arXiv:hep-th/0112231 v2 23 Jan 2002

Preprint typeset in JHEP style. - HYPER VERSION HUTP–01/A061

hep-th/0112231

Towards Vacuum Superstring Field Theory: The Supersliver

Marcos Mariño and Ricardo Schiappa

Department of Physics, Harvard University, Cambridge, MA 02138, USA

marcos, ricardo@lorentz.harvard.edu

Abstract: We extend some aspects of vacuum string field theory to superstring field theory in Berkovits’ formulation, and we study the star algebra in the fermionic matter sector. After clarifying the structure of the interaction vertex in the operator formalism of Gross and Jevicki, we provide an algebraic construction of the supersliver state in terms of infinite–dimensional matrices. This state is an idempotent string field and solves the matter part of the equation of motion of superstring field theory with a pure ghost BRST operator. We determine the spectrum of eigenvalues and eigenvectors of the infinite–dimensional matrices of Neumann coefficients in the fermionic matter sector. We then analyze coherent states based on the supersliver and use them in order to construct higher–rank projector solutions, as well as to construct closed subalgebras of the star algebra in the fermionic matter sector. Finally, we show that the geometric supersliver is a solution to the superstring field theory equations of motion, including the (super)ghost sector, with the canonical choice of vacuum BRST operator recently proposed by Gaiotto, Rastelli, Sen and Zwiebach.

Keywords: String Field Theory, Supersymmetry, Sliver, Tachyon Condensation.

Contents

1. Introduction and Summary 2

2. Berkovits’ Superstring Field Theory 4 2.1 A Short Review of Berkovits’ Superstring Field Theory 4 2.2 Superstring Field Theory Around a Classical Solution 5

3. Neumann Coefficients and Overlap Equations 9 3.1 The Identity 9 3.2 Interaction Vertex and Overlap Equations 11

4. The Supersliver 15 4.1 Algebraic Construction 16 4.2 Numerical Results and Comparison to the Geometric Sliver 19 4.3 Conservation Laws 21

5. Fermionic Star Algebra Spectroscopy 22 5.1 An Eigenvector of M and ~M 22 5.2 Diagonalizing K_1 23 5.3 Diagonalizing M and ~M 24

6. Coherent States and Higher–Rank Projectors 28 6.1 Coherent States on the Supersliver 28 6.2 Higher–Rank Projectors 29

7. The Geometric Supersliver and the (Super)Ghost Sector 34

8. Conclusions and Future Directions 36

A. Appendix 39

1. Introduction and Summary

In the last two years, the search for nonperturbative information in string field theory [1, 2] has experienced a renewed interest mainly due to a series of conjectures by Sen [3, 4, 5] (also see [6] for a review and a list of references). These conjectures have been tested numerically to a high degree of precision in level truncated cubic string field theory, and some of them have been proven in boundary string field theory (see, e.g., [7] for a review and a list of references). In the meantime, the elegant construction of Berkovits [8, 9, 10, 11] has emerged as a promising candidate for an open superstring field theory describing the NS sector: in here, Sen’s conjectures about the fate of the tachyon in the non–BPS D9–brane have been successfully tested by level truncation to a high level of accuracy [12, 13, 14, 15], and kink solutions have been found that describe lower–dimensional D–branes [16] (see, e.g., [17] for a review and a more complete list of references).

So far, most of our understanding about tachyon condensation in both cubic string field theory and Berkovits’ superstring field theory is based on level–truncated computations and it would be of course desirable to have an analytical control over the problem. For the bosonic string, Rastelli, Sen and Zwiebach have proposed in a series of papers [18, 19, 20, 21, 22] a new approach to this problem called vacuum string field theory (VSFT). In VSFT, the form of the cubic string field theory action around the tachyonic vacuum is postulated by exploiting some of the expected properties it should have (like the absence of open string states). Then one can show that this theory has solutions that describe the perturbative vacuum and the various D–branes. In particular, the matter sector of the maximal D25–brane is described by a special state called the sliver. This state was first constructed geometrically by Rastelli and Zwiebach [23] and then algebraically by Kostelecky and Potting [24], and it is an idempotent state of the string field star algebra, in the matter sector. The construction of VSFT has been recently completed in [25], where Gaiotto, Rastelli, Sen and Zwiebach have proposed a canonical choice of the ghost BRST operator around the vacuum, with which they identified closed string states; and also in [26], where Rastelli, Sen and Zwiebach have found the eigenvalue and eigenvector spectrum of the Neumann matrices, which could allow for a proper definition of the string field space. The study of VSFT has also unveiled beautiful algebraic structures in cubic string field theory (for example, projectors of arbitrary rank in the star algebra have been constructed in detail in [20, 27, 28]).

The main purpose of this paper is to give the first steps towards the construction of vacuum superstring field theory around the tachyonic vacua of the non–BPS maximal D9–brane in Type IIA superstring theory, and to explore the algebraic structure of the star algebra in the fermionic part of the matter sector. In section 2, we begin with a review of Berkovits’ open superstring field theory for the NS sector and discuss the general features of vacuum superstring field theory. We shall show in detail that, assuming a pure ghost BRST operator around the vacuum as in VSFT, Berkovits’ equation of motion for the superstring field admits factorized solutions whose matter part is an idempotent state of the star algebra. In a sense, idempotency is even more useful in Berkovits’ theory since it drastically reduces the nonlinearity of the equation of motion. Idempotent string field solutions can be constructed in the GSO(+) sector or in both GSO(±) sectors.

In order to construct idempotent states in superstring field theory, one first has to understand in detail the structure of the star algebra in the fermionic matter sector. To do that, we use the operator construction of the interaction vertex for the superstring due to Gross and Jevicki [29], which extends their previous work on the bosonic string [30, 31] to the NSR superstring. In section 3 we review some of the relevant results and we further clarify the structure of the vertex. This allows us to write the Neumann coefficients in terms of two simple infinite–dimensional matrices which shall play a key rôle in the constructions of this paper.

Given any boundary conformal field theory (BCFT) one can construct geometrically a special state which is an idempotent of the star algebra [21]. When the BCFT is that of a D25–brane, this state is called the sliver^1 [23, 18]. This geometric construction extends in a very natural way to the BCFT given by the NS sector of the open superstring which describes the unstable D9–brane. This yields an idempotent state that we call the supersliver. The matter part of the supersliver is a product of two squeezed states: one made of bosonic oscillators (the bosonic sliver previously considered in [24, 19]) and the other made of fermionic oscillators, that we shall call the fermionic sliver. Although the geometric construction gives a precise determination of the fermionic sliver, it is important for many purposes to have an algebraic construction as well. In section 4, and making use the results of section 3 for the interaction vertex, we find a simple expression for the fermionic sliver in terms of infinite–dimensional matrices, as in [24, 19], and we compare the result to the geometric construction. We also briefly address the supersliver conservation laws. In section 5 we use the techniques recently introduced in [26] to determine the eigenvalue spectrum and the eigenvectors of the various infinite–dimensional matrices involved in the fermionic star algebra, including the matrices of Neumann coefficients.

Once the fermionic sliver has been constructed algebraically, one can take it as a sort of “vacuum state” in order to build fermionic coherent states. This we do in section 6, where after constructing these fermionic coherent states on the fermionic sliver, we study their star algebras. As in [20], one can use these coherent states to construct higher–rank projectors of the fermionic star algebra. We shall show that one can also construct closed fermionic star subalgebras. These star subalgebras provide new idempotent states which yield new solutions to the vacuum superstring field theory equation of motion. However, some of them turn out to be related to the fermionic sliver by gauge transformations.

In section 7 we consider the ghost/superghost sector, and we show that if one chooses the vacuum BRST operator to be the recent canonical choice of Gaiotto, Rastelli, Sen and Zwiebach, [25], then the geometrical sliver is a solution to Berkovits’ superstring field theory equations of motion, i.e., we solve the equations of motion in the (super)ghost sector.

Finally, in section 8 we state some conclusions and open problems for the future. In the Appendix we give some of the details needed in the proof that the structure of the vertex found in section 3 agrees with the explicit expressions found by Gross and Jevicki in [29] using conformal mapping techniques.

1Strictly speaking, the construction of the sliver state is purely geometric and is thus valid for arbitrary BCFT’s. However, in this paper, we shall use the denotation of “sliver” for the particular BCFT associated to the maximal brane in flat space.

2. Berkovits’ Superstring Field Theory

2.1 A Short Review of Berkovits’ Superstring Field Theory

In this paper, we shall study the non–GSO projected open superstring in the NS sector. In the matter sector, there are two fermions ψ^±(σ) with the mode expansion

ψ^μ_±(σ) = ∑ r∈Z+^1_2

e^{±irσ} ψ^μ_r , (2.1)

where the modes satisfy the anticommutation relations

{ψ^μ_r , ψ^ν_s } = η^{μν} δ_{r+s,0}. (2.2)

We will therefore write ψ^†_r = ψ_{−r} for r > 0. The ghost/superghost sector includes the b, c, and the β, γ, system and we bosonize the last one in the standard way [32]:

β = ∂ξe^{−ϕ}, γ = ηe^{−ϕ}. (2.3)

A superstring field theory describing the GSO–projected NS sector of the open superstring was proposed by Berkovits in [8] (recent reviews can be found in, e.g., [10, 17]). In this theory, the string field Φ is Grassmann even, has zero ghost number and zero picture number. The action has the structure of a WZW model:

S[Φ] = 1 2 ∫ ( (e^{−Φ}Q_Be^Φ)(e^{−Φ}η_0e^Φ) −

∫_1 0 dt(e^{−tΦ}∂_te^{tΦ}){(e^{−tΦ}Q_Be^{tΦ}), (e^{−tΦ}η_0e^{tΦ})} ) , (2.4)

where Q_B is the BRST operator of the superstring and η_0 the zero–mode of η (the bosonized superconformal ghost) [32]. In a WZW interpretation of this model, these operators play the role of a holomorphic and an anti–holomorphic derivatives, respectively. In this action, the integral and the star products are evaluated with Witten’s string field theory interaction [1]. The exponentiation of the string field Φ is defined by a series expansion with star products: e^Φ = I + Φ +^1_2 Φ ⋆ Φ + · · · , where I is the identity string field. As usual, we refer to the first term in (2.4) as the kinetic term and to the second one as the Wess–Zumino term. It can be shown that the equation of motion derived from this action is [8]:

η_0 ( e^{−Φ}Q_Be^Φ ) = 0. (2.5)

The action (2.4) has a gauge symmetry given by δe^Φ = Ξ_Le^Φ + e^ΦΞ_R, (2.6)

where the gauge parameters Ξ_{L,R} satisfy

Q_BΞ_L = 0, η_0Ξ_R = 0. (2.7)

One can include GSO(−) states by introducing Chan–Paton–like degrees of freedom [12, 13]. The string field then reads,

Φ = Φ_+ ⊗ 1 + Φ_− ⊗ σ_1, (2.8)

where Φ_± are respectively in the GSO(±) sectors, and σ_1 is one of the Pauli matrices. The Q_B and η_0 operators also have to be tensored with the appropriate matrices:

Q̂_B = Q_B ⊗ σ_3, η̂_0 = η_0 ⊗ σ_3. (2.9)

The action is again given by one–half times (2.4), where the bracket now includes a trace over the Chan–Paton–like matrices (the 1/2 factor is included to compensate for the trace over the matrices). The gauge symmetry is given again by (2.6), where Ξ_{L,R} take values in both sectors as in (2.8). It has been shown that Berkovits superstring field theory correctly reproduces the four–point tree amplitude in [11], and it can be used to computed the NS tachyon potential in level truncation (see [17] for a review), giving results which are compatible with Sen’s conjectures.

