arXiv:hep-th/0112226 v2 31 Dec 2001

A Holographic Interpretation of Asymptotically de Sitter Spacetimes

by

A.J.M. Medved

Department of Physics and Theoretical Physics Institute University of Alberta Edmonton, Canada T6G-2J1 [e-mail: amedved@phys.ualberta.ca]

ABSTRACT

One of the remarkable outcomes of the AdS/CFT correspondence has been the generalization of Cardy’s entropy formula for arbitrary dimensionality, as well as a variety of anti-de Sitter scenarios. More recently, related work has been done in the realm of asymptotically de Sitter backgrounds. Such studies presume a well-defined dS/CFT duality, which has not yet attained the credibility of its AdS analogue. In this paper, we derive and interpret generalized forms of the Cardy entropy for a selection of asymptotically de Sitter spacetimes. These include the Schwarzschild-de Sitter black hole (as a review of hep-th/0112093), the Reissner-Nordstrom-de Sitter black hole and a special class of topological de Sitter solutions. Each of these cases is found to have interesting implications in the context of the proposed correspondence.

1 Introduction

It is commonly believed that the holographic principle will be an essential constituent of any valid theory of quantum gravity [1, 2]. This principle (which follows from Bekenstein’s entropy bound [3]) implies that, if given a physical system, the relevant degrees of freedom must suitably live on a surface enclosing that system. To take it a step further, given a physical theory in d+1-dimensional spacetime, one would expect the existence of a d-dimensional theory that can capably describe the same physics.

In spite of its esoteric origins, the holographic principle has explicitly been realized by way of the AdS/CFT correspondence [4, 5]. That is, a duality has been demonstrated between d+1-dimensional anti-de Sitter (AdS) spacetimes and appropriately defined, d-dimensional conformal field theories (CFTs). More specifically, the thermodynamics at the horizon of an AdS black hole can be identified with the thermodynamics of a CFT that lives on an asymptotic boundary of the AdS background [6].

Recently, Verlinde [7] has utilized this AdS/CFT duality to demonstrate a result of considerable significance. This author was able to generalize Cardy’s well-known entropy formula (for a 2-dimensional CFT) [8] to a theory of arbitrary dimensionality. The essence of Verlinde’s work was the identification of Cardy’s central charge (the number of massless particle species) with the Casimir (or sub-extensive) contribution to the CFT energy. Of further significance, this Casimir energy can be fixed, precisely, by way of the AdS/CFT duality (provided that the conformal symmetry at the boundary has properly been exploited).

This generalized Cardy entropy, or Cardy-Verlinde formula, has since been extended to a variety of asymptotically AdS spacetimes (see, for instance, Ref.[9]), as well as dynamical-boundary scenarios (see, for instance, Ref.[10]).^1 The range of validity is quite remarkable given the “modest” scope of the original Cardy formula.

In analogy to the AdS/CFT duality, a correspondence between de Sitter (dS) spacetimes and CFTs has similarly been proposed [12]. (For earlier work along this line, see Refs.[13]-[19].) At the simplest level, any dS spacetime is related to an AdS space by a trivial reversal in the sign of the cosmological

1There has been an abundance of work in these areas. One might consult Ref.[11] for a listing of most of the relevant citations.

constant. However, this sign change has significant repercussions that can hinder a quantum (or semi-classical) interpretation of dS geometries [20]. For instance, dS spacetimes lack a globally timelike Killing vector, a spatial infinity, an objective observer and a string-theoretical description.

In spite of these complications, considerable progress has still been made towards establishing a dS/CFT correspondence [12]-[48].^2 The crucial points are as follows: (i) the CFT is a Euclidean one that lives on a spacelike boundary at temporal infinity and (ii) the dS cosmological horizon adopts the role played by the black hole horizon in the AdS/CFT duality. Some of the more recent studies have considered generalizing the Cardy-Verlinde formalism for a dS (bulk) scenario [18, 39, 40, 42, 43, 45, 47, 48]. Although such treatments have achieved only qualified success (see discussion below), there does indeed appear to be a Cardy-Verlinde-like description of the boundary entropy in a dS context.

Of particular interest to the current paper is a very recent study by Halyo [47]. (For earlier, closely related works, see Refs.[39, 42].) This author considered a Schwarzschild-de Sitter (SdS) spacetime and implemented a somewhat novel approach in deriving the generalized Cardy-Verlinde formula of interest.^3 The premise of this approach is that a Cardy-Verlinde-like form (for the entropy of a suitable boundary theory) can be obtained with only three pieces of input: the bulk metric, the conformal symmetry on the asymptotic boundary and the Hawking temperature at the cosmological horizon. Along with this derivation, it was shown that the boundary theory can be interpreted in terms of Strominger’s realization: Euclidean time evolution in a dS bulk is dual to a renormalization group flow [34]. (Also see Ref.[35].)

In the current paper, our analysis begins with a review of Haylo’s procedure in the context of an SdS-black hole bulk. We then “break new ground” by extending this treatment to a pair of interesting cases: the Reissner- Nordstrom-de Sitter (RNdS) black hole and a certain class of asymptotically de Sitter solutions lacking a black hole horizon. This latter class of “topo-

2Such studies have, in large part, been motivated by recent evidence that our universe has a positive cosmological constant [49]. Thus, by investigating the dS/CFT duality, one might hope to understand “realistic” quantum gravity in a holographic way.

3The novelty of Ref.[47] being that the derivation does not incorporate the Bekenstein- Hawking entropy (of the SdS cosmological horizon). However, the derivation does utilize the Hawking temperature, which implies this entropy via the first law of thermodynamics [50]. Hence, the novelty is really in the presentation, rather than the derivation per se.

logical” de Sitter (TdS) spacetimes was first considered by Cai, Myung and Zhang [38] and has since been investigated in Refs.[42, 45, 48].

