0S^G_{Aλ,λ}′S̄^H_{Aμ,μ}′ = N_0S^G_{λλ}′S̄^H_{μμ}′ b_λ′ (A)b_μ′ (A)^{−1} = S_{(λ;μ)(λ}′_{;μ}′_). (4.7) Here we used the property (3.4) for S^G and S^H . The last equality follows from the

3We do not consider the maverick cosets [21,22], for which additional field identifications are necessary.

selection rule b_λ′ = b_μ′ . Next, most importantly, S_{(λ;μ)(λ}′_{;μ}′_) is unitary ∑ (λ^′;μ^′)∈Spec(G/H)

S_{(λ;μ)(λ}′_{;μ}′_)S̄_{(λ}′′_{;μ}′′_{)(λ}′_{;μ}′_) = ∑ (λ^′;μ^′) N^2_0 S^G_{λλ}′S̄^H_{μμ}′S̄^G_λ′′_λ′ S^H_μ′′_μ′ = 1 N_0 ∑ λ^′,μ^′ 1 N_0 ∑ A∈O(h) b_λ′ (A)b_μ′ (A)^{−1} × N^2_0 S^G_{λλ}′S̄^G_λ′′_λ′S̄^H_{μμ}′ S^H_μ′′_μ′ = ∑ A∈O(h) ∑ λ^′,μ^′ S^G_{Aλ,λ}′S̄^G_λ′′_λ′S̄^H_{Aμ,μ}′ S^H_μ′′_μ′ = ∑ A∈O(h) δ_{Aλ,λ}′′ δ_{Aμ,μ}′′ = δ_{(λ;μ)(λ}′′_{;μ}′′_).

(4.8)

Here we used our assumption of no fixed points to rewrite the sum ∑ (λ^′;μ^′)∈Spec(G/H) → 1 N_0 ∑ λ^′,μ^′ 1 N_0 ∑ A∈O(h) b_λ′ (A)b_μ′ (A)^{−1}. (4.9)

The projection operator introduced above takes account of the selection rule. We parametrized the center of H by the elements A of O(h) using the isomorphism Z(H) ≃ O(h).

The fusion algebra of the coset theory can be obtained via the Verlinde formula (2.13)

N_{(λ;μ)(λ}′_{;μ}′_)^{(λ′′;μ′′)} = ∑ (ρ;σ)∈Spec(G/H) S_{(λ;μ)(ρ;σ)}S_{(λ}′_{;μ}′_{)(ρ;σ)}S̄_{(λ}′′_{;μ}′′_{)(ρ;σ)} S_{(0,0)(ρ;σ)} = 1 N_0 ∑ ρ,σ 1 N_0 ∑ A∈O(h) b_ρ(A)b_σ(A)^{−1}

× N^2_0 S^G_{λρ}S^G_λ′_ρS̄^G_λ′′_ρ S^G_{0ρ} S̄H_{μσ}S̄H_{μ′ σ}SH_{μ′′σ} S̄H_{0σ} = ∑ A∈O(h) N^G_{Aλ λ}′^{λ′′} N^H_{Aμ μ}′^{μ′′} .

(4.10a)

In the matrix form, N_{(λ;μ)} = ∑ A∈O(h) N^G_{Aλ} ⊗ N^H_{Aμ}, (4.10b)

where both the columns and the rows are restricted to Spec(G/H).

4.2 Boundary states

The boundary condition of the coset theory G/H follows from that of the current algebras G and H. If we adopt the untwisted boundary condition (2.1) for G and H, we have the untwisted boundary condition for G/H. The resulting boundary states are the untwisted Cardy states |(λ; μ)⟩ = ∑ (λ^′;μ^′)∈Spec(G/H)

S_{(λ;μ)(λ}′_{;μ}′_)|(λ^′; μ^′)⟩⟩, (4.11)

where |(λ; μ)⟩⟩ is the Ishibashi state for the primary field (λ; μ) normalized in the same way as before ⟨⟨(λ; μ)|q̃^{Hc} |(λ; μ)⟩⟩ = 1 S_{(0;0)(λ;μ)} χ_{(λ;μ)}(−1/τ ). (4.12)

Suppose that the current algebra G admits an automorphism ω of the horizontal algebra and that ω induces an automorphism of H. Then both the current algebras G and H can be twisted and we have the twisted boundary condition of the coset theory G/H. We have seen in the previous sections that there exists a NIM-rep of the fusion algebra for each set of the mutually consistent boundary states satisfying the Cardy condition. The regular NIM-rep N_λ corresponds to the untwisted boundary states, while for the twisted states we have a non-trivial NIM-rep. We should find a non-trivial NIM-rep of the fusion algebra (4.10) for the twisted Cardy states in the coset theory.