2.2 Superstring Field Theory Around a Classical Solution

In the cubic theory of Witten, one can consider a particular solution of the classical equations of motion, Φ_0, and study fluctuations around it: Φ = Φ_0 + Φ̃. It is easy to see that the action governing the fluctuations Φ̃ has the structure of the original action for Φ, but with a different BRST operator, Q. Bosonic VSFT, as formulated in the series of papers [18, 19, 20, 21, 22], is based on two assumptions:

1) First, it is assumed that, when one expands around the tachyonic vacuum, the new BRST operator Q has vanishing cohomology and is made purely of ghost operators.

2) Second, it is assumed that all Dp–brane solutions of VSFT have the factorized form:

Φ = Φ_g ⊗ Φ_m, (2.10)

where Φ_{g,m} denote states containing only ghost and only matter modes, respectively. Since the star product factorizes into the ghost and the matter sector, and since we have assumed that Q is pure ghost, the equations of motion split into:

QΦ_g + Φ_g ⋆ Φ_g = 0, (2.11) and

Φ_m ⋆ Φ_m = Φ_m. (2.12)

The second equation says that the matter part is an idempotent of the star algebra (where the star product is now restricted to the matter sector). If these assumptions hold, the string field action evaluated at a solution of the form (2.10) is simply proportional to the BPZ norm of |Φ_m⟩, and this allows one to compare in a simple way ratios of tensions of different D–branes [19, 21].

An interesting question is to which extent are these assumptions valid in Berkovits’ superstring field theory. In order to answer this question, the first step is to analyze the fluctuations around a solution to the equations of motion. This was first addressed by Kluson in [33], where it was shown that with an appropriate parameterization of the fluctuations, the equation of motion is identical to (2.5), albeit with a deformed Q operator. It was thus concluded (without proof) in [33] that the action for the fluctuation should have the form (2.4) with the deformed operator. We shall now derive the equation of motion in a slightly different way from the one presented in [33], and this will allow us to show that the action is indeed of the required form by direct computation.

Let us define G = e^Φ, the exponential of the string field that appears in Berkovits’ action. Let Φ_0 be a solution to the classical equations of motion (2.5) and let us consider a fluctuation around this solution parameterized as follows [33],

G = G_0 ⋆ h, G_0 = e^{Φ0} , h = e^ϕ. (2.13)

Since Berkovits’ action has the structure of a WZW theory, one should expect an analog of the Polyakov–Wiegmann equation [34] to be valid. In fact, it is easy to show (by using for example the geometric formulation of [33, 35]) that the action (2.4) satisfies

S[G_0 ⋆ h] = S[G_0] + S[h] − ∫ (G^{−1}_0 Q_BG_0)(hη_0h^{−1}), (2.14)

for arbitrary G_0 and h. The effective action for the fluctuations is then

S_{eff} [h] = S[h] − ∫ (G^{−1}_0 Q_BG_0)(hη_0h^{−1}). (2.15)

Let us now obtain the equation of motion satisfied by h. Varying S[h], one obtains ∫ h^{−1}δhη_0(h^{−1}Q_Bh), and from the extra term in S_{eff} [h] one gets ∫ h^{−1}δhη_0(h^{−1}Ah), where we denoted A = G^{−1}_0 Q_BG_0 and we have used the equation of motion η_0(A) = 0. Putting both pieces together, one finds that

η_0(h^{−1}Q_Bh + h^{−1}Ah − A) = 0. (2.16)

Therefore, the equation of motion is identical to (2.5) but with the deformed Q operator:

Q_A(X) = Q_B(X) + AX − (−1)^X XA. (2.17)

One can moreover easily prove [33] that the new operator satisfies all the axioms of superstring field theory (it is a nilpotent derivation and it anticommutes with η_0).

We shall now show that S_{eff} [h] has in fact the structure of (2.4) but with the operator Q_A. For that, we simply need to notice that ∫ A(hη_0h^{−1}) = 1 2 ∫ ( (h^{−1}Ah − A)(h^{−1}η_0h) − ∫_1 0 dtA∂_t(ĥη_0ĥ^{−1} − ĥ^{−1}η_0ĥ) ) , (2.18)

where we have used integration by parts with respect to η_0, and the fact that Φ_0 satisfies its equation of motion. We have also denoted ĥ = e^{tϕ}. The first term in the RHS of (2.18) when added to the kinetic term in S[h] gives a kinetic term with the Q_A operator, while the second term when added to the Wess–Zumino term in S[h] gives a Wess–Zumino term with Q_A. The conclusion of this computation is that the action for the fluctuations is simply

S_{eff} [h] = 1 2 ∫ ( (e^{−ϕ}Q_Ae^ϕ)(e^{−ϕ}η_0e^ϕ) −

∫_1 0 dt(e^{−tϕ}∂_te^{tϕ}){(e^{−tϕ}Q_Ae^{tϕ}), (e^{−tϕ}η_0e^{tϕ})} ) , (2.19)

as anticipated in [33].

Let us now consider the superstring field theory describing the non–BPS D9–brane, i.e., Berkovits’ superstring field theory including both the GSO(±) sectors. It has been shown in level truncation that this theory has two symmetric vacua where the tachyon condenses. According to Sen’s conjectures, at any of these two vacua there are no open superstring degrees of freedom. Let us then choose one of these vacua and study the action for fluctuations around it. As we have seen, the action for the fluctuations has the same form as the original one, but with a different BRST operator, that we shall now denote by Q. According to Sen’s conjectures, at this chosen vacuum there are no open string degrees of freedom and it is thus natural to assume, as in the VSFT for the bosonic string, that the new BRST operator has vanishing cohomology and is made purely of (super)ghost operators. In addition we will also assume that this operator annihilates the identity,

QI = 0. (2.20)

This condition, although very natural, is strictly not necessary in order to preserve some of the basic features of bosonic VSFT. In the superstring case however, it is crucial. It was noticed in [18] that operators of the form Q = c_0 + ∑ n u_nc_n also have vanishing cohomology in the superstring case. In particular, the Q operator recently proposed in [25] for the bosonic VSFT is of this form and annihilates the identity after some proper regularization, so that in principle it is a possible candidate for the superstring as well (where the superconformal ghost sector would be handled separately). We shall come back to this question in section 7.

With these assumptions at hand, and given the fact that the action around the vacuum has the same form as the original one but with a pure (super)ghost operator Q, it is now easy to show that the ansatz (2.10) solves the superstring field theory equations of motion if Φ_m is idempotent and Φ_g satisfies

η_0 ( e^{−Φg} Qe^{Φg} ) = 0. (2.21)

In order to see this, notice that idempotency of Φ_m and factorization of the star product in matter and ghost parts yields

e^Φ = e^{Φg} ⊗ Φ_m + I − Φ_m, (2.22)

and, since Q kills the identity and is pure ghost, one has

Qe^Φ = ( Qe^{Φg} ) ⊗ Φ_m. (2.23)

Using again idempotency of Φ_m, the equation of motion becomes: ( η_0 ( e^{−Φg} Qe^{Φg} )) ⊗ Φ_m = 0. (2.24)

Therefore, the above conditions are sufficient to solve the equations of motion. In the same way, one can show that in these circumstances the action factorizes as

S = K⟨Φ_m|Φ_m⟩, (2.25)

where

K = S[Φ_g]. (2.26)

Let us now look at the gauge symmetry of the new action around the tachyon vacuum. We are particularly interested in transformations that preserve the structure of (2.22). Since both Q and η_0 annihilate the identity, it is easy to see that the gauge transformation (2.6) with

Ξ_L = Ξ_m ⊗ I_g, Ξ_R = −Ξ_m ⊗ I_g, (2.27)

preserves (2.22). This gauge transformation leaves Φ_g invariant and changes Φ_m as follows:

δΦ_m = [Ξ_m, Φ_m]_⋆, (2.28)

where [A, B]_⋆ = A⋆B −B ⋆A is the commutator in the star algebra. Notice that this transformation preserves idempotency of Φ_m at linear order. The gauge symmetry (2.28) is precisely the one that appears in bosonic VSFT when Q annihilates the identity [19, 21, 25].

The condition of idempotency of Φ_m in the non–GSO projected theory involves in fact two different conditions. In general, a matter string field Φ_m has components in both GSO(±) sectors,

Φ_m = Φ^+_m ⊗ 1 + Φ^−_m ⊗ σ_1. (2.29)

In this equation, Φ^±_m is Grassmann even (odd), and idempotency of Φ_m is equivalent to the following equations

Φ^+_m ⋆ Φ^+_m + Φ^−_m ⋆ Φ^−_m = Φ^+_m,

Φ^+_m ⋆ Φ^−_m + Φ^−_m ⋆ Φ^+_m = Φ^−_m. (2.30)

One particular solution is of course to take Φ^+_m as an idempotent state and Φ^−_m = 0. The matter supersliver state that we will discuss later is an example of such a solution. Another possibility is to take Φ^+_m an idempotent and Φ^−_m a nilpotent state satisfying the second equation in (2.30). In section 6 we will construct solutions with these characteristics, although we will also show that they are related to the supersliver solution by gauge transformations at the vacuum.

3. Neumann Coefficients and Overlap Equations

In this section we review some of the results of [29] and we explain in detail the structure of the overlap equations involving the matter part of the fermionic sector.

3.1 The Identity

As in bosonic string field theory, the simplest vertex in superstring field theory is the integration, which corresponds to folding the string and identifying the two halves [1] thus defining the identity string field |I⟩,

∫ Φ = ⟨I|Φ⟩. (3.1)

In the bosonic case, the overlap condition defining the identity is simply x(π − σ) = x(σ). In the fermionic case, and due to the conformal weight h = 1/2, the precise conditions are as follows:

(ψ_+(σ) − iψ_+(π − σ)) |I⟩ = 0, 0 ≤ σ ≤ π 2 , (ψ_−(σ) + iψ_−(π − σ)) |I⟩ = 0, 0 ≤ σ ≤ π 2 . (3.2)

The different sign in the second equation is due to the NS boundary conditions ψ_−(0) = ψ_+(0), ψ_−(π) = −ψ_+(π). As usual, we can define a single antiperiodic fermion field ψ(σ) in the interval [−π, π] by declaring that ψ(σ) = ψ_+(σ) for 0 ≤ σ ≤ π, and ψ(σ) = ψ_−(−σ) for −π ≤ σ ≤ 0. In terms of this single field, the overlap conditions (3.2) read

ψ(σ) = { iψ(π − σ), 0 ≤ |σ| ≤^π_2 , −iψ(π − σ),^π_2 ≤ |σ| ≤ π. (3.3)

This condition leads to the following relation for the modes ( ψ_r ψ_{−r} ) = ( M_{rs} ~M_{rs} −~M_{rs} −M_{rs} ) ( ψ_r ψ_{−r} ) , (3.4)

where the matrices M, ~M , are defined by

M_{rs} = − 2 π i^{r−s} r + s , r = s (mod 2), (3.5) ~M_{rs} = 2 π i^{r+s} s − r , r = s + 1 (mod 2). (3.6)

These matrices will play an important role in this paper. They satisfy the following properties:

M^2 − ~M^2 = 1, [M, ~M ] = 0, (3.7)

M = M^T = M, ~M = −~M^T = ~M. (3.8)

From (3.4) one obtains the following relation between positive and negative modes for the fermion fields that annihilate the identity, ψ_r = ( ~M 1 − M ) rs ψ_{−s}. (3.9)

Using this relation, one can then show that the identity is a squeezed state,

|I⟩ = N_I exp [1 2 η_{μν} ∑ r,s≥1/2 ψ^μ_{−r}I_{rs}ψ^ν_{−s} ] |0⟩, (3.10)

where

I = ~M 1 − M . (3.11)

This equation can be obtained acting with ψ^μ_r on |I⟩ and using (3.9). In (3.10), N_I is a normalization constant that we shall determine later, when we discuss the supersliver. One can also determine the coefficients I_{rs} explicitly by using conformal mapping techniques. The result, derived in [29], is the following. Defining the coefficients

û_{2n} = û_{2n+1} = ( −1/2 n ) = (−1)^n(2n − 1)!!

