arXiv:hep-th/0202022 v2 22 Nov 2002

COMPOSITE FLUXBRANES WITH GENERAL INTERSECTIONS

V.D. Ivashchuk^1, Center for Gravitation and Fundamental Metrology, VNIIMS, 3/1 M. Ulyanovoy Str., Moscow 119313, Russia Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia, 6 Miklukho-Maklaya Str., Moscow 117198, Russia

Abstract

Generalized composite fluxbrane solutions for a wide class of intersection rules are obtained. The solutions are defined on a manifold which contains a product of n Ricci-flat spaces M_1 × . . . × M_n with 1-dimensional M_1 . They are defined up to a set of functions H_s obeying non-linear differential equations equivalent to Toda-type equations with certain boundary conditions imposed. A conjecture on polynomial structure of governing functions H_s for intersections related to semisimple Lie algebras is suggested. This conjecture is valid for Lie algebras: A_m , C_{m+1} , m ≥ 1 . For simple Lie algebras the powers of polynomials coincide with the components of the dual Weyl vector in the basis of simple roots. Explicit formulas for A_1 ⊕ . . . ⊕ A_1 (orthogonal), ”block-ortogonal” and A_2 solutions are obtained. Certain examples of solutions in D = 11 and D = 10 ( IIA ) supergravities (e.g. with A_2 intersection rules) and Kaluza-Klein dyonic A_2 flux tube, are considered.

*PACS numbers: 0420J, 0450, 0470

1ivas@rgs.phys.msu.su

1 Introduction

Recently a lot of papers were devoted to multidimensional generalizations of the wellknown Melvin solution [1] (for exact solutions and their applications see [3]-[32] and references therein). We remind that the original Melvin solution describes the gravitational field of a magnetic flux tube. In the works of Gibbons and Wiltshire [2] and Gibbons and Maeda [3] the Melvin solution was generalized to arbitrary dimensions (in [3] with the inclusion of dilaton), and hence the simplest fluxbranes appeared.^2. (A term fluxbrane was suggested in [7]. The Melvin solution is currently denoted as F 1 .) In papers [4, 5, 6, 7], devoted to Kaluza-Klein Melvin solution (e.g. non-perturbative instability and pair production of magnetically charged black holes) it was shown that F 1 -fluxbrane supported by potential 1 -form has a nice interpretation as a modding of flat space in one dimension higher. This ”modding” technique is widely used in construction of new solutions in supergravitational models and also for various physical applications in string and M -theory: construction of exact string backgrounds [24, 28], duality between 0A and IIA string theories [10], dielectric effect [14, 15, 17], construction of supersymmetric configurations [18, 27] etc

The ”modding” technique may be also used for F p -fluxbranes supported by forms of higher ranks (constructed by use of 1 -forms). Another approach suggested in [8, 9], which works for F p -fluxbranes, is based on generating techniques for certain duality groups. An important result here is a construction by Chen, Gal’tsov and Sharakin [9] of intersecting F 6 and F 3 fluxbranes corresponding to M -branes in D = 11 supergravity.

The third and the most direct method is based on solving of Einstein equations [11, 12, 13]. This article is devoted to further developing of this approach using the p -brane solutions from [43] (for a review of p -brane solutions see [33, 34]). We remind, that in [43] a family of p -brane ”cosmological-type” solutions with nearly arbitrary (up to some restrictions) intersection rules were obtained (see Sect. 2). These solutions are defined up to solutions to Toda-type equations and contain as a special case a subclass of solutions with cylindrical symmetry. Here we single out a subclass of generalized fluxbrane configurations related to Toda-type equations with certain asymptotical conditions imposed (Sect. 3). These fluxbrane solutions are governed by functions H_s(z) > 0 defined on the interval (0, z_0) and obeying a set of second order non-linear differential equations d dz ( z H_s d dz H_s ) = B̂_s ∏ s^′ ∈S H^{−Ass′}_s′ , (1.1) with the following boundary conditions imposed:

(i) H_s(+0) = 1, (1.2)

s ∈ S , ( S is non-empty set). In (1.1) all B̂_s ≠ 0 are constants and (A_{ss}′ ) is a ”quasi- Cartan” matrix ( A_{ss} = 2 ) coinciding with the Cartan one when intersections are related to Lie algebras. In most interesting examples z_0 = +∞ and all B̂_s > 0 .

2The reference [2] is added in the new version

We remind that a slightly different equations occur for black brane solutions from [36, 37, 38] d dz ( (1 − 2μz) H_s d dz H_s ) = B̄_s ∏ s^′∈S H^{−Ass′}_s′ , (1.3) where μ > 0 is extremality parameter, z ∈ (0, (2μ)^{−1}) and all B̄_s ≠ 0 , (in most interesting cases B̄_s < 0 ). For black brane solutions the finite limits (on a horizon) H_s((2μ)^{−1} − 0) = H_{s0} > 0 exist. We note that fluxbrane ”master equations” (1.1) may be obtained from the black brane ones (1.3) in the limit μ → ∞ . For different aspects of p-brane/fluxbrane correspondence see [16, 32].

In Sect. 4 we suggest a hypothesis: the solutions to eqs. (1.1), (1.2) are polynomials when intersection rules correspond to semisimple Lie algebras. This hypothesis (Conjecture ) may be proved for Lie algebras A_m , C_{m+1} , m = 1, 2, . . . , along a line as it was done in [37, 38] for black brane solutions. It is also confirmed by special ”blockorthogonal” fluxbrane solutions and explicit formulas for the solutions corresponding to Lie algebras A_1 ⊕ . . . ⊕ A_1 and A_2 . In Sect. 5 certain examples of solutions in D = 11 supergravity, i.e. F 6 and F 3 fluxbranes, F 6 ∩ F 3 solutions with A_1 ⊕ A_1 and A_2 intersection rules, F 7, (NS)F 6, F 5 and (dual) F 1, (NS)F 2, F 3 fluxbranes in D = 10 IIA supergravity and Kaluza-Klein dyonic A_2 -flux tube, are considered.

