A planar Runge-Lenz vector

S. G. Kamath *

Department ofMathematics, Indian Institute ofTechnology, Madras 600 036, India

Abstract :Following Dahl´s method an exact Runge-Lenz vector M with two components

M 1 and M 2 is obtained as a constant ofmotion for a two particle systemwith charges e 1 and e 2 whose electromagnetic interaction is based on Chern-Simons electrodynamics.

The Poisson bracket { M 1 ,M 2 } ¹ L z but is modified bythe appearance ofthe product e 1 e 2 as centralcharges.

*e-mail: kamath@acer. iitm. ernet. in

A characteristic feature ofthe non-relativistic Kepler problemis that there exists

arXiv:hep-th/0112067 10 Dec 2001 �

apart fromthe conservation ofenergy(E) and the angular momentumvector ( L) another conserved quantity,namelythe Runge-Lenz vector ( A ). A textbook 1 derivation of A begins with the equation ofmotion ofa mass munder the centralforce F =

r f( ) r

r , namely,

d dt

f r r

p r

= ( ) , leading to

( ) d dt

x mf r r

d dt r

p L

r

= -

æ è

ç ö ø

÷ ( ) 2 (1) as

d dt

L

= 0 . With r f r

2 ( ) = a constant(say- k),implying therebyan inverse square law of force, eq. (1) immediatelyyields A p L

r = - x mk r

; this is the Runge -Lenz vector. With the definition ( ) K A = - 2 1 2 mE / , one easilyobtains the Poisson bracket relations

{ } { }

{ } { } { }

K L , , , , , , , , ,

E E L L L L K K K K L i j ijk k i j ijk k i j ijk k

= = = = =

0 0 e e e (2)

Thus there exists an internalsymmetryassociated with the non-relativistic Kepler problem with the invariance group being isomorphic to the 4-dimensionalrotation group O 4 .

Untilrecently,the presence ofthis internalsymmetryhad not been tied to a generally accepted invariance principle. In other words,the phenomenologicalderivation implied in eq. (1) begs the question ofwhether the Runge-Lenz vector has a deeper physicalorigin.

Specifically, the question is ifthere is a space-time transformation,the invariance ofthe

Lagrangian for the Kepler problemunder which directlyleads to the conservation of A .

An affirmative answer to this question was recentlyobtained byDahl 2 byregarding the

Kepler problemas the zero-order description ofa relativistic two-bodyproblem;or,as emphasized byDahl 2 , it is absolutelynecessaryto investigate the relativistic two-body problem in order to discover the connection between the dynamicalsymmetryofthe nonrelativistic Kepler problemand specialrelativity.

Ofspecialrelevance to this paper is the fact 3 that for the Kepler problemthe angular momentumvector L = r x p is conserved so that r . L = 0. Thus r always lies in a plane 4 whose normal is parallelto L . Since the motion ofthe particle is planar because ofsymmetryconsiderations it is appropriate to ask: Suppose the motion ofthe particle was de facto planar and not due to symmetryconsiderations as in the case ofmotion under a centralforce,could one stillobtain a Runge-Lenz vector that is conserved in this 2+1 dimensionalcase? Happily,we derive in this paper following Dahl´s method 2 a bonafide

Runge-Lenz vector (see eq. (23) below)associated with the relativistic Lagrangian with

Chern-Simons interactions 5-7 for a two-particle systemconsisting ofmasses m 1 and m 2 with charges e 1 and e 2 respectively, given by

L m c c

m c c

e e c

x

= - -

æ è

ç ç

ö ø

÷ ÷ - -

æ è

ç ç

ö ø

÷ ÷ - 1

2

2

1 2

2

2

2

1 2

1 2

2 1 1

� � . �

/ / x x k r r

r

1

2

2

2

p (3)

with r = x 1 - x 2 , x 1 (and �x 1 ) and x 2 (and �x 2 )being the position (and velocity) vectors ofthe

masses m 1 and m 2 and k a fictitious unit vector orthogonalto the plane of x 1 and x 2 .

It is easyto obtain (3) starting with the electromagnetic potentials A m ( x ,t) , m = 0,1,2 for

Chern-Simons electrodynamics in the radiation gauge with Ñ =. A 0 ,namely,

A x t e

c t x t

t

0

2 2

( , )

( ( )) � ( ).

