arXiv:hep-th/0112207 v1 21 Dec 2001

Supergravity interacting with bosonic p-branes and local supersymmetry

Igor A. Bandos^{∗,‡ ⋆}, José A. de Azcárraga^{∗ ⋆} and José M. Izquierdo^† ∗Departamento de Física Teórica and IFIC (CSIC-UVEG), 46100-Burjassot (Valencia), Spain †Departamento de Física Teórica, Facultad de Ciencias, 47011-Valladolid, Spain ‡ Institute for Theoretical Physics, NSC KIPT, UA61108, Kharkov, Ukraine ⋆ The Erwin Schrödinger Institute for Mathematical Physics, Boltzmanngasse 9, 1090-Wien, Austria (FTUV/01-2112, IFIC/01-70; December 21, 2001)

We study the coupling of supergravity with a purely bosonic brane source (bosonic p–brane). The interaction, described by the sum of their respective actions, is self-consistent if the bosonic p–brane is the pure bosonic limit of a super–p–brane. In that case the dynamical system preserves 1/2 of the local supersymmetry characteristic of the ‘free’ supergravity.

PACS numbers: 11.30.Pb, 11.25.-w, 04.65.+e, 11.10Kk

I. INTRODUCTION

It is usually expected that the addition of a pure bosonic system to a supersymmetric one must produce a complete breaking of the supersymmetry. Nevertheless, it has been shown [1] that the coupled system of supergravity on the orbifold spacetime M^9 × [S^1/Z_2] and pure bosonic branes fixed at the orbifold fixed ‘points’ preserves 1/2 of the local supersymmetry, while the other 1/2 components of its parameter vanish on the brane due to the orbifold projection (see [2,3] for D = 5 models; most of the models [2,3,1] are for domain walls, p = D−2). These systems have been discussed in connection with the search for a supersymmetric generalization [4] of the Randall-Sundrum Brane World scenario [5].

In this paper we show that, in general, a dynamical bosonic brane source interacting with dynamical supergravity preserves 1/2 of the local supersymmetry δ_{ls} exhibited by the supergravity action if the bosonic p–brane can be regarded as the bosonic limit of a super–p–brane. This is still sufficient to preserve the selfconsistency of the gravitino interaction. Moreover, on the worldvolume the local supersymmetry parameter has the characteristic structure of the κ–symmetry transformation of the superbrane.

Our notation is close to that in [6]. The (non-scalar) physical fields of the D–dimensional supergravity multiplet (graviton e^a_μ (x), gravitino ψ^α_μ (x), antisymmetric rank q gauge field(s) C_{μ1...μq} (x) and the spin connection field w^{ab}_μ (x)) are given by differential forms on spacetime M^D e^a(x) = dx^μe^a_μ (x) [a, μ = 0, 1, . . ., (D − 1)] , (1.1) C_q ≡^1_{q!} dx^{μq} ∧ . . . ∧ dx^{μ1} C_{μ1...μq} (x) , (1.2) e^α(x) = dx^μψ^αμ (x) = e^aψ^αa (x) [α = 1, . . . , n , n = dim(Spin(1, D − 1))] , (1.3) w^{ab}(x) = dx^μw^{ab}_μ (x) = −w^{ba}(x) . (1.4)

For simplicity we will not address here the cases where the supergravity multiplet contains scalar fields as well as when the brane carries worldvolume gauge fields. Thus our basic examples are N =1, D=3, 4, 11 supergravity interacting with a bosonic p–brane.

II. ACTION FOR THE COUPLED SYSTEM OF SUPERGRAVITY AND A BOSONIC BRANE SOURCE

The coupled system action is given by the sum S = S_{D,SG} + S_{D,p,0} ≡ ∫ M^D LD + ∫ W^{p+1}

L̂_{p+1} , (2.1)

where S_{D,SG} and S_{D,p,0} are the supergravity and bosonic (hence the subindex 0) p–brane actions. L_D is the Lagrangian D-form on M^D,

L_D = d^DxL_{sg}(x) = L^2_D + L^{3/2}_D + L_D^{≤1} , (2.2)

and L̂_{p+1} is the Lagrangian (p + 1)–form on the worldvolume W^{p+1} ⊂ M^D with local coordinates ξ^i = (τ, σ^1, . . . , σ^p), L̂_{p+1} = dp+1ξ L_{brane}(ξ) =^1_{2(p+1)} ∗ ê_a ∧ êa − Ĉ_{p+1} (2.3)

(cf. [9,10] and refs. therein); the hat will be used from now on to denote the dependence on ξ ∈ W^{p+1}. The forms on W^{p+1} in Eq. (2.3),

ê^a = dx̂^μ(ξ)e^a_μ (x̂) = dξ^i∂_ix̂^μ(ξ)e^a_μ (x̂) , (2.4) Ĉ_{p+1} =^1_{(p+1)!} dx̂μp+1 . . . dx̂μ1 C_{μ1...μp+1} (x̂) , (2.5)

are the pull–backs ϕ̂^∗(e^a), ϕ̂^∗(C_{p+1}) of the vielbein (1.1) and gauge field (1.2) forms on spacetime by the map

ϕ̂ : W^{p+1} → M^D , ϕ̂ : ξ^i → x̂^μ(ξ) . (2.6)

When p ≠ q − 1, i.e. if there is no C_{p+1} in the supergravity multiplet (Eq. (1.2)), then Ĉ is also absent in (2.3) and L̂_{p+1} reduces to the Nambu–Goto term

1 2(p + 1)

∗ ê_a ∧ ê^a = 1 2 d^{p+1}ξ √ |g| , (2.7) where ∗ is the Hodge operator for a (p+1)–dimensional space with induced worldvolume metric g_{ij} ≡ ê^a_i ê_{ja} on W^{p+1}. For p=0 (massless bosonic particle) and, e.g., D=4, 11, for which there is no C_1 in the supergravity multiplet, Eq. (2.3) reduces to

L̂_1 =^1_2 l(τ )ê^aê^b_τ η_{ab} , (2.8) ê^a = dτ ∂_τ x̂^μ(τ ) e^a_μ(x̂) ≡ dτ ê^a_τ (τ ) ,

where l(τ ) is a Lagrange multiplier (or worldline einbein) and the star operator can be defined by ∗ê_a := l(τ )ê_{τa} . Note that, as δ √ |g| = √ |g|g^{ij}ê_{ia}δê^a_j , δL̂_{p+1} =^1_2 ∗ ê_a ∧ δê^a − δĈ_{p+1} , (2.9) δL̂_1 = l(τ )ê_{τa} δê^a + dτ^1_2 δl(τ )ê^a_τ ê_{τa} . (2.10)

A. Pure supergravity action and equations of motion

The most important terms in the supergravity Lagrangian form (2.2) are

L^2_D = R^{ab} ∧ e^{∧(D−2)}_{ab} , (2.11) L^{3/2}_D = −^{2i}_3 De^α ∧ e^β ∧ e^{∧(D−3)}_{abc} Γ^{abc}_{αβ} . (2.12) Here e^{∧(D−q)} a_1 ...a_q ≡ 1 (D−q)! εa^1 ...a^q b^1...b^{D−q} e b_1 ∧ . . . ∧ eb_{D−q} , R^{ab} = dw^{ab} − w^{ac} ∧ w^b_c (2.13)

is the curvature of the spin connection (1.4), and

De^α = T^α = de^α − e^β ∧ w^α_β , (2.14)

where w^α_β :=^1_4 w^{ab} Γ_{ab}^α_β , is the gravitino field strength.

We prefer here the first order formalism where the spin connection (1.4) is considered as an independent variable and the equations of motion δS_{D,SG}/δw^{ab} = 0 determine the ‘improved’ constraint on the spacetime torsion T^a,

T^a + ie^α ∧ e^βΓ^a_{αβ} = 0 (2.15) (T^a := De^a = de^a − e^b ∧ w^a_b ) ,

which expresses the spin connection through e^a_μ(x) and ψ^α_μ (x).