2 p-brane cosmological-type solutions with general intersection rules

2.1 The model

We consider a model governed by the action [35] S = ∫ d^Dx √ |g| { R[g] − h_{αβ}g^{M N} ∂_M φ^α∂_N φ^β − ∑ a∈△ θ_a n_a!

exp[2λ_a(φ)](F^a)^2 } (2.1)

where g = g_{M N} (x)dx^M ⊗ dx^N is a metric, φ = (φ^α) ∈ R^l is a vector of scalar fields, (h_{αβ}) is a constant symmetric non-degenerate l × l matrix (l ∈ N) , θ_a = ±1 ,

F^a = dA^a = 1 n_a! F^a_{M1...Mna} dz^{M1} ∧ . . . ∧ dz^{Mna} (2.2) is a n_a -form ( n_a ≥ 1 ), λ_a is a 1-form on R^l : λ_a(φ) = λ_{αa}φ^α , a ∈ △ , α = 1, . . . , l . In (2.1) we denote |g| = | det(g_{M N} )| , (F^a)^2_g = F^a_{M1...Mna} F^a_{N1...Nna} g^{M1 N1} . . . g^{Mna Nna} , (2.3) a ∈ △ . Here △ is some finite set.

2.2 ”Cosmological-type” solutions

Let us consider a family of solutions to field equations corresponding to the action (2.1) and depending upon one variable u [43]. These solutions are defined on the manifold M = (u_−, u_+) × M_1 × M_2 × . . . × M_n, (2.4) where (u_−, u_+) is an interval belonging to R . The solutions read [43] g = ( ∏ s∈S [f_s(u)]^{2d(Is)hs/(D−2)} ){ exp(2c^0u + 2c̄^0)wdu ⊗ du + (2.5) n∑ i=1 ( ∏ s∈S [f_s(u)]^{−2hsδiIs} ) exp(2c^iu + 2c̄^i)g^i } , exp(φ^α) = ( ∏ s∈S f^{hs χsλαas} s ) exp(c^αu + c̄^α), (2.6) F^a = ∑ s∈S δ^a_s F^s, (2.7)

α = 1, . . . , l . In (2.5) w = ±1 , g^i = g^i_{mi ni} (y_i)dy^{mi}_i ⊗ dy^{ni}_i is a Ricci-flat metric on M_i , i = 1, . . . , n , δ_{iI} = ∑ j∈I δ_{ij} (2.8) is the indicator of i belonging to I : δ_{iI} = 1 for i ∈ I and δ_{iI} = 0 otherwise.

The p -brane set S is by definition S = S_e ⊔ S_m, S_v = ⊔_{a∈△}{a} × {v} × Ω_{a,v}, (2.9) v = e, m and Ω_{a,e}, Ω_{a,m} ⊂ Ω , where Ω = Ω(n) is the set of all non-empty subsets of {1, . . . , n} . Here and in what follows ⊔ means the union of non-intersecting sets. Any p -brane index s ∈ S has the form s = (a_s, v_s, I_s), (2.10) where a_s ∈ △ is colour index, v_s = e, m is electro-magnetic index and the set I_s ∈ Ω_{as,vs} describes the location of p -brane worldvolume.

The sets S_e and S_m define electric and magnetic p -branes correspondingly. In (2.6) χ_s = +1, −1 (2.11) for s ∈ S_e, S_m respectively. In (2.7) forms

F^s = Q_s ∏ s^′ ∈S f^{−Ass′}_s′ du ∧ τ (I_s), (2.12) s ∈ S_e , correspond to electric p -branes and forms F^s = Q_sτ (Ī_s), (2.13) s ∈ S_m , correspond to magnetic p -branes; Q_s ≠ 0 , s ∈ S . In (2.13) and in what follows Ī ≡ I_0 \ I, I_0 = {1, . . . , n}. (2.14) All manifolds M_i are assumed to be oriented and connected and the volume d_i -forms τ_i ≡ √ |g^i(y_i)| dy^1_i ∧ . . . ∧ dy^{di}_i , (2.15) and parameters ε(i) ≡ sign(det(g^i_{mi ni} )) = ±1 (2.16) are well–defined for all i = 1, . . . , n . Here d_i = dimM_i , i = 1, . . . , n , D = 1 + ∑_n i=1 d_i .

For any I = {i_1, . . . , i_k} ∈ Ω , i_1 < . . . < i_k , we denote τ (I) ≡ τ_{i1} ∧ . . . ∧ τ_{ik} , (2.17) M(I) ≡ M_{i1} × . . . × M_{ik} , (2.18) d(I) ≡ dimM(I) = ∑ i∈I d_i, (2.19)

ε(I) ≡ ε(i_1) . . . ε(i_k). (2.20) M(I_s) is isomorphic to p -brane worldvolume (see (2.10)).

The parameters h_s appearing in the solution satisfy the relations h_s = K^{−1}_s , K_s = B_{ss}, (2.21) where B_{ss}′ ≡ d(I_s ∩ I_s′ ) + d(I_s)d(I_s′ ) 2 − D + χ_sχ_s′ λ_{αas} λ_{βas′} h^{αβ} , (2.22) s, s^′ ∈ S , with (h^{αβ}) = (h_{αβ})^{−1} . Here we assume that (i) B_{ss} ≠ 0, (2.23) for all s ∈ S , and (ii) det(B_{ss}′ ) ≠ 0, (2.24) i.e. the matrix (B_{ss}′ ) is a non-degenerate one. In (2.12) another non-degenerate matrix (a so-called ”quasi-Cartan” matrix) appears (A_{ss}′ ) = (2B_{ss}′ /B_s′_s′ ) . (2.25) Here some ordering in the set S is assumed.

