arXiv:hep-th/0201041v2 12 Jan 2007

Preprint typeset in JHEP style - HYPER VERSION McGill 02-01

Order ρ^2 Corrections to Randall-Sundrum I Cosmology

by James M. Cline and Jérémie Vinet

Physics Department, McGill University, Montréal, Québec, Canada H3A 2T8 E-mail: jcline@physics.mcgill.ca, vinetj@physics.mcgill.ca

Abstract: We derive the corrections to the Friedmann equation of order ρ^2 in the Randall- Sundrum (RS) model, where two 3-branes bound a slice of five-dimensional Anti-deSitter space. The effects of radion stabilization by the Goldberger-Wise mechanism are taken into account. Surprisingly, we find that an inflaton on either brane will experience no order ρ^2 corrections in the Hubble rate H due to its own energy density, although an observer on the opposite brane does see such a correction. Thus there is no enhancement of the slow-roll condition unless inflation is simultaneously driven by inflatons on both branes. Similarly, during radiation domination, the ρ^2 correction to H on a given brane vanish unless there is nonvanishing energy density on the opposite brane. During the electroweak phase transition the correction can be large, but is has the wrong sign for causing sphalerons to go out of thermal equilibrium, so it cannot help electroweak baryogenesis. We discuss the differences between our results and exact solutions in RS-II cosmology.

Contents

1. Introduction 1

2. O(ρ^2) Einstein Equations 3

3. Solutions 7

4. Physical Friedmann Equations on the Branes 10 4.1 Inflation 12 4.2 Radiation era 13 4.3 Relation to RS-I model without stabilization and to RS-II 15 4.4 Dark Radiation 16

5. Summary and conclusions 17

A. 1st order functions appearing in 2nd order Einstein equations 18

B. Complete second order corrections 18

C. Absence of a scalar field and infinite extra dimension 19

1. Introduction

The idea of our world being a 3-brane embedded in a higher dimensional bulk has provided an attractive explanation for the weakness of gravity compared to the other fundamental forces [1, 2, 3]. In this framework, 4-D gravity is weak at distances much greater than the fundamental Planck length, usually assumed to be the TeV^{−1} scale, but it quickly becomes strong at shorter distances. This idea has rich consequences for LHC physics, and it also implies modifications to cosmology at temperatures approaching 1 TeV. Although it may not be feasible to test deviations from standard cosmology which happened so early, this scale is sufficiently close to the electroweak phase transition to give some hope of observable consequences, for example to electroweak baryogenesis. Moreover the nature of inflation can be significantly altered by extra-dimensional effects [4, 5, 6, 18].

A seminal work on brane cosmology [7] observed that the Friedmann equation on a 3-brane embedded in a flat 5-D spacetime takes the form H^2 =^{ρ2}_{36M 65} instead of the standard form H^2 =^{8πGρ}_3 . Here M_5 is the 5-D Planck mass and ρ is the 4-D energy density on the brane. This strange result arises from the fact that the brane is assumed to be infinitesimally thin compared to the size of the extra dimension (y), which introduces a discontinuity in the derivatives of metric elements with respect to y at the position of

– 1 – the brane. The ρ^2 dependence is strongly contradicted by big bang nucleosythesis. It was subsequently observed [8, 9] that by adding a negative cosmological constant Λ_5 to the 5-D bulk, and a tension T to the brane, the Friedmann equation generalizes to H^2 =

Λ_5 6M^3_5 +

(T +ρ)^2 36M^6_5 , which takes the form H

2 =^{8πGρ}_3 (1 + O(^ρ_{M 45} )) if one chooses T^2 = −6Λ_5M^3_5 and^T_{18M 65} =^{8πG}_3 . In other words, we recover the standard Friedmann equation, modified by ρ^2 corrections which are small as long as ρ ≪ T ∼ TeV^4. In addition, the two relations between T and M_5 are equivalent to those needed for the Randall-Sundrum solutions, where the bulk is a region of 5-D Anti-DeSitter space.

Although the problem of how to recover the correct Friedmann equation was partially resolved, refs. [8, 9] pointed out that in the two-brane model of [2] (RS-I), H^2 could be real only if ρ was assumed to be negative on the second brane, whose tension is negative. In addition one had to assume a fine-tuned relation between the energy densities on the two branes. This untenable result was especially troubling because the negative tension, or TeV brane, is the one where we are assumed to be living in order to perceive 4-D gravity as being weak. Ref. [10] pointed out that these problems could be avoided if the T_{55} component of the bulk stress-energy tensor had the right properties. It was subsequently shown [11, 12] that stabilization of the size of the extra dimension (the radion mode) was necessary and sufficient for recovering acceptable cosmology on the TeV brane. The unphysical requirement of a fine-tuned negative value for ρ was merely a consequence of assuming the extra dimension was static when generically, in the absence of any stabilizing force, it would tend to expand or contract. The positive effects of stabilization were subsequently confirmed in greater detail by references [13, 14] and [15]. The problem of losing stabilization at temperatures above the TeV scale and tunneling back to the stabilized ground state was explored in ref. [16].

The issue of radion stabilization exists only in the RS-I and ADD [1] solutions; in RS-II [3] the extra dimension is infinite in size, there is only a single brane, and there is no radion—its wave function diverges away from the brane, and so it is not a normalizable mode if there is no second brane to compactify the space. Because of this simplicity, much of the early work on brane cosmology has focused on the RS-II solution. In this case the above-quoted form of the modified Friedmann equation becomes exact,

H^2 = 8πG 3 ρ ( 1 + ρ 2T ) (1.1)

as long as higher-derivative corrections to the gravitational action are neglected^1 and the bulk is empty. Perhaps the most important application of the ρ/T correction is to increase the expansion rate over its normal value during inflation [5, 6]. This allows for the possibility of fulfilling the slow-roll condition with steeper inflationary potentials than would normally be admissible, with the possible observable consequence of a spectral index of density perturbations which is smaller than in conventional models of inflation. It should be kept in mind that the effects of the ρ/T correction should not be trusted quantitatively whenever

1Since the discontinuity in the derivative of the warp factor at the brane is proportional to ρ as a consequence of the 5-D Einstein equations, one may expect that higher derivative terms will bring higher powers of ρ.

– 2 – they become large, precisely because of the neglect of higher derivative operators which are only suppressed by the energy scale ∼ T^{1/4}. Beyond this scale one really needs the full quantum theory of gravity, presumably string theory, to make quantitative predictions. Thus the ρ/T corrections should be regarded as indicative of the kinds of new qualitative effects that could be expected at energy densities above the quantum gravity scale.

More recently, the cosmology of the RS-I model has attracted renewed attention. The AdS/CFT correspondence has been used as a way of better quantifying the quantum gravity effects: Kaluza-Klein excitations of the bulk graviton modes are supposed to be equivalent to bound states of a strongly coupled, nearly conformal field theory residing on the TeV brane [17]. At temperatures above the TeV scale, the TeV brane is supposed to be hidden behind a horizon [18] associated with a black hole which formed in the bulk [19]. It has been noted that the emergence of the TeV brane from the horizon may occur around the same time as the electroweak phase transition [20]. Ref. [16] provided an alternative picture of a first order phase transition which leads to the appearance of the TeV brane at this epoch.

There have been numerous investigations of the effects of a bulk scalar field on braneworld cosmology [21]. In the present work we shall be concerned with the O(ρ^2) corrections to the Friedmann equation which arise from the 5-D nature of the underlying geometry in the RS-I model, using the Goldberger-Wise (GW) [22] mechanism to stabilize the size of the extra dimension. In general one no longer expects eq. (1.1) to hold in the RS-I model because of the additional effect of the dynamical radion. The radius is displaced by the cosmological expansion, which changes the strength of gravity and thus back-reacts on the expansion rate. Although one should not trust these corrections quantitatively when they start to become large (for the reasons discussed above), they accurately predict the deviations from standard cosmology as one starts to approach the quantum gravity scale around 1 TeV.

The plan of the paper is as follows. In section 2 we expand the 5-D Einstein equations to second order in a perturbation series in ρ and ρ_∗, the energy densities on the TeV and Planck branes. In section 3 the equations are solved to find the ingredients from which one can infer the effective 4-D Friedmann equations. In section 4 we present the results for the Hubble rate and the acceleration as measured on either brane, for arbitrary equations of state, and we discuss the implications for cosmology. We also compare the results to where there is only a single brane or where there is no bulk scalar. The reader who is not interested in the details of solving the Einstein equations can go directly to this section. Section 5 gives a summary and conclusions. Some technical details can be found in the appendices.