( )

=

-

- p x R R k

x R

(4a)

A x x R k

x R

( , )

( ( ))

( ) t e t x

t

=

-

- 2 2 p (4b)

the charge e being located at R (t) .Needless to sayso, eqs.(4) are the 2 + 1 dimensional

counterparts ofthe corresponding 3 + 1 dimensionalA m ( x ,t ) given byeqs.(26.19) and

(26.20) in Fock 8 for example.

Under an infinitesmalLorentz transformation given by d x v v x

x = - +t

c

.

� 2 ,it

is simple to check that the change in the Lagrangian L which is defined by

d

¶

¶ d

¶

¶ d

¶

¶ d

¶

¶ d L

L L L L = + + +

x x

x x

x x

x x

1

1

2

2

1

1

2

2 . .

�

. �

�

. �

= - - + æ

è ç ö

ø

÷ d

dt m m e e

c x

1 1 1 2 2 2

1 2

2 x v x v k r r

r

. .

.

g g

p d

(5)

without the use ofthe equations ofmotion for the two masses m 1 and m 2 .Here g 1 and g 2

are given by 1 1

2

2

1 2

- æ

è ç

ç ö

ø

÷

÷

�x

c and 1 2

2

2

1 2

- æ

è ç

ç ö

ø

÷

÷

�x

c respectively. Since d L works out to a total

differential in (5) without the use ofthe equations ofmotion, it is clear that the action

S dt L

= ò is unaffected bythe transformation from x x x® + d thus making the

Lagrangian (3) Lorentz invariant .

The constant ofmotion is now obtained byusing the equations ofmotion for m 1

and m 2 to rewrite the first equalityin (5) as

d

¶

¶ d

¶

¶ d L d

dt

L L

= + æ

è ç ö

ø

÷

�

.

�

.

x x

x x 1

2

2

1

(6)

Fromthe second equalityin (5) and (6) one thus obtains d

dt

L L

m m e e

c x ¶

¶ d

¶

¶ d g g

p d

�

.

�

. . .

.

x x

x x x v x v k r r

r 1

1

2

2 1 1 1 2 2 2

1 2

2 0 + + + - æ

è ç ö

ø

÷ = (7)

With the canonicalmomenta defined by p

x i =

¶

¶

L

i � it is easyto obtain from(3)

p x g

1 1 1 1

1 = + - m � g and p x g 2 2 2 2

1 = - - m � g ,where p c e e x r g r k 2

1 2

= ( ) and thus rework

(7) as ( ) d

dt

K v. = 0 with the constant ofmotion K given by

K P x x

= - + + - - t m m 1 1 1

1

2 2 2

1 g g (8)

the total momentum P being defined as P = p 1 + p 2 .Eq. (8) is the counterpart ofeq.

(20) in Ref. (2);also while the latter is derived fromthe Darwin Lagrangian 8 for the

electromagnetic N-bodyproblemand is correct in the 1/c 2 approximation , eq. (8) above

is exact. Note that K depends explicitlyon time except in the centre-of-momentum

systemwhich is the Lorentz frame where P = 0 .

For the Lagrangian (3) the Hamiltonian H and the angular momentumvector L are

given by

H m c m c

= +- -

1

2

1

1

2

2

2

1 g g , L x p x p = + 1 1 2 2 x x (9a)

and in the P = 0 frame theywork out to

H m c f m c f = + 1

2

1 2

2

2 , L r p k k

= = - = x r p r p L z ( ) 1 2 2 1

(9b)

with p 1 and p 2 being the x- and y-components ofthe relative momentumvector p

defined by p p p 1 =

-

+ m m

m m

2 1 2

1 2

.