In (2.5), (2.6) f_s = exp(−q^s), (2.26) where (q^s) = (q^s(u)) is a solution to Toda-type equations q̈^s = −B_s exp( ∑ s^′ ∈S A_{ss}′ q^{s′} ), (2.27) with B_s = ε_sK_sQ^2_s, (2.28)

s ∈ S . Here ε_s = (−ε[g])^{(1−χs)/2}ε(I_s)θ_{as} , (2.29)

s ∈ S , ε[g] ≡ sign det(g_{M N} ) . More explicitly (2.29) reads: ε_s = ε(I_s)θ_{as} for v_s = e and ε_s = −ε[g]ε(I_s)θ_{as} , for v_s = m .

Vectors c = (c^A) = (c^i, c^α) and c̄ = (c̄^A) satisfy the linear constraints

U^s(c) = ∑ i∈I_s d_ic^i − χ_sλ_{asα}c^α = 0, U^s(c̄) = ∑ i∈I_s d_ic̄^i − χ_sλ_{asα}c̄^α = 0, (2.30)

s ∈ S , and

c^0 = n∑ j=1 d_j c^j , c̄^0 = n∑ j=1 d_jc̄^j , (2.31)

2E = 2E_{T L} + h_{αβ}c^αc^β + n∑ i=1 d_i(c^i)^2 − (_n ∑ i=1 d_ic^i )_2

= 0, (2.32)

where E_{T L} = 1 4 ∑ s,s^′ ∈S h_sA_{ss}′q̇^sq̇^{s′} + ∑ s∈S A_s exp( ∑ s^′∈S A_{ss}′ q^{s′} ), (2.33)

is an integration constant (energy) for the solutions from (2.27). Here A_s =^1_2 ε_sQ^2_s = B_sh_s/2 , s ∈ S . Eqs. (2.27) correspond to the Toda-type Lagrangian

L_{T L} = 1 4 ∑ s,s^′ ∈S h_sA_{ss}′q̇^sq̇^{s′} − ∑ s∈S A_s exp( ∑ s^′∈S A_{ss}′ q^{s′} ). (2.34)

Remark 1. Here we identify notations for g^i and ĝ^i , where ĝ^i = p^∗_i g^i is the pullback of the metric g^i to the manifold M by the canonical projection: p_i : M → M_i , i = 1, . . . , n . An analogous agreement will be also kept for volume forms etc.

Due to (2.12) and (2.13), the dimension of p -brane worldvolume d(I_s) is defined by

d(I_s) = n_{as} − 1, d(I_s) = D − n_{as} − 1, (2.35)

for s ∈ S_e, S_m respectively. For a p -brane: p = p_s = d(I_s) − 1 .

2.3 Restrictions on p -brane configurations.

The solutions presented above are valid if two restrictions on the sets of p -branes are satisfied. These restrictions guarantee the block-diagonal form of the energy-momentum tensor and the existence of the sigma-model representation (without additional constraints) [35, 34].

Let us denote w_1 ≡ {i|i ∈ {1, . . . , n}, d_i = 1} , and n_1 = |w_1| (i.e. n_1 is the number of 1-dimensional spaces among M_i , i = 1, . . . , n ).

Restriction 1. For any a ∈ △ and v = e, m there are no I, J ∈ Ω_{a,v} such that I = {i} ⊔ (I ∩ J) , and J = (I ∩ J) ⊔ {j} for some i, j ∈ w_1 , i ≠ j .

Restriction 2.. For any a ∈ △ there are no I ∈ Ω_{a,e} and J ∈ Ω_{a,m} such that J̄ = {i} ⊔ I . Restriction 1 is satisfied for n_1 ≤ 1 and also in the non-composite case: |Ω_{a,e}| + |Ω_{a,m}| = 1 for all a ∈ △ . For n_1 ≥ 2 it forbids the following pairs of two electric or two magnetic p -branes, corresponding to the same form F^a, a ∈ △ : i I j J Figure 1. A forbidden by Restriction 1 pair of two electric or two magnetic p-branes. Here d_i = d_j = 1 , i ≠ j , i, j = 1, . . . , n . Restriction 1 may be also rewritten in terms of intersections (R1) d(I ∩ J) ≤ d(I) − 2, (2.36) for any I, J ∈ Ω_{a,v} , a ∈ △ , v = e, m (here d(I) = d(J) ).

Restriction 2 is satisfied for n_1 = 0 . For n_1 ≥ 1 it forbids the following electromagnetic pairs, corresponding to the same form F^a, a ∈ △ : i J̄ I Figure 2. Forbidden by Restriction 2 electromagnetic pair of p-branes Here d_i = 1 , i = 1, . . . , n . In terms of intersections Restriction 2 reads (R2) d(I ∩ J) ≠ 0, (2.37) for I ∈ Ω_{a,e} and J ∈ Ω_{a,m} , a ∈ △ .

2.4 U^s -vectors and scalar products

Here we remind a minisuperspace covariant form of constraints using so called U^s -vectors [35]. The constraints (2.30) may be written in the following form U^s(c) = U^s_Ac^A = 0, U^s(c̄) = U^s_Ac̄^A = 0, (2.38) where (U^s_A) = (d_iδ_{iIs} , −χ_sλ_{αas} ), (2.39) s = (a_s, v_s, I_s) ∈ S , A = (i, α) .

The quadratic constraint (2.32) reads

E = E_{T L} + 1 2 Ĝ_{AB} c^Ac^B = 0, (2.40) and (Ĝ_{AB} ) = ( G_{ij} 0 0 h_{αβ} ) , (2.41) is the (truncated) target space metric with

G_{ij} = d_iδ_{ij} − d_id_j , (2.42) i, j = 1, . . . , n . Let (U, U^′) = Ĝ^{AB} U_AU^′_B, (2.43) be the scalar product, where U = U_Az^A , U^′ = U_Az^A are linear functions (1-forms) on R^{n+l} , and (Ĝ^{AB} ) = (Ĝ_{AB} )^{−1} . The scalar products (2.43) for co-vectors U^s from (2.39) were calculated in [35] (U^s, U^{s′} ) = B_{ss}′ , (2.44) s, s^′ ∈ S (see (2.22)).

