arXiv:hep-th/0201004 v3 11 Mar 2002

Slicing and Brane Dependence of the (A)dS/CFT Correspondence

Amir Masoud Ghezelbash^{(a,c)}, Daisuke Ida^{(b)}, Robert B. Mann^{(a)} and Tetsuya Shiromizu^{(b)} (a)Department of Physics, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada (b)Research Center for the Early Universe (RESCEU), The University of Tokyo, Tokyo 113-0033, Japan (c)Department of Physics, Alzahra University, Tehran 19834, Iran

We investigate the slicing dependence of the relationship between conserved quantities in the (A)dS/CFT correspondence. Specifically, we show that the Casimir energy depends upon the topology and geometry of spacetime foliations of the bulk near the conformal boundary. We point out that the determination of the brane location in brane-world scenarios exhibits a similar slicing dependence, and we comment on this in the context of the AdS/CFT correspondence conjecture.

I. INTRODUCTION

The AdS/CFT correspondence conjecture is now a fundamental concept in a variety of subjects [1]. It is intimately connected with the holographic renormalization group [2] and emerges in brane-world scenarios [3–5]. An extension of the conjecture to asymptotically de Sitter spacetimes (the dS/CFT correspondence) has recently been proposed by Strominger [6]. While it can in certain ways be trivially achieved by just Wick rotation of appropriate AdS/CFT quantities, there are still many unclear points as to its formulation and interpretation. However since the dS/CFT correspondence offers the hope of providing an answer for the origin of the vacuum energy or the deSitter entropy [7], it remains a subject of lively investigation [8–11].

Supporting evidence for the AdS/CFT conjecture has been provided from the computation of conserved quantities. Specifically, it has been shown that the usage of CFT-inspired boundary counterterms furnishes a means for calculating gravitational actions and conserved quantities without reliance on any reference spacetime [12]. Moreover, calculations of the total energy at infinity in odd-dimensional spacetimes yield additional contributions to the total energy of black hole spacetime that could be interpreted as the Casimir energy of the boundary CFT. These results have recently been extended to asymptotically de Sitter spacetimes with success [10].

In this paper we consider the slice(brane) dependence of conserved quantities^1. Specifically, we demonstrate that the additional Casimir-type contributions to the total energy are dependent on the slicing topology, as one might expect from quantum field theory in curved spacetimes [14]. We also find a dependence on the choice of slicing geometry; this issue is presumably related to the recent discussion of the state of the CFT [11]. We then consider a similar situation in brane-world scenarios [3–5], examining a recent claim by Verlinde that the Friedman equation on the brane is identical to the Cardy formula [15] if the correspondence is such that the curvature term is identified with the Casimir energy [16]. Following the standard AdS/CFT correspondence, on the other hand, we can derive the effective gravitational equation on the curved branes and point out a gap between Verlinde’s argument and the standard one.

II. (A)DS/CFT CORRESPONDENCE AND SLICING

The energy-momentum tensor of the boundary CFT as determined by the counter-term method is [12]

T^{CFT}_{μν} = 1 8πG_n [ K_{μν} − Kγ_{μν}

− 1 ℓ [n/2]∑

k=1 Θ (n + 1 − 2k) ℓ^{2k}T^{(k)}_{μν} ] (1) = 1 8πG_n [ K_{μν} − Kγ_{μν} − (n − 2) Θ (n − 1) ℓ γ_{μν}

1An early discussion of the dependence of the Casimir energy on boundary geometry appeared in ref. [13].

+ ℓΘ (n − 3) (n − 3) (n−1) G_{μν} + · · · ] , (2)

where γ_{μν} is the metric for a given choice of boundary slice B of spacetime M, whose extrinsic curvature is K_{μν} and whose unit normal is u^μ. The step function Θ(x) vanishes for x ≤ 0, and so the terms in the ellipsis are non-zero only for n ≥ 6. We have explicitly written the first two terms in the sum, where^{(n−1)}G_{μν} is the (n − 1)-dimensional Einstein tensor of the boundary. Every term is a rank-2 tensor consisting of terms proportional to powers and/or derivatives of the boundary curvature; they have been explicitly computed up to n = 9 [10,17].