Finding a NIM-rep is nothing but finding a diagonalization matrix ψ of the fusion algebra. For the regular NIM-rep, ψ coincides with the modular transformation matrix S, which is related with those of G and H as follows

S_{(λ;μ)(λ}′_{;μ}′_) = N_0S^G_{λλ}′S̄^H_{μμ}′ . (4.13)

This form suggests the following expression for the twisted boundary states in the coset theory ψ_{(α;β)}^{(λ;μ)} = Nψ^G_α^λψ̄^H_β^μ, (4.14)

where ψ^G and ψ^H are the boundary state coefficients for the twisted Cardy states in G and H, respectively, and N is an integer that divides N_0. We shall show that this actually realizes a NIM-rep of the fusion algebra (4.10) of the coset theory.

The label (α; β) of the boundary states is composed of those of the current algebra theories. However, not all the combination of α ∈ V^G and β ∈ V^H is allowed, since (λ; μ) should belong to the spectrum (4.2) of the coset theory.

First, from the field identification (Aλ; Aμ) ∼ (λ; μ), A ∈ O(h), it should be satisfied that ψ_{(α;β)}^{(Aλ;Aμ)} = ψ_{(α;β)}^{(λ;μ)}, A ∈ O(E^H ). (4.15)

Here we restrict the identification group of the spectrum to O(E^H ) since ψ^H is defined only in E^H . Correspondingly, the length of the identification orbit is shorter than N_0. We set the integer N in (4.14) to the length of this orbit N = |{(Aλ; Aμ) | A ∈ O(E^H )}|. (4.16) The requirement (4.15) implies that

ψ_{(α;β)}^{(λ;μ)} = ψ_{(α;β)}^{(Aλ;Aμ)} = Nψ^G_α^{Aλ}ψ̄^H_β^{Aμ} = Nψ^G_α^λψ̄^H_β^μb̃_α(A)b̃_β(A)^{−1} = ψ_{(α;β)}^{(λ;μ)}b̃_α(A)b̃_β(A)^{−1},

(4.17)

where we used the relation (3.18) for ψ^G and ψ^H . Hence we have to require b̃_α = b̃_β for (α; β) to be a label of the boundary state.

Next, from the selection rule b_λ = b_μ for (λ; μ), we obtain

ψ_{(α;β)}^{(λ;μ)} = ψ_{(α;β)}^{(λ;μ)}b_λ(A)b_μ(A)^{−1} = Nψ^G_{Aα}^λψ̄^H_{Aβ}^μ = ψ_{(Aα;Aβ)}^{(λ;μ)}, (4.18)

where we used the relation (3.10). Therefore we should identify (Aα; Aβ), A ∈ O(V^H ), with (α; β). Together with the above result, we define the set V^{G/H} of the labels of the twisted boundary states in the coset theory as follows V^{G/H} = {(α; β) | α ∈ V^G, β ∈ V^H , b̃_α = b̃_β}/(Aα; Aβ) ∼ (α; β). (4.19) We can see the structure of V^{G/H} is exactly parallel to that of Spec(G/H). Namely, we have the counterpart of the field identification and the selection rule in V^{G/H} . We call the identification (Aα; Aβ) ∼ (α; β) and the selection rule b̃_α = b̃_β for the boundary states the brane identification and the brane selection rule, respectively.

