arXiv:hep-th/0201171 v4 4 Sep 2002

CHIBA-EP-133

Poisson Brackets, Strings and Membranes

Ken-Ichi Tezuka^1

Graduate School of Science and Technology Chiba University, Japan

Abstract

We construct Poisson brackets at boundaries of open strings and membranes with constant background fields which are compatible with their boundary conditions. The boundary conditions are treated as primary constraints which give infinitely many secondary constraints. We show explicitly that we need only two (the primary one and one of the secondary ones) constraints to determine Poisson brackets of strings. We apply this to membranes by using canonical transformations.

1e-mail: tezuka@physics.s.chiba-u.ac.jp

1 Introduction

Recently non-commutative spacetime attracted much attention from both theoretical [1]- [4] and phenomenological [5] points of view. Especially in string theory, there are many studies of non-commutative descriptions of D-branes which are translated into a commutative description by the Seiberg-Witten map [1].

It was pointed out by Connes, Douglas and Schwarz [2] that M-theory with a constant background 3-form tensor field compactified on a torus can be identified with matrix theory compactified on a non-commutative torus. Similarly, string theory with a background NS B field is equivalent to string theory on a non-commutative space [3].

The non-commutativity comes from the fact that the canonical Poisson bracket does not coincide with a boundary condition [6]. Some authors have made efforts to obtain Poisson brackets which are compatible with boundary conditions of strings [7]-[12] and membranes [13, 14]. Let us call them a “boundary Poisson brackets”^2. For strings, boundary Poisson brackets can be obtained by using the Dirac formalism [7, 8, 10]. The quantization is defined by replacement of a Dirac bracket with a commutator; { , }_D → −i[ , ]. When a NS B-field is turned on, {X^μ, X^ν }_D has non-zero value at boundaries, and boundary coordinates become non-commutative at the quantum level.

In M theory, the fundamental object is called the “M2-brane” which is a 2-dimensionally extended object. This is coupled with a 3-form field. A boundary condition of the membrane is non-linear, and it is difficult to get all of secondary constraints. Thus we need some ideas to deal with the system. In [14], a partial gauge fixing condition with which a boundary constraint of a membrane gives a finite number of constraints is introduced. We would like to determine a boundary Poisson bracket in a completely gauge fixed action. In this paper, keeping this in mind, we construct a boundary Poisson bracket of an open string by avoiding using all of secondary constraints, and apply this to a membrane.

The present paper is organized as follows. In the next section, we show that it is possible to construct a boundary Poisson bracket of an open string from two constraints by demanding that the canonical Poisson bracket is changed only at boundaries of an open string. In the Sect.3, we put to use the previous procedure in a system of a membrane. The section 4 is devoted to a summary.

2 Strings and Constant 2-Form Fields

In general, the canonical Poisson bracket;

{X^μ(σ), X^ν (σ^′)}_p = 0, {X^μ(σ), P_ν (σ^′)}_p = δ^μ_ν δ(σ − σ^′), {P_μ(σ), P_ν (σ^′)}_p = 0 (2.1)

in field theory and string theory with boundaries does not coincide with their boundary conditions. In string theory, since open strings have endpoints, we have to impose their boundary conditions. Both Neumann and Dirichlet conditions change the canonical Poisson bracket at boundaries of open strings. In existence of a NS B-field, along a D-brane,

2After the first version of the present paper is finished, it is informed by Bering that the term “boundary Poisson bracket” has already been used in [15]. Their definition of the term is different from ours.

a boundary condition of an open string becomes a mixed type of Neumann and Dirichlet conditions. Also the mixed type boundary condition does not coincide with the canonical Poisson structure[6]. With respect to mixed type boundary conditions , it is non-trivial work to determine boundary Poisson brackets. The representative method to construct boundary Poisson brackets is Dirac formalism.