In low dimensions, D = 3, 4, the Lagrangian form contains only the two terms (2.11), (2.12). In higher dimensions L_D also includes, in particular, the kinetic term for the gauge fields (1.2). This term can also be written in first order form. To this end one introduces the auxiliary (q + 1)–form (see [7])

F_{q+1} ≡^1_{(q+1)!} e^{aq+1} ∧ . . . ∧ e^{a1} F_{a1...aq+1} (x) , (2.16) where F^{a1...aq+1} can be used as well to build the bosonic (D − q − 1)–form F_{D−q−1} = e^{∧(D−q−1)} a_1...a_{q+1} F a_1...a_{q+1} (x) . (2.17)

Then, L_D^{≤1} in Eq. (2.2) is

L_D^{≤1} = c(H_{q+1} −^1_2 F_{q+1}) ∧ F_{D−q−1} + . . . , (2.18) H_{q+1} := dC_q − c_1e^α ∧ e^ϵ ∧ Γ̄^{(q−1)}_{αϵ} , (2.19) Γ̄(k)_{αϵ} :=^1_{k!} ea1 ∧ . . . ∧ eak Γ_{a1 ...ak αϵ} , (2.20) where c, c_1 are constants depending on D and q, H_{q+1} is the generalized field strength of C_q and the terms denoted by dots do not contain F^{a1...aq+1} (x). The variations δF^{a1...aq+1} and δC_{p+1} of the ‘free’ supergravity action S_{D,SG} = ∫ M^D (L 2 D + L^{3/2}_D + L_D^{≤1}) produce the first–order form of the free gauge field equations

H_{q+1} − F_{q+1} = 0 , (2.21) G_{(D−q)} ≡ d(e^{∧(D−q−1)} a_1...a_{q+1} F a_1...a_{q+1} ) + . . . = 0 , (2.22)

and δe^α and δe^a provide the Rarita–Schwinger and Einstein equations

Ψ_{(D−1)α} :=^{4i}_3 De^ϵ ∧ e^{∧(D−3)}_{abc} Γ^{abc}_{ϵα} + . . . = 0 , (2.23) M_{(D−1) a} := R^{bc} ∧ e^{∧(D−3)}_{abc} + . . . = 0 . (2.24)

In the above notation a generic variation of the supergravity action reads δS_{D,SG} = −(−1)^D ∫ M^D M(D−1)a ∧ δe a + + (−1)^D ∫ M^D Ψ(D−1)α ∧ δe α + + (−1)^D ∫ M^D e ∧(D−3) abc ∧ (T^c + ie^γ ∧ e^δ Γ^c_{γδ}) ∧ δw^{ab} + + c ∫ M^D (Hq+1 − Fq+1) ∧ e ∧(D−q−1) a_1...a_{q+1} δF a_1...a_{q+1} + + c(−1)^{Dp} ∫ M^D GD−q ∧ δCq . (2.25) We note for future use that e.g., the (D − 1)–form M_{(D−1)a} above is related with the usual expression for the equations of motion δS/δe^a_μ(x) by

− (−1)^D M_{(D−1)a} = (dx)^{∧(D−1)}μ^{δS}_{δeaμ(x)} (2.26) ≡ −(−1)^D(dx)^{∧(D−1)}_μ M^μ_a , where (dx)^{∧(D−1)} μ ∧ dx^ν = d^Dx δ^ν_μ. Also, its external covariant derivative DM_{(D−1)a} is the D–form DM_{(D−1)a} = (dx)^{∧(D−1)}_μ ∧ dx^νD_ν M^μ_a = d^DxD_μ^{δS}_{δeaμ(x)} . (2.27)

B. Local supersymmetry of the pure supergravity action and symmetry under spacetime general coordinate transformations

The ‘free’ supergravity action S_{D,SG} possesses local supersymmetry δ_{ls} (see [7,8]),

δ_{ls}x^μ = 0 , (2.28) δ_{ls}e^a = −2ie^αΓ^a_{αϵ}ϵ^ϵ(x) , (2.29)

δ_{ls}e^α = Dϵ^α(x) + ϵ^ϵ(x)M_{1ϵ}^α , (2.30)

δ_{ls}C_{p+1} = 2c_1e^α ∧ Γ̄^{(p)}_{αϵ} ϵ^ϵ(x) , (2.31) δ_{ls}w^{ab} = W^{ab}_{1ϵ} ϵ^ϵ(x) , δ_{ls}F^{a1...aq+1} = S^{a1 ...aq+1}ϵ ϵ^ϵ(x) , (2.32) where ϵ^α(x) is the local supersymmetry parameter, S^{a1 ...aq+1} ϵ (x) and the one–forms M_{1ϵ}^α, W_{1ϵ}^{ab} are constructed from the fields of the supergravity multiplet (1.1)–(1.4) and the auxiliary fields F_{a1...ap+2} (x).

Besides the local supersymmetry (2.28)– (2.32), the action is invariant under spacetime general coordinate transformations δ_{gc} (see Appendix A) parametrized by t^μ(x),

δ_{gc}x^μ:= x^{μ′} − x^μ = t^μ(x) , (2.33) δ_{gc}e^a := e^a(x^′) − e^a(x) = (2.34) = Dt^a(x) + e^bt^cT_{cb}^a + e^bi_tw_b^a , etc. If the local Lorentz invariance of the theory is used, we can define

δ_{gc}e^a = Dt^a + e^bt^cT_{cb}^a , etc. ; (2.35)

see Appendix A and Eqs. (A.3)– (A.12) for the transformations of all the supermultiplet components.

Note that it is also practical (and equivalent; see Appendix A) to define the action of δ_{gc} by its ‘variational version’ (see [13]) δ̃_{gc}, δ̃_{gc}xμ = 0 , δ̃_{gc}ea_μ := D_μta(x) + eb_μtcT_{cb}a , etc. , (2.36) i.e. by identifying δ̃_{gc}e^a_μ, Eq. (A.13), with the components (δ_{gc}e^a)_μ of the differential form δ_{gc}e^a in (2.33) without varying the spacetime coordinates x^μ. The possibility of repacing δ_{gc} in (2.33) by its equivalent ‘variational version’ δ̃_{gc} in (2.36) is associated with the independence of differential forms on the choice of local coordinates i.e., with the diffeomorphism invariance of differential forms, e^{′a}(x^′) = e^a(x) etc. We shall come back to this point in connection with the second Noether theorem below.

C. Local symmetries and Noether identities for the pure supergravity action

In the framework of the second Noether theorem, the local supersymmetry (2.28)– (2.32) and the general coordinate transformation symmetry δ̃_{gc} (2.36) are reflected, respectively, by the (Noether) identities (see [6])

N_{(D−1)α} := DΨ_{(D−1)α} − −2iM_{(D−1)a} ∧ e^ϵΓ^a_{αϵ} + . . . ≡ 0 , (2.37)

N_{(D−1)a} := DM_{(D−1)a} − . . . ≡ 0 , (2.38)

where the terms in the (D − 1)–forms N_{(D−1)α} and N_{(D−1)a} denoted by dots turn out to be proportional to the l.h. sides of Eqs. (2.15), (2.21)–(2.23), but not of the Einstein equation (2.24) (see Sec. IV). Eqs. (2.37), (2.38) can be directly derived from the definitions of Ψ and M in (2.23), (2.24) (see [7] for their complete expressions in D=11 and Appendix B for D = 4 case). Alternatively, substituting δ_{ls} in (2.29)–(2.32) or δ̃_{gc} in (2.36) for the generic δ in (2.25) one finds that the coefficients of the arbitrary parameters ϵ^α(x) and t^a(x) are proportional to N_{(D−1)α} and N_{(D−1)a} respectively. Thus the local symmetries δ_{ls}S = 0 and δ̃_{gc}S = 0 imply the identities (2.37) and (2.38) respectively, and viceversa. This may be also easily verified in a complete form in D = 4, N = 1 supergravity, where (2.37) and (2.38) are given by (B.2) and (B.3) respectively in Appendix B, and where the variation (2.25) has the form (B.4).

