arXiv:hep-th/0202053 v2 14 Feb 2002

Topological gauge theories with antisymmetric tensor matter fields

B. Geyer^{a 1} and D. Mülsch^{b 2} a Universität Leipzig, Naturwissenschaftlich-Theoretisches Zentrum and Institut für Theoretische Physik, D–04109 Leipzig, Germany b Wissenschaftszentrum Leipzig e.V., D–04103 Leipzig, Germany

Abstract

A new type of topological matter interactions involving second–rank antisymmetric tensor matter fields with an underlying N_T ≧ 1 topological supersymmetry are proposed. The construction of the 4–dimensional, N_T = 1 Donaldson–Witten theory, the N_T = 1 super–BF model and the N_T = 2 topological B–model with tensor matter are explicitly worked out.

1 Introduction

It has been known for a long time that in quantum field and string theories besides totally symmetric tensor and tensor–spinor fields also second–rank antisymmetric tensor fields play an important role. As a significant example, the Green–Schwarz anomaly cancellation mechanism [1] underlies, among others, a coupling of a two–form gauge potential with a Chern–Simons form.

All the known couplings in Minkowski space–time involving antisymmetric tensor fields may be put into two categories. Depending on whether they transform as gauge or as matter fields, one distinguishes (i) tensor gauge couplings,

S_{gauge} ∝ ∫ M d^4x (∂^aB̃_{ac})(∂_bB̃^{bc}), B̃_{ab} = i 2 ϵ_{abcd}B^{cd}, B̃_{ab} = −B_{ab}, (1) (ii) (conform invariant) tensor matter couplings,

S_{matter} ∝ ∫ M d^4x (∂^aφ_{ac})(∂_bφ^{bc})^†, φ_{ab} = T_{ab} + iT̃_{ab}, (2)

where φ_{ab} is an antisymmetric complex tensor field involving the tensor matter field T_{ab} and satisfying the complex self–duality condition φ_{ab} = iφ̃_{ab}.

In the first case, the action (1) possesses a first–stage reducible gauge symmetry δ_GB_{ab} = ∂_{[a}ω_{b]} [2]. Such antisymmetric tensor gauge fields appear quite naturally in extended supergravity theories [3] and in effective low–energy tensor gauge theories derived from string models [4], e.g., the axion/dilaton complex in Calabi–Yau compactifications of type–II superstrings [5].

In the second case, gauge symmetry is lost, but the action (2) exhibits an invariance under the (global) chiral symmetry δ_C T_{ab} = αT̃_{ab}, i.e., T_{ab} transforms as an ordinary matter field. Antisymmetric tensor matter fields arise in extended conformal supergravity theories [6] and in 2D conformal quantum field theories (CQFT’s) [7].

Besides of this, there is a renewed interest in antisymmetric tensor fields due to their connection to a large class of Schwarz type topological models, namely the BF–models [8], which are exactly solvable QFT’s. Generally, topological quantum field theories (TQFT’s) [9] are characterized by observables depending only on the global features of the manifold on which

1Email: geyer@itp.uni-leipzig.de 2Email: muelsch@informatik.uni-leipzig.de

they are defined and provide novel representations of certain topological invariants. The most familar examples, which have been widely studied during the last years, are the Donaldson– Witten theory [10], the Chern–Simons gauge theory [11] in D = 3 and the topological sigma models [12] in D = 2, which constitute quantum field theoretic representations of the theory of Donaldson invariants [13], of knot and link invariants [14] and of Gromov invariants [15], respectively. Moreover, TQFT’s have significantly enhanced our understanding of CQFT’s in D = 2 and they promised new insights into string theories [16].

In the Schwarz type topological models the antisymmetric tensor fields appear always as gauge fields. The aim of the present paper is to construct, rather differently, Witten type topological models which include antisymmetric tensors fields as matter fields. More precisely, we consider extensions of the 4D, N_T = 1 Donaldson–Witten (DW) theory, the N_T = 1 super– BF model [17] and the N_T = 2 topological B–model, constructed by Marcus [18], respectively, which involve a coupling of the gauge field A_μ to the (anti)self–dual parts T^±_{μν} of a second– rank antisymmetric matter field T_{μν} . These models allow, in principle, also the inclusion of a quartic tensor self–interaction term. Both types of interaction terms, when put on a general curved 4–dimensional gravitational background with Euclidean signature, may be regarded as a non–abelian generalization and N_T ≧ 1 supersymmetric extension of the abelian axial gauge model for antisymmetric tensor matter fields in Minkowski space–time introduced by Avdeev and Chizhov [19].

The search for a new type of topological matter action is motivated as follows: One of the possible constructions of DW theory consists in twisting the action of Euclidean N = 2 super Yang–Mills (SYM) theory with global automorphism group Sp(2) ⊗ U(1) (R– symmetry) and Euclidean rotation group SO(4) ∼= SU(2)_L ⊗ SU(2)_R by replacing SU(2)_L through the diagonal subgroup of SU(2)_L ⊗ Sp(2) and coupling the theory to Euclidean gravity [10]. Due to its independence on the gauge coupling constant e there exists the possibility to study the observables of the theory from both the perturbative and non–perturbative point of view, i.e., either in the weak or in the strong coupling limit, e → 0 or e → ∞, respectively. Perhaps the most important outcome of both approaches is the existence of a totally unexpected relation between two different moduli spaces in 4D topology, one defined by the anti–selfdual instanton equations [20] and another one defined by the abelian Seiberg–Witten monopol equations [21]. These moduli problems can be naturally generalized including also spinor fields, namely by twisting the N = 2 SYM coupled to N = 2 matter hypermultiplets in various representations of the gauge group [22]. Since the global R–symmetry group of N = 2 supersymmetric gauge theories is at most U(2) ∼= Sp(2) ⊗ U(1), the twist in these more general cases is essentially unique. The moduli space associated to that generalized DW theory is determined by the non–abelian monopol equations.

To construct fundamentally different, N_T > 1 topological theories, one needs at least N = 4 Euclidean SYM. Since the R–symmetry group of N = 4 supersymmetric gauge theories is SU(4) there exist three non–equivalent ways of twisting the Euclidean rotation group with the R–symmetry group. One of them, the N_T = 2 topological A–model, constructed by Yamron [23], was studied by Vafa and Witten in order to perform a strong coupling test of S–duality [24]. Another one, the N_T = 2 topological B–model leads to a theory whose moduli space is dominated by flat complexified gauge fields A_μ ± iV_μ; it can be regarded as a deformation of the N_T = 1 super–BF model [25]. The remaining one, also constructed by Yamron [23], is the N_T = 1 half–twisted theory which provides another example of a DW theory with matter, now for the particular case when the spinor fields are in the adjoint representation of the gauge group. The latter theory bears a strong resemblance to the non–abelian generalization of the Seiberg–Witten monopol theory. However, twisted N = 4 SYM does not lead to a topological matter action having a N_T = 2 supersymmetry. This is due to the fact that N = 4 SYM cannot be coupled to a N = 4 matter hypermultiplet.

In continuing earlier studies [26] of topological gauge theories we pursued further the idea of constructing TQFT’s with matter leading, in particular, to a new topological tensor matter action with extended, N_T = 2, supersymmetry.

The outline of the paper is as follows: In Sect. 2 we briefly review the DW theory and then we construct a tensor matter action with N_T = 1 topological supersymmetry; it is shown that its tensorial structure is uniquely fixed by gauge and local Weyl invariance. In Sect. 3 we generalize the previous construction for complexified gauge fields, A_μ ± iV_μ, and pass to the N_T = 1 super–BF model with matter. In Sect. 4, by a suitable deformation of the super–BF model, in the version of [25], we arrive at the N_T = 2 topological B–model with matter and underlying complexified supersymmetry Q ± iQ̄. In the Appendix it is proven, in accordance with [18, 25] and contrary to some statement in [27, 28], that the on–shell conditions in the formulation of the B–model cannot be completely lifted by using an appropiate set of auxiliary fields.

Throughout the paper we use the following conventions: Greek letters μ, ν, . . . denote world indices and lower case latin letters a, b, . . . are flat SO(4) tangent space indices.