In the Dirac formalism, boundary conditions are dealt with as primary constraints. By the definition of a Dirac bracket, a boundary condition and a Dirac bracket are manifestly compatible with each other. In other words, a Dirac bracket between a boundary condition and canonical variables vanish, if the constraints are of second class. This system is one of the rare examples in which primary constraints produce infinitely many secondary constraints.

On this subject there are some papers [7, 8, 10]. In this system, we would like to see that we are able to determine a boundary Poisson bracket if we demand locality of the boundary Poisson bracket, i.e. the canonical Poisson bracket is changed only at the boundaries of an open string. In the following, we avoid using the Dirac formalism directly.

The gauge fixed action of a bosonic open string with a constant NS B field background is given by S = − T_s 2 ∫ d^2ξ[∂_αX^μ∂^αX_μ − B_{μν} ϵ^{αβ}∂_αX^μ∂_βX^ν ] (2.2)

where T_s is the string tension. The canonical momentum is P^μ = T_s(∂_τ X^μ + B^{μν} ∂_σX_ν ) and the action is non-singular. By the variational principle, the equation of motion is

∂_α∂^αX^μ = 0 (2.3)

and along the D-brane the boundary condition in terms of the canonical momentum is ∫_π 0 dσδ(σ)( 1 T_s B^{μν} P_ν (σ) + M^{μν} ∂_σX_ν (σ)) = 0. (2.4)

with M = η − B^2 (η^{μν} is the target space flat metric tensor) and similarly with δ(σ − π). The canonical Hamiltonian is H = T_s 2 [( 1 T_s P_μ − B_{μν} ∂_σ X^ν )^2 + ∂_σ X^μ∂_σX_μ]. (2.5)

In this paper we will mainly consider the boundary condition only at σ = 0 since the discussion of the condition at σ = 0 is parallel with that at σ = π. Boundary Poisson brackets must be compatible with the constraint. We denote the boundary Poisson bracket as { , }_b which is defined by the condition that the boundary Poisson bracket of the boundary condition with an arbitrary canonical variable vanishes; {f(X, P ), ∫_π 0 dσ^′δ(σ^′)( 1 T_s B^{νρ}P_ρ(σ^′) + M^{νρ}∂_σ′ X_ρ(σ^′))}_b = 0 (2.6)

where f(X, P ) is an arbitrary function on the phase space. From this condition only, we cannot determine the boundary Poisson bracket uniquely since there are only 2 independent equations for 3 unknowns [6]. In order to determine this uniquely, it was considered we must use the secondary constraints [7, 8]. The boundary constraint (2.4) gives infinitely many secondary constraints [8] which are ∫_π 0 dσδ(σ)∂^{2n}_σ ( 1 T_s B^{μν} P_ν (σ) + M^{μν} ∂_σ X_ν (σ)) = 0 (n = 1, 2, · · ·) (2.7) ∫_π 0 dσδ(σ)∂^{2n+1}_σ P^μ(σ) = 0 (n = 0, 1, · · ·). (2.8)

They originate from the condition of stationarity of the boundary constraint (2.4). From these we choose, for example, the n = 0 case of (2.8). We have another explanation for necessity of the condition for the case with B_{μν} ≠ 0. We need the condition in order for the equation of motion (2.3) to be equivalent to Hamilton’s equations;

∂_τ X^μ(σ) = 1 T_s P^μ(σ) − B^{μν} ∂_σ X_ν (σ) (2.9)

∂_τ P^μ(σ) = B^{μν} ∂_σP_ν + T_sM^{μν} ∂^2_σX_ν . (2.10)

At the boundaries, the equation (2.9) can also be rewritten as

∂_τ X^μ(σ)|_{σ=0,π} = 1 T_s (M^{−1})^{μν} P_ν (σ) | | |_{σ=0,π} (2.11)

By virtue of the condition (2.8) with n = 0, the equation of motion (2.3) is equivalent to the equations (2.11) and (2.10).