2. O(ρ^2) Einstein Equations

Following closely the formalism of ref. [15], we will look for cosmological solutions to 5-D gravity coupled to the Goldberger-Wise scalar field Φ, which is responsible for stabilizing the radion, and to two branes: the Planck brane, located at y_0 ≡ 0, and the TeV brane at

– 3 – y_1 ≡ 1. The action is S = ∫ d^5x √ g ( − 1 2κ^2

R − Λ +^1_2 ∂_mΦ∂^mΦ − V (Φ) )

+ ∫ d^4x √ g (L_{m,0} − V_0(Φ)) |_{y=0} + ∫ d^4x √ g (L_{m,1} − V_1(Φ)) |_{y=1}, (2.1)

where κ^2 = M^{−3}_5 , and the potential V (Φ) is left unspecified for now. The brane contributions are a sum of matter, represented by

L_{m,0} ∼ ρ_∗; L_{m,1} ∼ ρ (2.2)

and tension, which is the value of the brane’s scalar potential V_i(Φ(y_i)). The matter Lagrangians cannot be written explicitly for cosmological fluids, but their effect on the Einstein equations is specified through their stress-energy tensors (2.7). Our ansatz for the 5-D metric has the form

ds^2 = n^2(t, y) dt^2 − a^2(t, y) ∑ i dx^2_i − b^2(t, y) dy^2 ≡ e^{−2N(t,y)}dt^2 − a_0(t)^2e^{−2A(t,y)} ∑ i dx^2_i − b^2(t, y) dy^2. (2.3)

We will make a perturbative expansion in the energy densities ρ, ρ_∗ of the branes around the static solution, where ρ = ρ_∗ = 0:

N(t, y) = A_0(y) + δN_1(t, y) + δN_2(t, y); A(t, y) = A_0(y) + δA_1(t, y) + δA_2(t, y) b(t, y) = b_0 + δb_1(t, y) + δb_2(t, y); Φ(t, y) = Φ_0(y) + δΦ_1(t, y) + δΦ_2(t, y). (2.4)

The subscripts on the perturbations indicate their order in powers of ρ or ρ_∗, both of which are taken to be formally of the same order for the purposes of developing the perturbation expansion, although in actual order of magnitude we may consider them to have very different values. This ansatz is to be substituted into the scalar field equation, ∂_t ( 1 n ba^3Φ̇ ) − ∂_y ( 1 b a^3nΦ^′ ) + a^3n [ bV^′ + V^′_0 δ(y) + V^′_1 δ(y − 1) ] = 0, (2.5)

and into the Einstein equations, G_{mn} = κ^2T_{mn}. Here and in the following, primes on functions of y denote^∂_{∂y} , while primes on potentials of Φ will mean^∂_{∂Φ} . The components of the Einstein tensor which do not vanish identically are

G_{00} = 3 [( ȧ a )_2 + ȧ a ḃ b − n^2 b^2 ( a^{′′} a + ( a^′ a )_2 − a^′b^′ ab )]

G_{ii} = a^2 b^2 [( a^′ a )_2 + 2 a^′ a n^′ n − b^′ b n^′ n − 2 b^′ b a^′ a + 2 a^{′′} a + n^{′′} n ]

+ a^2 n^2 [ − ( ȧ a )_2 + 2 ȧ a ṅ n − 2 ä a + ḃ b ( −2 ȧ a + ṅ n ) − b̈ b ]

– 4 –

G_{05} = 3 [ n^′ n ȧ a + a^′ a ḃ b − ȧ^′ a ]

G_{55} = 3 [ a^′ a ( a^′ a + n^′ n ) − b^2 n^2 ( ȧ a ( ȧ a − ṅ n ) + ä a )] (2.6)

and the stress energy tensor is T_{mn} = g_{mn}(V (Φ)+Λ)+∂_mΦ∂_nΦ−^1_2 ∂^lΦ∂_lΦg_{mn} in the bulk. On the branes, T^n_m is given by

T^n_m = δ(y) b(t, 0) diag(V_0 + ρ_∗, V_0 − p_∗, V_0 − p_∗, V_0 − p_∗, 0) + δ(y − 1) b(t, 1) diag(V_1 + ρ, V_1 − p, V_1 − p, V_1 − p, 0) (2.7)

(Later we will assume that the potentials V_0 and V_1 are very stiff and are vanishing at their minima, so they can be neglected.)

The perturbative solution has been given to first order in ρ, ρ_∗ in [15]; here we want to extend the analysis to second order. Following [15], it is useful to work with the following linear combinations of the metric tensor perturbations:

Ψ_2 = δA^′_2 − A^′_0 δb_2 b_0 − κ^2 3 Φ^′_0δΦ_2 − κ^2 6 ( δΦ^′_1 + Φ^′_0 δb_1 b_0 ) δΦ_1; Υ_2 = δN^′_2 − δA^′_2. (2.8)

These are convenient variables because they appear in a natural way in the boundary conditions at the two branes. By integrating the (00) and (ii) Einstein equations in the vicinity of either brane, we obtain the perturbed Israel junction conditions,

Ψ_2(t, 0) = + κ^2 6 b_0ρ_∗ δb_1 b_0 | | |_{t; y=0} ; Ψ^2(t, 1) = − κ^2 6 b_0ρ δb_1 b_0 | | |_{t; y=1} (2.9)

Υ_2(t, 0) = − κ^2 2 b_0(ρ_∗ + p_∗) δb_1 b_0 | | |_{t; y=0} ; Υ^2(t, 1) = + κ^2 2 b_0(ρ + p) δb_1 b_0 | | |_{t; y=1} (2.10)

The analogous quantities at first order were found to be

Ψ_1 = δA^′ − A^′_0 δb_1 b_0 − κ^2 3 Φ^′_0δΦ_1; Υ_1 = δN^′_1 − δA^′_1 (2.11)

in [15], and they satisfy the same boundary conditions as in (2.9,2.10), but with the replacement^{δb1}_{b0} → 1.

The Einstein equations take a form resembling ordinary second order differential equations in y for the variables Ψ_2 and Υ_2, where all the time dependence of the latter is implicit, through ρ(t), ρ_∗(t), p(t) and p_∗(t). The quantities^{ȧ0}_{a0} and^{ä0}_{a0} function like constants of integration in this context, whose values are fixed by imposing the boundary conditions (2.9,2.10). This procedure results in o.d.e.’s in time for a_0(t), which are the Friedmann equations we are seeking. Accordingly, we need to expand^ȧ and^ä in powers of ρ. Recall that in ordinary cosmology, (^ȧ )^2 ∼^ä ∼ ρ. Therefore each time derivative of a_0 counts as

– 5 – half a power of ρ. In the brane cosmology we have (^ȧ )^2 ∼^ä ∼ ρ, ρ_∗ + O(ρ^2_∗, ρρ_∗, ρ^2), so we expect that

ȧ_0 a_0 = √ 8πG 3 (ρ_∗ + Ω^4ρ) [ 1 + O(ρ_∗, ρ) ] ≡ ( ȧ_0 a_0 ) ( 1 2 ) + ( ȧ_0 a_0 ) ( 3 2 ) + . . . ( ȧ_0 a_0

)_2 = 8πG 3 ( ρ_∗ + Ω^4ρ ) [ 1 + O(ρ_∗, ρ) ] ≡ ( ȧ_0 a_0

)_2 (1) + ( ȧ_0 a_0

)_2 (2) + . . . (2.12)

where we have used subscripts to denote the power of ρ or ρ_∗ contained in the associated term. Here Ω ≡ e^{−A0(1)} is the value of the warp factor at the TeV brane, which solves the hierarchy problem in the RS scenario, and the linear combination ρ_∗ + Ω^4ρ is the result that has been proven [11, 15] to appear in the lowest order Friedmann equation when the radion is stabilized. We therefore expand^ȧ and^ä in the following manner: ( ȧ a )_2 = ( ȧ_0 a_0 − Ȧ )_2 = ( ȧ a )_2 (1) + ( ȧ a )_2 (2) + O(ρ^3)

= ( ȧ_0 a_0 ) ( 1 2 ) 2 + 2 ( ȧ_0 a_0 ) ( 1 2 ) ( ȧ_0 a_0 ) ( 3 2 ) − 2 ( ȧ_0 a_0 ) ( 1 2 ) δȦ_1 + O(ρ^3);

= ( ȧ_0 a_0

)_2 (1) + ( ȧ_0 a_0

)_2 (2) − 2 ( ȧ_0 a_0 ) ( 1 2 ) δȦ_1 + O(ρ^3); (2.13) ä a = ä_0 a_0 − 2 ȧ_0 a_0

Ȧ − Ä + Ȧ^2 = ( ä a ) (1) + ( ä a ) (2) + O(ρ^3)

= ( ä_0 a_0 ) (1) + ( ä_0 a_0 ) (2) − 2 ( ȧ_0 a_0 ) ( 1 2 ) δȦ_1 − δÄ_1

+ O(ρ^3). (2.14)

In terms of these variables, we can write the second order Einstein equations (specifically, the linear combinations (00), (00) +^{n2}_{a2} (ii), (05) and (55), in that order) as ( ȧ_0 a_0

)_2 (2) b^2_0e^{2A0} = 4A^′_0Ψ_2 − Ψ^′_2 + F_Ψ (2.15)

2 (( ȧ_0 a_0

)_2 (2) − ( ä_0 a_0 ) (2) ) b^2_0e^{2A0} = −4A^′_0Υ_2 + Υ^′_2 + F_Υ (2.16)

0 = − ( ȧ_0 a_0 ) ( 1 2 )Υ_2 + Ψ̇_2 + F_{05} (2.17) (( ȧ_0 a_0

)_2 (2) + ( ä_0 a_0 ) (2) ) b^2_0e^{2A0} = A^′_0(4Ψ_2 + Υ_2) + κ^2 3 ( Φ^{′′}_0δΦ_2 − Φ^′_0δΦ^′_2 + Φ^{′2}_0 δb_2 b_0 ) + F_{55}

(2.18)

and the scalar field equation as

δΦ^{′′}_2 = (4Ψ_2 + Υ_2)Φ^′_0 + ( 4κ^2 3 Φ^{′2}_0 + b^2_0V^{′′}(Φ_0) ) δΦ_2 + ( 2b^2_0V^′(Φ_0) + 4A^′_0Φ^′_0 ) δb_2 b_0

– 6 –

+Φ^′_0 δb_2 b_0 ′ + F_Φ (2.19)

where all the dependence on first order quantities squared is contained in the functions F_Ψ, F_Υ, F_{05}, F_{55} and F_Φ, which can be found in appendix A.