2 Donaldson–Witten theory coupled to tensor matter fields

Let us first consider the DW theory whose moduli space is the space of anti–selfdual instantons. In order to complete the construction of that theory — which has been described in the Introduction — we must specify its configuration space. It consists of the gauge potential A_μ, the Grassmann–odd self–dual tensor, vector and scalar fields χ_{μν} , ψ_μ and η, respectively, and the Grassmann–even scalar fields ϕ and ϕ̄. For the closure of the topological superalgebra it is necessary to introduce the bosonic auxiliary self–dual tensor field B_{μν} . All the fields are in the adjoint representation, i.e., taking their values in the Lie algebra Lie(G) of some compact (semisimple) gauge group G. Throughout this paper we adopt the convention to choose the generators T^i ∈ Lie(G) always anti–Hermitean.

The action of DW theory, with a N_T = 1 off–shell equivariantly nilpotent topological supersymmetry Q, adopting the notation of Ref. [25], can be cast into the Q–exact form

S_{DW} = QΨ_{DW}, (3)

with the gauge fermion (see, also, footnote 3 below)

Ψ_{DW} = i e^2 ∫ d^4x √ g tr {1 2 χ^{μν} F_{μν} + i 4 χ^{μν} B_{μν} − ψ^μD_μϕ̄ + i 2 η[ϕ̄, ϕ] } , (4)

where F_{μν} = ∂_{[μ}A_{ν]} + [A_μ, A_ν ] and D_μ = ∂_μ + [A_μ, · ] are the field strenght and the covariant derivative in the adjoint representation, respectively; e is the usual YM coupling constant.

In (4) the gauge fermion has been chosen in a Feynman type gauge, thereby the first term enforces the localization into the moduli space and the third term ensures that pure gauge degrees of freedom are projected out; the remaining terms belong to the non–minimal sector and could be droped (getting a Landau type gauge).

The off–shell equivariantly nilpotent Q–transformations take the form Qg_{μν} = 0, Qϕ = 0, QA_μ = ψ_μ, Qψ_μ = D_μϕ, Qϕ̄ = η, Qη = [ϕ̄, ϕ], Qχ_{μν} = B_{μν} , QB_{μν} = [χ_{μν} , ϕ]. (5) Therefore, the topological supercharge Q squares to zero only modulo field–dependent gauge transformations,

Q^2 = δ_G(ϕ), (6) which are defined by δ_G(ω)A_μ = D_μω and δ_G(ω)X = [X, ω] for all the other fields. Hence, all the local symmetries of the action, apart from the ordinary gauge invariance, have been fixed.

Spelling out the action (3) explicitly one obtains, recalling that χ_{μν} and B_{μν} are self–dual,^3

S_{DW} = i e^2 ∫ d^4x √ g tr {1 2 B^{μν} F_{μν} − χ^{μν} D_μψ_ν + i 4 B^{μν} B_{μν} − i 4 ϕ{χ^{μν} , χ_{μν} } − D^μϕ̄D_μϕ + ϕ̄{ψ^μ, ψ_μ} + ψ^μD_μη + i 2 [ϕ̄, ϕ]^2 − i 2 ϕ{η, η} } . (7)

The Q–exactness of the action (3) is common to all Witten type topological theories and has striking consequences on the general features of cohomological gauge theories. It means that the physical observables, in particular the partition functions themself, have no dependence on the metric g_{μν} and on the coupling constant e.

Now, we describe the inclusion of a new type of interaction into topological gauge theories involving antisymmetric tensor matter fields. The way of constructing such tensor interactions is governed by the following strategy:

First, we generalize the coupling (2) such that it might be interpreted as a φ^4–type theory for antisymmetric tensor matter fields leading to the non–abelian extension [29] of the Avdeev– Chizhov (AC) model [19] in Minkowski space–time:

S_{AC}(α) = ∫ M d^4x { (D^aφ_{ac})(D_bφ^{bc})^† + α(φ_{ac}φ^{†bc})(φ^{ad}φ^†_{bd}) } . (8)

Here, D^aφ_{ab} = ∂^aφ_{ab} − φ_{ab}A^a is the covariant derivative of φ_{ab} which belongs to some finite (complex) representation of Lie(G). Remind that the gauge potential A_a is anti–Hermitean. For notational simplicity we also droped the group index of the matter fields. α is the coupling constant of the quartic self–interaction.

The action (8) is invariant under the following gauge transformations, δ_G(ω)A_μ = D_μω, δ_G(ω)φ_{ab} = φ_{ab}ω, δ_G(ω)φ^†_{ab} = −ωφ^†_{ab}, where the choice of a complex representation allows for a non–trivial mixing between the chiral components (T_{ab}, T̃_{ab}) of the complex tensor field φ_{ab} = T_{ab} + iT̃_{ab} [29]. Let us recall that Minkowski space–time does not allow for self–dual fields φ_{ab} ≠ φ̃_{ab} ≡ (i/2)ϵ_{abcd}φ^{cd} due to φ̃_{ab} = −φ_{ab}. Second, we perform in (8) a Wick rotation to the Euclidean space as a result of which φ_{ab} becomes two times the anti–selfdual part of T_{ab}. Then, after appropriate rescaling of e and α, we put the resulting action, denoted by S(α), on a general Riemannian 4–manifold endowed with a vierbein e^a_μ and a spin connection ω^{ab}_μ , S(α) = 1 e^2 ∫ d^4x √ g { (∇^μT^−_{μρ})(∇_νT^{νρ}_+ ) + α(T^−_{μρ}T^{νρ}_+ )(T^{μσ}_− T^+_{νσ} ) } , (9)

where T^±_{μν} are the (anti)self–dual parts of the tensor matter field T_{μν} ,

T^±_{μν} = 1 2 (T_{μν} ± T̃_{μν} ), T̃_{μν} = 1 2 √ gϵ_{μνρσ} T^{ρσ} , T̃_{μν} = T_{μν} , 3The various factors of i are due to some subleties in the formulation of topological gauge theories (see, the remarks at the end of Sect. 3). Formally, they can be avoided completely when the fields χμν , ϕ̄, η and Bμν in the DW theory and, later on, η̄ and Y in the super–BF and the B–model (see, Sects. 3 and 4), are redefined by multiplying them with −i. Then, the ghost number symmetry group changes into SO(2) instead of being SO(1, 1). The Euclideanized amplitudes are defined, as usual, by exp(−S).

with the Levi–Civita tensor density being normalized as √ gϵ_{μνρσ} ϵ^{abcd} = e^a_{[μ} . . . e^d_{σ]} , e^a_μ e^b_ν g^{μν} = δ^{ab}, e^a_μ e^b_ν δ_{ab} = g_{μν} . As usual, the gauge and metric covariant derivative of A_μ is defined by

∇_μ = D_μ + 1 2 ω^{ab}_μ σ_{ab}, ω^{ab}_μ = −(∂_μe^a_ν − Γ^ρ_{μν} e^a_ρ )e^{νb}, ∂_{[μ}e^a_{ν]} + ω^{ab}_{[μ} e_{ν]b} = 0,

with σ_{ab} being the generators of the holonomy group SO(4); the Levi–Civita connection Γ^ρ_{μν} is determined, as usual, by requiring covariant constancy of the metric and absence of torsion. With these definitions one gets

∇^μT^±_{μν} = 1 √ g D^μ( √ gT^±_{μν} ), D^μT^−_{μν} = ∂^μT^−_{μν} − T^−_{μν} A^μ, D^μT^+_{μν} = ∂^μT^+_{μν} + A^μT^+_{μν} ,

where Γ^ν_{μν} = ∂_μln √ g has been taken into account. Now, it is easy to verify that the action (9) is invariant under the following gauge transformations:

δ_G(ω)A_μ = D_μω, δ_G(ω)T^−_{μν} = T^−_{μν} ω, δ_G(ω)T^+_{μν} = −ωT^+_{μν} . (10)

Besides the gauge symmetry, the action (9) possesses also a discrete symmetry under Hermitean conjugation, steming from the CP invariance of the original Avdeev–Chizhov action. Under this conjugation A_μ and T^±_{μν} transform into −A_μ and T^∓_{μν} .

Although, for non–trivial A_μ ≠ 0 and without any restriction of the holonomy group of the underlying 4–manifold, the coupling in (9) is no more conformally, the action (9) exhibits still an invariance under the following local rescalings of the metric g_{μν} and the tensor matter fields T^±_{μν} ,

δ_W(σ)A_μ = 0, δ_W(σ)g_{μν} = −2σg_{μν} , δ_W(σ)T^±_{μν} = σT^±_{μν} , (11)

with δ_W(σ) √ g = −( √ g/2)g^{μν}δ_W(σ)g_{μν} = 4σ √ g. Hence, this action satisfies, by construction, one of the important properties of cohomological gauge theories, namely local scale (or Weyl) invariance.