Early indicators from the cited studies suggest that TdS solutions can be used to circumvent many of the difficulties associated with the “conventional” dS/CFT correspondence. These problematic points include a negative energy on the boundary (which implies a non-unitary CFT), a failure to incorporate the thermodynamics of the (usual) black hole horizon into the CFT framework, and formal breakdowns that occur in a dynamical-boundary scenario. On the other hand, TdS solutions have the undesirable feature of a naked singularity.^4 It is just possible, however, that there is some CFT that remains well defined while effectively describing this singular bulk. (Noting that a dual boundary theory is not necessarily sensitive to the intricate details of the corresponding bulk geometry [51].) On this basis, we propose that such solutions do indeed merit further investigation.

The rest of the paper is organized as follows. In the next section, by way of review [47], we derive a generalized form of the Cardy-Verlinde entropy for a SdS background. Also, a brief account is given on how the asymptotic boundary theory can be interpreted in terms of renormalization group flows. In Section 3, we generalize the prior formalism to accommodate a RNdS background. That is, we consider the implications (at the conformal boundary) when charge is incorporated into an asymptotically dS background. In Section 4, the analytic program is further extended to the case of a TdS bulk spacetime. We also elaborate on the distinctions that exist between these topological solutions and “conventional” asymptotically dS spacetimes. Section 5 closes with a brief summary and discussion.

2 Schwarzschild-dS/CFT Correspondence

We begin the formal analysis by considering a Euclidean CFT on the asymptotic boundary of a Schwarzschild-de Sitter (SdS) background.^5 The primary

4In fact, the original motivation for the study of TdS spacetimes [38] was to test an earlier conjecture on cosmological singularities [35].

5Since conformal symmetry in the bulk is broken by the presence of a black hole, a prospectively dual boundary theory is, strictly speaking, not necessarily a conformal one [34]. Nonetheless, for convenience sake, we will continue to refer to the relevant boundary theories as CFTs.

focus of this section is to derive a generalized form of the Cardy-Verlinde formula for this scenario. We again note that this is essentially a review of a derivation found in Ref.[47].

Let us first consider an n+2-dimensional SdS metric in manifestly static coordinates [20]:

ds^2_{n+2} = −h(r)dt^2 + 1 h(r) dr^2 + r^2dΩ^2_n, (1)

h(r) = 1 − r^2 L^2 − ω_nM r^{n−1} , (2)

ω_n = 16πG_{n+2} nV_n . (3)

Here, L is the curvature radius of the asymptotically dS background (i.e., L^{−2} = 2Λ/n(n + 1), where Λ is the positive cosmological constant), dΩ^2_n denotes the line element of an n-dimensional constant-curvature hypersurface of positive curvature, V_n is the volume of this hypersurface, G_{n+2} is the n+2- dimensional Newton constant, and M is a constant of integration. M can be identified with the conserved mass of a SdS black hole and is always non-negative.

Note that a positive mass and a positively curved hypersurface are necessary conditions for the existence of an apparent black hole horizon. In fact, the allowed range of mass values is given by 0 ≤ M ≤ M_N , where:

M_N = 2l^{n−1} (n + 1)ω_n ( n − 1 n + 1

)^{n−1}_2 (4) is the mass of an n+2-dimensional Nariai black hole [52]. In this Nariai case, the black hole horizon coincides with the cosmological horizon, whereas the cosmological horizon typically lies on the outside (i.e., further from the singularity at r = 0). On the other hand, M = 0 describes a “pure” dS space having no black hole horizon; only a cosmological horizon at r = L.

In general, the cosmological horizon, r = R ≤ L, corresponds to the largest root of h(r). This identification leads to a defining relation for the black hole mass: M = R^{n−1} ω_n − R^{n+1} ω_nL^2

. (5)

From a holographic perspective, the quantity of immediate interest, rather than the mass of the black hole, is the corresponding excitation of gravitational energy as measured at I_+ (i.e., future spacelike infinity).^6 As discussed in Section 1, there are inherent difficulties in defining conserved charges in an asymptotically dS spacetime. Nevertheless, Balasubramanian et al. [35] have recently calculated the gravitational energy of interest by suitably adapting the Brown-York tensor [53].

Applying the results of Ref.[35] and subtracting off the vacuum-energy contribution from the anomalous Casimir effect (which is non-zero when n+2 is odd), we obtain the following excitation energy: E_{SdS} = −M. (6) Significantly, the negative sign implies that the presence of a black hole actually lowers the total bulk energy with respect to the total energy for a pure dS spacetime (for which the gravitational excitation has been calibrated to zero).

Let us now consider the asymptotic form of the SdS metric at future spacelike infinity. First, though, we note the following. For a given choice of coordinates covering an asymptotically dS spacetime, I_+ can be defined by the limit τ → +∞; where τ is an appropriately defined timelike coordinate [20]. In the case of our static coordinate system (1), r becomes the relevant timelike coordinate (close to this asymptotic boundary), as t and r switch their usual roles when an observer passes through the cosmological horizon.^7 Hence, the SdS metric (1) at I_+ should be determined by way of the following limit: lim_{r→∞} [ L^2 r^2 ds^2_{n+2} ] = dt^2 + L^2dΩ^2_n, (7)

Evidently, this asymptotic limit yields a spacelike metric describing a relatively simple geometry: R × S^n. Moreover, the resulting metric can also be identified with that of an n+1-dimensional Euclidean CFT (on I_+). It is appropriate, however, to rescale the boundary coordinates so that the radius

6Asymptotically dS spacetimes actually have a pair of spacelike asymptotic boundaries: I_+ at future infinity and I_− at past infinity [20]. We will typically be considering the CFT at future infinity.