We have used the symbolic manipulation features of Matlab and Maple to arrive at this and the other results in this paper, giving us confidence that there are no algebraic errors, despite the complexity of the formulas. We emphasize that all the terms with subscripts “1” (or^1_2 ) are already explicitly known from the solution given by ref. [15]. The unknown quantities, with subscripts “2” (or^3_2 ) thus constitute a relatively manageable part of these complicated looking equations. Having thus derived the second order equations, we are now ready to find their solutions.

3. Solutions

We wish to solve the perturbed Einstein equations (2.15-2.18) for the unknown quantities (ȧ_0/a_0)^2_{(2)} and (ä_0/a_0)_{(2)}, which are needed to find the ρ^2 corrections to the Friedmann equations on the TeV brane. To simplify this task, we will henceforth work in the limit of stiff brane potentials, λ_i → ∞, which ensures that δΦ_i = 0 at each brane. This allows us to choose a gauge in which δΦ_1 vanishes everywhere in the bulk [15], and to solve explicitly for b_1:^2 δb_1 b_0 = b_0 2Φ^{′2}_0 [ Ω^4(ρ − 3p)G + (ρ_∗ − 3p_∗)(G − A^′_0e^{4A0} ) ] (3.1)

where G(y) = [ 1 2 e^{2A0(y)} + A^′_0e^{4A0(y)} ∫_y 0 e^{−2A0} dy ] / ∫_1 0 e^{−2A0} dy (3.2)

The other terms which are first order in ρ were also found in [15] to be:

Ψ_1 = κ^2b_0 6(1 − Ω^2) e^{4A0(y)} ( F (y)(Ω^4ρ + ρ_∗) − (Ω^4ρ + Ω^2ρ_∗) ) (3.3)

Υ_1 = κ^2b_0 2(1 − Ω^2) e^{4A0(y)} ( −F (y)(Ω^4(ρ + p) + ρ_∗ + p_∗) + (Ω^4(ρ + p) + Ω^2(ρ_∗ + p_∗)) ) (3.4)

where F (y) = 1 − (1 − Ω^2) ∫_y 0 e^{−2A0} dy ∫_1 0 e^{−2A0} dy (3.5) and Ω = e^{−A0(1)} (3.6)

is the warp factor evaluated at the TeV brane.

2In fact, the procedure of using a small coordinate tranformation to set δΦ1 = 0 can be reiterated to set δΦi(t, y) = 0 to all orders, so that all effects of ρ and ρ∗ on the bulk stress-energy component T55 are contained in bi(t, y).

– 7 –

We recall that the zeroth order static solutions are approximately (ignoring higher order in v^2_0 corrections) [22, 23]

Φ_0(y) ∼= v_0e^{−ϵkb0y}; A_0(y) ∼= kb_0y + κ^2 12 v^2_0 (e^{−2ϵkb0y} − 1) (3.7)

where we have normalized A_0(0) = 0, and introduced ϵ = √ 4 + m^2 k^2 − 2 ∼= m^2 4k^2

. (3.8)

Here k = √ −κ^2Λ/6 (3.9) is the inverse AdS curvature scale, which should be somewhat below the Planck scale so that higher derivative operators like R^2 do not invalidate the solution.

The above solution is an approximate one in the limit of small v_0 for the model considered by GW [22], where the bulk scalar Φ has only a mass term. It was shown by ref. [23] that this solution is actually exact when Φ has a quartic interaction which is related to the mass in a certain way. We are therefore justified in considering (3.7) to be exact, for the appropriate choice of V (Φ), in all that will follow. If on the other hand we decided to use the pure m^2Φ^2 potential for V (Φ), the solutions (3.7) receive corrections which are a power series in κ^2v^2_0 e^{−2ϵkb0y}:

A_0(y) = kb_0y + κ^2ϕ^2_0 12 (e^{−2kb0y} − 1) + κ^4ϕ^4_0ϵ 96(1 + ϵ) (e^{−4kb0y} − 1) + . . . ϕ_0(y) = ϕ_0e^{−kb0y} + κ^2ϕ^3_0ϵ 12(1 + ϵ) e^{−3kb0y} + . . . (3.10)

Here ϕ_0 differs from v_0 by terms of order κ^2v^3_0 , to satisfy the boundary condition ϕ_0(0) = v_0. We shall find that none of our main results depend on which bulk scalar potential is used.

As was previously shown, the first two Einstein equations yield differential equations for Ψ_2 and Υ_2. They are solved by:

Ψ_2 = e^{4A0(y)} [ C_Ψ + ∫_y 0 e^{−4A0(y)} ( F_Ψ(y, t) − ( ȧ_0 a_0

)_2 (2) b^2_0e^{2A0} ) dy ] (3.11)

Υ_2 = e^{4A0(y)} [ C_Υ + ∫_y 0 e^{−4A0(y)} ( 2 (( ȧ_0 a_0

)_2 (2) − ( ä_0 a_0 ) (2) ) b^2_0e^{2A0(y)} − F_Υ(y, t) ) dy ] . (3.12)

We do not require the Φ equation of motion, since this is derivable from the Einstein equations. The boundary conditions (2.9,2.10) allow us to eliminate the constants of integration C_Ψ and C_Υ to find (ä_0/a_0)_{(2)} and (ȧ_0/a_0)^2_{(2)}: ( ȧ_0 a_0

)_2 (2) = 1 b^2_0

∫_1 0 e^{−2A0} dy [ Ψ_2(0) − Ω^4Ψ_2(1) +

∫_1 0 e^{−4A0(y)}F_Ψdy ] (3.13) ( ȧ_0 a_0

)_2 (2) − ( ä_0 a_0 ) (2) = 1 2b^2_0

∫_1 0 e^{−2A0} dy [ Ω^4Υ_2(1) − Υ_2(0) +

∫_1 0 e^{−4A0(y)}F_Υ dy ] . (3.14)

– 8 –

Notice that the terms Ψ_2(0), Ψ_2(1), Υ_2(0), Υ_2(1), are given in terms of ρ, ρ_∗, p and p_∗ by the jump conditions (2.9-2.10). We will denote the equations of state for matter on the branes by p = ωρ, p_∗ = ω_∗ρ_∗. (3.15) To evaluate the integrals of F_Ψ and F_Υ in (3.13-3.14), we need the first order solutions Ψ_1, Υ_1, given by (3.3-3.4), as well as δA_1 and δN_1. These can be obtained from the definitions (2.11) and the choice of gauge δΦ_1 = 0, as δA_1(y) = ∫_y 0 (A^′_0^{δb1}_{b0} + Ψ_1(y)) dy and δN_1(y) = δA_1 + ∫_y 0 Υ_1(y) dy. Moreover, we need (ȧ_0/a_0)_{(1/2)}, given by (2.12), and time derivatives of the first order perturbations, δȦ_1, δṄ_1, δḃ_1. To reexpress the latter in terms of ρ and ρ_∗, we use the following relations, which can be derived from the (05) Einstein equation

ρ̇ = −3 ȧ_0 a_0

(1 + ω) ρ + O(ρ^{5/2}) ∼= − √ 24πG(ρ_∗ + Ω^4ρ)(1 + ω) ρ

ρ̇_∗ = −3 ȧ_0 a_0

(1 + ω_∗) ρ_∗ + O(ρ^{5/2}_∗ ) ∼= − √ 24πG(ρ_∗ + Ω^4ρ)(1 + ω_∗) ρ_∗ ρ̈ ∼= 12πG(1 + ω)ρ [ 3(1 + ω)Ω^4ρ + (3 + ω_∗ + 2ω)ρ_∗ ] ρ̈_∗ ∼= 12πG(1 + ω_∗)ρ_∗ [ 3(1 + ω_∗)ρ_∗ + (3 + ω + 2ω_∗)ρΩ^4 ] (3.16)

where we have assumed that ω and ω_∗ are constant in time. (This assumption would only be important during a period of transition such as going from radiation to matter domination.) In these expressions, the 4-D effective Newton’s constant is defined by integrating the 5-D gravitational action over the extra dimension to obtain

8πG = κ^2 ( 2b_0

∫_1 0 e^{−2A0} dy )_{−1} . (3.17)

We now have general expressions allowing us to obtain the second order corrections to the Friedmann equations. However the integrals appearing in these expressions (of the form ∫ e^{const.×A0} dy) cannot be performed analytically for A_0 given by (3.7). To overcome this difficulty, we will need to make a further approximation, namely that the radion mass is small. In the small-v_0 limit, the radion mass was found to be

m^2_r ∼= 4 3 κ^2v^2_0 ϵ^2k^2Ω^{2+2ϵ} (3.18)

in ref. [14], which also agrees up to factors of order unity with the result found by ref. [24]. By expanding in the small parameter η ≡ κ^2v^2_0 /12, we can express the warp factor as e^{cA0} = e^{c(kb0y+η[e−2ϵkb0y −1])} = e^{ckb0y} ∑ n 1 n! (cη[e^{−2ϵkb0 y} − 1])^n. The integrals can then be performed exactly, order by order in powers of v^2_0 . In fact, the appearance of 1/Φ^{′2}_0 in (3.1) means that the leading order term in this expansion will actually be O(v^{−2}_0 )).