In deriving the Hamiltonian in (9b) we go through the following steps:

i)Since m 1 1 1

1

1 �x p g g - = - , therefore g 1

2

1

2 2 1

2 1

1 - = + -

m c p g . One can now express p 1

and p 2 in terms of p and P via the relations

p P p 1 =

+

+ m

m m

1

1 2

, p P p 2 =

+

- m

m m

2

1 2

‘ (10)

and find that in the centre - of- momentumsystemwith P = 0

g 1

1

2

1

2 2

1 2

1 - = + æ

è ç ö

ø

÷

B

m c

(11a)

with B = p - g .

ii)The above calculation can be repeated with m 2 2

1 �x p g 2 2 g - = + to obtain in the case

when P = 0 the result

g 2

1

2

2

2 2

1 2

1 - = + æ

è ç ö

ø

÷

B

m c

(11b)

We shallre-label g 1 -1 and g 2 -1 in eqs.(11) as f 1 and f 2 respectivelybelow.Using these

definitions one can now rework K in eq. (8) in the centre-of-momentumsystemwith P

= 0 as

K R r

= + + -

( ) ( ) m f m f f f

1 1 2 2 1 2 m (12)

with the reduced mass m and the centre - of- mass position vector R defined by

m =

+ m m

m m

1 2

1 2 and R x x

=

+

+ m m

m m

1 1 2 2

1 2

. .

As emphasized byDahl 2 the c. m. vector R should now be eliminated fromeq. (12)

to make K a proper dynamicalfunction and as in Ref. 2 we shalldo this with the help of

the the equation ofmotion for R in the P = 0 limit,namely, d

dt

H

m

H

m

H R

P p p

P p p p p

= æ

è ç ö

ø

÷ = + æ

è ç ö

ø

÷

= = = -

¶

¶ m ¶

¶ m ¶

¶

0 2 1 1 2 1 2 ,

(13)

One should now recast the Hamiltonian H in (9a) in terms ofthe canonical momenta p 1

and p 2 and it is given by

H m c g m c g = + 1

2

1 2

2

2 , g

m c g

m c 1

1

2

1

2 2

1 2

2

2

2

2

2 2

1 2

1 1 = + æ

è ç

ç ö

ø

÷

÷ = + æ

è ç

ç ö

ø

÷

÷

S S

/ /

, (14)

with S 1 = p 1 - g and S 2 = p 2 + g . On calculating the partialderivatives required in eq.

(13) it is easyto get

( ) ( ) m m d

dt 1 2 1 2

+ = -

R

B g g (15)

Fromthe Hamiltonian (9b),the equations ofmotion are:

¶

¶

H

T �

p

B r = = (16a)

with T

m m

= + g g 1

1

2

2

, g 1 and g 2 being defined byeqs.(11). Since B = p - g it is clear that

( ) k r k p r

x T x h � = + (16b)

where p c h e e r 2

1 2 = - . With eq. (16b) the other equation ofmotion ,namely,

¶

¶

H

Th x h x

r k p r r k p

r p = - + æ

è ç ö

ø

÷ æ

è ç ö

ø

÷ = - 2 2

.

� (16c)

yields

� � � .

p k r r

r k r r = - æ

è ç ö

ø

÷ h x x 2 2 (17)

Eq. (17) easilyleads to

( ) d

dt h x d

dt p r k

B

0 + = = (18)

Thus B is a constant in time and so are f 1 and f 2 in eqs.(11). Returning to eq. (15) we

get

d

dt m m

R B 0 +

-

+ æ

è ç ö

ø

÷ = g g 2 1

1 2

(19)

on using eq. (18). Thus the c. m. position vector R (t) is given by

( ) ( )

m m t t

1 2 1 2 0

+ = - + R B R

( ) g g

(20)

where R 0 is a constant. Eq. (20) is the counterpart ofeq. (43) in Ref. 2;however we

must emphasize here that eq. (20) above is exact in that it has been derived using the

equations ofmotion given by(16a) and (16c) without recourse to approximation. In

contrast,the solution for R (t) given byeq. (43) in Dahl´s paper 2 has been obtained in

the 1/c 2 approximation to the equation ofmotion as given byeq. (39) therein. On using

(20) in (12) one obtains the exact formofthe vector K as

( ) K B r R =

- + -

+ æ

è ç ö

ø

÷ + - +

+

+ m m m f m f

m m t f f m f m f

m m o

1 2 2 2 1 1 1 2

1 2

1 2

1 1 2 2

1 2 g g

m (21)

With the Hamiltonian H in (9b),eq.(21) can be reworked as

K R M =

+

+

-

+

H

m m c m m

m m ( ) 1 2

2 0

1 2

1 2

(22)

with

M B r = +

-

- Q t m m f f

m m 1 2

1 2

1 2

(23) and Q m f m f

m m

= +

-

- 1 2 2 1 1 1 2

1 2

g g

. For the Chern-Simons Lagrangian given byeq.(3) above eq.(22) is the counterpart ofeq.(46) in Ref.2 ;eq.(23) therefore defines the Runge-

Lenz vector M ofthe Lagrangian (3) in the centre-of-momentumsystem.