7Since the exterior region (with respect to the cosmological horizon) is inaccessible to an internally located observer, we are referring to a hypothetical, omnipotent spectator.

of the spatial surfaces coincides with the radial distance of the cosmological horizon [7]. (In doing so, we are exploiting the conformal symmetry of the asymptotic boundary [4, 5, 6].) That is, t → tL/R. As a consequence of this rescaling, it follows that the CFT energy should be “red shifted” from E_{SdS} by the same factor of L/R.

On the basis of the above arguments and Eqs.(5,6), the CFT energy is given as follows: E_{CF T} = nC 24 R^n L^{n+1} [ 1 − L^2 R^2 ] , (8)

where we have defined: C ≡ 3L^nV_n 2πG_{n+2} . (9)

C can readily be identified with the Cardy-like “central charge” [8] of the CFT corresponding to a pure dS spacetime [12]. We will follow Ref.[47] and presume that C remains a fixed quantity for an asymptotically dS theory.

As it turns out, the CFT energy can be expressed in terms of a pair of separable contributions: E_{CF T} = E_E +E_C . The first term, E_E = nCR^n/24L^{n+1} , is strictly positive and can be identified as the extensive energy of an ndimensional CFT gas [7]. It follows that the second term, E_C = −E_E L^2/R^2, must be a sub-extensive contribution. Notably, E_C is always negative and can be identified with the Casimir energy of the CFT [7]. Keep in mind that E_{CF T} must be negative for a non-vanishing black hole mass, since L > R if M > 0. Next, let us consider the Hawking temperature associated with the cosmological horizon. Applying the well-known procedure of Gibbons and Hawking [50, 54] along with Eqs.(2,5), we have: T_{SdS} = − 1 4π dh dr | | | | |_{r=R} = R 4πL^2 [ (n + 1) − (n − 1)

L^2 R^2 ] . (10)

It follows that the temperature of the CFT is given as the red-shifted value of the above. That is: T_{CF T} = L R T_{SdS} = 1 4πL [ (n + 1) − (n − 1)

L^2 R^2 ] . (11)

We will now use a standard thermodynamic relation: T_{CF T} = ( ∂E_{CF T} ∂S_{CF T} ) V (12) to obtain the CFT entropy. More precisely, we begin by fixing the boundary volume V = V_nR^n (i.e., fixing R), while treating L (but not C) as a variable quantity. We then obtain an expression for δS_{CF T} by dividing δE_{CF T} with T_{CF T} . As it so happens, the resulting variation in entropy can be trivially integrated to yield S_{CF T} . Note that there is an arbitrary constant of integration, which will always be fixed to vanish. This choice can be justified with an appeal to the black hole area law (see below).

Applying the above methodology and Eqs.(8,11), we find that Eq.(12) is satisfied by the following: S_{CF T} = πCR^n 6L^n = 4π n R √ E_E |E_C |. (13)

Remarkably, this CFT entropy agrees with the Bekenstein-Hawking area law [55, 56], since it can easily be verified that S_{CF T} = V/4G_{n+2} . (Note that V is clearly the n+2-dimensional generalization of a horizon surface area.) However, this should not be interpreted as a derivation of the Bekenstein- Hawking formula, but rather as a check on consistency and a demonstration that the CFT entropy is unambiguously defined.

The resulting CFT entropy can also be identified as a modified version of the Cardy formula [8]. In fact, the only explicit difference between Eq.(13) (for SdS) and the Cardy-Verlinde formula (for Schwarzschild-AdS) [7] is the need for absolute value bars. Note that the above formalism also holds for a pure dS space. In this case, one sets R = L to obtain E_{CF T} = 0, E_C = −E_E, T_{CF T} = 1/2πL and S_{CF T} = V_nL^n/4G_{n+2} .

It is useful to rewrite this generalized Cardy-Verlinde expression (13) so that it more closely resembles the original Cardy formulation. Let us first define the following: c ≡ 24 n R|E_C |, (14) L_o ≡ 1 n RE_{CF T} . (15) The modified Cardy-Verlinde formula (13) then takes on the form: S_{CF T} = 2π √ c 6 [ L_o + c 24 ] . (16)

As for the dual CFT of an (asymptotically) AdS spacetime, L_o represents the product of the total energy and the radius, while c/24 is a shift caused by the Casimir effect [8, 7]. What is of interest here are the relative signs: L_o is now a negative quantity (or vanishing for pure dS), while the “Casimir shift” is now positive (since c ≥ 0). Conversely, L_o is positive and the Casimir shift is negative for the Schwarzschild-AdS case. Note that c is analogous to the Cardy central charge and, as anticipated, goes to C as R → L (i.e., for pure dS).

We have observed that, from a holographic perspective, the SdS “picture” is quite similar to that of its Schwarzschild-AdS counterpart. However, there are some notable issues that are specific to the SdS scenario. For instance, E_{CF T} < 0 is a precarious outcome, as it implies that the boundary theory fails to be unitary. (Note that this negative energy is especially problematic in a dynamical boundary scenario [40, 43, 48].) Given this non-unitarity and that the SdS spacetime lacks conformal symmetry (it is broken by the black hole), there is no reason to expect, a priori, that the bulk theory can be described by a dual CFT. Furthermore, the boundary entropy, S_{CF T} , is bounded from above by its value for pure dS space (given that a negative L_o is vanishing in this limit). Such an upper limit on the accessible degrees of freedom would appear to be a counter-intuitive result.^8 Finally, the modified Cardy-Verlinde formula fails to incorporate the thermodynamics of the black hole; only the cosmological horizon has been considered.