Given a Killing vector ξ^ν , the quantity

Q_ξ = ∮ Σ d^{n−2}φ √ σn^μT^{CFT}_{μν} ξ^ν (3)

is defined as the conserved charge associated with an (n − 2)-dimensional surface Σ ⊂ B, whose unit normal n^μ is orthogonal to u^μ (u · n = 0).

A. Static Slicings

As an example, consider an evaluation of the energy of Schwarzschild-AdS spacetime with static slicing, that is,

ds^2 = −f(r)dt^2 + 1 f(r) dr^2 + r^2σ_{ij}dx^idx^j, (4)

where σ_{ij} is a metric of a unit (n − 2)-dimensional sphere, plane or (compact) hyperboloid for k = 1, 0, −1, respectively, and f(r) = k − 2m/r^{n−3} + r^2/ℓ^2. In this slice the energy is measured at r = ∞. The extrinsic curvature of a surface with spacelike unit normal u^α = r̂^α = (∂/∂r)^α is K_{tt} = − f^′ 2 √ f(r) K_{ij} = r √ f(r)σ_{ij} (5) and T_{tt} = (n − 2) f 8πG_nℓ { − ℓ √ f r + [ Θ (n − 1) + kℓ^2Θ (n − 3) 2r^2 ]

− k^2ℓ^4Θ (n − 5)

8r^4 + k^3ℓ^6Θ (n − 7)

16r^6 } (6) where we have explicitly computed all terms up to n = 9.

Consequently the total energy at r = ∞ is

M^{(n,k)}_{AdS} = ∫ σ d^{n−2}x √ σT^{CFT}_{μν} n^μξ^ν = V^{n−2}

(n − 2) 8πG_n (7) × [ m + Γ (_{2p−3} 2 ) ℓ^{2p−4} (−k)^{(p−1)} 2 √ πΓ (p) δ_{2p−1,n} ]

where ξ^ν is the timelike Killing vector ∂/∂t and V^{n−2} is the volume of the compact (n − 2)-dimensional space (for k = 1, see [17]). If p =^{n+1}_2 is a positive integer, the second term remains. We see here the explicit dependence of the CFT energy on the slicing topology. With spherical (hyperbolic) slicing, k = 1 (−1), the r = constant hypersurface has R×S^{n−2}(H^{n−2}) topology and the Casimir energy naturally emerges; its sign depends on the dimensionality and the value of k. However flat slices with k = 0 have R^4 topology, and the Casimir energy vanishes. This is of course compatible with the features of quantum field theory in the curved spacetimes.

Similar results hold for the Schwarzschild de Sitter case. Working outside of the cosmological horizon, the metric is ds^2 = −f̃ (r)dr^2 + dt^2 f̃ (r) + r^2d

Ω̃^2_{d−1} (8)

where f̃ (r) = ( r^2 ℓ^2 + 2m r^{d−2} − 1 )_{−1} (9) Now the roles of the unit normals are inverted: the timelike unit normal is u^α = ^t^α = (∂/∂t)^α , and a calculation analogous to the one above yields [10]

M^{(n)}_{dS} = V^{n−2}

(n − 2) 4πG_n [ −m + Γ (_{2p−3} 2 ) ℓ^{2p−4} 2 √ πΓ (p) δ_{2p−1,n} ] (10)

where ξ = ∂/∂t is now a spacelike Killing vector, and the overall sign-flip in the mass parameter arises from the relative signature change in the boundary.

B. Conformally Asymptotically Flat Slicings

There is also a dependence of the CFT energy on the slicing geometry. Consider a slicing such that the boundary extrinsic curvature is given by K_{μν} = − 1 ℓ γ_{μν} (11)

which we refer to as the conformally asymptotically flat (CAF) slicing condition. For the exact n−dimensional deSitter spacetime, the induced geometry on the slices is (n − 1)-dimensional Euclid space. In this case the first three terms in the CFT boundary stress-energy exactly cancel, yielding

T^{CFT}_{μν} = 1 8πG_n ℓΘ (n − 3) (n − 3) (n−1)G μν + · · · (12) Since the spacetimes under consideration are asymptotically (A)dS, we suppose further that

γ_{μν} = Ω^2γ̃_{μν} (13)

where the induced metric ~σ_{μν} on the hypersurface Σ is obtained from γ̃_{μν} , which is asymptotically flat, and Ω^{−1} vanishes on the conformal completion of the boundary manifold. It is then straightforward to show on dimensional grounds that