Third, without spoiling its gauge and local scale invariance, a N_T = 1 supersymmetric extension of the action (9) is obtained by introducing Grassmann–odd (anti)self–dual tensor fields λ^±_{μν} and vector fields ξ^±_ν as the superpartners of T^±_{μν} and ∇^μT^±_{μν} , respectively, and the Grassmann–even symmetric tensor field ζ^ν_μ as the superpartner of the gauge invariant expression T^−_{μρ}T^{νρ}_+ . For the closure of the topological superalgebra it is necessary to introduce the bosonic auxiliary vector and symmetric tensor fields Y^±_μ and G^ν_μ , respectively. This supersymmetric action, denoted by S_T(α), can be cast, analogous to (3), in a Q–exact form,

S_T(α) = QΨ_T(α), (12)

with the following gauge and locally scale invariant matter fermion (cf., Eqs. (19)),

Ψ_T(α) = 1 2e^2 ∫ d^4x √ g { ξ^ν_−(∇^μT^+_{μν} − Y^+_ν ) + (∇_μT^{μν}_− − Y^ν_− )ξ^+_ν + αζ^μ_ν (T^−_{μρ}T^{νρ}_+ − G^ν_μ ) } . (13)

The off–shell equivariantly nilpotent Q–transformations of the matter fields are given by QT^−_{μν} = λ^−_{μν} , Qλ^−_{μν} = T^−_{μν} ϕ, Qξ^−_ν = ∇^μT^−_{μν} + Y^−_ν , QY^−_ν = ξ^−_ν ϕ − ∇^μλ^−_{μν} + T^−_{μν} ψ^μ, QT^+_{μν} = λ^+_{μν} , Qλ^+_{μν} = −ϕT^+_{μν} , Qξ^+_ν = ∇^μT^+_{μν} + Y^+_ν , QY^+_ν = −ϕξ^+_ν − ∇^μλ^+_{μν} − ψ^μT^+_{μν} , Qζ^ν_μ = T^−_{μρ}T^{νρ}_+ + G^ν_μ , QG^ν_μ = −λ^−_{μρ}T^{νρ}_+ − T^−_{μρ}λ^{νρ}_+ , (14) with Q satisfying the topological superalgebra (6). The gauge transformations of λ^±_{μν} , ξ^±_μ and Y^±_μ agree with those of T^±_{μν} (c.f., Eqs. (10)), and G_{μν} and ζ_{μν} are gauge invariant.

Performing the Q–transformation, thereby making use of Eqs. (5) and (14), the action (12) becomes

S_T(α) = 1 e^2 ∫ d^4x √ g { (∇^μT^−_{μρ})(∇_ν T^{νρ}_+ ) − Y^−_μ Y^μ_+

+ (∇^μλ^−_{μν} − T^−_{μν} ψ^μ)ξ^ν_+ − ξ^−_ν ϕξ^ν_+ − ξ^−_ν (∇_μλ^{μν}_+ + ψ_μT^{μν}_+ ) + α ( (T^−_{μρ}T^{νρ}_+ )(T^{μσ}_− T^+_{νσ} ) − ζ^μ_ν (λ^−_{μρ}T^{νρ}_+ − T^−_{μρ}λ^{νρ}_+ ) − 1 2 G_{μν} G^{μν} )} . (15)

It should be stressed that, unlike the DW theory, the Q–transformations (14) are not obtained from a N = 2 supersymmetric tensor matter action via a topological twist. Let us shortly comment on why such a ‘detour’, if possible at all, was actually not necessary. This is simply due to the fact that the scalar field ϕ, entering into the DW theory, is Q–inert. Therefore, by choosing a suitable gauge and locally scale invariant fermion Ψ_T(α) and off–shell equivariantly nilpotent transformation rules for the matter fields the resulting action S_T(α) is very alike the action S_{DW}. However, this is no longer the case for N_T = 2 topological matter, whose construction is rather involved and, obviously, quite special (see, Sect. 4 below).

The action (8) of the non-abelian Avdeev–Chizhov model has several remarkable features [29] most of which may be proven also for the action (9). Above all, it is worth notifying that its tensorial structure is completely fixed. Namely, due to the following purely algebraic relations,

g^{ρσ}T^−_{μρ}F^{μν} T^+_{νσ} = 0, T^−_{μρ}(C^{μρνσ} + g^{ρσ}R^{μν} )T^+_{νσ} = 0 (16) and (T^−_{μν} T^+_{ρσ})(T^{μν}_− T^{ρσ}_+ ) = 4(T^−_{μρ}T^{μσ}_+ )(T^{νρ}_− T^+_{νσ}) = 4(T^−_{μρ}T^{μσ}_+ )(T^−_{νσ}T^{νρ}_+ ), (17)

an unique gauge and local scale invariant kinetic and quartic self–interaction term is singlet out (this explains why the action (9) deserves our interest). In addition, these relations forbid the existence of mass and cubic self–interacting terms.

The equivalence of the three possible self–interaction terms (17) can simply be proven by using the identity e^σ_d √ gϵ_{μνρσ} ϵ^{abcd} = e^a_{[μ} e^b_ν e^c_{ρ]} . In the same way one verifies the relation

g^{ρσ}T^−_{μρ}[∇^μ, ∇^ν ]T^+_{νσ} = 0,

which guarantees the uniqueness of the kinetic term. From this relation one derives

g^{ρσ}T^−_{μρ}F^{μν} T^+_{νσ} = 0, T^−_{μρ}(R^{μρνσ} − g^{ρσ}R^{μν} )T^+_{νσ} = 0, g^{μν} g^{ρσ}T^−_{μρ}RT^+_{νσ} = 0, (18)

where R_{μν} = g^{ρσ}R_{μρνσ} and R = g^{μν} R_{μν} are the Ricci tensor and the Ricci scalar, respectively, R^μ_{ρνσ} = ∂_{[ν} Γ^μ_{σ]ρ} + Γ^μ_{λ[ν} Γ^λ_{σ]ρ} being the Riemannian curvature tensor. Decomposing R_{μρνσ} into its irreducible parts, R_{μρνσ} = C_{μρνσ} − 1 6 R(g_{μν} g_{ρσ} − g_{μσ}g_{νρ}) + 1 2 (g_{μν} R_{ρσ} − g_{μσ}R_{νρ} − g_{νρ}R_{μσ} + g_{ρσ}R_{μν} ), where the conformal Weyl tensor C_{μρνσ} is completely traceless, from (18) one obtains immediatly the relations (16). The fact, that C_{μρνσ} appears in (16) only in combination with R_{μν} is not surprising if one remembers the definition of the Euler number, χ = 1 32π^2 ∫ d^4x √ g { C^{μρνσ} C_{μρνσ} − 2R^{μν} R_{μν} + 2 3 R^2 } , and, in addition, takes into account the last of the relations (18).

Let us remark that the second of Eqs. (18) along with our choice of the matter fermion (13) ensures also that a coupling of DW theory to tensorial matter does not spoil the local scale invariance. Indeed, it is simple to check that the actions (7) and (15) are left invariant by the following local Weyl symmetry, δ_W(σ)g_{μν} = −2σg_{μν} , δ_W(σ)ϕ̄ = −2σϕ̄, δ_W(σ)T^±_{μν} = σT^±_{μν} , δ_W(σ)Y^±_μ = −σY^±_μ , (19) δ_W(σ)η = −2ση, δ_W(σ)λ^±_{μν} = σλ^±_{μν} , δ_W(σ)ξ^±_μ = −σξ^±_μ , where we have only written down the non–trivial scale transformations. Obviously, this symmetry commutes with the topological supersymmetry Q, i.e., it holds [δ_W(σ), Q] = 0.

Since the total action, S_{DW} + S_T(α), is Q–exact, and because g_{μν} is Q–inert, it follows immediately that the metric variation of that action is also Q–exact. Therefore, the full stress tensor T_{μν} (α) derived from this action is Q–exact, as well, which is sufficient to ensure that physical observables have no dependence on the metric of the underlying manifold. Since this action is locally scale invariant, the trace of the stress tensor becomes, on–shell, the divergence of a current,

g^{μν} T_{μν} (α) = 2g^{μν} √ g δ δg^{μν} (S_{DW} + S_T(α)) .= ∂_μj^μ(α).