The Noether identity for the general coordinate symmetry in its δ_{gc} form, where all the variations are the result of the change δ_{gc}x^μ, Eq. (2.33), should state that the variation of the action with respect to the coordinates x^μ does not produce an independent equation of motion. Thus this Noether identity should read N_μ := δS_{D,SG}/δx^μ ≡ 0 . (2.39) To verify that we indeed have the identity (2.39) in free supergravity, it is convenient to separate the generic variation δ in (2.25) into the coordinate variation and the variation δ^′ of the fields. Then, with the above notation, a generic variation of the action is split [14] as follows δS_{D,SG} = ∫ M^D (d DxN_μδx^μ − − ∫ M^D (−)

D M_{(D−1)a} ∧ dx^μδ^′e^a_μ(x) + . . . (2.40)

where the dots indicate terms containing the variations δ^′ of the gravitino, spin connection fields etc.

As the action is written in terms of differential forms, the generic variation (2.25) is expressed in terms of the generic variations of these forms, δe^a etc. One can split the generic variation of each form into the effect produced by the coordinate variation δx (which is given by the Lie derivative, e.g. e^a(x + δx) − e^a(x) = D(δx^μe^a_μ) + e^bδx^μe^c_μT_{cb}^a), and the field variation δ^′. With such a splitting Eq. (2.25) reads δS_{D,SG} = −(−)^D ∫ M^D M(D−1)a ∧ (D(δx μe^a_μ) +

+ e^bδx^μe^c_μT_{cb}^a + dx^μ δ^′e^a_μ) + . . . =

= (−)^D ∫ M^D (DM(D−1)a e a μ − e^be^c_μT_{cb}^a + . . .)δx^μ − − (−)^D ∫ M^D M(D−1)a ∧ dx μ δ^′e^a_μ + . . . . (2.41)

Comparing (2.40) with (2.41) one finds the expression for N_μ := δS_{D,SG}/δx^μ, d^Dx N_μ = (−)^D (DM_{(D−1) a} + . . .) e^a_μ , (2.42)

where the meaning of the dots is the same as in Eqs. (2.37), (2.38). Then the desired Noether identity N_μ ≡ 0 (Eq. (2.39)) for the general coordinate symmetry δ_{gc} in (2.33) follows immediately from Eq. (2.38) (Eq. (B.3) in Appendix B for D = 4, N = 1 supergravity).

Since δ̃_{gc} and δ_{gc} are equivalent forms of the same spacetime general coordinate transformations, it may seem strange to have two independent Noether identities expressing the same local invariance, Eqs. (2.38) and (2.39). However, one realizes that Eq. (2.42), written as

d^Dx N_μ − (−)^D (DM_{(D−1) a} + . . .) e^a_μ ≡ 0 , (2.43)

is also another Noether identity which reflects diffeomorphism invariance. Indeed, it implies that a combination of the equations of motion δS_{D,SG}/δx^μ , δS/δe^a_μ(x) , etc. and their derivatives, namely (see (2.27)) δS_{D,SG} δx^μ + ( D_ν^{δSD,SG} e^a_ν (x) + . . . ) e^a_μ(x) ≡ 0 , (2.44)

vanishes identically, and thus it may replace either (2.39) or (2.38) as an independent identity. The Noether identity (2.43) reflects the independence of any differential form on the choice of the local coordinates used to write it. This diffeomorphism invariance means that any variation δ_{diff} of coordinates

x^μ → x^{μ′} = x^μ + δ_{diff} x^μ δ_{diff} x^μ= b^μ(x) (2.45)

can be supplemented by the corresponding variation of the component functions of the differential forms, e.g. by a change of frame e^a_μ(x) → e^{a′}_μ (x) = e^a_μ(x) − (L_be^a)_μ (cf. Eq. (2.36)),

δ^′_{diff} e^a_μ(x) = −(L_be^a(x))_μ , (2.46)

in such a way that

δ_{diff} e^a := e^{a′}(x^′) − e^a(x) = 0 . (2.47)

The variation of the action vanishes trivially for such transformations, δ_{diff} S_{D,SG} ≡ 0 since δ_{diff} of any differential form vanishes. On the other hand, splitting δ_{diff} S_{D,SG} as in Eq. (2.40), one finds that δ_{diff} S_{D,SG} = ∫ M^D (d

Dx N_μ − (−)^D DM_{(D−1) a} e^a_μ + . . .) b^μ(x). Hence diffeomorphism symmetry and the Noether identity (2.43) imply each other.

This also makes explicit why the symmetry δ̃_{gc} (2.36) may be identified as the variational copy of the general coordinate transformations δ_{gc} (2.33): one can obtain δ̃_{gc} for the parameter t^a(x) = t^μ(x)e^a_μ(x) as a combination of a general coordinate transformation δ_{gc} with parameter t^μ and a change of local coordinates δ_{diff} with parameter b^μ = −t^μ: δ̃_{gc}(t) = δ_{gc}(t) + δ_{diff} (b = −t). Similarly, the Noether identity N_{(D−1)a} for δ̃_{gc} is proportional to the difference between the one for δ_{diff} , Eq. (2.43), and dx^DN_{(D−1)μ} e^a_μ (Eq. (2.39)) for δ_{gc}.

III. EQUATIONS FOR THE COUPLED SUPERGRAVITY—BOSONIC BRANE SYSTEM

The variation of the coupled action (2.1) with respect to the bosonic vielbein δe^a produces the Einstein equation with source,

M_{(D−1)a} = J^{(p)}_{(D−1)a} , (3.1) J^{(p)}_{(D−1)a} ≡ (dx)^{∧(D−1)}_μ ∫ W^{p+1} ∗êa ∧ dx̂ μδ^D(x − x̂) , (3.2)

J^{(p=0)} (D−1)a ≡ (dx) ∧(D−1) μ ∫ W^1 dx̂ μl(τ )ê_{τa} δ^D(x − x̂) . (3.3) The (p+1)–form gauge field equation (2.22) evidently acquires a source from the p–brane ‘Wess–Zumino term’ Ĉ_{p+1} (2.3) provided the gauge field C_q with q=p+1 enters the supergravity multiplet c G_{D−p−1} = j_{D−p−1} , (3.4) j_{D−p−1} = (dx)^{∧(D−p−1)} μ_1...μ_{p+1} (−1)^{p+1} (p+1)! j μ_1...μ_{p+1} , (3.5) j^{μ1...μp+1} = ∫ W^{p+1} dx̂ μ_1 ∧ . . . ∧ dx̂μ_{p+1} δD(x − x̂) . (3.6) As w^{ab}, F_{a1...aq} and the gravitino 1–form ê^α = ê^aψ^α_a (x̂) do not appear in the bosonic p-brane action, eqs. (2.15), (2.21) as well as the Rarita–Schwinger equation (2.23) do not acquire a source term from δS_{D,p,0}. Nevertheless, this does not mean that the gravitino is free. Indeed, the covariant derivative in Eq. (2.23) involves the spin connection which is defined through a vielbein that satisfies the Einstein equation with source (3.1).

IV. LOCAL SYMMETRIES OF SUPERGRAVITY INTERACTING WITH A BOSONIC BRANE

A. Local supersymmetry

The supergravity part of the coupled system is of course invariant under the local supersymmetry (2.29)– (2.32) due to the identity (2.37) (now no longer a Noether identity due to the source in Eq. (3.1)). Thus, to study the invariance of the coupled action (2.1) under δ_{ls} it is sufficient to look at the variation of its bosonic p–brane part, δ_{ls}S_{D,p,0}. Let us consider first the case of a bosonic massless particle, p = 0. Then (see Eq. (2.8)), δ_{ls}S_{D,0,0} = ∫ W^1 (l(τ )êτa δlsê a + dτ^1_2ê_{τa}ê^a_τ δ_{ls}l(τ )) = = ∫ W^1 (−2il(τ )êτaê αΓ^a_{αϵ}ϵ^ϵ + dτ^1_2ê_{τa}ê^a_τ δ_{ls}l(τ )) , (4.1)

so that δ_{ls}S_{D,0,0} = 0 iff, on W^1, ϵ^ϵ(x̂) = ê^a_τ Γ^{ϵκ}_a κ_κ(τ ) ≡ Γ̃^{ϵκ}κ_κ(τ ) , (4.2) and δ_{ls}l(τ ) = 4iê^α_τ κ_α(τ ) , (4.3)

where κ_α(τ ) is a fermionic spinor function on the worldline; δ_{ls}S_{D,0,0} = 0 follows from the fact that, algebraically, Γ̃^{ϵκ}Γ̃_{κδ} = δ_δ^ϵê_{τa}ê^a_τ .