2^nn!

, (3.12)

one has

I_{rs} = i^{r+s} ( I^+_{nm} r + s − I^−_{nm} r − s ) , r = n + 1/2, s = m + 1/2, (3.13)

where

I^±_{nm} =

−mû_nû_m, n = even, m = odd, ±nû_nû_m, n = odd, m = even, 0, otherwise.

(3.14)

One can check that this explicit expression satisfies the equation (3.11) (see the Appendix).

3.2 Interaction Vertex and Overlap Equations The interaction vertex, |V_3⟩, involves the gluing of three strings and determines the star algebra multiplication rule,

|Φ ⋆ Ψ⟩_{(3)} =_{(1)}⟨Φ|_{(2)}⟨Ψ||V_3⟩_{(123)}. (3.15)

In the operator formulation, this vertex involves a set of infinite–dimensional matrices whose entries are called Neumann coefficients. Usually, in order to find an explicit expression for these coefficients, one uses conformal mapping techniques. On the other hand, in order to understand the structural properties of these matrices, it turns out to be very convenient to analyze the overlap equations as well. In this section we shall deduce an expression for the Neumann coefficients in terms of the matrices M, ~M , which will be very useful in the following. The starting point is the overlap equation for the three string interaction vertex. This overlap equation simply states that the interaction is obtained by gluing the halves of the three strings in the usual way [1]. In the fermionic case the equation reads [29]: ( ψ^a(σ) − iψ^{a−1}(π − σ) ) |V_3⟩ = 0, 0 ≤ σ ≤ π 2 , a = 1, 2, 3. (3.16)

The index a labels each of the three strings. As in [30], it is convenient to diagonalize this condition by introducing the following discrete Fourier transforms

q = 1 √ 3 ( ψ^1 + ωψ^2 + ω̄ψ^3 ) , (3.17)

q_3 = 1 √ 3 ( ψ^1 + ψ^2 + ψ^3 ) , (3.18)

together with their adjoints,

q̄^† = 1 √ 3 ( (ψ^1)^† + ω(ψ^2)^† + ω̄(ψ^3)^† ) , (3.19)

q^†_3 = 1 √ 3 ( (ψ^1)^† + (ψ^2)^† + (ψ^3)^† ) , (3.20)

where ω = e^{2πi}3 is a cubic root of unity. The overlap conditions give the following condition for q_3,

q_3(σ) = iq_3(π − σ), 0 ≤ σ ≤ π 2 , (3.21)

which is identical in structure to (3.3). On the other hand, for q(σ) we find

q(σ) = { iωq(π − σ), 0 ≤ σ ≤^π_2 , −iω̄q(π − σ),^π_2 ≤ σ ≤ π. (3.22)

The overlap conditions for q then yield the following relation between the modes, ( q_r q̄^†_r ) = { − 1 2 ( M_{rs} ~M_{rs} −~M_{rs} −M_{rs} ) + √ 3 2 ( 0 iC_{rs} −iC_{rs} 0 )} ( q_r q̄^†_r ) , (3.23) where the matrix C is defined by

C_{rs} = (−1)^{r+1/2}δ_{rs}. (3.24)

This matrix implements BPZ conjugation and satisfies the following conditions:

C^2 = 1, C^T = C = C, (3.25) CMC = M, C ~MC = −~M, (3.26) CIC = −I, (3.27) which guarantee the consistency of (3.23).

We now write the three string vertex as:

|V_3⟩ = exp [1 2 q^†_3 · I · q_3 + q^† · U · q̄^† ] |0⟩_{(123)}, (3.28)

where I is the matrix (3.11). This is of course a consequence of (3.21). Since q|V_3⟩ = Uq̄^†|V_3⟩, by using (3.23) we obtain an explicit expression for U in terms of M, ~M and C:

U = − 1 2 + M · (~ M − i √ 3C ) . (3.29)

Using the above properties of M, ~M and C, it is easy to show that U satisfies,

U = −U^T = −CUC, IU = U I, IU = UI. (3.30) The following formulae will also be useful:

I^2 =

M + 1 M − 1 , U^2 = U^2 = M − 2 M + 2 , U + U = − 2~M M + 2 , U − U = 2 √ 3iC M + 2

. (3.31)

Let us now find the structure of the Neumann coefficients for the three string vertex. These coefficients are defined through:

|V_3⟩ = exp [1 2 η_{μν} ∑ ψ^{(a)μ}_{−r} K^{ab}_{rs} ψ^{(b)ν}_{−s} ] |0⟩_{(123)}, (3.32)

and satisfy the condition

K^{ab}_{rs} = −K^{ba}_{sr} . (3.33)

Using the above results, one finds that

K^{ab} = 1 3 ( I + ω^{b−a}U + ω^{a−b}U ) , (3.34)

which has the same structure as the Neumann coefficients in the bosonic sector. We also have the cyclicity property, K^{a+1,b+1} = K^{ab}. We shall frequently use the matrices K^{11}, K^{12} and K^{21}, which are given by

K^{11} = 1 3 (I + U + U ),

K^{12} = 1 6 I − 1 6 (U + U ) + i √ 3 6 (U − U ), K^{21} = 1 6 I − 1 6 (U + U ) − i √ 3 6 (U − U ). (3.35)

Again, one can use conformal mapping techniques to write explicit expressions for the Neumann coefficients [29]. The result is the following. Define the coefficients g_n through the expansion ( 1 + x 1 − x )_{1/6} = ∞∑ n=0 g_nx^n. (3.36)

Next, define the following quantities:

M^+_{nm} = −[(−1)^n − (−1)^m][(n + 1)g_{n+1}(m + 1)g_{m+1} − ng_nmg_m], M^−_{nm} = −[(−1)^n − (−1)^m][ng_n(m + 1)g_{m+1} − (n + 1)g_{n+1}mg_m], M^+_{nm} = [(−1)^n + (−1)^m][(n + 1)g_{n+1} (m + 1)g_{m+1} − ng_nmg_m], M^−_{nm} = [(−1)^n + (−1)^m][ng_n(m + 1)g_{m+1} − (n + 1)g_{n+1}mg_m]. (3.37)

The Neumann coefficients are then given by,

K^{aa}_{rs} = 1 3 I_{rs} + i^{r+s} [ M_{+r−1/2,s−1/2} r + s + M^−_{r−1/2,s−1/2} r − s ] ,

K^{aa+1}_{rs} = 1 2 I_{rs} − 1 2 K^{aa}_{rs} − 1 2 √ 3i^{r+s−1} [ M^+_{r−1/2,s−1/2} r + s + M^−_{r−1/2,s−1/2} r − s ] ,

K^{aa−1}_{rs} = 1 2 I_{rs} − 1 2 K^{aa}_{rs} + 1 2 √ 3i^{r+s−1} [ M^+_{r−1/2,s−1/2} r + s + M^−_{r−1/2,s−1/2} r − s ] . (3.38)

Using (3.34), (3.38), one can find explicit expressions for the matrices U + U and U − U:

(U + U)_{rs} = 3i^{r+s} [M_{+r−1/2,s−1/2} r + s + M^−_{r−1/2,s−1/2} r − s ] ,

(U − U)_{rs} = 3i^{r+s} [ M^+_{r−1/2,s−1/2} r + s + M^−_{r−1/2,s−1/2} r − s ] . (3.39)

Notice that the matrix U − U has nonzero diagonal terms. Using the results of [29], one finds,

(U − U)_{rr} = 6i [ (n + 1)^2g^2_{n+1} − n^2g^2_n 2n + 1 + 1 3 n∑ l=0 (−1)^lg^2_{n−l} ] . (3.40)

In the Appendix we show that these explicit expressions indeed agree with (3.29).

For the calculations in the next section, it will be useful to define the following matrices

M^{ab} = CK^{ab}. (3.41)

Using (3.34) and the relations (3.30), it is easy to see that these matrices satisfy the following properties

[M^{ab}, M^{a′b′} ] = 0, [CI, M^{ab}] = 0. (3.42)

These properties are of course similar to the properties of the matrices M^{ab} in the bosonic case [24, 19].

4. The Supersliver

As we discussed in section 2, a factorized string field satisfies the equations of motion of vacuum superstring field theory, with a pure ghost BRST operator, Q, if the ghost part satisfies (2.21) and the matter part is idempotent. We shall now consider idempotent matter states with the factorized form

|Ψ⟩ = |Ψ_b⟩ ⊗ |Ψ_f ⟩, (4.1)

where |Ψ_{b,f} ⟩ denote states which are obtained from the vacuum by acting with bosonic and fermionic oscillators, respectively, and which are idempotent with respect to the star product in their respective matter sectors. In this section we will look for idempotent states in the fermionic sector. First, we provide an algebraic construction, in the spirit of [24]. Then we compare the solution to the geometric construction of the sliver given in [23].

4.1 Algebraic Construction

Our purpose here is to find a state in the fermionic part of the matter sector that star squares to itself. Our ansatz is a squeezed state of the form

|Ψ_F ⟩ = N_F exp [ − 1 2 η_{μν} ∑ r,s≥^1_2 ψ^μ_{−r}F_{rs}ψ^ν_{−s} ] |0⟩, (4.2)

where F_{rs} is an antisymmetric matrix. Recall that the star product of two states, |Ψ⟩, |Φ⟩, defined as |Ψ ⋆ Φ⟩_{(3)} =_{(1)}⟨Ψ|_{(2)}⟨Φ||V_3⟩_{(123)}, (4.3)

involves the BPZ conjugate of the string field states. To obtain the BPZ conjugate of |Ψ_F ⟩, one has to take into account that

bpz(ψ^μ_r ) = (−1)^{r+1/2}ψ^μ_{−r} . (4.4)

Therefore, the matrix that implements BPZ conjugation is C. It will be useful in the following to define:

H = CF. (4.5)

In order to evaluate the star product, one still needs the following formula. Let b_i, b^†_i be fermionic oscillators with anticommutation relations {b_i, b^†_j} = δ_{ij} , let λ_i, μ_i be a set of Grassmann variables, and let S_{ij} , T_{ij} be antisymmetric matrices. One then has

⟨0| exp ( λ^T · b + 1 2 b · S · b ) exp ( μ^T · b^† + 1 2 b^† · T · b^† ) |0⟩ = = [ det(1 + ST ) ]_{1/2} exp [ μ^T (1 + ST )^{−1}λ + 1 2 λ^T T (1 + ST )^{−1}λ + 1 2 μ^T (1 + ST )^{−1}Sμ ] . (4.6)

Similar expressions for bosonic oscillators and for the ghost bc system were presented in [24, 19]. Using this formula, one obtains the following expression:

|Ψ_F ⋆ Ψ_F ⟩_{(3)} = N^2_F [ det(1 + ΦK)