Intersection rules. ¿From (2.21), (2.22) and (2.25) we get the p -brane intersection rules corresponding to the quasi-Cartan matrix (A_{ss}′ ) [41]

d(I_s ∩ I_s′ ) = d(I_s)d(I_s′ ) D − 2 − χ_sχ_s′ λ_{as} · λ_{as′} + 1 2 K_s′ A_{ss}′ , (2.45) where λ_{as} · λ_{as′} = λ_{αas} λ_{βas′} h^{αβ} ; s, s^′ ∈ S . The contravariant components U^{sA} = Ĝ^{AB} U^s_B read [35] U^{si} = G^{ij} U^s_j = δ_{iIs} − d(I_s) D − 2 , U^{sα} = −χ_sλ^α_{as} , (2.46)

s ∈ S . Here [46] G^{ij} = δ^{ij} d_i + 1 2 − D , (2.47)

i, j = 1, . . . , n , are the components of the matrix inverse to (G_{ij} ) from (2.42). The contravariant components (2.46) appear as powers in relations for the metric and scalar fields in (2.5) and (2.6).

We note that the solution under consideration for the special case of the A_m Toda chain was obtained earlier in [42].

3 Generalized fluxbrane solutions

3.1 The choice of parameters

In what follows we put w = 1, d_1 = 1, (3.1) i.e. the manifold M_1 is one-dimensional one and 1 ∈ I_s, ∀s ∈ S, (3.2) i.e. all branes contain M_1 -submanifold. We note that Restriction 2 is satisfied automatically due to (3.2).

Here we restrict ourselves to solutions with linear asymptotics at infinity q^s = −β^su + β̄^s + o(1), (3.3) u → +∞ , where β^s, β̄^s are constants, s ∈ S . This relation gives us an asymptotical solution to Toda type eqs. (2.27) if ∑ s^′ ∈S A_{ss}′ β^{s′} > 0, (3.4) for all s ∈ S . In this case the energy (2.33) reads E_{T L} = 1 4 ∑ s,s^′∈S h_sA_{ss}′ β^sβ^{s′} . (3.5) We put c̄^A = 0, β̄^s = 0. (3.6) A = (i, α) , s ∈ S . (These relations guarantee the asymptotical flatness for u → +∞ of the 2 -dimensional section of the metric for M_1 = S^1 and g^1 = dϕ ⊗ dϕ ).

We also put c^A = −δ^A_1 + ∑ s∈S h_sβ^sU^{sA}, (3.7)

β^s = 2 ∑ s^′ ∈S A^{ss′} , (3.8)

where s ∈ S , A = (i, α) , and the matrix (A^{ss′} ) is inverse to the matrix (A_{ss}′ ) = (2(U^s, U^{s′} )/(U^{s′} , U^{s′} )) . It may be verified that the constraints (2.38) and (2.40) are satisfied identically, due to conditions (3.1), (3.2).

Relations (3.7) and (3.8) look similar to analogous relations for black branes [37, 38, 34] which appear from the horizon condition. These relations play a key role in this paper. Their physical sence (possibly related to regularity of the metric at u → ∞ ) will be clarified in a separate publication.

3.2 The main solution

We introduce a new radial variable exp(−u) = ρ (3.9) and denote H_s = f_se^{−βsu} = e^{−qs−βsu}, (3.10) s ∈ S . Then the solutions (2.5)-(2.7) may be written as follows g = ( ∏ s∈S H^{2hsd(Is)/(D−2)} s ){ dρ ⊗ dρ (3.11) + ( ∏ s∈S H^{−2hs}_s ) ρ^2g^1 + n∑ i=2 ( ∏ s∈S H^{−2hsδiIs} s ) g^i } , exp(φ^α) = ∏ s∈S H^{hs χsλαas} s , (3.12)

F^a = ∑ s∈S δ^a_s F^s, (3.13) where F^s = −Q_s ∏ s^′∈S H^{−Ass′}_s′ ρdρ ∧ τ (I_s), (3.14) s ∈ S_e , F^s = Q_sτ (Ī_s), (3.15) s ∈ S_m . Here Q_s ≠ 0 , h_s = K^{−1}_s ; parameters K_s ≠ 0 and the non-degenerate matrix (A_{ss}′ ) are defined by relations (2.21), (2.22), (2.25), s ∈ S .

Functions H_s > 0 obey the equations d ρdρ ( ρ H_s dH_s dρ ) = B_s ∏ s^′ ∈S H^{−Ass′}_s′ , (3.16) s ∈ S , where B_s ≠ 0 are defined in (2.28). These equations follow from Toda-type equations (2.27) and the definitions (3.9) and (3.10).

It follows from (3.3), (3.6) and (3.10) that there exist finite limits

H_s → 1, (3.17)

s ∈ S , for ρ → 0 .

For cylindrically symmetric case

M_1 = S^1, g^1 = dϕ ⊗ dϕ, (3.18)

0 < ϕ < 2π , we get a family of composite fluxbrane solutions. They are defined up to solutions to radial equations (3.16) with the boundary conditions (3.17) imposed. In the next sections we consider several exact solutions to eqs. (3.16) and (3.17).

Another possibility M_1 = R, g^1 = −dt ⊗ dt, (3.19) −∞ < t < +∞ ( t is time variable), will lead us to generalized Milne-type solution (that may be also a subject of a separate publication).

3.3 Fluxbrane intersection rules

The fluxbrane submanifold (worldvolume) is isomorphic to M(Ī_s) (see (2.14), (2.18)) and has the following dimension d(Ī_s) = D − 1 − d(I_s), (3.20) s ∈ S , (see (2.35)). The fluxbrane intersection rules read

d(Ī_s ∩ Ī_s′ ) = D − 1 − d(I_s) − d(I_s′ ) + d(I_s ∩ I_s′ ), (3.21)

s ≠ s^′ , with p -brane intersections defined in (2.45). This relation follows from the identity Ī_s ∩ Ī_{s′} = I_0 \ (I_s ∪ I_{s′} ), (3.22)

(see (2.14)).