On the mass shell, where δS/δl(τ ) = 0 implies ê_{τa}ê^a_τ = 0, we find that the parameter ϵ^ϵ(x̂) defined by (4.2) contains only n/2 nonzero components. Thus, 1/2 of the local supersymmetry is broken on the worldline W^1.

It is worth stressing that the local supersymmetry acts on the pull–back of the bosonic vielbein ê^a ≡ dx̂^μ(τ )e^a_μ(x̂) in the same way as the fermionic κ–symmetry transformation δ_κ of the superparticle [12] in a supergravity background,

S_{D,0} = ∫ W^1 1 2 l(τ )Ê^aÊ^b_τ η_{ab} ; (4.4) δ_κS_{D,0} = 0 for

δ_κx̂^μ := Ê^a_τ Γ^{αϵ}_a κ_ϵ(τ )E^μ_α(x̂, θ̂) , (4.5)

δ_κθ̂^ϵ := Ê^a_τ Γ^{αϵ}_a κ_ϵ(τ )E^ϵ_α(x̂, θ̂) , (4.6)

δ_κl(τ ) = 4iÊ^α_τ κ_α(τ ) , (4.7)

acts on the pull–back of the supervielbein [15], Êa = dx̂μEa_μ(x̂, θ̂) + dθ̂αEa_α(x̂, θ̂) , (4.8) Ê^α = dx̂^μE^α_μ (x̂, θ̂) + dθ̂^β E^α_β (x̂, θ̂) , (4.9)

where θ̂ = θ̂(ξ). In other words, δ_κÊ^a(x̂, θ̂ = 0) = δ_{ls}ê^a with ϵ^ϵ(x̂) given by (4.2). Let us stress that in the usual treatment of κ–symmetry [9,10] super–p–branes are considered in a superfield supergravity background (hence without considering a supergravity action), i.e. by having the supervielbeins (4.8), (4.9) restricted by the superspace constraints. These are simply the equations that follow by extending (e^a → E^a, e^α → E^α) Eqs. (2.15), (2.21) to superspace (x^μ, θ^α).

A similar situation occurs for a p > 0 bosonic brane which is the bosonic ‘limit’ (θ̂^α(ξ) = 0) of a superbrane (see also Appendix C). For instance, for the D=11 membrane Eq. (2.31) reads δ_{ls}C_3 = e^α ∧Γ̄^{(2)}_{αϵ} ϵ^ϵ(x) and, hence,

δ_{ls}S_{11,2,0} = ∫ W^3 1 2 ∗ ê_a ∧ δ_{ls}ê^a − δ_{ls}Ĉ_3 = = ∫ W^3 (−i ∗ êa ∧ ê αΓ^a_{αϵ} − ê^α ∧ ^̄Γ^{(2)}_{αϵ} )ϵ^ϵ(x̂) = −i ∫ W^3 ∗êa ∧ ê α (Γ^a(I − γ̄))_{αϵ}ϵ^ϵ(x̂) , (4.10)

where

γ̄ ≡^i_{3!}√_{|g|} ϵ^{ijk}ê^a_i ê^b_jê^c_kΓ_{abc} (trγ̄ = 0 , γ̄^2 = I) , (4.11)

may be recognized as the θ̂(ξ)=0 value of the matrix γ̄^S ≡ i/(3! √ |g|) ϵ^{ijk}Ê^a_i Ê^b_jÊ^c_kΓ_{abc} appearing in the κ– symmetry projector (I + γ̄^S ) of the supermembrane [9] (M2–brane)

S_{11,2} = ∫ W^3

L̂_3 = ∫_{W 3}^1_{2 3!} ∗ Ê_a ∧ Ê^a − Ĉ_3(x̂, θ̂) . (4.12)

Thus, when a bosonic p–brane is the bosonic limit of a superbrane, the coupled system of supergravity and this bosonic brane possesses on W^{p+1} 1/2 of the original local supersymmetry δ_{ls} (2.28)–(2.32) with a ‘κ–like’ parame- ter p > 0 : ϵ^α(x̂) = (I + γ̄)^{αϵ}κ_ϵ(ξ) (4.13)

(see (4.2) for p=0 where (I + γ̄) → Γ̃). If the bosonic brane action is not obtained by setting θ̂(ξ) = 0 in the action of a superbrane, then δ_{ls}S_{brane} = 0 would imply ϵ̂^α(x̂) = 0 rather than (4.13) since the projector (I − γ̄) in (4.10) would be replaced by a non–singular matrix in general.

Out of the worldvolume, i.e. on M^D but not on W^{p+1}, the local supersymmetry is preserved completely.

B. General coordinate transformations

In the same manner one finds that in the coupled system the (variational copy of the) general coordinate symmetry (2.36) of pure (super)gravity is partially broken and that their preserved part resembles the (variational copy of the) worldvolume general coordinate transformations (reparametrization symmetry) of the brane when acting on the pull–back of the differential forms. For instance, for the p = 0 coupled system one finds that under (2.36) δ̃_{gc}S = δ̃_{gc}S_{D,0,0} becomes (cf. Eq. (4.1))

δ̃_{gc}S_{D,0,0} = ∫_{W 1} (l(τ )ê_{τa}δ̃_{gc}êa + dτ^1_2ê_{τa}êa_τ δ̃_{gc}l(τ )) = ∫ W^1 (l(τ )êτa Dt a + l(τ )ê^b_τ t^cT_{cb}^a) + + ∫ W^1 dτ 1 2ê_{τa}ê^a_τ δ̃_{gc}l(τ )) , (4.14)

Thus δ̃_{gc}S = 0 requires that on W^1 t̂^a is expressed in terms of a single function k(τ )

t̂^a ≡ t^a(x̂) = ê^a_τ k(τ ) , (4.15) and δ̃_{gc}l(τ ) = −l(τ )D_τ k(τ ) + k(τ )D_τ l(τ ) . (4.16)

In the general p ≥ 0 case, the D–dimensional general coordinate symmetry on M^D, δ̃_{gc} in Eq. (2.36), is partially broken on W^{p+1} down to a (p + 1)–dimensional invariance on W^{p+1} with

t̂^a ≡ t^a(x̂) = ê^a_i k^i(τ ) . (4.17)

Note that Eq. (2.36) with (4.17) implies

δ̃_{gc}ê^a_i = D_i(ê^a_j k^j (τ )) + e^b_i e^c_j k^j T_{cb}^a , etc. , (4.18)

which is identical to δ_{gc}ê^a_i produced by δ_{gc}x^μ with δ_{gc}x̂^μ = k^i(ξ)∂_ix̂^μ(ξ) on W^{p+1} (general coordinate transformations on the worldvolume).

V. SELFCONSISTENCY CONDITIONS FOR THE COUPLED SYSTEM AND FERMIONIC EQUATIONS FOR THE BOSONIC PARTICLE

The superbrane fermionic equations of motion for e.g., p=0 (see (4.8), (4.9) for notation),

Ê^ϵ Γ^a_{αϵ} Ê_{τa} = 0 , (5.1)

have a well defined θ̂(ξ) → 0 limit, ê^ϵ Γ^a_{αϵ} ê_{τa} = 0 . One may ask whether this limit is reproduced by the dynamical system under consideration. We show now that this is the case; this will turn out to be important in the next section to check the consistency of the interaction.