At this point we are ready to combine the terms like (ȧ_0/a_0)^2_{(2)} and (ä_0/a_0)_{(2)} with those coming from (ȧ_0/a_0)_{(1/2)}δȦ_1 and δÄ_1, to obtain the complete results for ȧ/a and ä/a, as dictated by eqs. (2.13,2.14). However, these are not yet the physical Hubble rate nor acceleration when evaluated on the TeV brane, due to a further correction from δN_1 that must be applied, and which will be explained in the next section. Because δA_1 and δN_1 depend on y, the rates ȧ/a as measured by observers on the two branes will differ.

– 9 –

4. Physical Friedmann Equations on the Branes

Although the main results found above, (3.13)-(3.14), will resemble the Friedmann equations when expressed as functions of the energy densities on the branes (after being combined with the appropriate corrections from δȦ_1 and δÄ_1), they are not yet written in terms of the standard Friedmann-Robertson-Walker (FRW) time variable for TeV brane observers, which we shall denote by τ. On the TeV brane, the lapse function n^2(t, 1) has also received corrections of the kind we are interested in. Therefore we should transform to τ using dτ = n(t, 1) n_0(t, 1) dt = e^{−δN1 (t,1)−δN2 (t,1)−···} dt (4.1) where n_0(t, 1) = a_0(t, 1) = Ω is the warp factor without any perturbations due to matter.

At first it may not be obvious why we should use only the perturbations, δN_i, to relate τ to t instead of using the full warp factor. Of course, one is always free to rescale the time coordinate by a constant factor; this cannot change any physical observables. There are several ways of seeing why the above choice is the most straightforward one. First, it gives the same time coordinate as that in which the resolution of the gauge hierarchy problem was couched in the original RS paper [2]. Specifically, using the time coordinate as defined above, in the absence of the cosmological perturbation, the action for a free scalar field on the TeV brane has the form

S =^1_2 ∫ d^4x Ω^4 ( Ω^{−2} ( (ϕ̇^2) − (∇ϕ)^2 ) − m^2_0ϕ^2 )

=^1_2 ∫ d^4x (( (φ̇^2) − (∇φ)^2 ) − Ω^2m^2_0φ^2 ) (4.2)

where φ = Ωϕ. This was the argument used to show that a bare mass of m_0 ∼ M_p translates into a physical mass of m = Ωm_0. If on the other hand we had defined dτ = Ωdt as we might have been tempted to do in (4.1), we would get

S →^1_2 ∫ dτ d^3x Ω^3 ( (ϕ̇^2) − Ω^{−2}(∇ϕ)^2 − m^2_0ϕ^2 )

=^1_2 ∫ dτ d^3x ( (φ̇^2) − Ω^{−2}(∇φ)^2 − m^2_0φ^2 ) (4.3)

where now φ = Ω^{3/2}ϕ. In these variables it is no longer obvious that physical masses are suppressed relative to the Planck scale. The resolution is that one must also reconsider the 4-D effective gravitational action in the new time coordinate. The result is that the 4-D Planck scale is exponentially larger than the underlying 5-D gravity scale, (8πG)^{−1} = Ω^{−2}κ^{−2}/k. In this picture, the fundamental scales are all taken to be of order TeV, while the 4-D Planck scale is enhanced by Ω^{−1}. Another, simpler, way of deriving the same result is to do everything with the warp factor defined to be unity on the TeV brane, and large on the Planck brane. In either method, the ratio of physical particle masses to the 4-D Planck mass is the same.

The consequence of all this is simple: to find the physical Hubble rate at some position in the bulk y in terms of the complete expression for ȧ/a, one merely multiplies by dt/dτ =

– 10 – e^{δN1 +δN2} |_y: H ∼= (1 + δN_1) ȧ a (4.4)

Since the leading contribution to H is already O(ρ^{1/2}), we can ignore the δN_2 corrections; these would be O(ρ^{5/2}). Similarly, the second Friedmann equation, which goes like Ḣ, becomes dH dτ = (1 + δN_1) d dt H ∼= (1 + 2δN_1) ( ä a − ( ȧ a )_2) + δṄ_1 ȧ_0 a_0

(4.5)

to the order we are calculating. All dots are still time derivatives with respect to t, not τ.

The general expressions for the order ρ^2 corrections to H^2 and dH/dτ are rather cumbersome if expressed at an arbitrary position in the bulk. Here we give the results for H evaluated on either the TeV or the Planck brane, to leading order in the radion mass squared, m^2_r, eq. (3.18). We have defined ρ̄ = Ω^4ρ since this is the physically observable energy density on the TeV brane, whereas ρ is the bare value. For each term ρ^2_∗, ρ_∗ρ̄, ρ̄^2, we give only the leading dependence on the warp factor Ω, which is usually assumed to be ≪ 1 to solve the hierarchy problem. Thus we have found the leading corrections to the Hubble rate and acceleration in a simultaneous expansion in ρ, ρ_∗, 1/m_r and Ω:^3

H^2|_{y=1} = 8πG 3 ( ρ̄ + ρ_∗ + 2πG 3m^2_rΩ^2 ( 9(1 − 3ω)(1 + ω)ρ̄^2

+4(1 − 3ω_∗)(4 + 3ω_∗)Ω^2ρ^2_∗ + 4(1 − 3ω)(4 + 3ω)ρ̄ρ_∗) )) (4.6)

H^2|_{y=0} = 8πG 3 ( ρ̄ + ρ_∗ + 2πG 3m^2_rΩ^2 ( 9(1 − 3ω_∗)(1 + ω_∗)ρ^2_∗Ω^4 − (1 − 3ω)(7 + 3ω)ρ̄^2

+2Ω^2ρ̄ρ_∗[2(1 − 3ω)(2 + 3ω) − 3(1 − 3ω_∗)(1 + ω)] )) (4.7) dH dτ | | |_{y=1} = −4πG ( ρ̄(1 + ω) + ρ_∗(1 + ω_∗) + 4πG 3m^2_r Ω^2 ( Ω^2(1 + ω_∗)(1 − 3ω_∗)(13 + 9ω_∗)ρ^2_∗ + 9(1 − 3ω)(1 + ω)^2ρ̄^2

− (1 − 3ω)(2(1 + ω_∗) + 2(1 + ω) + 6(1 + ω)^2 + 3(1 + ω)(1 + ω_∗))ρ̄ρ_∗ )) (4.8) dH dτ | | y=0 = −4πG ( ρ̄(1 + ω) + ρ_∗(1 + ω_∗) + 4πG 3m^2_r Ω^2 ( −4(1 + ω)(1 − 3ω)ρ̄^2 + 9(1 + ω_∗)^2(1 − 3ω_∗)Ω^4ρ^2_∗

3We have factored these expressions to make it more clear that they vanish when ω = ω∗ = 1/3. The asymmetrical appearance of terms like 2(1 − 3ω)(2 + 3ω) − 3(1 − 3ω∗)(1 + ω) is not due to a typographical error.

– 11 –

+ Ω^2 [ 6(1 − 3ω)(1 + ω)^2 + 2(1 − 3ω)(1 + ω) − 2(1 − 3ω)(1 + ω_∗)

− 4(1 − 3ω_∗)(1 + ω) + 3(1 + ω_∗)(1 − 3ω)(1 + ω) ] ρ_∗ρ̄ )) (4.9)

These, finally, can be considered to be the main results of this paper, except in the case of ω = ω_∗ = 1/3. As can be seen, in that case the quadratic corrections vanish at order 1/m^2_r , so we have to go to higher order in m^2_r to get the leading result for radiation, as will be described below. Two comments are in order. (1) These results are independent of the choice of bulk potential V (Φ) for the scalar. Any dependence on V comes in starting at the next order in v^2_0 . (2) It may seem strange that on the Planck brane (y = 0) powers of Ω^2 track powers of ρ_∗, but not so on the TeV brane. The difference is due to the corrections to^{ȧ0}_{a0} from δȦ_1 ∼ HδA_1, eq. (2.13), and δN_1, eq. (4.4). They give contributions to H^2 of order H^2 × [δA_1(1), δN_1(1)]. Since H^2 ∼ ρ_∗ + ρ̄ at lowest order, the correlation of powers of Ω^2 and powers of ρ_∗ is no longer respected.

Equipped with these results, we can now specialize to several situations of cosmological interest.

4.1 Inflation

The earliest epoch of interest is an inflationary one, where the equation of state is ω = −1 or ω_∗ = −1, depending on whether we put the inflaton on the TeV or the Planck brane. Let us first suppose the inflaton is on the the TeV brane, so that ρ_∗ = 0. Then eq. (4.6) tells us that there is no quadratic correction to the Hubble rate at y = 1, in contrast to the situation in pure RS-II (single brane) cosmology. Not only is this true for the leading term in the expansion in m_r, but in fact we have checked that it is true order by order for the terms 1/m^2_r and m^0_r . The fact that many terms must seemingly miraculously cancel to achieve this suggests that it is true to all orders.