]_5 · · exp [1 2 η_{μν} { χ^{μT} (1 + ΦK)^{−1}Φχ^ν + 1 2 ψ^{3μ}_{−r}K^{33}_{rs} ψ^{3ν}_{−s} }] |0⟩_{(3)}, (4.7)

where

Φ = ( −HC 0 0 −HC ) , K = ( K^{11} K^{12} K^{21} K^{22} ) , χ^μ = ( K^{13}ψ^{3μ†} K^{23}ψ^{3μ†} ) . (4.8)

Using (3.33) and the cyclicity property, one further obtains the following equation for H,

H = −M^{11} − ( M^{12} M^{21} ) ( 1 − HM^{11} −HM^{12} −HM^{21} 1 − HM^{22} )_{−1} ( HM^{21} HM^{12} ) , (4.9)

and the following value for the normalization constant,

N_F = [ det(1 + ΦK) ]_{−5} . (4.10)

Since the matrices M^{ab} commute, one can assume that [H, M^{ab}] = 0 and proceed as if we were dealing with commuting variables. After some simple algebra, one finds the following cubic equation for H:

A_3H^3 + A_2H^2 + A_1H + A_0 = 0, (4.11)

where

A_3 = M^{12}M^{21} − (M^{11})^2,

A_2 = 3M^{11}M^{12}M^{21} − (M^{11})^3 − (M^{12})^3 − (M^{21})^3,

A_1 = −1 − 2A_3,

A_0 = −M^{11}. (4.12)

In the bosonic case analyzed in [24] and [19], the coefficients of the cubic equation for the bosonic piece of the sliver could be simplified by using relations among the matrices of Neumann coefficients. Here, it is convenient to express (4.12) in terms of the matrices U, U and I, which in turn can be expressed in terms of C, M and ~M. After some simple algebra, one finds the following:

A_3 = 1 3 (U + U)I + 1 6 (U^2 + U^2) = = M M + 2 , A_2 = 1 2 C(U^2 + U^2)I + 2 3 C(I + U + U ) = = −C ~M 3M − 2 (M − 1)(M + 2) , A_1 = −

3M + 2 M + 2 , A_0 = C ~M M (M − 1)(M + 2)

. (4.13)

Since |I ⋆ I⟩ = |I⟩, an important check of the above is wether H = −CI is a solution of (4.11). In fact, one can further write (4.11) as

(H + CI)(MH^2 − 2C ~MH − M) = 0. (4.14)

In order to solve the quadratic equation, one has to be careful when extracting the square root. Since F must be antisymmetric, and remembering that F = CH, one finds the two solutions,

F^± = ~M M ( 1 ± 1 √ 1 − M^2 ) . (4.15)

Notice that CF^±C = −F^±. It is also easy to check that H commutes with M^{ab}, as assumed in our initial ansatz. Using the above result for F^±, one can compute

(1 + ΦK)^{−1} = − 1 4 (M − 1)(M + 2) ( 1 ∓ M + 1 √ 1 − M^2 ) , (4.16)

which determines the normalization constant N_F ± through (4.10). Using again (4.6), one can further compute the norm of |Ψ^{F±} ⟩ and find, for both signs,

⟨Ψ^{F±} |Ψ^{F±} ⟩ = [ det((1 − M)(1 + M/2)^2)

]_5 . (4.17)

Finally, notice that in order for the identity to star square to itself, one needs

N_I = [ det((1 − M)(1 + M/2))

]_5

, (4.18) and its BPZ norm turns out to be

⟨I|I⟩ = [ det(2(1 − M)(1 + M/2)^2)

]_5 . (4.19)

4.2 Numerical Results and Comparison to the Geometric Sliver

The above results involve infinite–dimensional matrices. They can however be analyzed numerically by restricting the matrix rank to L < ∞ and then using suitable numerics in order to study the limit L → ∞, as in [19]. The first thing to notice is that the determinant of M converges to zero very rapidly. As a consequence, the solution F^+, which behaves like 2~M M^{−1}, has diverging eigenvalues. The other solution, which behaves like ~M M/2, has a better behavior. This is the solution that we will discuss in the rest of the paper, and we shall henceforth simply denote it by F = F^−.

It turns out that F is the matrix that appears in the fermionic part of the geometric sliver constructed by Rastelli and Zwiebach in [23]. Since the sliver can be defined purely in geometric terms, one can construct a supersliver in the CFT given by the NS sector of the superstring. Recall that the (super)sliver is defined by

⟨Ξ| = ⟨0|U_f , (4.20)

where U_f is the operator associated to the conformal transformation given by

f(z) = arctan(z). (4.21)

The structure of the operator U_f was found in [23]. It is given by:

U_f = e^{∑∞n=1 anL−2n} , (4.22)

where the coefficients a_n can be computed explicitly. The Virasoro operators split as L = L_b + L_f + L_g, where b, f, g refer respectively to the bosonic matter, fermionic matter and ghost/superghost sectors. As a consequence, the supersliver will factorize as:

|Ξ⟩ = |Ξ_b⟩ ⊗ |Ξ_f ⟩ ⊗ |Ξ_g⟩. (4.23)

The bosonic matter part is the one constructed algebraically in [24]. In the following, we will present evidence that the fermionic matter part is the idempotent state constructed above and corresponding to F , i.e.,

|Ξ_f ⟩ = |Ψ_F ⟩. (4.24)

The first step is, as in [19], to write |Ξ_f ⟩ as a squeezed state:

|Ξ_f ⟩ = N exp [ − 1 2 η_{μν} ∑ r,s ψ^μ_{−r} ^F_{rs}ψ^ν_{−s} ] |0⟩. (4.25)

Using the CFT techniques of [36, 37, 38], one finds for the matrix ^F :

^F_{rs} = − ∮ 0 dw 2πi ∮ 0 dz 2πi z^{−r−1/2}w^{−s−1/2} (1 + z^2)^{1/2}(1 + w^2)^{1/2}(tan^{−1}(z) − tan^{−1}(w))

. (4.26)

One can see that ^F_{rs} = 0 if r + s = odd, i.e., C ^F C = − ^F , as follows from the algebraic description. Evaluating the residues, one finds for the first nonzero entries:

^F_{1/2,3/2} = −1 6 ≃ −.1666, ^F_{1/2,7/2} = 43 60 ≃ 0.1194, ^F_{1/2,11/2} = −

1459 15120 ≃ −0.0964,

^F_{3/2,5/2} = − 1 40 ≃ −.0250, ^F_{3/2,9/2} = 71 15120 ≃ .0046, ^F_{5/2,7/2} = − 239 7560

≃ −.0316. (4.27)

On the other hand, we can evaluate numerically the first few coefficients F_{rs}. Since M, ~M do not commute at finite rank, we can approximate the matrix F in two ways: multiplying ~M on the right, or on the left. The results are shown, respectively, in the following tables:

L F_{1/2,3/2} F_{1/2,7/2} F_{1/2,11/2} F_{3/2,5/2} F_{3/2,9/2} F_{5/2,7/2} 20 -0.1929 0.1427 -0.1186 0.0033 -0.0178 -0.0448 100 -0.1876 0.1347 -0.1102 -0.0058 -0.0099 -0.0398 150 -0.1847 0.1335 -0.1091 -0.0074 -0.0087 -0.0391 ∞ -0.1676 0.1235 -0.1098 -0.0268 0.0036 -0.0347

L F_{1/2,3/2} F_{1/2,7/2} F_{1/2,11/2} F_{3/2,5/2} F_{3/2,9/2} F_{5/2,7/2} 20 -0.1140 0.0752 -0.0570 -0.0397 0.0163 -0.0076 100 -0.1299 0.0886 -0.0683 -0.0346 0.0122 -0.0155 150 -0.1328 0.0910 -0.0710 -0.0338 0.0115 -0.0168 ∞ -0.1726 0.1251 -0.1020 -0.0250 0.0045 -0.0335

The last entry shows an extrapolation to L = ∞ by fitting fifteen points L = 10, 20, . . . , 150 to a_0 + a_1/(log L) + a_2(log L)^2. We see that there is good agreement with the exact result (4.27), and this provides good numerical evidence that the matrix F is indeed given by the double residue (4.26).

It is also interesting to consider the behavior of the BPZ norms of the fermionic identity and the fermionic part of the sliver. The fermionic identity turns out not to be normalizable: the determinant in (4.18) grows very quickly as we increase the rank. On the other hand, the norm of |Ξ_f ⟩, given in (4.17), behaves like the norm of |Ξ_b⟩ analyzed in [19]: an extrapolation to infinite rank, by fitting one hundred points L = 10, 20, . . . , 1000, gives ⟨Ξ_f |Ξ_f ⟩^{1/5} = −0.0075. This seems to indicate that the norm of the fermionic part of the supersliver is zero.

4.3 Conservation Laws

In this subsection we wish to derive conservation laws satisfied by the supersliver, involving the superconformal generators, G_r, and following [23, 19]. We shall be schematic, as the procedure is by now well known. Observe that due to its purely geometrical construction (4.20) the supersliver will clearly satisfy all the Virasoro conservation laws outlined in the Appendix of [19], involving the L_n generators of the conformal algebra which now will have a fermionic matter piece as well as a bosonic and ghost pieces. Let us then outline how can one derive the conservation laws associated to the rest of the superconformal algebra, i.e., the ones depending on the G_r generators.

The sliver surface state is defined in the upper half plane by the conformal map,

f_H(z) = arctan (z) , (4.28)

while in the unit disk (coordinates that we will use in the following), it is given by

f_U(z) =

1 + i arctan (z) 1 − i arctan (z)

. (4.29)

The usual contour deformation argument yields the expected conservation law,

⟨Ξ| ∮ dz φ(z) G(z) = 0, (4.30)

where G(z) is the super stress tensor, G(z) = ∑ G_r/z^{r+ 3}2 , and the conformal densities φ(z) now have weight −1/2. Precisely because of this non–integer weight, one has to be careful when taking the conformal transformation,

φ(z) = φ̃ (f(z)) ( df (z) dz )_− 1_2

, (4.31)

so that we shall adopt the standard conventions [17].

With the choice of conformal density,

φ(z) = − 4 3 √ 2 3 (1 − i) ( 1 + 1 z − 1 ) , (4.32) one obtains the following conservation law,

⟨Ξ| ( G_{−3/2} + 11 6 G_{1/2} + 43 360 G_{5/2} −

1039 15120

G_{9/2} + · · · ) = 0. (4.33)

If instead one chooses the conformal density,

φ(z) = − 4 3 √ 2 3 (1 − i) ( 1 2 + i √ 3 2 − 1 z − e^{2πi}3 ) , (4.34)

one obtains the conservation law,

⟨Ξ| ( G_{−1/2} + 1 √ 3 G_{1/2} + 11 6 G_{3/2} + 3 2 √ 3 G_{5/2} + 7 72 G_{7/2} + · · · ) = 0. (4.35)

Other conservation laws can be obtained in similar fashions.

5. Fermionic Star Algebra Spectroscopy

In this section we follow the methods of [26], in order to find the eigenvalue spectrum of the various infinite–dimensional matrices involved in the star algebra for the matter fermionic sector, as well as the corresponding eigenvectors. We first find by inspection an eigenvector of M and ~M, and we then adapt the methods of [26] to find the rest of the spectrum. The star algebra spectroscopy has also been studied in [39, 40].