With this definition at hand, we can check that the boundary state coefficients (4.14) actually realizes a NIM-rep of the fusion algebra. In order to do that, we restrict ourselves to the case that the length of the identification orbit {(Aα; Aβ) | A ∈ O(V^H )} is also given by N (4.16). This is not so restrictive and holds for all the examples discussed below. Let us first check the unitarity of ψ_{(α;β)}^{(λ;μ)} ∑ (λ;μ)∈E^{G/H} ψ_{(α;β)}^{(λ;μ)}ψ̄_{(α}′_{;β}′_)^{(λ;μ)} = ∑ (λ;μ) N^2ψ^G_α^λψ̄^H_β^μψ̄^G_α′^λψ^H_β′^μ

= 1 N ∑ λ,μ 1 N ∑ A∈O(V^H ) b_λ(A)b_μ(A)^{−1}

× N^2ψ^G_α^λψ̄^G_α′^λψ̄^H_β^μψ^H_β′^μ = ∑ A∈O(V^H ) ∑ λ,μ ψ^G_{Aα}^λψ̄^G_α′^λψ̄^H_{Aβ}^μψ^H_β′^μ = ∑ A∈O(V^H ) δ_{Aα,α}′ δ_{Aβ,β}′ .

(4.20)

From this calculation, one can see that ψ_{(α;β)}^{(λ;μ)} is unitary unless there are fixed points in the brane identification (Aα; Aβ) ∼ (α; β). If, for example, there is a fixed point Aα = α, Aβ = β, for A^2 = 1, we have the result ∑ (λ;μ) ψ(α;β) (λ;μ)ψ̄ (α^′;β^′)

(λ;μ) = 2 instead

of 1. This is the situation familiar in the field identification of the coset theory and we need some resolution of the fixed point in order to have a consistent theory [22].

The NIM-rep associated with ψ_{(α;β)}^{(λ;μ)} can be obtained in the same way as above n_{(λ;μ)(α;β)}^{(α′;β′)} = ∑ (ρ;σ)∈E^{G/H} ψ_{(α;β)}^{(ρ;σ)} S_{(λ;μ)(ρ;σ)} S_{(0,0)(ρ;σ)} ψ̄_{(α′;β′)}^{(ρ;σ)}

= 1 N ∑ ρ,σ 1 N ∑ A∈O(V^H ) b_ρ(A)b_σ(A)^{−1}

× N^2ψ^G_α^ρ S^G_{λρ} S^G_{0ρ} ψ̄^G_{α′}^ρ ψ̄^H_β^σ S̄^H_{μσ} S̄H_{0σ} ψ^{Hβ′ σ} = ∑ A∈O(V^H ) n^G_{Aλ α}^{α′} n^H_{Aμ β}^{β′} .

(4.21a)

In the matrix form, n_{(λ;μ)} = ∑ A∈O(V^H ) n^G_{Aλ} ⊗ n^H_{Aμ}, (4.21b) where both the columns and the rows are restricted to V^{G/H} . Since the components of n^G and n^H are non-negative integers, n_{(λ;μ)} is also non-negative integer matrix. Hence n_{(λ;μ)} is a NIM-rep of the fusion algebra, if there is no fixed point in the brane identification.

5 Examples

In this section, we apply the methods developed in the previous section to obtain the twisted boundary states in various coset theories.

5.1 su(3)_k ⊕ su(3)_l/su(3)_{k+l}

The diagonal coset of su(3) is the simplest example that admits the twisted boundary conditions. We consider the case of su(3)_1 ⊕ su(3)_1/su(3)_2, although our methods can be applied to the other levels.

Let us start with the twisted boundary states in the su(3) theory at level k. The automorphism ω of the horizontal subalgbra acts on the weight of su(3) as follows

ω : (λ_1, λ_2) → (λ_2, λ_1). (5.1)

The spectrum E invariant under ω reads

E = P^{k,ω}_+ (A^{(1)}_2 ) = {(λ_1, λ_1) | 2λ_1 ≤ k, λ_1 ∈ Z_{≥0}}. (5.2)

The boundary states are labelled by the integrable representation α of the twisted affine Lie algebra A^{(2)}_2

V = P^k_+(A^{(2)}_2 ) = {α = (α_1) | 2α_1 ≤ k, α ∈ Z_{≥0}}, (5.3)

and take the form |α; ω⟩ = ∑ λ∈E S̃_{αλ̃}|λ; ω⟩⟩. (5.4)

Here S̃ is the modular transformation matrix of A^{(2)}_2

S̃_{λμ} = 2√ k + 3 sin ( 2π k + 3

(λ_1 + 1)(μ_1 + 1) ) , λ, μ ∈ P^k_+(A^{(2)}_2 ), (5.5) and λ̃ is defined as λ̃_1 = λ_1.