Some of these complications are effectively negated when viewed from a perspective that has been argued for by Halyo [47]. The premise of these arguments is based, in large part, on Strominger’s identification [34] of a dS/CFT-inspired duality between Euclidean time evolution and an appropriate renormalization group (RG) flow.^9 We briefly summarize this point of view in the following discussion.

Let us first point out that the SdS black hole is known to be unstable; this is by virtue of the Hawking temperature being higher at the black hole horizon than at the cosmological horizon [50]. Given this instability, it follows that the black hole mass, M, gradually decreases as time increases. (Accordingly, the negative boundary energy, E_{CF T} , gradually increases towards zero.) After the black hole completely evaporates, what remains behind is a pure dS spacetime, which is, of course, perfectly stable.

8However, we note that, from a bulk perspective, such an upper bound on the entropy is a well-accepted quirk of asymptotically dS spacetimes [16].

9Also see Ref.[35]. For earlier work on RG flows in a holographic setting, consult, for instance, Refs.[51, 57, 58].

Let us now consider this evaporation process in the context of a RG flow. Strominger argues [34] that the time evolution (in the dS bulk) is expected to be dual with the reverse of a RG flow on the boundary.^{10} That is, a flow from an infrared fixed point (a conformally invariant point with a relatively low number of degrees of freedom) to an ultraviolet fixed point (comparatively high number of degrees of freedom). We can identify the CFT for pure dS as an ultraviolet fixed point, given the obvious conformal symmetry and that it corresponds to an upper bound on the entropy. It then follows that the boundary theory for a SdS black hole (a point of relatively low entropy) should evolve with time towards this pure-dS fixed point of maximal entropy. Notably, this viewpoint is in perfect agreement with the thermodynamic behavior that we discussed above.

Moreover, since the boundary theory must inevitably reach the ultraviolet fixed point, it can always be interpreted as an asymptotically conformal theory. Of further note, as time evolves (i.e., RG flows from infrared to ultraviolet) the energy on the boundary monotonically increases from a negative value towards zero. That is, the boundary theory effectively behaves in a quasi-unitary manner.

Also of interest, the Nariai black hole assumes the role of the (unstable) infrared fixed point in this RG-flow picture. This follows from the Nariai black hole having the largest allowable mass (cf. Eq.(4)) and, hence, the smallest (or most negative) allowed values for the CFT entropy and energy.

Finally, we point out that one issue remains conspicuously unresolved; namely, the failure of the generalized Cardy-Verlinde formula to account for the thermodynamics of the black hole horizon. We will have more to say on this matter in Section 4.

3 Reissner-Nordstrom-dS/CFT Correspondence

In this section, we will apply the prior techniques to the case of a Reissner- Nordstrom-de Sitter (RNdS) background. Such a spacetime represents the black hole solutions of an Einstein-Maxwell action having a positive cosmological constant.

10In this context, reverse implies that degrees of freedom are being integrated out as time devolves.

We begin here with the RNdS metric for an n+2-dimensional spacetime in static coordinates [59]:

ds^2_{n+2} = −u(r)dt^2 + 1 u(r) dr^2 + r^2dΩ^2_n, (17)

u(r) = 1 − r^2 L^2 − ω_nM r^{n−1} + Q^2 r^{2n−2} , (18)

where Q describes the conserved charge of the associated black hole and all other parameters are as previously defined.

Here, there are two possibilities. Either the RNdS black holes are magnetically charged or electrically charged [60]. Since the electrically charged black holes can lose their charge through the emission of particles (and thereby decay into SdS black holes), we will focus on the former case; thus implying that the charge is a fixed quantity.

Typically for n ≥ 2, there will be three positive (real) roots of u(r); with the outermost root describing a cosmological horizon, and the remaining pair describing inner and outer black hole horizons.

The allowed range of mass values (assuming that naked singularities are forbidden) can now be expressed as M_{min} ≤ M ≤ M_{max}. Here, M_{max} corresponds to the so-called charged Nariai solution, in which case the outermost black hole horizon coincides with the cosmological horizon. Meanwhile, M_{min} corresponds to an extremal black hole (i.e., the inner and outer black hole horizons coincide). In general, these bounds are difficult to solve analytically. However, it is only necessary to know that they exist and are well defined. Keep in mind, though, that M_{min} > 0 and M_{max} > M_N if Q^2 > 0.

Similar to before, we can determine the location of the cosmological horizon, r = R, by solving for the largest root of u(r). This identification yields the following defining relation for the black hole mass: M = R^{n−1} ω_n − R^{n+1} ω_nL^2 + Q^2 ω_nR^{n−1} . (19)

As discussed in the prior section, one obtains the CFT energy by taking the negative of the red-shifted mass. That is, E_{CF T} = −ML/R or: E_{CF T} = nC 24 R^n L^{n+1} [ 1 − L^2 R^2 + L^2Q^2 R^{2n} ] . (20)

Note that we have also reversed the relative sign on the charge term; this step follows from the CFT at I_+ being a Euclidean one [12] (which necessitates a complexification of charge along with time [54]). It is convenient to separate the CFT energy into three distinct portions: E_{CF T} = E_E +E_C +E_Q. The positive extensive contribution (E_E ) and the negative Casimir (or sub-extensive contribution, E_C ) are defined exactly as in the uncharged case. However, there is now an additional “electrostatic” contribution (E_Q), which depends on the charge and is clearly non-negative. This charge-induced portion, E_Q, can possibly be interpreted as a zero-temperature background energy; which implies that it should make no contribution to the CFT entropy [9]. We will demonstrate below that this is indeed the case.