We note that here we use p -brane notations for description of flux p -branes or F p - branes. An electric (magnetic) p -brane corresponds to a magnetic (electric) F (D −3−p) fluxbrane.

4 Polynomial structure of H_s for Lie algebras

Now we deal with solutions to second order non-linear differential equations (3.16) that may be rewritten as follows d dz ( z H_s d dz H_s ) = 1 4 B_s ∏ s^′ ∈S H^{−Ass′}_s′ , (4.1) where H_s(z) > 0 , s ∈ S , z = ρ^2 . Eqs. (3.17) read H_s(z = +0) = 1, (4.2) s ∈ S . (Here we repeat equations (1.1)-(1.2) for convenience.)

In general one may try to seek solutions of (4.1) in a class of functions analytical in some disc |z| < L : H_s(z) = 1 + ∞∑ k=1 P^{(k)}_s z^k, (4.3)

where P^{(k)}_s are constants, s ∈ S . Substitution of (4.3) into (4.1) gives us an infinite chain of relations on parameters P^{(k)}_s and B_s . The first relation in this chain

P_s ≡ P^{(1)}_s = 1 4 B_s, (4.4)

s ∈ S , corresponds to the z^0 -term in the decomposition of (4.1). For analytical function H_s(z) (4.3) ( z = ρ^2 ) the metric (3.11) is regular at ρ = 0 .

4.1 Solutions for Lie algebra A_1 ⊕ . . . ⊕ A_1

4.1.1 Orthogonal case Meanwhile there exist solutions to eqs. (4.1)-(4.2) of polynomial type. The simplest example occurs in orthogonal case, when (U^s, U^{s′} ) = B_{ss}′ = 0, (4.5) for s ≠ s^′ , s, s^′ ∈ S . In this case (A_{ss}′ ) = diag(2, . . . , 2) is a Cartan matrix for semisimple Lie algebra A_1 ⊕ . . . ⊕ A_1 and H_s(z) = 1 + P_sz, (4.6) with P_s ≠ 0 satisfying (4.4). (For A_1 -case see [13]).

4.1.2 Block-orthogonal case The solution (4.6) may be generalized to so-called ”block-orthogonal” (BO) case: S = S_1 ⊔ . . . ⊔ S_k , (4.7)

S_i ≠ ∅ , i.e. the set S is a union of k non-intersecting (non-empty) subsets S_1, . . . , S_k , and (U^s, U^{s′} ) = 0 (4.8)

for all s ∈ S_i , s^′ ∈ S_j , i ≠ j ; i, j = 1, . . . , k . (For ”block-orthogonal” black branes see [39, 40].) In this case (4.6) is modified as follows

H_s(z) = (1 + P̄_sz)^{βs} , (4.9)

where β^s are defined in (3.8) and parameters P̄_s are coinciding inside blocks, i.e. P̄_s = P̄_s′ for s, s^′ ∈ S_i , i = 1, . . . , k , and satisfy the following relations

P̄_s = B_s/(4β^s), (4.10)

for β^s ≠ 0 , s ∈ S . In this case H_s are analytical in |z| < L , where L = min(|P̄_s|^{−1}, s ∈ S ).

Let (A_{ss}′ ) be a Cartan matrix for a finite-dimensional semisimple Lie algebra G . In this case all powers in (3.8) are natural numbers

β^s = 2 ∑ s^′ ∈S A^{ss′} = n_s ∈ N, (4.11)

and hence, all functions H_s are polynomials, s ∈ S . Integers n_s coincide with the components of the twice dual Weyl vector in the basis of simple roots [44].

Conjecture. Let (A_{ss}′ ) be a Cartan matrix for a semisimple finite-dimensional Lie algebra G . Then the solution to eqs. (4.1), (4.2) (if exists) is a polynomial

H_s(z) = 1 + n_s∑ k=1 P^{(k)}_s z^k, (4.12)

where P^{(k)}_s are constants, k = 1, . . . , n_s , integers n_s are defined in (4.11) and P^{(ns)}_s ≠ 0 , s ∈ S . This conjecture may be verified for Lie algebras A_m , C_{m+1} repeating all arguments from [37, 38] with the replacement of F (z) = 1 − 2μz by F (z) = z .

4.2 Solutions for Lie algebra A_2

Let us consider the Lie algebra A_2 = sl(3) with the Cartan matrix

(A_{ss}′ ) = ( 2 −1 −1 2 ) (4.13)

According to the Conjecture we seek the solutions to eqs. (4.1)-(4.2) in the following form ( n_1 = n_2 = 2 ):

H_s = 1 + P_sz + P^{(2)}_s z^2, (4.14)

where P_s and P^{(2)}_s ≠ 0 are constants, s = 1, 2 .

The substitution of (4.14) into equations (4.1) and decomposition in powers of z lead us to relations (4.4) and P^{(2)}_s = 1 4 P_1P_2. (4.15) Thus, in the A_2 -case the solution is described by relations (3.11)-(3.15) with S = {s_1, s_2} , p -brane intersection rules (2.45), or, equivalently, d(I_{s1} ∩ I_{s2} ) = d(I_{s1} )d(I_{s2} ) D − 2 − χ_{s1} χ_{s2} λ_{as1} · λ_{as2} − 1 2 K, (4.16) d(I_{si} ) − (d(I_{si} ))^2 D − 2 + λ_{asi} · λ_{asi} = K, (4.17) where K = K_{si} ≠ 0 , and functions H_{si} = H_i are defined by relations (4.14), (4.4), (4.15) with z = ρ^2 , i = 1, 2 .