Moreover, since topological gauge theories should not involve arbitrary parameters — at least, as long as they do not enter into the Q–transformations — physical observables should also not depend on the coupling constant α of the self–interaction term. Indeed, the Q–exactness of the action (12) — which, as already emphasized above, has far–reaching consequences — makes it possible to use field–theoretical arguments to conclude that the α–dependent term in (15) is irrelevant and can be omitted. Therefore, in the following considerations we shall take into account only the kinetic term of the tensor matter action.

3 N_T = 1 super–BF model with tensor matter

In the previous section we extended the DW theory to a topological model with tensor matter. Its moduli space remains to be dominated by instantons. But, the evaluation of the partition function in the weak coupling limit, which is expected to go still through as in Ref. [10], will now receive contributions to the ratios of determinants of the kinetic operators from the even and odd integer spin fields (A_μ, χ_{μν} , ψ_μ) of the gauge multiplet as well as from the even and odd integer spin fields (T^±_{μν} , λ^±_{μν} , ξ^±_μ ) of the matter multiplet.

Now, as a preliminary stage, we will generalize the previous construction for the N_T = 1 super–BF model whose moduli space is the space of flat complexified gauge fields A_μ ± iV_μ. The idea behind of this intention is that, in principle, such an generalization allows also for introducing an extended, N_T = 2, supersymmetry. For that purpose, we have to assume that, apart from the complexified gauge field, all the Grassmann–odd fields are complexified ones, as well. In Sect. 4, when turning to the B–model, it will become obvious that such an extension, roughly speaking, amounts to introduce an extended, N_T = 2, complexified supersymmetry Q ± iQ̄. Usually, extended supersymmetries arise when N_T = 1 theories are formulated on manifolds with reduced holonomy groups, e.g., DW theory on Kähler manifolds. Therefore, the complexified supersymmetry Q ± iQ̄ which we encounter here is of a different kind as both, Q and Q̄, must have the same ghost number.

The N_T = 1 super–BF model was described in detail in [17] using the Batalin–Vilkovsky formalism. However, due to some redundancy in that description it is possible to find a more simpler formulation of the model with a reduced field content [25]. It consists of the gauge field A_μ, the vector field V_μ, the complex Grassmann–odd tensor, vector and scalar fields χ_{μν} , ψ_μ, ψ̄_μ and η, η̄, respectively, and the Grassmann–even scalar fields ϕ and ϕ̄. Moreover, in order to ensure off–shell equivariantly nilpotency of the topological supersymmetry Q, Q^2 = δ_G(ϕ), it is necessary to introduce the bosonic auxiliary tensor and scalar fields B_{μν} and Y . (Let us point out that χ_{μν} and B_{μν} are not self–dual.)

Adopting that formulation, the action of the model can be written in a Q–exact form,

S_{BF} = QΨ_{BF}, (20)

where the gauge fermion (again choosen in a Feynman type gauge) is given by

Ψ_{BF} = i e^2 ∫ d^4x √ g tr {1 2 χ̃^{μν} F_{μν} + i 4 χ^{μν} B_{μν} + χ^{μν} D_μV_ν − ψ^μD_μϕ̄ + i 2 η[ϕ̄, ϕ] + V^μD_μη̄ + i 2 η̄Y } , (21)

and the supersymmetry transformations Q are defined as follows: Qg_{μν} = 0, Qϕ = 0, QA_μ = ψ_μ, Qψ_μ = D_μϕ, QV_μ = ψ̄_μ, Qψ̄_μ = [V_μ, ϕ], Qϕ̄ = η, Qη = [ϕ̄, ϕ], Qη̄ = Y, QY = [η̄, ϕ], Qχ_{μν} = B_{μν} , QB_{μν} = [χ_{μν} , ϕ]. (22) The reduced configuration space of the model suggests the existence of a discrete symmetry under Hermitean conjugation, namely^4 (A_μ, ψ_μ, ψ̄_μ, ϕ, V_μ, ϕ̄, η, η̄, Y, χ_{μν} , B_{μν} ) → (−A_μ, iψ̄_μ, −iψ_μ, −ϕ, −V_μ, ϕ̄, −iη̄, iη, Y, iχ̃_{μν}, −B_{μν} ), ϵ_{μνρσ} → −ϵ_{μνρσ} , (23) so that one could expect the occurrence of an extended, N_T = 2, topological supersymmetry Q ± iQ̄. However, carring out in (20) the Q–transformation explicitly, which yields

S_{BF} = i e^2 ∫ d^4x √ g tr {1 2 B̃^{μν} F_{μν} + B^{μν} D_μV_ν + i 4 B^{μν} B_{μν} − i 4 ϕ{χ^{μν} , χ_{μν} } − D^μϕ̄D_μϕ + ϕ̄{ψ^μ, ψ_μ} − χ̃^{μν} D_μψ_ν + ψ^μD_μη − χ^{μν} D_μψ̄_ν + ψ̄^μD_μη̄ − χ^{μν} [V_μ, ψ_ν] − ψ^μ[V_μ, η̄] − i 2 ϕ{η̄, η̄} + i 2 [ϕ̄, ϕ]^2 − i 2 ϕ{η, η} + V^μD_μY + i 2 Y^2 } , (24)

it is easily seen that this is only partly the case. Therefore, this action possesses really only a simple, N_T = 1, topological supersymmetry.

Let us now turn to the construction of the matter action. For that purpose we incorporate into (9) the vector field V_μ in such a way that the invariance under Hermitean conjugation is preserved. This is simply achieved by replacing in ∇^μT^±_{μν} the gauge field A_μ through A_μ ∓ iV_μ,

4This symmetry is identical with the Hermitean conjugation introduced in Ref. [18] after an appropriate redefinition of the original fields through complexified ones (see also remarks at the end of this Section).

respectively. The α–independent part of the resulting action, denoted by S_C (C standing for ‘complexified’), takes the form

S_C = 1 e^2 ∫ d^4x √ g { (∇^μT^−_{μρ} − iT^−_{μρ}V^μ)(∇_ν T^{νρ}_+ − iV_ν T^{νρ}_+ ) } , (25)

and is, in fact, invariant under Hermitean conjugation (A_μ, V_μ, T^±_{μν}) → (−A_μ, −V_μ, T^∓_{μν} ).

In order to get the N_T = 1 supersymmetric extension of (25) we make the ansatz

S_{CT} = QΨ_{CT} , (26)

and choose the following gauge and locally scale invariant matter fermion

Ψ_{CT} = 1 2e^2 ∫ d^4x √ g { ξ^ν_−(∇^μT^+_{μν} − iV^μT^+_{μν} − Y^+_ν ) + (∇^μT^−_{μν} − iT^−_{μν} V^μ − Y^−_ν )ξ^ν_+ } , (27)

where the Q–transformations are given by QT^−_{μν} = λ^−_{μν} , Qλ^−_{μν} = T^−_{μν} ϕ, Qξ^−_ν = ∇^μT^−_{μν} − iT^−_{μν} V^μ + Y^−_ν , QY^−_ν = ξ^−_ν ϕ − ∇^μλ^−_{μν} + iλ^−_{μν} V^μ + T^−_{μν} (ψ^μ + iψ̄^μ), QT^+_{μν} = λ^+_{μν} , Qλ^+_{μν} = −ϕT^+_{μν} , Qξ^+_ν = ∇^μT^+_{μν} − iV^μT^+_{μν} + Y^+_ν , QY^+_ν = −ϕξ^+_ν − ∇^μλ^+_{μν} + iV^μλ^+_{μν} − (ψ^μ − iψ̄^μ)T^+_{μν} . (28)

With that choice the action (26) takes the form

S_{CT} = 1 e^2 ∫ d^4x √ g { (∇^μT^−_{μρ} − iT^−_{μρ}V^μ)(∇_ν T^{νρ}_+ − iV_ν T^{νρ}_+ ) − Y^−_μ Y^μ_+

+ (∇^μλ^−_{μν} − iλ^−_{μν} V^μ)ξ^ν_+ − ξ^−_ν (∇_μλ^{μν}_+ − iV_μλ^{μν}_+ )

− T^−_{μν} (ψ^μ + iψ̄^μ)ξ^ν_+ − ξ^−_ν ϕξ^ν_+ − ξ^−_ν (ψ_μ − iψ̄_μ)T^{μν}_+ } , (29)

and one can easily verify that, as promised, this action exhibits a discrete symmetry under Hermitean conjugation, namely (A_μ, ψ_μ, ψ̄_μ, ϕ, V_μ, T^±_{μν}, λ^±_{μν} , Y^±_μ , ξ^±_μ ) → (−A_μ, iψ̄_μ, −iψ_μ, −ϕ, −V_μ, T^∓_{μν} , ∓λ^∓_{μν} , Y^∓_μ , ∓ξ^∓_μ ), (30) which is clearly compatible with (23). Also this symmetry suggests the presence of a hidden N_T = 2 supersymmetry Q ± iQ̄. However, in order to expose such a second supersymmetry Q̄ the action (24) must be deformed by adding further terms to the gauge fermion (21) so that its partly discrete symmetry under Hermitean conjugation (23) becomes completely manifest. This will be the subject of the next section.