The particle equations of motion (δS/δx̂^μ) e^a_μ(x̂)= 0 and δS/δl(τ ) = 0 are of course purely bosonic

D(l(τ ) ê_{τa}) + l(τ ) ê_{τb}ê^cT_{ca}^b(x̂) = 0 , (5.2) ê^a_τ ê_{τa} = 0 . (5.3)

But besides Eqs. (5.2), (5.3), there is a nontrivial equation on W^1 produced by the selfconsistency condition for the equation of motion (2.23),

DΨ_{(D−1)α} = 0 . (5.4)

When p=0 and the supergravity multiplet does not contain a vector field (as, e.g., in D = 3, 4, 11), the gauge field equation (2.22), the Rarita–Schwinger one (2.23) and the geometric equations (2.15), (2.21) remain sourceless; the source appears only in (3.1) and, thus, the terms denoted by dots in (2.37) (and in (2.38)) vanish on shell. In the interacting case these are no longer Noether identies since the Einstein equation acquires a source term. But they are still identities algebraically satisfied by the explicit expressions of the terms appearing in their l.h. sides. Then, using (2.37), the selfconsistency condition (5.4) becomes DΨ_{(D−1)α} = 2iM_{(D−1)a} ∧ e^ϵΓ^a_{αϵ} = 0 which, in the light of (3.1), implies that the particle current (3.3) satisfies the additional equation

J^{(p=0)} (D−1)a ∧ e β Γ^a_{αβ} = 0 . (5.5)

Using the properties of the delta function one finds that Eq. (5.5) is equivalent to ∫ W^1 dτ l(τ )ê ϵ τ ê_{τa}Γ^a_{ϵα}δ^D(x − x̂) = 0 . After integration with a probe function this in turn implies the fermionic equation on W^1

ê^β Γ^a_{βα} ê_{τa} = 0 , (5.6)

which coincides with the result of setting θ̂(τ ) = 0 = dθ̂(τ ) in the fermionic equations of motion (5.1) for a massless superparticle (4.4) moving in a superfield supergravity background (and, in particular, in flat superspace).

Similarly, one can find that the (bosonic) selfconsistency condition for Eq. (3.1),

D(M_{(D−1)a} − J^{(p=0)}_{(D−1)a}) = 0 , (5.7)

being considered together with the identity (2.38) (no longer a Noether identity) implies the current conservation

DJ^{(p=0)}

(D−1)a = 0 , (5.8)

which produces the additional bosonic equation on W^1

D(l(τ )ê_{τa} ) = 0 . (5.9)

However, Eq. (5.9) becomes equivalent to Eq. (5.2) after Eq. (5.6) is taken into account. Indeed, Eq. (2.15) (which is not changed in the coupled system) implies (see (1.3)) T_{cb}^a = −iψ^αc Γ^a_{αβ} ψ^β_b . Thus the second term in Eq.

(5.2), ê_{τb}ê^c_τ T_{ca}^b = −iê^c_τ ψ^α_c Γ^b_{αβ}ê_{τb} ψ^β_a ≡ −iê^α_τ Γ^b_{αβ}ê_{τb} ψ^β_a , is the product of the l.h.s of Eq. (5.6) and the pull–back of the gravitino field. It vanishes when Eq. (5.6) holds, and Eq. (5.2) becomes (5.9).

VI. GRAVITINO INTERACTION AND ITS CONSISTENCY

It is well known that locally supersymmetric theories allow for a consistent interaction of the spin 3/2 fields, and that this remains true in supergravity theories with broken local supersymmetry [18] (e.g. super–Higgs effect [17]). We need to check whether the present breaking on W^{p+1} of 1/2 of the local supersymmetry of free supergravity does not result in an inconsistency for the interacting system of supergravity and the bosonic brane.

In ‘free’ supergravity the on–shell unwanted degrees of freedom of the gravitino field are removed by means of the local supersymmetry (2.30),

δ_{ls}ψ^αμ = D_μϵ^α + . . . , (6.1)

where the dots denote terms where the parameter ϵ^α enters without derivatives, but in a product with fields. Thus, in the weak field approximation, Eq. (6.1) reduces to δ_{ls}ψ^αμ = ∂_μϵ^α (weak field approximation) , (6.2)

obviously a gauge symmetry of the standard massless free Rarita–Schwinger equation

Γ^{abc}_{αβ} ∂_bψ^β_c = 0 (weak field approximation) . (6.3)

The reduction of the degrees of freedom of ψ^α_μ can be done either by using the above local supersymmetry in a ‘covariant’ manner to fix the gauge Γ^a_{αβ} ψ^βa = 0 (which then produces ∂^aψ^α_a = 0), or in a noncovariant way by fixing first a Coulomb–like gauge Γ^I_{αβ} ψ^β_I = 0 (with e.g., I = 1, . . ., (D − 1)) and then using the residual gauge invariance of this equation (that exists for ϵ^α satisfying Γ^I_{αβ}∂_I ϵ^β = 0) to fix ψ^α_0 = 0. This can be made because using the free Rarita–Schwinger equation (i.e., the weak field approximation) one finds that in the above gauge ψ^α_0 satisfies Γ^I_{αβ} ∂_I ψ^β_0 = 0.

The splitting ψ^β_a = (ψ^β_0 , ψ^β_I ) is obviously arbitrary and, in particular, one can replace ψ^β_0 by ê^a_τ ψ^β_a (x̂) = ψ̂^β_τ when the pull back ψ̂^β_a on W^1 is considered. Now, since in the coupled system ϵ^α(x̂) is restricted on W^1 by Eq. (4.2) (or by ϵ^α(x̂) = (I + γ̄)^α_ϵκ^ϵ(ξ) in the p > 0 case) we have to check that there is still enough freedom left in ϵ^α(x) to use Eq. (6.1) (Eq. (6.2)) as in the free case. The key point is to notice that Eq. (4.2) on W^1 (as well as its p > 0 counterparts) does not restrict the pull–backs of the derivatives of the local supersymmetry parameter ϵ^α in the directions ‘orthogonal’ to the worldline (worldvolume). In other words, among (D_μϵ^α)(x̂) only the combination ∂_τ x̂^μ(D_μϵ^α)(x̂) = D_τ ϵ̂^α = D_τ (ê^a_τ Γ^{ακ}_a κ_κ) is restricted on shell by the arguments following (4.2). Thus the only combination of the on–shell gravitino field components ψ^α_μ whose transformation rule (6.1) is restricted on W^1 is ψ̂^α_τ ≡ ê^a_τ ψ^α_a (x̂) ≡ ∂_τ x̂^μψ^α_μ (x̂) for which the leading term is

δ_{ls}ψ̂^α_τ = D_τ ϵ̂^α + . . . = ê^a_τ Γ^{ακ}_a D_τ κ_κ + . . . (6.4)

since δ_{ls}∂_τ x^μψ^α_μ (x̂) = ∂_τ x^μδ_{ls}ψ^α_μ (x̂) by Eq. (2.28). However, ψ̂^α_τ is subjected to Eq. (5.6) which, since ê^α ≡ dτ ∂_τ x^μψ^α_μ (x̂) ≡ dτ ψ̂^α_τ (Eq. (1.3)), can be written as

ψ̂^α_τ Γa_{αβ} ê_{τa} = 0 . (6.5)

The general solution of Eq. (6.5), ψ̂^α_τ = ê^a_τ Γ^{ακ}_a ν_κ(τ ), can be gauged away, ψ̂^α_τ = 0, by taking D_τ κ_κ = −ν_κ(τ ) + . . ..

Hence, despite that there is less supersymmetry on W^1, ψ^α_μ does not get additional degrees of freedom on W^1 and the spin 3/2 field still has only transversal (2 in D = 4) polarizations in the coupled case: the fermionic equation (6.5) replaces the broken part of local supersymmetry in the role of removing the unwanted gravitino degrees of freedom on W^1. As a result, the gravitino interaction in the supergravity—bosonic brane system is consistent iff 1/2 of the original local supersymmetry is preserved on W^1. As we have seen in Sec. IV, this happens when the bosonic brane is the pure bosonic limit of a superbrane.

VII. ON THE MATCHING OF THE FERMIONIC AND BOSONIC DEGREES OF FREEDOM

We have concluded in Sec. IVA that the action for the supergravity—bosonic brane coupled system preserves 1/2 of the local supersymmetry δ_{ls} of the ‘free’ supergravity action. A faithful linear realization of supersymmetry requires equal number of bosonic and fermionic degrees of freedom. In this respect the above results could look surprising because they imply that local supersymmetry is still preserved (albeit partially) after adding a pure bosonic dynamical system, the p–brane, which presumably would introduce bosonic degrees of freedom on the worldvolume W^{p+1}.