T^{(k)}_{μν} (γ) = Ω^{2(1−k)}T̃^{(k)}_{μν} (γ̃) (14)

for every term in the sum (1). Consequently, we have

Q_ξ = 1 8πG_n ℓΘ (n − 3) (n − 3) ∮ Σ_∞ d^{n−2}φ √ σ^{(n−1)}G_{μν}n^μξ^ν (15)

as the surfaces Σ approach the conformal completion Σ_∞ of the boundary. Note that this is an exact result, valid for n > 3. Now we can evaluate Q_ξ of the Schwarzshild-dS spacetime in the CAF slicing. The metric has the form [9]

ds^2 = −g^2dτ^2 + a^2ω^{4/(n−3)}(d⃗x · d⃗x), (16)

where d⃗x · d⃗x is the metric of the (n − 1)-dimensional Euclidean space, ω(τ, ⃗x) = 1 + m 2(a(τ )|⃗x|)^{n−3} g(τ, ⃗x) = 2 ω − 1 (17)

and a(τ ) = e^{−τ/ℓ}.

In this case ξ = ∂/∂t − (x^i/ℓ)(∂/∂x^i), the CFT stress-energy is given by

T^{CFT}_{μν} = − 1 8πG_n ( δ_{ij} − (n − 1) x^ix^j |⃗x|^2 ) m (a |⃗x|)^{n−3} (|⃗x| ω)^2 (18) and the total mass as t → ∞ is

M^{(n)}_{dS/CFS} = −V^{n−2} m (n − 2) 4πG_n (19)

again illustrating the dependence of the Casimir energy on the choice of slicing: in the above, the Casimir energy does not appear in CAF slicings.

Similar results hold in the AdS case where k = −1. Under a coordinate transformation, the metric (4) becomes

ds^2 = g^2dr^2 + a^2ω^{4/(n−3)}(−dt^2 + t^2σ_{ij}dx^idx^j), (20)

with a(r) = e^{−r/ℓ}, g = 2/ω − 1 and ω(τ, ⃗x) = 1 − m/2[a(r)t]^{n−3}, and an analogous calculation using CAF slicing yields M^{(n,k=−1)} AdS/CFS = V n−2 m (n − 2) 4πG_n (21)

for the total mass as r → ∞.

III. ADS/CFT AND THE BRANE-WORLD

The goal of this section is to see where the Casimir energy appears in the context of an AdS/CFT interpretation [3–5] of the brane-world scenario [18]. Our argument is based on ref. [5] where the cosmological constant on the brane is set to zero. We first extend the previous formulation [5] to that on curved branes with non-zero cosmological constant (See [19–21] for the deSitter brane case). Then we might expect that we can see curvature or topological effects as the CFT contribution dual the adS bulk. In this section we consider only five dimensions.

Recall that the following gravitation equation holds on the brane [22]:

(4)G_{μν} = −Λ_4q_{μν} + 8πG_4T_{μν} + κ^4_5π_{μν} − E_{μν}, (22)

where q_{μν} is the induced metric on the brane, 8πG_4 := κ^4_5λ/6 ,

Λ_4 : = 1 12 [ (κ^2_5λ)^2 − ( 6 ℓ )_2]

π_{μν} : = − 1 4 T^α_μ T_{αν} + 1 12 TT_{μν} + 1 8 q_{μν}T_{αβ} T^{αβ} − 1 24 q_{μν}T^2 and E_{μν} :=^{(5)}C_{μανβ}n^αn^β. (23)

In the above λ is the brane tension and T_{μν} is the energy-momentum tensor on the brane. This equation is exact if we assume that the five dimensional Einstein equation holds and Z_2-symmetry. Since only E_{μν} contains bulk information, it expresses the contribution from the Kaluza-Klein modes [22]. Moreover E_{μν} can be shown to be identical to the CFT energy-momentum tensor as seen below.