It is easyto see that the above derivation in (22) and (23) needs a second look for the equal mass m m 1 2 = case .Indeed a similar discussion is also in order for the Runge-

Lenz vector derived fromeq.(45) in Dahl´s paper 2 ; note however that the remedythere is quite painless ,namely:begin with unequal masses m m 1 2 ¹ and subsequentlyderive the correct Lenz vector for the equal mass case, m m m 1 2 = = , the result being a simple replacement ofthe factor m in eq.(46) there bym/2. But a corresponding effort here merits a separate discussion and is therefore relegated to the Appendix at the end ofthis paper.

With M 1 denoting the x-component ofthe 2-component vector M it is clear that

¶

¶

M t

Q B 1

1 = ;thus one expects the Poisson bracket { } M H Q B 1 1 , = - , since M is a constant ofmotion,with H being given byeq. (9b). It is easyto check this using the following:

{ } { } { } { } { } { } r f

B m c

r f

B m c

r p f f f i j ij 1 1

1 1

1

2 2 1 2

2 1

2

2 2 1 2 1 0 0 , , , , , , , , , , f = = = = = =

g g d B B 2 (24

On replacing r 1 byr 2 in the first pair ofPoisson brackets in (24) one should also replace

B 1 by B 2 .

One can also use eq. (24) to evaluate the Poisson bracket of M with L z the latter being given in eq. (9b). Using { } B L B i z ij j

, = - e it is easyto verifythat

{ } M L M i z ij j

, = - e (25) with e 12 = - e 21 = 1 . We shallnow evaluate the { } M M 1 2 , Poisson bracket ; byvirtue ofeq. (24) and the fact that { } B B 1 2 0 , = it is easyto obtain the result

{ } ( ) M M c

f f m m

e e c

L z 1 2

2

2 1 2

1

1

2

2

2

2

1 2 , = - - -

æ è

ç

ö ø

÷ +

æ è

ç

ö ø

÷

a g g p (26) with ( ) m m m m

1 2 1 2 - = a .While eq. (25) is expected on account of M being a vector,

(26) does not match with that given byeq. (2) for the Runge-Lenz vector K and is therefore a novelfeature ofthis paper. The fact that the calculation made here is exact and quite unlike the the approximate calculation to order 1/c 2 ofthe Runge-Lenz vector by

Dahl 2 reinforces our confidence in this assertion.

The extra terme 1 e 2 / p c in eq. (26) is reminiscent ofthe observation byWitten and

Olive 9, 10 long ago that in supersymmetric theories with solitons the usualsupersymmetry algebra is modified to include topologicalquantumnumbers as centralcharges.

Interestingly,the last factor on the right hand side ofeq.(26) can be expressed as e e c

L z z

1 2 p

m + = ( ) r x l where we define l = x x � � 1 1

1

2 2

1 g g - - - with g 1

2

2

1 2

1 = -

æ è

ç ç

ö ø

÷

÷

�

/ x 1 c

and g 2

2

2

2

1 2

1 = -

æ è

ç ç

ö ø

÷

÷

�

/ x c

. Qualitatively,eqs.(25) and (26) are important to this paper because we have derived them,besides eq.(24), as Poisson brackets here.This is not the case with the Poisson bracket relations given byeq.(4) in Ref.2; indeed Dahl 2 provides onlya qualitative understanding (see eqs.(56) - (58) in Ref.(2)) ofthe said Poisson bracket and is unable to derive eq.(4) in the 1/c 2 order description in his paper.Needless to sayso, eq.(26) is the 2 + 1 dimensionalcounterpart ofthe 3 + 1 dimensionalPoisson bracket given byeq.(4) in Ref.(2),namely

{ }

M M H L i j ijk k k , = - å

=

2

1

3 m

e (27 )

In conclusion ,two distinguishing features characterise the derivation ofthe Runge-

Lenz vector (23) associated with the Chern-Simons Lagrangian (3) in this paper: a)The calculation here is exact and, (b) as an unexpected bonus the Poisson bracket in (26) contains the product e 1 e 2 as a centralcharge.