A simple way of solving this paradox is to note that we are considering supergravity in the component formulation, where local supersymmetry acts on fields, but not on the spacetime coordinates (Eqs. (2.29)–(2.32), (2.28)). Thus, the brane coordinate functions x̂^μ(ξ) are inert under local supersymmetry as well. In other words, x̂^μ(ξ) are singlets (as, e.g. the heterotic fermions or chiral bosons in the heterotic superstring model), do not enter into the supergravity multiplet, and cannot produce a mismatch in the numbers of bosonic and fermionic degrees of freedom of such supermultiplet.

VIII. DIFFEOMORPHISM INVARIANCE AND P –BRANE DEGREES OF FREEDOM

Nevertheless, we may go beyond the above discussion by showing that in the supergravity–bosonic brane coupled system the bosonic p–brane does not carry any degrees of freeedom i.e., that in the coupled system the p– brane degrees of freedom can be regarded as pure gauge. The key point is that the coupled action, for which the original general coordinate invariance of free supergravity is broken on W^{p+1} (Eq. (4.17)), is constructed in terms of differential forms and thus it is still spacetime diffeomorphism invariant, Eq. (2.47). This follows if the change of coordinates (2.45) is accompanied by

δ_{diff} x̂^μ = b^μ(x̂) . (8.1)

for the p–brane coordinate functions x̂^μ(ξ); then, on W^{p+1}, ê^{a′}(x̂^′) = ê^a(x̂). This local symmetry suggests that (D − (p + 1)) brane degrees of freedom in x̂^μ(ξ) may be regarded as ‘pure gauge’. Indeed, whatever e.g. the massless particle worldline is, we can always use a general coordinate transformation to define (at least locally) a coordinate frame in which the worldline is represented by a (light–like) straight line. Similarly, for any worldvolume W^{p+1} it is possible to define local coordinates on M^D in such a way that W^{p+1} is described by x̂^{μ′}(ξ) = (ξ^i, 0, . . ., 0) in the new coordinate system.

To justify that the bosonic diffeomorphism symmetry, Eqs. (2.45)–(2.47) and (8.1), is indeed a gauge symmetry of the coupled system (but not a gauge symmetry for the brane in (super)gravity background) one can use the second Noether theorem (see Sec. IIC). This implies the existence of a Noether Identity (NI) relating the l.h.s. of the equation δS/δx̂^μ(ξ) = 0 (Eq. (5.2) for p = 0) with the l.h. sides of the field equations of the coupled system, δS/δe^a_μ(x) = 0 (Eq. (3.1)), δS/δψ^α_μ (x) = 0 (Eq. (2.23)), etc. The existence of such NI in the supergravity— bosonic brane coupled system has been actually proved at the end of Sec. V, where we have shown that the selfconsistency condition Eq. (5.7) for Eq. (3.1) produces Eq. (5.9) which, in turn, coincides with Eq. (5.2), after the selfconsistency condition (5.4) for Eq. (2.23) is taken into account. (Note that this NI is absent for the brane in a (super)gravity background, because such an approximation cannot produce the Einstein equation with a dynamical, i.e. x̂^μ(ξ)–dependent, source.)

Thus, we may conclude that the bosonic brane does not carry any degrees of freedom in the coupled system described by the sum of (super)gravity action and the brane action (see Appendix D for further discussion).

IX. FINAL REMARKS

The above suggests that the fermionic degrees of freedom of the superbrane in the supergravity—superbrane interacting system might be considered as pure gauge as well i.e., that the superbrane degrees of freedom coupled to dynamical (i.e. not background) supergravity are pure gauge ones. Thus, one would expect that in the (singular) ‘gauge’ θ̂(ξ) = 0 any model for supergravity interacting with a dynamical superbrane source produces an action closely related (or equivalent) to (2.1). Indeed, the coupled system (2.1) is the result of ‘fixing’ the singular gauge θ̂^α(ξ)=0 in the supergravity—super–p–brane coupled system described by the sum of the group manifold action for supergravity and the superbrane action [6].

This result is not so surprising as it might look at first sight. The possibility of gauging away the superstring degrees of freedom just reflects the fact that, by an appropriate choice of the coordinates, the brane may be located arbitraryly with respect to a coordinate system. This does not mean, however, that the coupled system is gauge equivalent to ‘free’ supergravity, since the source term in the Einstein equation (3.1) cannot be removed by a gauge transformation, although the freedom to choose arbitrary local coordinates may simplify the expression for the current (Eqs. (3.2), (3.3)).

This gauge character of the brane degrees of freedom in the presence of dynamical supergravity (i.e., described by an action rather than being introduced as a background) might be looked at as a property ‘dual’ to the fact that (linearized) supergravity appears in the quantum states spectrum of a superbrane (superstring) in flat superspace, although it is not present independently.

We conclude by the following observation. If we considered our supergravity—bosonic p–brane system with p = D−2 on the orbifold spacetime M^D = M^{D−1}×[S^1/Z_2] in an approximation where the (D −2)–brane is fixed at the orbifold fixed ‘points’, the (D − 1)–hyperplanes, and the brane dynamics were ignored, we would arrive at a model of the type considered in refs. [2,1]. Then the observed explicit breaking of 1/2 of the local supersymmetry of ‘free’ supergravity by the bosonic brane would correspond to the vanishing, at the orbifold fixed ‘points’, of the part of the supersymmetry parameter which is odd under the Z_2 projection, a characteristic of the models [2,1]. However, our analysis indicates that the (partial) supersymmetry preservation is not a specific property of models on the orbifold spacetime M^D = M^{D−1} × [S^1/Z_2] but rather that it is inherent of any Lagrangian description of the supergravity—bosonic p–brane interacting system, for any p, provided (see Sec. IVA) that the p–brane is the θ̂(ξ) = 0 ‘limit’ of a super–p–brane.

Acknowledgments. The authors are grateful to Dmitri Sorokin and Mario Tonin for useful discussions at the early stages of this work. This work has been partially supported by the DGICYT research grant PB 96-0756, Ucrainian FFR (research project #383) and the Junta de Castilla y León (research grant C02/199). Two of us (I.B. and J.A.) thank the Erwin Schrödinger Institute for Mathematical Physics and the organizers of the Mathematical Aspects of String Theory program for their kind hospitality during the final stages of this work.

APPENDIX A:

On the formulation of spacetime general coordinate transformations

Eq. (2.34) reflects the action of a general coordinate transformation x^μ → x^{μ′} = x^μ + t^μ(x) on the vielbein one–form e^a(x) = dx^μe^a_μ(x); it is given by the Lie derivative L_te^a(x) := e^a(x^′) − e^a(x) ≡ e^a(x + t) − e^a(x) = dx^ν(t^μ∂_μe^a_ν + ∂_ν t^μ e^a_μ) . Note that since differential forms are invariant under diffeomorphisms i.e., they can be expressed in any local coordinate system (e^{a′}(x^′) = e^a(x), etc., where the primes refer to the new coordinate system), the Lie derivative may also be expressed as −L_te^a(x) := e^{a′}(x) − e^a(x). In fact, e^{a′}(x^′) − e^a(x) = e^{a′}(x^′) − e^a(x^′) + e^a(x^′) − e^a(x) = δ^′_{diff} e^a(x) + L_be^a(x) = −L_be^a(x^′) + L_be^a(x) = 0 since L_be^a(x^′) = L_be^a(x) at first order.

Using that L_te^a(x) = (di_t + i_td)e^a(x) = dt^a + i_t(de^a) we find

δ_{gc}e^a(x) = L_te^a(x) = Dt^a(x) + i_tT^a + e^bi_tw_b^a , (A.1)

where t^a := i_te^a = t^μe^a_μ, i_tT^a = e^bt^cT_{cb}^a and the last term i_tw_b^a = t^cw_{cb}^a is a local Lorentz transformation induced by the local translations t^μ(x). Introducing the ‘covariant’ Lie derivative,

L_t := i_tD + Di_t , (A.2)

we see that L_te^a = Di_te^a +i_tDe^a, where De^a = T^a. Thus δ_{gc}e^a(x) in (A.1) is the sum of L_te^a and of the induced Lorentz rotation e^bi_tw_b^a, δ_{gc}e^a(x) = L_te^a + e^bi_tw_b^a.