The analogous statements hold true for an inflaton on the Planck brane: if ρ̄ = 0 and only ρ_∗ is nonzero, there is no quadratic correction to H^2 at y = 0. Again, we have shown this to be exactly true for the first few orders in an expansion in m^2_r. There is such a correction to H^2 at the TeV brane, but unfortunately this has no impact on the rolling of a scalar field on the Planck brane, since its own Hubble rate is unaffected. Thus we cannot take advantage of the modification to the Friedmann equation to admit steeper inflationary potentials than are normally allowed by the slow-roll conditions, as was explored in refs. [5, 6]. Only if both ρ_∗ and ρ̄ are nonzero do we get this kind of effect (through the ρ_∗ρ̄ term in eq. (4.7)). But even there, its sign tends to be the wrong one for the desired purpose. For example, suppose that some of the inflaton’s energy density has been converted energy on the TeV brane, with an arbitrary value of ω while ω_∗ = −1. Then (4.7) predicts that H^2 is decreased by the quadratic corrections, regardless of the value of ω.

Even though there might be no presently observable effect, it is still of theoretical interest to consider the modification to the TeV brane’s Hubble rate due to a Planck brane inflaton, to contrast with simpler models of brane cosmology. With ρ = 0 but ρ_∗ ≠ 0 and

– 12 –

H^2|_{y=1} is corrected by the factor

H^2|_{y=1} = 8πG 3 ρ_∗ ( 1 + 32πG 3m^2_r ρ_∗ ) (4.10)

The correction becomes important at temperatures of order the intermediate scale T ∼ √ m_rM_p ∼ 10^{10} GeV. We can compare this to the situation where there is no stabilizing scalar field, but a fine-tuning ρ = −ρ_∗/Ω^2 is required between the energy densities on the two branes, in order to keep the bulk from expanding. In this case, the relation (1.1) applies to the given order at both branes, since for ω_∗ = −1 the difference H^2(0) − H^2(1) = O(ρ^3_∗) [11]. But this correction only becomes important when T ∼ M_p in the unstabilized case, since the natural scale for the Planck brane tension is M^4_p .

The effect in the present case is easy to understand in terms of the usual slow roll condition for scalar fields during inflation. If the Hubble rate exceeds the mass of the radion, it will start rolling, hence the size of the extra dimension is destabilized, which in turn changes the strength of gravity from the 4-D point of view, due to the dependence of G on b_0 in (3.17). The criterion that H < m_r translates to T < √ m_rM_p, which is precisely the condition we found for the ρ^2_∗ correction to H^2 to be small. On the other hand, the reader should not be misled into thinking that the ρ^2_∗ term can be deduced from this effect (Hubble expansion giving an m^2_r-dependent shift in b, leading to a shift in G alone). The coefficient of ρ^2_∗ is numerically different from that which is obtained solely from the effect of shifting G.

We noted that an inflaton on the TeV brane gives no ρ̄^2 correction to H^2 measured on the TeV brane. A similar story applies for an observer on the Planck brane: he sees no ρ^2_∗ correction to H^2 on his brane. Again, we find this to be true order by order in an expansion about m^2_r = 0, so it is presumably an exact statement. Moreover we have found this to be true for either of the choices of the bulk potential V (Φ) that we have considered. At first sight this may be a surprising result, because it holds even in the limit that the infrared brane is removed to y → ∞. In this limit we might expect physics to coincide with that of the RS-II model, where the ρ^2_∗ correction to H^2|_{y=0} (eq. (1.1)) is well known to occur, at least in the case of no bulk scalar field. We will explain the apparent discrepancy in a subsection below.

4.2 Radiation era Our results (4.7-4.9) predict that there is no effect of order ρ^2/m^2_r when the equation of state on the two branes is that of radiation, ω = ω_∗ = 1/3. The origin of the 1/m^2_r dependence is the large shift in δb_1 (3.1) for generic equations of state. In the special case of radiation, δb_1 = 0 since the radion couples to the trace of the stress energy tensor, which vanishes in this case. We have therefore done a separate treatment when ω = ω_∗ = 1/3 to find the leading effect. We obtain

H^2|_{y=1} = 8πG 3 ( (ρ_∗ + ρ̄) + 2πG 3k^2Ω^4

(Ω^2ρ_∗ − ρ̄)ρ_∗ ) (4.11)

H^2|_{y=0} = 8πG 3 ( (ρ_∗ + ρ̄) − 2πG 3k^2Ω^6

(Ω^2ρ_∗ − ρ̄)ρ̄ ) (4.12)

– 13 – and the equations for dH/dτ have vanishing corrections at this order in ρ and ρ_∗. It is curious that, just like in the previously discussed case of inflation, the Hubble rate on a given brane receives an order ρ^2 correction only if the energy density on the other brane is nonvanishing.

We can make the preceding results much stronger in the case where the energy density vanishes on one of the two branes. If ρ_∗ = 0, then eq. (3.13) implies that the second order correction to the Hubble rate on the TeV brane vanishes identically, with no approximations, provided that

∫_1 0 [ e^{4A0(y1)} (∫_{y1} 0 e^{−2A0(y2)}dy_2 ) (∫_1 0 e^{−2A0(y3)}dy_3 ) − e^{4A0(y1)} (∫_{y1} 0 e^{−2A0(y2)}dy_2 )_2

− e^{−2A0(y1)} ∫_{y1} 0 ( e^{4A0(y2)} ∫_{y2} 0 e^{−2A0(y3)}dy_3 ) dy_2 ] dy_1 = 0 (4.13)

In the inverse case where ρ = 0 and ω_∗ = 1/3, the second order correction to H^2 evaluated on the Planck brane vanishes if

∫_1 0 [ e^{4A0(y1)} (∫_{y1} 0 e^{−2A0(y2)}dy_2 −

∫_1 0 e^{−2A0(y2)}dy_2 )_2 (4.14)

+ e^{−2A0(y1)} ∫_{y1} 0 e^{4A0(y2)} (∫_{y2} 0 e^{−2A0(y3)}dy_3 −

∫_1 0 e^{−2A0(y3)}dy_3 ) dy_2 ] dy_1 = 0

Writing

u_1 = ∫_{y1} 0 ( e^{4A0(y2)} ∫_{y2} 0 e^{−2A0(y3)}dy_3 ) dy_2 u_2 = ∫_{y1} 0 e^{4A0(y2)} (∫_{y2} 0 e^{−2A0(y3)}dy_3 −

∫_1 0 e^{−2A0(y3)}dy_3 ) dy_2 dv = e^{−2A0(y1)}dy_1 (4.15)

where u_1 and u_2 are to be used in the first and second case respectively, we can use integration by parts ( ∫ u_idv = u_iv − ∫ vdu_i) to show that these integrals do indeed vanish identically.

Let us now focus on physics on the TeV brane (y = 1). By the time of nucleosynthesis no more than 10% of the radiation energy density can be on the Planck brane, so one expects that ρ_∗^<∼ ρ̄ at TeV temperatures as well. Therefore we can ignore the Ω^2ρ_∗ term, and the fractional correction to H^2 is of order δH^2 H^2 − 1 ∼ − ( ρ_∗ TeV^4 ) (4.16)

It is interesting that the order of magnitude is nearly correct for this to be relevant at the time of the electroweak phase transition. (We could change TeV → 100 GeV by making k a few orders of magnitude smaller than M_p.) However the minus sign shows that the Hubble rate is suppressed relative to standard cosmology. This is disappointing for electroweak baryogenesis, since one would have liked to increase H^2 make sphalerons go

– 14 – out of equilibrium at the electroweak phase transition, a possibility that has been recently analyzed in ref. [26]. Of course, it may happen that the sign turns out to be the right one in some other model of brane cosmology.

4.3 Relation to RS-I model without stabilization and to RS-II

As a check on our results, one would like verify that they are consistent with related cosmological solutions. For example, when there is no scalar field and the equation of state is inflationary, Kaloper [27] found the exact solution^4

ds^2 = a^2(w) ( −dt^2 + e^{2Ht}d⃗x^2 ) + dw^2;

a(w) = e^{−kw} − ρ̂_∗ sinh kw (4.17)

where ρ̂_∗ = ρ_∗/T , the ratio of the excess energy density to the tension on the Planck brane, and the Hubble rate is given by

H^2 = 2k^2((1 + ρ̂_∗)^2 − 1) (4.18)

As in the static case, one can decide whether or not to compactify the extra dimension by inserting a second brane at some position w_1. Without compactification, the extra dimension is still effectively cut off by the presence of a horizon at w =^1_{2k} ln(1 +^2_{ρ̂∗} ). If we compactify explicitly by inserting a second brane, its tension (−T ) and excess energy density ρ are completely fixed by the value of a^′(w_1), leading to the constraint ρ̂ ≡ ρ T = −1 + e^{−kw1} − ρ̂_∗ cosh kw_1 e^{−kw1} − ρ̂_∗ sinh kw_1

(4.19)

Expanding in ρ_∗, to leading order this gives the well-known constraint [11] ρ = −ρ_∗/Ω^2 needed for a static bulk in the absence of stabilization (recall that the Ω = e^{−kw1} is the warp factor). However, the exact tuning is a power series in ρ_∗, and our second order formalism correctly reproduces the O(ρ^2_∗) term, as we describe in more detail in appendix C. Of course, our perturbative treatment also correctly reproduces the solution a(w) and a_0(t) expanded in powers of ρ_∗.