For k = 1, E = {(0, 0)} and V = P^{k=1}_+ (A^{(2)}_2 ) = {(0)}. Hence there exists only one twisted state |0; ω⟩ = S̃_{00}|(0, 0); ω⟩⟩ = |(0, 0); ω⟩⟩. (5.6) For k = 2, E = {(0, 0), (1, 1)} and V = P^{k=2}_+ (A^{(2)}_2 ) = {(0), (1)}. We have two twisted states |α; ω⟩ = ∑ λ=0,1 S̃_{αλ}|(λ, λ); ω⟩⟩, α = 0, 1, (5.7) where S̃ takes the form S̃ = 2√ 5 ( sin^{2π}_5 sin^π_5 sin^π_5 − sin^{2π}_5 ) . (5.8)

Since the diagonal action of ω on su(3)_1 ⊕su(3)_1 induces the automorphism of su(3)_2 ⊂ su(3)_1 ⊕ su(3)_1, we have the twisted boundary condition in the coset theory su(3)_1 ⊕ su(3)_1/su(3)_2. Since A^{(2)}_2 has no outer automorphism, O(E) = O(V) = {1}. Hence both the brane identification and the brane selection rule is trivial. We therefore obtain two twisted boundary states in the coset theory

|(0, 0; 0); ω⟩ = 2 √ 5 ( sin 2π 5 |(0, 0; (0, 0)); ω⟩⟩ + sin π 5 |(0, 0; (1, 1)); ω⟩⟩ ) , |(0, 0; 1); ω⟩ = 2 √ 5 ( sin π 5 |(0, 0; (0, 0)); ω⟩⟩ − sin 2π 5 |(0, 0; (1, 1)); ω⟩⟩ ) . (5.9)

5.2 su(4)_k ⊕ su(4)_l/su(4)_{k+l}

The diagonal coset of su(4) = A_3 can be treated in the same way as su(3).

The automorphism ω acts on the weight of su(4) as

ω : (λ_1, λ_2, λ_3) → (λ_3, λ_2, λ_1). (5.10)

Hence the spectrum E reads

E = P^{k,ω}_+ (A^{(1)}_3 ) = {(λ_1, λ_2, λ_1) | 2λ_1 + λ_2 ≤ k, λ_i ∈ Z_{≥0}}. (5.11)

The boundary states are labelled by the integrable representation α of the twisted affine Lie algebra A^{(2)}_3

V = P^k_+(A^{(2)}_3 ) = {α = (α_1, α_2) | α_1 + 2α_2 ≤ k, α ∈ Z_{≥0}}, (5.12) and take the form |α; ω⟩ = ∑ λ∈E S̃_{αλ̃}|λ; ω⟩⟩. (5.13) Here S̃ is the modular transformation matrix between A^{(2)}_3 and D^{(2)}_3 ≃ A^{(2)}_3 .

For k = 1, E = {(0, 0, 0), (0, 1, 0)} and V = {(0, 0), (1, 0)}. Hence we have two twisted boundary states, for which the coefficients read

S̃ = 1√ 2 ( 1 1 1 −1 ) . (5.14)

For k = 2, E = {(0, 0, 0), (0, 2, 0), (1, 0, 1), (0, 1, 0)} and V = {(0, 0), (2, 0), (0, 1), (1, 0)}. We therefore have four twisted boundary states, for which the coefficients read

S̃ = 1√ 6 1 1 1 √ 3 1 1 1 − √ 3 1 1 −2 0 √ 3 − √ 3 0 0

. (5.15)

Since O(A^{(2)}_3 ) = {1, A} ≃ Z_2, we need the brane identification in the coset theory su(4)_1 ⊕ su(4)_1/su(4)_2. The length of the identification orbit is 2. The generator A of O(A^{(2)}_3 ) acts on V as

A : (α_1, α_2) → (α_0, α_2), α_0 = k − (α_1 + 2α_2). (5.16)