As for the prior model, the CFT temperature corresponds to the redshifted value of the Hawking temperature at the cosmological horizon. So it follows that: T_{CF T} = − L 4πR du dr | | | | |_{r=R} = 1 4πL [ (n + 1) − (n − 1)

L^2 R^2

+ (n − 1)

L^2Q^2 R^{2n} ] . (21)

By applying the appropriate thermodynamic relation: T_{CF T} = ( ∂E_{CF T} ∂S_{CF T} ) V,Q (22)

along with Eqs.(20,21), we should be able to deduce the form of the CFT entropy. Utilizing the same approach as in the prior section (see the discussion leading up to Eq.(13)), but now fixing both V and Q, we ultimately find the following: S_{CF T} = πCR^n 6L^n = 4π n R √ E_E |E_C |. (23)

This CFT entropy is formally identical to that of the uncharged scenario and is, of course, in agreement with the Bekenstein-Hawking area law: S_{CF T} = V_nR^n/4G_{n+2} . As anticipated, the CFT entropy has no explicit knowledge about the electrostatic contribution.^{11} This verifies the conjectured status of E_Q as a zero-temperature background energy (as opposed to

11This entropy does, however, have an implicit dependence on the charge. This occurs via the location of the cosmological horizon; cf. Eq.(19).

a thermodynamic excitation). That is, the electrostatic contribution should be subtracted from the total energy before the degrees of freedom are totaled up. As an aside, one can define a chemical potential in the usual way: Φ_{CF T} ≡ ∂E_{CF T} /∂Q (with all other parameters being fixed). This leads to the first law of thermodynamics for a constant-volume system: dE_{CF T} = T_{CF T} dS_{CF T} + Φ_{CF T} dQ, (24) where Φ_{CF T} = nCQ/12L^{n−1}R^n.

Finally, we point out that, because of the duplicity of the entropy expression, the arguments regarding RG flows (at the end of Section 2) will retain their validity in the case of this charged model. The only significant difference is the identity of the fixed points. For the current analysis, the ultraviolet fixed point corresponds to the (stable) extremal RNdS black hole and the infrared fixed point is described by the (unstable) charged Nariai black hole. Recall that these are the solutions of minimal and maximal allowed mass, respectively.

4 Topological-dS/CFT Correspondence

In this section, we consider a certain brand of asymptotically dS solutions that were first proposed by Cai, Myung and Zhang [38] and received further consideration in Refs.[42, 45, 48]. These topological-de Sitter (TdS) solutions can be obtained with a sign reversal of the mass term in the SdS metric. If the mass is kept positive, this reversal eliminates the black hole horizon and, hence, gives rise to an undesirable naked singularity. However, it is within the realm of possibility that a suitably dual CFT remains well defined even in the presence of the bulk singularity. In this regard, we point out that such a boundary theory is not necessarily sensitive to the fine-grained details of its corresponding background. (See, for instance, Ref.[51].)

Although the above argument is rather speculative, TdS solutions provide a natural means for resolving some of the difficulties associated with the dS/CFT correspondence. For instance, the issue of incorporating the thermodynamics of a dS-black hole horizon (into a CFT framework) would trivially be negated. Moreover, the “mass reversal” has been shown to induce a positive CFT energy on the asymptotic boundary. In view of these desirable features, we argue that such solutions deserve further investigation and proceed on this basis.

Let us now apply the prior treatment to the case of a TdS background geometry. The TdS metric, for an n+2-dimensional spacetime, can be expressed in the following static form [38]:

ds^2_{n+2} = −f(r)dt^2 + 1 f(r) dr^2 + r^2dΩ^2_n, (25)

f(r) = k − r^2 L^2 + ω_nM r^{n−1} . (26)

Here, M is a mass parameter that is to be regarded as a non-negative quantity (in spite of the sign reversal from Eq.(2)), k is a constant of integration that describes the geometry of the cosmological horizon, and all other parameters are as previously defined. Without loss of generality, k can be set to +1,0 or -1; describing a spatial slicing that is respectively elliptic, flat and hyperbolic.^{12} It is interesting to note that the mass parameter can now increase without bound.

There is only one positive (real) root of f(r), and this locates the position of the cosmological horizon, R. On this basis, the following relation for the mass parameter can be obtained: M = R^{n+1} ω_nL^2 − k R^{n−1} ω_n . (27)

As usual, we are particularly interested in the gravitational excitation energy as measured at I_+. By applying the formalism of Refs.[35], Cai et al. [38] obtained the following intuitive result for this energy:

E_{T dS} = M. (28)

Note that the anomalous Casimir contribution has, as usual, been subtracted off. Significantly, a non-vanishing mass now induces an excitation of positive gravitational energy.

12By contrast, in the SdS model, the presumed existence of a black hole horizon necessitates the choice of k = +1.

As priorly discussed, we obtain the CFT energy by red shifting the gravitational excitation with a factor of L/R. That is: E_{CF T} = nC 24 R^n L^{n+1} [ 1 − k L^2 R^2 ] . (29)

Note that the initial conditions require this energy to be a non-negative quantity.

Once again, we are able to express this CFT (total) energy as a sum of identifiable contributions: E_{CF T} = E_E + E_C . The extensive term, E_E = nCR^n/24L^{n+1}, is always positive (as was also found for the SdS theory). Meanwhile, the Casimir (sub-extensive) contribution is given by: E_C = −k L^2 R^2

E_E (30)

and can be positive, negative or vanishing; depending on the choice of k. (By contrast, the SdS Casimir energy is always negative.)