Here we have a question. Do we need the all of the secondary constraints to construct the boundary Poisson bracket? In [9] only the equation of motion (2.3) and the boundary condition (2.4) are used. We would like to consider this in the following.

Let us add the condition {f(X, P ), ∫_π 0 dσ^′δ(σ^′)∂_σ′ P^ν (σ^′)}_b = 0 (2.12)

to the previous one (2.6). Since we have 4 equations for 3 unknowns, in spite of existence of the infinitely many constraints, we have a possibility to be able to determine the boundary Poisson bracket, if we demand their locality. We assume that the bracket is anti-symmetric and bilinear, and satisfies the derivation rule which are fundamental properties of the canonical Poisson bracket.

By solving (2.6), (2.12) with f = X, P we have

{X^μ(σ), X^ν (σ^′)}_b = 1 T_s Q(σ, σ^′)(M^{−1}B)^{μν} (2.13)

{X^μ(σ), P_ν (σ^′)}_b = δ^μ_ν δ̂(σ, σ^′) (2.14) {P_μ(σ), P_ν (σ^′)}_b = 0 (2.15)

where ∂_σδ̂(σ, σ^′) | | |_{σ=0,π} = 0, ∂_σQ(σ, σ^′) = δ̂(σ, σ^′). (2.16)

Since δ̂(σ, σ^′) have to be equivalent to the ordinary delta function δ(σ − σ^′) at bulk, we use the ansatz;

δ̂(σ, σ^′) = δ(σ − σ^′) + a_1δ(σ + σ^′) + a_2δ(σ + σ^′ − 2π) (2.17)

where a_1 and a_2 are constants to be determined. In the neighborhood of σ = 0,

δ̂(σ, σ^′) = δ(σ − σ^′) + a_1δ(σ + σ^′). (2.18)

Although the delta function is not a periodic function, we calculate the Fourier expansion as if this has periodicity 2π. The Fourier expansion of the delta functions are δ(σ − σ^′) = 1 π [1 + 2 ∞∑ n=1 (cos nσ cos nσ^′ + sin nσ sin nσ^′)] (2.19)

δ(σ + σ^′) = 1 π [1 + 2 ∞∑ n=1 (cos nσ cos nσ^′ − sin nσ sin nσ^′)] (2.20)

In order to satisfy the left equation of (2.16), a_1 = 1. Similarly we have a_2 = 1. Then we have

δ̂(σ, σ^′) = δ(σ − σ^′) + δ(σ + σ^′) + δ(σ + σ^′ − 2π). (2.21)

From this and (2.16) we obtain

Q(0, 0) = −Q(π, π) = −2 (2.22)

where we have assumed Q(0, π) and Q(π, 0) are zero.

It is easy to find that the boundary Poisson bracket and other constraints (2.7) and (2.8) are consistent. The procedure will be applicable for other systems with boundary conditions which are linear in canonical variables.

3 Membranes and Constant 3-Form Fields

As a next step we consider a boundary Poisson bracket of an open membrane. Since membranes are 2-dimensionally extended objects, they are coupled with 3-form fields. Our aim in the present section is to construct a boundary Poisson bracket for an open membrane with a constant 3-form C-field background. Due to the 3-form field, a boundary term appears in the action of an open membrane, which is third order in its membrane’s coordinates. So its boundary condition becomes non-linear and becomes a mixed type condition. By the non-linearity, a conventional Dirac procedure is not easy task[13, 14]. It is hard to construct all of secondary constraints. We follow the previous procedure also in the present case. In addition to this, we use canonical transformations in order to make calculations possible.

We consider a membrane whose topology is cylindrical. The worldvolume coordinates of the membrane are parameterized by τ , σ_1 ∈ [0, π] and σ_2 ∈ [0, 2π]. Along the σ_2 direction the membrane is periodic.