On the other hand, from the perspective of the AdS/CFT correspondence, we have the effective equation on the brane

(4)G_{μν} = − 1 ℓ ( κ^2_5λ − 6 ℓ ) q_{μν} + 8πG_5ℓ^{−1} ( T_{μν} + T^{(CFT)}_{μν} )

+O(T^2) (24)

where T^{(CFT)}μν is the CFT energy-momentum tensor on the brane. See Refs. [3–5] for κ^2_5λ = 6/ℓ cases where the cosmological constant term on the brane vanishes. Note that κ^2_5λ = 6/ℓ holds exactly in Randall-Sundrum toy models to realize the Minkowski branes.

To linear order in T_{μν} and ( κ^2_5λ − 6/ℓ ) , we can see that eqs. (22) and (24) are the same provided we identify the CFT energy-momentum tensor with the bulk part of the electric Weyl tensor:

8πG_5ℓ^{−1}T^{CFT}_{μν} ≃ −E_{μν}. (25)

where we approximate G_4 by G_5ℓ^{−1} and Λ_4 in Eq. (22) by

Λ_4 = 1 ℓ ( κ^2_5λ − 6 ℓ ) + 1 12 ( κ^2_5λ − 6 ℓ )_2

≃ 1 ℓ ( κ^2_5λ − 6 ℓ ) , (26)

respectively.

Consequently we recover the AdS/CFT interpretation to leading order in ( κ^2_5λ − 6/ℓ ) for the brane-world, but we cannot retain this interpretation to all orders^2

Finally, we consider the Casimir energy. As an example let us take the homogeneous and isotropic universe on the brane [23]: ( ∂_τ a a )_2 + k a^2 = 8πG_4 3 ρ + Λ_4 3 + κ^4_5 36 ρ^2 + μ a^4

, (27)

where a(τ ) is the scale factor, τ is the proper time on the brane and μ is the mass parameter of the five dimensional Schwarzshild-AdS spacetime. The last term in the right-hand side is the dark radiation [22–24] which comes from E_{μν}. The curvature term is usual one which appears in a 4-dimensional cosmology, and so it is not directly related to the CFT in the brane world. This result is differs from the viewpoint argued by Verlinde [16] because this term is supposed to correspond to the Casimir energy of CFT on the brane. But according to the standard AdS/CFT viewpoint such terms should arise from E_{μν}.

Although the Casimir energy does not appear in the homogeneous and isotropic brane universe according to the standard AdS/CFT, this does not mean that E_{μν} does not contain the Casimir energy. A consideration of fluctuations around the homogeneous and isotropic brane universe with non-trivial topology indicates that the Casimir energy of the fluctuations appears in E_{μν} and T^{(CFT)}_{μν} as usual in curved spacetimes [14].

IV. SUMMARY

In this paper, we have investigated the slicing dependence of the Casimir energy in the context of the (A)dS/CFT correspondence. We find a significant dependence of the Casimir energy on both the geometry and the topology of the boundary slicing. For asymptotically flat slicings (i.e. those which become sufficiently conformally flat), the CFT energy measured at the boundary is same as the gravitational energy and there is no Casimir contribution. These features are consistent with curved-space(time) quantum field theory.

We also have discussed the AdS/CFT interpretation in the brane-world. We could show that the bulk Weyl tensor corresponds to the CFT stress tensor. The Casimir energy does not emerge for the observers on the brane when we think of the homogeneous-isotropic universe on the brane. So, following the standard AdS/CFT correspondence, it is difficult to identify the curvature term with the Casimir energy as Verlinde did [16]. Evidently Verlinde’s argument goes beyond the scope of the standard AdS/CFT correspondence.

The relationship between the slicing dependence of the Casimir energy in terms of the state of the CFT [11] remains an interesting subject for future investigation.

ACKNOWLEDGMENTS

DI and TS would like to thank S. Hayakawa, H. Ochiai, S. Ogushi, Y. Shimizu and T. Torii for their discussion. TS’s work is partially supported by Yamada Science Foundation. This work was supported in part by the Natural Sciences and Engineering Research Council of Canada.

2It has been shown that π^μ is related to the conformal anomaly [5]

[1] J. Maldacena, Adv. Theor. Math. Phys., 2, 231 (1998); O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rep. 323, 183 (2000).

[2] J. de Boer, E. Verlinde and H. Verlinde, JHEP 08, 003 (2000).