As demonstrated before, the CFT temperature is obtainable as the redshifted value of the Hawking temperature at the cosmological horizon. More explicitly: T_{CF T} = − L 4πR df dr | | | |_{r=R} = 1 4πL [ (n + 1) − (n − 1)k

L^2 R^2 ] . (31)

For the purpose of calculating the CFT entropy, let us now reconsider the following relation: T_{CF T} = ( ∂E_{CF T} ∂S_{CF T} ) V . (32)

Adopting the approach of the prior sections, we obtain: S_{CF T} = πCR^n 6L^n = 4π n R √ E_E | | | | E_C k | | | |. (33)

Note that the quantity |k^{−1}E_C | translates to nCR^{n−2}/24L^{n−1} > 0, regardless of the choice for k. That is, the CFT entropy contains no explicit information about this TdS geometrical parameter. (Although k does have implicit influence via R.)

As found for the previous models, S_{CF T} agrees with the anticipated Bekenstein-Hawking form: V/4G_{n+2} . Moreover, the entropy can be identified as a (slightly) modified version of the Cardy-Verlinde formula [8, 7]. Note that the above formalism also holds for a pure dS space. In this case, one sets R = L and k = 1 to obtain E_{CF T} = 0, E_C = −E_E, T_{CF T} = 1/2πL and S_{CF T} = V_nL^n/4G_{n+2} .

As for the SdS model, it is informative to re-express S_{CF T} (33) into a form that resembles the original Cardy relation. With this in mind, let us define: c ≡ 24 n R | | | E_C k | | | , (34) L_o ≡ 1 n RE_{CF T} . (35) The modified Cardy-Verlinde formula (33) then becomes: S_{CF T} = 2π √ c 6 [ L_o + k c 24 ] . (36)

Notably, this relation is closer to the original Cardy-Verlinde formulation [8, 7] than was found for the SdS analysis (16). First of all, L_o is a positive quantity for the TdS-bulk case. (Conversely, it is negative for the SdS scenario.) Secondly, consider the relative shift as induced by the Casimir effect. Given a dS context, this can only be negative for a TdS-bulk spacetime. This occurs when k = −1, which happens to be the condition for a positive Casimir energy (cf. Eq.(30)). In this sense, it is the case of a hyperbolic horizon geometry which most closely resembles the Schwarzschild-AdS “template”.

Let us now recall the discussion on RG flows at the end of Section 2. For the current TdS scenario, such an interpretation is hindered by difficulties in identifying the relevant fixed points. One notable exception being the infrared fixed point for the k = 1 case, as the associated pure-dS spacetime (i.e., the M = 0 solution) conveniently imposes a lower bound on S_{CF T} . Alternatively, the massless limit is not so well defined if k = 0 or −1. For these topologies, the cosmological horizon disappears when (or before) M goes to zero. However, the existence of such exotic bulk geometries is not necessarily an issue, as we argue below.

In interpreting the boundary theory of a TdS background, we first take note of the key finding: the CFT (total) energy is a strictly non-negative quantity. This implies that the boundary theory is a unitary one that is capable of describing bulk spacetime events; for instance, the emission of Hawking radiation from the cosmological horizon.

Let us now consider the following picture. In the distant past, the TdS bulk is assumed to be in a relatively massive state (i.e., large M and, thus, large S_{CF T} ). It follows that the cosmological horizon will necessarily radiate until it achieves a state of thermal equilibrium with the emitted radiation. (Such an equilibrium state follows by virtue of there being no black hole horizon in this model.) When this occurs, there will be zero net radiation and the bulk will have settled into a state of comparatively low mass (i.e., small M and, thus, small S_{CF T} ). However, we conjecture that this “final” value of mass is not so low that the cosmological horizon (in the case of k = 0 or −1) will be jeopardized (as discussed above). To put it another way, time evolution in the bulk is dual with a RG flow from ultraviolet to infrared boundary points that are at least effectively fixed.

Along with the apparent unitarity of the boundary theory, the above picture is supported by an intuitively satisfying correspondence: the boundary degrees of freedom are directly correlated with the gravitational mass in the bulk. This is at least the case for k = −1 and k = 0, where it is clear that an increasing (decreasing) M always corresponds to an increasing (decreasing) S_{CF T} . On the other hand, this monotonic mass-entropy trend is not so evident for the case of k = +1. With this topological choice, a numerical analysis will likely be required to establish the true mass-entropy relationship. However, the negative Casimir energy for k = +1 suggests that this may be the “least physical” case of the three. Interestingly, peculiar behavior linked to a negative Casimir energy has been detected for another background: a “topological” AdS black hole with k = −1 [9].^{13}

In some sense, TdS solutions are “mirror images” of their AdS analogues, with the cosmological horizon replacing the AdS black hole horizon. Furthermore, in view of the relative sign of the Casimir energy, a TdS hyperbolic horizon (k = −1) should be regarded as the “reflection” of an AdS spherical horizon (k = +1) and vice versa.

13From an AdS perspective, topological refers to asymptotically AdS-black hole solutions having either a hyperbolic (k = −1) or flat (k = 0) hypersurface [61]. Note that k = +1 describes the “usual” Schwarzschild-AdS black hole.

5 Conclusion

In summary, we have considered generalized forms of the Cardy-Verlinde entropy formula [8, 7] in the context of asymptotically de Sitter spacetimes. Towards this end, we have applied a program of study that is based on a prior work by Halyo [47]. The premise of this methodology is that one can derive the entropy of an appropriately dual CFT by using only the bulk metric, the asymptotic conformal symmetry and the Hawking radiation of the cosmological horizon [50]. The validity of this approach was substantiated by the reproduction (in all examined cases) of the Bekenstein-Hawking area law, which is expected to be a fundamental feature of any quantum theory of gravity [55, 56].