Finally, there are several points worth to note about the appearence of some ‘wrong’ signs in the symmetry (23): First, because all of the (real parts of the) fields of the BF–model are represented by anti–Hermitean matrices, there is an extra minus sign in these transformations, e.g., A_μ ± iV_μ → −(A_μ ∓ iV_μ). Second, in order to ensure that the transformation χ_{μν} ± iχ̃_{μν} → i(χ̃_{μν} ± iχ_{μν} ) of the complexified tensor fields agrees, formally, with that of the complexified vector fields, ψ_μ ±iψ̄_μ → i(ψ̄_μ±iψ_μ), it is necessary that Hermitean conjugation is combined with a simultaneous replacement ϵ_{μνρσ} → −ϵ_{μνρσ} , which reverses the orientation of the 4–manifold.

Third, the transformations ϕ̄ → ϕ̄, η ± iη̄ → −i(η̄ ± iη) and Y → Y have apparently a wrong sign. These extra sign changes can be traced back to some subtleties in the formulation of cohomological gauge theories. The DW theory was originally derived from the Wick–rotated N = 2 SYM with compact R–symmetry group U(2) ∼= Sp(2) ⊗ U(1), with U(1) ∼= SO(2) being the ghost number symmetry [10]. But, in this approach, the sign of the kinetic term of one of the two original scalars, ϕ and ϕ̄, must be changed, so that the twisted theory has an SO(1, 1) ghost number symmetry [10]. One can simply overcome this difficulty if the ‘problematic’ scalar field ϕ is replaced by ϕ → iϕ. Therefore, under Hermitean conjugation the scalars ϕ and ϕ̄ transform like a real and a purely imaginary field, respectively. The situation is quite similar for the super–BF model. Recently, it has been shown that one can completely sidestep this problem by twisting directly the Euclidean N = 2 SYM with non–compact R–symmetry group Sp(2) ⊗ SO(1, 1) instead of Sp(2) ⊗ SO(2) [30].

4 N_T = 2 topological B–model with tensor matter

The purpose of this Section is to deform the action (24) of the super–BF model — according to the proposal [25] of Blau and Thompson — to that of the B–model and to reveal the second topological supersymmetry Q̄ of the matter action (29). We begin by shortly reviewing the structure of the B–model [18]. This model is obtained by a certain twist of N = 4 SYM, namely breaking down the R–symmetry group SU(4) to SO(4) ∼= Sp(2)_A ⊗ Sp(2)_B ⊗ U(1) and by changing the action of the rotation group SO(4) ∼= SU(2)_L ⊗ SU(2)_R of the Euclidean space by replacing SU(2)_L and SU(2)_R through the diagonal subgroup of SU(2)_L ⊗ Sp(2)_A and of SU(2)_R ⊗ Sp(2)_B, respectively.

The N = 4 SYM is believed to be exactly finite and conformal invariant, even non–perturbatively [31]. Furthermore, it is believed that the S–duality [32] in N = 4 SYM, which includes a discrete Z_2 symmetry corresponding to an interchange of electric and magnetic charges along with an interchange of weak and strong coupling, e → 1/e, is exact. (It is natural to conjecture that the twisted theory has also an S–duality symmetry.)

For N = 4 SYM it is possible to introduce a further coupling constant θ by adding to the YM action a topological term (owing to the absence of a chiral anomaly in N = 4 SYM it is impossible to shift away the θ–term by means of a chiral rotation). In the presence of a non–zero θ–angle the original Z_2 symmetry e → 1/e is extended to a full SL(2, Z) symmetry acting on τ = θ/2π + 4πi/e^2. Thereby, one expects that under an inversion τ → −1/τ of this coupling the gauge group G is exchanged with its dual group Dual(G). Moreover, as pointed out by ’t Hooft [33], one can consider topological non–trivial gauge transformations of G/Center(G) with discrete magnetic ’t Hooft flux through certain two–cycles of the 4–manifold.

The action of the B–model in the presence of a non–zero θ–term can be cast into the form

S_{BT}(θ) = QΨ_{BT} − iθk = Q̄Ψ̄_{BT} − iθk, k = 1 32π^2 ∫ d^4x √ g tr { F̃^{μν} F_{μν} } , (31)

where k is the instanton number, i.e., its θ–independent part is Q– and Q̄–exact, but not QQ̄– exact, S_{BT}(0) ≠ QQ̄Ω_{BT} (notice that under the Hermitean conjugation, Eqs. (23), k transforms into −k whereas θ remains inert).

The gauge fermion Ψ_{BT} in (31) is an appropiate extension of the gauge choice (21),

Ψ_{BT} = i e^2 ∫ d^4x √ g tr {1 2 χ̃^{μν} (F_{μν} − [V_μ, V_ν]) + i 4 χ^{μν} (B_{μν} − iD_{[μ}V_{ν]}) − ψ^μD_μϕ̄ − ψ̄^μ[V_μ, ϕ̄] + i 2 η[ϕ̄, ϕ] + V^μD_μη̄ + i 2 η̄Y } , (32) whereas

Ψ̄_{BT} = i e^2 ∫ d^4x √ g tr {1 2 χ^{μν} (F_{μν} − [V_μ, V_ν]) + i 4 χ̃^{μν} (B_{μν} − iD_{[μ}V_{ν]}) − ψ̄^μD_μϕ̄ + ψ^μ[V_μ, ϕ̄] + i 2 η̄[ϕ̄, ϕ] − V^μD_μη − i 2 ηY } , (33)

is obtained from (32) by applying the following discrete Z_2 symmetry of the B–model [25] (see Eq. (38) below), (A_μ, ψ_μ, ψ̄_μ, ϕ, V_μ, ϕ̄, η, η̄, Y, χ_{μν}, B_{μν} ) → (A_μ, ψ̄_μ, ψ_μ, ϕ, −V_μ, ϕ̄, η̄, η, −Y, χ̃_{μν}, B_{μν} ). (34) The on–shell equivariantly nilpotent Q– and Q̄–transformations, being interchanged by the Z_2 symmetry (34), are the following: Qϕ = 0, Q̄ϕ = 0, QA_μ = ψ_μ, Q̄A_μ = ψ̄_μ, Qψ_μ = D_μϕ, Q̄ψ̄_μ = D_μϕ, QV_μ = ψ̄_μ, Q̄V_μ = −ψ_μ, Qψ̄_μ = [V_μ, ϕ], Q̄ψ_μ = −[V_μ, ϕ], Qϕ̄ = η, Q̄ϕ̄ = η̄, Qη = [ϕ̄, ϕ], Q̄η̄ = [ϕ̄, ϕ], Qη̄ = Y, Q̄η = −Y, QY = [η̄, ϕ], Q̄Y = −[η, ϕ], Qχ_{μν} = B_{μν} + iD_{[μ}V_{ν]}, Q̄χ̃_{μν} = B_{μν} − iD_{[μ}V_{ν]}, QB_{μν} = [χ_{μν} , ϕ] − iD_{[μ}ψ̄_{ν]} − i[ψ_{[μ}, V_{ν]}], Q̄B_{μν} = [χ̃_{μν} , ϕ] − iD_{[μ}ψ_{ν]} + i[ψ̄_{[μ}, V_{ν]}]. (35)

Here, both operators Q and Q̄ square to zero modulo field–dependent gauge transformations δ_G(ϕ) but anticommute only on–shell on χ_{μν} and B_{μν} ,

Q^2 = δ_G(ϕ), {Q, Q̄} .= 0, Q̄^2 = δ_G(ϕ). (36)

In the Appendix we reanalyse in detail a statement of Lozano [27], namely that the action of the B–model in the presence of a non–zero θ–term can also be cast into the following form:

S_L(τ) = QΨ_L + 2πiτk = Q̄Ψ̄_L + 2πiτ̄k, τ = θ 2π + 4πi e^2

, (37)

τ̄ being the complex conjugate of τ, with Q and Q̄ satisfying the superalgebra (36) off–shell. We have not been able to confirm that result. A closer analysis (see Appendix) shows that, on the one hand, it is always possible to introduce off–shell equivariantly nilpotent Q– and Q̄– transformations, but then S_L(τ) cannot be cast into the form (37). On the other hand, it is always possible to express S_L(τ) in the form (37), but then the Q– and Q̄–transformations close only on–shell.