5 Examples of fluxbrane solutions

Here we present certain examples of fluxbrane solutions with M_1 = S^1 and g^1 = dϕ⊗dϕ . In all examples below the total metric g has the signature (−, +, ..., +) and all ( p -brane) signature parameters are positive: ε_s = ε(I_s) = +1 (here all θ_a = 1 ). In what follows 0 < ρ < +∞ . In all examples the metrics are regular at ρ = 0 .

5.1 Solutions for algebra A_1

We start with single fluxbrane solutions ( S = {s} ).

5.1.1 Melvin solution ( F 1 fluxbrane) Let D = 4 , n = 3 , M_2 = R with g^2 = −dt ⊗ dt and M_3 = R with g^3 = dη ⊗ dη , and I_s = {1} . The solution reads [1] g = H^2 { dρ ⊗ dρ + H^{−4}ρ^2dϕ ⊗ dϕ − dt ⊗ dt + dη ⊗ dη } . (5.1) F = −QH^{−2}ρdρ ∧ dϕ, (5.2) where H = 1 +^1_8 Q^2ρ^2 . Here −Q is proportional to magnetic field in the core.

5.1.2 F 6 fluxbrane (corresponding to M2 -brane) Consider D = 11 supergravity with the metric g and 4 -form F in the bosonic sector [45]. Let n = 3 , M_3 be 7 -dimensional (Ricci-flat) manifold with the metric g^3 = g^3_{μν} dx^μ ⊗dx^ν of signature (−, +, . . . , +) and M_2 be 2 -dimensional (flat) manifold of signature (+, +) with the metric g^2 = g^2_{mn} dy^m ⊗ dy^n and I_s = {1, 2} . The solution reads g = H^{1/3} { dρ ⊗ dρ + H^{−1}(ρ^2dϕ ⊗ dϕ + g^2) + g^3 } , (5.3) F = −QH^{−2}ρdρ ∧ dϕ ∧ τ_2, (5.4) where H = 1 +^1_2 Q^2ρ^2 . For flat g^3 this solution was obtained earlier in [9].

5.1.3 F 3 fluxbrane (corresponding to M5 -brane) Now we consider the solution dual to F 6 . Let n = 3 , M_3 be 4 -dimensional (Ricciflat) manifold with the metric g^3 = g^3_{μν} dx^μ ⊗ dx^ν of signature (−, +, +, +) , and M_2 be 5 -dimensional (Ricci-flat) manifold of signature (+, . . . , +) with the metric g^2 = g^2_{mn}dy^m ⊗ dy^n and I_s = {1, 2} . The solution reads

g = H^{2/3} { dρ ⊗ dρ + H^{−1}(ρ^2dϕ ⊗ dϕ + g^2) + g^3 } , (5.5) F = Qτ_3, (5.6) where H = 1 +^1_2 Q^2ρ^2 . For flat g^2 and g^3 see [9].

5.1.4 F 7, F 6, F 5 and F 1, F 2, F 3 fluxbranes in IIA supergravity The bosonic part of action for D = 10 IIA supergravity reads S = ∫ d^{10}z √ |g| { R[g] − (∂φ)^2 − 4∑ a=2 e^{2λaφ}(F^a)^2 } − 1 2 ∫ F^4 ∧ F^4 ∧ A^2, (5.7)

where F^a = dA^{a−1} + δ^a_4 A^1 ∧ F^3 is an a -form, a = 2, 3, 4 , and λ_2 = 3λ_4, λ_3 = −2λ_4, λ^2_4 = 1/8. (5.8) The dimensions of p -brane worldvolumes are d = d(a, χ) = { 1, 2, 3 in electric case, χ = +1, 7, 6, 5 in magnetic case, χ = −1, (5.9) for a = 2, 3, 4 , respectively.

The fluxbrane solutions read g = H^{d/8} { dρ ⊗ dρ + H^{−1}ρ^2dϕ ⊗ dϕ + H^{−1}g^2 + g^3 } , (5.10) exp(2φ) = H^{χλa} , (5.11) and F^a = −QH^{−2}ρdρ ∧ τ_2, for χ = +1, (5.12) or F^a = Qτ_3, for χ = −1, (5.13) with H = 1 +^1_2 Q^2ρ^2 , a = 2, 3, 4 .

For χ = +1 we get a F (9 − a) fluxbrane with d_2 = a − 2 , d_3 = 10 − a , and for χ = −1 we obtain a (dual) F (a − 1) fluxbrane with d_2 = 8 − a , d_3 = a , ( a = 2, 3, 4 ). (Here the presence of Chern-Simons terms does not modify the solutions from Sect. 3.2.)

5.2 Solution for algebra A_1 ⊕ A_1

F 6 ∩ F 3 fluxbranes. We put n = 5 , d_2 = 1 , g^2 = dy^2 ⊗ dy^2 , d_3 = 1 , g^3 = dy^3 ⊗ dy^3 , d_4 = 4 and g^4 has the Euclidean signature, d_5 = 3 and g^5 has the signature (−, +, +) , I_{se} = {1, 2, 3} and I_{sm} = {1, 2, 4} . The solution has the following form

g = H^{1/3}_e H^{2/3}_m { dρ ⊗ dρ + H^{−1}_e H^{−1}_m (ρ^2dϕ ⊗ dϕ + g^2) + H^{−1}_e g^3 + H^{−1}_m g^4 + g^5 } , (5.14) F = −Q_eH^{−2}_e ρdρ ∧ dϕ ∧ dy_2 ∧ dy_3 + Q_mdy_3 ∧ τ_5, (5.15) where H_s = 1 +^1_2 Q^2_sρ^2 , s = e, m . For flat g^i see [9].