5.1 An Eigenvector of M and ~M In this subsection we want to show that the matrices M and ~M have a common eigenvector with eigenvalues −1 and 0, respectively. First define

ν_{n−1/2} = ( −1/2 k ) , n = 2k + 1, 0, n = 2k. (5.1)

Using (A.1), and setting r = n + 1/2, one easily finds ∑ s M_{rs}ν_s = − 2 π ∞∑ m=0 (−1)^{n−m} 2m + 2n + 1 ( −1/2 m ) = − ( −1/2 n ) = −ν_r, ∑ s ~M_{rs}ν_s = 2 π ∞∑ m=0 (−1)^{n+m} 2m − 2n − 1 ( −1/2 m ) = (−1)^n π Γ(^1_2 )Γ(−n −^1_2 ) Γ(−n) = 0. (5.2)

Therefore, ν_r is a common eigenvector to M and ~M with eigenvalues −1 and 0, respectively. This vector can be understood geometrically as follows. Notice that its components are the negative modes in the Fourier expansion of the function

f(σ) = e^{−i σ}2 √ 1 + e^{−2iσ}

. (5.3)

This function is antiperiodic in [−π, π] and satisfies the overlap equation f(σ) = if(π − σ). Therefore, its modes satisfy the equation (3.4). Since the positive modes are set to zero, it follows from (3.4) that the coefficients of the Fourier expansion give an eigenvector of M and ~M with the required eigenvalues. Finally, notice that the vector ν is BPZ odd, since Cν = −ν. A related discussion of the geometric meaning of the eigenvectors in the bosonic case can be found in [40].

5.2 Diagonalizing K_1

To find the rest of the spectrum, we generalize the considerations of [26] to the fermionic sector. The derivation of the star algebra,

K_1 = L_1 + L_{−1}, (5.4)

has a fermionic part which is a sum of bilinears in the modes ψ_{±r} . This allows for a definition of an infinite–dimensional matrix as follows. Let {v_r}_{r≥1/2} be an infinite–dimensional vector. Define then the matrix K_1 through

[K_1, v · ψ] = (K_1v) · ψ, (5.5)

where v · ψ = ∑_∞ r=1/2 vrψr. In what follows, it will be quite useful to label the positive half–integer

indices with integer numbers by setting r = n − 1/2, n = 1, 2, · · · . Using the explicit expression for the Virasoro generators, we then find:

(K_1)_{nm} = −(n − 1)δ_{n−1,m} − nδ_{n+1,m}. (5.6)

This is a symmetric matrix that anticommutes with C, {K_1, C} = 0. To find its spectrum, one associates to every vector w a function f_w(z) as follows

f_w (z) = ∞∑ n=1 w_nz^n. (5.7)

The infinite–dimensional matrix K_1 is then represented in the space of functions by the differential operator

K_1 = −(1 + z^2) d dz + 1 z , (5.8)

and the problem of finding eigenvectors of K_1 now becomes the problem of finding eigenfunctions for this differential operator. The solution is immediate: for any −∞ < κ < ∞ there is an eigenfunction of K_1 given by

f_w(κ) (z) = z √ 1 + z^2 exp ( −κ arctan(z) ) , (5.9)

with eigenvalue κ. The normalization of this function has been chosen so that w^{(κ)}_1 = 1. One then concludes that K_1 has a non–degenerate, continuous spectrum, similar to the bosonic case studied in [26]. Also notice that

f_{Cw}(z) = −f_w(−z), (5.10)

so that the BPZ matrix acts as

Cw^{(κ)} = −w^{(−κ)}. (5.11)

5.3 Diagonalizing M and ~M

We can now use this information in order to find the spectrum of M and ~M . First, observe the following properties,

[K_1, CI] = 0, [ K_1, M^{ab} ] = 0. (5.12)

The first equation follows from the fact that K_1 kills the identity, and the second one from the fact that K_1 is a derivation of the star algebra, and then (K^{(1)}_1 + K^{(2)}_1 + K^{(3)}_1 )|V_3⟩ = 0 [41]. To derive (5.12), we have also used the fact that K_1 anticommutes with C. Making use of (3.34), it follows that

[K_1, M] = [K_1, C ~M] = 0. (5.13)

Therefore, and since the spectrum of K_1 is nondegenerate, an eigenvector of K_1 has to be an eigenvector of M and C ~M as well. Notice that this makes sense since M and C ~M are symmetric, real matrices, and so they have real eigenvalues.

We have then shown that the eigenvectors w^{(κ)} given implicitly in (5.9) are also eigenvectors of M and C ~M. Now, we have to find out which are the corresponding eigenvalues. This can be done with a trick from section 5.2 of [26]. The eigenvalue equations are

M_{n−1/2, m−1/2}w^{(κ)}_m = m(κ)w^{(κ)}_n , (C ~M)_{n−1/2, m−1/2}w^{(κ)}_m = ~m(κ)w^{(κ)}_n . (5.14)

Since we chose the normalization w^{(κ)}_1 = 1, one can consider the above equations with n = 1 and obtain for the eigenvalues:

m(κ) = 2 π ∞∑ q=1 (−1)^q 2q − 1 w^{(κ)}_{2q−1},

~m(κ) = − 2 π ∞∑ q=1 (−1)^q 2q − 1 w^{(κ)}_{2q} . (5.15)

Define now the functions

μ(z) = ∞∑ q=1 (−1)^q 2q − 1 w^{(κ)}_{2q−1}z^{2q−1},

~μ(z) = ∞∑ q=1 (−1)^q 2q − 1 w^{(κ)}_{2q} z^{2q−1}, (5.16)

which can be found to satisfy dμ(z) dz = i 2z (f_w(κ) (iz) − f_w(κ) (−iz)), dμ̃(z) dz = i 2z^2

(f_w(κ) (iz) + f_w(κ) (−iz)). (5.17)

Using the explicit expression for f_w(κ) (z), the fact that μ(0) = μ̃(0) = 0, and integrating, one finally finds

μ(1) = − π 2 sech(κπ/2), ~μ(1) = π 2 tanh(κπ/2). (5.18)

This determines the eigenvalues of M and C ~M for the eigenvectors w^{(κ)}:

m(κ) = −sech(κπ/2), ~m(κ) = − tanh(κπ/2). (5.19)

The spectrum of M lies in the interval [−1, 0), while that of C ~M lies in (−1, 1). The above results are of course compatible with the relation M^2 − ~M^2 = 1. Notice finally that, for κ = 0, we recover the results of the previous subsection, since

f_w(0) (z) = z √ 1 + z^2 = ∞∑ n=0 ( −1/2 n ) z^{2n+1}, (5.20)

so w^{(0)} = ν and from (5.19) we read that the eigenvalues with respect to M and ~M are in fact −1 and 0, respectively, in agreement with the explicit computations of the previous subsection.

We can now diagonalize the symmetric matrix H = CF that defines the fermionic sliver. Since the derivation K_1 kills the supersliver [19], one has that

[K_1, H] = 0, (5.21)

and by the same argument one has that w^{(κ)} are eigenvectors of H. The corresponding eigenvalues will be denoted by h(κ). In order to determine them first notice that, since H anticommutes with C, one has

h(κ) = −h(−κ). (5.22) We can determine h(κ) from the explicit expression given in (4.15). However, one has to be careful when doing this. The reason is that ~M/(1 − M^2)^{1/2} gives an indeterminacy of the type 0/0 when acting on w^{(0)}. If one naively substitutes the eigenvalues in (4.15), one seems to find that h(0) ≠ 0, which contradicts (5.22). Of course the appropriate way to regularize this indeterminacy is by expanding (1 − M^2)^{−1/2} in powers of M, and if this is done then at every order in the expansion one indeed finds the right value of the eigenvalue, which is h(0) = 0 (and can also be checked by computing Hw^{(0)} in level truncation). Related issues associated to the appearance of inverses of singular matrices have been considered in the bosonic case in [39]. Another subtlety (also present in the bosonic case analyzed in [26]) is that the quadratic equation determining H gives two branches for the eigenvalues, and in fact there is a jump from one branch to the other at κ = 0. Since the numerical analysis of the spectrum shows that the eigenvalues of H are in the interval [−1, 1], one finally finds that the spectrum of H is given by

h(κ) = { −^κ_{|κ|} e^{−|κ|π/2}, κ ≠ 0, 0, κ = 0, (5.23) in agreement with (5.22).

Using all these results, one can also diagonalize the rest of the matrices that we have encountered so far. For example, the eigenvalues of the real symmetric matrices M^{11}, M^{12}, M^{21} are, respectively,

m^{11}(κ) = − sinh(κπ/2) (1 + cosh(κπ/2))(1 − 2 cosh(κπ/2)) , m^{12}(κ) = cosh(κπ/2) ( 1 + cosh(κπ/2) + sinh(κπ/2) ) (1 + cosh(κπ/2))(1 − 2 cosh(κπ/2)) , m^{21}(κ) = − cosh(κπ/2) ( 1 + cosh(κπ/2) − sinh(κπ/2) ) (1 + cosh(κπ/2))(1 − 2 cosh(κπ/2))

. (5.24)

Of course there is still the possibility that all of these matrices have other eigenvectors which are not eigenvectors of K_1. We have not performed a systematic numerical search, but we are led believe that, just as in the bosonic case, the above results determine the complete spectrum of eigenvectors and eigenvalues of the various infinite–dimensional matrices involved in the fermionic matter sector.

It is also interesting to observe that, again just as in the bosonic case [40, 26], the eigenvectors that we have found are not normalizable. This can be seen in detail as follows. Given two infinite– dimensional vectors v and w, their inner product is given by

v · w ≡ ∞∑ n=1 v_nw_n = ∫_{2π} 0 dθ 2π f^∗_v (e^{iθ})f_w(e^{iθ}). (5.25)

The norm of a vector v is defined as usual by ‖v‖^2 ≡ v · v. Using (5.9) and (5.25), one can find an explicit expression for the norm of w^{(κ)},

‖w^{(κ)}‖^2 = cosh(κπ/2)‖ν‖^2, (5.26)

where

‖ν‖^2 = 4 ∫_{π/2} 0 dθ 2π 1 √ 2 + 2 cos(2θ)

. (5.27)

This integral is logarithmically divergent, so the norm of ν (and therefore of all w^{(κ)}) is infinite. Another way to see this is to compute directly the sum:

‖ν‖^2 = ∞∑ n=0 ( −1/2 n )_2

. (5.28)

By using zeta–function regularization, we find that this series diverges as lim_{ϵ→0} 2 π K ( e^{−ϵ} ) , (5.29)

where K(x) is the elliptic K–function, which indeed diverges logarithmically as x → 1.

6. Coherent States and Higher–Rank Projectors

Once the fermionic sliver has been constructed, it is natural to consider fermionic coherent states based on it, in analogy to the bosonic case [24, 20]. In this section we shall construct coherent states and determine their star products. This will be useful in order to construct higher–rank projectors of the fermionic star algebra—idempotent states that should represent multiple D–brane configurations [20].