For the full supergravity multiplet components we have δ_{gc}e^a(x) := L_te^a(x) = L_te^a(x) + e^bi_tw_b^a(x) = = Dt^a + i_tT^a + e^bi_tw_b^a , (A.3) δ_{gc}e^α(x) := e^α(x + t) − e^α(x) = L_te^α(x) = = L_te^α(x) + e^β i_tw_β^α(x) , (A.4) δ_{gc}C_q(x) := C_q(x + t) − C_q(x) = L_tC_q(x) = = i_tdC_q + d(i_tC_q) , (A.5) δ_{gc}w^{ab}(x) := L_tw^{ab}(x) = i_tR^{ab} + D(i_tw^{ab}) , (A.6) δ_{gc}F^{a1...aq+1} (x) := L_tF^{a1...aq+1} (x) = = t^μ∂_μF^{a1...aq+1} (x) = = i_tDF^{a1...aq+1} (x) + +(q + 1)F^{[a1...aq |b}i_tw_b^{|aq+1]}(x) , (A.7) where i_te^α(x) := t^μ(x)ψ^α_μ (x), i_tw_b^a(x) := t^μw_{μb}^a(x) and i_tw_β^α(x) := t^μw_{μβ}^α(x) = (1/4)i_tw^{ab}Γ_{abβ}^α, Dt^a = dt^a − t^bw_b^a, De^α(x) = de^α(x) − e^β w_β^α(x), D(i_tw^{ab}) = d(i_tw^{ab})−(i_tw^{ac}) w_c^b +(i_tw^{bc}) w_c^a and DF^{a1...aq+1} (x) = dF^{a1...aq+1} (x) − (q + 1)F^{[a1...aq |b}(x)w_b^{|aq+1]}(x). In a theory with manifest local Lorentz symmetry the i_tw_b^a terms in δ_{gc}e^a, δ_{gc}e^α, δ_{gc}w^{ab}, δ_{gc}F^{a1...aq+1} may be conveniently ignored, as well as the d(i_tC_q) term in a theory with the gauge invariance δ_{gauge}C_q = dΛ_{q−1}. In this case the general coordinate variations of the fields, Eqs. (A.3)–(A.7), reduce to

δ_{gc}e^a(x) = Dt^a(x) + i_tT^a , (A.8) δ_{gc}e^α(x) = Di_te^α(x) + i_tDe^α , (A.9) δ_{gc}C_q = i_tdC_q , (A.10) δ_{gc}w^{ab} = i_tR^{ab} , (A.11) δ_{gc}F^{a1...aq+1} (x) = i_tDF^{a1...aq+1} (x) . (A.12) The D = 4, N = 1 superspace counterparts of these transformations are called ‘supergauge transformations’ in [19].

The component functions (L_te^a(x))_μ, say, of the one– form L_te^a(x) are given by (L_te^a(x))_μ = t^ν ∂_νe^a_μ +∂_μt^ν e^a_ν . Since L_t(dx^μe^a_μ(x)) = L_t(dx^μ) e^a_μ(x) + dx^μL_te^a_μ(x), we see that the term ∂_μt^ν e^a_ν in (L_te^a(x))_μ comes from L_t(dx^μ) = d(L_tx^μ) = d(δx^μ) = dt^μ. Thus, if we now define the variation of the component function δ̃_{gc}e^a_μ(x) by (L_te^a)_μ(x) above, δ̃_{gc}ea_μ(x) = D_μta + eb_μtcT_{cb}a , (A.13) then there is no need to vary x^μ since the effect of its variation has been already taken into account in (A.13). Thus we may set δ̃_{gc}x^μ = 0 and use δ̃_{gc} given by Eq. (A.13) (Eq. (2.36)) as an equivalent definition of the general coordinate transformations δ_{gc} when varying an action constructed from differential forms. For the other supergravity fields δ̃_{gc} is given by δ̃_{gc}e^α_μ (x) = D_μi_teα(x) + eb_μtc(Deα)_{cb} , (A.14) δ̃_{gc}wab_μ = ec_μtdR_{dc}ab , (A.15) δ̃_{gc}F^a1^{...a}q+1 (x) = t^μD_μF^a1^{...a}q+1 (x) , (A.16) to which one may add δ̃_{gc}C_{μ1...μq} = (q + 1)tν∂_{[ν} C_{μ1...μq ]} , (A.17) ignoring the induced gauge transformations d(i_tC_q).

The variation δ̃_{gc} is the so–called ‘variational version’ [13] of the general coordinate transformations δ_{gc} that act on forms as in Eq. (2.34).

APPENDIX B:

Noether identities for D = 4, N = 1 supergravity

For D = 4 simple (N = 1) supergravity, where the supergravity action contains only the two terms (2.11), (2.12), S_{4,SG} = ∫ M^4 1 2 ϵ_{abcd}R^{ab} ∧ e^c ∧ e^d + +^{2i}_3 ∫ M^4 ϵabcdDe α ∧ e^β ∧ e^a Γ^{bcd}_{αβ} . (B.1)

The complete expression for the Noether identities (2.37), (2.38) is

N_{4α} ≡ DΨ_{3α} − 2iM_{3a} ∧ e^β Γ^a_{αβ} − (B.2) −Γ_{aαβ} De^β ∧ (T^a + ie^γ ∧ e^δΓ^a_{γδ} ) ≡ 0 , N_{4a} := DM_{3a} − (B.3) − 1 2 ϵ_{abcd}R^{bc} ∧ (T^d + ie^α ∧ e^βΓ^d_{αβ}) ≡ 0 . The the generic variation of the action (B.1) is (cf. (2.25)) δS_{4,SG} = − ∫ M^4 M3a ∧ δe a − ∫ M^4 Ψα ∧ δe α (B.4) +^1_{3!} ∫ M^4 ϵabcde a ∧ (T^b + ie^γ ∧ e^δΓ^b_{γδ}) ∧ δw^{cd} .

APPENDIX C:

Bosonic brane in the Polyakov–like formulation and local supersymmetry

The discussion in Sect. VIA of the p = 0 case involved the einbein as an initially independent field (see (2.8)). The analogue in the p > 0 cases requires treating also independently the worldvolume metric. This may be done by using the Brink–Di Vecchia–Howe–Polyakov [16] formulation,

L̂^′_{p+1} = 1 4 ∗ ê_a ∧ ê^a − (p − 1) 4 (−)^p ∗ 1 − Ĉ_{p+1} , (C.1)

where the Hodge star operator ∗ involves the auxiliary worldvolume metric g_{ij}(ξ), ∗ê_a ∧ ê^a = d^{p+1}ξ √ |g|g^{ij}ê^a_i ê^b_j η_{ab} and (−)^p ∗ 1= d^{p+1}ξ √ |g|. The metric g_{ij}(ξ) is determined by its equations of motion, δS^′_{D,p,0} δg^{ij} (ξ) = 0 ⇒ g_{ij} = ê^a_i ê^b_j η_{ab} . (C.2)

The δ_{ls} variation of S, with S_{D,2,0} replaced by S^′_{D,2,0} for (C.1), contains, in addition to (4.10) (where now the ∗ is defined with an independent g_{ij}(ξ)), a term proportional to Δ_{ls}g^{ij}(g_{ij} − ê^a_i ê_{aj} ) , (C.3)

where

Δ_{ls}g^{ij} ≡ δ_{ls}g^{ij} −^1_2 δ_{ls}g^{kl}g_{kl}g^{ij} − (C.4)

−^2√_{|g|} ê^α_k (Γ_{bc})_{αβ}ϵ̂^β g^{k(i}ϵ^{j)pq}ê^b_pê^c_q ,

and δ_{ls}g^{ij} is to be determined from δ_{ls}S^′_{D,2,0} = 0. The matrix γ̄ ≡^i_{3!}√_{|g|} ϵ^{ijk}ê^a_i ê^b_jê^c_kΓ_{abc} has now the proper-

ties tr(γ̄) = 0 , γ̄^2 = ( √ |det(ê^a_i ê_{aj} )|/ √ |g|) I , where g := detg_{ij}. On the mass shell √ det(ê^a_i ê_{aj} ) = √ |g| due to Eq. (C.2), γ̄^2 = I and (I − γ̄) is a projector. Hence, again δ_{ls}S^′_{D,2,0} = 0 for ϵ^ϵ(x̂) = (I + γ̄)^{αβ}κ_β(ξ) , for which we can define δ_{ls}g_{ij}(ξ) in such a way that it compensates the contributions from the δ_{ls}ê^a and δ_{ls}Ĉ_{p+1} variations.