On the other hand, O(D^{(2)}_3 ) = {1, Ã} ≃ Z_2 acts on E as Ã : (λ_1, λ_2, λ_1) → (λ_1, λ_0, λ_1), λ_0 = k − (2λ_1 + λ_2). (5.17)

From the formula (3.31), we obtain b̃_α(Ã) = (−1)^α1 . (5.18)

Putting these facts together, we can write down the set V^{G/H} of the label of the twisted boundary states for su(4)_1 ⊕ su(4)_1/su(4)_2 V^{G/H} ={((0, 0), (0, 0); (0, 0)), ((0, 0), (0, 0); (2, 0)), ((0, 0), (0, 0); (0, 1)), ((0, 0), (1, 0); (1, 0))}.

(5.19)

The boundary state coefficients can be calculated by the formula (4.14) and coincide with S̃ for k = 2 (5.15).

5.3 su(2)_k/u(1)_k

The su(2)_k/u(1)_k parafermion theory (P F_k) is the simplest example including the u(1) factor. This theory is equivalent with the su(k)_1 ⊕ su(k)_1/su(k)_2 theory. Therefore we can check the validity of our procedure by comparing the result with that obtained above.

The spectrum of the parafermion theory reads

Spec(P F_k ) = {(l; m) | l = 0, 1, · · · , k, m ∈ Z/2kZ, l = m mod 2}/(k − l; m + k) ∼ (l; m), (5.20)

where l ∈ P^k_+(A^{(1)}_1 ) stands for the integrable representation of su(2)_k while m ∈ Spec(u(1)_k ) is the irreducible representation of u(1)_k.

Although the charge conjugation ω_c is an inner automorphism in su(2), it induces an outer automorphism ω_c of u(1) ⊂ su(2). Hence ω_c is an outer automorphism of the coset theory and we obtain the boundary states twisted by ω_c [6]. Since ω_c is inner in su(2), we use the untwisted boundary states |l⟩ for the su(2) sector^4 |l⟩ = ∑ l^′ S^{su(2)}_{ll}′ |l^′⟩⟩, (5.21) where the modular transformation matrix reads S^{su(2)}_{ll}′ = √ 2 k + 2 sin ( π k + 2

(l + 1)(l^′ + 1) ) . (5.22)

The u(1) part is described by the twisted boundary states |±⟩ (3.35).

The brane identification and the brane selection rule are applied in the same way as the previous examples. However, there is a subtlety for k ∈ 2Z_{≥0}. Since the center b of SU(2) acts on m ∈ Spec(u(1)_k) as (−1)^m, the Ishibashi state |m = k; ω_c⟩⟩ transforms as b|m = k; ω_c⟩⟩ = (−1)^k|m = k; ω_c⟩⟩. For odd k, this induces the automorphism of the boundary states |±⟩ → |∓⟩. For even k, however, the action of b leaves |±⟩ invariant and the automorphism group O(V^{u(1)}) is trivial (the stabilizer S(V^{u(1)}) coincides with O(su(2)_k ) ≃ Z_2). The set V^{P Fk} of the label of the twisted boundary states in the parafermion theory

4To be precise, we have to twist the boundary states by the charge conjugation. We omit it since it does not affect the coefficient S^{su(2)} of the boundary states.

therefore reads V^{P Fodd k} = {(l; (−1)^l) | l = 0, 1, · · · , k}/(k − l; +) ∼ (l; −) = {(l; (−1)^l) | l = 0, 1, · · · , (k − 1)/2} for odd k

(5.23a) and V^{P Feven k} = {(l; (−1)^l) | l = 0, 1, · · · , k}/(k − l; ±) ∼ (l; ±) = {(l; (−1)^l) | l = 0, 1, · · · , k/2} for even k

(5.23b)

The set V^{P Fk} appears to have the same structure irrespective of the parity of k. However, for even k, (l; (−1)^l) ∼ (k − l; (−1)^l) and we have a fixed point (k/2; (−1)^{k/2}) in the brane identification. In order to have a complete set of the boundary states, we have to resolve the fixed point. This is possible because we have one additional Ishibashi state |(k/2; k/2); ω_c⟩⟩ for even k [6] and we obtain the resolved set