In the Feynman type gauge (32) the θ–independent part of the action (31) reads

S_{BT}(0) = i e^2 ∫ d^4x √ g tr {1 2 B̃^{μν} (F_{μν} − [V_μ, V_ν]) + i 4 D^{[μ}V^{ν]}D_{[μ}V_{ν]} + i 4 B^{μν} B_{μν} − i 4 ϕ{χ^{μν} , χ_{μν} } − D^μϕ̄D_μϕ + ϕ̄{ψ̄^μ, ψ̄_μ} − [V^μ, ϕ̄][V_μ, ϕ] + ϕ̄{ψ^μ, ψ_μ} − χ̃^{μν} D_μψ_ν + χ̃^{μν} [V_μ, ψ̄_ν ] + ψ^μD_μη − ψ^μ[V_μ, η̄]

− χ^{μν} D_μψ̄_ν − χ^{μν} [V_μ, ψ_ν ] + ψ̄^μD_μη̄ + ψ̄^μ[V_μ, η] − i 2 ϕ{η̄, η̄} + i 2 [ϕ̄, ϕ]^2 − i 2 ϕ{η, η} + V^μD_μY + i 2 Y^2 } . (38)

By construction, this action is invariant under Hermitean conjugation (23) and may be regarded, formally, as deformation of the action (24) of the N_T = 1 super–BF model. By choosing the Landau type gauge this action and the supersymmetry transformations (35) coincide precisely with those of Ref. [25].

After having deformed the action of the super–BF model to a point in the deformation space where it possesses an extended, N_T = 2, supersymmetry, let us now show that at this point the matter action (26) can be cast also into a Q̄–exact form,

S_{CT} = Q̄Ψ̄_{CT} , (39)

with the following choice of the matter fermion,

Ψ̄_{CT} = − i 2e^2 ∫ d^4x √ g { ξ^ν_−(∇^μT^+_{μν} − iV^μT^+_{μν} − Y^+_ν ) − (∇^μT^−_{μν} − iT^−_{μν} V^μ − Y^−_ν )ξ^ν_+ } . (40)

Indeed, introducing the Q̄–transformations of the matter fields according to Q̄T^−_{μν} = −iλ^−_{μν} , Q̄λ^−_{μν} = iT^−_{μν} ϕ, Q̄ξ^−_ν = i∇^μT^−_{μν} + T^−_{μν} V^μ + iY^−_ν , Q̄Y^−_ν = −iξ^−_ν ϕ + i∇^μλ^−_{μν} + λ^−_{μν} V^μ + T^−_{μν} (ψ̄^μ − iψ^μ), Q̄T^+_{μν} = iλ^+_{μν} , Q̄λ^+_{μν} = iϕT^+_{μν} , Q̄ξ^+_ν = −i∇^μT^+_{μν} − V^μT^+_{μν} − iY^+_ν , Q̄Y^+_ν = −iϕξ^+_ν − i∇^μλ^+_{μν} − V^μλ^+_{μν} − (ψ̄^μ + iψ^μ)T^+_{μν} , (41)

it is easily seen that they are equivariantly nilpotent and anticommute with the Q–transformations (28), i.e., Q and Q̄ obey the topological superalgebra (36) off–shell. Then, spelling out (39) in detail, one recovers precisely the orginal action (29), namely

S_{CT} = 1 e^2 ∫ d^4x √ g { (∇^μT^−_{μρ} − iT^−_{μρ}V^μ)(∇_ν T^{νρ}_+ − iV_ν T^{νρ}_+ ) − Y^−_μ Y^μ_+

+ (∇^μλ^−_{μν} − iλ^−_{μν} V^μ)ξ^ν_+ − ξ^−_ν (∇_μλ^{μν}_+ − iV_μλ^{μν}_+ )

− T^−_{μν} (ψ^μ + iψ̄^μ)ξ^ν_+ − ξ^−_ν ϕξ^ν_+ − ξ^−_ν (ψ_μ − iψ̄_μ)T^{μν}_+ } . Furthermore, it is simple to verify that the actions (38) and (29) are invariant under a local rescaling of the metric δ_W(σ)g_{μν} = −2σg_{μν} and local Weyl transformations of the fields. The latter are given by

δ_W(σ)ϕ̄ = −2σϕ̄, δ_W(σ)T^±_{μν} = σT^±_{μν} , δ_W(σ)η = −2ση, δ_W(σ)λ^±_{μν} = σλ^±_{μν}, δ_W(σ)Y = −2σY, δ_W(σ)Y^±_μ = −σY^±_μ , δ_W(σ)η̄ = −2ση̄, δ_W(σ)ξ^±_μ = −σξ^±_μ ,

with the properties [δ_W(σ), Q] = 0 = [δ_W(σ), Q̄], where again we have only written down the non–trivial transformations.

This finishes our construction of the topological B–model involving antisymmetric tensor matter fields.

In this context, let us mention that recently a fourth, conformal twist of N = 4 SYM has been proposed leading to a conformal invariant deformation of the B–model whose action is local scale invariant and has two Weyl invariant topological supersymmetries, Q and Q̄, [28]. Moreover, it has been conjectured that this model could have a dual holographic description in the 5–dimensional de Sitter space. We suppose that it should be possible to couple this model to antisymmetric tensor matter fields, too.

5 Concluding remarks

Motivated by the question whether, at least from a purely algebraic point of view, a topological model with matter having N_T = 2 supersymmetry can be constructed, we have proposed a new type of matter interactions involving antisymmetric tensor fields. These interactions may be regarded as supersymmetric extensions of a φ^4–type theory for antisymmetric tensor matter fields, firstly considered in [19, 29], on a general, curved 4–dimensional Euclidean gravitational background. Such tensorial matter interactions have been explicitly worked out for the DW theory, the N_T = 1 super–BF model and the N_T = 2 topological B–model.

In that paper we have focused primarily on the algebraic aspects of how topological gauge theories involving tensor matter fields can be constructed. Many other aspects remain still to be clarified. Among the interesting questions which deserve further investigations let us only mention the following:

(i) What are the unitarity properties of the independent propagating degrees of freedom associated with antisymmetric tensor matter fields in Euclidean space?

(ii) What are the relevant equations of the moduli problem in the presence of tensor matter fields?

(iii) Are there new topological observables associated with tensor matter fields? (iv) Does, analogous to the DW theory with matter hypermultiplet, the ghost–number anomaly of the topological B–model change when the tensor matter multiplet is coupled? (v) How behave antisymmetric tensor matter fields in topological gauge theories under renormalization?

(vi) Is it possible to couple tensorial matter also to the N_T = 2 topological A–model whose underlying supersymmetries, Q and Q̄, have different ghost numbers and therefore different cohomologies?

(vii) Is it possible to construct a N = 2 — or even a N = 4 — supersymmetric extension of the (non–abelian) Avdeev–Chizhov model from which tensor matter interactions, like the ones introduced in this paper, could be obtained via a topological twist?

(viii) Recently, Berhadsky, Sadov and Vafa [16] have shown that all the topologically twisted N = 4 gauge theories appear quite naturally as world–volume theories of Dirichlet p–brane instantons in string theory. With respect to this the perhaps most interesting question is whether topological tensor matter interactions could also appear in some low–energy effective tensor gauge theories derived from string models.