6.1 Coherent States on the Supersliver

We define fermionic coherent states as follows. Let β = {β}_r, r ≥ 1/2, be a Grassmannian vector. Then, the coherent state on the fermionic sliver associated to β, that we shall denote by |Ξ_β⟩, is given by

|Ξ_β⟩ = exp [ (−Cβ)^T · ψ^† ] |Ξ_f ⟩. (6.1)

This definition guarantees that the BPZ conjugate of (6.1) has a simple expression,

⟨Ξ_β| = ⟨Ξ_f | exp [ β^T · ψ ] . (6.2)

The star product of two coherent states can be computed very easily by using (4.6), and one finds

|Ξ_{β1} ⟩ ⋆ |Ξ_{β2} ⟩ = exp ( χ^T (1 + ΦK)^{−1}β + 1 2 β^T K(1 + ΦK)^{−1}β ) |Ξ_f ⟩, (6.3)

where Φ, K and χ are given in (4.8), and β denotes here the vector

β = ( β_1 β_2 ) . (6.4)

An explicit computation yields

|Ξ_{β1} ⟩ ⋆ |Ξ_{β2} ⟩ = exp [ N(β_1, β_2) ] |Ξ_{ρ1β1−ρ2 β2} ⟩, (6.5) where

ρ_1 = − 1 1 + ΦK ( H(M^{21})^2 + M^{12}(1 − HM^{11}) ) = 1 2 (1 + MH − C ~M), ρ_2 = 1 1 + ΦK ( H(M^{12})^2 + M^{21}(1 − HM^{11}) ) = 1 2 (1 − MH + C ~M), (6.6) and

N(β_1, β_2) = 1 2 ( β_1 β_2 ) ( A B C A ) ( β_1 β_2 )

= − 1 2 ( β_1 β_2 ) C 2(1 − CIH) ( HM + (M + 2)M^{11} (M + 2)M^{12} (M + 2)M^{21} HM + (M + 2)M^{11} ) ( β_1 β_2 ) .(6.7)

The matrices ρ_1 and ρ_2 are real symmetric, and they have the following properties:

ρ_1 + ρ_2 = 1, ρ_1ρ_2 = 0,

ρ^2_1 = ρ_1, ρ^2 = ρ_2, (6.8)

just as in the bosonic case studied in [20]. This means that ρ_1, ρ_2 are orthogonal projectors on complementary subspaces. We also have

Cρ_1C = ρ_2.

Notice that the vectors w^{(κ)} that we described in the previous section are eigenvectors of ρ_{1,2}. Let us denote by σ_1(κ) and σ_2(κ) the corresponding eigenvalues. By using (5.19) and (5.23), we find that

σ_1(κ) = { 1, κ > 0, 0, κ < 0, (6.9)

with σ_2(κ) = 1−σ_1(κ). Notice that the eigenvalues associated to the vector ν are σ_1(κ) = σ_2(κ) =^1_2 . This contradicts in principle the statement that ρ_1ρ_2 = 0, and it gives yet another example of a fact noticed in [39]: formal computations involving inverses of matrices like 1 − M^2 become ambiguous when acting on special eigenvectors.

6.2 Higher–Rank Projectors

It is obvious from (6.5) that the star multiplication law for coherent states becomes particularly simple when β_{1,2} are eigenvectors of the projectors ρ_{1,2} or combinations thereof. In this subsection, we will show that with this choice one finds states that form closed subalgebras of the fermionic star algebra. These states can be used to obtain new idempotent states that lead to higher–rank projectors, as in the bosonic situation [20]. The construction is indeed a direct generalization of section 5.2 of [20]. Let v be an eigenvector of ρ_2,

ρ_1v = 0, ρ_2v = v, (6.10)

and define w = −Cv. Therefore, ‖v‖ = ‖w‖, and it follows from Cρ_1C = ρ_2 that one will have

ρ_1w = w, ρ_2w = 0. (6.11)

In addition, one has that v · w = v^T (ρ_1 + ρ_2)w = 0, as in [20]. Using the explicit expressions for ρ_{1,2}, one can also show that

v^T Aw = v^T Cw = 1 2 v^T Mv, v^T Bw = 1 2 v^T (1 + C ~M)v, (6.12)

where the matrices A, B and C are the ones appearing in (6.7).

Consider now the following states, obtained by acting with fermionic creation operators on the fermionic sliver Ξ_f (we suppress the brackets for notational convenience):

Σ_v = ( v ‖v‖ · ψ^† ) Ξ_f ,

Σ_w = ( w ‖w‖ · ψ^† ) Ξ_f ,

Ξ_{v,w} = ( v ‖v‖ · ψ^† ) ( w ‖w‖ · ψ^† ) Ξ_f . (6.13)

Observe that the state Ξ_{v,w} is Grassmann even, since fermions only appear via bilinears, while the Σ_{v,w} states are Grassmann odd. Consider now the coherent states Ξ_{β1} , Ξ_{β2} , where β_1 = θ_1v + θ_2w, β_2 = θ̂_1v + θ̂_2w and θ_{1,2}, θ̂_{1,2} are arbitrary Grassmann variables. It is simple to show, by computing the star product Ξ_{β1} ⋆ Ξ_{β2} , that the states defined in (6.13) satisfy the following subalgebra of the star product, in the fermionic matter sector:

Ξ_f ⋆ Σ_v = 0, Ξ_f ⋆ Σ_w = −Σ_w , Σ_v ⋆ Ξ_f = Σ_v , Σ_w ⋆ Ξ_f = 0, Σ_v ⋆ Σ_v = 0, Σ_w ⋆ Σ_w = 0, Σ_v ⋆ Σ_w = A_v Ξ_f − Ξ_{v,w}, Σ_w ⋆ Σ_v = −B_vΞ_f , Ξ_f ⋆ Ξ_{v,w} = A_v Ξ_f , Ξ_{v,w} ⋆ Ξ_f = A_v Ξ_f , Σ_v ⋆ Ξ_{v,w} = A_v Σ_v, Σ_w ⋆ Ξ_{v,w} = B_v Σ_w, Ξ_{v,w} ⋆ Σ_v = −B_vΣ_w , Ξ_{v,w} ⋆ Σ_w = −A_vΣ_w , (6.14) and finally Ξ_{v,w} ⋆ Ξ_{v,w} = A_v (A_v − B_v)Ξ_f + B_vΞ_{v,w}. (6.15) In these equations we have introduced the notation

A_v = v^T Aw ‖v‖^2 , B_v = v^T Bw ‖v‖^2 . (6.16)

One can also find the BPZ norm of these states by computing ⟨Ξ_β|Ξ_β⟩, with β = θ_1v + θ_2w. In this computation one has to evaluate the inner products

v^T F 1 − F^2 w = −‖v‖^2A_v, v^T 1 1 − F^2 v = w^T 1 1 − F^2 w = ‖v‖^2B_v, (6.17)

as it can be checked by using the explicit expression for F and the fact that v, w are eigenvectors of ρ_{1,2}. One obtains in the end:

⟨Σ_v |Σ_v ⟩ = B_v⟨Ξ_f |Ξ_f ⟩, ⟨Σ_v |Σ_w ⟩ = 0, ⟨Ξ_f |Ξ_{v,w}⟩ = −A_v⟨Ξ_f |Ξ_f ⟩, ⟨Ξ_{v,w} |Ξ_{v,w}⟩ = −(A^2_v + B^2_v )⟨Ξ_f |Ξ_f ⟩, (6.18) together with their BPZ conjugates (notice that that BPZ conjugation exchanges v ↔ w).

One can now use this subalgebra in order to generate new solutions to the idempotency condition, and thus new solutions to the vacuum superstring field theory equations of motion. This one can do by taking the most general combination of the four states, Ξ_f , Ξ_{v,w}, Σ_v and Σ_w, (and with the appropriate Chan–Paton factors, since the Σ’s are Grassmann odd). One finds in this way two types of new solutions:

1) There is one new solution, which is Grassmann even. It is given by

χ_f = αΞ_f + βΞ_{v,w}, (6.19)

where χ_f ⋆ χ_f = χ_f provided one chooses

α = − A_v B_v , β = 1 B_v . (6.20)

One has that

χ_f ⋆ Ξ_f = Ξ_f ⋆ χ_f = 0, (6.21)

and also

⟨χ_f |χ_f ⟩ = ⟨Ξ_f |Ξ_f ⟩, ⟨χ_f |Ξ_f ⟩ = 0. (6.22)

Therefore, we see that if one interprets the fermionic sliver as a projector in the space of string fields, the string field χ_f is a projector on an orthogonal subspace and their sum is then a higher rank projector, as in [20]. Indeed, the fermionic sliver is a rank–one projector on the fermionic sector of the space of half–string functionals. The best way to see this would be of course to construct a half–string formalism for the fermion fields. Unfortunately we have not been able to do that, as we have not found good boundary conditions for the split fermions. However, one can still bosonize the fermions and reduce the problem to the case already analyzed in [20, 27, 28]. In fact, bosonization was used in [28] to show that the ghost part of the bosonic sliver is also a rank–one projector on the ghost sector of the space of half–functionals^2.

2) There are two families of new solutions, which have both a Grassmann even and a Grassmann odd piece. The first one is

Ξ_ℓ = Ξ_f ⊗ 1 + ℓ Σ_v ⊗ σ_1, ℓ ∈ R, (6.23)

while the second one is

χ_ℓ = χ_f ⊗ 1 + ℓ Σ_w ⊗ σ_1, ℓ ∈ R. (6.24)

2For a discussion on the bosonization of the interaction vertex of the superstring in the operator formalism, see [42].

These string fields are idempotent for arbitrary real ℓ, since the Grassmann odd piece is a nilpotent state, and they have the same norm for any ℓ, which is the norm of the fermionic sliver. Moreover, one can show that Ξ_ℓ and χ_ℓ are related to Ξ and χ by gauge transformations at the vacuum. Indeed, using nilpotency of Σ_{v,w} and the fact that

[Σ_v , Ξ_f ]_⋆ = Ξ_f , [Σ_w, χ_f ]_⋆ = χ_f , (6.25)

one finds

Ξ_ℓ = e^{ℓ Σv ⊗σ1} ⋆ Ξ_f ⋆ e^{−ℓ Σv ⊗σ1} ,

χ_ℓ = e^{ℓ Σw ⊗σ1} ⋆ χ_f ⋆ e^{−ℓ Σw ⊗σ1} , (6.26)

i.e., in the terminology of [20] Ξ_ℓ and χ_ℓ are star rotations of Ξ_f and χ_f . But on the other hand, star rotations are indeed gauge transformations at the vacuum as it follows from (2.28). In the case we are considering, the gauge parameter is simply given by Ξ_m = ℓ Σ_{v,w} ⊗ σ_1.

In order to construct higher–rank projectors, we have used simultaneous eigenvectors of the projectors ρ_1 and ρ_2. These are precisely the w^{(κ)} that we have found in section 5, if one assumes that all the eigenvectors of these matrices are the eigenvectors of K_1. In this case, one can take for v any vector w^{(−κ)} with κ > 0, and then w = w^{(κ)}. The states defined in (6.13) give a family of fermionic subalgebras parametrized by κ > 0, with coefficients

A_v = − e^{−κπ/2} 1 + e^{−κπ/2} , B_v = 1 1 + e^{−κπ/2} . (6.27)

Notice that we have normalized these states by introducing a factor 1/‖v‖. In this way, the norms of v, w do not appear in the star subalgebra nor in the BPZ products. Since the vectors w^{(κ)} have infinite norm, this normalization factor actually vanishes. Observe, however, that the norm of the (super)sliver is also strictly zero since it contains a positive power of (det(1+X)), and the matrix X is known to have an eigenvalue −1/3 [39, 40, 26]. In that respect, the states we have constructed are not essentially different. We should add that the same thing happens to the higher rank projectors constructed in [20]: they are constructed from eigenvectors of the bosonic projectors, which have infinite norm [40, 26], and the construction involves dividing by this norm. This is yet another manifestation of the rather singular structure of the idempotents of the string field star algebra.

Some remarks are now in order. It is simple to see from (6.5) and the fermionic subalgebra (6.14), that associativity of the star product does not hold in the fermionic sector. The breakdown of associativity is however rather mild, as it holds up to signs. It is known that in order to have associativity of the string star product both the three vertex and the four vertex need to be cyclic (see for example [36]). Although the three vertex analyzed in section 3 is indeed cyclic, it has been shown by Bogojević, Jevicki and Meng [43] that in the fermionic matter sector the four vertex is not cyclic. Cyclicity is however expected to hold once we restrict ourselves to the GSO(+) sector, and this is in agreement with the algebra (6.14).