Ṽ^{P F}even k = {(l; (−1)^l) | l = 0, 1, · · · , k/2 − 1} ∪ {(k/2; (−1)^{k/2})_±}. (5.23c)

The boundary state coefficients follow from the formula (4.14). For the ordinary states, we obtain |(l; (−1)^l); ω_c⟩ = ∑ l^′ even √ 2S^{su(2)}_{ll}′ |(l^′; 0); ω_c⟩⟩, l < k 2 , (5.24a)

while for the ‘fractional’ states we have

|(k/2; (−1)^{k/2})_±; ω_c⟩ = ∑ l^′ even 1 √ 2 S^{su(2)}_{ll}′ |(l^′; 0); ω_c⟩⟩ ± 1 √ 2 |(k/2; k/2); ω_c ⟩⟩. (5.24b)

This reproduces the result obtained in [6].

Let us calculate the explicit form of the boundary states for k = 3, 4, and compare it with the results for the diagonal coset. For k = 3, E = {(0; 0), (2; 0)} and V = {(0; +), (1; −)}. In this basis, the boundary state coefficient ψ reads ψ = 2 √ 5 ( sin^π_5 sin^{2π}_5 sin^{2π}_5 − sin^π_5 ) . (5.25)

This coincides with the result (5.9) for the su(3) diagonal coset after the identification |(0, 0; (1, 1))⟩⟩ = −|(2, 0)⟩⟩, |(0, 0; 0)⟩ = |(2; 0)⟩ and |(0, 0; 1)⟩ = |(0; 0)⟩.

For k = 4, E = {(0; 0), (2; 0), (4; 0), (2; 2)} and V = {(0; +), (1; −), (2; +)_±}. The boundary state coefficient reads

ψ = 1 √ 6 1 2 1 0 √ 3 0 − √ 3 0 1 −1 1 √ 3 1 −1 1 − √ 3 , (5.26)

which again coincides with the result (5.15) for the su(4) diagonal coset after an appropriate identification of the states.

6 Summary

In this paper, we have developed the method for constructing the twisted boundary states in the G/H coset conformal field theory. In the way analogous to the field identification and the selection rule of the coset theory, we introduce the notion of the brane identification and the brane selection rule which act on the set of the boundary states. We have shown that the twisted boundary states of the G/H theory follow from those of the G and the H theories making use of these rules. As a check of our procedure, we have treated in detail the su(n)_1 ⊕ su(n)_1/su(n)_2 theory and the su(2)_k/u(1)_k parafermion theory, which are equivalent with each other, and have obtained the consistent results. Also, we have seen that our boundary states for the parafermion theory reproduces the results obtained in [6].

In this paper, we have restricted ourselves to the charge-conjugation (or the diagonal) modular invariant. It is interesting to extend our analysis to other non-trivial modular invariants. The minimal models have the description as the coset theory, namely, su(2)_k ⊕ su(2)_1/su(2)_{k+1}. One can easily verify that our procedure, in particular the formula (4.14), yields all the boundary states of the minimal models obtained in [3], by appropriately extending the brane identification and the selection rule to the D and the E type modular invariants. The related problem is the issue of the unphysical NIM-reps. We can formally construct a NIM-rep of the G/H theory starting from an unphysical NIM-rep of the G (or H) theory. It is interesting to determine whether the resulting NIM-rep is physical or not, although it is likely to be unphysical.

It is also interesting to apply our method to the super coset theories, especially the Kazama-Suzuki models [24].

We have seen there are fixed points in the brane identification, and we should resolve them to obtain the consistent theory. This phenomena is the brane version of the field identification fixed points. Hence, in order to have a deep understanding of this, it will be necessary to extend our analysis to the case of the coset theory with the field identification fixed points.

Acknowledgement: I would like to thank H. Awata, M. Kato, M. Oshikawa and Y. Satoh for helpful discussions.

A Modular transformation matrix of (A^{(2)}_{2l−1}, D^{(2)}_{l+1})

In this Appendix, we show the transformation property of the modular transformation matrix between A^{(2)}_{2l−1} and D^{(2)}_{l+1} under the action of the outer automorphism group of the algebras. The derivation is exactly parallel to the case of the untwisted affine Lie algebras (see, for example, §14.6 of [23]).