A Lozano’s formulation of the B–model

In this Appendix it will be shown that in Lozano’s action (37) (see, Ref. [27], Eq. (7.17)),

S_L(τ) = QΨ_L + 2πiτk = Q̄Ψ̄_L + 2πiτ̄k ≡ S_L(θ = 0) + iθk, (A.1)

the topological supercharges Q and Q̄ do not provide an off–shell formulation of the B–model. First of all, to be in line with the convention used here, let us perform the following redefinitions of Lozano’s fields (denoted by a subscript L):

[Q]_L = Q, [A_μ]_L = −iA_μ, [B]_L = −i √ 2ϕ̄, [Q̄]_L = Q̄, [V_μ]_L = i √ 2 V_μ, [C]_L = −i √ 2ϕ, [χ^±_{μν} ]_L = i 2 χ^±_{μν} , [ψ_μ]_L = −iψ_μ, [η]_L = −2iη,

[P ]_L = −4iY, [ψ̄_μ]_L = −iψ̄_μ, [η̄]_L = −2iη̄, [N^±_{μν} ]_L = iB^±_{μν} ,

where the overall factor of i is due to the different choice of the group generators, [T^i]_L = −iT^i.

After carrying out these redefinitions in Eqs. (7.11) and (7.16) of Ref. [27] and coupling the resulting action S_L(θ = 0) + iθk to Euclidean gravity, which requires a non–minimal R_{μν} – dependent term R^{μν} V_μV_ν , for the θ–independent part one obtains

S_L(θ = 0) = 1 e^2 ∫ d^4x √ g tr {1 4 (F^{μν} − [V^μ, V^ν ])(F_{μν} − [V_μ, V_ν]) + 1 4 D^{[μ}V^{ν]}D_{[μ}V_{ν]}

− 2χ^{μν}_+ D_μψ_ν + 2χ^{μν}_+ [V_μ, ψ̄_ν] − 2ψ^μD_μη − 2ψ̄^μ[V_μ, η] + 1 2 ϕ{χ^{μν}_+ , χ^+_{μν} } − 2ϕ̄{ψ^μ, ψ_μ} + 2ϕ{η, η} − 1 2 B^{μν}_+ B^+_{μν}

− 2χ^{μν}_− D_μψ̄_ν − 2χ^{μν}_− [V_μ, ψ_ν] − 2ψ̄^μD_μη̄ + 2ψ^μ[V_μ, η̄] + 1 2 ϕ{χ^{μν}_− , χ^−_{μν} } − 2ϕ̄{ψ̄^μ, ψ̄_μ} + 2ϕ{η̄, η̄} − 1 2 B^{μν}_− B^−_{μν} + 2D^μϕ̄D_μϕ + 2[V^μ, ϕ̄][V_μ, ϕ] − 2[ϕ̄, ϕ]^2 − 2V^μD_μY − 2Y^2 } , (A.2)

where the R_{μν} –dependence is cancelled by the Y –dependent terms.

Obviously, the action S_L(θ = 0) + iθk is invariant under a discrete Z_2 symmetry acting on both the fields and the coupling constants [27], (A_μ, ψ_μ, ψ̄_μ, ϕ, V_μ, ϕ̄, η, η̄, Y, χ^±_{μν} , B^±_{μν}) → (A_μ, −ψ̄_μ, −ψ_μ, ϕ, −V_μ, ϕ̄, −η̄, −η, −Y, −χ^∓_{μν}, −B^∓_{μν}) (ϵ_{μνρσ} , θ) → (−ϵ_{μνρσ} , −θ). (A.3) Now, decomposing F_{μν} into its self–dual and anti–selfdual parts, then the action S_L(θ = 0) can be expressed either as a Q–exact or as a Q̄–exact term, in both cases modulo a term depending only on the instanton number k,

S_L(θ = 0) = QΨ_L −

8π^2k e^2

= Q̄Ψ̄_L +

8π^2k e^2

. (A.4)

Here the gauge fermions are given by

Ψ_L = 1 e^2 ∫ d^4x √ g tr {1 2 χ^{μν}_+ (F^+_{μν} − [V_μ, V_ν]^+ − B^+_{μν} ) + 2ψ^μD_μϕ̄ + 2ψ̄^μ[V_μ, ϕ̄] + 1 2 χ^{μν}_− ( (D_{[μ}V_{ν]})^− − B^−_{μν} ) − 2η[ϕ̄, ϕ] + V^μD_μη̄ − 2η̄Y } , Ψ̄_L = 1 e^2 ∫ d^4x √ g tr {1 2 χ^{μν}_− (F^−_{μν} − [V_μ, V_ν]^− + B^−_{μν} ) + 2ψ̄^μD_μϕ̄ − 2ψ^μ[V_μ, ϕ̄] − 1 2 χ^{μν}_+ ( (D_{[μ}V_{ν]})^+ − B^+_{μν} ) − 2η̄[ϕ̄, ϕ] − V^μD_μη + 2ηY } . Then, recasting within the full action S_L(θ = 0) + iθk the topological part in terms of the modular coupling τ = θ/2π + 4πi/e^2 one gets directly the action (A.1) with a topological term depending only upon τ.

The Q– and Q̄–transformations, being interchanged by the Z_2 symmetry (A.3), Q ↔ −Q̄, are given by Qϕ = 0, Q̄ϕ = 0, QA_μ = ψ_μ, Q̄A_μ = ψ̄_μ, Qψ_μ = D_μϕ, Q̄ψ̄_μ = D_μϕ, QV_μ = ψ̄_μ, Q̄V_μ = −ψ_μ, Qψ̄_μ = [V_μ, ϕ], Q̄ψ_μ = −[V_μ, ϕ], Qϕ̄ = η, Q̄ϕ̄ = η̄, Qη = [ϕ̄, ϕ], Q̄η̄ = [ϕ̄, ϕ], Qη̄ = Y, Q̄η = −Y, QY = [η̄, ϕ], Q̄Y = −[η, ϕ], Qχ^+_{μν} = F^+_{μν} − [V_μ, V_ν]^+ + B^+_{μν} , Q̄χ^−_{μν} = F^−_{μν} − [V_μ, V_ν]^− − B^−_{μν} , QB^+_{μν} = [χ^+_{μν} , ϕ] − (D_{[μ}ψ_{ν]} − [ψ̄_{[μ}, V_{ν]}])^+, Q̄B^−_{μν} = −[χ^−_{μν} , ϕ] + (D_{[μ}ψ̄_{ν]} + [ψ_{[μ}, V_{ν]}])^−, Qχ^−_{μν} = (D_{[μ}V_{ν]})^− + B^−_{μν} , Q̄χ^+_{μν} = −(D_{[μ}V_{ν]})^+ − B^+_{μν} , QB^−_{μν} = [χ^−_{μν} , ϕ] − (D_{[μ}ψ̄_{ν]} + [ψ_{[μ}, V_{ν]}])^−, Q̄B^+_{μν} = −[χ^+_{μν} , ϕ] + (D_{[μ}ψ_{ν]} − [ψ̄_{[μ}, V_{ν]}])^+. (A.5)

Here, the operators Q and Q̄ are both equivariantly nilpotent and anticommute on–shell for χ^±_{μν} and B^±_{μν} and off–shell for all the other fields, i.e., unlike to the claim of Ref. [27], they do not provide an off–shell realization of the topological superalgebra,

Q^2 = δ_G(ϕ), {Q, Q̄} .= 0, Q̄^2 = δ_G(ϕ). (A.6)

Here, some remarks are in order: First, in the case under consideration it is impossible to cast S_L(θ = 0) into the Q– and Q̄–exact form QQ̄Ω_L for some gauge boson Ω_L. Second, whenever Q and Q̄ are interchanged by a Z_2 symmetry the action S_L(θ = 0) can be cast into the form (A.4). In the present case this is only possible when Q and Q̄ anticommute on–shell. Third, it is impossible to replace in (A.4) Q and Q̄ by off–shell equivariantly nilpotent operators because such a replacement would come into conflict with the Z_2 symmetry (A.3). Indeed, if we replace in (A.5) the Q̄–transformations for χ^±_{μν} and B^±_{μν} according to Q̄χ^−_{μν} = F^−_{μν} − [V_μ, V_ν ]^− − iB^−_{μν} , Q̄B^−_{μν} = i[χ^−_{μν} , ϕ] − i(D_{[μ}ψ̄_{ν]} + [ψ_{[μ}, V_{ν]}])^−, Q̄χ^+_{μν} = −(D_{[μ}V_{ν]})^+ − iB^+_{μν} , Q̄B^+_{μν} = i[χ^+_{μν} , ϕ] − i(D_{[μ}ψ_{ν]} − [ψ̄_{[μ}, V_{ν]}])^+, leaving all the other transformations unaltered, it is easily seen that the modified Q– and Q̄– transformations provide an off–shell realization of the superalgebra (A.6). However, the old Q– and the new Q̄–transformations are no longer related to each other through a Z_2 symmetry and, therefore, the modified Q̄–transformations are not any more a symmetry of S_L(θ = 0)!