Thus we conclude that the n parametric local supersymmetry is partially broken on W^{p+1} down to its n/2 parametric subgroup.

The above reasonings are in correspondence with the proof of the κ–symmetry of the supermembrane [9].

APPENDIX D:

Graviton degrees of freedom in the (super)gravity—p-brane coupled system

In Sec. VIII we have shown that, since the coupled (super)gravity—bosonic p–brane system possesses diffeomorphism invariance, Eqs. (2.45)–(2.47) with (8.1), the brane degrees of freedom are pure gauge.

One could ask, nevertherless, whether after fixing the gauge x̂^μ(ξ) = (ξ^i, 0, . . ., 0) the brane degrees of freedom could reappear somehow in the vielbein, in the sense that one would not have enough gauge freedom left to reduce the vielbein degrees of freedom on the worldvolume to the required^{(D−2)(D−1)}_2 − 1 (= 2 for D = 4) transversal ones. However, the degrees of freedom of the graviton e^a_μ(x) can be fixed by using general coordinate invariance, Eq. (2.33) or (2.36). Then, since the general coordinate transformations symmetry is partially broken on W^{p+1} in the coupled system, the question is whether there is enough general coordinate symmetry left to fix the degrees of freedom in e^a_μ on W^{p+1}.

An analysis similar to that presented above for the gravitino indicates that this is indeed possible. In ‘free’ supergravity, after removing from D^2 the (_D 2 ) antisymmetric degrees of freedom by local Lorentz invariance, the remaining unwanted 2D degrees of freedom of the vielbein field can be disposed of by making use of the general coordinate symmetry δ̃_{gc}, Eq. (2.36). We now show that this can be done in the present supergravity– bosonic brane coupled system, despite that the components of the vector parameter t^a of δ̃_{gc}, arbitrary out of W^{p+1}, are reduced to (p + 1) independent functions on W^{p+1} (see Eqs. (4.15), (4.17)).

To remove the (on–shell) unwanted 2D degrees of freedom of e^a_μ mentioned above, one uses the derivatives of t^a δ̃_{gc}ea_μ = D_μta + . . . , (C.5) (cf. (6.1)). This can be achieved fixing the gauge covariantly, ∂^μe^a_μ = 0 (assuming the weak field approximation) and then using the residual ‘d’Alembertian’ gauge invariance (D + D conditions), or by fixing a Columb– like gauge ∂^I e^a_I = 0 for the ‘orthogonal’ part and and then using its residual ‘harmonic’ gauge invariance to fix the ‘tangential’ part of the gauge ∂^0e^a_0 = 0 (again, 2D conditions).

As before, the separation (e^a_0, e^a_I ) of components in e^a_μ is arbitrary. Our task now is to show that, in the interacting case, Eq. (C.5) can still be used to fix a counterpart of these gauges. The ‘tangential’ component of the derivative (D_μt^a)(x̂) along W^1 , (∂_τ x̂^μD_μt^a)(x̂) = D_τ t̂^a = D_τ (ê^a_τ k(τ )), depends on a single function k(τ ) on W^1, while the ‘orthogonal’ components of (D_μt^a)(x̂) are unrestricted on W^1. Again, the only component of e^a_μ whose transformation rule (C.5) is restricted on W^1 is the pull–back ê^a_τ = ∂_τ x̂^μe^a_μ(x̂) for which

δ̃_{gc}êa_τ = D_τ t̂a + . . . = êa_τ D_τ k(τ ) + . . . (C.6)

at leading order (cf. (6.4)) since δ̃_{gc}∂_τ x̂^μe^a_μ(x̂) = ∂_τ x̂^μδ̃_{gc}e^a_μ(x̂) by Eq. (2.36). Thus the only danger of appearance of additional degrees of freedom (with respect to those in the ‘free’ supergravity case) comes from the ‘tangential’ part ê^a_τ for which, by (C.6), only one gauge function k(τ ) is available. However, just this part is restricted on W^1 by Eq. (5.9),

D_τ (l(τ )ê^a_τ ) = 0 (C.7)

(cf. (6.5)). The worldline field l(τ ) can be removed by the remaining freedom in k(τ ) (more precisely, as (C.6) has basically the form of infinitesimal scale transformations of ê^a_τ with the parameter (1 + D_τ k(τ )), we can choose D_τ k(τ ) in such a way that the scaling results in ê^a_τ → l^{−1}ê^a_τ ). Then, Eq. (C.7) becomes the counterpart of the gauge fixing condition ∂_τ ê^a_τ + . . . = 0.

[1] E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest and A.

Van Proeyen, Class.Quant.Grav. 18, 3359-3382 (2001) (hep-th/0103233); R. Kallosh, S. Prokushkin and M. Shmakova, JHEP 0107, 023 (2001) (hep-th/0107097).

[2] E. Bergshoeff, R. Kallosh and A. Van Proeyen, JHEP 0010, 033 (2000) (hep-th/0007044); Fortschr. Phys. 49, 625-632 (2001) (hep-th/0012110).

[3] J. Bagger, F. Feruglio and F. Zwirner, Brane-induced supersymmetry breaking, hep-th/0108010, and refs. therein.

[4] N. Alonso-Alberca, P. Meessen, T. Ortin, Phys. Lett.

B482, 400-408 (2000) (hep-th/0003248); M. J. Duff, State of the Unification Address, hep-th/0012249, and refs. therein.

[5] L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 3370-3373 (1999) (hep-ph/9905221); Phys. Rev. Lett. 83, 4690-4693 (1999) (hep-th/9906064).

[6] I.A. Bandos, J. A. de Azcárraga, J. M. Izquierdo and J. Lukierski, An action for supergravity interacting with super-p-brane sources, hep-th/0104209, to appear in Phys. Rev. D (Rapid Commun.).

[7] L. Castellani, R. D’Auria and P. Fré, Supergravity and superstrings, a geometric perspective, vol. 2. World Scientific 1991, and references therein.

[8] R. D’Auria, P. Fré, P.K. Townsend and P. van Nieuwenhuizen, Ann. Phys. (N.Y.) 155, 423 (1984).

[9] E. Bergshoeff, E. Sezgin and P.K. Townsend, Phys. Lett.

B188, 70 (1987); Ann. Phys. (N.Y.) 185, 330 (1988).

[10] A. Achúcarro, J.M. Evans, P.K. Townsend and D.L.

Wiltshire, Phys. Lett. B198, 441 (1987).

[11] M.J. Duff, R. Khuri and J.X. Lu, Phys. Rep. 259, 213 (1995); K. S. Stelle, BPS Branes in Supergravity, Trieste Lectures (1997), hep-th/9803116, and refs. therein.

[12] J. A. de Azcárraga, J. Lukierski, Phys. Lett. B113, 170 (1982); W. Siegel, Phys. Lett. B128, 397 (1983); J.A. de Azcárraga and J. Lukierski, Phys. Rev. D28, 1337 (1983).

[13] J. Wess and B. Zumino, Phys. Lett. B74, 51-53 (1978). [14] At this stage we are following a field–space democracy approach by treating the coordinates x^μ and the fields e^a_μ(x), etc. on the same footing. This is certainly natural when the interacting dynamical system includes p–branes since these are described by coordinate functions x̂^μ(ξ) on W^{p+1} .

[15] In contrast with (1.1), (2.8), Eqs. (4.8), (4.4), involve the fermionic coordinate function θ̂^α(τ) (θ̂^α(ξ) for p > 0).

[16] L. Brink, P. Di Vecchia and P. Howe, Phys. Lett. B65, 471-474 (1976);

A. M. Polyakov, Phys. Lett. B103, 207-210 (1981); Phys. Lett. B103, 211-213 (1981).

[17] D.V. Volkov and V.A. Soroka, JETP Lett. 18, 312 (1973). [18] S. Deser and B. Zumino, Phys. Rev. Lett. 38 1433-1436 (1977).

[19] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton Univ. Press, New Jersey, 1992.