The modular transformation of the characters of the twisted affine Lie algebra A^{(2)}_{2l−1} gives rise to those of D^{(2)}_{l+1}, and vice versa. The integrable representations of these algebras at level k are labelled as follows

P^k_+(A^{(2)}_{2l−1}) = {(λ_1, λ_2, · · · , λ_l) | λ_1 + 2λ_2 + · · · + 2λ_l ≤ k, λ_i ∈ Z_{≥0}}, P^k_+(D^{(2)}_{l+1}) = {(μ_1, μ_2, · · · , μ_l) | 2μ_1 + · · · + 2μ_{l−1} + μ_l ≤ k, μ_i ∈ Z_{≥0}}.

(A.1)

The modular transformation matrix S̃_{λμ} for λ ∈ P^k_+(A^{(2)}_{2l−1}), μ ∈ P^k_+(D^{(2)}_{l+1}), takes the form [17] S̃_{λμ} = i^l 2 √ 2 (k + 2l)^{− l2} ∑ w∈W (C_l) ϵ(w)e^{− 2πik+2l (w(λ̄+ρ̄),μ̃+ρ̃)}. (A.2) Here the sum is taken over the Weyl group of C_l, which is the horizontal subalgebra of A^{(2)}_{2l−1}. We denote by λ̄ the finite part of λ, which is expressed by the fundamental weights Λ_i of C_l as follows λ̄ = λ_1Λ_1 + · · · + λ_lΛ_l. (A.3)

μ̃ is a weight of C_l determined from μ via

μ̃ = 2μ_1Λ_1 + · · · + 2μ_{l−1}Λ_{l−1} + μ_lΛ_l. (A.4)

The Weyl vectors, ρ̄ and ρ̃, are defined as ρ̄ = Λ_1 + · · · + Λ_l, ρ̃ = 2Λ_1 + · · · + 2Λ_{l−1} + Λ_l.

(A.5)

The outer automorphism group of A^{(2)}_{2l−1} is Z_2. The generator A ∈ O(A^{(2)}_{2l−1}) acts on λ ∈ P^k_+(A^{(2)}_{2l−1}) as A : (λ_1, λ_2, · · · , λ_l) →(λ_0, λ_2, · · · , λ_l), λ_0 = k − (λ_1 + 2λ_2 + · · · + 2λ_l).

(A.6)

One can show this can be written in the form Aλ = kΛ_1 + w_A(λ̄), (A.7) where w_A ∈ W is an element of the Weyl group for which ϵ(w_A) = −1. Applying this formula to λ + ρ, we obtain Aλ + ρ = (k + 2l)Λ_1 + w_A(λ̄ + ρ̄), (A.8) where we used Aρ = ρ. Substituting this to (A.2) yields S̃_{Aλ,μ} = i^l 2 √ 2 (k + 2l)^{− l2} ∑ w∈W (C_l) ϵ(w)e^{− 2πik+2l (wwA(λ̄+ρ̄),μ̃+ρ̃)}e^{−2πi(wΛ1 ,μ̃+ρ̃)}. (A.9) From the definition of μ̃, it can be shown that (wΛ_1, μ̃) = μ_l 2 mod Z for any w ∈ W, (A.10) and we obtain the result S̃_{Aλ,μ} = i^l 2 √ 2 (k + 2l)^{− l2} ∑ w∈W (C_l) ϵ(w)e^{− 2πik+2l (w(λ̄+ρ̄),μ̃+ρ̃)} · ϵ(w_A)e^{−2πi μl+12} = S̃_{λμ}(−1)^{μl} . (A.11)

The outer automorphism of D^{(2)}_{l+1} is Z_2 and generated by Ã Ã : (μ_1, · · · , μ_{l−1}, μ_l) →(μ_{l−1}, μ_{l−2}, · · · , μ_1, μ_0), μ_0 = k − (2μ_1 + · · · + 2μ_{l−1} + μ_l).

(A.12)

The action on S̃ can be calculated in the same way as above. The result reads S̃_{λ,Ãμ} = (−1)^λ1^{+2λ}2^{+···+lλ}lS̃_{λμ}. (A.13)

References

[1] J. Fuchs and C. Schweigert, “Symmetry breaking boundaries. I: General theory,” Nucl. Phys. B 558 (1999) 419 [hep-th/9902132]; “Symmetry breaking boundaries. II: More structures, examples,” Nucl. Phys. B 568 (2000) 543 [hep-th/9908025].