Finally, to close our analysis, let us state the relation between the action and the supersymmetry transformations given in Sect. 4 and those presented above. After integrating out in (38) and (A.2) the auxiliary field B_{μν} and redefining the Blau–Thompson’s fields (denoted by a subscript BT) according to:

[Q]_{BT} = ζ(Q − Q̄), [A_μ]_{BT} = A_μ, [ϕ]_{BT} = −iϕ, [Q̄]_{BT} = ζ(Q + Q̄), [V_μ]_{BT} = V_μ, [ϕ̄]_{BT} = 2ϕ̄, [χ_{μν} ]_{BT} = −2ζχ_{μν} , [ψ_μ]_{BT} = ζ(ψ_μ − ψ̄_μ), [η]_{BT} = 2ζ(η − η̄), [Y ]_{BT} = −2iY, [ψ̄_μ]_{BT} = ζ(ψ_μ + ψ̄_μ), [η̄]_{BT} = 2ζ(η + η̄),

with the abbreviation ζ = (1 − i)/2, one finds that S_{BT}(θ = 0) = −S_L(θ = 0). Furthermore, one verifies that the transformations (35) match precisely those given in (A.5). Hence, the formulations of the B–model proposed by Blau and Thompson [25] and by Lozano [27] are equivalent on–shell, but they differ from each other after introducing of B_{μν} . But, in neither cases the on–shell condition (A.6) can be completely lifted by introducing off–shell formulations for the topological supersymmetries Q and Q̄ using auxiliary fields.

References

[1] M. B. Green and J. H. Schwarz, Phys. Lett. B 149 (1984) 117

[2] N. Kemmer, Helv. Phys. Acta 33 (1960) 829;

V. I. Ogievetsky and I. V. Polubarinov, Yad. Fiz. 4 (1966) 216

[3] see, e.g., Supergravities in Diverse Dimensions, A. Salam and E. Sezgin, Eds. (North-Holland and World Scientific, 1989)

[4] U. Kalb and P. Ramond, Phys. Rev. D 9 (1974) 314;

E. Cremmer and J. Scherk, Nucl. Phys. B 72 (1974) 117

[5] B. de Wit, V. Kaplunovsky, J. Louis and D. Lüst, Nucl. Phys. B 451 (1995) 53

[6] B. de Wit and J. W. van Holten, Nucl. Phys. B 155 (1979) 530;

E. Bergshoeff, M. de Roo and B. de Wit, Nucl. Phys. B 182 (1981) 173; E. S. Fradkin and A. A. Tseytlin, Phys. Rep. 119 (1985) 233

[7] for a review, see, e. g., P. Ginsparg, Applied Conformal Field Theory, in Les Houches, Session XLIX, Fields, Strings and Critical Phenomena, E. Brezin and J. Zinn-Justin Eds. (Elsevier, 1989); D. Friedan, E. Martinec and S. Shenker, Nucl. Phys. B 271 (1986) 93;

[8] A. S. Schwarz, Lett. Math. Phys. 2 (1978) 247; Commun. Math. Phys. 67 (1979) 1; Baku Intern.

Topological Conf. Abstracts, Vol. 2 (1987) 345

[9] for a review, see, e. g., D. Birmingham, M. Blau, M. Rakowski and G. Thompson, Phys. Rep. 209 Nos. 4,5 (1991) 129;

S. Cordes, G. Moore and S. Rangoolam, 2D Yang–Mills Theory, Equivariant Cohomology and Topological Field Theory, in Les Houches, Session LXII, Fluctuating Geometries in Statistical Mechanics and Field Theory, Ed. F. David, G. Ginsparg and Zinn-Justin Eds. (Elsevier, 1996)

[10] E. Witten, Commun. Math. Phys. 117 (1988) 353;

[11] E. Witten, Commun. Math. Phys. 121 (1989) 351

[12] G. T. Horowitz, Commun. Math. Phys. 125 (1989) 417;

G. T. Horowitz and M. Srednicki, Commun. Math. Phys. 130 (1990) 83; M. Blau and G. Thompson, Ann. Phys. (N. Y.) 205 (1991) 130 [13] S. K. Donaldson, J. Diff. Geom. 18 (1983) 279; Topology 29 (1990) 257 [14] E. Witten, Commun. Math. Phys. 118 (1988) 411 [15] M. Gromov, Invent. Math. 82 (1985) 307 [16] for a review, see, e. g., R. Dijkgraaf, Les Houches Lectures on Fields, Strings and Duality, Session LXIV, 1995, Quantum Symmetries, hep-th/9703136;

M. Bershadsky, A. Johansen, V. Sadov and C. Vafa, Nucl. Phys. B 448 (1995) 156; M. Bershadsky, V. Sadov and C. Vafa, Nucl. Phys. B 463 (1996) 420; S. Cordes, G. Moore and S. Rangoolam, Nucl. Phys. Proc. Suppl. 41 (1995) 184 [17] B. Birmingham, M. Blau and G. Thompson, Int. J. Mod. Phys. A5 (1990) 4721 [18] N. Marcus, Nucl. Phys. B 452 (1995) 331 [19] L. V. Avdeev and M. V. Chizhov, Phys. Lett. B 321 (1994) 212 [20] M. F. Atiyah, N. H. Hitchin and I. M. Singer, Proc. R. Soc. Lond. A 362 (1978) 452;

D. Freed and K. Uhlenbeck, Instantons and four-manifolds, 2. Edition, Springer-Verlag, 1994 [21] N. Seiberg and E. Witten, Nucl. Phys. B 426 (1994) 19; Erratum, Nucl. Phys. B 430 (1994) 485;

Nucl. Phys. B 431 (1994) 484;

E. Witten, Math. Res. Lett. 1 (1994) 769; J. Math. Phys. 35 (1994) 5101 [22] S. Hyun, J. Park and J. S. Park, Nucl. Phys. B 453 (1995) 199;

D. Amselmi and P. Fre, Nucl. Phys. B 392 (1993) 401; Nucl. Phys. B 404 (1993) 288; Nucl. Phys. B 416 (1994) 25; Phys. Lett. B 347 (1995) 247;

J. M. F. Labastida and M. Marino, Nucl. Phys. B 448 (1995) 633 [23] J. Yamron, Phys. Lett. B 213 (1988) 325 [24] C. Vafa and E. Witten, Nucl. Phys. B 431 (1994) 3 [25] M. Blau and G. Thompson, Nucl. Phys. B 492 (1997) 545 [26] B. Geyer and D. Mülsch, Nucl. Phys. B 616 (2001) 437, 476; Phys. Lett. B 518 (2001) 181 [27] C. Lozano, Duality in Topological Quantum Field Theories, Ph.D. Thesis, 1999, hep-th/9907123 [28] P. de Medeiros, C. Hull and B. Spence, Conformal topological Yang-Mills theory and de Sitter holography, hep-th/0111190 [29] V. Lemes, R. Renan and S. P. Sorella, Phys. Lett. B 352 (1995) 37 [30] M. Blau and G. Thompson, Phys. Lett. B 415 (1997) 242; see, also:

B. Acharaya, J. Figueroa-O’Farrill, M. O’Loughlin and B. Spence, Nucl. Phys. B 514 (1998) 583 Phys. Lett. B 206 (1988) 75 [31] N. Seiberg, Phys. Lett. B 206 (1988) 75 [32] C. Montonen and D. Olive, Phys. Lett. B 72 (1977) 117 [33] G. ’t Hooft, Nucl. Phys. B 138 (1978) 1; Nucl. Phys. B 153 (1979) 141