[3] J. Garriga and M. Sasaki, Phys. Rev. D62, 043523(2000); S. S. Gubser, Phys. Rev. D63, 084017(2001); A. Hebecker and J. March-Russell, hep-ph/0103214; M. J. Duff and J. T. Liu, Phys. Rev. Lett. 85(2000), 2052; M. Perez-Victoria, hep-th/0105048; L. Anchordoqui, C. Nunez and K. Olsen, JHEP 0010(2000), 050.

[4] S. B. Gidding, E. Katz and L. Randall, JHEP 0003, 023 (2000).

[5] T. Shiromizu and D. Ida, Phys. Rev. D64, 044015 (2001); S. de Haro, K. Skenderis and S. N. Solodukhin, Class. Quant Grav. 18, 3171(2001).

[6] A. Strominger, hep-th/0106113.

[7] G. W. Gibbons and S. W. Hawking, Phys. Rev. D15, 2738 (1977).

[8] E. Witten, hep-th/0106109; M. Li, hep-th/0106184; D. Klemm, hep-th/0106247; V. Balasubramanian, P. Horava and D. Minic, JHEP 0105, 043 (2001); A. Chamblin and N. D. Lambert, Phys. Lett. B508, 369 (2001); hep-th/0107031; Y. Gao, hep-th/0107067; J. Bros, H. Epstein and U. Moschella, hep-th/0107091; S. Nojiri and S. D. Odintsov, hepth/0107134; E. Halyo, hep-th/0107169; I. Sachs and S. N. Solodukhin, hep-th/0107173; A. J. Tolley and N. Turok, hep-th/0108119; S. Nojiri and S. D. Odintsov, hep-th/0106191; C. M. Hull, JHEP 0111, 012(2001); S. Cacciatori and D. Klemm, hep-th/0110031; B. McInnes, hep-th/0110062; S. Nojiri and S. D. Odintsov, hep-th/0110064; A. Strominger, JHEP 0111,049(2001); V. Balasubramanian, J. de Boer and D. Minic, hep-th/0110108; Y. S. Myung, hep-th/0110123; B. G. Carneiro da Cunha, hep-th/0110169; R. Cai, Y. S. Myung, Y. Zhang, hep-th/0110234; U. H. Danielsson, hep-th/0110265; S. Ogushi, hep-th/0111008; A. C. Petkou and G. Siopsis, hep-th/0111085; R. Cai, hep-th/0111093.

[9] T. Shiromizu, D. Ida and T. Torii, JHEP 11, 010(2001).

[10] A. M. Ghezelbash and R. B. Mann, hep-th/0111217; M. H. Dehghani, hep-th/0112002. [11] R. Bousso, A. Maloney and A. Strominger, hep-th/0112218; M. Spradlin and A. Volovich, hep-th/0112223. [12] V. Balasubramanian and P. Kraus, Commun. Math. Phys. 208, 413 (1999).

[13] K. Skenderis, Int. J. Mod. Phys. A16, 740(2001); S. de Haro, K. Skenderis and S. N. Solodukhin, Commun. Math. Phys.

217, 595(2001).

[14] N. D. Birrell and P. C. W. Davis, “Quantum fields in curved space”, (Cambridge Univ. Press, Cambridge, 1982) [15] J. L. Cardy, Nucl. Phys. B270, 967(1986).

[16] E. Verlinde, hep-th/0008140; I. Savonije and E. Verlinde, Phys. Lett. B507, 305(2001). [17] S. Das and R. B. Mann, JHEP 08, 033(2000).

[18] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999); 4690 (1999). [19] A. Padilla, hep-th/0111247. [20] D. Youm, hep-th/0111276. [21] A. J. M. Medved, hep-th/0112009.

[22] T. Shiromizu, K. Maeda and M. Sasaki, Phys. Rev. D62, 024012 (2000); M. Sasaki, T. Shiromizu and K. Maeda, Phys.

Rev. D62, 024008 (2000).

[23] P. Binétruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B477, 285(2000); P. Kraus, JHEP 9912, 011(1999);

D. Ida, JHEP 0009, 014(2000); S. Mukohyama, Phys. Lett. B473, 241(2000); S. Mukohyama, T. Shiromizu and K. Maeda, Phys. Rev. D62, 024028(2000).

[24] R. B. Mann and D. Vincent, Phys. Lett. A17 , 75 (1985).