We use the Polyakov action [16]; S = − T_m 2 ∫ d^3ξ[ √ − det γ_{αβ} (γ^{αβ}∂_αX^μ∂_β X_μ − 1) + 2 3! ϵ^{αβγ}C_{μνρ}∂_αX^μ∂_βX^ν ∂_γ X^ρ]. (3.1)

where d^3ξ ≡ dτ dσ_1dσ_2, T_m is the membrane tension and γ_{αβ} is the metric tensor on the membrane. C_{μνρ} is a constant background field. This action has the worldvolume reparametrization invariance. Then we need to perform a gauge fixing procedure. Let us adopt the gauge condition; γ_{0a} = 0 γ_{00} = − det h_{ab} with a, b = 1, 2. Here h_{ab} is the induced metric on the membrane. The gauge fixed action is S = T_m 2 ∫ d^3ξ[∂_τ X^μ∂_τ X_μ − 1 2 {X^μ, X^ν }{X_μ, X_ν } − 2 3! ϵ^{αβγ}C_{μνρ}∂_αX^μ∂_βX^ν ∂_γ X^ρ] (3.2) where {f, g} = ϵ^{ab}∂_af∂_bg. The canonical Poisson bracket for the cylindrical membrane is changed by a boundary condition, and also by the fact that the membrane is periodic along the σ_2 direction. Before studying the boundary condition at σ_1 = 0, π, we see the modification of the canonical Poisson bracket due to the periodicity along the σ_2 direction.

The left hand side of the canonical Poisson bracket;

{X^μ(ξ), P_ν (ξ^′)}_p = δ^μ_ν δ(ξ − ξ^′) (3.3)

has periodicity 2π along the σ_2 and σ^′_2. However, the right hand side does not have such periodicity. So the delta function δ(σ_2 − σ^′_2) have to be replaced by a periodic one δ̃(σ_2 − σ′_2) which satisfies

δ̃(σ_2 − σ^′_2) = δ̃(σ_2 − σ^′_2 + 2πm) (m ∈ Z). (3.4)

Note that the canonical Poisson bracket for the cylindrical membrane is not changed only at the boundaries of the membrane but also at the bulk of it.

Next we would like to see a change of the canonical Poisson bracket by a boundary condition. For the action (3.2), the canonical Hamiltonian is H = T_m 2 ( 1 T_m Π_μ + 1 2 C_{μνρ}{X^ν , X^ρ})^2 + T_m 4 {X^μ, X^ν }^2. (3.5)

Notice that the Hamilton theory (3.5) is canonically equivalent to that with C_{μνρ} = 0. They are related by the transformation

Π̃_μ = Π_μ + 1 2 C_{μνρ}{X^ν , X^ρ}, X̃^μ = X^μ. (3.6)

We will start from the system (X̃, Π̃) with C_{μνρ} = 0.

With respect to the membrane, we adopt the boundary condition ∂_{σ1}X̃^μ|_{σ1=0,π} = 0. The secondary constraint is ∂_{σ1}Π̃^μ|_{σ1 =0,π} = 0. Furthermore the phase space (X, Π) can be transformed by X^μ = Π̂^μ and Π^μ = −X̂^μ which are canonical ones. In terms of the canonical variables (X̂, Π̂), the conditions are replaced by

∂_1Π̂^μ | | |_{σ1=0,π} = 0 (3.7)

∂_1X̂_μ − C_{μνρ}∂^2_1Π̂^ν ∂_2Π̂^ρ | | |_{σ1=0,π} = 0. (3.8)

In order to determine a boundary Poisson bracket of the membrane, we follow the method used in the previous section with the conditions (3.7) (3.8). The result is

{Π̂_μ(ξ), Π̂_ν (ξ^′)}_b = 0 (3.9) {X̂^μ(ξ), Π̂_ν (ξ^′)}_b = δ^μ_ν δ̂(ξ − ξ^′) (3.10) {∂_1X̂_μ(ξ), X̂_ν (ξ^′)}_b = −T_mC_{μνρ}[∂^2_1δ̂(ξ − ξ^′)∂_2Π̂^ρ(ξ) − ∂^2_1Π̂^ρ∂_2δ̂(ξ − ξ^′)] (3.11)

with δ̂(ξ − ξ^′) := δ̂(σ_1, σ^′_1)δ̃(σ_2 − σ^′_2). The last one is valid only at σ_1 = 0, π. We have obtained the boundary Poisson bracket of the membrane without using any approximations. When the C-field has non-zero value, the boundaries of the membrane becomes non-commutative.