7. The Geometric Supersliver and the (Super)Ghost Sector

So far, we have restricted ourselves to the matter sector. In order to have a complete picture, we still have to make a proposal for the the vacuum BRST Q operator, and one has to solve the equations of motion in the ghost sector (2.21). In this section we will show that the ghost/superghost part of the geometric supersliver satisfies (2.21) if we take Q to be the canonical BRST operator recently proposed by Gaiotto, Rastelli, Sen and Zwiebach [25] for the bosonic string, and that we shall denote in the following by Q_{GRSZ}. Observe that this implies that the full geometric supersliver is a solution to the full superstring field theory equations of motion. Therefore, a natural proposal for vacuum superstring field theory is to take Q = Q_{GRSZ}, and postulate that the maximal D9–brane is described by the full geometric supersliver.

Notice that the string field in Berkovits’ theory has ghost and picture number zero, and therefore the geometric supersliver is a good string field. This is in contrast to bosonic string theory, where the string field has ghost number one and therefore the sliver is not an acceptable string field. Indeed, the D25–brane is conjecturally described by the twisted sliver, whose algebraic construction was presented in [44] and has later been constructed in BCFT in [25]. The twisted sliver has in fact ghost number one, as required by cubic bosonic string field theory.

Let us then analyze the equation (2.21). We have seen in section 2 that idempotency of the string field seems to be even more useful in superstring field theory, where it reduces drastically the nonlinearity of the equation of motion. In fact, it is easy to see that an idempotent ghost/superghost state satisfying Φ_g ⋆ Φ_g = Φ_g reduces the WZW equation of motion (2.21) to a simpler form. If Φ_g is idempotent, the exponential is linearized as

e^{Φg} = I + (e − 1) Φ_g, (7.1)

and so the equation of motion becomes

η_0 {( I + ( 1 e − 1 ) Φ_g ) QΦ_g } = 0. (7.2)

It is clear that this equation of motion is solved if

QΦ_g = 0. (7.3)

Let us then assume that the vacuum BRST operator is the one chosen recently by Gaiotto, Rastelli, Sen and Zwiebach [25] for the bosonic string,

Q_{GRSZ} = 1 2i (c(i) − c(−i)) . (7.4)

In terms of oscillators, this operator is given by

Q_{GRSZ} = ∞∑ n=0 (−1)^nC_{2n}, (7.5)

where

C_n = c_n + (−1)^nc_n, n ≠ 0,

C_0 = c_0. (7.6)

We can now show that the ghost part of the supersliver is annihilated by Q_{GRSZ}, and therefore solves the equations of motion^3. First of all, notice that the ghost part of the supersliver factorizes into bc and βγ pieces,

|Ξ_g⟩ = |Ξ_{bc}⟩ ⊗ |Ξ_{βγ}⟩. (7.7) Since the choice Q_{GRSZ} does not involve the superghosts, it is enough to show that

Q_{GRSZ}|Ξ_{bc}⟩ = 0. (7.8)

We shall do this in two distinct ways. First, we use a geometric argument akin to that in [25]. Secondly, we shall prove it by using oscillator methods.

The geometric argument goes as follows. The supersliver is defined by the following relation,

⟨Ξ|ϕ⟩ = ⟨f ∘ ϕ⟩, (7.9) where f(z) = arctan(z), and |ϕ⟩ is any Fock state. If one now acts with the arbitrary Fock state ⟨ϕ| on (7.8), one finds

⟨ϕ Q_{GRSZ}|Ξ⟩ = 1 2i ⟨f ∘ ϕ(0) ( (f^′(i))^{−1}c(i∞) − (f^′(−i))^{−1}c(−i∞) ) ⟩. (7.10)

But (f^′(±i))^{−1} = 0, and therefore the above correlator is zero.

Let us now give an oscillator proof. Using the methods of [36], it is not too hard to show that the bc part of the (super)sliver is given by a squeezed state of the form

|Ξ_{bc}⟩ = exp (∑ s,i c_{−s}S_{si}b_{−i} ) |0⟩, (7.11)

3We thank L. Rastelli for pointing this out to us.

where s = −1, 0, 1, . . . , i = 2, 3, . . . , and S_{si} is given by the double residue:

S_{si} = ∮ 0 dz 2πi 1 z^{s−1} ∮ 0 dw 2πi 1 w^{i+2} (f^′(z))^2(f^′(w))^{−1} f(z) − f(w) ( f(w) f(z) )_3 . (7.12)

A different expression for this matrix has been given in [45]. If we now define U = ∑ s,i c_{−s}S_{si}b_{−i}, one has that for n ≥ 2,

c_nU = Uc_n − ∑ s c_{−s}S_{si}. (7.13)

Using this result one can easily show that (7.8) holds if and only if the matrix S satisfies ∞∑ n=1 S_{2k,2n}(−1)^n = (−1)^k, (7.14)

where we have also used that, due to twist invariance, S_{si} = 0 if s + i = odd. The above equation says essentially that S has an eigenvector with eigenvalue 1. One can check that (7.14) is true by using the explicit representation of S as a double residue and the techniques of [26]. Indeed, since ∞∑ n=1 (−1)^nw^{−2n−2} = w^{−2} 1 + w^2

, (7.15)

we have to deform the w contour to pick the residue at w = z, and this yields ∞∑ n=1 S_{2k,2n}(−1)^n = ∮ 0 dz 2πi 1 z^{2k−1} 1 1 + z^2

= (−1)^k, (7.16)

as we wanted to show. This gives yet another proof of (7.8), and also establishes a property of S that may be relevant in future investigations.

Notice that in order to annihilate the identity the BRST operator of [25] has to be regularized in an appropriate way. It is also immediate to observe that this regularization does not affect the above computations.

8. Conclusions and Future Directions

In this paper we have taken the first steps towards the construction of vacuum superstring field theory. More concretely, we have shown that idempotent states play a distinctive role in Berkovits’ string field theory, and after clarifying the structure of the fermionic vertex in the NS sector we have given an explicit algebraic construction of the fermionic sliver. We have also explored some aspects of the star algebra. In particular, we have computed the spectrum of the fermionic Neumann matrices and we have constructed higher–rank projectors by using closed star subalgebras obtained from coherent states. Finally, we have shown that the geometric sliver is a solution to the superstring field theory equations of motion including both matter and ghost sectors.

Clearly, many things remain to be done. There are some obvious open problems that one should address to put this construction on a firmer ground, which we now list as directions for future research.

• The most pressing problem is to construct solutions describing the various BPS and non–BPS D–branes of Type IIA superstring theory. It is natural to conjecture that the supersliver describes the tachyonic vacuum of the D9–brane, but a necessary test is to verify that one can construct other D–branes with the right ratio of tensions. In [19], lower dimensional D–branes were constructed in the bosonic case by first identifying the sliver state with the maximal D25–brane and then exploiting the spacetime dependence of the vertex. A more general construction was later described in [21] and implemented in detail in [46]. It should be possible to adapt this construction to the supersymmetric case, although there might be some subtle points that need to be addressed. For example, it is not obvious to us how one would reproduce the mod two behavior of the D–brane descent relations in the superstring case, i.e., the fact that in the IIA theory Dp–branes with odd p are unstable while Dp–branes with even p are stable, and in particular the fact that unstable and stable D–brane tensions differ with an extra √ 2 factor. One possibility is that this question of “BPS versus non–BPS” brane solutions could also be associated to the construction of solutions to vacuum superstring field theory only in the GSO(+) sector or in both the GSO(±) sectors. Another possibility may have to do with the introduction of the Grassmann odd state G_{−1/2}|Ξ⟩ in the game. But surely the most straightforward way to proceed would be to follow the methods of [21, 46].

• One should also understand the structure of the ghost and superghost components of the sliver. Notice that in Berkovits’ theory the correlation functions that enter into the star product are defined in the large Hilbert space and, therefore, one should have a construction of the superghost vertex in terms of the bosonized superconformal ghosts. The full analysis of the ghost/superghost sector will be probably necessary in order to identify the closed superstrings at the nonperturbative vacuum, perhaps along the lines of [25].

• It would be interesting to develop a half–string formalism [47] in the fermionic sector. This would make clear some of the properties of the fermionic sliver, like the fact that it is a rank–one projector. As we pointed out in section 6, a way to see this is to bosonize the fermions, but it would be more convenient to have an explicit representation in terms of fermionic oscillators.

• Although in this paper we have focused on Berkovits’ superstring field theory, there exists another proposal for superstring field theory of the NS sector, which is cubic and has been also used to test Sen’s conjectures (see, e.g., the recent review [48]). In this cubic superstring field theory, where the string field has picture number zero and ghost number one, one can immediately extend all of the results of bosonic VSFT: assuming a pure ghost/superghost BRST operator, and factorization of the solution, the equation of motion in the matter part again reduces to idempotency of the string field. Since the star product is kept the same, all the results of this paper, concerning the fermionic matter sector, are as well valid for the cubic superstring field theory. The ghost sector, however, will probably require some sort of twisted ghost sliver as in [25].

Added note: After this paper was completed, the paper [49] appeared, which has some overlap with sections 3 and 4 in this paper and constructs the fermionic sliver in the context of the cubic superstring field theory.

Acknowledgements

We would like to thank N. Berkovits, A. Jevicki and specially L. Rastelli for very useful discussions and correspondence. MM is supported by the grant NSF–PHY/98–02709. RS is supported in part by funds provided by the Fundação para a Ciência e Tecnologia, under the grant Praxis XXI BPD–17225/98 (Portugal).

A. Appendix

In this appendix, we show that the explicit expressions given in (3.13) and (3.38) satisfy equations (3.11) and (3.29), respectively. Since this is very similar to the bosonic case analyzed in [30], we shall only give a few details. In the case of the identity, we are required to prove that (1−M)I = ~M. The only thing we actually need is the following result: ∞∑ ℓ=0 (−1)^ℓ ℓ + a ( −1/2 ℓ ) = Γ(^1_2 )Γ(a) Γ(a +^1_2 )

. (A.1)

From this, one deduces that ∞∑ ℓ=0 û_{2ℓ} 2ℓ + a + 1 = {_π 2 û_a, a even, 1 aû_a , a odd, (A.2)

and this is enough to prove (3.11). For the interaction vertex, one has to prove the following equations:

(M + 2)(U + U) = −2~M − 2(U + U ), (M + 2)(U − U) = 2 √ 3iC, (A.3) where the matrices U + U, U − U are given in (3.39). The necessary ingredients to prove (A.3) are the following. First, one can show that the coefficients g_n defined in (3.36) satisfy the recursion relation: 1 3 g_n = (n + 1)g_{n+1} − (n − 1)g_{n−1}. (A.4)

Next, define as in [30] the following sums:

O_n = ∑ m=2ℓ+1 g_m n + m , E_n = ∑ m=2ℓ g_m n + m . (A.5)

These sums can be written as integrals,

O_n = 1 2 ∫_∞ 1 dt t^{n+1} [( t + 1 t − 1 )_{1/6} − ( t + 1 t − 1 )_{1/6}] ,

E_n = 1 2 ∫_∞ 1 dt t^{n+1} [( t + 1 t − 1 )_{1/6} + ( t + 1 t − 1 )_{1/6}] , (A.6) and using this representation one can show that they satisfy the recursion relations:

(n + 1)E_{n+1} = 1 3 O_n + (n − 1)E_n,

(n + 1)O_{n+1} = 1 3 E_n + (n − 1)O_n. (A.7)

To evaluate these sums, we proceed as in [30]. On the one hand, we have

g_{2ℓ} = 1 2πi ∮ dz z^{2ℓ+1} 1 2 [( z + 1 z − 1 )_{1/6} − ( z + 1 z − 1 )_{1/6}] , (A.8)

where the contour is around the origin. On the other hand, when ℓ is greater than zero, one can deform the contour in the above integral to the real axis and obtain

O_{2ℓ} = πg_{2ℓ}, ℓ ≥ 1. (A.9)

Similarly, one proves that

E_{2ℓ+1} = πg_{2ℓ+1}, ℓ ≥ 0. (A.10)

The value of O_0 can be evaluated by direct integration. After performing the change of variables x = tanh((log t)/2), one finds

O_0 =

∫_1 0 dx 1 − x^2 ( x^{−1/6} − x^{1/6} ) = 1 2 ( ψ ( 7 12 ) − ψ ( 5 12 )) . (A.11)

We then find

O_0 = π − √ 3 2 . (A.12)

Using this value and the recursion relations, one can obtain O_{−2ℓ}, E_{−2ℓ−1} as well. To evaluate the other sums, we follow the procedure in the Appendix of [30]. First, define the series

S_n = { E_n, n = 2k, O_n, n = 2k + 1.