Acknowledgements: I thank Suresh Govindarajan for reminding me ofRef. 9 and

G. Date ofthe Institute ofMathematicalSciences,Chennaiand P. K. Panigrahiofthe

SchoolofPhysics,UniversityofHyderabad for clarifying discussions. I also thank an anonymous referee for severalsuggestions to improve the presentation ofthe paper.

Appendix

When the masses m 1 and m 2 in the Lagrangian (3) are equalthe Runge-Lenz vector M is worked out initiallybyassuming that m m 1 2 ¹ ;taking the limit ofeq.(22) when m m 2 1 ® then yields the desired formof M as explained below.Let us assume here that m m 1 2 = + e w here e > 0.For the second termin eq.(23) ofthe text one thus has lim ( ) lim

( )

/ / e e e e ® ®

- = +

+

æ è

ç

ö ø

÷ - +

æ è

ç

ö ø

÷

ì í

ï î ï

ü ý

ï þ ï 0 1 2 0

2

2

2

2

1 2 2

2

2

2

1 2 1

1 1 f f c m c m

B B

(A1)

= -

B 2

2

2

3 2 c m

g (A2) bya Maclaurin expansion ofthe first termto order e .Here g 2 and g 1 (below) are given by eqs.(11) ofthe text. A similar effort on the first termin eq.(23) yields lim e

g g e

g

®

-

- æ è

ç

ö ø

÷ =

0

1 1 2 2 2 1

2

2

2

2 2 1 2

m f m f m c

B

(A3)

Thus when m 1 = m 2 = m,we have instead ofeq.(23) the Runge-Lenz vector

M =

B

B r r B

2

2

2 2

1 2

g g m c

t m

f m t -

æ è

ç

ö ø

÷ = - -

( )( ) (A4) with f g = 1 and g = +

æ è

ç

ö ø

÷

-

1

2

2 2

1 2 B m c

/

.With the Poisson brackets given byeqs.(24) in the text it is now easyto arrive at the relations { } M L M i z ij j

, = - e and

{ }

M M c

f

e e c

L z 1 2 2

4 4 1 2 1

1 , ( ) = - - +

æ è

ç

ö ø

÷ g p (A5)

Eq.(A5) is the equalmass counterpart ofeq.(26) ofthe text for unequalmasses..

References

1. H . Goldstein , Classical Mechanics 2nd edn. ,p.102( Addison - Wesley,1980).

2. J. P. Dahl, J. Phys. A:Math. Gen. 30 , 6831(1997)

3. See ref. 1,p. 72.

4. That this is true for allcentralforces motivated the construction ofanalogous

Runge - Lenz vectors for allclassicalcentralpotentials using a technique that is almost trivialin D. M. Fradkin , Prog. Theor. Phys. 37 , 798 (1967).

5. J . Schonfeld , Nucl. Phys. B185 ,157 (1981) ; W . Siegel, Nucl. Phys. B156 , 135

(1979)

6. S . Deser , R . Jackiw and S . Templeton Phys. Rev. Lett. 48 ,975 (1982) ; Ann.

Phys. (N. Y. ) 140 ,372(1982).

7. C .R. Hagen , Ann. Phys. (N. Y. ) 157 ,342 (1984) ; Phys. Rev. Lett. 58 ,1074

(1987) and Phys. Rev. D36 ,3773 (1987) ; for more references see for example A

.Lerda, Anyons ( Springer - Verlag , Berlin , 1992).

8. C . G . Darwin Phil. Mag. 39 ,537 (1920) ;. V . Fock The Theory of Space,Time and Gravitation ,2nd edn. ( Pergamon ,Oxford,1966)

9 . E . Witten and D . Olive Phys. Lett. 78B ,97 (1978) .

10 . ActuallyR . Haag , J . T . Lopuszanskiand M . Sohnius Nucl. Phys. B88 ,257

(1975) anticipate Witten and Olive´s observation in 1+1 dimensions byshowing that the usualsupersymmetryalgebra in 4 dimensions can be modified to include centralcharges.