[2] L. Birke, J. Fuchs and C. Schweigert, “Symmetry breaking boundary conditions and WZW orbifolds,” Adv. Theor. Math. Phys. 3 (1999) 671 [hep-th/9905038].

[3] R. E. Behrend, P. A. Pearce, V. B. Petkova and J. B. Zuber, “Boundary conditions in rational conformal field theories,” Nucl. Phys. B 570 (2000) 525 [Nucl. Phys. B 579 (2000) 707] [hep-th/9908036].

[4] P. Di Francesco and J. B. Zuber, “SU(N) Lattice Integrable Models Associated With Graphs,” Nucl. Phys. B 338 (1990) 602.

[5] T. Gannon, “Boundary conformal field theory and fusion ring representations,”

hep-th/0106105.

[6] J. Maldacena, G. W. Moore and N. Seiberg, “Geometrical interpretation of D-branes in gauged WZW models,” JHEP 0107 (2001) 046 [hep-th/0105038].

[7] M. R. Gaberdiel, A. Recknagel and G. M. Watts, “The conformal boundary states for SU(2) at level 1,” hep-th/0108102.

[8] M. R. Gaberdiel and A. Recknagel, “Conformal boundary states for free bosons and fermions,” JHEP 0111 (2001) 016 [hep-th/0108238].

[9] R. A. Janik, “Exceptional boundary states at c = 1,” Nucl. Phys. B 618 (2001) 675 [hep-th/0109021].

[10] K. Gawedzki, “Boundary WZW, G/H, G/G and CS theories,” hep-th/0108044. [11] S. Elitzur and G. Sarkissian, “D-branes on a gauged WZW model,” hep-th/0108142. [12] S. Fredenhagen and V. Schomerus, “D-branes in coset models,” hep-th/0111189. [13] N. Ishibashi, “The boundary and croscap states in conformal field theories”, Mod.

Phys. Lett. A4 (1989) 251.

[14] J. L. Cardy, “Boundary conditions, fusion rules and the Verlinde formula”, Nucl.

Phys. B 324 (1989) 581.

[15] E. Verlinde, “Fusion Rules And Modular Transformations In 2-D Conformal Field Theory,” Nucl. Phys. B 300 (1988) 360.

[16] G. Pradisi, A. Sagnotti and Y. S. Stanev, “Completeness Conditions for Boundary Operators in 2D Conformal Field Theory,” Phys. Lett. B 381 (1996) 97 [hep-th/9603097].

[17] V. G. Kac, “Infinite dimensional Lie algebras,” Cambridge University Press.

[18] J. Fuchs, B. Schellekens and C. Schweigert, “From Dynkin diagram symmetries to fixed point structures,” Commun. Math. Phys. 180 (1996) 39 [hep-th/9506135].

[19] D. Bernard, “String Characters From Kac-Moody Automorphisms,” Nucl. Phys. B 288 (1987) 628.

[20] A. N. Schellekens and S. Yankielowicz, “Extended Chiral Algebras And Modular Invariant Partition Functions,” Nucl. Phys. B 327 (1989) 673; “Simple Currents, Modular Invariants And Fixed Points,” Int. J. Mod. Phys. A 5 (1990) 2903.

[21] D. C. Dunbar and K. G. Joshi, “Characters for coset conformal field theories,” Int.

J. Mod. Phys. A 8 (1993) 4103 [hep-th/9210122]; “Maverick examples of coset conformal field theories,” Mod. Phys. Lett. A 8 (1993) 2803 [hep-th/9309093].

[22] J. Fuchs, B. Schellekens and C. Schweigert, “The resolution of field identification fixed points in diagonal coset theories,” Nucl. Phys. B 461 (1996) 371 [hep-th/9509105].

[23] P. Di Francesco, P. Mathieu and D. Sénéchal, “Conformal Field Theory,” Springer.

[24] Y. Kazama and H. Suzuki, “New N = 2 Superconformal Field Theories And Superstring Compactification,” Nucl. Phys. B 321 (1989) 232.