4 Summary

In this paper, we have explicitly shown that though there exists infinitely many secondary constraints, the boundary Poisson bracket of a bosonic open string can be determined only from two constraints by demanding its locality. The brackets (2.13)-(2.15) coincide with all other secondary constraints (2.7) and (2.8). In other words, the boundary Poisson bracket between canonical variables and the secondary constraints vanish.

Secondly we have applied the procedure to the system of a membrane with a constant 3-form field background by using the canonical transformations. The non-commutativity depends on the canonical momentum, and it is first order in C_{μνρ}.

The author would like to thank Prof. Tadahiko Kimura for helpful discussion and careful reading of manuscript.

References

[1] N. Seiberg and E. Witten, JHEP 9909 (1999) 032, hep-th/9908142, and references therein.

[2] A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802 (1998) 003, hep-th/9711162.

[3] M. R. Douglas and C. Hull, JHEP 9802 (1998) 008, hep-th/9711165.

[4] N. Ishibashi, hep-th/9909176, T.Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112, hep-th/9610043, H. Aoki, N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, hep-th/9908141, Nucl. Phys. B565 (2000) 176, M. Li, Nucl. Phys. B449 (1997) 149, hep-th/9612222, B. Ydri, Phys. Rev. D63 025004 (2001).

[5] T. Tamaki, T. Harada, U. Miyamoto and T. Torii, Phys. Rev. D 65, 083003 (2002), gr-qc/0111056, S. M. Carroll, J. A. Harvey, V. A. Kostelecky, C. D. Lane and T. Okamoto, Phys.Rev.Lett. 87 (2001) 141601, hep-th/0105082.

[6] F.Ardalan, H.Arfaei and M.M.Sheikh-Jabbari, hep-th/9803067.

[7] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, Nucl. Phys. B576 (2000) 578, hepth/9906161.

[8] C.-S. Chu and P.-M. Ho, Nucl. Phys. B568 (2000) 447, hep-th/9906192. [9] C.-S. Chu and P.-M. Ho, Nucl. Phys. B550 (1999) 151, hep-th/9812219. [10] W. T. Kim and J. J. Oh, Mod. Phys. Lett. A15 (2000) 1597, hep-th/9911085. [11] M. A. De Andrade, M. A. Santos and I. V. Vancea, JHEP 0106, 026 (2001), hepth/0104154, M. Zabzine, JHEP 0010, 042 (2000), hep-th/0005142.

[12] C.-S. Chu and F. Zamora, JHEP 0002 (2000) 022, hep-th/9912153. [13] S. Kawamoto and N. Sasakura, JHEP 0007 (2000) 014, hep-th/0005123, E.

Bergshoeff, D. S. Berman, J. P. van der Schaar and P. Sundell, Nucl. Phys. B590 (2000) 173, hep-th/0005026.

[14] A. Das, J. Maharana and A. Melikyan, JHEP 0104 (2001) 016, hep-th/0103229. [15] V. O. Solovev, Theor. Math. Phys. 112, 906 (1997), Teor. Mat. Fiz. 112N1, 142 (1997), gr-qc/9809058, K. Bering, Phys. Lett. B 486, 426 (2000), hep-th/9912017.

[16] For a review of the theory of membrane, see; W. Taylor, Rev.Mod.Phys. 73 (2001) 419, hep-th/0102126.