5.3 Solutions for algebra A_2

5.3.1 F 6 ∩ F 3 fluxbranes with A_2 -intersection Now we consider a new F 6 ∩ F 3 fluxbrane configuration with (a non-standard) A_2 intersection rules defined on the manifold M = (0, +∞) × M_1 × M_2 × M_3 × M_4, (5.16) where d_2 = 2 , d_3 = 5 , d_4 = 2 . The solution is following

g = H^{1/3}_e H^{2/3}_m { dρ ⊗ dρ + H^{−1}_e H^{−1}_m ρ^2dϕ ⊗ dϕ + H^{−1}_e g^2 + H^{−1}_m g^3 + g^4 } , (5.17) F = −Q_eH^{−2}_e H_mρdρ ∧ dϕ ∧ τ_2 + Q_mτ_2 ∧ τ_4, (5.18) where metrics g^2 and g^3 are (Ricci-flat) metrics of Euclidean signature, g^4 is the (flat) metric of the signature (−, +) and

H_s = 1 + P_sρ^2 + 1 4 P_1P_2ρ^4, (5.19)

where P_s =^1_2 Q^2_s , s = e, m .

5.3.2 Dyonic flux tube in Kaluza-Klein model Let us consider 4 -dimensional model S = ∫ M d^4z √ |g| { R[g] − g^{μν} ∂_μφ∂_ν φ − 1 2! exp[2λφ]F^2 } (5.20)

with scalar field φ , two-form F = dA and λ = − √ 3/2 . This model originates after Kaluza-Klein reduction of 5 -dimensional gravity. The 5-dimensional metric in this case reads g^{(5)} = Φg_{μν} dx^μ ⊗ dx^ν + Φ^{−2}(dy + A) ⊗ (dy + A), (5.21) where A = √ 2A = √ 2A_μdx^μ, Φ = exp(2φ/ √ 6). (5.22)

We consider ”dyonic” flux-tube solution defined on the manifold

M = (0, +∞) × (M_1 = S^1) × M_2, (5.23)

where M_2 = R^2 and g^2 = −dt ⊗ dt + dη ⊗ dη . This solution reads

g = (H_eH_m)^{1/2} { dρ ⊗ dρ − H^{−1}_e H^{−1}_m ρ^2dϕ ⊗ dϕ − dt ⊗ dt + dη ⊗ dη } , (5.24)

exp φ = H^{λ/2}_e H^{−λ/2}_m , (5.25) F = dA = −Q_eH^{−2}_e H_mρdρ ∧ dϕ + Q_mdt ∧ dη, (5.26) where functions H_s are defined by relations (5.19),

For 5-metric we obtain from (5.21)-(5.25) g^{(5)} = H_m{dρ ⊗ dρ + H^{−1}_e H^{−1}_m ρ^2dϕ ⊗ dϕ − dt ⊗ dt + dη ⊗ dη} (5.27) +H_eH^{−1}_m (dy + A) ⊗ (dy + A), dA = √ 2F . For Q_m → 0 we get the solution from [3] and for Q_e → 0 we are led to its dual version (see [9]).

6 Conclusions

Thus, here we obtained a family of fluxbrane solutions with general intersection rules. (See relations (2.23), (2.24) and Restriction 1. Restriction 2 is satisfied, since all p - branes have a common M_1 .) These solutions are given by relations (3.11)-(3.17). The metrics of solutions contain n Ricci-flat metrics. The solutions are defined up to a set of ”moduli” functions H_s obeying a set of equations (3.16) with the boundary conditions (3.17) imposed. These solutions are new and generalize a lot of special fluxbrane solutions considered earlier in the literature.

Here we suggested a conjecture on polynomial structure of H_s for intersections related to semisimple Lie algebras. This conjecture is valid for Lie algebras A_m and C_{m+1} , m ≥ 1 , at may be verified with a little modification of the proof for the black brane case [37, 38].

We obtained explicit formulas for A_1 ⊕ . . . ⊕ A_1 (orthogonal), block-ortogonal and A_2 solutions. These formulas are illustrated by certain examples of solutions in D = 10, 11 supergravities (e.g. with A_2 intersection rules) and Kaluza-Klein dyonic A_2 flux tube. Explicit relations for H_s corresponding to other examples of Lie algebras (e.g. A_3 , B_2 etc) will be a subject of further publications. (Another topic of interest is related to supersymmetric composite fluxbranes on product of Ricci-flat manifolds. For M -branes see [47] and references therein).

Acknowledgments

This work was supported in part by the Russian Ministry for Science and Technology, Russian Foundation for Basic Research, DFG foundation and project SEE.

References

[1] M.A. Melvin, Pure magnetic and electric geons, Phys. Lett. 8, 65 (1964). [2] G.W. Gibbons and D.L. Wiltshire, Spacetime as a membrane in higher dimensions, Nucl.

Phys. B 287, 717-742 (1987); hep-th/0109093.

[3] G. Gibbons and K. Maeda, Black holes and membranes in higher dimensional theories with dilaton fields, Nucl. Phys. B 298, 741-775 (1988).

[4] F. Dowker, J.P. Gauntlett, D.A. Kastor and J. Traschen, Pair creation of dilaton black holes, Phys. Rev. D 49, 2909-2917 (1994); hep-th/9309075.

[5] F. Dowker, J.P. Gauntlett, S.B. Giddings and G.T. Horowitz, On pair creation of extremal black holes and Kaluza-Klein monopoles, Phys. Rev. D 50, 2662 (1994); hep-th/9312172.

[6] F. Dowker, J.P. Gauntlett, G.W. Gibbons and G.T. Horowitz, The decay of magnetic fields in Kaluza-Klein theory, Phys. Rev. D 52, 6929 (1995) hep-th/9507143.

[7] H.F. Dowker, J.P. Gauntlett, G.W. Gibbons and G.T. Horowitz, Nucleation of P -branes and fundamental strings, Phys. Rev. D 53, 7115 (1996); hep-th/9512154.

[8] D.V. Gal’tsov and O.A. Rytchkov, Generating branes via sigma models, Phys. Rev. D 58, 122001 (1998); hep-th/9801180.

[9] C.-M. Chen, D.V. Gal’tsov and S.A. Sharakin, Intersecting M -fluxbranes, Grav. Cosmol.

5 , 1(17), 45-48 (1999); hep-th/9908132.