Our analysis considered three distinct cases having dS asymptotics. First of all, we examined the Schwarzschild-de Sitter black hole, which was essentially a review of the originating work [47]. In particular, we derived the entropy of the dual CFT, and demonstrated that it adopts a Cardy-Verlinde-like form. We also argued that, in spite of apparent conceptual difficulties (such as a non-unitary CFT), the proposed SdS/CFT duality can still fit into a self-consistent framework. These arguments were based on an observation by Strominger [34]: Euclidean time evolution in a de Sitter space is dual to a renormalization group flow from an infrared to an ultraviolet fixed point.

Secondly, we considered the Reissner-Nordstrom-de Sitter black hole. We found that the addition of charge into the model results in an “electrostatic” contribution to the CFT energy. However, the charge made no explicit contribution to the boundary entropy, which implies that the electrostatic energy can be interpreted as a zero-temperature background (rather than a thermodynamic excitation). This outcome was anticipated [9], but not necessarily obvious.

Finally, we applied the analytic program to a special class of “topological” de Sitter solutions. Such solutions correspond to a sign reversal in the mass term of the corresponding Schwarzschild-dS scenario. For this case, the CFT entropy most closely resembled the original Cardy-Verlinde formulation (for AdS spacetimes) [8, 7]. Furthermore, the boundary energy was found to be positive, in stark contrast to the priorly studied cases. This is a desirable outcome, as it suggests a unitary theory at the conformal boundary. With this property of unitarity, we were able to conceptualize a duality between an apparent flow in the boundary theory and time evolution in the TdS bulk.

Let us further point out two notable failures of SdS-type models (with regard to the proposed holographic duality) that TdS solutions can seemingly resolve. These are as follows: (i) the issue of how to incorporate the properties of the black hole horizon into the CFT thermodynamic relations (there is no such horizon for TdS spacetimes) and (ii) a negative CFT energy can become especially problematic in the context of a dynamic-boundary scenario [43, 45].^{14}

In view of the above considerations, TdS spacetimes appear to be promising candidates for the realization of a dS/CFT correspondence. However, we again stress that TdS solutions have a naked singularity as an inevitable consequence. It is possible that a well-defined dual CFT exists in spite of this singular behavior; however, until this existence can be established, the outcomes of Section 4 should be regarded as speculative.

In conclusion, a holographic interpretation of asymptotically de Sitter spacetimes continues to have a few unresolved issues; whether it is viewed from the perspective of a black hole (SdS, RNdS) or a topological (TdS) bulk. Nonetheless, in weighing all the evidence, we find that the results of this analysis comes out in support of the proposed dS/CFT correspondence.

6 Acknowledgments

The author would like to thank V.P. Frolov for helpful conversations.

References

[1] G. ’t Hooft, “Dimensional Reduction in Quantum Gravity”, grqc/9310026 (1993).

[2] L. Susskind, J. Math. Phys. 36, 6377 (1995) [hep-th/9409089].

[3] J.D. Bekenstein, Phys. Rev. D23, 287 (1981).

[4] J.M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [hepth/9711200].

14We note, however, that Myung has recently argued against both SdS and TdS backgrounds in such a cosmological setting [48].

[5] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Phys. Lett. B428, 105 (1998) [hep-th/9802109].

[6] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150];

ibid, 505 (1998) [hep-th/9803131].

[7] E. Verlinde, “On the Holographic Principle in a Radiation Dominated Universe”, hep-th/0008140 (2000).

[8] J.L. Cardy, Nucl. Phys. B270, 317 (1986).

[9] R.-G. Cai, Phys. Rev. D63, 124018 (2001) [hep-th/0102113]. [10] I. Savonije and E. Verlinde, Phys. Lett. B507, 305 (2001) [hepth/0102042].

[11] S. Nojiri, S.D. Odintsov and S. Ogushi, “Cosmological and Black Hole Brane-World Universes in Higher-Derivative Gravity”, hep-th/0108172 (2001).

[12] A. Strominger, JHEP 0110, 034 (2001) [hep-th/0106113]. [13] C.M. Hull, JHEP 9807, 021 (1998) [hep-th/9806146]; JHEP 9811, 017 (1998) [hep-th/9807127].

[14] C.M. Hull and R.R. Khuri, Nucl. Phys. B536, 219 (1998) [hepth/9808069]; Nucl. Phys. B575, 231 (2000) [hep-th/9911082].

[15] T. Banks, “Cosmological Breaking of Supersymmetry ?”, hepth/0007146 (2000).

[16] R. Bousso, JHEP 0011, 038 (2000) [hep-th/0010252]; JHEP 0104, 035 (2001) [hep-th/0012052].

[17] V. Balasubramanian, P. Horova and D. Minic, JHEP 0105, 043 (2001) [hep-th/0103171].

[18] S. Nojiri, O. Obregon, S.D. Odintsov, H. Quevedo and M. P. Ryan, Mod.

Phys. Lett. A16, 1181 (2001) [hep-th/0105052].

[19] E. Witten, “Quantum Gravity in De Sitter Space”, hep-th/0106109 (2001).

[20] M. Spradlin, A. Strominger and A. Volovich, “Les Houches Lectures on De Sitter Space”, hep-th/0110007 (2001).

[21] P.O. Mazur and E. Mottola, Phys. Rev. D64, 104022 (2001) [hepth/0106151].

[22] M. Li, “Matrix Model for De Sitter”, hep-th/0106184 (2001).

[23] S. Nojiri and S.D. Odintsov, Phys. Lett. B519, 145 (2001) [hepth/0106191]; “Quantum Cosmology, Inflationary Brane-World Creation and dS/CFT Correspondence”, hep-th/0107134 (2001); “De Sitter Space versus Nariai Black Hole: Stability in d5 Higher Derivative Gravity”, hep-th/0110064 (2001); “Wilson Loop and dS/CFT Correspondence”, hep-th/0112152 (2001).