(A.13)

Since the sums satisfy the recursion relation (A.7), S_n satisfies the recursion relation of the coefficients g_n, (A.4). There is another solution to this relation which is given by

S_n = 3S_1g_n + 3 n−1∑ m=0 (−1)^m g_mg_{n−m} m + 1

. (A.14)

To derive this, one first writes a differential equation for the function S(x) = ∑_∞ n=1 S_nx^n by using the recursion relation. The details are exactly like the ones in [30]. To have the complete solution to the problem, we then just have to evaluate S_1,

S_1 = 1 + 1 √ 3 log (√ 3 − 1 √ 3 + 1 ) . (A.15)

Notice that S_m ∼ 1/m, and one has mS_m → 1 as m → 0. The recursion relation also implies that S_{−m} diverges for m = −1, −2, · · · , but mS_{−m−n} with n > 0 has a finite limit as m goes to zero that can be evaluated using the recursion relations.

With these ingredients, we can already prove very easily the first equation in (A.3). For example, in this proof one has to evaluate the quantity

A_m = (−1)^mm(m + 1) ( g_{m+1}S_m − S_{m+1}g_m ) . (A.16)

Using the recursion relations, one can see that A_m does not depend on m, therefore A_m = A_1 = 1/3. In order to prove the second equation in (A.3), one needs some extra ingredients to deal with the diagonal terms, since these involve the sums

~O_n = ∑ m=2ℓ+1 g_m (n + m)^2 , ~E_n = ∑ m=2ℓ g_m (n + m)^2

. (A.17)

These sums have the integral representation

~O_n = 1 2 ∫_∞ 1 dt log t t^{n+1} [( t + 1 t − 1 )_{1/6} − ( t + 1 t − 1 )_{1/6}] ,

~E_n = 1 2 ∫_∞ 1 dt log t t^{n+1} [( t + 1 t − 1 )_{1/6} + ( t + 1 t − 1 )_{1/6}] , (A.18)

and using them one can prove the recursion relations:

(n + 1) ~E_{n+1} = 1 3 ~O_n + (n − 1) ~E_n + E_{n+1} − E_{n−1},

(n + 1) ~O_{n+1} = 1 3 ~E_n + (n − 1) ~O_n + O_{n+1} − O_{n−1}. (A.19)

These can be solved as in [30], but we shall not need their explicit expression, and in the evaluation of the relevant quantities it suffices to use the recursion relations they satisfy. For example, in the proof of the second equation in (A.3) one has to compute

C_m = m(m + 1) ( g_{m+1} ~S_m − ~S_{m+1}g_m ) , (A.20)

where ~S_n is defined as follows:

~S_n = { ~O_n, n = 2k, ~E_n, n = 2k + 1. (A.21)

Using the recursion relations (A.4) and (A.19), as well as (A.12), one can show that

C_m = π 3 m∑ l=0 (−1)^lg^2_{m−l} − πg_mg_{m+1} − π √ 3 6 . (A.22)

Taking into account these results, the proof of the second equation in (A.3) is immediate.

References

[1] E. Witten, Noncommutative Geometry And String Field Theory, Nucl. Phys. B268, 253 (1986). [2] V. A. Kostelecky and S. Samuel, On a Nonperturbative Vacuum for the Open Bosonic String, Nucl.

Phys. B336, 263 (1990).

[3] A. Sen, Tachyon Condensation on the Brane Antibrane System, JHEP 9808, 012 (1998)

[hep-th/9805170].

[4] A. Sen, Descent Relations Among Bosonic D–Branes, Int. J. Mod. Phys. A14, 4061 (1999)

[hep-th/9902105].

[5] A. Sen, Universality of the Tachyon Potential, JHEP 9912, 027 (1999) [hep-th/9911116]. [6] A. Sen, Non–BPS States and Branes in String Theory, [hep-th/9904207]. [7] K. Ohmori, A Review on Tachyon Condensation in Open String Field Theories, [hep-th/0102085]. [8] N. Berkovits, Super Poincaré Invariant Superstring Field Theory, Nucl. Phys. B450, 90 (1995)

[hep-th/9503099].

[9] N. Berkovits, A New Approach to Superstring Field Theory, Fortsch. Phys. 48, 31 (2000)

[hep-th/9912121].

[10] N. Berkovits, Review of Open Superstring Field Theory, [hep-th/0105230]. [11] N. Berkovits and C. T. Echevarria, Four–Point Amplitude From Open Superstring Field Theory, Phys.

Lett. B478, 343 (2000) [hep-th/9912120].

[12] N. Berkovits, The Tachyon Potential in Open Neveu–Schwarz String Field Theory, JHEP 0004, 022 (2000) [hep-th/0001084].

[13] N. Berkovits, A. Sen and B. Zwiebach, Tachyon Condensation in Superstring Field Theory, Nucl.

Phys. B587, 147 (2000) [hep-th/0002211].

[14] P. J. De Smet and J. Raeymaekers, Level Four Approximation to the Tachyon Potential in Superstring Field Theory, JHEP 0005, 051 (2000) [hep-th/0003220].

[15] A. Iqbal and A. Naqvi, Tachyon Condensation on a Non–BPS D–brane, [hep-th/0004015]. [16] K. Ohmori, Tachyonic Kink and Lump–Like Solutions in Superstring Field Theory, JHEP 0105, 035 (2001) [hep-th/0104230].

[17] P. J. De Smet, Tachyon Condensation: Calculations in String Field Theory, [hep-th/0109182]. [18] L. Rastelli, A. Sen and B. Zwiebach, String Field Theory Around the Tachyon Vacuum,

[hep-th/0012251].

[19] L. Rastelli, A. Sen and B. Zwiebach, Classical Solutions in String Field Theory Around the Tachyon Vacuum, [hep-th/0102112].

[20] L. Rastelli, A. Sen and B. Zwiebach, Half–Strings, Projectors, and Multiple D–branes in Vacuum String Field Theory, JHEP 0111, 035 (2001) [hep-th/0105058].

[21] L. Rastelli, A. Sen and B. Zwiebach, Boundary CFT Construction of D–branes in Vacuum String Field Theory, JHEP 0111, 045 (2001) [hep-th/0105168].

[22] L. Rastelli, A. Sen and B. Zwiebach, Vacuum String Field Theory, [hep-th/0106010]. [23] L. Rastelli and B. Zwiebach, Tachyon Potentials, Star Products and Universality, JHEP 0109, 038 (2001) [hep-th/0006240].

[24] V. A. Kostelecky and R. Potting, Analytical Construction of a Nonperturbative Vacuum for the Open Bosonic String, Phys. Rev. D63, 046007 (2001) [hep-th/0008252].

[25] D. Gaiotto, L. Rastelli, A. Sen and B. Zwiebach, Ghost Structure and Closed Strings in Vacuum String Field Theory, [hep-th/0111129].

[26] L. Rastelli, A. Sen and B. Zwiebach, Star Algebra Spectroscopy, [hep-th/0111281]. [27] D. J. Gross and W. Taylor, Split String Field Theory, I, JHEP 0108, 009 (2001) [hep-th/0105059]. [28] D. J. Gross and W. Taylor, Split String Field Theory, II, JHEP 0108, 010 (2001) [hep-th/0106036]. [29] D. J. Gross and A. Jevicki, Operator Formulation of Interacting String Field Theory, 3, NSR Superstring, Nucl. Phys. B293, 29 (1987).

[30] D. J. Gross and A. Jevicki, Operator Formulation of Interacting String Field Theory, Nucl. Phys.

B283, 1 (1987).

[31] D. J. Gross and A. Jevicki, Operator Formulation of Interacting String Field Theory, 2, Nucl. Phys.

B287, 225 (1987).

[32] D. Friedan, E. Martinec and S. Shenker, Conformal Invariance, Supersymmetry and String Theory, Nucl. Phys. B271, 93 (1986).

[33] J. Kluson, Some Remarks About Berkovits’ Superstring Field Theory, JHEP 0106, 045 (2001)

[hep-th/0105319].

[34] A. M. Polyakov and P. B. Wiegmann, Goldstone Fields in Two–Dimensions with Multivalued Actions, Phys. Lett. B141, 223 (1984).

[35] J. Kluson, Proposal for Background Independent Berkovits’ Superstring Field Theory, JHEP 0107, 039 (2001) [hep-th/0106107].

[36] A. LeClair, M. E. Peskin and C. R. Preitschopf, String Field Theory on the Conformal Plane, 1, Kinematical Principles, Nucl. Phys. B317, 411 (1989).

[37] A. LeClair, M. E. Peskin and C. R. Preitschopf, String Field Theory on the Conformal Plane, 2, Generalized Gluing, Nucl. Phys. B317, 464 (1989).

[38] A. LeClair, An Operator Formulation of the Superstring, Nucl. Phys. B303, 189 (1988).

[39] H. Hata and S. Moriyama, Observables as Twist Anomaly in Vacuum String Field Theory,

[hep-th/0111034].

[40] G. Moore and W. Taylor, The Singular Geometry of the Sliver, [hep-th/0111069]. [41] E. Witten, Interacting Field Theory Of Open Superstrings, Nucl. Phys. B276, 291 (1986). [42] S. Samuel, Mathematical Formulation Of Witten’s Superstring Field Theory, Nucl. Phys. B296 (1988) 187.

[43] A. R. Bogojević, A. Jevicki and G.-W. Meng, Quartic Interaction in Superstring Field Theory, Preprint BROWN-HET-672 (unpublished).

[44] H. Hata and T. Kawano, Open String States Around a Classical Solution in Vacuum String Field Theory, JHEP 0111, 038 (2001) [hep-th/0108150].

[45] J. David, Excitations on Wedge States and on the Sliver, JHEP 0107, 024 (2001) [hep-th/0105184]. [46] P. Mukhopadhyay, Oscillator Representation of the BCFT Construction of D–branes in Vacuum String Field Theory, [hep-th/0110136].

[47] J. Bordes, H. Chan, L. Nellen and S. T. Tsou, Half String Oscillator Approach to String Field Theory, Nucl. Phys. B351, 441 (1991).

[48] I. Y. Aref’eva, D. M. Belov, A. A. Giryavets, A. S. Koshelev and P. B. Medvedev, Noncommutative Field Theories and (Super)String Field Theories, [hep-th/0111208].

[49] I. Y. Aref’eva, A. A. Giryavets and P. B. Medvedev, NS Matter Sliver, [hep-th/0112214].