[10] M.S. Costa and M. Gutperle, The Kaluza-Klein Melvin solution in M-theory, JHEP 0103, 027 (2001); hep-th/0012072.

[11] P.M. Saffin, Gravitating fluxbranes, Phys. Rev. D 64, 024014 (2001); gr-qc/0104014. [12] M. Gutperle and A. Strominger, Fluxbranes in string theory, JHEP 0106, 035 (2001);

hep-th/0104136.

[13] C.M. Chen, D.V. Gal’tsov and P.M. Saffin, Supergravity fluxbranes in various dimensions, hep-th/0110164.

[14] M.S. Costa, C.A. Herdeiro and L. Cornalba, Flux-branes and the dielectric effect in string theory, hep-th/0105023.

[15] R. Emparan, Tubular branes in fluxbranes, Nucl. Phys. B 610, 169 (2001) hep-th/0105062. [16] P.M. Saffin, Fluxbranes from p-branes, Phys. Rev. D 64, 104008 (2001); hep-th/0105220. [17] D. Brecher and P.M. Saffin, A note on the supergravity description of dielectric branes, Nucl. Phys. B 613, 218 (2001), hep-th/0106206.

[18] J. Figueroa-O’Farrill and J. Simon, Generalized supersymmetric fluxbranes, hepth/0110170.

[19] L. Motl, Melvin matrix models, hep-th/0107002.

[20] T. Suyama, Melvin background in heterotic theories, hep-th/0107116.

[21] A.M. Uranga, Wrapped fluxbranes, hep-th/0108196.

[22] T. Suyama, Properties of string theory on Kaluza-Klein Melvin background, hepth/0110077.

[23] T. Takayanagi and T. Uesugi, Orbifolds as Melvin geometry, hep-th/0110099. [24] J.G. Russo and A.A. Tseytlin, Exactly solvable string models of curved space-time backgrounds, Nucl. Phys. B 449, 91 (1995); hep-th/9502038.

[25] O. Bergman and M.R. Gaberdiel, Dualities of type 0 strings,’ JHEP 9907, 022 (1999) hep-th/9906055.

[26] J.G. Russo and A.A. Tseytlin, Magnetic backgrounds and tachyonic instabilities in closed superstring theory and M-theory, Nucl. Phys. B 611, 93 (2001) hep-th/0104238.

[27] J.G. Russo and A.A. Tseytlin, Supersymmetric fluxbrane intersections and closed string tachyons, hep-th/0110107.

[28] A.A. Tseytlin, Magnetic backgrounds and tachyonic instabilities in closed string theory, hep-th/0108140.

[29] E. Dudas and J. Mourad, D-branes in string theory Melvin backgrounds, hep-th/0110186. [30] T. Takayanagi and T. Uesugi, D-branes in Melvin background, hep-th/0110200. [31] J.M. Figueroa-O’Farrill and G. Papadopoulos, Homogeneous fluxes, branes and a maximally supersymmetric solution of M -theory, JHEP 0106, 036 (2001); hep-th/0105308.

[32] R. Empharan and M. Gutperler, ¿From p-branes to fluxbranes and back, hep-th/0111177. [33] K.S. Stelle, Lectures on supergravity p-branes, hep-th/9701088.

[34] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional gravity with antisymmetric forms, topical review, Class. Quantum Grav., 18 (2001) R87-R152; hepth/0110274.

[35] V.D. Ivashchuk and V.N. Melnikov, Sigma-model for the generalized composite p-branes, hep-th/9705036; Class. Quantum Grav. 14, 3001-3029 (1997); Corrigenda ibid. 15 (12), 3941 (1998).

[36] V.D. Ivashchuk and V.N. Melnikov, P-brane black holes for general intersections, Grav.

Cosmol. 5, No 4 (20), 313-318 (1999); gr-qc/0002085.

[37] V.D. Ivashchuk and V.N. Melnikov, Black hole p-brane solutions for general intersection rules, Grav. Cosmol. 6, No 1 (21), 27-40 (2000); hep-th/9910041.

[38] V.D. Ivashchuk and V.N. Melnikov, Toda p-brane black holes and polynomials related to Lie algebras. Class. Quantum Grav. 17, 2073-2092 (2000); math-ph/0002048.

[39] K.A. Bronnikov, Block-orthogonal brane systems, black holes and wormholes, hepth/9710207; Grav. Cosmol. 4, No 1 (13), 49 (1998).

[40] S. Cotsakis, V.D. Ivashchuk and V.N. Melnikov, P-branes black holes and post-Newtonian approximation, Grav. Cosmol. 5, No 1 (17), 52-57 (1999); gr-qc/9902148.

[41] V.D. Ivashchuk and V.N. Melnikov, Cosmological and spherically symmetric solutions with intersecting p-branes. J. Math. Phys., 1999, 40 (12), 6558-6576.

[42] V.R. Gavrilov and V.N. Melnikov, Toda chains associated with Lie algebras A_m in multidimensional gravitation and cosmology with intersecting p -branes, Theor. Math. Phys. 123, No 3, 374-394 (2000) (in Russian).

[43] V.D. Ivashchuk and S.-W. Kim, Solutions with intersecting p-branes related to Toda chains, J. Math. Phys. 41, 444-460 (2000); hep-th/9907019.

[44] J. Fuchs and C. Schweigert, Symmetries, Lie algebras and Representations. A graduate course for physicists (Cambridge University Press, Cambridge, 1997).

[45] E. Cremmer, B. Julia, J. Scherk. Phys. Lett. B 76, 409 (1978). [46] V.D. Ivashchuk, V.N. Melnikov and A.I. Zhuk, Nuovo Cimento B 104, 575 (1989). [47] V.D. Ivashchuk, On supersymmetric solutions in D = 11 supergravity on product of Ricciflat spaces, hep-th/0012263; Grav. Cosmol. 6, No. 4(24), 344-350 (2000); hep-th/0012263.