[24] E. Silverstein, “(A)dS Backgrounds from Asymmetric Orientifolds”, hep-th/0106209 (2001).

[25] D. Klemm, “Some Aspects of the de Sitter/CFT Correspondence”, hepth/0106247 (2001).

[26] A. Chamblin and N.D. Lambert, “Zero-Branes, Quantum Mechanics and the Cosmological Constant”, hep-th/0107031 (2001).

[27] J. Bros, H. Epstein and U. Moschella, “The Asymptotic Symmetry of de Sitter Spacetime”, hep-th/0107091 (2001).

[28] E. Halyo, “De Sitter Entropy and Strings”, hep-th/0107169 (2001).

[29] A.J. Tolley and N. Turok, “Quantization of the Massless Minimally Coupled Scalar Field and the dS/CFT Correspondence”, hep-th/0108119 (2001).

[30] T. Shiromizu, D. Ida and T. Torii, JHEP 0111, 010 (2001) [hepth/0109057].

[31] C.M. Hull, “De Sitter Space in Supergravity and M Theory”, hepth/0109213 (2001).

[32] S. Cacciatori and D. Klemm, “The Asymptotic Dynamics of de Sitter Gravity in Three Dimensions”, hep-th/0110031 (2001).

[33] B. McInnes, “Exploring the Similarites of the dS/CFT and AdS/CFT Correspondences”, hep-th/0110062 (2001); “The dS/CFT Correspondence and the Big Smash”, hep-th/0112066 (2001).

[34] A. Strominger, “Inflation and the dS/CFT Correspondence”, hepth/0110087 (2001).

[35] V. Balasubramanian, J. de Boer and D. Minic, “Mass, Entropy and Holography in Asymptotically de Sitter Spaces”, hep-th/0110108 (2001).

[36] Y.S. Myung, “Entropy of the Three-Dimensional Schwarzschild-de Sitter Black Hole”, hep-th/0110123 (2001).

[37] B.C. da Cunha, “Three-Dimensional de Sitter Gravity and the Correspondence”, hep-th/0110169 (2001).

[38] R.-G. Cai, Y. S. Myung and Y.-Z. Zhang, “Check of the Mass Bound Conjecture in de Sitter Space”, hep-th/0110234 (2001).

[39] U.H. Danielsson, “A Black Hole Hologram in de Sitter Space”, hepth/0110265 (2001).

[40] S. Ogushi, “Holographic Entropy on the Brane in de Sitter Schwarzschild Space”, hep-th/0111008 (2001).

[41] A.C. Petkou and G. Siopsis, “dS/CFT Correspondence on a Brane”, hep-th/0111085 (2001).

[42] R.-G. Cai, “Cardy-Verlinde Formula and Asymptotically de Sitter Spaces”, hep-th/0111093 (2001).

[43] A.J.M. Medved, “CFT on the Brane with a Reissner-Nordstrom-de Sitter Twist”, hep-th/0111182 (2001).

[44] A.M. Ghezelbash and R.B. Mann, “Mass and Entropy of Schwarzschildde Sitter Black Holes and the de Sitter/CFT Correspondence”, hepth/0111217 (2001).

[45] A.J.M. Medved, “dS/CFT Duality on the Brane with a Topological Twist”, hep-th/0111238 (2001).

[46] M. Cvetic, S. Nojiri and S.D. Odintsov, “Black Hole Thermodynamics and Negative Entropy in de Sitter and Anti-de Sitter Einstein-Gauss- Bonnet Gravity”, hep-th/0112045 (2001).

[47] E. Halyo, “On the Cardy-Verlinde Formula and the de Sitter/CFT Correspondence”, hep-th/0112093 (2001).

[48] Y.S. Myung, “Dynamic dS/CFT Correspondence using the Brane Cosmology”, hep-th/0112140 (2001).

[49] N. Bahcall, J.P. Ostriker, S. Perlmutter and P.J. Steinhardt, Science 284, 1481 (1999) [astro-ph/9812133].

[50] G.W. Gibbons and S.W. Hawking, Phys. Rev. D15, 2738 (1977). [51] V. Balasubramanian and P. Kraus, Phys. Rev. Lett. 83, 3605 (1999) [hep-th/9903190].

[52] H. Nariai, Sci. Rep. Tohuku Univ. 34, 160 (1950); ibid 35, 62 (1951). [53] J.D. Brown and J.W. York, Phys. Rev. D47, 1407 (1993) [grqc/9209014].

[54] G.W. Gibbons and S.W. Hawking, Phys. Rev. D15, 2752 (1977). [55] J.D. Bekenstein, Lett. Nuovo. Cim. 4, 737 (1972); Phys. Rev. D7, 2333 (1973); Phys. Rev. D9, 3292 (1974).

[56] S.W. Hawking, Comm. Math. Phys. 25, 152 (1972); J.M. Bardeen, B.

Carter and S.W. Hawking, Comm. Math. Phys. 31, 161 (1973). [57] D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, Adv. Theor.

Math. Phys. 3, 363 (1999) [hep-th/9904017].

[58] J. de Boer, E. Verlinde and H. Verlinde, JHEP 0008, 003 (2000) 1277 (2000) [hep-th/9912012].

[59] R.B. Mann, Nucl. Phys. B516, 357 (1998) [hep-th/9705223]. [60] R. Bousso, Phys. Rev. D60, 063503 (1999) [hep-th/9902183]. [61] D. Birmingham, Class. Quant. Grav. 16, 1197 (1999) [hep-th/9808032].