The previous check was specifically for the equation of state ω_∗ = −1. The same can be done for an arbitrary equation of state, for which the ([27]) solution generalizes to [28, 29]

ds^2 = −n^2(t, w)dt^2 + a^2(t, w)d⃗x^2 + dw^2; a(t, w) = a_0(t)(e^{−kw} − ρ̂_∗(t) sinh kw);

n(t, w) = e^{−kw} + ρ̂_∗(t)(2 + 3ω_∗) sinh kw, (4.20)

where a_0(t) is determined by the modified Friedmann equation (4.18) with H =^{ȧ0}_{a0} . Again, our perturbative formalism agrees with the expansion of the exact solution at order ρ^2_∗. It is interesting to note in passing that for ω_∗ > −1, the metric function a(t, y) vanishes at a

4This is related to the coordinate system we have been using by w = by, where now b is taken to be constant by fiat.

– 15 – position between the brane at y = 0 and the horizon where n(t, y) = 0. Nevertheless, all components of the 5D Riemann tensor are well behaved throughout the bulk, and neither the vanishing of a(t, y) nor n(t, y) leads to any curvature singularities.

Now we come to a slightly more subtle issue: what happens if we try to smoothly remove the TeV brane from the problem, to recover the known single-brane results? We have noted that our results for H^2 do not reduce to those of the RS-II model, even in the case where the TeV brane is taken to infinity. The presence of the bulk scalar is crucial for understanding the difference between the two situations, because it modifies the bulk stress-energy component T_{55} in response to matter on the branes. Even though we are working in a gauge where δΦ_i = 0, T_{55} = g_{55}(V (Φ) + Λ) −^1_2 Φ^{′2} is nevertheless modified by the shift in g_{55} = b(t, y)^2. It is the G_{55} = κ^2T_{55} Einstein equation which implies the exotic form of the Friedmann equation H^2 ∼ (ρ_∗ + T )^2 when there is no matter in the bulk. This argument no longer holds when T_{55} is present. Therefore it is not so surprising that the ρ^2_∗ corrections no longer coincide with those of the RS-II model, when we have just a single brane but also a scalar field.

Mathematically, we cannot recover the RS-II model simply by taking the limit v_0 → 0, which corresponds to removing the scalar field from the problem. If we attempt to do this, our perturbation expansion breaks down because δb_1, eq. (3.1), diverges—unless the matter on the branes is tuned so that the term in brackets in (3.1) vanishes. This tuning is the condition ρ = −ρ_∗/Ω^2 discussed above. A special case is that of radiation, where no such breakdown of perturbation theory occurs.

4.4 Dark Radiation

In the present work we have neglected the presence of dark radiation [28, 30, 31, 32], which appears in the Friedmann equation in the normal way,

H^2 = 2k^2 ( (ρ̂_∗ + 1)^2 − 1 + c a_0(t)^4 ) ; (4.21)

in particular, there is no quadratic correction c^2/a_0(t)^8 even in the unstabilized case. The AdS/CFT interpretation is that the dark radiation is simply the thermalized degrees of freedom of the conformal field theory [17], but from the 5D viewpoint, the dark radiation is associated with the presence of a black-hole-like singularity that appears in the bulk at a finite distance from the brane. This can be most clearly seen in the coordinate system of ref. [30] (see also [33]), where the brane is moving through a static bulk whose geometry is that of the 5D AdS-Schwarzschild metric.

Again using the results of [28], the exact solution takes the form (4.20), but now

a^2(t, w) = a^2_0(t) ( e^{−kw} − ρ̂_∗(t) sinh kw )_2 + c a_0(t)^2 sinh^2 kw; n(t, w) = ȧ(t, w) ȧ_0(t) = a_0(t) a(t, y) (( e^{−kw} − ρ̂_∗(t) sinh kw )_2 (4.22)

+3ρ_∗(t)(1 + ω_∗) ( e^{−kw} − ρ̂_∗(t) sinh kw ) sinh kw − 2c a^4_0(t) sinh^2 kw )

– 16 –

From this exact solution we see that the metric functions do not factorize in the way which we assumed in our original ansatz (2.3). A more general form would therefore be needed to study the interactions, if any, between ρ^2 corrections and dark radiation in the stabilized model.

5. Summary and conclusions

In this paper we have focused on the corrections to the Friedmann equation which arise in the possibly more realistic 5D brane cosmologies where the bulk stress energy is not trivial, but has some inhomogeneity in the extra dimension due to a scalar field. The presence of the scalar was motivated by the need to stabilize the size of the extra dimension when the extra dimension is compactified by the presence of a second (TeV) brane, but it could also be present on more general grounds.

In a perturbative expansion in powers of energy densities on the branes, the Hubble parameter H generally should receive corrections to all orders in ρ and ρ_∗ rather than terminating at order ρ^2_∗ as happens in the unstabilized solutions. We found the rather surprising result that the ρ^2 correction vanishes in the special cases where the energy density is confined to the same brane as that where H is measured and the equation of state is either that of inflation or radiation. If either of these conditions are not fulfilled, the ρ^2 correction does not vanish, but its sign and magnitude can be different from the case of a single brane with no bulk scalar field. In these cases, the correction has a coefficient of order (TeV)^{−2}m^{−2}_r , where m_r is the mass of the radion, which is expected to be somewhat lighter than the TeV scale.

We noted two implications of this result. First, it is impossible to obtain order ρ^2 corrections to H^2 during inflation on a given brane unless the inflaton is on the opposite brane. This means the corrections have no effect on the dynamics of the inflaton, which is disappointing from the point of view of potentially observing the effects of branes on cosmology. Second, it is equally true during radiation domination that ρ^2 effects can appear for a given brane only if the energy density on the other brane is nonzero. If some fraction of the radiation of the universe is on the Planck brane, there could be significant deviations from standard cosmology during the electroweak epoch. Unfortunately, the sign of the corrections is such as to decrease the Hubble rate. It would have been more interesting for the purposes of electroweak baryogenesis to obtain the other sign.

On a more optimistic note, we should reiterate that the exact cosmological behavior cannot be predicted from the ρ^2 terms when they become as important as important as the linear in ρ terms, since the perturbative expansion is breaking down. It would therefore be interesting to find exact cosmological solutions in the presence of the stabilizing field.

We thank Hassan Firouzjahi for enlightening discussions, and Géraldine Servant for helpful comments on the manuscript.

– 17 –

A. 1st order functions appearing in 2nd order Einstein equations

These are the functions appearing in eqs. (2.15-2.19), which give the solutions for the second order perturbations.

F_Ψ = 2 ( δN_1 + δb_1 b_0 ) Ψ^′_1 + 2Ψ^2_1 − κ^2 6 Φ^′_0δΦ^′_1 δb_1 b_0

+ Ψ_1 ( δb^′_1 b_0

− 4A^′_0 ( 2δN_1 + δb_1 b_0 ))

+ κ^2 6 Φ^{′2}_0 ( δb_1 b_0

)_2 + κ^2 6 ( Φ^′_0(4Ψ_1 − Υ_1) + Φ^{′′}_0 δb_1 b_0 ) δΦ_1 + ( ȧ_0 a_0 ) ( 1 2 ) e^{2A0} b^2_0 ( 2δȦ_1 − δ̇b_1 b_0 ) (A.1)

F_Υ = − 4Υ_1Ψ_1 − Υ^2_1 − 2 ( δN_1 + δb_1 b_0 ) Υ^′_1 + ( 4A^′_0 ( 2δN_1 + δb_1 b_0 ) − δb_1 b_0 ′) Υ_1

− 4 κ^2 3 Φ^′_0Υ_1δΦ_1 + ( ȧ_0 a_0 ) ( 1 2 ) ( 2δṄ_1 − δ̇b_1 b_0 ) + δ̈b_1 b_0 − 2δÄ_1 e^{2A}0 b^2_0 (A.2)

F_{05} = δȦ_1 − ( ȧ_0 a_0 ) ( 3 2 ) Υ_1 − δ̇b_1 b_0

Ψ_1

+ κ^2 6 (( δΦ̇^′_1 − Φ^′_0 δ̇b_1 b_0 ) δΦ_1 + ( Φ^′_0 δb_1 b_0

− δΦ^′_1 ) δΦ̇_1 ) (A.3)

F_{55} = − ( 2δN_1 + δb_1 b_0 ) A^′_0Υ_1 + 2Ψ^2_1 + ( Υ_1 − 4A^′_0 ( 2δN_1 + δb_1 b_0 )) Ψ_1 + κ^2 3 ( −2Φ^{′2}_0 δN_1 δb_1 b_0 − 3 2 Φ^{′2}_0 ( δb_1 b_0

)_2) − ( ȧ_0 a_0 ) ( 1 2 ) e^{2A0} b^2_0 ( δṄ_1 − 4δȦ_1 )

+e^{2A0} b^2_0δÄ_1 − κ^2 6 δΦ^{′2}_1 + 2 κ^2 3 ( δN_1 + δb_1 b_0 ) Φ^′_0δΦ^′_1 − κ^2 6 δΦ^{′2}_1 + κ^2 6 ( (Υ_1 − δb_1 b_0 ′ + 4Ψ_1)Φ^′_0 + (−2 δb_1 b_0

− 4δN_1)Φ^{′′}_0 + δΦ^{′′}_1 ) δΦ_1 (A.4)

F_Φ = δb_1 b_0 2 ( −3Φ^{′′}_0 + 4A^′_0Φ^′_0 ) − Φ^′_0 δb_1 b_0

(8Ψ_1 + 3 δb_1 b_0 ′ + 2Υ_1) + V^{′′′}(Φ_0) 2 b^2_0δΦ^2_1 + 2κ^2Φ^′_0δΦ_1 ( − δb_1 b_0

Φ^′_0 + δΦ^′_1 )

+δΦ^′_1 ( −4 δb_1 b_0

A^′_0 + Υ_1 + 4Ψ_1 + δb_1 b_0 ′) + 2δΦ^{′′}_1 δb_1 b_0

+b^2_0e^{2A0} 3 ( ȧ_0 a_0 ) ( 1 2 ) δΦ̇_1 + δΦ̈_1

(A.5)

B. Complete second order corrections

In the previous sections, we presented simplified expression for H^2 and Ḣ. Here we present

– 18 – the complete expressions for the second order in ρ corrections to O(v^{−2}_0 ), evaluated on the branes.

H^2_2 (y = 1) =

8π^2G^2(Ω^{−2ϵ} − Ω^4) 3k^2κ^2v^2_0 ϵ^2(2 + ϵ)(1 − Ω^2)Ω^2 [ 9Ω^6(1 − 3ω)(1 + ω)ρ^2

+(1 − 3ω_∗)(4(4 + 3ω_∗) − Ω^2(7 + 3ω_∗))ρ^2_∗ +2Ω^2 { Ω^2((1 − 3ω)(1 − 3ω_∗) + 6(1 + ω_∗)(1 − 3ω_∗) − 2(1 − 3ω_∗) − 4(1 − 3ω)) +2(1 − 3ω) + 6(1 + ω)(1 − 3ω)} ρρ_∗] (B.1)

H^2_2 (y = 0) =

8π^2G^2(Ω^{−2ϵ} − Ω^4) 3k^2κ^2v^2_0 ϵ^2(2 + ϵ)(1 − Ω^2) [ 9(1 − 3ω_∗)(1 + ω_∗)ρ^2_∗

+Ω^4(1 − 3ω)(4Ω^2(4 + 3ω) − (7 + 3ω))ρ^2 +2Ω^2 {(1 − 3ω)(1 − 3ω_∗) + 6(1 + ω)(1 − 3ω) − 2(1 − 3ω) − 4(1 − 3ω_∗) +Ω^2(2(1 − 3ω_∗) + 6(1 + ω_∗)(1 − 3ω_∗)) } ρρ_∗ ] (B.2)

Ḣ_2(y = 1) = −8π^2G^2(Ω^{−2ϵ} − Ω^4) k^2κ^2v^2_0 ϵ^2(2 + ϵ)(1 − Ω^2)Ω^2 [ 9Ω^6(1 − 3ω)(1 + ω)^2ρ^2

+(1 − 3ω_∗)(1 + ω_∗)(4(1 − Ω^2) + 9(1 + ω_∗))ρ^2_∗ +Ω^2 { (1 − 3ω)(2(1 + ω_∗) + 6(1 + ω)^2 + 2(1 + ω) + 3(1 + ω)(1 + ω_∗) +Ω^2(−2(1 + ω)(1 − 3ω_∗) + 2(1 + ω_∗)(1 − 3ω_∗) + 3(1 + ω_∗)(1 − 3ω_∗)(1 + ω) −4(1 − 3ω)(1 + ω_∗) + 6(1 + ω_∗)^2(1 − 3ω_∗)) } ρρ_∗ ] (B.3)

Ḣ_2(y = 0) = −8π^2G^2(Ω^{−2ϵ} − Ω^4) k^2κ^2v^2_0 ϵ^2(2 + ϵ)(1 − Ω^2) [ 9(1 − 3ω_∗)(1 + ω_∗)^2ρ^2_∗

−Ω^4(1 − 3ω)(1 + ω)(4(1 − Ω^2) + 9Ω^2(1 + ω))ρ^2 +Ω^2 { (1 − 3ω_∗)Ω^2(2(1 + ω_∗) + 6(1 + ω_∗)^2 + 2(1 + ω) + 3(1 + ω)(1 + ω_∗) −2(1 + ω_∗)(1 − 3ω) + 2(1 + ω)(1 − 3ω) + 3(1 + ω)(1 − 3ω)(1 + ω_∗) −4(1 − 3ω_∗)(1 + ω) + 6(1 + ω)^2(1 − 3ω) } ρρ_∗ ] (B.4)

C. Absence of a scalar field and infinite extra dimension

In order to trust the perturbative approach which was used to derive the results presented in this paper, we must convince ourselves that the same approach allows us to reproduce the well known results of RS-I and RS-II cosmology in the absence of a scalar field. In this section, we will show that this is indeed the case.

In the absence of a stabilization mechanism, the configuration with two parallel branes lying at fixed positions along the extra dimension is generally unstable. In order to look for static solutions, we must impose b = constant from the start, which means that any derivatives of b are absent from the Einstein equations (2.6).

Working to zeroth order in ρ, it is straightforward to show that:

V_0 = −V_1 = 6k κ^2 A_0 = kb_0y, (C.1)

– 19 – so that we recover the expected fine-tuning between the branes’ tensions.

The (00) and (00-ii) combinations of the Einstein equations, linearized in ρ, can be solved in the same manner as in [15]. However, the absence of a scalar field means that the (55) equation no longer allows one to solve for^{δb1}_{b0} . Rather, plugging the solutions for

Ψ_1,Υ_1, (_{ȧ0} a_0

)_2 1 and (_{ä0} a_0 ) 1 into the (55) equation leads to the following constraint:

Ω^4(ρ − 3p) + Ω^2(ρ_∗ − 3p_∗) = 0. (C.2)

The only way to satisfy this constraint without running into inconsistencies at higher order in ρ is to set ρ = −Ω^{−2}ρ_∗; ω_∗ = ω = −1, (C.3)

where the second equation is found by demanding that^d_{dt} (_ρ ρ_∗ ) be constant in time, as dictated by the first equation.

In short, setting Φ and δb to zero has made our system of equations over-determined: the (00), (00-ii) and (55) Einstein equations constitute a system of three equation for two unknowns. The way out of this problem consists of turning one of our parameters (ρ and ρ_∗) into a variable to be expanded in powers of the other. We will therefore choose to write ρ = ρ_1 + ρ_2 + . . ., where the subscripts indicate the order in powers of ρ_∗, and ρ_1 is given by (C.3).

We can then repeat the same steps (solving the first two Einstein equations and plugging the results in the (55) equation) for the equations at second order in ρ_∗ to find:

ρ_2 =

−κ^2(1 − Ω^2) 12kΩ^4 ρ^2_∗. (C.4)

These results for the relation between ρ and ρ_∗ agree with the exact results presented in [27], when the latter are expanded as a powers series in ρ_∗.

Imposing these constraints we find the Hubble rate on the Planck brane to be

H^2|_{y=0} = 8πG 3 (1 − Ω^2)ρ_∗ [ 1 + κ^2 12k ρ_∗ ] + O(ρ^3_∗) (C.5)

with 8πG given by (3.17). Using (C.1) and the fact that Ω → 0 as b_0 → ∞, we see that we do indeed recover the expected RS-II behaviour (1.1) when the second brane is taken to infinity. We emphasize however that this is only true insofar as ρ_1 and ρ_2 are written as in (C.3) and (C.4). If we had instead decided to take the TeV brane out of the picture by setting ρ = 0 at the start, we would not have gotten this result. Specifically, there would be a missing factor of 1/2 in the second order correction, and more importantly, the constraint equations (C.3, C.4) would demand that ρ_∗ = 0.

Suppose now that we start out with a single brane with an extra dimension of infinite size. The difference between this approach and the one described above lies in the fact that setting ρ = 0 also sets the boundary conditions for Ψ and Υ at y = 1 to be Ψ(y = 1) = Υ(y = 1) = 0. Here however, since the second brane is explicitly absent from the setup, we only have one set of boundary conditions on Ψ and Υ, i.e. these two variables are only fixed on the single brane, located at y = 0.

– 20 –

We start by redefining the extra dimension’s coordinate y as

ŷ = b_0y, (C.6)

so that ŷ goes from 0 to b_0 as y goes from 0 to 1 (and b_0 can be chosen to be infinite). We also choose a gauge where the fluctuations in b vanish. To order ρ^0, the equations tell us that

A_0 = kŷ

V_0 = 6k κ^2

(C.7)

The order ρ^1 Einstein equations will again look like those of [15]. Even though we only have one set of boundary conditions for Ψ_1 and Υ_1, we can still solve the first two Einstein equations, leaving Ψ_1(ŷ = b_0) and Υ_1(ŷ = b_0) unspecified. If we then plug the results in the (55) equation, we find the following constraint:

(4Ψ_1 + Υ_1) |_{ŷ=b0} = Ω^{−2} (4Ψ_1 + Υ_1) |_{ŷ=0} (C.8)

Taking this into account, we can write the Friedmann equations as:

H^2_1 = 2k (1 − Ω^2) ( κ^2 6 ρ_∗ − Ω^4Ψ_1|_{ŷ=b0} ) (C.9)

Ḣ_1 = k 6(1 − Ω^2) ( κ^2(−Ω^2 + 3Ω^2ω_∗ − 3 − 3ω_∗)ρ_∗ + 24Ω^4Ψ_1|_{ŷ=b0} ) (C.10)

It would appear that we have complete freedom in choosing a value for Ψ_1(ŷ = b_0), but there are a couple of points to consider.

Firstly, we expect our results to reproduce the standard Friedmann equations at O(ρ^1_∗). One can easily see that with the following choice:

Ψ_1(ŷ = b_0) = κ^2 6 ρ_∗ (C.11)

this requirement is satisfied. Similarly, recovering the correct O(ρ^2_∗) term would require setting Ψ_2 to the appropriate value at ŷ = b_0.

Secondly, we know from [27] that if the tension on the brane is larger than the static solution’s value, there will be a horizon in the bulk at the (finite) value of ŷ for which a(ŷ) = 0. Given the form we have chosen for a, it is not immediately obvious how we can reproduce this behaviour. However, if we expand e^{−δA1} as 1 − δA_1, then in the limit where we neglect any higher order in ρ contributions, a will vanish when δA_1 = 1. (Notice that this is also the point at which our perturbative approach breaks down completely). Choosing Ψ_1(ŷ = b_0) in the manner mentioned above, and recalling that

δA_1(ŷ) = ∫_ŷ 0 Ψ_1(ŷ) dŷ (C.12)

we find that δA_1(ŷ) = 1 at the position

ŷ_{a=0} = 1 2k ln ( 1 + 12k κ^2ρ_∗ ) (C.13)

– 21 – which corresponds precisely to what we would find using the exact solutions of [27].

One more subtlety remains. If we solve for δN_1, we can see that there will be a point in the bulk where n vanishes. (In the same manner as a vanishes, i.e., where δN_1(ŷ) = 1). In general, this point and the one where a vanishes do not coincide. Indeed, it can be shown that δN_1 = 1 at the position

ŷ_{n=0} = 1 2k ln ( 1 + 12k κ^2ρ_∗

+ 3(1 + ω_∗)(e^{2k} − 1) ) . (C.14)

Intuitively, one might expect that a = 0 corresponds to a geometrical singularity while n = 0 corresponds to a horizon. We would then demand that ŷ_{n=0} ≤ ŷ_{a=0} in order to avoid the appearance of a naked singularity in the bulk. One can readily see that this would impose ω_∗ ≤ −1. However, as we stated in the main text, examining the behaviour of the Riemann tensor at these special values of ŷ shows no evidence of curvature singularities in the bulk.

To summarize, we have shown in this section that our perturbative approach allows us to: a) reproduce the expected RS-II result as a limit of unstabilized RS-I, as long as ρ is treated as a dependent rather than a free parameter;

b) reproduce the expected RS-II results starting from a single brane setup, as long as we fix the values of Ψ and Υ at ŷ = b_0 appropriately;

c) calculate the points in the bulk at which a and n vanish and find a result which matches the exact one.

References

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429, 263 (1998) [hep-ph/9803315].

I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 436, 257 (1998) [hep-ph/9804398].

N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Rev. D 59, 086004 (1999) [hep-ph/9807344].

[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [hep-ph/9905221].

[3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [hep-th/9906064].

[4] N. Kaloper and A. D. Linde, Phys. Rev. D 59, 101303 (1999) [hep-th/9811141];

N. Arkani-Hamed, S. Dimopoulos, N. Kaloper and J. March-Russell, Nucl. Phys. B 567, 189 (2000) [hep-ph/9903224]. J. M. Cline, Phys. Rev. D 61, 023513 (2000) [hep-ph/9904495]; T. Nihei, Phys. Lett. B 465, 81 (1999) [hep-ph/9905487];

Y. Himemoto and M. Sasaki, Phys. Rev. D 63, 044015 (2001) [arXiv:gr-qc/0010035]. A. Lukas and D. Skinner, hep-th/0106190.

[5] R. Maartens, D. Wands, B. A. Bassett and I. Heard, Phys. Rev. D 62, 041301 (2000) [arXiv:hep-ph/9912464].

[6] E. J. Copeland, A. R. Liddle and J. E. Lidsey, Phys. Rev. D 64, 023509 (2001) [astro-ph/0006421].

– 22 –

[7] P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B 565, 269 (2000) [hep-th/9905012]. [8] C. Csaki, M. Graesser, C. Kolda and J. Terning, Phys. Lett. B 462, 34 (1999) [hep-ph/9906513].

[9] J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83, 4245 (1999) [hep-ph/9906523]. [10] P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, Phys. Lett. B 468, 31 (1999) [arXiv:hep-ph/9909481].

[11] C. Csaki, M. Graesser, L. Randall and J. Terning, Phys. Rev. D 62, 045015 (2000) [hep-ph/9911406].

[12] P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, Phys. Rev. D 61, 106004 (2000) [arXiv:hep-ph/9912266].

[13] T. Tanaka and X. Montes, Nucl. Phys. B 582, 259 (2000) [hep-th/0001092]. [14] C. Csaki, M. L. Graesser and G. D. Kribs, Phys. Rev. D 63, 065002 (2001) [hep-th/0008151]. [15] J. M. Cline and H. Firouzjahi, Phys. Lett. B 495, 271 (2000) [hep-th/0008185]. [16] J. M. Cline and H. Firouzjahi, Phys. Rev. D 64, 023505 (2001) [hep-ph/0005235]. [17] S. S. Gubser, Phys. Rev. D 63, 084017 (2001) [hep-th/9912001].

[18] N. Arkani-Hamed, M. Porrati and L. J. Randall, JHEP 0108, 017 (2001) [hep-th/0012148]. [19] A. Hebecker and J. March-Russell, Nucl. Phys. B 608, 375 (2001) [hep-ph/0103214]. [20] P. Creminelli, A. Nicolis and R. Rattazzi, hep-th/0107141. [21] P. Kanti, K. A. Olive and M. Pospelov, Phys. Lett. B 481, 386 (2000)

[arXiv:hep-ph/0002229]. C. Grojean, F. Quevedo, G. Tasinato and I. Zavala C., JHEP 0108, 005 (2001) [arXiv:hep-th/0106120]. D. Langlois and M. Rodriguez-Martinez, Phys. Rev. D 64, 123507 (2001) [arXiv:hep-th/0106245]. E. E. Flanagan, S. H. Tye and I. Wasserman, Phys. Lett. B 522, 155 (2001) [arXiv:hep-th/0110070]. P. Brax, C. van de Bruck and A. C. Davis, JHEP 0110, 026 (2001) [arXiv:hep-th/0108215]. R.N. Mohapatra, A. Perez-Lorenzana, C.A. de Sousa Pires, UMD-PP-00-062, Mar 2000. 6pp. Published in Phys. Rev. D 62, 105030 (2000). S. C. Davis, arXiv:hep-th/0106271. arXiv:hep-ph/0111351. Y. Himemoto, T. Tanaka and M. Sasaki, arXiv:gr-qc/0112027. H. Kudoh and T. Tanaka, arXiv:hep-th/0112013. S. Mukohyama and L. Kofman, arXiv:hep-th/0112115. G. Felder,A. Frolov,L. Kofman arXiv:hep-th/0112165. V. Bozza, M. Gasperini and G. Veneziano, arXiv:hep-th/0111268.

[22] W. D. Goldberger and M. B. Wise, Phys. Rev. Lett. 83, 4922 (1999) [hep-ph/9907447]. [23] O. DeWolfe, D. Z. Freedman, S. S. Gubser and A. Karch, Phys. Rev. D 62, 046008 (2000) [hep-th/9909134].

[24] W. D. Goldberger and M. B. Wise, Phys. Lett. B 475, 275 (2000) [hep-ph/9911457]. [25] P. Breitenlohner and D. Z. Freedman, Phys. Lett. B 115, 197 (1982). [26] G. Servant, arXiv:hep-ph/0112209.

[27] N. Kaloper, Phys. Rev. D 60, 123506 (1999) [arXiv:hep-th/9905210]. [28] P. Binetruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B 477, 285 (2000) [arXiv:hep-th/9910219].

– 23 –

[29] S. Mukohyama, T. Shiromizu and K. i. Maeda, Phys. Rev. D 62, 024028 (2000) [Erratum-ibid. D 63, 029901 (2000)] [arXiv:hep-th/9912287].

[30] P. Kraus, JHEP 9912, 011 (1999) [arXiv:hep-th/9910149]. [31] D. Ida, JHEP 0009, 014 (2000) [arXiv:gr-qc/9912002]. [32] S. Mukohyama, Phys. Lett. B 473, 241 (2000) [arXiv:hep-th/9911165]. [33] P. Bowcock, C. Charmousis and R. Gregory, Class. Quant. Grav. 17, 4745 (2000) [arXiv:hep-th/0007177].

– 24 –